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Preface 


A great discovery solves a great problem but there is a grain of discovery in the solution 
of any problem. Your problem may be modest; but if it challenges your curiosity and 
brings into play your inventive faculties, and if you solve it by your own means, you may 
experience the tension and enjoy the triumph of discovery. 

GEORGE POLYA 


The art of teaching, Mark Van Doren said, is the art of assisting discovery. In this Ninth 
Edition, as in all of the preceding editions, we continue the tradition of writing a book 
that, we hope, assists students in discovering calculus—both for its practical power and 
its surprising beauty. We aim to convey to the student a sense of the utility of calculus as 
well as to promote development of technical ability. At the same time, we strive to give 
some appreciation for the intrinsic beauty of the subject. Newton undoubtedly experi- 
enced a sense of triumph when he made his great discoveries. We want students to share 
some of that excitement. 

The emphasis is on understanding concepts. Nearly all calculus instructors agree that 
conceptual understanding should be the ultimate goal of calculus instruction; to imple- 
ment this goal we present fundamental topics graphically, numerically, algebraically, 
and verbally, with an emphasis on the relationships between these different representa- 
tions. Visualization, numerical and graphical experimentation, and verbal descriptions 
can greatly facilitate conceptual understanding. Moreover, conceptual understanding 
and technical skill can go hand in hand, each reinforcing the other. 

We are keenly aware that good teaching comes in different forms and that there 
are different approaches to teaching and learning calculus, so the exposition and exer- 
cises are designed to accommodate different teaching and learning styles. The features 
(including projects, extended exercises, principles of problem solving, and historical 
insights) provide a variety of enhancements to a central core of fundamental concepts 
and skills. Our aim is to provide instructors and their students with the tools they need 
to chart their own paths to discovering calculus. 


| Alternate Versions 


The Stewart Calculus series includes several other calculus textbooks that might be 
preferable for some instructors. Most of them also come in single variable and multi- 
variable versions. 


e Calculus, Ninth Edition, is similar to the present textbook except that the exponen- 
tial, logarithmic, and inverse trigonometric functions are covered after the chapter 
on integration. 


e Essential Calculus, Second Edition, is a much briefer book (840 pages), though it 
contains almost all of the topics in Calculus, Ninth Edition. The relative brevity is 
achieved through briefer exposition of some topics and putting some features on the 
website. 
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e Essential Calculus: Early Transcendentals, Second Edition, resembles Essential 
Calculus, but the exponential, logarithmic, and inverse trigonometric functions are 
covered in Chapter 3. 


¢ Calculus: Concepts and Contexts, Fourth Edition, emphasizes conceptual under- 
standing even more strongly than this book. The coverage of topics is not encyclo- 
pedic and the material on transcendental functions and on parametric equations is 
woven throughout the book instead of being treated in separate chapters. 


e Brief Applied Calculus is intended for students in business, the social sciences, and 
the life sciences. 


e Biocalculus: Calculus for the Life Sciences is intended to show students in the life 
sciences how calculus relates to biology. 


e Biocalculus: Calculus, Probability, and Statistics for the Life Sciences contains all 
the content of Biocalculus: Calculus for the Life Sciences as well as three addi- 
tional chapters covering probability and statistics. 


| What’s New in the Ninth Edition? 


The overall structure of the text remains largely the same, but we have made many 
improvements that are intended to make the Ninth Edition even more usable as a teach- 
ing tool for instructors and as a learning tool for students. The changes are a result of 
conversations with our colleagues and students, suggestions from users and reviewers, 
insights gained from our own experiences teaching from the book, and from the copious 
notes that James Stewart entrusted to us about changes that he wanted us to consider for 
the new edition. In all the changes, both small and large, we have retained the features 
and tone that have contributed to the success of this book. 


e More than 20% of the exercises are new: 


Basic exercises have been added, where appropriate, near the beginning of exer- 
cise sets. These exercises are intended to build student confidence and reinforce 

understanding of the fundamental concepts of a section. (See, for instance, Exer- 
cises 7.3.1—4, 9.1.1—5, 11.4.3-6.) 


Some new exercises include graphs intended to encourage students to understand 
how a graph facilitates the solution of a problem; these exercises complement 
subsequent exercises in which students need to supply their own graph. (See 
Exercises 6.2.1—4, Exercises 10.4.43—46 as well as 53-54, 15.5.1—2, 15.6.9-12, 
16.7.15 and 24, 16.8.9 and 13.) 


Some exercises have been structured in two stages, where part (a) asks for the 
setup and part (b) is the evaluation. This allows students to check their answer 
to part (a) before completing the problem. (See Exercises 6.1.1—4, 6.3.3—4, 
15.2.7-10.) 


Some challenging and extended exercises have been added toward the end of 
selected exercise sets (such as Exercises 6.2.87, 9.3.56, 11.2.79-81, and 11.9.47). 


Titles have been added to selected exercises when the exercise extends a con- 
cept discussed in the section. (See, for example, Exercises 2.6.66, 10.1.55—57, 
15.2.80—-81.) 


Some of our favorite new exercises are 1.3.71, 3.4.99, 3.5.65, 4.5.55—58, 6.2.79, 
6.5.18, 10.5.69, 15.1.38, and 15.4.3—4. In addition, Problem 14 in the Problems 
Plus following Chapter 6 and Problem 4 in the Problems Plus following Chap- 
ter 15 are interesting and challenging. 
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e New examples have been added, and additional steps have been added to the solu- 
tions of some existing examples. (See, for instance, Example 2.7.5, Example 6.3.5, 
Example 10.1.5, Examples 14.8.1 and 14.8.4, and Example 16.3.4.) 


e Several sections have been restructured and new subheads added to focus the 
organization around key concepts. (Good illustrations of this are Sections 2.3, 11.1, 
11.2, and 14.2.) 


e Many new graphs and illustrations have been added, and existing ones updated, to 
provide additional graphical insights into key concepts. 


e A few new topics have been added and others expanded (within a section or 
in extended exercises) that were requested by reviewers. (Examples include a 
subsection on torsion in Section 13.3, symmetric difference quotients in Exer- 
cise 2.7.60, and improper integrals of more than one type in Exercises 7.8.65—68.) 


e New projects have been added and some existing projects have been updated. 
(For instance, see the Discovery Project following Section 12.2, The Shape of a 
Hanging Chain.) 


e Derivatives of logarithmic functions and inverse trigonometric functions are now 
covered in one section (3.6) that emphasizes the concept of the derivative of an 
inverse function. 


e Alternating series and absolute convergence are now covered in one section (11.5). 


e The chapter on Second-Order Differential Equations, as well as the associated 
appendix section on complex numbers, has been moved to the website. 


fis a4 Features 


Each feature is designed to complement different teaching and learning practices. 
Throughout the text there are historical insights, extended exercises, projects, problem- 
solving principles, and many opportunities to experiment with concepts by using tech- 
nology. We are mindful that there is rarely enough time in a semester to utilize all of 
these features, but their availability in the book gives the instructor the option to assign 
some and perhaps simply draw attention to others in order to emphasize the rich ideas 
of calculus and its crucial importance in the real world. 


Conceptual Exercises 


The most important way to foster conceptual understanding is through the problems that 
the instructor assigns. To that end we have included various types of problems. Some 
exercise sets begin with requests to explain the meanings of the basic concepts of the 
section (see, for instance, the first few exercises in Sections 2.2, 2.5, 11.2, 14.2, and 
14.3) and most exercise sets contain exercises designed to reinforce basic understanding 
(such as Exercises 2.5.3—10, 5.5.1—8, 6.1.1—4, 7.3.1—4, 9.1.1-5, and 11.4.3—6). Other 
exercises test conceptual understanding through graphs or tables (see Exercises 2.7.17, 
2.8.36-38, 2.8.47-52, 9.1.23-25, 10.1.30-33, 13.2.1-2, 13.3.37-43, 14.1.41-44, 
14.3.2, 14.3.4-6, 14.6.1-2, 14.7.3—4, 15.1.6—8, 16.1.13—22, 16.2.19—20, and 16.3.1—2). 

Many exercises provide a graph to aid in visualization (see for instance Exer- 
cises 6.2.1—4, 10.4.43—46, 15.5.1—2, 15.6.9-12, and 16.7.24). Another type of exercise 
uses verbal descriptions to gauge conceptual understanding (see Exercises 2.5.12, 
2.8.66, 4.3.79—80, and 7.8.79). In addition, all the review sections begin with a Concept 
Check and a True-False Quiz. 
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We particularly value problems that combine and compare graphical, numerical, and 
algebraic approaches (see Exercises 2.6.45—46, 3.7.29, and 9.4.4). 


@ Graded Exercise Sets 


Each exercise set is carefully graded, progressing from basic conceptual exercises, to 
skill-development and graphical exercises, and then to more challenging exercises that 
often extend the concepts of the section, draw on concepts from previous sections, or 
involve applications or proofs. 


®@ Real-World Data 


Real-world data provide a tangible way to introduce, motivate, or illustrate the concepts 
of calculus. As a result, many of the examples and exercises deal with functions defined 
by such numerical data or graphs. These real-world data have been obtained by contact- 
ing companies and government agencies as well as researching on the Internet and in 
libraries. See, for instance, Figure 1 in Section 1.1 (seismograms from the Northridge 
earthquake), Exercise 2.8.36 (number of cosmetic surgeries), Exercise 5.1.12 (velocity 
of the space shuttle Endeavour), Exercise 5.4.83 (power consumption in the New Eng- 
land states), Example 3 in Section 14.4 (the heat index), Figure 1 in Section 14.6 (tem- 
perature contour map), Example 9 in Section 15.1 (snowfall in Colorado), and Figure 1 
in Section 16.1 (velocity vector fields of wind in San Francisco Bay). 


® Projects 


One way of involving students and making them active learners is to have them work 
(perhaps in groups) on extended projects that give a feeling of substantial accomplish- 
ment when completed. There are three kinds of projects in the text. 

Applied Projects involve applications that are designed to appeal to the imagina- 
tion of students. The project after Section 9.5 asks whether a ball thrown upward takes 
longer to reach its maximum height or to fall back to its original height (the answer 
might surprise you). The project after Section 14.8 uses Lagrange multipliers to deter- 
mine the masses of the three stages of a rocket so as to minimize the total mass while 
enabling the rocket to reach a desired velocity. 

Discovery Projects anticipate results to be discussed later or encourage discovery 
through pattern recognition (see the project following Section 7.6, which explores pat- 
terns in integrals). Other discovery projects explore aspects of geometry: tetrahedra 
(after Section 12.4), hyperspheres (after Section 15.6), and intersections of three cyl- 
inders (after Section 15.7). Additionally, the project following Section 12.2 uses the 
geometric definition of the derivative to find a formula for the shape of a hanging chain. 
Some projects make substantial use of technology; the one following Section 10.2 
shows how to use Bézier curves to design shapes that represent letters for a laser printer. 

Writing Projects ask students to compare present-day methods with those of the 
founders of calculus—Fermat’s method for finding tangents, for instance, following 
Section 2.7. Suggested references are supplied. 

More projects can be found in the /nstructor’s Guide. There are also extended exer- 
cises that can serve as smaller projects. (See Exercise 4.7.53 on the geometry of beehive 
cells, Exercise 6.2.87 on scaling solids of revolution, or Exercise 9.3.56 on the forma- 
tion of sea ice.) 


Problem Solving 


Students usually have difficulties with problems that have no single well-defined 
procedure for obtaining the answer. As a student of George Polya, James Stewart 
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experienced first-hand Polya’s delightful and penetrating insights into the process 
of problem solving. Accordingly, a modified version of Polya’s four-stage problem- 
solving strategy is presented following Chapter | in Principles of Problem Solving. 
These principles are applied, both explicitly and implicitly, throughout the book. Each of 
the other chapters is followed by a section called Problems Plus, which features examples 
of how to tackle challenging calculus problems. In selecting the Problems Plus prob- 
lems we have kept in mind the following advice from David Hilbert: “A mathematical 
problem should be difficult in order to entice us, yet not inaccessible lest it mock our 
efforts.” We have used these problems to great effect in our own calculus classes; it is 
gratifying to see how students respond to a challenge. James Stewart said, “When I put 
these challenging problems on assignments and tests I grade them in a different way . . . 
I reward a student significantly for ideas toward a solution and for recognizing which 
problem-solving principles are relevant.” 


@ Technology 


When using technology, it is particularly important to clearly understand the con- 
cepts that underlie the images on the screen or the results of a calculation. When 
properly used, graphing calculators and computers are powerful tools for discovering 
and understanding those concepts. This textbook can be used either with or without 
technology—we use two special symbols to indicate clearly when a particular type of 
assistance from technology is required. The icon (4 indicates an exercise that definitely 
requires the use of graphing software or a graphing calculator to aid in sketching a 
graph. (That is not to say that the technology can’t be used on the other exercises as 
well.) The symbol | T| means that the assistance of software or a graphing calculator is 
needed beyond just graphing to complete the exercise. Freely available websites such 
as WolframAlpha.com or Symbolab.com are often suitable. In cases where the full 
resources of a computer algebra system, such as Maple or Mathematica, are needed, we 
state this in the exercise. Of course, technology doesn’t make pencil and paper obsolete. 
Hand calculation and sketches are often preferable to technology for illustrating and 
reinforcing some concepts. Both instructors and students need to develop the ability 
to decide where using technology is appropriate and where more insight is gained by 
working out an exercise by hand. 


®@ WebAssign: webassign.net 


This Ninth Edition is available with WebAssign, a fully customizable online solution 
for STEM disciplines from Cengage. WebAssign includes homework, an interactive 
mobile eBook, videos, tutorials and Explore It interactive learning modules. Instructors 
can decide what type of help students can access, and when, while working on assign- 
ments. The patented grading engine provides unparalleled answer evaluation, giving 
students instant feedback, and insightful analytics highlight exactly where students are 
struggling. For more information, visit cengage.com/WebAssign. 


i Stewart Website 

Visit StewartCalculus.com for these additional materials: 

e Homework Hints 

e Solutions to the Concept Checks (from the review section of each chapter) 
e Algebra and Analytic Geometry Review 

e Lies My Calculator and Computer Told Me 


e History of Mathematics, with links to recommended historical websites 
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e Additional Topics (complete with exercise sets): Fourier Series, Rotation of Axes, 
Formulas for the Remainder Theorem in Taylor Series 


e Additional chapter on second-order differential equations, including the method of 
series solutions, and an appendix section reviewing complex numbers and complex 
exponential functions 


e Instructor Area that includes archived problems (drill exercises that appeared in 
previous editions, together with their solutions) 


e Challenge Problems (some from the Problems Plus sections from prior editions) 


e Links, for particular topics, to outside Web resources 


z= Content 


DiagnosticTests The book begins with four diagnostic tests, in Basic Algebra, Analytic Geometry, Func- 
tions, and Trigonometry. 


A Preview of Calculus This is an overview of the subject and includes a list of questions to motivate the study 
of calculus. 


1 Functionsand Models From the beginning, multiple representations of functions are stressed: verbal, numeri- 
cal, visual, and algebraic. A discussion of mathematical models leads to a review of the 
standard functions, including exponential and logarithmic functions, from these four 
points of view. 


2 Limits and Derivatives The material on limits is motivated by a prior discussion of the tangent and veloc- 
ity problems. Limits are treated from descriptive, graphical, numerical, and algebraic 
points of view. Section 2.4, on the precise definition of a limit, is an optional section. 
Sections 2.7 and 2.8 deal with derivatives (including derivatives for functions defined 
graphically and numerically) before the differentiation rules are covered in Chapter 3. 
Here the examples and exercises explore the meaning of derivatives in various contexts. 
Higher derivatives are introduced in Section 2.8. 


3 Differentiation Rules All the basic functions, including exponential, logarithmic, and inverse trigonometric 
functions, are differentiated here. The latter two classes of functions are now covered in 
one section that focuses on the derivative of an inverse function. When derivatives are 
computed in applied situations, students are asked to explain their meanings. Exponen- 
tial growth and decay are included in this chapter. 


4 Applications of Differentiation The basic facts concerning extreme values and shapes of curves are deduced from the 
Mean Value Theorem. Graphing with technology emphasizes the interaction between 
calculus and machines and the analysis of families of curves. Some substantial optimi- 
zation problems are provided, including an explanation of why you need to raise your 
head 42° to see the top of a rainbow. 


5 Integrals The area problem and the distance problem serve to motivate the definite integral, with 
sigma notation introduced as needed. (Full coverage of sigma notation is provided in 
Appendix E.) Emphasis is placed on explaining the meanings of integrals in various 
contexts and on estimating their values from graphs and tables. 


6 Applications of Integration This chapter presents the applications of integration—area, volume, work, average 
value—that can reasonably be done without specialized techniques of integration. 
General methods are emphasized. The goal is for students to be able to divide a quantity 
into small pieces, estimate with Riemann sums, and recognize the limit as an integral. 
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7 Techniques of Integration 


9 Differential Equations 


10 Parametric Equations and 
Polar Coordinates 


Sequences, Series, and Power 
Series 


12 Vectors and the Geometry 


of Space 


13 Vector Functions 


14 Partial Derivatives 


15 Multiple Integrals 


16 Vector Calculus 


All the standard methods are covered but, of course, the real challenge is to be able to 
recognize which technique is best used in a given situation. Accordingly, a strategy for 
evaluating integrals is explained in Section 7.5. The use of mathematical software is 
discussed in Section 7.6. 


This chapter contains the applications of integration—arc length and surface area—for 
which it is useful to have available all the techniques of integration, as well as applica- 
tions to biology, economics, and physics (hydrostatic force and centers of mass). A sec- 
tion on probability is included. There are more applications here than can realistically be 
covered in a given course. Instructors may select applications suitable for their students 
and for which they themselves have enthusiasm. 


Modeling is the theme that unifies this introductory treatment of differential equations. 
Direction fields and Euler’s method are studied before separable and linear equations 
are solved explicitly, so that qualitative, numerical, and analytic approaches are given 
equal consideration. These methods are applied to the exponential, logistic, and other 
models for population growth. The first four or five sections of this chapter serve as a 
good introduction to first-order differential equations. An optional final section uses 
predator-prey models to illustrate systems of differential equations. 


This chapter introduces parametric and polar curves and applies the methods of cal- 
culus to them. Parametric curves are well suited to projects that require graphing with 
technology; the two presented here involve families of curves and Bézier curves. A brief 
treatment of conic sections in polar coordinates prepares the way for Kepler’s Laws in 
Chapter 13. 


The convergence tests have intuitive justifications (see Section 11.3) as well as formal 
proofs. Numerical estimates of sums of series are based on which test was used to prove 
convergence. The emphasis is on Taylor series and polynomials and their applications 
to physics. 


The material on three-dimensional analytic geometry and vectors is covered in this and 
the next chapter. Here we deal with vectors, the dot and cross products, lines, planes, 
and surfaces. 


This chapter covers vector-valued functions, their derivatives and integrals, the length 
and curvature of space curves, and velocity and acceleration along space curves, culmi- 
nating in Kepler’s laws. 


Functions of two or more variables are studied from verbal, numerical, visual, and alge- 
braic points of view. In particular, partial derivatives are introduced by looking at a 
specific column in a table of values of the heat index (perceived air temperature) as a 
function of the actual temperature and the relative humidity. 


Contour maps and the Midpoint Rule are used to estimate the average snowfall and 
average temperature in given regions. Double and triple integrals are used to compute 
volumes, surface areas, and (in projects) volumes of hyperspheres and volumes of inter- 
sections of three cylinders. Cylindrical and spherical coordinates are introduced in the 
context of evaluating triple integrals. Several applications are considered, including 
computing mass, charge, and probabilities. 


Vector fields are introduced through pictures of velocity fields showing San Francisco 
Bay wind patterns. The similarities among the Fundamental Theorem for line integrals, 
Green’s Theorem, Stokes’ Theorem, and the Divergence Theorem are emphasized. 
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Since first-order differential equations are covered in Chapter 9, this online chapter deals 
with second-order linear differential equations, their application to vibrating springs and 
electric circuits, and series solutions. 


LJ Ancillaries 


B® Ancillaries for Instructors 


Instructor’s Guide 


Complete Solutions Manual 


Test Bank 


Cengage Learning Testing 
Powered by Cognero 


Calculus, Early Transcendentals, Ninth Edition, is supported by a complete set of ancil- 
laries. Each piece has been designed to enhance student understanding and to facilitate 
creative instruction. 


by Douglas Shaw 


Each section of the text is discussed from several viewpoints. Available online at the Instruc- 
tor’s Companion Site, the Instructor’s Guide contains suggested time to allot, points to stress, 
text discussion topics, core materials for lecture, workshop/discussion suggestions, group work 
exercises in a form suitable for handout, and suggested homework assignments. 


Single Variable Calculus: Early Transcendentals, Ninth Edition 
Chapters 1-11 
By Joshua Babbin, Scott Barnett, and Jeffery A. Cole 


Multivariable Calculus, Ninth Edition 
Chapters 10-16 
By Joshua Babbin and Gina Sanders 


Includes worked-out solutions to all exercises in the text. Both volumes of the Complete Solu- 
tions Manual are available online at the Instructor’s Companion Site. 


Contains text-specific multiple-choice and free response test items and is available online at the 
Instructor’s Companion Site. 


This flexible online system allows you to author, edit, and manage test bank content; create 
multiple test versions in an instant; and deliver tests from your LMS, your classroom, or 
wherever you want. 


® Ancillaries for Instructors and Students 


Stewart Website 
StewartCalculus.com 


WebAssign® 


Homework Hints ™ Algebra Review ® Additional Topics ™ Drill exercises ®™ 
Challenge Problems = Weblinks ™ History of Mathematics 


Single-term Access to WebAssign 
Printed Access Code: ISBN 978-0-357-12892-3 
Instant Access Code: ISBN 978-0-357-12891-6 


Multi-term Access to WebAssign 
Printed Access Code: ISBN 978-0-357-12894-7 
Instant Access Code: ISBN 978-0-357-12893-0 


Prepare for class with confidence using WebAssign from Cengage. This online learning 
platform—which includes an interactive ebook—fuels practice, so you absorb what you learn 
and prepare better for tests. Videos and tutorials walk you through concepts and deliver instant 
feedback and grading, so you always know where you stand in class. Focus your study time and 
get extra practice where you need it most. Study smarter! Ask your instructor today how you can 
get access to WebAssign, or learn about self-study options at Cengage.com/WebAssign. 
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B® Ancillaries for Students 


Student Solutions Manual 
Chapters 1-11 


By Joshua Babbin, Scott Barnett, and Jeffery A. Cole 
ISBN 978-0-357-02238-2 


Single Variable Calculus Early Transcendentals Ninth Edition 


Multivariable Calculus Ninth Edition 
Chapters 10-16 

By Joshua Babbin and Gina Sanders 
ISBN 978-0-357-04315-8 


Provides worked-out solutions to all odd-numbered exercises in the text, giving students a 
chance to check their answer and ensure they took the correct steps to arrive at the answer. 
Both volumes of the Student Solutions Manual can be ordered or accessed online as an 
eBook at Cengage.com by searching the ISBN. 
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guidance of some of the best mathematics editors: Ron Munro, Harry Campbell, Craig 
Barth, Jeremy Hayhurst, Gary Ostedt, Bob Pirtle, Richard Stratton, Liz Covello, Neha 
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A Tribute to James Stewart 


JAMES STEWART had a singular gift for teaching mathematics. The large lecture 
halls where he taught his calculus classes were always packed to capacity with students, 
whom he held engaged with interest and anticipation as he led them to discover a new 
concept or the solution to a stimulating problem. Stewart presented calculus the way 
he viewed it—as a rich subject with intuitive concepts, wonderful problems, power- 
ful applications, and a fascinating history. As a testament to his success in teaching 
and lecturing, many of his students went on to become mathematicians, scientists, and 
engineers—and more than a few are now university professors themselves. It was his 
students who first suggested that he write a calculus textbook of his own. Over the years, 
former students, by then working scientists and engineers, would call him to discuss 
mathematical problems that they encountered in their work; some of these discussions 
resulted in new exercises or projects in the book. 

We each met James Stewart—or Jim as he liked us to call him—through his teaching 
and lecturing, resulting in his inviting us to coauthor mathematics textbooks with him. 
In the years we have known him, he was in turn our teacher, mentor, and friend. 

Jim had several special talents whose combination perhaps uniquely qualified him 
to write such a beautiful calculus textbook—a textbook with a narrative that speaks to 
students and that combines the fundamentals of calculus with conceptual insights on 
how to think about them. Jim always listened carefully to his students in order to find 
out precisely where they may have had difficulty with a concept. Crucially, Jim really 
enjoyed hard work—a necessary trait for completing the immense task of writing a 
calculus book. As his coauthors, we enjoyed his contagious enthusiasm and optimism, 
making the time we spent with him always fun and productive, never stressful. 

Most would agree that writing a calculus textbook is a major enough feat for one 
lifetime, but amazingly, Jim had many other interests and accomplishments: he played 
violin professionally in the Hamilton and McMaster Philharmonic Orchestras for many 
years, he had an enduring passion for architecture, he was a patron of the arts and cared 
deeply about many social and humanitarian causes. He was also a world traveler, an 
eclectic art collector, and even a gourmet cook. 

James Stewart was an extraordinary person, mathematician, and teacher. It has been 
our honor and privilege to be his coauthors and friends. 


DANIEL CLEGG 
SALEEM WATSON 
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Stewart, Redlin, and Watson have published Precalculus: Mathematics for 
Calculus, College Algebra, Trigonometry, Algebra and Trigonometry, and (with Phyllis 
Panman) College Algebra: Concepts and Contexts. 


xxiii 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Technology in the Ninth Edition 


Graphing and computing devices are valuable tools for learning and exploring calculus, 
and some have become well established in calculus instruction. Graphing calculators are 
useful for drawing graphs and performing some numerical calculations, like approxi- 
mating solutions to equations or numerically evaluating derivatives (Chapter 3) or defi- 
nite integrals (Chapter 5). Mathematical software packages called computer algebra 
systems (CAS, for short) are more powerful tools. Despite the name, algebra represents 
only a small subset of the capabilities of a CAS. In particular, a CAS can do mathemat- 
ics symbolically rather than just numerically. It can find exact solutions to equations and 
exact formulas for derivatives and integrals. 

We now have access to a wider variety of tools of varying capabilities than ever 
before. These include Web-based resources (some of which are free of charge) and 
apps for smartphones and tablets. Many of these resources include at least some CAS 
functionality, so some exercises that may have typically required a CAS can now be 
completed using these alternate tools. 

In this edition, rather than refer to a specific type of device (a graphing calculator, for 
instance) or software package (such as a CAS), we indicate the type of capability that is 
needed to work an exercise. 


[DI 
LIC 


Graphing Icon 

The appearance of this icon beside an exercise indicates that you are expected to use a 
machine or software to help you draw the graph. In many cases, a graphing calculator 
will suffice. Websites such as Desmos.com provide similar capability. If the graph is in 
3D (see Chapters 12-16), WolframAlpha.com is a good resource. There are also many 
graphing software applications for computers, smartphones, and tablets. If an exercise 
asks for a graph but no graphing icon is shown, then you are expected to draw the graph 
by hand. In Chapter 1 we review graphs of basic functions and discuss how to use trans- 
formations to graph modified versions of these basic functions. 


Technology Icon 


This icon is used to indicate that software or a device with abilities beyond just graphing 
is needed to complete the exercise. Many graphing calculators and software resources 
can provide numerical approximations when needed. For working with mathematics 
symbolically, websites like WolframAlpha.com or Symbolab.com are helpful, as are 
more advanced graphing calculators such as the Texas Instrument TI-89 or TI-Nspire 
CAS. If the full power of a CAS is needed, this will be stated in the exercise, and access 
to software packages such as Mathematica, Maple, MATLAB, or SageMath may be 
required. If an exercise does not include a technology icon, then you are expected to 
evaluate limits, derivatives, and integrals, or solve equations by hand, arriving at exact 
answers. No technology is needed for these exercises beyond perhaps a basic scientific 
calculator. 
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To the Student 


Reading a calculus textbook is different from reading a story or a news article. Don’t 
be discouraged if you have to read a passage more than once in order to understand it. 
You should have pencil and paper and calculator at hand to sketch a diagram or make a 
calculation. 

Some students start by trying their homework problems and read the text only if they 
get stuck on an exercise. We suggest that a far better plan is to read and understand a 
section of the text before attempting the exercises. In particular, you should look at the 
definitions to see the exact meanings of the terms. And before you read each example, 
we suggest that you cover up the solution and try solving the problem yourself. 

Part of the aim of this course is to train you to think logically. Learn to write the 
solutions of the exercises in a connected, step-by-step fashion with explanatory 
sentences—not Just a string of disconnected equations or formulas. 

The answers to the odd-numbered exercises appear at the back of the book, in Appen- 
dix H. Some exercises ask for a verbal explanation or interpretation or description. In 
such cases there is no single correct way of expressing the answer, so don’t worry that 
you haven’t found the definitive answer. In addition, there are often several different 
forms in which to express a numerical or algebraic answer, so if your answer differs 
from the given one, don’t immediately assume you’re wrong. For example, if the answer 
given in the back of the book is 2 — 1 and you obtain 1/ (1 + 4/ 21, then you're cor- 
rect and rationalizing the denominator will show that the answers are equivalent. 

The icon 4 indicates an exercise that definitely requires the use of either a graph- 
ing calculator or a computer with graphing software to help you sketch the graph. But 
that doesn’t mean that graphing devices can’t be used to check your work on the other 
exercises as well. The symbol indicates that technological assistance beyond just 
graphing is needed to complete the exercise. (See Technology in the Ninth Edition for 
more details.) 

You will also encounter the symbol @, which warns you against committing an error. 
This symbol is placed in the margin in situations where many students tend to make the 
same mistake. 

Homework Hints are available for many exercises. These hints can be found on 
StewartCalculus.com as well as in WebAssign. The homework hints ask you ques- 
tions that allow you to make progress toward a solution without actually giving you the 
answer. If a particular hint doesn’t enable you to solve the problem, you can click to 
reveal the next hint. 

We recommend that you keep this book for reference purposes after you finish the 
course. Because you will likely forget some of the specific details of calculus, the book 
will serve as a useful reminder when you need to use calculus in subsequent courses. 
And, because this book contains more material than can be covered in any one course, it 
can also serve as a valuable resource for a working scientist or engineer. 

Calculus is an exciting subject, justly considered to be one of the greatest achieve- 
ments of the human intellect. We hope you will discover that it is not only useful but 
also intrinsically beautiful. 
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Diagnostic Tests 


Success in calculus depends to a large extent on knowledge of the mathematics that 
precedes calculus: algebra, analytic geometry, functions, and trigonometry. The follow- 
ing tests are intended to diagnose weaknesses that you might have in these areas. After 
taking each test you can check your answers against the given answers and, if necessary, 
refresh your skills by referring to the review materials that are provided. 


A | Diagnostic Test: Algebra 


1. Evaluate each expression without using a calculator. 


(a) (—3)* (bj). 3 (c) 34 
ie ay , 
(d) su (e) (2) (ey ig 


2. Simplify each expression. Write your answer without negative exponents. 


(a) /200 — /32 


(b) (3a%*b*)(4ab*)? 


3. Expand and simplify. 


(a) 3(x + 6) + 4(2x — 5) (b) (x + 3)(4x — 5) 
(©) (Va + vb Va — Vb) (d) (2x + 3)? 
(e) (x + 2) 


4. Factor each expression. 


(a) 4x? — 25 (b) 2x? + 5x — 12 
(c) x? — 3x? — 4x + 12 (d) x4 + 27x 
(e) 3x32 — 9x"? + 6x71? (f) x*y — 4xy 


5. Simplify the rational expression. 


gee (b) 2x7 -x-1 x43 
OD aR H=T x7 -9 2x+1 
Y»_* 
ae? ee il x oy 
= d 
2 ec eee rer ara t 
y x 
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4/10 


(a) 5-2 = 


(a) x7 +x4+1 


(a) x+5=14-}x 


(c) x7 -x-12=0 
(e) xt — 3x7 +2=0 


. Rationalize the expression and simplify. 


(b) 


. Rewrite by completing the square. 


DIAGNOSTIC TESTS Xxvii 


VJ4+h—2 


h 


(b) 2x? — 12x + 11 


. Solve the equation. (Find only the real solutions.) 


(b) 


2x 2x1 
xt+1 


x 


(d) 2x2 + 4x +1=0 
(f) 3|x -— 4| = 10 


(g) 2x(4 — x)? 


(a) —4<5-3x<17 


3/4 


x=0 


. Solve each inequality. Write your answer using interval notation. 


(b) x7 <2x+8 


(c) x(x — 1)(x + 2) > 0 (d) |x -—4| <3 
2 = 
oo i 
x 1 
10. State whether each equation is true or false. 
(@) (pt qr apt @ (b) Vab = Vavb 
1+T7C 
(c) Va +b>=at+b (d) =1+T 
1 1 1/x 1 
=>=— — — f = 
ae x oy () a/x —b/x a-b 


ANSWERS TO DIAGNOSTIC TEST A: ALGEBRA 


1. (a) 81 (b) —81 () # 
(d) 25 (e) 3 (f) § 
2. (a) 6/2 (b) 48a°b" (c) a 
5. 1S (b) 4x2 + Ix — 15 

(c)a—b (d) 4x7 + 12x +9 


(e) x? + 6x? + 12x + 8 


. (a) (2x — 5)(2x + 5) 
(c) (x — 3)(x — 2)(x + 2) 
(e) 3x7'?(x — 1)(x — 2) 


x+2 
x—-2 


. (a) 


©) 75 


(b) (2x — 3)(x + 4) 
(d) x(x + 3)(x? — 3x + 9) 
(f) xy(x — 2)(x + 2) 


= 
(b) 5 omar, 
(d) —(x + y) 


6. (a) 5/2 + 2/10 


7. (a) (x 1 s) “F 3 
8. (a) 6 
(d) -1+4,/2 
(g) 2 


9. (a) [—4, 3) 
(c) (—2, 0) U (1, ©) 
(e) (+1, 4] 


10. (a) False 
(d) False 


1 


b) —_=——__ 
: J4t+h+2 


(b) 2(x — 3) — 7 


(b) 1 (c) —3,4 

@ +L2y2 37 
(b) (—2, 4) 
(d) (1, 7) 

(b) True (c) False 

(e) False (f) True 


If you had difficulty with these problems, you may wish to consult the 


Review of Algebra on the website StewartCalculus.com. 
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xxviii DIAGNOSTIC TESTS 


B | Diagnostic Test: Analytic Geometry 


1. Find an equation for the line that passes through the point (2, —5) and 
(a) has slope —3 
(b) is parallel to the x-axis 
(c) is parallel to the y-axis 
(d) is parallel to the line 2x — 4y = 3 


2. Find an equation for the circle that has center (—1, 4) and passes through the point (3, —2). 


3. Find the center and radius of the circle with equation x* + y 6x + 1l0y+9=0. 


4. Let A(—7, 4) and B(5, —12) be points in the plane. 
(a) Find the slope of the line that contains A and B. 
(b) Find an equation of the line that passes through A and B. What are the intercepts? 
(c) Find the midpoint of the segment AB. 
(d) Find the length of the segment AB. 
(e) Find an equation of the perpendicular bisector of AB. 


(f) Find an equation of the circle for which AB is a diameter. 


5. Sketch the region in the xy-plane defined by the equation or inequalities. 


(a) -l<y <3 (b) |x| <4and|y| <2 
(c) y<1—3x (d) y=x?-1 
(e) Pr +y<4 (f) 9x? + l6y? = 144 


ANSWERS TO DIAGNOSTIC TEST B: ANALYTIC GEOMETRY 


1.(a) y= —-3x+1 (b) y= —5 5. 

(c) x=2 (d) y=5x-6 (a) A (b) ya (c) yA 

| ~ 1 
n 2 4 2 p—- 2 ~~ y=l-5x 

2. (x + 1)? + (y — 4 = 52 ; | | e “i . 
3. Center (3, —5), radius 5 lt alfa Bais 
4. (a) —3 

(b) 4x + 3y + 16 = 0; x-intercept —4, y-intercept -'¢ (d) vA (e) YA (f) YA 

(c) (-1, -4) F xetyt=4 3 

(d) 20 lA. yo “4 ; : 

(e) 3x — 4y = 13 ian es Pe ? 

(f) (x + 1? + (y + 4 = 100 = 


If you had difficulty with these problems, you may wish to consult 


the review of analytic geometry in Appendixes B and C. 
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DIAGNOSTIC TESTS xxix 


C | Diagnostic Test: Functions 


1. The graph of a function f is given at the left. 
(a) State the value of f(—1). 
(b) Estimate the value of f(2). 
(c) For what values of x is f(x) = 2? 
(d) Estimate the values of x such that f(x) = 0. 
(e) State the domain and range of f. 


f(2 + h) — fQ) 


2. If f(x) = x°, evaluate the difference quotient and simplify your answer. 


h 
FIGURE FOR PROBLEM 1 3. Find the domain of the function. 
Qx+1 ae — : 

(a) f(x) eee ere (b) a ar’ (c) h(x) = V4—x + yx? -1 
4. How are graphs of the functions obtained from the graph of f? 

(a) y= —f(x) (b) y= 2f(a) - 1 (c) y=f(x — 3) +2 
5. Without using a calculator, make a rough sketch of the graph. 

(a) y=x? (b) y= (x + 1) (c) y=(x— 27° +3 

(d) y=4—-x? (ce) y= Vx (f) y=2yx 

(g) y= —2 ay ye 1 ae 


Sie 1=x? x20 
pI Vo i tO 


(a) Evaluate f(—2) and f(1). (b) Sketch the graph of f. 


7. If f(x) = x* + 2x — 1 and g(x) = 2x — 3, find each of the following functions. 
(a) fog (b) gof (c) g°ogeg 


ANSWERS TO DIAGNOSTIC TEST C: FUNCTIONS 


1. (a) —2 (b) 2.8 5. (a) 
(c) =3;1 (d) —2.5, 0.3 
() [=3, 3], [=2, 3] 
2.12 + 6h + h? : 
3. (a) (—%, —2) U (—2, 1) U (1, ) 
(b) (—20, 20) (d) YA (e) YA 
() (=, -1] U [1,4] / 
4. (a) Reflect about the x-axis o] 4 x ol t 4 Oo) 4 a 
(b) Stretch vertically by a factor of 2, then shift 1 unit 
downward 
(c) Shift 3 units to the right and 2 units upward (g) + (h) a 
oN 
0 n > > 
ON x 0) 1 x 
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XXX DIAGNOSTIC TESTS 


6. (a) —3,3 (b) y 7. (a) (fe g)(x) = 4x* — 8x +2 
(b) (go f)(x) = 2x7 + 4x —5 
(c) (gogog(x) = 8x — 21 


If you had difficulty with these problems, you should look at sections 1.1—1.3 of this book. 


D | Diagnostic Test: Trigonometry 


1. Convert from degrees to radians. 
(a) 300° (b) —18° 


2. Convert from radians to degrees. 
(a) 57/6 (b) 2 


3. Find the length of an arc of a circle with radius 12 cm if the arc subtends a central angle 
of 30°. 


4. Find the exact values. 
(a) tan(7/3) (b) sin(77/6) (c) sec(57/3) 


5. Express the lengths a and b in the figure in terms of 0. 


24 
a 6. If sin x = + and sec y = 3, where x and y lie between 0 and 7/2, evaluate sin(x + y). 
CI 7. Prove the identities. 
b ; 2 tan x . 
(a) tan@ sin@ + cos@ = sec@ (b) ———_ = sin 2x 
FIGURE FOR PROBLEM 5 1 + tan’x 


8. Find all values of x such that sin 2x = sin x and 0 S x S 27. 


9. Sketch the graph of the function y = 1 + sin 2x without using a calculator. 


ANSWERS TO DIAGNOSTIC TEST D: TRIGONOMETRY 


1. (a) 57/3 (b) —7/10 6. &(4 + 62) 
2. (a) 150° (b) 360°/m ~ 114.6° 8. 0, 7/3, 7, 57/3, 27 
3. 277 cm 9. 


4. (a) /3 (b) —4 (c) 2 
5.a = 24sin0, b = 24 cos0 


If you had difficulty with these problems, you should look at Appendix D of this book. 
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Ai 
~ 

By the time you finish this course, you will be able to determine where a pilot should start descent for a smooth landing, 

find the length of the curve used to design the Gateway Arch in St. Louis, compute the force on a baseball bat when it 

strikes the ball, predict the population sizes for competing predator-prey species, show that bees form the cells of a 

beehive in a way that uses the least amount of wax, and estimate the amount of fuel needed to propel a rocket into orbit. 


Top row: Who is Danny /Shutterstock.com; iStock.com /gnagel; Richard Paul Kane / Shutterstock.com 


Bottom row: Bruce Ellis / Shutterstock.com; Kostiantyn Kravchenko / Shutterstock.com; Ben Cooper / Science Faction / Getty Images 


A Preview of Calculus 


CALCULUS IS FUNDAMENTALLY DIFFERENT from the mathematics that you have studied previously: 
calculus is less static and more dynamic. It is concerned with change and motion; it deals with quan- 
tities that approach other quantities. For that reason it may be useful to have an overview of calculus 
before beginning your study of the subject. Here we give a preview of some of the main ideas of 
calculus and show how their foundations are built upon the concept of a limit. 


2 A PREVIEW OF CALCULUS 


2 


A=A,+A,+A,+A,+As 


FIGURE 1 
| im 
A, 
ee An ae 
FIGURE 2 


FIGURE 3 


The area A of the region under 
the graph of f 


M@ What Is Calculus? 


The world around us is continually changing—populations increase, a cup of coffee 
cools, a stone falls, chemicals react with one another, currency values fluctuate, and 
so on. We would like to be able to analyze quantities or processes that are undergoing 
continuous change. For example, if a stone falls 10 feet each second we could easily 
tell how fast it is falling at any time, but this is not what happens—the stone falls faster 
and faster, its speed changing at each instant. In studying calculus, we will learn how 
to model (or describe) such instantaneously changing processes and how to find the 
cumulative effect of these changes. 

Calculus builds on what you have learned in algebra and analytic geometry but 
advances these ideas spectacularly. Its uses extend to nearly every field of human activ- 
ity. You will encounter numerous applications of calculus throughout this book. 

At its core, calculus revolves around two key problems involving the graphs of func- 
tions—the area problem and the tangent problem—and an unexpected relationship 
between them. Solving these problems is useful because the area under the graph of a 
function and the tangent to the graph of a function have many important interpretations 
in a variety of contexts. 


® The Area Problem 


The origins of calculus go back at least 2500 years to the ancient Greeks, who found 
areas using the “method of exhaustion.” They knew how to find the area A of any poly- 
gon by dividing it into triangles, as in Figure 1, and adding the areas of these triangles. 

It is a much more difficult problem to find the area of a curved figure. The Greek 
method of exhaustion was to inscribe polygons in the figure and circumscribe polygons 
about the figure, and then let the number of sides of the polygons increase. Figure 2 
illustrates this process for the special case of a circle with inscribed regular polygons. 


~ \ ~\. 
7 VIS 


Let A, be the area of the inscribed regular polygon of n sides. As n increases, it appears 
that A, gets closer and closer to the area of the circle. We say that the area A of the circle 
is the limit of the areas of the inscribed polygons, and we write 


A = lim A, 


no 


The Greeks themselves did not use limits explicitly. However, by indirect reasoning, 
Eudoxus (fifth century BC) used exhaustion to prove the familiar formula for the area of 
acircle: A = ar’. 

We will use a similar idea in Chapter 5 to find areas of regions of the type shown 
in Figure 3. We approximate such an area by areas of rectangles as shown in Figure 4. 
If we approximate the area A of the region under the graph of f by using n rectangles 
R,, Rj,...,R,, then the approximate area is 


A,=R,+R,+--:-+R, 
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yA 
£ 
y= F(x) 
P 
> 
0 x 
FIGURE 5 


The tangent line at P 


A PREVIEW OF CALCULUS 3 


FIGURE 4 Approximating the area A using rectangles 


Now imagine that we increase the number of rectangles (as the width of each one 
decreases) and calculate A as the limit of these sums of areas of rectangles: 
A = lim A, 
ne 
In Chapter 5 we will learn how to calculate such limits. 

The area problem is the central problem in the branch of calculus called integral 
calculus; it is important because the area under the graph of a function has different 
interpretations depending on what the function represents. In fact, the techniques that 
we develop for finding areas will also enable us to compute the volume of a solid, the 
length of a curve, the force of water against a dam, the mass and center of mass of a rod, 
the work done in pumping water out of a tank, and the amount of fuel needed to send a 
rocket into orbit. 


@ The Tangent Problem 


Consider the problem of trying to find an equation of the tangent line € to a curve with 
equation y = f(x) at a given point P. (We will give a precise definition of a tangent line 
in Chapter 2; for now you can think of it as the line that touches the curve at P and fol- 
lows the direction of the curve at P, as in Figure 5.) Because the point P lies on the 
tangent line, we can find the equation of € if we know its slope m. The problem is that 
we need two points to compute the slope and we know only one point, P, on €. To get 
around the problem we first find an approximation to m by taking a nearby point Q on 
the curve and computing the slope mpo of the secant line PQ. 

Now imagine that Q moves along the curve toward P as in Figure 6. You can see that 
the secant line PQ rotates and approaches the tangent line ¢ as its limiting position. This 


yA 


FIGURE 6 The secant lines approach the tangent line as Q approaches P. 
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4 A PREVIEW OF CALCULUS 


FIGURE 7 
The secant line PO 


means that the slope mpg of the secant line becomes closer and closer to the slope m of 
the tangent line. We write 


m = lim mpg 
OP 


and say that m is the limit of mpo as Q approaches P along the curve. 
Notice from Figure 7 that if P is the point (a, f(a)) and Q is the point (x, f(x)), then 


_ f@) =f@) 


PQ 
x—a 


Because x approaches a as Q approaches P, an equivalent expression for the slope of 
the tangent line is 


= jm 1 -fO 
m 1m 


xa = 0 


In Chapter 3 we will learn rules for calculating such limits. 

The tangent problem has given rise to the branch of calculus called differential 
calculus; it is important because the slope of a tangent to the graph of a function can 
have different interpretations depending on the context. For instance, solving the tan- 
gent problem allows us to find the instantaneous speed of a falling stone, the rate of 
change of a chemical reaction, or the direction of the forces on a hanging chain. 


® A Relationship between the Area and Tangent Problems 


The area and tangent problems seem to be very different problems but, surprisingly, 
the problems are closely related—in fact, they are so closely related that solving one 
of them leads to a solution of the other. The relationship between these two problems 
is introduced in Chapter 5; it is the central discovery in calculus and is appropriately 
named the Fundamental Theorem of Calculus. Perhaps most importantly, the Funda- 
mental Theorem vastly simplifies the solution of the area problem, making it possible 
to find areas without having to approximate by rectangles and evaluate the associated 
limits. 

Isaac Newton (1642-1727) and Gottfried Leibniz (1646-1716) are credited with 
the invention of calculus because they were the first to recognize the importance of the 
Fundamental Theorem of Calculus and to utilize it as a tool for solving real-world prob- 
lems. In studying calculus you will discover these powerful results for yourself. 


Mm Summary 


We have seen that the concept of a limit arises in finding the area of a region and in find- 
ing the slope of a tangent line to a curve. It is this basic idea of a limit that sets calculus 
apart from other areas of mathematics. In fact, we could define calculus as the part of 
mathematics that deals with limits. We have mentioned that areas under curves and 
slopes of tangent lines to curves have many different interpretations in a variety of con- 
texts. Finally, we have discussed that the area and tangent problems are closely related. 

After Isaac Newton invented his version of calculus, he used it to explain the motion 
of the planets around the sun, giving a definitive answer to a centuries-long quest for a 
description of our solar system. Today calculus is applied in a great variety of contexts, 
such as determining the orbits of satellites and spacecraft, predicting population sizes, 
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A PREVIEW OF CALCULUS 5 


forecasting weather, measuring cardiac output, and gauging the efficiency of an eco- 
nomic market. 


In order to convey a sense of the power and versatility of calculus, we conclude with 


a list of some of the questions that you will be able to answer using calculus. 


1. 


2. 


10. 


How can we design a roller coaster for a safe and smooth ride? 
(See the Applied Project following Section 3.1.) 


How far away from an airport should a pilot start descent? 
(See the Applied Project following Section 3.4.) 


How can we explain the fact that the angle of elevation from an observer up to the 
highest point in a rainbow is always 42°? 
(See the Applied Project following Section 4.1.) 


How can we estimate the amount of work that was required to build the Great 
Pyramid of Khufu in ancient Egypt? 
(See Exercise 36 in Section 6.4.) 


With what speed must a projectile be launched with so that it escapes the earth’s 
gravitation pull? 
(See Exercise 77 in Section 7.8.) 


How can we explain the changes in the thickness of sea ice over time and why 
cracks in the ice tend to “heal’’? 
(See Exercise 56 in Section 9.3.) 


Does a ball thrown upward take longer to reach its maximum height or to fall back 
down to its original height? 
(See the Applied Project following Section 9.5.) 


How can we fit curves together to design shapes to represent letters on a laser 
printer? 
(See the Applied Project following Section 10.2.) 


How can we explain the fact that planets and satellites move in elliptical orbits? 
(See the Applied Project following Section 13.4.) 


How can we distribute water flow among turbines at a hydroelectric station so as 
to maximize the total energy production? 
(See the Applied Project following Section 14.8.) 
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The electrical power produced by a wind turbine can be estimated by a mathematical function that incorporates several factors. We will 
explore this function in Exercise 1.2.25 and determine the expected power output of a particular turbine for various wind speeds. 


chaiviewfinder / Shutterstock.com 


Functions and Models 


THE FUNDAMENTAL OBJECTS THAT WE deal with in calculus are functions. This chapter prepares 
the way for calculus by discussing the basic ideas concerning functions, their graphs, and ways of 
transforming and combining them. We stress that a function can be represented in different ways: 
by an equation, in a table, by a graph, or in words. We look at the main types of functions that 
occur in calculus and describe the process of using these functions as mathematical models of real- 
world phenomena. 
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8 CHAPTER 1 Functions and Models 


1.1 | Four Ways to Represent a Function 


®@ Functions 


Functions arise whenever one quantity depends on another. Consider the following four 
situations. 


A. The area A of a circle depends on the radius r of the circle. The rule that connects r 
and A is given by the equation A = zr*. With each positive number r there is associ- 
ated one value of A, and we say that A is a function of r. 


Table 1 World Population B. The human population of the world P depends on the time ¢. Table | gives estimates 
of the world population P at time ¢, for certain years. For instance, 
Population 
Year (millions) P = 2,560,000,000 when t = 1950 
1900 1650 For each value of the time ¢ there is a corresponding value of P and we say that P is 
1910 1750 a function of ¢. 
1920 1860 sae ‘ F F 
1930 2070 C. The cost C of mailing an envelope depends on its weight w. Although there is no 
simple formula that connects w and C, the post office has a rule for determining C 
1940 2300 : 
when w is known. 
1950 2560 
1960 3040 D. The vertical acceleration a of the ground as measured by a seismograph during an 
1970 3710 earthquake is a function of the elapsed time f. Figure 1 shows a graph generated by 
1980 4450 seismic activity during the Northridge earthquake that shook Los Angeles in 1994. 
1990 5280 For a given value of t, the graph provides a corresponding value of a. 
2000 6080 
2010 6870 aa (cm/s’) 
100 + 
50 + 
t (seconds) 
FIGURE 1 —50 + 
Vertical ground acceleration 
during the Northridge earthquake Calif. Dept. of Mines and Geology 


Each of these examples describes a rule whereby, given a number (r in Example A), 
another number (A) is assigned. In each case we say that the second number is a function 
of the first number. If f represents the rule that connects A to r in Example A, then we 
express this in function notation as A = f(7). 


A function f is a rule that assigns to each element x in a set D exactly one ele- 


ment, called f(x), in a set E. 


We usually consider functions for which the sets D and E are sets of real numbers. 
The set D is called the domain of the function. The number f(x) is the value of f at x 
and is read “f of x.” The range of f is the set of all possible values of f(x) as x varies 
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x ——§ iae— f(x) 
(input) (output) 
FIGURE 2 


Machine diagram for a function f 


hg 


Sa 


D 


FIGURE 3 


Arrow diagram for f 


FIGURE 6 


The notation for intervals is given in 
Appendix A. 


SECTION 1.1 Four Ways to Represent a Function 9 


throughout the domain. A symbol that represents an arbitrary number in the domain of a 
function f is called an independent variable. A symbol that represents a number in the 
range of f is called a dependent variable. In Example A, for instance, r is the indepen- 
dent variable and A is the dependent variable. 

It’s helpful to think of a function as a machine (see Figure 2). If x is in the domain of 
the function f, then when x enters the machine, it’s accepted as an input and the machine 
produces an output f(x) according to the rule of the function. So we can think of the 
domain as the set of all possible inputs and the range as the set of all possible outputs. 
The preprogrammed functions in a calculator are good examples of a function as a 
machine. For example, if you input a number and press the squaring key, the calculator 
displays the output, the square of the input. 

Another way to picture a function is by an arrow diagram as in Figure 3. Each arrow 
connects an element of D to an element of E. The arrow indicates that f(x) is associated 
with x, f(a) is associated with a, and so on. 

Perhaps the most useful method for visualizing a function is its graph. If f is a func- 
tion with domain D, then its graph is the set of ordered pairs 


{(x, f(x) | x © D} 


(Notice that these are input-output pairs.) In other words, the graph of f consists of all 
points (x, y) in the coordinate plane such that y = f(x) and x is in the domain of f. 

The graph of a function f gives us a useful picture of the behavior or “life history” of 
a function. Since the y-coordinate of any point (x, y) on the graph is y = f(x), we can 
read the value of f(x) from the graph as being the height of the graph above the point x. 
(See Figure 4.) The graph of f also allows us to picture the domain of f on the x-axis and 
its range on the y-axis as in Figure 5. 


FIGURE 4 


FIGURE 5 


EXAMPLE 1 The graph of a function f is shown in Figure 6. 
(a) Find the values of f(1) and f(5). 
(b) What are the domain and range of f? 


SOLUTION 
(a) We see from Figure 6 that the point (1, 3) lies on the graph of f, so the value of f 
at | is f(1) = 3. (In other words, the point on the graph that lies above x = | is 3 units 
above the x-axis.) 

When x = 5, the graph lies about 0.7 units below the x-axis, so we estimate that 
f(5) ~ -0.7. 
(b) We see that f(x) is defined when 0 < x < 7, so the domain of f is the closed 
interval [0, 7]. Notice that f takes on all values from —2 to 4, so the range of f is 


{y | -2<y <4} =[-2,4] a 
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10 CHAPTER 1 Functions and Models 


FIGURE 7 


FIGURE 8 


The expression 


fla +h) — f@ 
h 


in Example 3 is called a difference 
quotient and occurs frequently in 
calculus. As we will see in Chapter 2, 
it represents the average rate of 
change of f(x) between x = aand 
x=ath. 


In calculus, the most common method of defining a function is by an algebraic equa- 
tion. For example, the equation y = 2x — 1 defines y as a function of x. We can express 
this in function notation as f(x) = 2x — 1. 


EXAMPLE 2 Sketch the graph and find the domain and range of each function. 
(a) f(x) = 2x - 1 (b) g(x) = x° 


SOLUTION 
(a) The equation of the graph is y = 2x — 1, and we recognize this as being the 
equation of a line with slope 2 and y-intercept —1. (Recall the slope-intercept form of 
the equation of a line: y = mx + b. See Appendix B.) This enables us to sketch a 
portion of the graph of f in Figure 7. The expression 2x — | is defined for all real 
numbers, so the domain of f is the set of all real numbers, which we denote by R. The 
graph shows that the range is also R. 
(b) Since g(2) = 2? = 4 and g(—1) = (—1)? = 1, we could plot the points (2, 4) and 
(—1, 1), together with a few other points on the graph, and join them to produce the 
graph (Figure 8). The equation of the graph is y = x’, which represents a parabola (see 
Appendix C). The domain of g is IR. The range of g consists of all values of g(x), that is, 
all numbers of the form x?. But x? = 0 for all numbers x and any positive number y is a 
square. So the range of g is {y| y = 0} = [0, ~). This can also be seen from Figure 8. 

a 


fla + h) ~ fla) 


EXAMPLE 3 If f(x) = 2x* — 5x + 1 andh # O, evaluate ; 


SOLUTION We first evaluate f(a + h) by replacing x by a + hin the expression for f(x): 
f(lat+h) =2at+h)’-S5(at+h+1 
= 2(a? + 2ah + h?) — S(a +h) +1 
= 2a’ + 4ah + 2h? — 5a— 5h +1 
Then we substitute into the given expression and simplify: 
fla+h) =f) _ Qa’ + 4ah + 2h? = 5a — 5h + 1) — Ga? — Sa + 1) 
h h 
2a + 4oh + Oh = $a — Sh l= 2a + Sa 1 
h 


_ 4ah + 2h? — 5h 
h 


=4a+2h-—5 | 


Representations of Functions 


We consider four different ways to represent a function: 


e verbally (by a description in words) 
e numerically (by a table of values) 

e visually (by a graph) 

e algebraically (by an explicit formula) 


If a single function can be represented in all four ways, it’s often useful to go from one 
representation to another to gain additional insight into the function. (In Example 2, for 
instance, we started with algebraic formulas and then obtained graphs.) But certain func- 
tions are described more naturally by one method than by another. With this in mind, let’s 
reexamine the four situations that we considered at the beginning of this section. 
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Table 2 World Population 


SECTION 1.1. Four Ways to Represent a Function 11 


A. The most useful representation of the area of a circle as a function of its radius is 


probably the algebraic formula A = qr’ or, in function notation, A(r) = mr’. It is 
also possible to compile a table of values or sketch a graph (half a parabola). Because 
a circle has to have a positive radius, the domain is {r | r > 0} = (0, %) and the range 


; is also (0, °). 
(years Population B. We are given a description of the function in words: P(t) is the human population of 
since 1900) (millions) the world at time ¢. Let’s measure ¢ so that t = 0 corresponds to the year 1900. Table 2 
0 1650 provides a convenient representation of this function. If we plot the ordered pairs in 
the table, we get the graph (called a scatter plot) in Figure 9. It too is a useful repre- 
10 1750 ; 
20 1860 sentation; the graph allows us to absorb all the data at once. What about a formula? 
30 3070 Of course, it’s impossible to devise an explicit formula that gives the exact human 
40 2300 population P(t) at any time f. But it is possible to find an expression for a function that 
50 2560 approximates P(t). In fact, using methods explained in Section 1.4, we obtain an 
60 3040 approximation for the population P: 
70 3710 P(t) ~ f() = (1.43653 X 10°) - (1.01395)' 
44 : ae, : ; 
5 a Figure 10 shows that it is a reasonably good “fit.” The function f is called a mathe- 
100 6080 matical model for population growth. In other words, it is a function with an explicit 
formula that approximates the behavior of our given function. We will see, however, 
110 6870 : P oe ; 
that the ideas of calculus can be applied to a table of values; an explicit formula is not 
necessary. 
Pa Pa 
5x10°+ ° 5x10? + 
t t t t t t > t t t t t t > 
0 20 40 60 80 100 120 0 20 40 60 80 100 120 ¢ 
Years since 1900 Years since 1900 
FIGURE 9 FIGURE 10 


A function defined by a table of 
values is called a tabular function. 


Table 3 
w (ounces) C(w) (dollars) 
O0<ws<l 1.00 
l<wwsx2 1,15 
2<ws3 1.30 
3<ws<4 1.45 
4<ws5 


1.60 


. 


The function P is typical of the functions that arise whenever we attempt to apply 
calculus to the real world. We start with a verbal description of a function. Then we 
may be able to construct a table of values of the function, perhaps from instrument 
readings in a scientific experiment. Even though we don’t have complete knowledge 
of the values of the function, we will see throughout the book that it is still possible 
to perform the operations of calculus on such a function. 


Again, the function is described in words: Let C(w) be the cost of mailing a large 
envelope with weight w. The rule that the US Postal Service used as of 2019 is as 
follows: The cost is | dollar for up to 1 oz, plus 15 cents for each additional ounce (or 
less) up to 13 oz. A table of values is the most convenient representation for this func- 
tion (see Table 3), though it is possible to sketch a graph (see Example 10). 


. The graph shown in Figure | is the most natural representation of the vertical accel- 


eration function a(#). It’s true that a table of values could be compiled, and it is 
even possible to devise an approximate formula. But everything a geologist needs to 
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12 CHAPTER 1 Functions and Models 


FIGURE 11 


FIGURE 12 


Ed In setting up applied functions as in 
Example 5, it may be useful to review the 
principles of problem solving at the end of 
this chapter, particularly Step 1: Under- 
stand the Problem. 


know—amplitudes and patterns—can be seen easily from the graph. (The same is 
true for the patterns seen in electrocardiograms of heart patients and polygraphs for 
lie-detection.) 


In the next example we sketch the graph of a function that is defined verbally. 


EXAMPLE 4 When you turn on a hot-water faucet that is connected to a hot-water 
tank, the temperature T of the water depends on how long the water has been running. 
Draw a rough graph of 7 as a function of the time ¢ that has elapsed since the faucet 
was turned on. 


SOLUTION The initial temperature of the running water is close to room temperature 
because the water has been sitting in the pipes. When the water from the hot-water tank 
starts flowing from the faucet, T increases quickly. In the next phase, 7 is constant at 
the temperature of the heated water in the tank. When the tank is drained, T decreases 
to the temperature of the water supply. This enables us to make the rough sketch of T 
as a function of t shown in Figure 11. | 


In the following example we start with a verbal description of a function in a physical 
situation and obtain an explicit algebraic formula. The ability to do this is a useful skill 
in solving calculus problems that ask for the maximum or minimum values of quantities. 


EXAMPLE 5 A rectangular storage container with an open top has a volume of 10 m’. 
The length of its base is twice its width. Material for the base costs $10 per square 
meter; material for the sides costs $6 per square meter. Express the cost of materials as 
a function of the width of the base. 


SOLUTION We draw a diagram as in Figure 12 and introduce notation by letting w and 
2w be the width and length of the base, respectively, and h be the height. 

The area of the base is (2w)w = 2w’, so the cost, in dollars, of the material for the 
base is 10(2w”). Two of the sides have area wh and the other two have area 2wh, so the 
cost of the material for the sides is 6[2(wh) + 2(2wh)]. The total cost is therefore 


C = 10(2w’) + 6[2(wh) + 2(2wh)] = 20w* + 36wh 


To express C as a function of w alone, we need to eliminate / and we do so by using 
the fact that the volume is 10 m’. Thus 


w(2w)h = 10 
10 5 

which gives LS 
2w- w 


Substituting this into the expression for C, we have 


> 180 
C = 20w* + s6u( ) = 20w? + — 
w- w 
Therefore the equation 
180 
C(w) = 20w* + —— w>0 
w 


expresses C as a function of w. | 


In the next example we find the domain of a function that is defined algebraically. 
If a function is given by a formula and the domain is not stated explicitly, we use the 
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SECTION 1.1 Four Ways to Represent a Function 13 


following domain convention: the domain of the function is the set of all inputs for 
which the formula makes sense and gives a real-number output. 


EXAMPLE 6 Find the domain of each function. 
1 
(a) f(x) = vx +2 (b) g(x) = 


x 
SOLUTION 

(a) Because the square root of a negative number is not defined (as a real number), 
the domain of f consists of all values of x such that x + 2 = 0. This is equivalent to 
x 2 —2, so the domain is the interval [—2, ~). 


(b) Since 


1 1 
at) x—x x(x — 1) 


and division by 0 is not allowed, we see that g(x) is not defined when x = 0 or x = 1. 
So the domain of g is 
{x |x #0,x 4 1} 


which could also be written in interval notation as 
(—2, 0) U (0, 1) U (1, ») | 


® Which Rules Define Functions? 


Not every equation defines a function. The equation y = x* defines y as a function of x 
because the equation determines exactly one value of y for each value of x. However, the 
equation y* = x does not define y as a function of x because some input values x corre- 
spond to more than one output y; for instance, for the input x = 4 the equation gives the 
outputs y = 2 and y = —2. 
Similarly, not every table defines a function. Table 3 defined C as a function of w—each 
package weight w corresponds to exactly one mailing cost. On the other hand, Table 4 does 
yA not define y as a function of x because some input values x in the table correspond to more 


BSG than one output y; for instance, the input x = 5 gives the outputs y = 7 and y = 8. 
(a, b) Table 4 
x 2 4 5 5 6 
0 a x y 3 | 6 | 74] 8 | 9 


(a) This curve represents a function. . . . 
What about curves drawn in the xy-plane? Which curves are graphs of functions? The 


yA following test gives an answer. 


(a, ¢) 


The Vertical Line Test A curve in the xy-plane is the graph of a function of x if 


(a, b) and only if no vertical line intersects the curve more than once. 
> 
a eel The reason for the truth of the Vertical Line Test can be seen in Figure 13. If each 
: ; vertical line x = a intersects a curve only once, at (a, b), then exactly one function value 
(b) eas Soest Enc present is defined by f(a) = b. But if a line x = a intersects the curve twice, at (a, b) and (a, c), 
‘ then the curve can’t represent a function because a function can’t assign two different 
FIGURE 13 values to a. 
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14 CHAPTER 1 Functions and Models 


FIGURE 14 


FIGURE 15 


For a more extensive review of 
absolute values, see Appendix A. 


For example, the parabola x = y? — 2 shown in Figure 14(a) is not the graph of a 
function of x because, as you can see, there are vertical lines that intersect the parabola 
twice. The parabola, however, does contain the graphs of two functions of x. Notice 
that the equation x = y* — 2 implies y? = x + 2, so y = +./x + 2. Thus the upper 
and lower halves of the parabola are the graphs of the functions f(x) = x + 2 [from 
Example 6(a)] and g(x) = —./x + 2. [See Figures 14(b) and (c).] 


BY iy: y 
—2 
> > > 


(a)x=y?-2 (b) y=Vx+2 (c)y=—-Vxt+2 


We observe that if we reverse the roles of x and y, then the equation x = h(y) = y* — 2 
does define x as a function of y (with y as the independent variable and x as the depen- 
dent variable). The graph of the function h is the parabola in Figure 14(a). 


lH Piecewise Defined Functions 


The functions in the following four examples are defined by different formulas in dif- 
ferent parts of their domains. Such functions are called piecewise defined functions. 


EXAMPLE7 A function f is defined by 
l-x ifx<-l 
p= if x>-l 
Evaluate f(—2), f(—1), and f(0) and sketch the graph. 


SOLUTION Remember that a function is a rule. For this particular function the rule is 
the following: First look at the value of the input x. If it happens that x < —1, then the 
value of f(x) is 1 — x. On the other hand, if x > —1, then the value of f(x) is x*. Note 
that even though two different formulas are used, f is one function, not two. 


Since —2 < —1, we have f(—2) = 1 — (—2) =3. 
Since —1 < —1, we have f(—1) = 1 — (—1) = 2. 
Since 0 > —1, we have f(0) = 0” = 0. 


How do we draw the graph of f ? We observe that if x < —1, then f(x) = 1 — x, 
so the part of the graph of f that lies to the left of the vertical line x = —1 must 
coincide with the line y = | — x, which has slope —1 and y-intercept 1. If x > —1, 
then f(x) = x’, so the part of the graph of f that lies to the right of the line x = —1 
must coincide with the graph of y = x’, which is a parabola. This enables us to sketch 
the graph in Figure 15. The solid dot indicates that the point (— 1, 2) is included on the 
graph; the open dot indicates that the point (—1, 1) is excluded from the graph. a 


The next example of a piecewise defined function is the absolute value function. 
Recall that the absolute value of a number a, denoted by | a], is the distance from a to 0 
on the real number line. Distances are always positive or 0, so we have 


|a|=0O for every number a 
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FIGURE 16 


FIGURE 17 


The point-slope form of the equation 
of aline is y — y) = m(x — x). See 
Appendix B. 


CA 
1.50 + a 2 

| —_e 
1.00 «——e 
0.50 + 

7 1 3 5 4 3 
FIGURE 18 
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For example, 


I3]=3 |-3]=3 |ol=o |v2-1]=y2-1 


|3 —-ar|=7-3 


In general, we have 


|a| =a if a=O0 


|a| = —a ifa<0O 


(Remember that if a is negative, then —a is positive.) 


EXAMPLE 8 Sketch the graph of the absolute value function f(x) = |x|. 
SOLUTION From the preceding discussion we know that 


Using the same method as in Example 7, we see that the graph of f coincides with the 
line y = x to the right of the y-axis and coincides with the line y = —x to the left of the 
y-axis (see Figure 16). H 


EXAMPLE 9 Find a formula for the function f graphed in Figure 17. 


SOLUTION The line through (0, 0) and (1, 1) has slope m = 1 and y-intercept b = 0, 
so its equation is y = x. Thus, for the part of the graph of f that joins (0, 0) to (1, 1), 
we have 


f(xy) =x if0O<x<1 
The line through (1, 1) and (2, 0) has slope m = —1, so its point-slope form is 
y—-0=(-1)(@ - 2) or y=2-x 
So we have f(y) =2-x ifl<x<2 


We also see that the graph of f coincides with the x-axis for x > 2. Putting this infor- 
mation together, we have the following three-piece formula for /: 


x if 0<x<1 
fx) =42—-x ifl<x<2 
0 ifx>2 | 


EXAMPLE 10 In Example C at the beginning of this section we considered the cost 
C(w) of mailing a large envelope with weight w. In effect, this is a piecewise defined 
function because, from Table 3, we have 


100 if0<w<1 
115 ifl<ws<2 
C(jw) = 4 130 if 2<ws3 
145 if 3<w<4 
The graph is shown in Figure 18. Bo 
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FIGURE 19 


An even function 


FIGURE 20 


An odd function 


FIGURE 21 


Looking at Figure 18, you can see why a function like the one in Example 10 is called 
a step function. 


®@ Even and Odd Functions 


If a function f satisfies f(—x) = f(x) for every number x in its domain, then f is called 
an even function. For instance, the function f(x) = x” is even because 


faa =r =o) 


The geometric significance of an even function is that its graph is symmetric with respect 
to the y-axis (see Figure 19). This means that if we have plotted the graph of f for x = 0, 
we obtain the entire graph simply by reflecting this portion about the y-axis. 

If f satisfies f(—x) = —f(x) for every number x in its domain, then f is called an odd 
function. For example, the function f(x) = x* is odd because 


ie) = yy j= = = 


The graph of an odd function is symmetric about the origin (see Figure 20). If we already 
have the graph of f for x = 0, we can obtain the entire graph by rotating this portion 
through 180° about the origin. 


EXAMPLE 11 Determine whether each of the following functions is even, odd, or 
neither even nor odd. 


(a) f(y) =x? +x (b) g(x) = 1 — x4 (c) h(x) = 2x — x? 
SOLUTION 
(a) flea) = Gay o(=9 = (- 0 + (2) 
= —-7 —x = -(x° + x) 
= f(x) 
Therefore f is an odd function. 
(b) g=9 = 1 = Gayla 1-2" = GQ) 
So g is even. 
(c) h(—x) = 2(—x) — (—x)? = -2x - x? 


Since h(—x) # h(x) and h(—x) # —h(x), we conclude that his neither even nor odd. 


The graphs of the functions in Example 11 are shown in Figure 21. Notice that the 
graph of h is symmetric neither about the y-axis nor about the origin. 


(a) (b) (c) 


@ Increasing and Decreasing Functions 


The graph shown in Figure 22 rises from A to B, falls from B to C, and rises again from C 
to D. The function f is said to be increasing on the interval [a, b], decreasing on [B, c], 
and increasing again on [c, d]. Notice that if x; and x2 are any two numbers between 
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a and b with x; < x2, then f(x) < f(x2). We use this as the defining property of an 
increasing function. 


YA 
> 
0 x 
FIGURE 22 
A function f is called increasing on an interval / if 
yA f(x) < f(x2) whenever x; < x.in/ 
yHx It is called decreasing on / if 
f(x) > f(x2) whenever x; < x. in J 
In the definition of an increasing function it is important to realize that the inequality 
0 x f (x1) < f(x2) must be satisfied for every pair of numbers x; and x2 in J with x; < x2. 
You can see from Figure 23 that the function f(x) = x? is decreasing on the interval 
FIGURE 23 (—°, 0] and increasing on the interval [0, ~). 
1.1 | Exercises 
1. If f(x) =x + /2 —x andg(u) =u + 2 — u, is it true 4. The graphs of f and g are given. 
that f= g? (a) State the values of f(—4) and g(3). 
2. If (b) Which is larger, f(—3) or g(—3)? 
f() = x? = il ies (c) For what values of x is f(x) = g(x)? 
a 


is it true that f = g? 


3. The graph of a function g is given. 


(a) State the values of g(—2), g(0), g(2), and g(3). 
(b) For what value(s) of x is g(x) = 3? 


(d) On what interval(s) is f(x) S g(x)? 

(e) State the solution of the equation f(x) = —1. 
(f) On what interval(s) is g decreasing? 

(g) State the domain and range of /f. 

(h) State the domain and range of g. 


(c) For what value(s) of x is g(x) < 3? 


(d) State the domain and range of g. y 
(e) On what interval(s) is g increasing? g 
f 
YR 2 
3 
4 0 2 x 
3 0 3 x 


5. Figure 1 was recorded by an instrument operated by the 
California Department of Mines and Geology at the 
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University Hospital of the University of Southern California 
in Los Angeles. Use it to estimate the range of the vertical 
ground acceleration function at USC during the Northridge 
earthquake. 


In this section we discussed examples of ordinary, everyday 
functions: population is a function of time, postage cost is a 
function of package weight, water temperature is a function 
of time. Give three other examples of functions from every- 
day life that are described verbally. What can you say about 
the domain and range of each of your functions? If possible, 
sketch a rough graph of each function. 


7-14 Determine whether the equation or table defines y as a 
function of x. 


7. 
9. 


11. 


13. 


34 = SY = 7 8. 3x° — 2y = 

x? +(y-3P=5 10. 2xy + 5y°=4 

(y+ 3) + 1 = 2x 12. 2x —|y| = 

14. 
x y x y 
Height (in) | Shoe size Year | Tuition cost ($) 

72 12 2016 10,900 
60 8 2017 11,000 
60 7 2018 11,200 
63 9 2019 11,200 
70 10 2020 11,300 


15-18 Determine whether the curve is the graph of a function 
of x. If it is, state the domain and range of the function. 


15. 


17. 


16. yA 


Vi 


19. 


Shown is a graph of the global average temperature T during 
the 20th century. Estimate the following. 

(a) The global average temperature in 1950 

(b) The year when the average temperature was 14.2°C 


20. 


21. 


22. 


23 


(c) The years when the temperature was smallest and largest 
(d) The range of T 


TA (°C) 


+ > 
t 


1900 1950 2000 


Source: Adapted from Globe and Mail [Toronto], 5 Dec. 2009. Print. 


Trees grow faster and form wider rings in warm years and 

grow more slowly and form narrower rings in cooler years. 

The figure shows ring widths of a Siberian pine from 1500 

to 2000. 

(a) What is the range of the ring width function? 

(b) What does the graph tend to say about the temperature of 
the earth? Does the graph reflect the volcanic eruptions of 
the mid-19th century? 


Ring width (mm) 
2 
loo 


0 t + + - - | > 
1500 1600 1700 1800 1900 2000 ¢ 


Year 


Source: Adapted from G. Jacoby et al., “Mongolian Tree Rings 
and 20th-Century Warming,” Science 273 (1996): 771-73. 


You put some ice cubes in a glass, fill the glass with cold 
water, and then let the glass sit on a table. Describe how the 
temperature of the water changes as time passes. Then sketch 
a rough graph of the temperature of the water as a function of 
the elapsed time. 


You place a frozen pie in an oven and bake it for an hour. 
Then you take it out and let it cool. Describe how the temper- 
ature of the pie changes as time passes. Then sketch a rough 
graph of the temperature of the pie as a function of time. 


The graph shows the power consumption for a day in Septem- 
ber in San Francisco. (P is measured in megawatts; ¢ is mea- 
sured in hours starting at midnight.) 

(a) What was the power consumption at 6 AM? At 6 PM? 
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(b) When was the power consumption the lowest? When was 
it the highest? Do these times seem reasonable? 


> 


0 3 6 9 12 15 18 21 t 
Pacific Gas & Electric 


24. Three runners compete in a 100-meter race. The graph 


25 


depicts the distance run as a function of time for each 
runner. Describe in words what the graph tells you about 
this race. Who won the race? Did each runner finish the 
race? 


y A (meters) 


100 + 


t > 


0 20 t (seconds) 


. Sketch a rough graph of the outdoor temperature as a function 
of time during a typical spring day. 


26. Sketch a rough graph of the number of hours of daylight as a 


27 


28. 


29 


function of the time of year. 


. Sketch a rough graph of the amount of a particular brand of 
coffee sold by a store as a function of the price of the coffee. 


. Sketch a rough graph of the market value of a new car as a 
function of time for a period of 20 years. Assume the car is 
well maintained. 


. A homeowner mows the lawn every Wednesday afternoon. 
Sketch a rough graph of the height of the grass as a function 
of time over the course of a four-week period. 


30. An airplane takes off from an airport and lands an hour later 


at another airport, 400 miles away. If t represents the time in 
minutes since the plane has left the terminal building, let x(t) 
be the horizontal distance traveled and y(t) be the altitude of 
the plane. 

(a) Sketch a possible graph of x(t). 

(b) Sketch a possible graph of y(t). 

(c) Sketch a possible graph of the ground speed. 

(d) Sketch a possible graph of the vertical velocity. 
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31. Temperature readings T (in °F) were recorded every two 
hours from midnight to 2:00 pm in Atlanta on a day in June. 
The time ¢ was measured in hours from midnight. 


(a) Use the readings to sketch a rough graph of T as a 
function of t. 
(b) Use your graph to estimate the temperature at 9:00 AM. 


32. Researchers measured the blood alcohol concentration (BAC) 
of eight adult male subjects after rapid consumption of 30 mL 
of ethanol (corresponding to two standard alcoholic drinks). 
The table shows the data they obtained by averaging the BAC 
(in g/dL) of the eight men. 

(a) Use the readings to sketch a graph of the BAC as a 
function of t. 

(b) Use your graph to describe how the effect of alcohol 
varies with time. 


t (hours) BAC t (hours) BAC 
0) 0) 1.75 0.022 
0.2 0.025 2.0 0.018 
0.5 0.041 2:25 0.015 
0.75 0.040 2.5 0.012 
1.0 0.033 3.0 0.007 
1:25 0.029 3.) 0.003 
1.5 0.024 4.0 0.001 


Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of 
Ethanol after Oral Administration in the Fasting State,” Journal of 
Pharmacokinetics and Biopharmaceutics 5 (1977): 207-24. 


33. If f(x) = 3x? — x + 2, find f(2), f(—2), f(@, f(-a), 
fla + 1), 2f(@), f(2a), f(a’), [f(@/’, and f(a + h). 


a 1 2 
tig: “iain 9(0), 9(3), 5g(a), 39(4a), g(a’), 


[g(a)]*, g(a + h), and g(x — a). 


34. If g(x) = 


35-38 Evaluate the difference quotient for the given function. 
Simplify your answer. 
f£B + h) — FR) 

h 


35. f(x) =4 + 3x — x’, 


f(a t+ h) -f@ 


36. f(x) = x°, ; 
37. f(x) : f a — i) 
38. f(x) = Vera, + wit () 
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39-46 Find the domain of the function. 


x+4 wt) 
39 I) =o 00. FQ) ~ rae 21 
41. f(t) =37/2t-1 42. g(t) =/3 —t —/24+1 
1 ut 1 
43. h(x) = Wen 5x 44. flu) = vas. 
u+l 
45. F(p) = /2 — /p 46. h(x) = J/x? — 4x —5 


47. Find the domain and range and sketch the graph of the 
function h(x) = ./4 — x2. 


48. Find the domain and sketch the graph of the function 
ee 
x= 2 


I(x) = 


49-52 Evaluate f(—3), f(0), and f(2) for the piecewise defined 
function. Then sketch the graph of the function. 


x?+2 if x<0 

49. = 
F(a) f* if x=0 
5 ifx<2 

50. = 
Fl) Pd if x22 
51. f(x) = x+1 ifx=<-l 
ia ae | 
—l ifx<1 


ma seo- {7 ifx>1 


63. | y 64. 


65-70 Find a formula for the described function and state its domain. 


65. A rectangle has perimeter 20 m. Express the area of the rect- 
angle as a function of the length of one of its sides. 


66. A rectangle has area 16 m’. Express the perimeter of the rect- 
angle as a function of the length of one of its sides. 


67. Express the area of an equilateral triangle as a function of the 
length of a side. 


68. A closed rectangular box with volume 8 ft’ has length twice the 
width. Express the height of the box as a function of the width. 


69. An open rectangular box with volume 2 m* has a square base. 
Express the surface area of the box as a function of the length 
of a side of the base. 


70. A right circular cylinder has volume 25 in*. Express the 
radius of the cylinder as a function of the height. 


53-58 Sketch the graph of the function. 
53. f(x) =x + |x| 54. f(x) = |x+2| 
x| 


55. g(t) = |1 — 3¢| 56. f(x) = — 
|x| if |x| <1 

57. = 
Fl) {| if |x| >1 


58. g(x) = || | — 1| 


59-64 Find a formula for the function whose graph is the given 
curve. 


59. The line segment joining the points (1, —3) and (5, 7) 

60. The line segment joining the points (—5, 10) and (7, — 10) 
61. The bottom half of the parabola x + (y — 1)? =0 

62. The top half of the circle x + (y — 2)? =4 


71. A box with an open top is to be constructed from a rectan- 
gular piece of cardboard with dimensions 12 in. by 20 in. 
by cutting out equal squares of side x at each corner 
and then folding up the sides as in the figure. Express the 
volume V of the box as a function of x. 


k 20 >| 


72. A Norman window has the shape of a rectangle surmounted 
by a semicircle. If the perimeter of the window is 30 ft, 
express the area A of the window as a function of the width x 
of the window. 
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73. Ina certain state the maximum speed permitted on freeways 
is 65 mi/h and the minimum speed is 40 mi/h. The fine for 
violating these limits is $15 for every mile per hour above the 
maximum speed or below the minimum speed. Express the 
amount of the fine F as a function of the driving speed x and 
graph F(x) for 0 < x < 100. 


74. An electricity company charges its customers a base rate of $10 
a month, plus 6 cents per kilowatt-hour (kWh) for the first 
1200 kWh and 7 cents per kWh for all usage over 1200 kWh. 
Express the monthly cost EF as a function of the amount x of 
electricity used. Then graph the function E for 0 < x < 2000. 


75. In acertain country, income tax is assessed as follows. There 
is no tax on income up to $10,000. Any income over $10,000 
is taxed at a rate of 10%, up to an income of $20,000. Any 
income over $20,000 is taxed at 15%. 

(a) Sketch the graph of the tax rate R as a function of the 
income /. 

(b) How much tax is assessed on an income of $14,000? 
On $26,000? 

(c) Sketch the graph of the total assessed tax T as a function 
of the income /. 


76. (a) If the point (5, 3) is on the graph of an even function, 
what other point must also be on the graph? 
(b) If the point (5, 3) is on the graph of an odd function, what 
other point must also be on the graph? 


77-78 Graphs of f and g are shown. Decide whether each 
function is even, odd, or neither. Explain your reasoning. 
77. ya 78. yA 


Se, 


f 


79-80 The graph of a function defined for x = 0 is given. 
Complete the graph for x < 0 to make (a) an even function and 
(b) an odd function. 


79. YA 
> 
0 x 

80. YA 
> 
0 x 


81-86 Determine whether f is even, odd, or neither. You may 
wish to use a graphing calculator or computer to check your 
answer Visually. 


2 


81. f(x) = ae 82. fe) = 
83. f@)=—> 84. f(x) = x|-x| 


85. f(x) = 1+ 3x? - x* 86. f(x) =1+4+ 3x7 - x 


87. If f and g are both even functions, is f + g even? If f and g 
are both odd functions, is f + g odd? What if f is even and g 
is odd? Justify your answers. 


88. If f and g are both even functions, is the product fg even? If f 
and g are both odd functions, is fg odd? What if f is even and 
g is odd? Justify your answers. 


1.2 | Mathematical Models: A Catalog of Essential Functions 


A mathematical model is a mathematical description (often by means of a function or 
an equation) of a real-world phenomenon such as the size of a population, the demand 
for a product, the speed of a falling object, the concentration of a product in a chemical 
reaction, the life expectancy of a person at birth, or the cost of emissions reductions. The 
purpose of the model is to understand the phenomenon and perhaps to make predictions 


about future behavior. 


Given a real-world problem, our first task in the mathematical modeling process is to 
formulate a mathematical model by identifying and naming the independent and depen- 
dent variables and making assumptions that simplify the phenomenon enough to make 
it mathematically tractable. We use our knowledge of the physical situation and our 
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Real-world Formulate 


problem 


mathematical skills to obtain equations that relate the variables. In situations where there 
is no physical law to guide us, we may need to collect data (either from the Internet or 
a library or by conducting our own experiments) and examine the data in the form of a 
table in order to discern patterns. From this numerical representation of a function we 
may wish to obtain a graphical representation by plotting the data. The graph might even 
suggest a suitable algebraic formula in some cases. 

The second stage is to apply the mathematics that we know (such as the calculus that 
will be developed throughout this book) to the mathematical model that we have formu- 
lated in order to derive mathematical conclusions. Then, in the third stage, we take those 
mathematical conclusions and interpret them as information about the original real- 
world phenomenon by way of offering explanations or making predictions. The final step 
is to test our predictions by checking against new real data. If the predictions don’t com- 
pare well with reality, we need to refine our model or formulate a new model and start 
the cycle again. Figure | illustrates the process of mathematical modeling. 


Real-world 


Mathematical Solve Mathematical Interpret 
ee Cee 
predictions 


model conclusions 


Test | 


FIGURE 1 


The modeling process 


The coordinate geometry of lines is 
reviewed in Appendix B. 


FIGURE 2 


A mathematical model is never a completely accurate representation of a physical 
situation—it is an idealization. A good model simplifies reality enough to permit math- 
ematical calculations but is accurate enough to provide valuable conclusions. It is impor- 
tant to realize the limitations of a model. 

There are many different types of functions that can be used to model relationships 
observed in the real world. In what follows, we discuss the behavior and graphs of some of 
these functions and give examples of situations appropriately modeled by such functions. 


® Linear Models 


When we say that y is a linear function of x, we mean that the graph of the function is a 
line, so we can use the slope-intercept form of the equation of a line to write a formula 
for the function as 


y = f(x) = mx + b 


where mm is the slope of the line and b is the y-intercept. 

A characteristic feature of linear functions is that they change at a constant rate. For 
instance, Figure 2 shows a graph of the linear function f(x) = 3x — 2 and a table of 
sample values. Notice that whenever x increases by 0.1, the value of f(x) increases 
by 0.3. So f(x) increases three times as fast as x. This means that the slope of the graph 
of y = 3x — 2, namely 3, can be interpreted as the rate of change of y with respect to x. 


yA 
; x f(x) =3x-2 
y=3x-2 
1.0 1.0 
Ld 1.3 
o7; 4 iy) 1.6 
13 1.9 
~2 1.4 2.2 
1.5 2.5 
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20 


T=—10h+ 20 


10 + 
> 
O} h 
FIGURE 3 
Table 1 
CO; level CO; level 
Year | (in ppm) || Year | (in ppm) 
1980 | 338.7 2000} 369.4 
1984] 344.4 2004 | 377.5 
1988} 351.5 2008 | 385.6 
1992} 356.3 2012 | 393.8 
1996} 362.4 2016 | 404.2 
FIGURE 4 


Scatter plot for the average CO: level 
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EXAMPLE 1 

(a) As dry air moves upward, it expands and cools. If the ground temperature is 20°C 
and the temperature at a height of | km is 10°C, express the temperature T (in °C) as a 
function of the height / (in kilometers), assuming that a linear model is appropriate. 
(b) Draw the graph of the function in part (a). What does the slope represent? 

(c) What is the temperature at a height of 2.5 km? 


SOLUTION 
(a) Because we are assuming that T is a linear function of h, we can write 


T=mh+b 
We are given that T = 20 when h = 0, so 
20=m:0+b=b 


In other words, the y-intercept is b = 20. 
We are also given that T = 10 when h = 1, so 


10 =m: 1+ 20 
The slope of the line is therefore m = 10 — 20 = —10 and the required linear function is 
T = —10h + 20 


(b) The graph is sketched in Figure 3. The slope is m = —10°C/km, and this repre- 
sents the rate of change of temperature with respect to height. 


(c) Ata height of h = 2.5 km, the temperature is 
T = —10(2.5) + 20 = —5°C Bo 


If there is no physical law or principle to help us formulate a model, we construct an 
empirical model, which is based entirely on collected data. We seek a curve that “fits” 
the data in the sense that it captures the basic trend of the data points. 


EXAMPLE 2 Table | lists the average carbon dioxide level in the atmosphere, 
measured in parts per million at Mauna Loa Observatory from 1980 to 2016. Use the 
data in Table | to find a model for the carbon dioxide level. 


SOLUTION We use the data in Table 1 to make the scatter plot in Figure 4, where ¢ 
represents time (in years) and C represents the CO; level (in parts per million, ppm). 


CA (ppm) 
410 + 
400 + 
390 + 
380 + 
370 + : 
360 + 
350 + 


340 + 


> 


1980 1984 1988 1992 1996 2000 2004 2008 2012 2016 # 
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Notice that the data points appear to lie close to a straight line, so it’s natural to 
choose a linear model in this case. But there are many possible lines that approximate 
these data points, so which one should we use? One possibility is the line that passes 
through the first and last data points. The slope of this line is 


404.2 — 338.7 65.5 
— = — = 1.819 
2016 — 1980 36 


We write its equation as 


C — 338.7 = 1.819(t — 1980) 


or 

[1] C = 1.819t — 3262.92 

Equation | gives one possible linear model for the carbon dioxide level; it is 
A computer or graphing calculator graphed in Figure 5. Notice that our model gives values higher than most of the actual 
finds the regression line by the CO; levels. A better linear model is obtained by a procedure from statistics called 
method of least squares, whichisto —_Jinear regression. Many graphing calculators and computer software applications can 
minimize the sum of the squares of determine the regression line for a set of data. One such calculator gives the slope 
the vertical distances between the and y-intercept of the regression line for the data from Table | as 
data points and the line. The details . 
are explained in Exercise 14.7.61. m = 1.78242 b = —3192.90 


So our least squares model for the CO; level is 
[2] C = 1.78242t — 3192.90 


In Figure 6 we graph the regression line as well as the data points. Comparing with 
Figure 5, we see that the regression line gives a better fit. 


C4 (ppm) C4 (ppm) 


> 


> 


1980 1984 1988 1992 1996 2000 2004 2008 2012 2016 4 1980 1984 1988 1992 1996 2000 2004 2008 2012 2016 ¢ 


FIGURE 5 FIGURE 6 


Linear model through first and last data points The regression line Oo 
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(a)y=x?+x41 


yA 


RY 


(b) y=—2x? + 3x41 
FIGURE 7 


The graphs of quadratic functions 


are parabolas. 


ay 
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EXAMPLE3 Use the linear model given by Equation 2 to estimate the average CO 
level for 1987 and to predict the level for the year 2025. According to this model, when 
will the CO, level exceed 440 parts per million? 


SOLUTION Using Equation 2 with t = 1987, we estimate that the average CO: level in 
1987 was 


C(1987) = 1.78242(1987) — 3192.90 ~ 348.77 


This is an example of interpolation because we have estimated a value between 
observed values. (In fact, the Mauna Loa Observatory reported that the average CO2 
level in 1987 was 348.93 ppm, so our estimate is quite accurate.) 

With ¢ = 2025, we get 


C(2025) = 1.78242(2025) — 3192.90 ~ 416.50 


So we predict that the average CO; level in the year 2025 will be 416.5 ppm. This is 
an example of extrapolation because we have predicted a value outside the time 
frame of observations. Consequently, we are far less certain about the accuracy of our 
prediction. 

Using Equation 2, we see that the CO: level exceeds 440 ppm when 


1.78242t — 3192.90 > 440 
Solving this inequality, we get 


3632.9 


(a 
1.78242 


=~ 2038.18 

We therefore predict that the CO, level will exceed 440 ppm by the year 2038. This 
prediction is risky because it involves a time quite remote from our observations. In 
fact, we see from Figure 6 that the trend has been for CO; levels to increase rather 
more rapidly in recent years, so the level might exceed 440 ppm well before 2038. 


B 
@ Polynomials 
A function P is called a polynomial if 
P(x) = Anx" “hb An—-1x"! tee tH ox" + a\x + dao 
where n is a nonnegative integer and the numbers do, a1, d2,..., Gn are constants called 


the coefficients of the polynomial. The domain of any polynomial is R = (—%, %). 
If the leading coefficient a, ~ 0, then the degree of the polynomial is n. For example, 
the function 


P(x) = 2x8 — x4 + 2x3 + /2 


is a polynomial of degree 6. 

A polynomial of degree 1 is of the form P(x) = mx + band so it is a linear function. 
A polynomial of degree 2 is of the form P(x) = ax* + bx + cand is called a quadratic 
function. Its graph is always a parabola obtained by shifting the parabola y = ax”, as we 
will see in Section 1.3. The parabola opens upward if a > 0 and downward if a < 0. 
(See Figure 7.) 

A polynomial of degree 3 is of the form 


P(x) = ax> + bx? + cx+d a#~0 
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and is called a cubic function. Figure 8 shows the graph of a cubic function in part (a) 
and graphs of polynomials of degrees 4 and 5 in parts (b) and (c). We will see later why 
the graphs have these shapes. 


FIGURE 8 (a) y=x?-x4+1 (b) y=x*- 3x7 +x (c) y = 3x°— 25x? + 60x 


Polynomials are commonly used to model various quantities that occur in the natural 
and social sciences. For instance, in Section 3.7 we will explain why economists often 
use a polynomial P(x) to represent the cost of producing x units of a commodity. In the 
following example we use a quadratic function to model the fall of a ball. 


Table 2 EXAMPLE 4 A ball is dropped from the upper observation deck of the CN Tower, 

: ; 450 m above the ground, and its height h above the ground is recorded at 1-second 
Wee lea intervals in Table 2. Find a model to fit the data and use the model to predict the time at 
ecues) oo) which the ball hits the ground. 
" 40 SOLUTION We draw a scatter plot of the data in Figure 9 and observe that a linear 
: sia model is inappropriate. But it looks as if the data points might lie on a parabola, so we 
bike try a quadratic model instead. Using a graphing calculator or computer algebra system 
: ae (which uses the least squares method), we obtain the following quadratic model: 
5 332 [3] h = 449.36 + 0.96t — 4.9017 
6 279 
d 216 HA (meters) ha 
8 143 
9 61 hy Se 
400 + . 400 + 


200 + . 200 + 


0 2 4 6 t 0 
(seconds) 
FIGURE 9 FIGURE 10 
Scatter plot for a falling ball Quadratic model for a falling ball 


In Figure 10 we plot the graph of Equation 3 together with the data points and see 
that the quadratic model gives a very good fit. 
The ball hits the ground when h = 0, so we solve the quadratic equation 


—4,9017 + 0.96t + 449.36 = 0 
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The quadratic formula gives 


= 20.96 + /(0.96)2 — 4(—4.90) (449.36) 
2(—4.90) 


The positive root is t ~ 9.67, so we predict that the ball will hit the ground after falling 
about 9.7 seconds. a 


®@ Power Functions 


A function of the form f(x) = x“, where a is a constant, is called a power function. We 
consider several cases. 


(i) a =n, where x is a positive integer 


The graphs of f(x) = x" forn = 1, 2, 3, 4, and 5 are shown in Figure 11. (These are 
polynomials with only one term.) We already know the shape of the graphs of y = x 
(a line through the origin with slope 1) and y = x’ [a parabola, see Example 1.1.2(b)]. 


FIGURE 11 Graphs of f(x) = x” forn = 1, 2,3,4,5 


The general shape of the graph of f(x) = x” depends on whether n is even or odd. 
If n is even, then f(x) = x" is an even function and its graph is similar to the parabola 
y = x*. If nis odd, then f(x) = x” is an odd function and its graph is similar to that 
of y = x*. Notice from Figure 12, however, that as n increases, the graph of y = x” 
becomes flatter near 0 and steeper when |x| > 1. (If x is small, then x” is smaller, x? 
is even smaller, x* is smaller still, and so on.) 


A family of functions is a collection 
of functions whose equations are 
related. Figure 12 shows two families 
of power functions, one with even 
powers and one with odd powers. 


FIGURE 12 


(ii) a = 1/n, where n is a positive integer 


The function f(x) = x!" = x/x is a root function. For n = 2 it is the square root 
function f(x) = ./x , whose domain is [0, ©) and whose graph is the upper half of the 
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FIGURE 13 


Graphs of root functions 


parabola x = y*. [See Figure 13(a).] For other even values of n, the graph of y = “x is 
similar to that of y = ./x. For n = 3 we have the cube root function f(x) = </x whose 
domain is R (recall that every real number has a cube root) and whose graph is shown 
in Figure 13(b). The graph of y = 3/x for n odd (n > 3) is similar to that of y= oe 


(a) f(x) =x (b) f(x) = x 


(iii) a= —1 


The graph of the reciprocal function f(x) = x! = 1/x is shown in Figure 14. Its 


graph has the equation y = 1/x, or xy = 1, and is a hyperbola with the coordinate axes 
as its asymptotes. This function arises in physics and chemistry in connection with 
Boyle’s Law, which says that when the temperature is constant, the volume V of a gas 
is inversely proportional to the pressure P: 


where C is a constant. Thus the graph of V as a function of P (see Figure 15) has the 
same general shape as the right half of Figure 14. 


0 P 
FIGURE 14 FIGURE 15 
The reciprocal function Volume as a function of pressure 


at constant temperature 
(iv) a= -—2 


Among the remaining negative powers for the power function f(x) = x’, by far 

the most important is that of a = —2. Many natural laws state that one quantity is 
inversely proportional to the square of another quantity. In other words, the first 
quantity is modeled by a function of the form f(x) = C/x? and we refer to this as an 
inverse square law. For instance, the illumination / of an object by a light source 

is inversely proportional to the square of the distance x from the source: 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


RY 


RT ty 
20 7 
o] \2 
FIGURE 18 
2x4 — x? +1 
{OO =— 
x — 4 


SECTION 1.2 Mathematical Models: A Catalog of Essential Functions 29 


where C is a constant. Thus the graph of J as a function of x (see Figure 17) has the 
same general shape as the right half of Figure 16. 


TA 

0 x 
FIGURE 16 FIGURE 17 
The reciprocal of the squaring function Illumination from a light source as a 


function of distance from the source 


Inverse square laws model gravitational force, loudness of sound, and electrostatic 
force between two charged particles. See Exercise 37 for a geometric reason why 
inverse square laws often occur in nature. 


Power functions are also used to model species-area relationships (Exercises 35-36) 
and the period of revolution of a planet as a function of its distance from the sun (see 
Exercise 34). 


BH Rational Functions 


A rational function f is a ratio of two polynomials: 


P(x) 
Q(x) 
where P and Q are polynomials. The domain consists of all values of x such that 


Q(x) ~ 0. A simple example of a rational function is the function f(x) = 1/x, whose 
domain is {x | x # 0}; this is the reciprocal function graphed in Figure 14. The function 


f(x) = 


gj=22 2 =! 
‘ x7-4 


is a rational function with domain {x | x # +2}. Its graph is shown in Figure 18. 


@ Algebraic Functions 


A function f is called an algebraic function if it can be constructed using algebraic 
operations (such as addition, subtraction, multiplication, division, and taking roots) start- 
ing with polynomials. Any rational function is automatically an algebraic function. Here 
are two more examples: 


fa=VPFT gi) = 2 Ye FT 
x + /x 


In Chapter 4 we will sketch a variety of algebraic functions, and we will see that their 
graphs can assume many different shapes. 
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The Reference Pages are located at 
the front and back of the book. 


An example of an algebraic function occurs in the theory of relativity. The mass of a 
particle with velocity v is 


SY ee 


where mo is the rest mass of the particle and c = 3.0 X 10° km/s is the speed of light in 
a vacuum. 


Functions that are not algebraic are called transcendental; these include the trigono- 
metric, exponential, and logarithmic functions. 


Bi Trigonometric Functions 


Trigonometry and the trigonometric functions are reviewed on Reference Page 2 and 
also in Appendix D. In calculus the convention is that radian measure is always used 
(except when otherwise indicated). For example, when we use the function f(x) = sin x, 
it is understood that sin x means the sine of the angle whose radian measure is x. Thus 
the graphs of the sine and cosine functions are as shown in Figure 19. 


FIGURE 19 


(b) g(x) =cos x 


Notice that for both the sine and cosine functions the domain is (—~, %) and the range 
is the closed interval [—1, 1]. Thus, for all values of x, we have 


or, in terms of absolute values, 
|sinx| < 1 |cosx| <1 


An important property of the sine and cosine functions is that they are periodic func- 
tions and have period 27. This means that, for all values of x, 


sin(x + 27) = sin x cos(x + 27) = cos x 


The periodic nature of these functions makes them suitable for modeling repetitive phe- 
nomena such as tides, vibrating springs, and sound waves. For instance, in Example 1.3.4 
we will see that a reasonable model for the number of hours of daylight in Philadelphia 
t days after January | is given by the function 


2a 
L(t) = 12 + 2.8 sin} —~(t -— 
(t) 8 | 365 (t | 
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— 

1—2cosx" 

SOLUTION This function is defined for all values of x except for those that make the 
denominator 0. But 


EXAMPLE 5 Find the domain of the function f(x) = 


1 7 57 
1—2cosx =0 <> c0s x = aS a or . = ane 


where n is any integer (because the cosine function has period 27r). So the domain of f 


is the set of all real numbers except for the ones noted above. a 
I I 
_ On ae x The tangent function is related to the sine and cosine functions by the equation 
2 2 . 
sin x 
tan x = 
COs x 
and its graph is shown in Figure 20. It is undefined whenever cos x = 0, that is, when 
x = +7/2,+37/2,....Its range is (—%, ©). Notice that the tangent function has period 7: 
FIGURE 20 / / Beis =o) . 3 
y = tanx tan(x + 7) = tan x for all x 
The remaining three trigonometric functions (cosecant, secant, and cotangent) are 
the reciprocals of the sine, cosine, and tangent functions. Their graphs are shown in 
Appendix D. 
y y B® Exponential Functions 


The exponential functions are the functions of the form f(x) = b*, where the base b is 
a positive constant. The graphs of y = 2* and y = (0.5)* are shown in Figure 21. In both 
1 I cases the domain is (—%, °°) and the range is (0, ©). 
Exponential functions will be studied in detail in Section 1.4, and we will see that 


0 x x 
i ; a : they are useful for modeling many natural phenomena, such as when populations grow 
= Dyer Gh = 1) of decline GF b-< 1); 
FIGURE 21 

@ Logarithmic Functions 
The logarithmic functions f(x) = log,.x, where the base b is a positive constant, are the 
inverse functions of the exponential functions. They will be studied in Section 1.5. Fig- 
YA y=log, x ure 22 shows the graphs of four logarithmic functions with various bases. In each case 
the domain is (0, °°), the range is (—°%, %), and the function increases slowly when x > 1. 

y = 1083 X 


EXAMPLE 6 Classify the following functions as one of the types of functions that we 

have discussed. fa 

~ @AY=5 OGD =x Oh =——= Wu=1-14+54 
1- Je 

SOLUTION 


(a) f(x) = 5* is an exponential function. (The variable x is the exponent.) 


(b) g(x) = x° is a power function. (The variable x is the base.) We could also consider 
it to be a polynomial of degree 5. 


FIGURE 22 (c) h(x) = is an algebraic function. (It is not a rational function because the 
I =x 
denominator is not a polynomial.) 


(d) u(t) = 1 — t + 5t* is a polynomial of degree 4. oO 


Table 3 (on the following page) shows a summary of graphs of some families of 
essential functions that will be used frequently throughout the book. 
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Table 3 Families of Essential Functions and Their Graphs 
Linear YA YA 
Functions 
f(x) = mx + b 
b b 
> b > 
0 % 0 oe 
f(x)=b f(x)=mx+b 
Power yA yA YA YA 
Functions 
f(x) = x" 
> > 
0 x 0 x 
> > 
0 x 0 x 
f(xyax? f=a f(x)= x4 f(xy=x3 
Root YA YA yA yA 
Functions 
f(a) = ae — 
> > > > 
0 x 0 x 0 x 0 x 
fle) = vie F(x) = Vx fixy= x f(x) = fx 
Reciprocal yA A YA YA 
Functions 
1 
fa=—= 
x > 
0 ® 0 x 0 x 0 x 
ae val hae yal 
Fix) => f(x) 2 f(x) x3 f(x) a 
Exponential yA yA yA 
and Logarithmic 
Functions 
FQ) = or AA; 4 
f(x) = log,x 1 1 
> 
0 x 0 x 


F(x) =logyx (b>1) 


Trigonometric 
Functions 


f(x) = sin x 
f(x) = cos x 


f(x) = tan x 


—---Niat--- 


f(x) = tan x 


RY 
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1.2 | Exercises 


1-2 Classify each function as a power function, root function, 5-6 Find the domain of the function. 
polynomial (state its degree), rational function, algebraic function, ine 1 
trigonometric function, exponential function, or logarithmic 5. f(x) = ———— 6. g(x) = 
fi : 1 — sin x 1 — tanx 
unction. 
1. (a) f(x) =x? + 3x? (b) g(t) = cos*t — sint 
(c) r() = 1 (d) v(t) = 8" 7. (a) Find an equation for the family of linear functions 
with slope 2 and sketch several members of the 


af 


family. 


ey= f u) = logiou 
ry ee +1 (gw) a (b) Find an equation for the family of linear functions 
312 +2 such that f(2) = 1. Sketch several members of the 
2. (a) f(.) = ——— (b) h(r) = 2.3" family. 
(c) Which function belongs to both families? 
j= /J/t+4 d) y=x'+5 
() s() ee aad 8. What do all members of the family of linear functions 
a — f(x) = 1 + m(x + 3) have in common? Sketch several 
(e) 9) = vx ) y= x? members of the family. 


9. What do all members of the family of linear functions 


=c- i ? 
3-4 Match each equation with its graph. Explain your choices. Jel G 2 Nave dn comma) DES Rey eral Member IOr 


(Don’t use a computer or graphing calculator.) he ly 
3. (a) y= x? (b) y=x° (c) y=x8 F410. Sketch several members of the family of polynomials 
. . P(x) = x? — cx”. How does the graph change when c 
yA changes? 
11-12 Find a formula for the quadratic function whose graph is 
shown. 
11. 12. 
18 
f 
(4, 2) 
0| 3 x 
4. (a) y = 3x (b) y=3* 13. Find a formula for a cubic function f if f(1) = 6 and 


f(-1) =f) = fQ) = 0. 


14. Recent studies indicate that the average surface tempera- 
ture of the earth has been rising steadily. Some scientists 
have modeled the temperature by the linear function 
T = 0.02t + 8.50, where T is temperature in °C and t 
represents years since 1900. 

(a) What do the slope and 7-intercept represent? 
(b) Use the equation to predict the earth’s average surface 
temperature in 2100. 


() y=x? dd) y= 


15. If the recommended adult dosage for a drug is D (in mg), 
then to determine the appropriate dosage c for a child of 
age a, pharmacists use the equation c = 0.0417D(a + 1). 
Suppose the dosage for an adult is 200 mg. 
(a) Find the slope of the graph of c. What does it represent? 
(b) What is the dosage for a newborn? 
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16. 


17. 


18. 


19. 


20. 


CHAPTER 1 Functions and Models 


The manager of a weekend flea market knows from past 
experience that if he charges x dollars for a rental space at 
the market, then the number y of spaces that will be rented is 
given by the equation y = 200 — 4x. 

(a) Sketch a graph of this linear function. (Remember that 
the rental charge per space and the number of spaces 
rented can’t be negative quantities.) 

(b) What do the slope, the y-intercept, and the x-intercept of 
the graph represent? 


The relationship between the Fahrenheit (F’) and Celsius (C) 

temperature scales is given by the linear function F = 2C +32. 

(a) Sketch a graph of this function. 

(b) What is the slope of the graph and what does it represent? 
What is the F-intercept and what does it represent? 


Jade and her roommate Jari commute to work each morning, 
traveling west on I-10. One morning Jade left for work at 
6:50 AM, but Jari left 10 minutes later. Both drove at a con- 
stant speed. The graphs show the distance (in miles) each of 
them has traveled on I-10, t minutes after 7:00 am. 
(a) Use the graph to decide which driver is traveling faster. 
(b) Find the speed (in mi/h) at which each of them is driving. 
(c) Find linear functions f and g that model the distances 
traveled by Jade and Jari as functions of f (in minutes). 


YA 
a) 
3 30+ 
> 
z cL. 
Q & 204 (6, 16) vais 
& T Jari 
a 10 (6, 7) 
[J ft 
0 3 6 9 2 ! 
Time since 7:00 Am (min) 


The manager of a furniture factory finds that it costs $2200 to 

manufacture 100 chairs in one day and $4800 to produce 

300 chairs in one day. 

(a) Express the cost as a function of the number of chairs 
produced, assuming that it is linear. Then sketch the graph. 

(b) What is the slope of the graph and what does it represent? 

(c) What is the y-intercept of the graph and what does it 
represent? 


The monthly cost of driving a car depends on the number of 
miles driven. Lynn found that in May it cost her $380 to drive 
480 mi and in June it cost her $460 to drive 800 mi. 

(a) Express the monthly cost C as a function of the distance 
driven d, assuming that a linear relationship gives a 
suitable model. 

(b) Use part (a) to predict the cost of driving 1500 miles per 
month. 

(c) Draw the graph of the linear function. What does the 
slope represent? 

(d) What does the C-intercept represent? 

(e) Why does a linear function give a suitable model in this 
situation? 


21. 


22. 


23. 


24. 


25. 


26. 


At the surface of the ocean, the water pressure is the same 

as the air pressure above the water, 15 Ib/in’. Below the sur- 

face, the water pressure increases by 4.34 Ib/in? for every 

10 ft of descent. 

(a) Express the water pressure as a function of the depth 
below the ocean surface. 

(b) At what depth is the pressure 100 Ib/in?? 


The resistance R of a wire of fixed length is related to its 

diameter x by an inverse square law, that is, by a function of 

the form R(x) = kx~?. 

(a) A wire of fixed length and 0.005 meters in diameter has a 
resistance of 140 ohms. Find the value of k. 

(b) Find the resistance of a wire made of the same material 
and of the same length as the wire in part (a) but with a 
diameter of 0.008 meters. 


The illumination of an object by a light source is related to 
the distance from the source by an inverse square law. Sup- 
pose that after dark you are sitting in a room with just one 
lamp, trying to read a book. The light is too dim, so you move 
your chair halfway to the lamp. How much brighter is the 
light? 


The pressure P of a sample of oxygen gas that is compressed 
at a constant temperature is related to the volume V of gas by 
a reciprocal function of the form P = k/V. 

(a) A sample of oxygen gas that occupies 0.671 m? exerts a 
pressure of 39 kPa at a temperature of 293 K (absolute 
temperature measured on the Kelvin scale). Find the 
value of k in the given model. 

(b) If the sample expands to a volume of 0.916 m’, find the 
new pressure. 


The power output of a wind turbine depends on many factors. 
It can be shown using physical principles that the power P 
generated by a wind turbine is modeled by 


P=kAv? 


where »v is the wind speed, A is the area swept out by the 

blades, and k is a constant that depends on air density, 

efficiency of the turbine, and the design of the wind turbine 
blades. 

(a) If only wind speed is doubled, by what factor is the 
power output increased? 

(b) If only the length of the blades is doubled, by what factor 
is the power output increased? 

(c) For a particular wind turbine, the length of the blades is 
30 m and k = 0.214 kg/m*. Find the power output (in 
watts, W = m? - kg/s*) when the wind speed is 10 m/s, 
15 m/s, and 25 m/s. 


Astronomers infer the radiant exitance (radiant flux 
emitted per unit area) of stars using the Stefan Boltzmann 
Law: 


E(T) = (5.67 X 10°*)T* 


where F is the energy radiated per unit of surface area 
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measured in watts (W) and T is the absolute temperature 

measured in kelvins (K). 

(a) Graph the function E£ for temperatures T between 
100 K and 300 K. 

(b) Use the graph to describe the change in energy E as 
the temperature T increases. 


27-28 For each scatter plot, decide what type of function you 
might choose as a model for the data. Explain your choices. 


35 


30. When laboratory rats are exposed to asbestos fibers, some of 
them develop lung tumors. The table lists the results of sev- 
eral experiments by different scientists. 
(a) Find the regression line for the data. 
(b) Make a scatter plot and graph the regression line. 
Does the regression line appear to be a suitable model 
for the data? 
(c) What does the y-intercept of the regression line represent? 


A DA 
ane) 2 mr 3 Asbestos | Percent of mice Asbestos | Percent of mice 
a exposure that develop exposure that develop 
Ta, “, ron oF (fibers/mL) | lung tumors (fibers/mL) | lung tumors 
S 8 Ne 8 OS ore 
~ e ae 50 2 1600 42 
ee 400 6 1800 37 
2 a. 500 5 2000 38 
% x m * 900 10 3000 50 
1100 26 
28. (a) yA 4 (b) ya. 
” _ 31. Anthropologists use a linear model that relates human femur 
2 2 (thighbone) length to height. The model allows an anthro- 
at *., pologist to determine the height of an individual when only a 
pet "ss partial skeleton (including the femur) is found. Here we find 
“eee ees the model by analyzing the data on femur length and height 
> sisi for the eight males given in the table. 
2 od 0 x (a) Make a scatter plot of the data. 


(b) Find and graph the regression line that models the data. 
(c) An anthropologist finds a human femur of length 
53 cm. How tall was the person? 


29. The table shows (lifetime) peptic ulcer rates (per 100 popula- 
tion) for various family incomes as reported by the National 
Health Interview Survey. 


(a) Make a scatter plot of these data and decide whether a Femur length Height Femur length Height 
linear model is appropriate. (cm) (cm) (cm) (cm) 
(b) nate ie aga a linear model using the first and last 50.1 ae ye Tees 
(c) Find and graph the regression line. 48.3 173.6 42.7 165.0 
(d) Use the linear model in part (c) to estimate the ulcer rate 45.2 164.8 39.5 155.4 
for people with an income of $25,000. 44.7 163.7 38.0 155.8 


(e) According to the model, how likely is someone with 
an income of $80,000 to suffer from peptic ulcers? 
Do you think it would be reasonable to apply the 


model to someone with an income of $200,000? 


(1) 


32. The table shows average US retail residential prices of 
electricity from 2000 to 2016, measured in cents per kilo- 
watt hour. 

(a) Make a scatter plot. Is a linear model appropriate? 


(f) 


Ulcer rate (b) Find and graph the regression line. 
Income (per 100 population) (c) Use your linear model from part (b) to estimate the 
average retail price of electricity in 2005 and 2017. 

$4,000 14.1 

Hoe eu Years since 2000 | Cents/kWh|| Years since 2000 | Cents/kWh 
$12,000 12.5 0 8.24 10 11.54 
$16,000 12.0 2 8.44 12 11.88 
$20,000 12.4 4 8.95 14 12.52 
$30,000 10.5 6 10.40 16 12.90 
$45,000 9.4 8 11.26 
$60,000 8.2 

Source: US Energy Information Administration 
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33. 


34. 
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The table shows world average daily oil consumption from 

1985 to 2015, measured in thousands of barrels per day. 

(a) Make a scatter plot and decide whether a linear model is 
appropriate. 

(b) Find and graph the regression line. 

(c) Use the linear model to estimate the oil consumption in 
2002 and 2017. 


Years Thousands of barrels 
since 1985 of oil per day 

0 60,083 

5 66,533 
10 70,099 
15 76,784 
20 84,077 
25 87,302 
30 94,071 


Source: US Energy Information Administration 


The table shows the mean (average) distances d of the plan- 
ets from the sun (taking the unit of measurement to be the 
distance from the earth to the sun) and their periods T (time 
of revolution in years). 

(a) Fit a power model to the data. 

(b) Kepler’s Third Law of Planetary Motion states that 


“The square of the period of revolution of a planet is 
proportional to the cube of its mean distance from the sun.” 


Does your model corroborate Kepler’s Third Law? 


Planet d if 
Mercury 0.387 0.241 
Venus 0.723 0.615 
Earth 1.000 1.000 
Mars 1.523 1.881 
Jupiter 5.203 11.861 
Saturn 9.541 29.457 
Uranus 19.190 84.008 
Neptune 30.086 164.784 


1.3 


35. 


[T] 36. 


37. 


It makes sense that the larger the area of a region, the 
larger the number of species that inhabit the region. 
Many ecologists have modeled the species-area relation 
with a power function. In particular, the number of 
species S of bats living in caves in central Mexico has 
been related to the surface area A of the caves by the 
equation S = 0.7A°?. 

(a) The cave called Misién Imposible near Puebla, 
Mexico, has a surface area of A = 60 m’. How 
many species of bats would you expect to find in 
that cave? 

(b) If you discover that four species of bats live in a cave, 
estimate the area of the cave. 


The table shows the number N of species of reptiles and 
amphibians inhabiting Caribbean islands and the area A of 
the island in square miles. 
(a) Use a power function to model N as a function 
of A. 
(b) The Caribbean island of Dominica has area 291 mi’. 
How many species of reptiles and amphibians would 
you expect to find on Dominica? 


Island A N 
Saba 4 
Monserrat 40 9 
Puerto Rico 3,459 40 
Jamaica 4,411 39 
Hispaniola 29,418 84 
Cuba 44,218 76 


Suppose that a force or energy originates from a point 
source and spreads its influence equally in all directions, 
such as the light from a lightbulb or the gravitational force 
of a planet. So at a distance r from the source, the intensity 
I of the force or energy is equal to the source strength S 
divided by the surface area of a sphere of radius r. Show 
that J satisfies the inverse square law J = k/r*, where k is 
a positive constant. 


New Functions from Old Functions 


In this section we start with the basic functions we discussed in Section 1.2 and obtain 
new functions by shifting, stretching, and reflecting their graphs. We also show how to 
combine pairs of functions by the standard arithmetic operations and by composition. 


® Transformations of Functions 


By applying certain transformations to the graph of a given function we can obtain 
the graphs of related functions. This will give us the ability to sketch the graphs of 
many functions quickly by hand. It will also enable us to write equations for given graphs. 
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Let’s first consider translations of graphs. If c is a positive number, then the graph of 
y = f(x) + c is just the graph of y = f(x) shifted upward a distance of c units (because 
each y-coordinate is increased by the same number c). Likewise, if g(x) = f(x — c), 
where c > 0, then the value of g at x is the same as the value of f at x — c (c units to the 
left of x). Therefore the graph of y = f(x — c) is just the graph of y = f(x) shifted c units 
to the right (see Figure 1). 


Vertical and Horizontal Shifts Suppose c > 0. To obtain the graph of 


y = f(x) + c, shift the graph of y = f(x) a distance c units upward 


y = f(x) — c, shift the graph of y = f(x) a distance c units downward 
y = f(x — co), shift the graph of y = f(x) a distance c units to the right 
y = f(x + co), shift the graph of y = f(x) a distance c units to the left 


YA 


FIGURE 1 Translating the graph of f FIGURE 2 Stretching and reflecting the graph of f 


Now let’s consider the stretching and reflecting transformations. If c > 1, then the 
graph of y = cf(x) is the graph of y = f(x) stretched by a factor of c in the vertical 
direction (because each y-coordinate is multiplied by the same number c). The graph of 
y = —f(x) is the graph of y = f(x) reflected about the x-axis because the point (x, y) is 
replaced by the point (x, —y). (See Figure 2 and the following chart, where the results of 
other stretching, shrinking, and reflecting transformations are also given.) 


Vertical and Horizontal Stretching and Reflecting Suppose c > 1. To obtain the 
graph of 


y = cf(x), stretch the graph of y = f(x) vertically by a factor of c 
y = (1/c)f(x), shrink the graph of y = f(x) vertically by a factor of c 
y = f(cx), shrink the graph of y = f(x) horizontally by a factor of c 


y = f(x/c), stretch the graph of y = f(x) horizontally by a factor of c 


y = —f(x), reflect the graph of y = f(x) about the x-axis 
y = f(—x), reflect the graph of y = f(x) about the y-axis 
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Figure 3 illustrates these stretching transformations when applied to the cosine func- 
tion with c = 2. For instance, in order to get the graph of y = 2 cos. x we multiply the 
y-coordinate of each point on the graph of y = cos x by 2. This means that the graph of 
y = cos x gets stretched vertically by a factor of 2. 


YA y=2cosx 


Fits 


1 
=7 COS X 
y 2 


FIGURE 3 
EXAMPLE 1 Given the graph of y = \/x, use transformations to graph y = J/x — 2, 
y= V/x—2,y = —Jx, y = 2x, andy = /—x. 
SOLUTION The graph of the square root function y = ./x, obtained from Fig- 
ure 1.2.13(a), is shown in Figure 4(a). In the other parts of the figure we sketch 
y = x — 2 by shifting 2 units downward, y = /x — 2 by shifting 2 units to the 
right, y = —,/x by reflecting about the x-axis, y = prs by stretching vertically by a 
factor of 2, and y = ./—x by reflecting about the y-axis. 
YA YA YA YA YA YA 
of 4 x 0 x 0 2 x 0 Se 0 x oy x 
—2 BS 


(a) y= Vx (b)y=Vx-2 (y=Vx-2 (@y=—vx (@)y=2vx (y= Vox 
FIGURE 4 a 
EXAMPLE 2 Sketch the graph of the function f(x) = x? + 6x + 10. 
SOLUTION Completing the square, we write the equation of the graph as 
y=x?+6xt+10=(x +3" 41 


This means we obtain the desired graph by starting with the parabola y = x* and 
shifting 3 units to the left and then | unit upward (see Figure 5). 


yA yA 
(3,1) ai 
> t t > 
0 x 3 _1 |9 x 
FIGURE 5 (a) y= x? (b) y= (x +37 +1 | 
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EXAMPLE 3 Sketch the graph of each function. 

(a) y = sin 2x (b) y= 1 — sinx 

SOLUTION 

(a) We obtain the graph of y = sin 2x from that of y = sin x by compressing horizon- 


tally by a factor of 2. (See Figures 6 and 7.) Because the period of y = sin x is 277, 
the period of y = sin 2x is 27/2 = 7. 


FIGURE 6 FIGURE 7 


(b) To obtain the graph of y = | — sin x, we again start with y = sin x. We reflect 
about the x-axis to get the graph of y = —sin x and then we shift 1 unit upward to get 
y = 1 — sin x. (See Figure 8.) 


| 2 «7 32 In x 
FIGURE 8 = : = 
EXAMPLE 4 Figure 9 shows graphs of the number of hours of daylight as functions of 
the time of the year at several latitudes. Given that Philadelphia is located at approxi- 
mately 40°N latitude, find a function that models the length of daylight at Philadelphia. 
20 
18 
16 
14 
12 
20°N 
Hours 10 30°N 
40°N 
. 50°N 
FIGURE 9 6 
Graph of the length of daylight from 60°N 
March 21 through December 21 4 
at various latitudes , 
Source: Adapted from L. Harrison, 
Daylight, Twilight, Darkness and Time 0 
(New York: Silver, Burdett, 1935), 40. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 
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SOLUTION Notice that each curve resembles a shifted and stretched sine function. 
By looking at the blue curve we see that, at the latitude of Philadelphia, daylight 
lasts about 14.8 hours on June 21 and 9.2 hours on December 21, so the amplitude 
of the curve (the factor by which we have to stretch the sine curve vertically) is 
(14.8 — 9.2) = 2.8. 

By what factor do we need to stretch the sine curve horizontally if we measure the 
time ¢ in days? Because there are about 365 days in a year, the period of our model 
should be 365. But the period of y = sin tf is 277, so the horizontal stretching factor 
is 277/365. 

We also notice that the curve begins its cycle on March 21, the 80th day of the year, 
so we have to shift the curve 80 units to the right. In addition, we shift it 12 units 
upward. Therefore we model the length of daylight in Philadelphia on the tth day of the 
year by the function 


L(t) = 12 + 28sin| 2 — 80) 
=> .o SIN} —— = 
365 = 


Another transformation of some interest is taking the absolute value of a function. If 
y = | f(2)|, then according to the definition of absolute value, y = f(x) when f(x) = 0 
and y = —f(x) when f(x) < 0. This tells us how to get the graph of y = | f(x)| from the 
graph of y = f(x): the part of the graph that lies above the x-axis remains the same, and 
the part that lies below the x-axis is reflected about the x-axis. 


EXAMPLE 5 Sketch the graph of the function y = |x? — 1]. 


SOLUTION We first graph the parabola y = x” — 1 in Figure 10(a) by shifting the 
parabola y = x? downward 1 unit. We see that the graph lies below the x-axis when 

—1 <x < 1,so we reflect that part of the graph about the x-axis to obtain the graph of 
y = |x? — 1| in Figure 10(b). o 


BY 


Hi Combinations of Functions 


yale —1| Two functions f and g can be combined to form new functions f + g, f — g, fg, and f/g 


FIGURE 10 in a manner similar to the way we add, subtract, multiply, and divide real numbers. 


Definition Given two functions f and g, the sum, difference, product, and 
quotient functions are defined by 


(f + g(x) = f(x) + gQ) (f — g(x) = f(x) — g@) 


(fa)(x) = f(x) g@) 


If the domain of f is A and the domain of g is B, then the domain of f + g (and the 
domain of f — g) is the intersection A M B because both f(x) and g(x) have to be defined. 
For example, the domain of f(x) = \/x is A = [0, ©) and the domain of g(x) = /2 — x 
is B = (—%, 2], so the domain of (f + g)(x) = Jx + /2 — x isAN B= [0,2]. 

The domain of fg is also A M B. Because we can’t divide by 0, the domain of f/g is 
{x EAM B | g(x) ¥ 0}. For instance, if f(x) = x* and g(x) = x — 1, then the domain 
of the rational function (f/g)(x) = x7/(x — 1) is {x | x ¥ 1}, or (—%, 1) U (1, &). 

There is another way of combining two functions to obtain a new function. For 
example, suppose that y = f(u) = /u and u = g(x) = x? + 1. Since y is a function 
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, 
g(x) 


a 


yi 


f(g(x)) (output) 
FIGURE 11 


The f° g machine is composed of 
the g machine (first) and then the 
f machine. 


lf0 <a <b,thena’ <b’. 
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of u and uw is, in turn, a function of x, it follows that y is ultimately a function of x. 
We compute this by substitution: 


y =f(u) = f(g(x)) =f? + 1) = Vx? +1 


The procedure is called composition because the new function is composed of the two 
given functions f and g. 

In general, given any two functions f and g, we start with a number x in the domain 
of g and calculate g(x). If this number g(x) is in the domain of f, then we can calculate 
the value of f(g(x)). Notice that the output of one function is used as the input to the next 
function. The result is a new function h(x) = f(g(x)) obtained by substituting g into f. It 
is called the composition (or composite) of f and g and is denoted by fo g (“f circle g’). 


Definition Given two functions f and g, the composite function f° g (also 
called the composition of f and g) is defined by 


(fe g(x) = f(g) 


The domain of f ¢ g is the set of all x in the domain of g such that g(x) is in the domain 
of f. In other words, (f° g)(x) is defined whenever both g(x) and f(g(x)) are defined. 
Figure 11 shows how to picture f° g in terms of machines. 

EXAMPLE 6 If f(x) = x’ and g(x) = x — 3, find the composite functions f° g and g ° f. 
SOLUTION We have 


(fe g(x) = f(g) = fe — 3) = & — 3) 

(go f(x) = gf) = ge") = x? - 3 a 
NOTE You can see from Example 6 that, in general, fog #gof. Remember, the 
notation f° g means that the function g is applied first and then f is applied second. In 


Example 6, f° g is the function that first subtracts 3 and then squares; g o f is the function 
that first squares and then subtracts 3. 


EXAMPLE 7 If f(x) = x and g(x) = /2 — x, find each function and its domain. 
(a) fog (b) gof (ce). feos (d) gog 
SOLUTION 


(a) (f° g(x) =f(go) = f(V2 — x) = V2 — x = 42 =x 


The domain of f° g is {x | 2 — x = 0} = {x | x < 2} = (—~, 2]. 


(b) (9° f\(x) = g fla) = glVx) = v2 = ve 


For af X to be defined we must have x > 0. For 4p 2= ale to be defined we must have 
2 = afk = 0, that is, Vx < 2, or x S 4. Thus we have 0 S x < 4, so the domain of 
g°f is the closed interval [0, 4]. 


() (fof) =£F@) =f(Ve) = Ve = Ve 


The domain of f° f is [0, °). 
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(d) (g°g)(x) = g(g(x)) = g(V2 —x) = V2 - y2-x 


This expression is defined when both 2 — x = 0 and 2 — /2 — x = O. The first 
inequality means x < 2, and the second is equivalent to ./2 — x < 2,or2 — x <4, or 
x = —2. Thus —2 < x S 2, so the domain of g © g is the closed interval [ —2, 2]. | 


It is possible to take the composition of three or more functions. For instance, the 
composite function f° g ° his found by first applying h, then g, and then f as follows: 


(foge h\(x) = f(gha))) 


EXAMPLE8 Find fog oc hif f(x) = x/(x + 1), g(x) = x", and A(x) = x + 3. 


SOLUTION 
(fegeh)(x) = f(glh))) = f(g + 3)) 
_ ens (x + 3)! 
=r 3") = G45" 41 H 


So far we have used composition to build complicated functions from simpler ones. 
But in calculus it is often useful to be able to decompose a complicated function into 
simpler ones, as in the following example. 


EXAMPLE 9 Given F(x) = cos*(x + 9), find functions f, g, and h such that F = fo ge h. 


SOLUTION Since F(x) = [cos(x + 9)]’, the formula for F says: first add 9, then take 
the cosine of the result, and finally square. So we let 


h(x) =x +9 g(x) = cos x f(x) =x? 
Then (fogeh\(x) = f(gh(a))) = f(g + 9)) = f(cos(x + 9)) 
= [cos(x + 9)]}° = F(x) | 
1.3 | Exercises 
1. Suppose the graph of f is given. Write equations for the 3. The graph of y = f(x) is given. Match each equation with its 
graphs that are obtained from the graph of f as follows. graph and give reasons for your choices. 
(a) Shift 3 units upward. (a) y=f(x — 4) (b) y=f(x) + 3 
(b) Shift 3 units downward. (c) y = 3 f(x) (d) y= —f(x + 4) 
(c) Shift 3 units to the right. (ce) y = 2f(x + 6) 


(d) Shift 3 units to the left. 


(e) Reflect about the x-axis. @ 
(f) Reflect about the y-axis. 
(g) Stretch vertically by a factor of 3. ® 
(h) Shrink vertically by a factor of 3. 
2. Explain how each graph is obtained from the graph 
of y = f(x). i ey aa 
(a) y= f(x) + 8 (b) y= f(x + 8) 
(©) y = 8f(x) (d) y = f(8x) aad 
© y=-f@) -1 () y= 8f(4a) : 
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4. The graph of f is given. Draw the graphs of the following 
functions. 


(a) y= f(x) - 3 
(c) y=af(x) 


(b) y=f(x+ I 
(d) y = —f(x) 


5. The graph of f is given. Use it to graph the following 


functions. 
(a) y =f(2x) (b) y = f(5x) 
(c) y =f(-x) (d) y= —f(-x) 


6-7 The graph of y = 3x — x? is given. Use transformations 
to create a function whose graph is as shown. 


y 
= er 
15 y V3x * 
0 3 x 
6 yA 7 ‘| 
37 t t > 
=—4 | 0 x 
a, 7 
7 —2.5 
0 2 5 x 
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8. (a) How is the graph of y = 1 + ./x related to the graph of 
y= Vx? Use your answer and Figure 4(a) to sketch the 


graph of y= 1+ Vx. 


(b) How is the graph of y = 5 sin 7x related to the graph of 


y = sin x? Use your answer and Figure 6 to sketch the 
graph of y = 5 sin 7x. 


9-26 Graph the function by hand, not by plotting points, but by 


starting with the graph of one of the standard functions given in 
Table 1.2.3, and then applying the appropriate transformations. 


10. y=(x + 1) 
12, y=1-x3 


9 y=14tx 


11. y=|x+2| 


13 y= +2 14. y=-vyx-1 
15. y = sin 4x 16 y=1+5 
7. y=24+ Sx 41 18 y=—(x- 1° +3 
19. y= x? — 2x45 20. y=(x+ 1 4+2 
21. y=2-|x| 22. y= 2 — 2cosx 
23. y=3sin5x+1 24. y= tean(s- =) 
4 4 
25. y =| cos 7x| 26 y=|vx -1| 
27. The city of New Orleans is located at latitude 30°N. Use Fig- 


28. 


29. 


30. 


31. 


ure 9 to find a function that models the number of hours of day- 
light at New Orleans as a function of the time of year. To check 
the accuracy of your model, use the fact that on March 31 the 
sun rises at 5:51 AM and sets at 6:18 Pm in New Orleans. 


A variable star is one whose brightness alternately increases 
and decreases. For the most visible variable star, Delta Cephei, 
the time between periods of maximum brightness is 5.4 days, 
the average brightness (or magnitude) of the star is 4.0, and its 
brightness varies by £0.35 magnitude. Find a function that 
models the brightness of Delta Cephei as a function of time. 


Some of the highest tides in the world occur in the Bay of 
Fundy on the Atlantic Coast of Canada. At Hopewell Cape 
the water depth at low tide is about 2.0 m and at high tide 
it is about 12.0 m. The natural period of oscillation is 
about 12 hours and on a particular day, high tide occurred 
at 6:45 aM. Find a function involving the cosine function 
that models the water depth D(r) (in meters) as a function 
of time ¢ (in hours after midnight) on that day. 


In a normal respiratory cycle the volume of air that moves 
into and out of the lungs is about 500 mL. The reserve and 
residue volumes of air that remain in the lungs occupy about 
2000 mL and a single respiratory cycle for an average human 
takes about 4 seconds. Find a model for the total volume of 
air V(r) in the lungs as a function of time. 


(a) How is the graph of y = f(|.x|) related to the graph of f? 
(b) Sketch the graph of y = sin |x|. 
(c) Sketch the graph of y = |x|. 


. Use the given graph of f to sketch the graph of y = 1/f(x). 


Which features of f are the most important in sketching 
y = I/f(x)? Explain how they are used. 
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33-34 Find (a) f + g, (b) f — g, (c) fg, and (d) f/g and state their 56. (a) g(g(g(2))) ) (fefef) 
es (© (fefeg(1) @ (gefeg)@) 
33. f(x) = J25-—x*, gi) =Vxt1 
l 57. Use the given graphs of f and g to evaluate each expression, 
34. f(x) =" g(x) = e 2 or explain why it is undefined. 
(a) f(g(2)) (b) g(f(0)) (c) (fe g)(0) 


35-40 Find the functions (a) fe g, (b) g °f, (c) fe f, and (d)geg @ (9° NO) © (gem O UNA) 
and their domains. vk 


35. f(xy =x +5, go =v 
1 
36. f(x) , g(x) =2x+1 
x 
1 
37. f(x) » gx=xtl 
fe 
38. f(x) =——, g(x) = 2x-1 
» f(x) = ; x) = 2x 
xb 1 3 
2 . : ‘ 
39. f(x) = ee g(x) = sinx 58. Use the given graphs of f and g to estimate the value of 
(g(x)) for x = —5, —4, —3,...,5. Use these estimates to 
— g 
40. f(y = J/5—x, g(x) = Vx —1 sketch a rough graph of f° g. 
yr 
41-44 Find fogoh. 
g 
41. f(x) =3x—2, g(x) =sinx, h(x) =x? ' 
42. f(x) =|x-4|, gi) =2%, W(x) = Vx 
> 
43. f(x) = Vx —3, g(x) =x’, A(x) =x? +2 i 
44. f(x) =tanx, g(x) = aT h() = Ye f 
= 
45-50 Express the function in the form fo g. 
45, F(x) = (2x + x?)* 46, Fd Seas 59. A stone is dropped into a lake, creating a circular ripple that 
, : travels outward at a speed of 60 cm/s. 
_ he _ x (a) Express the radius r of this circle as a function of the 
47. F(x) = 1 eae 48. G(x) = lix time f (in seconds). 
(b) If A is the area of this circle as a function of the radius, 
49. v(t) = sec(t?) tan(t?) 50. A(x) = /1 + x find A © r and interpret it. 
60. A spherical balloon is being inflated and the radius of the 
51-54 Express the function in the form fo gh. balloon is increasing at a rate of 2 cm/s. 
7 a ——_— (a) Express the radius r of the balloon as a function of the 
= _ = 8 
51. RG) = vx ! 52. H(x) = V2 + || time f (in seconds). 
53. S(t) = sin*(cos ft) 54. H(t) = cos(,/ tant + 1) (b) If V is the volume of the balloon as a function of the 
radius, find V o r and interpret it. 
55-56 Use the table to evaluate each expression. 61. A ship is moving at a speed of 30 km/h parallel to a straight 
shoreline. The ship is 6 km from shore and it passes a light- 
x 1 2 3 4 5 6 house at noon. 
HO 3 1 5 6 2 4 (a) Express the distance s between the lighthouse and the 
ee ship as a function of d, the distance the ship has traveled 
g(x) 5 3 4 1 3 2 since noon; that is, find f so that s = f(d). 
(b) Express d as a function of t, the time elapsed since noon; 
55. (a) f(g(3)) (b) g(f(2)) that is, find g so that d = g(t). 
c og\(5 d of (5 (c) Find fo g. What does this function represent? 
(c) (fe g)(5) (d) (ge f)(5) Fog p 
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SECTION 1.4 Exponential Functions 45 


62. An airplane is flying at a speed of 350 mi/h at an altitude (c) Sketch the graph of the voltage V(r) in a circuit if the 
of one mile and passes directly over a radar station at switch is turned on at time t = 7 seconds and the 
time ft = 0. voltage is gradually increased to 100 volts over a period 
(a) Express the horizontal distance d (in miles) that the plane of 25 seconds. Write a formula for V(t) in terms of H(t) 
has flown as a function of f. for t < 32. 


(b) Express the distance s between the plane and the radar 
station as a function of d. 
(c) Use composition to express s as a function of f. 


63. The Heaviside Function The Heaviside function H is defined by 


65. Let f and g be linear functions with equations 
f(x) = mx + by and g(x) = mx + bo. Is fo galsoa 
linear function? If so, what is the slope of its graph? 


66. If you invest x dollars at 4% interest compounded annually, 


0 ift<0 then the amount A(x) of the investment after one year is 
Fit) = {° es A(x) = 1.04x. Find Ae A, Ac AeA, and Ao Ao Ao A. What 
do these compositions represent? Find a formula for the com- 
It is used in the study of electric circuits to represent the sud- position of n copies of A. 


den surge of electric current, or voltage, when a switch is 

instantaneously turned on. 

(a) Sketch the graph of the Heaviside function. 

(b) Sketch the graph of the voltage V(7) in a circuit if the 
switch is turned on at time t = 0 and 120 volts are 
applied instantaneously to the circuit. Write a formula 
for V(t) in terms of H(t). 

(c) Sketch the graph of the voltage V(f) in a circuit if the 68. If f(x) = x + 4 and A(x) = 4x — 1, find a function g such 
switch is turned on at time f = 5 seconds and 240 volts that g of=h. 
are applied instantaneously to the circuit. Write a formula 
for V(t) in terms of H(t). (Note that starting at t = 5 
corresponds to a translation.) 


67. (a) If g(x) = 2x + 1 and h(x) = 4x* + 4x + 7, find a func- 
tion f such that f° g = h. (Think about what operations 
you would have to perform on the formula for g to end up 
with the formula for h.) 

(b) If f(x) = 3x + 5 and h(x) = 3x* + 3x + 2, finda 
function g such that fo g = h. 


69. Suppose g is an even function and let h = f° g. Is h always an 
even function? 


70. Suppose g is an odd function and let h = fo g. Is h always an 


64. The Ramp Function The Heaviside function defined in odd function? What if fis odd? Whatif fis even? 


Exercise 63 can also be used to define the ramp function 


y = ctH(t), which represents a gradual increase in voltage or 71. Let f(x) be a function with domain R. 

current in a circuit. (a) Show that E(x) = f(x) + f(—x) is an even function. 

(a) Sketch the graph of the ramp function y = tH(t). (b) Show that O(x) = f(x) — f(—x) is an odd function. 

(b) Sketch the graph of the voltage V(7) in a circuit if the (c) Prove that every function f(x) can be written as a sum of 
switch is turned on at time t = 0 and the voltage is gradu- an even function and an odd function. 
ally increased to 120 volts over a 60-second time interval. (d) Express the function f(x) = 2* + (x — 3)? as a sum of 
Write a formula for V(7) in terms of H(t) for t < 60. an even function and an odd function. 


1.4 | Exponential Functions 


The function f(x) = 2° is called an exponential function because the variable, x, is the 
exponent. It should not be confused with the power function g(x) = x’, in which the vari- 
able is the base. 


B® Exponential Functions and Their Graphs 


In general, an exponential function is a function of the form 


f(x) = b* 


In Appendix G we present an alter- where b is a positive constant. Let’s recall what this means. 
native approach to the exponential If x = n, a positive integer, then 
and logarithmic functions using 
integral calcul = hed b 
gral calculus. 
ee —_ 
n factors 
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0 1 x 


FIGURE 1 


Representation of y = 2’, x rational 


A proof of this fact is given in 

J. Marsden and A. Weinstein, Calculus 
Unlimited (Menlo Park, CA: Benjamin/ 
Cummings, 1981). 


FIGURE 2 


y = 2”, x real 


If x = 0, then b° = 1, and if x = —n, where n is a positive integer, then 


1 
b" 


b™ — 


If x is a rational number, x = p/q, where p and gq are integers and g > 0, then 


bi = p= afb? = (Vb )° 


But what is the meaning of b* if x is an irrational number? For instance, what is meant 
by 2%? or 57? 

To help us answer this question we first look at the graph of the function y = 2’, 
where x is rational. A representation of this graph is shown in Figure 1. We want to 
enlarge the domain of y = 2* to include both rational and irrational numbers. 

There are holes in the graph in Figure | corresponding to irrational values of x. We 
want to fill in the holes by defining f(x) = 2*, where x € R, so that f is an increasing 
function. In particular, since the irrational number «if: satisfies 


i7eaya < ie 


we must have pe a arco? es 


and we know what 2'” and 2'* mean because 1.7 and 1.8 are rational numbers. Similarly, 
if we use better approximations for V3, we obtain better approximations for 2v3, 


73 <3 < 174 s ge et ote 
L723 21733. = 
ea SI) SS Se 
179905 = 4/3 -< 1.73206. = O°" 2 oe? a ges 


91.732 < Ww3 < 721.733 


It can be shown that there is exactly one number that is greater than all of the numbers 


? 


217 9173 21.732 21.7320 7 1.73205 
? ? > > 


and less than all of the numbers 


918 gira 21-733 gi-7321 1.73206 
? > > > 


? 


We define 2%? to be this number. Using the preceding approximation process we can 
compute it correct to six decimal places: 


23 = 3.321997 


Similarly, we can define 2* (or b“, if b > 0) where x is any irrational number. Fig- 
ure 2 shows how all the holes in Figure | have been filled to complete the graph of the 
function f(x) = 2*,x € R. 


YA 
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If0 <b < 1, then b* approaches 0 

as x becomes large. If b > 1, then b* 
approaches 0 as x decreases through 
negative values. In both cases the 
x-axis is a horizontal asymptote. These 
matters are discussed in Section 2.6. 


FIGURE 3 


FIGURE 4 


www.StewartCalculus.com 

For review and practice using the 
Laws of Exponents, click on Review 
of Algebra. 


For a review of reflecting and shifting 
graphs, see Section 1.3. 
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The graphs of members of the family of functions y = b* are shown in Figure 3 for 
various values of the base b. Notice that all of these graphs pass through the same point 
(0, 1) because b° = 1 for b 0. Notice also that as the base b gets larger, the exponential 
function grows more rapidly (for x > 0). 


x YA x x x 
(4) 10 4 2 15* 


17 


av 


You can see from Figure 3 that there are basically three kinds of exponential functions 
y = b*. If 0 < b < 1, the exponential function decreases; if b = 1, it is a constant; and 
if b > 1, it increases. These three cases are illustrated in Figure 4. Observe that if b ¥ 1, 
then the exponential function y = b* has domain R and range (0, %). Notice also that, 
since (1/b)* = 1/b* = b™, the graph of y = (1/b)* is just the reflection of the graph of 
y = b* about the y-axis. 


oe y y 
(0, 1) 1 
(0,1) 
0| x 0 3 0| > 


(a)y=b*, 0<b<1 (b) y=1* (c)y=b*, b>1 
One reason for the importance of the exponential function lies in the following proper- 
ties. If x and y are rational numbers, then these laws are well known from elementary 


algebra. It can be proved that they remain true for arbitrary real numbers x and y. 


Laws of Exponents If a and b are positive numbers and x and y are any real 
numbers, then 


1. b**” = b*b? 


x 


es 
b? 


3. (b*)” = b” 4, (ab)* = a*b* 


EXAMPLE 1 Sketch the graph of the function y = 3 — 2* and determine its domain 
and range. 


SOLUTION First we reflect the graph of y = 2* [shown in Figures 2 and 5(a)] about the 
x-axis to get the graph of y = —2* in Figure 5(b). Then we shift the graph of y = —2* 
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upward 3 units to obtain the graph of y = 3 — 2* in Figure 5(c). The domain is R and 
the range is (—~, 3). 


YA YA YA 
1 
0 - 0 : 
—l 
FIGURE 5 (a) y= 2" (b) y=—2* (c) y=3-2* | 


EXAMPLE 2 Use a graphing calculator or computer to compare the exponential 
function f(x) = 2* and the power function g(x) = x”. Which function grows more 
quickly when x is large? 


SOLUTION Figure 6 shows both functions graphed in the viewing rectangle [—2, 6] 

by [0, 40]. We see that the graphs intersect three times, but for x > 4 the graph of 

f(x) = 2* stays above the graph of g(x) = x. Figure 7 gives a more global view and 
Example 2 shows that y = 2"increases _ shows that for large values of x, the exponential function f(x) = 2* grows far more 
more quickly than y = x°.Todemon- _ rapidly than the power function g(x) = x”. 
strate just how quickly f(x) = 2* 
increases, let’s perform the following 
thought experiment. Suppose we start 
with a piece of paper a thousandth of 
an inch thick and we fold it in half 
50 times. Each time we fold the paper 
in half, the thickness of the paper 
doubles, so the thickness of the result- 
ing paper would be 2°°/1000 inches. 


40 250 


How thick do you think that is? It 0 
works out to be more than 17 million 
miles! FIGURE 6 FIGURE 7 | 


B® Applications of Exponential Functions 

The exponential function occurs very frequently in mathematical models of nature and 
society. Here we indicate briefly how it arises in the description of increasing population 
or decreasing viral loads. In later chapters we will pursue these and other applications in 
greater detail. 

First we consider a population of bacteria in a homogeneous nutrient medium. Sup- 
pose that by sampling the population at certain intervals, it is determined that the popula- 
tion doubles every hour. If the number of bacteria at time ¢ is p(t), where ¢ is measured in 
hours, and the initial population is p(0) = 1000, then we have 


p(1) = 2p(0) = 2 x 1000 
p(2) = 2p(1) = 2? x 1000 
p(3) = 2p(2) = 23 X 1000 
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Table 1 World Population 
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It seems from this pattern that, in general, 
p(t) = 2' X 1000 = (1000)2' 


This population function is a constant multiple of the exponential function y = 2’, so it 
exhibits the rapid growth that we observed in Figure 7. Under ideal conditions (unlimited 


t Population P space and nutrition and absence of disease) this exponential growth is typical of what 
(years since 1900) (millions) actually occurs in nature. 
0 1650 

10 1750 EXAMPLE 3 Table | shows data for the population of the world in the 20th century 

20 1860 and Figure 8 shows the corresponding scatter plot. 

30 2070 The pattern of the data points in Figure 8 suggests exponential growth, so we use a 

40 2300 graphing calculator (or computer) with exponential regression capability to apply the 

50 2560 method of least squares and obtain the exponential model 

60 3040 

70 3710 P(t) = (1.43653 X 10°) * (1.01395)! 

80 4450 : : : ‘ 

90 5280 where t = O corresponds to 1900. Figure 9 shows the graph of this exponential function 
together with the original data points. We see that the exponential curve fits the data 

100 6080 : : : ‘ : 
reasonably well. The period of relatively slow population growth is explained by the 
110 6870 : 
two world wars and the Great Depression of the 1930s. 
Pa Pa 
5x 10° + : 5x 10° | 
0 2 840 6 80 100 120 # 0 2 «©6400 sti‘ tCSCi‘iaS 
Years since 1900 Years since 1900 


FIGURE 8 Scatter plot for world population growth 


Table 2 

t (days) V(t) 
1 76.0 

4 53.0 

8 18.0 

11 9.4 

15 52 
22 3.6 


FIGURE 9 Exponential model for world population growth | 


EXAMPLE 4 In 1995 a research article was published that detailed the effect of the 
protease inhibitor ABT-538 on the human immunodeficiency virus HIV-1.' Table 2 
shows values of the plasma viral load V(t) of patient 303, measured in RNA copies 
per mL, rf days after ABT-538 treatment was begun. The corresponding scatter plot is 
shown in Figure 10 (on the following page). 

The rather dramatic decline of the viral load that we see in Figure 10 reminds us of 
the graphs of the exponential function y = b* in Figures 3 and 4(a) for the case where 
the base b is less than 1. So let’s model the function V(t) by an exponential function. 
Using a graphing calculator or computer to fit the data in Table 2 with an exponential 


1. D. Ho et al., “Rapid Turnover of Plasma Virions and CD4 Lymphocytes in HIV-1 Infection,” Nature 373 
(1995): 123-26. 
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CHAPTER 1 


FIGURE 12 


Functions and Models 


function of the form y = a - b‘, we obtain the model 
V = 96.39785 - (0.818656)' 


In Figure 11 we graph this exponential function with the data points and observe 
that the model represents the viral load reasonably well for the first month 
of treatment. 


VA 
2 60+ 2 
E . 2 
& 40+ sf 
zZ Z 
~ 207 ‘ 

ee a {—> 

o 10 20 30 ¢ (days) 0 10 20 30 ¢ (days) 
FIGURE 10 FIGURE 11 
Plasma viral load in patient 303 Exponential model for viral load a 


In Example 3 we used an exponential function of the form y = a + b',b > 1, to model 
an increasing population and in Example 4 we used y = a + b',b < 1, to model a decreas- 
ing viral load. In Section 3.8 we will explore additional examples of quantities that grow 
or decline exponentially, including the value of an investment account with compounding 
interest and the amount of radioactive material that remains as the material decays. 


H@ The Number e 


Of all possible bases for an exponential function, there is one that is most convenient 
for the purposes of calculus. The choice of a base b is influenced by the way the graph 
of y = b* crosses the y-axis. Figures 12 and 13 show the tangent lines to the graphs 
of y = 2“ and y = 3* at the point (0, 1). (Tangent lines will be defined precisely in 
Section 2.7. For present purposes, you can think of the tangent line to an exponential 
graph at a point as the line that touches the graph only at that point.) If we measure 
the slopes of these tangent lines at (0, 1), we find that m ~ 0.7 for y = 2* and m ~ 1.1 
for y = 3°. 

It turns out, as we will see in Chapter 3, that some of the formulas of calculus will be 
greatly simplified if we choose the base b so that the slope of the tangent line to y = b* 
at (0, 1) is exactly 1. (See Figure 14.) In fact, there is such a number and it is denoted 
by the letter e. (This notation was chosen by the Swiss mathematician Leonhard Euler 
in 1727, probably because it is the first letter of the word exponential.) In view of 


yA 
y= 


m= 1.1 


FIGURE 13 FIGURE 14 
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Figures 12 and 13, it comes as no surprise that the number e lies between 2 and 3 and the 
graph of y = e* lies between the graphs of y = 2* and y = 3*. (See Figure 15.) In 
Chapter 3 we will see that the value of e, correct to five decimal places, is 


e ~ 2.71828 


We call the function f(x) = e* the natural exponential function. 


FIGURE 15 
The graph of y = e* lies between the 
graphs of y = 2* and y = 3°. 


EXAMPLE 5 Graph the function y = }e"* — 1 and state the domain and range. 


SOLUTION We start with the graph of y = e* from Figures 14 and 16(a) and reflect 
about the y-axis to get the graph of y = e * in Figure 16(b). (Notice that the tangent 
line to the graph at the y-intercept has slope — 1.) Then we compress the graph verti- 
cally by a factor of 2 to obtain the graph of y = te in Figure 16(c). Finally, we shift 
the graph downward one unit to get the desired graph in Figure 16(d). The domain is R 
and the range is (—1, ©). 


YA YA YA 
; 1 i+ 
0 xt 0 x 0 x 
(a) y=e* (b) y=e" (@y=tes (d) y= 5e7-1 
FIGURE 16 r 


How far to the right do you think we would have to go for the height of the graph of 
1.5X10° y =e” to exceed a million? The next example demonstrates the rapid growth of this 
i function by providing an answer that might surprise you. 


y=10° 


EXAMPLE 6 Use a graphing calculator or computer to find the values of x for which 
e* > 1,000,000. 


SOLUTION In Figure 17 we graph both the function y = e* and the horizontal line 

y = 1,000,000. We see that these curves intersect when x ~ 13.8. So e* > 10° when 

x > 13.8. It is perhaps surprising that the values of the exponential function have 
FIGURE 17 already surpassed a million when x is only 14. | 


0 
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1.4 | Exercises 


1-2 Use the Laws of Exponents to rewrite and simplify each 
expression. 


1 =? b) (=3) 2 
- (a) B ( 9 (c) ie 
xP x" 3(2p,-1)-2 2x*y 
@ (e) B3~')  : 
2. (a) te (b) 272 (c) 2x2(3x3)? 


3a3? + q'? 


gp Ae 


a Jab 


@) Qx")"x° (e) 


3. (a) Write an equation that defines the exponential function 
with base b > 0. 
(b) What is the domain of this function? 
(c) If b ¥ 1, what is the range of this function? 
(d) Sketch the general shape of the graph of the exponential 
function for each of the following cases. 
Gi b>1 
(ii) b= 1 
Gii) O<b<1 
4. (a) How is the number e defined? 
(b) What is an approximate value for e? 
(c) What is the natural exponential function? 


f 5-8 Graph the given functions on a common screen. How are 
these graphs related? 


5. y=2*% y=e, y=5*%, y=20" 

6. ye, y=e*, y=8, y=8* 

7 y=3 y=10"*, y=(3), y=) 
8. y= 097, y= 0.6, y= 03%, y= OF 


9-14 Make a rough sketch by hand of the graph of the function. 
Use the graphs given in Figures 3 and 15 and, if necessary, the 
transformations of Section 1.3. 


9. g(x) =3*+ 1 10. h(x) = 2(5)' — 3 
11. y = —e* 12, y=4*7? 


13. y=1—-5e* 14. y=el"! 


15. Starting with the graph of y = e*, write the equation of the 
graph that results from 
(a) shifting 2 units downward. 
(b) shifting 2 units to the right. 
(c) reflecting about the x-axis. 
(d) reflecting about the y-axis. 
(e) reflecting about the x-axis and then about the y-axis. 


16. Starting with the graph of y = e’, find the equation of the 
graph that results from 
(a) reflecting about the line y = 4. 
(b) reflecting about the line x = 2. 


17-18 Find the domain of each function. 


l+x 


cos x 
e 


l-e* 
17. (a) f(y = —- 


18. (a) g(t) = /10' — 100 


(b) f(x) = 


(b) g(t) = sin(e’ — 1) 


19-20 Find the exponential function f(x) = Cb* whose graph 
is given. 


19. 20. 
yA yA 


(1, 6) 


RY 
RY 


21. If f(x) = 5*, show that 
fx + h) — fe) 


(oa 1 


22. Suppose you are offered a job that lasts one month. Which 
of the following methods of payment do you prefer? 
I. One million dollars at the end of the month. 
II. One cent on the first day of the month, two cents on the 
second day, four cents on the third day, and, in general, 
2”! cents on the nth day. 


23. Suppose the graphs of f(x) = x” and g(x) = 2* are drawn 
on a coordinate grid where the unit of measurement is 
1 inch. Show that at a distance 2 ft to the right of the origin, 
the height of the graph of f is 48 ft but the height of the 
graph of g is about 265 mi. 


. Compare the functions f(x) = x° and g(x) = 5* by graph- 
ing both functions in several viewing rectangles. Find all 
points of intersection of the graphs correct to one decimal 
place. Which function grows more rapidly when x is large? 


. Compare the functions f(x) = x'° and g(x) = e* by graph- 
ing both functions in several viewing rectangles. When does 
the graph of g finally surpass the graph of f? 


. Use a graph to estimate the values of x such that 
e* > 1,000,000,000. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 1.4 Exponential Functions 53 


27. A researcher is trying to determine the doubling time for a 29. A bacteria culture starts with 500 bacteria and doubles in 
population of the bacterium Giardia lamblia. He starts a size every half hour. 
culture in a nutrient solution and estimates the bacteria (a) How many bacteria are there after 3 hours? 
count every four hours. His data are shown in the table. (b) How many bacteria are there after t hours? 


(c) How many bacteria are there after 40 minutes? 
am (d) Graph the population function and estimate the time 
for the population to reach 100,000. 


Time (hours) 0 4 8 12 | 16 | 20 | 24 


Bacteria count 


(CFU /mL) 37 | 47 | 63 | 78 | 105 | 130 | 173 30. A gray squirrel population was introduced in a certain 
region 18 years ago. Biologists observe that the popula- 
tion doubles every six years, and now the population 

(a) Make a scatter plot of the data. is 600. 

(b) Use a calculator or computer to find an exponential (a) What was the initial squirrel population? 
curve f(t) = a - b‘ that models the bacteria population (b) What is the expected squirrel population ¢ years after 
t hours later. introduction? 

(c) Graph the model from part (b) together with the scatter (c) Estimate the expected squirrel population 10 years 
plot in part (a). Use the graph to estimate how long it from now. 


takes for the bacteria count to double. 
31. In Example 4, the patient’s viral load V was 76.0 RNA 


copies per mL after one day of treatment. Use the graph 
of V in Figure 11 to estimate the additional time required 
for the viral load to decrease to half that amount. 


32. After alcohol is fully absorbed into the body, it is metabo- 
lized. Suppose that after consuming several alcoholic drinks 
earlier in the evening, your blood alcohol concentration 
(BAC) at midnight is 0.14 g/dL. After 1.5 hours your BAC 
is half this amount. 

(a) Find an exponential model for your BAC ¢ hours after 
midnight. 

G. lamblia am (b) Graph your BAC and use the graph to determine when 

your BAC reaches the legal limit of 0.08 g/dL. 


Sebastian Kaulitzki / Shutterstock.com 


(T] 28. The table gives the population of the United States, in mil- 
lions, for the years 1900-2010. Use a graphing calculator 


Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of Ethanol after 
Oral Administration in the Fasting State,” Journal of Pharmacokinetics and 


(or computer) with exponential regression capability to Biopharmaceutics 5 (1977): 207-24. 
model the US population since 1900. Use the model to 
estimate the population in 1925 and to predict the popu- FM 33. If you graph the function 
lation in the year 2020. 
l1-—el”* 
fe) =r 
Year Population . . 
you'll see that f appears to be an odd function. Prove it. 
1900 76 
1910 92 3 34. Graph several members of the family of functions 
1920 106 1 
1930 123 FO) = Ty gee 
1940 131 
1950 150 where a > 0. How does the graph change when b changes? 
1960 179 How does it change when a changes? 
rie oe /4 35. Graph several members of the family of functions 
1980 227 
1990 250 a 
= So ala —x/a 
2000 281 i= G ene) 
2010 310 : 
where a > 0. How does the graph change as a increases? 
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1.5 | Inverse Functions and Logarithms 


®@ Inverse Functions 


Table | gives data from an experiment in which a biologist started a bacteria culture with 
100 bacteria in a limited nutrient medium; the size of the bacteria population was recorded 
at hourly intervals. The number of bacteria N is a function of the time t: N = f(?). 

Suppose, however, that the biologist changes her point of view and becomes inter- 
ested in the time required for the population to reach various levels. In other words, she 
is thinking of ¢ as a function of N. This function is called the inverse function of f, 
denoted by f~', and read “f inverse.” Here t = f '(N) is the time required for the popu- 
lation level to reach N. The values of f~' can be found by reading Table 1 from right to 
left or by consulting Table 2. For instance, f~'(550) = 6 because f(6) = 550. 


Table 1 Nasa function of t Table 2 tasa function of N 
N= f(t) va ty) 
t (hours) = population at time ¢ N = time to reach N bacteria 
, | 0 100 100 0 
1 168 168 1 
| 2 259 259 2 
J} —s\ 3 358 358 3 
4 445 445 4 
A i. | 5 509 509 5 
6 550 550 6 
7 573 573 7 
\ | 8 586 586 8 
i— Not all functions possess inverses. Let’s compare the functions f and g whose arrow 
diagrams are shown in Figure 1. Note that f never takes on the same value twice (any two 
g inputs in A have different outputs), whereas g does take on the same value twice (both 2 
A —— B and 3 have the same output, 4). In symbols, 
jee g(2) = 9(3) 
J is one-to-one; g is not. 
but f(x) ¥ f(x2) whenever x, ¥ x2 


In the language of inputs and outputs, Functions that share this property with f are called one-to-one functions. 


Definition 1 says that f is one-to-one 
if each output corresponds to only 
one input. 


[1] Definition A function f is called a one-to-one function if it never takes on 
the same value twice; that is, 


YA f(x) A f (x2) whenever x; ¥ X2 


If a horizontal line intersects the graph of f in more than one point, then we see from 
Figure 2 that there are numbers x; and x2 such that f(x1) = f(x2). This means that f is 
not one-to-one. 

Therefore we have the following geometric method for determining whether a func- 
tion is one-to-one. 


FIGURE 2 Horizontal Line Test A function is one-to-one if and only if no horizontal line 


This function is not one-to-one intersects its graph more than once. 
because f(x1) = f(x2). 
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EXAMPLE 1 Is the function f(x) = x* one-to-one? 


SOLUTION 1 If x; 4 x2, then x? # x2 (two different numbers can’t have the same 
cube). Therefore, by Definition 1, f(x) = x? is one-to-one. 


SOLUTION 2 From Figure 3 we see that no horizontal line intersects the graph of 
f(x) = x? more than once. Therefore, by the Horizontal Line Test, f is one-to-one. 


YA y=x3 


BY 


FIGURE 3 


f(x) = x? is one-to-one. |_| 


EXAMPLE 2 Is the function g(x) = x* one-to-one? 


YA 23 SOLUTION 1 This function is not one-to-one because, for instance, 


gd) = 1 =9(-1) 


and so | and —1 have the same output. 


- SOLUTION 2 From Figure 4 we see that there are horizontal lines that intersect the graph 
: of g more than once. Therefore, by the Horizontal Line Test, g is not one-to-one. | 


FIGURE 4 


at — 2 enepanetoune One-to-one functions are important because they are precisely the functions that pos- 


sess inverse functions according to the following definition. 


[2] Definition Let f be a one-to-one function with domain A and range B. 
Then its inverse function f ' has domain B and range A and is defined by 


flax S&S f@=y 


for any yin B. 


A > This definition says that if f maps x into y, then f~' maps y back into x. (If f were not 
one-to-one, then f~' would not be uniquely defined.) The arrow diagram in Figure 5 
indicates that f~' reverses the effect of f. Note that 


B > 


domain of f~! = range of 
FIGURES5 f f 


I 


range of f ' = domain of f 


For example, the inverse function of f(x) = x° is f-'(x) = x'/3 because if y = x°, 
then 


fy) =f?) = @)? = x 
@ CAUTION Do not mistake the —1 in f~' for an exponent. Thus 


The reciprocal 1/f(x) could be fo) does not mean 


1 
written as [ f(x)]~’. f(x) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


56 CHAPTER 1 


FIGURE 6 


Functions and Models 


The inverse function reverses inputs 


and outputs. 


FIGURE 7 


EXAMPLE 3 If f is a one-to-one function and f(1) = 5, f(3) = 7, and f(8) = —10, 
find f-'(7), f -'(5), and f-'(—10). 


SOLUTION From the definition of f~' we have 
f'M) =3 because fB) =7 
f (6) =1 because f(l) =5 
f ‘(-10) =8 because f(8) = —10 


The diagram in Figure 6 makes it clear how f ' reverses the effect of f in this case. | 


The letter x is traditionally used as the independent variable, so when we concentrate 
on f ' rather than on f, we usually reverse the roles of x and y in Definition 2 and write 


[3] fl@=y S&S foy=x 


By substituting for y in Definition 2 and substituting for x in (3), we get the following 
cancellation equations: 


f \(f(@)) =x  forevery xin A 


[4] 


f(f-'()) =x  forevery xin B 


The first cancellation equation says that if we start with x, apply f, and then apply f', 
we arrive back at x, where we started (see the machine diagram in Figure 7). Thus f! 
undoes what f does. The second equation says that f undoes what f~' does. 


oF) » A: 


For example, if f(x) = x°, then f(x) = x!/? and so the cancellation equations become 
fF) = 3)? =x 
FF") = GPP =x 


These equations simply say that the cube function and the cube root function cancel each 
other when applied in succession. 

Now let’s see how to compute inverse functions. If we have a function y = f(x) and 
are able to solve this equation for x in terms of y, then according to Definition 2 we must 
have x = f'(y). If we want to call the independent variable x, we then interchange x and 
y and arrive at the equation y = f'(x). 


[5] How to Find the Inverse Function of a One-to-One Function f 
STEP 1 Write y = f(x). 
STEP 2 Solve this equation for x in terms of y (if possible). 


STEP 3 To express f ' as a function of x, interchange x and y. 
The resulting equation is y = f- '(x). 
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In Example 4, notice how f | reverses 
the effect of f. The function f is the 
rule “Cube, then add 2”; f ‘is the 
rule “Subtract 2, then take the cube 
root.” 


FIGURE 10 
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EXAMPLE 4 Find the inverse function of f(x) = x* + 2. 
SOLUTION According to (5) we first write 


y= xve+2 
Then we solve this equation for x: 
xi=y-2 
x= Vy —2 


Finally, we interchange x and y: 
ee 
Therefore the inverse function is f~'(x) = «/x — 2. | 


The principle of interchanging x and y to find the inverse function also gives us the 
method for obtaining the graph of f~' from the graph of f. Since f(a) = b if and only 
if f-'(b) = a, the point (a, b) is on the graph of f if and only if the point (J, a) is on the 
graph of f~'. But we get the point (b, a) from (a, b) by reflecting about the line y = x. 
(See Figure 8.) 


FIGURE 8 FIGURE 9 


Therefore, as illustrated by Figure 9: 


The graph of f~' is obtained by reflecting the graph of f about the line y = x. 


EXAMPLE 5 Sketch the graphs of f(x) = ./—1 — x and its inverse function using the 
same coordinate axes. 


SOLUTION First we sketch the curve y = ./—1 — x (the top half of the parabola 


y? = —1 — x,orx = —y? — 1) and then we reflect about the line y = x to get the 


graph of f—'. (See Figure 10.) As a check on our graph, notice that the expression for 
f-'is f(x) = —x? — 1,x = 0. So the graph of f~' is the right half of the parabola 


y = —x* — | and this seems reasonable from Figure 10. a 


@ Logarithmic Functions 


If b > Oand b # 1, the exponential function f(x) = b* is either increasing or decreasing 
and so it is one-to-one by the Horizontal Line Test. It therefore has an inverse function 
f—', which is called the logarithmic function with base b and is denoted by log,. If we 
use the formulation of an inverse function given by (3), 


fl@=y7 =] fo)=% 
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then we have 


[6] logsx=y < b=x 


Thus, if x > 0, then log, x is the exponent to which the base b must be raised to give x. 
For example, logio 0.001 = —3 because 10-7 = 0.001. 

The cancellation equations (4), when applied to the functions f(x) = b* and 
f(x) = log, x, become 


log,(b*) =x foreveryx € R 


b’®* =x for every x > 0 


The logarithmic function log; has domain (0, 2) and range R. Its graph is the reflec- 
tion of the graph of y = b* about the line y = x. 

Figure 11 shows the case where b > 1. (The most important logarithmic functions have 
base b > 1.) The fact that y = b* is a very rapidly increasing function for x > 0 is 
reflected in the fact that y = log, x is a very slowly increasing function for x > 1. 

Figure 12 shows the graphs of y = log,x with various values of the base b > 1. 
Because log, | = 0, the graphs of all logarithmic functions pass through the point (1, 0). 


BY 


YA 


y=log,x, b>1 


y = log, x 
‘ 


y= log; x 
FIGURE 11 14 


FIGURE 12 


The following properties of logarithmic functions follow from the corresponding 
properties of exponential functions given in Section 1.4. 


Laws of Logarithms If x and y are positive numbers, then 
1. log, (xy) = log,x + log, y 


2. ss *) = log, x — log, y 
y 


3. log,(x") = rlog,x (where r is any real number) 


EXAMPLE 6 Use the laws of logarithms to evaluate log, 80 — log, 5. 
SOLUTION Using Law 2, we have 


80 
logs 80 — log25 = oa 5 = log. 16 = 4 


because 2* = 16. a 
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@ Natural Logarithms 


Notation for Logarithms Of all possible bases b for logarithms, we will see in Chapter 3 that the most convenient 
Most textbooks in calculus and the choice of a base is the number e, which was defined in Section 1.4. The logarithm with 
sciences, as well as calculators, base e is called the natural logarithm and has a special notation: 


use the notation In x for the natural 
logarithm and log x for the “common 
logarithm,” logiox. In the more 
advanced mathematical and scientific 
literature and in computer languages, 
however, the notation log x usually If we set b = e and replace log, with “In” in (6) and (7), then the defining properties 
denotes the natural logarithm. of the natural logarithm function become 


log.x = Inx 


Inx=y @& @& =x 


In(e*) =x xER 


[9] Inx 


e~=x x>0 


In particular, if we set x = 1, we get 


Ine=1 


Combining Property 9 with Law 3 allows us to write 
xy = ena") —_ er ins x>0 


Thus a power of x can be expressed in an equivalent exponential form; we will find this 
useful in the chapters to come. 


x = et ine 


EXAMPLE 7 Find x if Inx = 5. 
SOLUTION 1 From (8) we see that 
Inx =5 means e=x 


Therefore x = e°. 
(if you have trouble working with the “In” notation, just replace it by log.. Then the 
equation becomes log..x = 5; so, by the definition of logarithm, e* = x.) 


SOLUTION 2 Start with the equation 
Inx=5 


and apply the exponential function to both sides of the equation: 


But the second cancellation equation in (9) says that e'"* = x. Therefore x = e°. a 
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EXAMPLE 8 Solve the equation e* ** = 10. 
SOLUTION We take natural logarithms of both sides of the equation and use (9): 
In(e*> **) = In 10 
5 — 3x = 1n10 
3x =5 — In 10 
x = 4(5 — In 10) 


Using a calculator, we can approximate the solution: to four decimal places, x ~ 0.8991. 
H 


The laws of logarithms allow us to expand logarithms of products and quotients as 
sums and differences of logarithms. These same laws also allow us to combine sums and 
differences of logarithms into a single logarithmic expression. These processes are illus- 
trated in Examples 9 and 10. 


xJ x? +2 
3x +1 
SOLUTION Using Laws 1, 2, and 3 of logarithms, we have 


x ax? + 2 


3x +1 


EXAMPLE9 Use the laws of logarithms to expand In 


In = Inx? + Invx? +2 -— In(x+ 1) 


=2Inx + $In(x? + 2) — In@x + 1) a 


EXAMPLE 10 Express Ina + 4Inb asa single logarithm. 
SOLUTION Using Laws 3 and | of logarithms, we have 
Ina + }Inb = Ina + Inb'? 
=Ina+ InJ/b 
= In(ay/b ) Oo 


The following formula shows that logarithms with any base can be expressed in terms 
of the natural logarithm. 


[11] Change of Base Formula For any positive number b (b # 1), we have 


Inx 
log, x = —— 


In b 


PROOF Let y = log, x. Then, from (6), we have b” = x. Taking natural logarithms of 
both sides of this equation, we get y ln b = In x. Therefore 


Inx 


=— a 
Inb 


y 


Formula 11 enables us to use a calculator to compute a logarithm with any base (as 
shown in the following example). Similarly, Formula 11 allows us to graph any logarith- 
mic function on a graphing calculator or computer (see Exercises 49 and 50). 
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EXAMPLE 11 Evaluate logs5 correct to six decimal places. 
SOLUTION Formula 11 gives 


In5 
logs5 = —— ~ 0.773976 | 
In8 


@ Graph and Growth of the Natural Logarithm 


The graphs of the exponential function y = e* and its inverse function, the natural loga- 
rithm function, are shown in Figure 13. In common with all other logarithmic functions 
with base greater than 1, the natural logarithm is an increasing function defined on (0, ~) 
and the y-axis is a vertical asymptote. (This means that the values of In x become very 
FIGURE 13 large negative as x approaches 0.) 

The graph of y = In x is the reflec- 


tion of the graph of y = e* about the EXAMPLE 12 Sketch the graph of the function y = In(x — 2) — I. 
line y = x. 


SOLUTION We start with the graph of y = In x as given in Figure 13. Using the transfor- 
mations of Section 1.3, we shift it 2 units to the right to get the graph of y = In(x — 2) and 
then we shift it 1 unit downward to get the graph of y = In(x — 2) — 1. (See Figure 14.) 


yA yA x=2 


FIGURE 14 a 


Although In x is an increasing function, it grows very slowly when x > 1. In fact, In x 
grows more slowly than any positive power of x. To illustrate this fact, we graph y = Inx 
and y = x!/? = \/x in Figures 15 and 16. You can see that the graphs initially grow at 


comparable rates, but eventually the root function far surpasses the logarithm. 


YA 


FIGURE 15 FIGURE 16 


Bf Inverse Trigonometric Functions 


When we try to find the inverse trigonometric functions, we have a slight difficulty: 
because the trigonometric functions are not one-to-one, they don’t have inverse func- 
tions. The difficulty is overcome by restricting the domains of these functions so that 
they become one-to-one. 
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You can see from Figure 17 that the sine function y = sin x is not one-to-one (use the 
Horizontal Line Test). However, if we restrict the domain to the interval [—7/2, 7/2], 
then the function is one-to-one and all values in the range of y = sin x are attained (see 
Figure 18). The inverse function of this restricted sine function f exists and is denoted by 
sin ' or arcsin. It is called the inverse sine function or the arcsine function. 


RY 


FIGURE 17 FIGURE 18 


oes 7 T 
yrsmnx, -7SxXSG 


Since the definition of an inverse function says that 


f'i@m=y & fy=x 


we have 


sin'x=y <=> siny=x and — 


vw] 


= eee 


So, if -1 < x < 1, sin” 'x is the number between — 7/2 and 7/2 whose sine is x. 


EXAMPLE 13 Evaluate (a) sin~'(5) and (b) tan(aresin $). 
SOLUTION 
(a) We have 
(1) _ 7 
sin’ '(4) 5 
1 because sin(a/6) = 4 and 77/6 lies between —ar/2 and 77/2. 


(b) Let 6 = arcsin , so sin 9 = 7 Then we can draw a right triangle with angle 0 as 
CL in Figure 19 and deduce from the Pythagorean Theorem that the third side has length 
2/2 J9 — 1 = 2,2. This enables us to read from the triangle that 


FIGURE 19 1 
tan(aresin ) = tanu = —— a 


2/2 


yA The cancellation equations for inverse functions become, in this case, 


* 17+ T 7 
sin ‘(sin x) = x oe 


sin(sin''x) =x for-Il<x<1 


The inverse sine function, sin”', has domain [—1, 1] and range [—7/2, 7/2], and 
FIGURE 20 its graph, shown in Figure 20, is obtained from that of the restricted sine function (Fig- 
y = sin 'x = arcsin x ure 18) by reflection about the line y = x. 
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> 

x 
FIGURE 21 
y=cosx,0Sx<7 

> 


FIGURE 22 


y=cos x= 


arccos x 


FIGURE 23 


BV 


y = tanx, 


FIGURE 24 


14x? 


TKK <F 


FIGURE 25 


y = tan-'x = arctan x 
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The inverse cosine function is handled similarly. The restricted cosine function 


f(x) = cos x, 0 < x S 7, is one-to-one (see Figure 21) and so it has an inverse function 


denoted by cos! or arccos. 


cos'x=y <> cosy=x and OSy<7 


The cancellation equations are 


cos \(cosx) =x for0O<x< 


IK ox 


cos(cos'x) =x for-1 <x 


The inverse cosine function, cos ', has domain [—1, 1] and range [0, zr]. Its graph is 
shown in Figure 22. 

The tangent function can be made one-to-one by restricting it to the interval 
(—7/2, 7/2). Thus the inverse tangent function is defined as the inverse of the func- 
tion f(x) = tan x, —7/2 <x < m/2. (See Figure 23.) It is denoted by tan“! or arctan. 


7 
tan'x=y <> tany=x and rl aes 


EXAMPLE 14 Simplify the expression cos(tan”'x). 


SOLUTION 1 Let y = tan'x. Then tan y = x and —7/2 < y < 7/2. We want to find 
cos y but, since tan y is known, it is easier to find sec y first: 


sec’y = 1+ tary = 1 + x? 


secy = /1 eee (since sec y > 0 for —77/2 < y < 7/2) 
Th (tan™!x) : : 
us cos(tan 'x) = cos 
secy V/1 + x? 


SOLUTION 2 Instead of using trigonometric identities as in Solution 1, it is perhaps 
easier to use a diagram. If y = tan 'x, then tan y = x, and we can read from Figure 24 
(which illustrates the case y > 0) that 


1 


cos(tan 'x) = cosy = 
oa aa a pre 


1 


The inverse tangent function, tan”' = arctan, has domain R and range (—7/2, 77/2). 


Its graph is shown in Figure 25. 
YA 


Vly 


ay 


Nia 
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We know that the lines x = +77/2 are vertical asymptotes of the graph of tan. Since 
the graph of tan”! is obtained by reflecting the graph of the restricted tangent function 
about the line y = x, it follows that the lines y = 7/2 and y = —7/2 are horizontal 
asymptotes of the graph of tan™!. 

The remaining inverse trigonometric functions are not used as frequently and are sum- 


marized here. 


1) = cscy=x and y€ (0, 7/2] U (a, 37/2] 


LL = y=sec'x (|x| => 1) <> secy=x and y € [0, 7/2) U [a, 32/2) 


y=cot 'x (xE€R) <= coty=x and y€ (0,7) 


t t > 
0 T 27 x 
—] | 
{ \ The choice of intervals for y in the definitions of csc”' and sec”! is not universally 
agreed upon. For instance, some authors use y € [0, 7/2) U (2/2, 7] in the definition 
FIGURE 26 of sec '. [You can see from the graph of the secant function in Figure 26 that both this 
y = secx choice and the one in (12) will work.] 
1.5 | Exercises 
1. (a) What is a one-to-one function? 9. f(x) = 2x - 3 10. f(x) =x*— 16 
(b) How can you tell from the graph of a function whether it eee 1% = le 
is one-to-one? 
13. g(x) = 1 — sinx 14. f(x) =x*-1, 0<x< 10 


2. (a) Suppose f is a one-to-one function with domain A and 
range B. How is the inverse function f ' defined? What 15. f(t) is the height of a football t seconds after kickoff. 
is the domain of f-'? What is the range of f'? 
(b) If you are given a formula for f, how do you find a 
formula for f~'? 
(c) If you are given the graph of f, how do you find the graph 17. Assume that f is a one-to-one function. 
of f-'? (a) If f(6) = 17, what is f-'(17)? 
(b) If f -'(3) = 2, what is f(2)? 


16. f(t) is your height at age f. 


3-16 A function is given by a table of values, a graph, a formula, 


or a verbal description. Determine whether it is one-to-one. 18. If f(x) = x° + x° + x, find f-1(3) and f(f '(2)). 
= | 2 3 4 5 6 19. If g(x) = 3 +x + e’, find g '(4). 
3. 20. The graph of f is given. 


Fam 15 | 20 | 36 | 53 | 28 | 20 a Wiyed ons 10-00 


(b) What are the domain and range of f-'? 
ie 1 2 3 4 5 6 (c) What is the value of f~'(2)? 


4. a, 1 Tr - 4 aa 26 (d) Estimate the value of f~'(0). 
es ; . ; : : : 


RY 


av 


yA 

> 

Xx 

yA 
21. The formula C = 3(F — 32), where F => —459.67, expresses 

= the Celsius temperature C as a function of the Fahrenheit 
temperature F. Find a formula for the inverse function and 
interpret it. What is the domain of the inverse function? 
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22. In the theory of relativity, the mass of a particle with speed v 
is 
Mo 


V1 — v2/c? 
where 77 is the rest mass of the particle and c is the speed of 


light in a vacuum. Find the inverse function of f and explain 
its meaning. 


m = f(v) 


23-30 Find a formula for the inverse of the function. 


23. f(x) =1-—x*, x20 


25. g(x) =2+Vx4+1 


24. g(x) =x*°-2x, x21 
6 — 3x 


26. h = 
@) Sx +7 


27. y=e'* 28. y = 3 In(x — 2) 
= 1—e7 
29. y=(2+ %x)° 30. y = —__— 
1+e* 


31-32 Find an explicit formula for f~' and use it to graph 


f', f, and the line y = x on the same screen. To check your 
work, see whether the graphs of f and f ' are reflections about 
the line. 


31. f(x) = V4x + 3 


32. f(x) =1+e* 


33-34 Use the given graph of f to sketch the graph of f'. 
33. 34. 


35. Let f(x) = V1 -—x°, OSxS 1. 
(a) Find f~'. How is it related to f? 
(b) Identify the graph of f and explain your answer to 
part (a). 
36. Letg(x) = V1 —x°. 


(a) Find g~'. How is it related to g? 


fy (b) Graph g. How do you explain your answer to part (a)? 


37. (a) How is the logarithmic function y = log, x defined? 
(b) What is the domain of this function? 
(c) What is the range of this function? 
(d) Sketch the general shape of the graph of the function 
y =log,xifb> 1. 


38. (a) What is the natural logarithm? 
(b) What is the common logarithm? 
(c) Sketch the graphs of the natural logarithm function 
and the natural exponential function with a common 
set of axes. 


SECTION 1.5 Inverse Functions and Logarithms 65 


39-42 Find the exact value of each expression. 


39. (a) log, 81 (b) logs (7) 
(b) Inve 


41. (a) log» 30 — log 15 
(b) log; 10 — log; 5 — log; 18 
(c) 2 logs 100 — 4 logs 50 


(b) e725 


(c) logy3 


40. (a) in (c) In(In e”) 


42. (a) e3m2 (c) einiine?) 


43-44 Use the laws of logarithms to expand each expression. 


x4 
b) Inf ——— 
= o( Vx? = -) 
(b) logs [3 + 1V(x - 3) | 


43. (a) logio(x*y*z) 


3x 
44. (a) mf 25 
x= 3 


45-46 Express as a single logarithm. 
45. (a) login 20 — 5 logio 1000 (b) Ina -— 2Inb+ 3Inc 


46. (a) 3 In(x — 2) — In(x* — 5x + 6) + 2 In(x — 3) 
(b) clogax — dlogay + logaz 


47-48 Use Formula 11 to evaluate each logarithm correct to six 
decimal places. 


47. (a) logs 10 
48. (a) log; 12 


(b) logis 12 
(b) log: 6 


49-50 Use Formula 11 to graph the given functions on a 
common screen. How are these graphs related? 


49. y=logisx, y=Inx, y=logix, y = logsox 


50. y=Inx, y=logsx, y=e*, y=8" 


51. Suppose that the graph of y = log>x is drawn on a coordi- 
nate grid where the unit of measurement is an inch. How 
many miles to the right of the origin do we have to move 
before the height of the curve reaches 3 ft? 


52. Compare the functions f(x) = x°! and g(x) = In x by graph- 
ing both functions in several viewing rectangles. When does 
the graph of f finally surpass the graph of g? 


53-54 Make a rough sketch by hand of the graph of each func- 
tion. Use the graphs given in Figures 12 and 13 and, if necessary, 
the transformations of Section 1.3. 


53. (a) y = logio(x + 5) 
54. (a) y = In(—x) 


(b) y= —Inx 
(b) y=In|x| 
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55-56 


(a) 


What are the domain and range of f? 


(b) What is the x-intercept of the graph of f? 


(c) 


55. 


Sketch the graph of f- 


f(x) =Inx +2 56. f(x) =In(x- 1) - 1 


57-60 Solve each equation for x. Give both an exact value and a 


decimal approximation, correct to three decimal places. 


57. (a) In(4x + 2) =3 (b) e3 = 12 
58. (a) log.(x? —x—- 1) =2 (b) 1 + e**! = 20 
59. (a) Inx + In(x — 1) =0 (b) 5° =9 
60 
60. (a) In(Inx) = 0 (b) ———— = 4 
1lt+e* 
61-62 Solve each inequality for x. 
61. (a) Inx <0 (b) eX >5 
62. (a) l<e™ <2 (b) 1 -2Inx <3 
63. (a) Find the domain of f(x) = In(e* — 3). 
(b) Find f~! and its domain. 
64. (a) What are the values of e!"*° and In(e*”’)? 


65. 


66. 


67. 


68. 


(b) Use your calculator to evaluate e'"*” and In(e*”). What 
do you notice? Can you explain why the calculator has 
trouble? 


Graph the function f(x) = /x3 + x? + x + 1 and explain 
why it is one-to-one. Then use a computer algebra system 
to find an explicit expression for f~'(x). (Your CAS will 
produce three possible expressions. Explain why two of 
them are irrelevant in this context.) 


(a) If g(x) = x° + x*, x = 0, use a computer algebra sys- 
tem to find an expression for g~'(x). 

(b) Use the expression in part (a) to graph y = g(x), y = x, 
and y = g '(x) on the same screen. 


If a bacteria population starts with 100 bacteria and doubles 
every three hours, then the number of bacteria after t hours 
isn = f(t) = 100-2”, 

(a) Find the inverse of this function and explain its meaning. 
(b) When will the population reach 50,000? 


The National Ignition Facility at the Lawrence Livermore 
National Laboratory maintains the world’s largest laser 
facility. The lasers, which are used to start a nuclear fusion 
reaction, are powered by a capacitor bank that stores a total 
of about 400 megajoules of energy. When the lasers are 


fired the capacitors discharge completely and then immedi- 
ately begin recharging. The charge Q of the capacitors f sec- 
onds after the discharge is given by 


en = ate) 


(The maximum charge capacity is Qo and ¢ is measured in 

seconds.) 

(a) Find a formula for the inverse of this function and 
explain its meaning. 

(b) How long does it take to recharge the capacitors to 90% 
of capacity if a = 50? 


69-74 Find the exact value of each expression. 


69. 
70. 
71. 
72. 
73. 
74. 


(a) cos!(—1) (b) sin~'(0.5) 

(a) tan’! ./3, (b) arctan(— 1) 

(a) csc! /2 (b) arcsin 1 

(a) sin!(-1/y2 ) (b) cos!(./3 /2) 
(a) cot (—,/3 ) (b) sec! 2 

(a) arcsin(sin(57/4)) (b) cos(2 sin“!(4)) 


75. 


Prove that cos(sin™! x) = 1 — x?. 


76-78 Simplify the expression. 


76. 


tan(sin™!x) 77. sin(tan7!x) 78. sin(2 arccos x) 


-4 79-80 Graph the given functions on the same screen. How are 


these graphs related? 


79. 
80. 


y=sinx, -7t/2<x<a7/2; y=sin'x; y=x 


y=tanx, -7/2<x<a/2; y=tan'x, y=x 


81 


FM 82 


83 


Find the domain and range of the function 
g(x) = sin'(3x + 1) 


(a) Graph the function f(x) = sin(sin™'x) and explain the 
appearance of the graph. 

(b) Graph the function g(x) = sin”'(sin x). How do you 
explain the appearance of this graph? 


(a) If we shift a curve to the left, what happens to its 
reflection about the line y = x? In view of this geo- 
metric principle, find an expression for the inverse of 
g(x) = f(x + c), where f is a one-to-one function. 

(b) Find an expression for the inverse of h(x) = f(cx), 
where c # 0. 
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CHAPTER 1 Review 67 


CONCEPT CHECK Answers to the Concept Check are available at StewartCalculus.com. 

1. (a) What is a function? What are its domain and range? 9. Suppose that f has domain A and g has domain B. 

(b) What is the graph of a function? (a) What is the domain of f + g? 
(c) How can you tell whether a given curve is the graph of (b) What is the domain of fg? 
a function? (c) What is the domain of f/g? 

2. Discuss four ways of representing a function. Illustrate your 10. How is the composite function f° g defined? What is its 

discussion with examples. domain? 

3. (a) What is an evel function? wn ceneyoe tell if a function 11. Suppose the graph of f is given. Write an equation for each of 
is even by looking at its graph? Give three examples of an the graphs that are obtained from the graph of f as follows. 
even function. sacs . ; (a) Shift 2 units upward. (b) Shift 2 units downward. 

(b) What ae odd function? How ca you tell if a function (c) Shift 2 units to the right. (d) Shift 2 units to the left. 
is odd by looking at its graph? Give three examples of (e) Reflect about the x-axis 
an odd function. (f) Reflect about the y-axis. 
4. What is an increasing function? (g) Stretch vertically by a factor of 2. 
: ‘ (h) Shrink vertically by a factor of 2. 
9 
ae Whale ammathemancalmadet) (1) Stretch horizontally by a factor of 2. 
6. Give an example of each type of function. (j) Shrink horizontally by a factor of 2. 
(a) Linear function (b) Power function : a : 
(c) Exponential function (d) Quadratic function 12. (a) What is a one-to-one function? How can you - ifa 
(e) Polynomial of degree 5 (f) Rational function function a OTE tO-ODE by looking at us graph? ; 
(b) If f is a one-to-one function, how is its inverse function 
7. Sketch by hand, on the same axes, the graphs of the following f' defined? How do you obtain the graph of f~! from 
functions. the graph of f? 
(a) f(x) =x (b) g(x) =x? os . . - 
(c) A(x) = x3 (d) j(x) =x* 13. (a) How is the inverse sine function f(x) = sin”'x defined? 
What are its domain and range? 
8. Draw, by hand, a rough sketch of the graph of each function. (b) How is the inverse cosine function f(x) = cos~!x 
(a) y = sinx (b) y = tanx (c) y=e* defined? What are its domain and range? 
(d) y = Inx (e) y= I/x (f) y= |x| (c) How is the inverse tangent function f(x) = tan’ 'x 
(g) y= Vx (h) y = tan ‘x defined? What are its domain and range? 
TRUE-FALSE QUIZ 
Determine whether the statement is true or false. If it is true, 8. You can always divide by e*. 
explain why. If it is false, explain why or give an example that 
disproves the statement. 9. If0 <a <b, then Ina < Inb. 

1. If f is a function, then f(s + 1) = f(s) + f(t). 10. If x > 0, then (Inx)® = 6 Inx. 

oe ee iM. eS bande She Sn 

3. If f is a function, then f(3x) = 3f(x). al cia tar Ina " a’ 

4. If the function f has an inverse and f(2) = 3, then f~'(3) = 2. 12, tm“(—1) = 3/4 

5. A vertical line intersects the graph of a function at most once. ns 

_;_ sin'x 
6. If f and g are functions, then f° g = g of. 13. tan x = soe le 
1 _ 
7. If f is one-to-one, then f'(x) = FG) 14. If x is any real number, then x? = x. 
Xx 
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EXERCISES 
1. Let f be the function whose graph is given. 10. The graph of f is given. Draw the graphs of the following 
functions. 
(a) y= f(x — 8) (b) y= —fQ) 
(©) y=2-f@) (@) y=3f(2) - 1 
() y=f'@) @) y=f"G@ + 3) 
> 
(a) Estimate the value of f(2). x 
(b) Estimate the values of x such that f(x) = 3. 
(c) State the domain of f. 
(d) State the range of f. 11-18 Use transformations to sketch the graph of the function. 
(e) On what interval is f increasing? a _ 3 
(f) Is f one-to-one? Explain. 11. f(x) =x +2 12. f(x) = (x ~ 3) 
(g) Is f even, odd, or neither even nor odd? Explain. 13, y= fx +2 14. y = In(x + 5) 
2. The graph of g is given. 15. g(x) = 1 + cos 2x 16. h(x) = —e* +2 
- if x <0 
y 17. s(x) =1 +05" efO=\ 7 4. 
te) PO) oe 9) af gD 


19. Determine whether f is even, odd, or neither even nor odd. 
(a) f(x) = 2x° — 3x? +2 (b) f(x) =x? — x? 
(c) f(y) =e (d) f(x) =1 +4 sinx 
(e) f(x) = 1 — cos 2x (f) f(x) = («+ 1)’ 


20. Find an expression for the function whose graph consists of 
the line segment from the point (—2, 2) to the point (—1, 0) 
together with the top half of the circle with center the origin 
and radius 1. 


(a) State the value of g(2). 
(b) Why is g one-to-one? 
(c) Estimate the value of g '(2). 


(d) Estimate the domain of g™!. 21. If f(x) = Inx and g(x) = x* — 9, find the functions 
(e) Sketch the graph of g”'. (a) fog, (b)g ef, (©) fe f, (d) g ° g, and their domains. 
3. If f(x) = x° — 2x + 3, evaluate the difference quotient 22. Express the function F(x) = 1/s/x + ./x as a composition of 
fle+h —f@) three functions. 
h 23. Life expectancy has improved dramatically in recent decades. 


The table gives the life expectancy at birth (in years) of males 
born in the United States. Use a scatter plot to choose an 
appropriate type of model. Use your model to predict the life 
5-8 Find the domain and range of the function. Write your span of a male born in the year 2030. 

answer in interval notation. 


4. Sketch a rough graph of the yield of a crop as a function of 
the amount of fertilizer used. 


5. f(x) = 2/Gx — 1) 6. g(x) = V16 — x* Birth year | Life expectancy || Birth year | Life expectancy 
7. h(x) = In(x + 6) 8. F(t) =3 + cos 2t 1900 48.3 1960 Bah 
1910 51:1 1970 67.1 
9. Suppose that the graph of f is given. Describe how the graphs 1920 55.2 1980 70.0 
of the following functions can be obtained from the graph of f- 1930 57.4 1990 71.8 
(a) y= fx) + 5 (b+) y= f(a + 5) 1940 62.5 2000 73.0 
O fat ae) Oe ae ae 1950 65.6 2010 76.2 
(©) y= —fQ) @ y=f"O) 
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24. A small-appliance manufacturer finds that it costs $9000 to 
produce 1000 toaster ovens a week and $12,000 to produce 
1500 toaster ovens a week. 

(a) Express the cost as a function of the number of toaster 
ovens produced, assuming that it is linear. Then sketch 
the graph. 

(b) What is the slope of the graph and what does it 
represent? 

(c) What is the y-intercept of the graph and what does it 
represent? 


25. If f(x) = 2x + 4", find f~'(6). 


2x + 3 
1 — 5x" 


26. Find the inverse function of f(x) = 


27. Use the laws of logarithms to expand each expression. 


2 
(a) nz + 1 (b) logs — = 
= 


1 


28. Express as a single logarithm. 
(a) +Inx — 2In(x? + 1) 
(b) In(x — 3) + In(x + 3) — 2In(x? — 9) 


29-30 Find the exact value of each expression. 


29. (a) e?™ (b) loge 4 + loge 54 (c) tan(aresin $) 


1 
30. (a) In—; (b) sin(tan™! 1) (c) 107324 
is 
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31-36 Solve the equation for x. Give both an exact value and a 
decimal approximation, correct to three decimal places. 


31. e* =3 32. Inx? =5 
33. e = 10 34. cos''x = 2 
7 7 
35. tan '(3x7) = 7 36. Inx-—1= In(5+x)-4 


37. The viral load for an HIV patient is 52.0 RNA copies/mL 
before treatment begins. Eight days later the viral load is half 
of the initial amount. 

(a) Find the viral load after 24 days. 

(b) Find the viral load V(r) that remains after ¢ days. 

(c) Find a formula for the inverse of the function V and 
explain its meaning. 

(d) After how many days will the viral load be reduced to 
2.0 RNA copies/mL? 


38. The population of a certain species in a limited environment 
with initial population 100 and carrying capacity 1000 is 


100,000 


P(t) = ————— 
100 + 900e* 


where f is measured in years. 

(a) Graph this function and estimate how long it takes for the 
population to reach 900. 

(b) Find the inverse of this function and explain its meaning. 

(c) Use the inverse function to find the time required for the 
population to reach 900. Compare with the result of part (a). 
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Principles of Problem Solving 


There are no hard and fast rules that will ensure success in solving problems. However, 
it is possible to outline some general steps in the problem-solving process and to give 
some principles that may be useful in the solution of certain problems. These steps and 
principles are just common sense made explicit. They have been adapted from George 
Polya’s book How To Solve It. 


1 UNDERSTAND THE PROBLEM The first step is to read the problem and make sure that you understand it clearly. Ask 
yourself the following questions: 


What is the unknown? 
What are the given quantities? 
What are the given conditions ? 


For many problems it is useful to 


draw a diagram 


and identify the given and required quantities on the diagram. 
Usually it is necessary to 


introduce suitable notation 


In choosing symbols for the unknown quantities we often use letters such as a, b, c, m, n, 
x, and y, but in some cases it helps to use initials as suggestive symbols; for instance, V 
for volume or ¢ for time. 


2 THINK OF A PLAN Find a connection between the given information and the unknown that will enable you 
to calculate the unknown. It often helps to ask yourself explicitly: “How can I relate the 
given to the unknown?” If you don’t see a connection immediately, the following ideas 
may be helpful in devising a plan. 


Try to Recognize Something Familiar Relate the given situation to previous knowledge. 
Look at the unknown and try to recall a more familiar problem that has a similar unknown. 


Try to Recognize Patterns Some problems are solved by recognizing that some kind of 
pattern is occurring. The pattern could be geometric, or numerical, or algebraic. If you can 
see regularity or repetition in a problem, you might be able to guess what the continuing 
pattern is and then prove it. 


Use Analogy Try to think of an analogous problem—that is, a similar problem, a related 
problem—but one that is easier than the original problem. If you can solve the similar, 
simpler problem, then it might give you the clues you need to solve the original, more 
difficult problem. For instance, if a problem involves very large numbers, you could first 
try a similar problem with smaller numbers. Or if the problem involves three-dimensional 
geometry, you could look for a similar problem in two-dimensional geometry. Or if the 
problem you start with is a general one, you could first try a special case. 


Introduce Something Extra It may sometimes be necessary to introduce something 
new—an auxiliary aid—to help make the connection between the given and the unknown. 
For instance, in a problem where a diagram is useful the auxiliary aid could be a new line 
drawn in a diagram. In a more algebraic problem it could be a new unknown that is 
related to the original unknown. 


Take Cases We may sometimes have to split a problem into several cases and give a 
different argument for each of the cases. For instance, we often have to use this strategy 
in dealing with absolute value. 
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3 CARRY OUT THE PLAN 


4 LOOK BACK 


[2 Understand the problem. 


Work Backward Sometimes it is useful to imagine that your problem is solved and then 
to work backward, step by step, until you arrive at the given data. At this point you may 
be able to reverse your steps and thereby construct a solution to the original problem. 
This procedure is commonly used in solving equations. For instance, in solving the equa- 
tion 3x — 5 = 7, we suppose that x is a number that satisfies 3x — 5 = 7 and work 
backward. We add 5 to each side of the equation and then divide each side by 3 to get 
x = 4. Since each of these steps can be reversed, we have solved the problem. 


Establish Subgoals In a complex problem it is often useful to set subgoals (in which the 
desired situation is only partially fulfilled). If we can first reach these subgoals, then we 
may be able to build on them to reach our final goal. 


Indirect Reasoning Sometimes it is appropriate to attack a problem indirectly. In using 
proof by contradiction to prove that P implies Q, we assume that P is true and Q is false 
and try to see why this can’t happen. Somehow we have to use this information and arrive 
at a contradiction to what we absolutely know is true. 


Mathematical Induction In proving statements that involve a positive integer n, it is 
frequently helpful to use the following principle. 


Principle of Mathematical Induction Let S, be a statement about the positive 
integer n. Suppose that 


1. S, is true. 


2. S,+: is true whenever S; is true. 


Then S, is true for all positive integers n. 


This is reasonable because, since S; is true, it follows from condition 2 (with k = 1) 
that S; is true. Then, using condition 2 with k = 2, we see that $3 is true. Again using 
condition 2, this time with k = 3, we have that S, is true. This procedure can be followed 
indefinitely. 


In Step 2 a plan was devised. In carrying out that plan we have to check each stage of the 
plan and write the details that prove that each stage is correct. 


Having completed our solution, it is wise to look back over it, partly to see if we have 
made errors in the solution and partly to see if we can think of an easier way to solve the 
problem. Another reason for looking back is that it will familiarize us with the method of 
solution and this may be useful for solving a future problem. Descartes said, “Every 
problem that I solved became a rule which served afterwards to solve other problems.” 


These principles of problem solving are illustrated in the following examples. Before 
you look at the solutions, try to solve these problems yourself, referring to these prin- 
ciples of problem solving if you get stuck. You may find it useful to refer to this section 
from time to time as you solve the exercises in the remaining chapters of this book. 


EXAMPLE 1 Express the hypotenuse h of a right triangle with area 25 m’ as a function 
of its perimeter P. 


SOLUTION Let’s first sort out the information by identifying the unknown quantity and 
the data: 
Unknown: hypotenuse h 


Given quantities: perimeter P, area 25 m? 
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Draw a diagram. It helps to draw a diagram and we do so in Figure 1. 


h 
b 

FIGURE 1 a 
Connect the given with the unknown. In order to connect the given quantities to the unknown, we introduce two extra 
Introduce something extra. variables a and b, which are the lengths of the other two sides of the triangle. This 

enables us to express the given condition, which is that the triangle is right-angled, by 

the Pythagorean Theorem: 

VP=a +b? 


The other connections among the variables come by writing expressions for the area 
and perimeter: 


25 = sab P=at+bt+h 
Since P is given, notice that we now have three equations in the three unknowns a, b, 
and h: 
[1] P=a0+b? 
[2] 25 = sab 
[3] P=at+bth 


Although we have the correct number of equations, they are not easy to solve in a 
straightforward fashion. But if we use the problem-solving strategy of trying to 

Relate to the familiar. recognize something familiar, then we can solve these equations by an easier method. 
Look at the right sides of Equations 1, 2, and 3. Do these expressions remind you of 
anything familiar? Notice that they contain the ingredients of a familiar formula: 


(a + bY =a? + 2ab + b? 
Using this idea, we express (a + b)* in two ways. From Equations | and 2 we have 
(a + b) = (a* + b?) + 2ab = hh? + 4(25) = h? + 100 


From Equation 3 we have 


(a DP =P = hy =P? = 2Pat hk? 


Thus h? + 100 = P? — 2Ph + h? 
2Ph = P* — 100 
P* — 100 
h Se, 
2P 
This is the required expression for / as a function of P. a 


As the next example illustrates, it is often necessary to use the problem-solving prin- 
ciple of taking cases when dealing with absolute values. 
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Take cases. 


EXAMPLE 2 Solve the inequality |x — 3| + |x + 2| < 11. 
SOLUTION Recall the definition of absolute value: 


x if x=0 
|x| = 


—x if x<0 
It follows that 
ee sl= x—3 if x-320 
—(x-— 3) if x-3<0 
_ jx-3 if x >3 
—-x+3 if x<3 
Similarly 


x+2 if x+2=0 
—(x+ 2) ifx+2<0 


{* +2 ifx>-2 
—-x-2 if x<-2 
These expressions show that we must consider three cases: 
ex = 2 —25x<3 x23 
CASE! If x < —2, we have 
[x= 3) > le ol < 11 
KAP 3 = eS 2 LI 
—2x < 10 
x>-5 
CASE II If —2 < x < 3, the given inequality becomes 
—-x+34+x4+2<11 
5< ll (always true) 
CASE Ill If x = 3, the inequality becomes 
x-34+x+2<11 
2x 5.12 
x<6 
Combining cases IJ, II, and III, we see that the inequality is satisfied when —5 < x < 6. 
So the solution is the interval (—5, 6). | 
In the following example we first guess the answer by looking at special cases and 
recognizing a pattern. Then we prove our conjecture by mathematical induction. 
In using the Principle of Mathematical Induction, we follow three steps: 
Step 1 Prove that S, is ttue when n = 1. 
Step 2 Assume that S, is true when n = k and deduce that S, is true whenn = k + 1. 
Step 3 Conclude that S,, is true for all m by the Principle of Mathematical Induction. 
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EJ Analogy: Try a similar, simpler 
problem. 


Look for a pattern. 


74 


EXAMPLE 3 If fo(x) = x/(x + I) and fis = foc fa forn = 0, 1, 2,..., find a formula 
for fi(x). 


SOLUTION We start by finding formulas for f,(x) for the special cases n = 1, 2, and 3. 


fils) = (foe f(x) = fil 2d) -a(- . 7] 


x x 
_ x+ 1 _xtl | x 
x 44 2x +1 2x +1 
x+ 1 oes Il 


fila) = (foe fia) = fol fi) = a( ee 1 


x x 
ee ee x 
7 x 7  3xt+1 3x41 

2x + 1 2x + 1 


Al) = (fe AQ) = fol flo) = i( ~ 


3x + 1 
x x 
—  3xtlo — 3axtl x 
x is 4x+ 1 4x+ 1 
3x + 1 3x + 1 


We notice a pattern: the coefficient of x in the denominator of f,(x) ism + 1 in the 
three cases we have computed. So we make the guess that, in general, 


x 


[4] Oe D+ 


To prove this, we use the Principle of Mathematical Induction. We have already verified 
that (4) is true for n = 1. Assume that it is true for n = k, that is, 


x 


ae ra arr 


Then farsa) = (fo 2 id) = fol fla) -( a) 


x x 
kr Der ret] _ x 
x (kt 2x41 (k+2)x4+1 
(k+1)x+1 (k+Dx+1 


This expression shows that (4) is true forn = k + 1. Therefore, by mathematical 
induction, it is true for all positive integers n. a 
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. 


. One of the legs of a right triangle has length 4 cm. Express the length of the altitude 
perpendicular to the hypotenuse as a function of the length of the hypotenuse. 


The altitude perpendicular to the hypotenuse of a right triangle is 12 cm. Express the length 
of the hypotenuse as a function of the perimeter. 


Solve the equation |4x —|x + 1|| = 3. 
Solve the inequality |x — 1] — |x — 3] =5. 


Sketch the graph of the function f(x) = |x? — 4|x| + 3]. 


Sketch the graph of the function g(x) = |x? — 1| — |x? — 4]. 

Draw the graph of the equation x + |x| = y + |y]. 

Sketch the region in the plane consisting of all points (x, y) such that 
Ix—y| + la] — ly] <2 


The notation max{a, b, . ..} means the largest of the numbers a, b,.... Sketch the graph of 
each function. 


(a) f(x) = max{x, 1/x} 
(b) f(x) = max{sin x, cos x} 
(c) f(x) = max{x*,2 + x,2 — x} 


Sketch the region in the plane defined by each of the following equations or inequalities. 
(a) max{x, 2y} = 1 

(b) —1 S max{x, 2y} <1 

(c) max{x, y*} = 1 


Show that if x > 0 and x # 1, then 


1 1 1 1 


+ 
log>x log3;x logsx  logi3x 


12. Find the number of solutions of the equation sin x = aaa 
13. Find the exact value of 
_ 7 in = 7 2: 7 2007 
in T 1 T Sere im 
100 100 100 100 


(a) Show that the function f(x) = In(x + x2 + 1) is an odd function. 
(b) Find the inverse function of f- 


Solve the inequality In(x? — 2x — 2) < 0. 
Use indirect reasoning to prove that log, 5 is an irrational number. 


A driver sets out on a journey. For the first half of the distance she drives at the leisurely 
pace of 30 mi/h; she drives the second half at 60 mi/h. What is her average speed on 
this trip? 
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18. 
19. 
20. 


21. 


22. 


lam 
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Is it true that fo (g +h) =feg+foh? 


Prove that if 1 is a positive integer, then 7" — 1 is divisible by 6. 
Prove that] +3 +5 + -:- + (Q2n- 1) =n’. 


If fo(x) = x? and fisi(x) = fo( fi(x)) for n = 0, 1, 2,..., find a formula for f,(x). 


! 
(a) If fo(x) = = and fi+1 = fo ° fr forn = 0,1, 2,..., find an expression for f,(x) and 


use mathematical induction to prove it. 
(b) Graph fo, fi, £2, fs on the same screen and describe the effects of repeated composition. 
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We know that when an object is dropped from a height it falls faster and faster. Galileo discovered that the distance the object has 
fallen is proportional to the square of the time elapsed. Calculus enables us to calculate the precise speed of the object at any time. 
In Exercise 2.7.11 you are asked to determine the speed at which a cliff diver plunges into the ocean. 


Icealex / Shutterstock.com 


2 Limits and Derivatives 


IN A PREVIEW OF CALCULUS (immediately preceding Chapter 1) we saw how the idea of a limit 
underlies the various branches of calculus. It is therefore appropriate to begin our study of calculus 
by investigating limits and their properties. The special type of limit that is used to find tangents 
and velocities gives rise to the central idea in differential calculus, the derivative. 
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(a) 


(b) 


FIGURE 1 


FIGURE 2 
x Mpo 
2 3 
15 2.5 
1.1 2:1 
1.01 2.01 
1.001 2.001 
Xx Mpo 
0 1 
0.5 1:5 
0.9 1.9 
0.99 1.99 
0.999 1.999 


The Tangent and Velocity Problems 


In this section we see how limits arise when we attempt to find the tangent to a curve or 
the velocity of an object. 


i The Tangent Problem 


The word tangent is derived from the Latin word tangens, which means “touching.” We 
can think of a tangent to a curve as a line that touches the curve and follows the same 
direction as the curve at the point of contact. How can this idea be made precise? 

For a circle we could simply follow Euclid and say that a tangent is a line ¢ that inter- 
sects the circle once and only once, as in Figure 1(a). For more complicated curves this 
definition is inadequate. Figure I(b) shows a line € that appears to be a tangent to the 
curve C at point P, but it intersects C twice. 

To be specific, let’s look at the problem of trying to find a tangent line ¢ to the parab- 
ola y = x? in the following example. 


EXAMPLE 1 Find an equation of the tangent line to the parabola y = x’ at the 
point P(1, 1). 


SOLUTION We will be able to find an equation of the tangent line € as soon as we 
know its slope m. The difficulty is that we know only one point, P, on €, whereas 
we need two points to compute the slope. But observe that we can compute an 
approximation to m by choosing a nearby point Q(x, x”) on the parabola (as in 
Figure 2) and computing the slope mpg of the secant line PQ. (A secant line, from 
the Latin word secans, meaning cutting, is a line that cuts [intersects] a curve more 
than once.) 

We choose x # 1 so that Q # P. Then 


x] 
Mpo = 
s ioe | 


For instance, for the point Q(1.5, 2.25) we have 


225-1 125 _ 
15-1 05 


2.5 


Mpg 


The tables in the margin show the values of mpg for several values of x close to 1. The 
closer Q is to P, the closer x is to | and, it appears from the tables, the closer mpg is 
to 2. This suggests that the slope of the tangent line € should be m = 2. 

We say that the slope of the tangent line is the /imit of the slopes of the secant lines, 
and we express this symbolically by writing 


: a oe 
lim mpg = m and lim ———— = 2 
OP at a | 


Assuming that the slope of the tangent line is indeed 2, we use the point-slope form 
of the equation of a line [y — y; = m(x — x;), see Appendix B] to write the equation 


of the tangent line through (1, 1) as 


y-—1=2(x- 1) or y=2x-1 | 
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SECTION 2.1 The Tangent and Velocity Problems 79 


Figure 3 illustrates the limiting process that occurs in Example 1. As Q approaches P 
along the parabola, the corresponding secant lines rotate about P and approach the tan- 
gent line ¢. 


Q approaches P from the right 


YA 


Q approaches P from the left 


FIGURE? Many functions that occur in the sciences are not described by explicit equations; they 


are defined by experimental data. The next example shows how to estimate the slope of 
the tangent line to the graph of such a function. 


EXAMPLE2 A pulse laser operates by storing charge on a capacitor and releasing it 
é g suddenly when the laser is fired. The data in the table describe the charge Q remaining 

0 10 on the capacitor (measured in coulombs) at time ¢ (measured in seconds after the laser 
0.02 8.187 is fired). Use the data to draw the graph of this function and estimate the slope of the 
0.04 6.703 tangent line at the point where t = 0.04. (Note: The slope of the tangent line represents 
0.06 5.488 the electric current flowing from the capacitor to the laser [measured in amperes].) 
Oe aes SOLUTION In Figure 4 we plot the given data and use these points to sketch a curve 
0.1 3.676 . : 

that approximates the graph of the function. 


Q & (coulombs) 
10 


FIGURE 4 0 0.02 0.04 0.06 0.08 0.1 t (seconds) 
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80 CHAPTER 2 Limits and Derivatives 


Given the points P(0.04, 6.703) and R(0, 10) on the graph, we find that the slope of 
the secant line PR is 


10 — 6.703 
a = —82.425 
mn 0 — 0.04 
The table at the left shows the results of similar calculations for the slopes of other 
R Mr secant lines. From this table we would expect the slope of the tangent line at t = 0.04 
(0, 10) —~87.425 to lie somewhere between —74.20 and —60.75. In fact, the average of the slopes of the 
(0.02, 8.187) —~74.200 two closest secant lines is 
(0.06, 5.488) —60.750 1 _ 
(0.08, 4.493) 55.250 5(—74.20 — 60.75) 67.475 
(0.1, 3.676) — 50.450 So, by this method, we estimate the slope of the tangent line to be about —67.5. 
Another method is to draw an approximation to the tangent line at P and measure 
the sides of the triangle ABC, as in Figure 5. 
Q¥ (coulombs) 
FIGURE 5 0.1 t (seconds) 
The physical meaning of the answer This gives an estimate of the slope of the tangent line as 
in Example 2 is that the electric 
current flowing from the capacitor to | AB| " 80-54 | 
the laser after 0.04 seconds is about |BC| ~ 0.06 — 0.02 65.0 ™ 
—65 amperes. 


@ The Velocity Problem 


If you watch the speedometer of a car as you drive in city traffic, you see that the speed 
doesn’t stay the same for very long; that is, the velocity of the car is not constant. We 
assume from watching the speedometer that the car has a definite velocity at each 
moment, but how is the “instantaneous” velocity defined? 

Let’s consider the velocity problem: Find the instantaneous velocity of an object mov- 
ing along a straight path at a specific time if the position of the object at any time is 
known. In the next example, we investigate the velocity of a falling ball. Through exper- 
iments carried out four centuries ago, Galileo discovered that the distance fallen by any 
freely falling body is proportional to the square of the time it has been falling. (This 
model for free fall neglects air resistance.) If the distance fallen after t seconds is denoted 
by s(t) and measured in meters, then (at the earth’s surface) Galileo’s observation is 
expressed by the equation 


s(t) = 4.997 
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Steve Allen / Stockbyte / Getty Images 


CN Tower in Toronto 


SA 


slope of secant line 
= average velocity 


SA 


s=4.977 


slope of tangent line 


~v 


= instantaneous velocity 


FIGURE 6 


ny 
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EXAMPLE3 Suppose that a ball is dropped from the upper observation deck of 
the CN Tower in Toronto, 450 m above the ground. Find the velocity of the ball after 
5 seconds. 


SOLUTION The difficulty in finding the instantaneous velocity at 5 seconds is that 

we are dealing with a single instant of time (t = 5), so no time interval is involved. 
However, we can approximate the desired quantity by computing the average velocity 
over the brief time interval of a tenth of a second from t = 5 tot = 5.1: 


change in position 


average velocity = 5 i q 
ime elapse 


s(5.1) — s(5) 
0.1 


_ 4.9(5.1)? — 4.9(5) 
0.1 


= 49.49 m/s 


The following table shows the results of similar calculations of the average velocity 
over successively smaller time periods. 


Time interval Average velocity (m/s) 
5<sr<5.l 49.49 
5=<t<5.05 49.245 
§5§<t<5.01 49.049 

5 <t=<5.001 49.0049 


It appears that as we shorten the time period, the average velocity is becoming closer to 
49 m/s. The instantaneous velocity when ¢ = 5 is defined to be the limiting value of 

these average velocities over shorter and shorter time periods that start at t = 5. Thus it 
appears that the (instantaneous) velocity after 5 seconds is 49 m/s. a 


You may have the feeling that the calculations used in solving this problem are very 
similar to those used earlier in this section to find tangents. In fact, there is a close con- 
nection between the tangent problem and the velocity problem. If we draw the graph of 
the distance function of the ball (as in Figure 6) and we consider the points P(5, 4.9(5)*) 
and Q(5 + h, 4.9(5 + h)) on the graph, then the slope of the secant line PQ is 


_ 4,9(5 + h)? — 4.9(5)? 
(5 +h) — 5 


Mpo 


which is the same as the average velocity over the time interval [5, 5 + h]. Therefore the 
velocity at time ¢ = 5 (the limit of these average velocities as h approaches 0) must be 
equal to the slope of the tangent line at P (the limit of the slopes of the secant lines). 
Examples | and 3 show that in order to solve tangent and velocity problems we must 
be able to find limits. After studying methods for computing limits in the next five sec- 
tions, we will return to the problems of finding tangents and velocities in Section 2.7. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


82 CHAPTER 2 Limits and Derivatives 


2.1 | Exercises 


1. A tank holds 1000 gallons of water, which drains from the 
bottom of the tank in half an hour. The values in the table 


show the volume V of water remaining in the tank (in gallons) 


after ¢ minutes. 


t (min) 5 10 15 20 29 30 


V (gal) 694 | 444 | 250 | 111 28 0 


(a) If P is the point (15, 250) on the graph of V, find the 
slopes of the secant lines PQ when Q is the point on the 
graph with t = 5, 10, 20, 25, and 30. 

(b) Estimate the slope of the tangent line at P by averaging 
the slopes of two secant lines. 


(c) Use a graph of V to estimate the slope of the tangent line 


at P. (This slope represents the rate at which the water is 
flowing from the tank after 15 minutes.) 


2. A student bought a smartwatch that tracks the number of 


steps she walks throughout the day. The table shows the num- 


ber of steps recorded tf minutes after 3:00 PM on the first day 
she wore the watch. 


t (min) 0 10 | 20 | 30 | 40 


Steps 3438 | 4559 | 5622 | 6536 | 7398 


(a) Find the slopes of the secant lines corresponding to the 
given intervals of t. What do these slopes represent? 
(i) [0, 40] (ii) [10, 20] (iii) [20, 30] 

(b) Estimate the student’s walking pace, in steps per minute, 
at 3:20 pm by averaging the slopes of two secant lines. 


3. The point P(2, —1) lies on the curve y = 1/(1 — x). 

(a) If Q is the point (x, 1/(1 — x)), find the slope of the 
secant line PQ (correct to six decimal places) for the 
following values of x: 

qd) 1.5 (ii) 1.9 (iii) 1.99 (iv) 1.999 
(v) 2.5 (vi) 2.1 (vii) 2.01 (viii) 2.001 

(b) Using the results of part (a), guess the value of the slope 
of the tangent line to the curve at P(2, —1). 

(c) Using the slope from part (b), find an equation of the 
tangent line to the curve at P(2, —1). 


4. The point P(0.5, 0) lies on the curve y = cos 7x. 
(a) If Q is the point (x, cos 7x), find the slope of the secant 
line PQ (correct to six decimal places) for the following 


values of x: 

(i) 0 (ii) 0.4 (iii) 0.49 
(iv) 0.499 (v) 1 (vi) 0.6 
(vii) 0.51 (viii) 0.501 


(b) Using the results of part (a), guess the value of the slope 
of the tangent line to the curve at P(0.5, 0). 


(c) Using the slope from part (b), find an equation of the 
tangent line to the curve at P(0.5, 0). 

(d) Sketch the curve, two of the secant lines, and the tangent 
line. 


. The deck of a bridge is suspended 275 feet above a river. If a 


pebble falls off the side of the bridge, the height, in feet, of 
the pebble above the water surface after t seconds is given 
by y = 275 — 1677. 
(a) Find the average velocity of the pebble for the time 
period beginning when ¢ = 4 and lasting 
(i) 0.1 seconds (ii) 0.05 seconds (iii) 0.01 seconds 
(b) Estimate the instantaneous velocity of the pebble after 
4 seconds. 


. If a rock is thrown upward on the planet Mars with a velocity 


of 10 m/s, its height in meters ¢ seconds later is given by 
y = 10f — 1.8627. 
(a) Find the average velocity over the given time intervals: 
(i) [1, 2] (ii) [1, 1.5] (iii) [1, 1.1] 
(iv) [1, 1.01] (v) [1, 1.001] 
(b) Estimate the instantaneous velocity when t = 1. 


. The table shows the position of a motorcyclist after acceler- 


ating from rest. 


t(seconds) | 0 1 2 3 4 5 6 


s (feet) 0 | 4.9 | 20.6 | 46.5 | 79.2 | 124.8 | 176.7 


(a) Find the average velocity for each time period: 
@ [2,4] i) [3,4] Git) [4, 5] (iv) [4, 6] 
(b) Use the graph of s as a function of ¢ to estimate the 
instantaneous velocity when t = 3. 


. The displacement (in centimeters) of a particle moving back 


and forth along a straight line is given by the equation of 
motion s = 2 sin wt + 3 cos wt, where ¢ is measured in 
seconds. 
(a) Find the average velocity during each time period: 
(i) [1, 2] (i) [1, 1.1] 
(iii) [1, 1.01] (iv) [1, 1.001] 
(b) Estimate the instantaneous velocity of the particle 
when ¢ = 1. 


9. The point P(1, 0) lies on the curve y = sin(107/x). 


(a) If Q is the point (x, sin(107/x)), find the slope of the 
secant line PQ (correct to four decimal places) for x = 2, 
1.5, 1.4, 1.3, 1.2, 1.1, 0.5, 0.6, 0.7, 0.8, and 0.9. Do the 
slopes appear to be approaching a limit? 

(b) Use a graph of the curve to explain why the slopes of the 
secant lines in part (a) are not close to the slope of the 
tangent line at P. 

(c) By choosing appropriate secant lines, estimate the slope 
of the tangent line at P. 
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2.2 | The Limit of a Function 


Having seen in the preceding section how limits arise when we want to find the tangent 
to a curve or the velocity of an object, we now turn our attention to limits in general and 
numerical and graphical methods for computing them. 


@ Finding Limits Numerically and Graphically 


Let’s investigate the behavior of the function f defined by f(x) = (x — 1)/(x? — 1) for 
values of x near 1. The following table gives values of f(x) for values of x close to | but 
not equal to 1. 


me < || f(x) x > il f(x) 
0.5 0.666667 1.5 0.400000 
0.9 0.526316 11 0.476190 
0.99 0.502513 1.01 0.497512 
0.999 0.500250 1.001 0.499750 
0.9999 0.500025 1.0001 0.499975 
YA 
oe oe | 
v 4 bs 
1 0.5 1 0.5 
a 
ye =1 From the table and the graph of f shown in Figure | we see that the closer x is to | 
f(x) | (on either side of 1), the closer f(x) is to 0.5. In fact, it appears that we can make the 
approaches 0.5;-———— values of f(x) as close as we like to 0.5 by taking x sufficiently close to 1. We express 
0.5 f this by saying “the limit of the function f(x) = (x — 1)/(x* — 1) as x approaches 1 is 
0 eS x equal to 0.5.” The notation for this is 
as x approaches | g=] 
lim — = 05 
FIGURE 1 xal x7 — 1 


In general, we use the following notation. 


[1] Intuitive Definition of a Limit Suppose f(x) is defined when x is near the 
number a. (This means that f is defined on some open interval that contains a, 
except possibly at a itself.) Then we write 


lim f(x) = L 


and say “the limit of f(x), as x approaches a, equals L” 


if we can make the values of f(x) arbitrarily close to L (as close to L as we like) 
by restricting x to be sufficiently close to a (on either side of a) but not equal to a. 


Roughly speaking, this says that the values of f(x) approach L as x approaches a. In 
other words, the values of f(x) tend to get closer and closer to the number L as x gets 
closer and closer to the number a (from either side of a) but x # a. (A more precise 
definition will be given in Section 2.4.) 
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YA 


(a) 


An alternative notation for 
lim f(x) =L 
xa 


is f(y) —L as xa 


which is usually read “f(x) approaches L as x approaches a.” 

Notice the phrase “but x not equal to a” in the definition of limit. This means that in 
finding the limit of f(x) as x approaches a, we never consider x = a. In fact, f(x) need 
not even be defined when x = a. The only thing that matters is how f is defined near a. 

Figure 2 shows the graphs of three functions. Note that in part (b), f(a) is not defined 
and in part (c), f(a) # L. But in each case, regardless of what happens at a, it is true 
that lim,—.2 f(x) = L. 


YA YA 
L L 
ca > 
0 a x 0 a x 
(b) (c) 


FIGURE 2 lim f(x) = L in all three cases 


Jf Fo —3 


£2 
*+0.001 0.166667 
+0.0001 0.166670 
*0.00001 0.167000 
*0.000001 0.000000 


Vt? +9 —3 
EXAMPLE 1 Estimate the value of lim -———————. 


t—>0 tr? 


SOLUTION The table lists values of the function for several values of ¢ near 0. 


; VP49 -3 
pe 
+1.0 0.162277... 
+0.5 0.165525... 
+0.1 0.166620... 
+£0.05 0.166655... 
+0.01 0.166666... 


As t approaches 0, the values of the function seem to approach 0.1666666... and so 
we guess that 
— fP@+9-3 1 
lim 5 = 
t—>0 t 6 


In Example | what would have happened if we had taken even smaller values of t? The 
table in the margin shows the results from one calculator; you can see that something 
strange seems to be happening. 

If you try these calculations on your own calculator you might get different values, 
but eventually you will get the value 0 if you make ¢ sufficiently small. Does this 
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mean that the answer is really 0 instead of } No, the value of the limit is 3 as we will 

@ show in the next section. The problem is that the calculator gave false values because 

Vt? + 9 is very close to 3 when ¢ is small. (In fact, when ¢ is sufficiently small, a 

www.StewartCalculus.com calculator’s value for /f? + 9 is 3.000... to as many digits as the calculator is 
For a further explanation of why capable of carrying.) 


calculators sometimes give false Something similar happens when we try to graph the function 
values, click on Lies My Calculator 


and Computer Told Me. In particu- — 
lar, see the section called The Perils f= ye ro =3 
of Subtraction. t 


of Example | on a graphing calculator or computer. Parts (a) and (b) of Figure 3 
show quite accurate graphs of f, and if we trace along the curve, we can estimate 
easily that the limit is about é But if we zoom in too much, as in parts (c) and (d), then 
we get inaccurate graphs, again due to rounding errors within the calculations. 


| } | 


(a)-5 <tS<5 (b) -0.1<1S<0.1 (c)-10°<r<10° (d)-107<t<107 
FIGURE 3 
sin x 
EXAMPLE 2 Guess the value of lim . 
x—> x 
aoe SOLUTION The function f(x) = (sin x)/x is not defined when x = 0. Using a calcula- 
a8 - tor (and remembering that, if x € IR, sin x means the sine of the angle whose radian 
measure is x), we construct a table of values correct to eight decimal places. From the 
+10 0.84147098 table at the left and the graph in Figure 4 we guess that 
+0.5 0.95885 108 
+0.4 0.97354586 _ sinx 
+0.3 0.98506736 lim 4 =1 
+0.2 0.99334665, 
+0.1 0.99833417 
+0.05 0.99958339 This guess is in fact correct, as will be proved in Chapter 3 using a geometric 
+0.01 0.99998333 argument. 
+0.005 0.99999583 
+0.001 0.99999983 
YA 
I y= sin x 


BY 


FIGURE 4 | 
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EXAMPLE 3 Find lim ( x? + £082). 
0 10,000 


SOLUTION As before, we construct a table of values. From the first table it appears that 
the limit might be zero. 


5 cos 5x 3 cos 5x 
x i a Se oe 

10,000 10,000 

1 1.000028 0.005 0.00010009 

0.5 0.124920 0.001 0.00010000 
0.1 0.001088 
0.05 0.000222 
0.01 0.000101 


But if we persevere with smaller values of x, the second table suggests that the limit is 
more likely to be 0.0001. In Section 2.5 we will be able to show that lim,—.) cos 5x = | 
and that it follows that 

cos 5x 1 


3 4 = 
x>0 10,000 10,000 


= 0.0001 a 


M@ One-Sided Limits 
The Heaviside function H is defined by 


0 if t<0 
A(t) = ; 
1 if t2=0 


(This function is named after the electrical engineer Oliver Heaviside [1850-1925] and 
can be used to describe an electric current that is switched on at time t = 0.) Its graph is 
FIGURE 5 shown in Figure 5. 

The Heaviside function There is no single number that H(t) approaches as t approaches 0, so lim;—.o H(t) does 
not exist. However, as ¢ approaches 0 from the left, H(t) approaches 0. As t approaches 0 
from the right, H(t) approaches 1. We indicate this situation symbolically by writing 


lim H(t) = 0 and lim H(t) = 1 
t>07- t>0* 


and we call these one-sided limits. The notation tf — 0° indicates that we consider only 
values of t that are less than 0. Likewise, t — 0* indicates that we consider only values 
of ¢ that are greater than 0. 


[2] Intuitive Definition of One-Sided Limits We write 
lim f(x) =L 


and say that the left-hand limit of f(x) as x approaches a [or the limit of f(x) as x 

approaches a from the left] is equal to L if we can make the values of f(x) arbi- 

trarily close to L by restricting x to be sufficiently close to a with x less than a. 
We write 


pe FG) =e 


and say that the right-hand limit of f(x) as x approaches a [or the limit of f(x) as x 
approaches a from the right] is equal to L if we can make the values of f(x) arbitrarily 
close to L by restricting x to be sufficiently close to a with x greater than a. 
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For instance, the notation x — 5~ means that we consider only x < 5, and x > 5* 
means that we consider only x > 5. Definition 2 is illustrated in Figure 6. 


YA YA 


FIGURE 6 (a) lim f(x)=L (b) lim, f(x)=L 


xa xa 


Notice that Definition 2 differs from Definition | only in that we require x to be less 
than (or greater than) a. By comparing these definitions, we see that the following is true. 


[3] lim f(x) =L_ ifandonlyif lim f(y) =L and lim f(x) =L 


xa x—at 


EXAMPLE 4 The graph of a function g is shown in Figure 7. 


FIGURE 7 


Use the graph to state the values (if they exist) of the following: 


(a) Jim g(x) (b) Fim, g(x) ©) im g(x) 
ey feed) (e) lim, g(x) (F) him g(a) 


SOLUTION Looking at the graph we see that the values of g(x) approach 3 as x 
approaches 2 from the left, but they approach | as x approaches 2 from the right. 
Therefore 

(a) lim g(x)=3 and) lim, g(x) = 1 


(c) Since the left and right limits are different, we conclude from (3) that lim,—2 g(x) 
does not exist. 


The graph also shows that 
(d) tim g(x) = 2 and (e) lim, g(x) = 2 


(f) This time the left and right limits are the same and so, by (3), we have 
lim g(x) = 2 
Despite this fact, notice that g(5) ¥ 2. Oo 
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H How Can a Limit Fail to Exist? 


We have seen that a limit fails to exist at a number a if the left- and right-hand limits are 


not equal (as in Example 4). The next two examples illustrate additional ways that a limit 
can fail to exist. 


EXAMPLE 5 Investigate lim sin —. 
x= x 


Limits and Technology SOLUTION Notice that the function f(x) = sin(z/x) is undefined at 0. Evaluating the 


Some software applications, includ- function for some small values of x, we get 
ing computer algebra systems 
(CAS), can compute limits. In order 


‘ 1 ; 

to avoid the types of pitfalls demon- f(l) = sina = 0 f(2) = sin 2a = 0 
strated in Examples 1, 3, and 5, such 1 : 1 : 

applications don’t find limits by f() = sin37 = 0 f(a) = sinda = 0 
numerical experimentation. Instead, 

they use more sophisticated tech- f(0.1) = sin 107 = 0 f(0.01) = sin 10077 = 0 


niques such as computing infinite 
series. You are encouraged to use 


Similarly, f(0.001) = f(0.0001) = 0. On the basis of this information we might 
one of these resources to compute 2) 


‘iii neh ccnp be tempted to guess that the limit is 0, but this time our guess is wrong. Note that 
sien a basen oun although f(1/n) = sin na = 0 for any integer n, it is also true that f(x) = 1 for 
heewercises ih nd chapter. infinitely many values of x (such as 2/5 or 2/101) that approach 0. You can see this 

: from the graph of f shown in Figure 8. 


y= sin(7/x) 


i 
SS 


SSS 


FIGURE 8 


The dashed lines near the y-axis indicate that the values of sin(z/x) oscillate 
between | and —1 infinitely often as x approaches 0. 
Since the values of f(x) do not approach a fixed number as x approaches 0, 


2 . 7 7 
lim sin — does not exist 
x0 x 


@ Examples 3 and 5 illustrate some of the pitfalls in guessing the value of a limit. It is 
easy to guess the wrong value if we use inappropriate values of x, but it is difficult to 
know when to stop calculating values. And, as the discussion after Example 1 shows, 
sometimes calculators and computers give the wrong values. In the next section, how- 
ever, we will develop foolproof methods for calculating limits. 

Another way a limit at a number a can fail to exist is when the function values grow 
arbitrarily large (in absolute value) as x approaches a. 
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EXAMPLE 6 Find lim ~ if it exists. 

SOLUTION As x becomes close to 0, x? also becomes close to 0, and 1/x? becomes 
very large. (See the following table.) In fact, it appears from the graph of the function 
f(x) = 1/x’ shown in Figure 9 that the values of f(x) can be made arbitrarily large by 
taking x close enough to 0. Thus the values of f(x) do not approach a number, so 
lim, 9 (1/x”) does not exist. 


1 
j eB 
ze 1 
+0.5 4 
+0.2 25 
+0.1 100 
+0.05 400 
+0.01 10,000 
+0.001 1,000,000 sisiines : 


Bi Infinite Limits; Vertical Asymptotes 


To indicate the kind of behavior exhibited in Example 6, we use the notation 


@ This does not mean that we are regarding © as a number. Nor does it mean that the limit 
exists. It simply expresses the particular way in which the limit does not exist: 1/x* can 
be made as large as we like by taking x close enough to 0. 
In general, we write symbolically 
lim f(x) = % 


xa 


to indicate that the values of f(x) tend to become larger and larger (or “increase without 
bound”) as x becomes closer and closer to a. 


[4] Intuitive Definition of an Infinite Limit Let f be a function defined on 
both sides of a, except possibly at a itself. Then 


lim f(x) = % 


means that the values of f(x) can be made arbitrarily large (as large as we please) 
by taking x sufficiently close to a, but not equal to a. 


yA 
Another notation for lim,—, f(x) = © is 
f(y as xa 
- Again, the symbol is not a number, but the expression lim,.—. f(x) = © is often read as 
#26 “the limit of f(x), as x approaches a, is infinity” 
or ““f(x) becomes infinite as x approaches a” 
FIGURE 10 or “ f(x) increases without bound as x approaches a” 
lim f(x) = % ; site tc : Ze gat 
xa This definition is illustrated graphically in Figure 10. 
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When we say a number is “large A similar sort of limit, for functions that become large negative as x gets close to a, is 
negative,” we mean that it is nega- defined in Definition 5 and is illustrated in Figure 11. 

tive but its magnitude (absolute 
value) is large. 


[5] Definition Let f be a function defined on both sides of a, except possibly at 


a a itself. Then 
x=a lim f(x) = —% 
means that the values of f(x) can be made arbitrarily large negative by taking x 
sufficiently close to a, but not equal to a. 
0 
The symbol lim,_., f(x) = —% can be read as “‘the limit of f(x), as x approaches a, is 
negative infinity” or “f(x) decreases without bound as x approaches a.” As an example 
FIGURE 11 we have 
lim f(x) = —2% I 
lim (-+) = —0 
x0 x 
Similar definitions can be given for the one-sided infinite limits 
lim f(x) = % lim, f(y) =” 
lim f(x) = —% lim, f (x) = -—% 
remembering that x — a” means that we consider only values of x that are less than a, 
and similarly x — a* means that we consider only x > a. Illustrations of these four 
cases are given in Figure 12. 
y y y y 
> > > > 
0 a x O| a x 0 a x O| a x 
(a) lim f(x) =°% (b) lim f(x) = © (c) lim f(x) =— (d) lim f(x) =—0 
FIGURE 12 


[6] Definition The vertical line x = a is called a vertical asymptote of the 
curve y = f(x) if at least one of the following statements is true: 


ae 


lim f(x) = & lim f(a) = % lim f(x) = © 


lim f(x) = —2% lim f(x) = —% lim f(x) 


xa xa x—at 


For instance, the y-axis is a vertical asymptote of the curve y = 1/x? because 
lim,—o (1/x”) = 2%. In Figure 12 the line x = a is a vertical asymptote in each of the 
four cases shown. In general, knowledge of vertical asymptotes is very useful in sketch- 
ing graphs. 
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Oo 
be 


FIGURE 13 


FIGURE 14 


y = tanx 


YA 


y=Inx 


FIGURE 15 
The y-axis is a vertical asymptote of 
the natural logarithmic function. 
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2x 


x- 


EXAMPLE7 Does the curve y = have a vertical asymptote? 
SOLUTION There is a potential vertical asymptote where the denominator is 0, that 
is, at x = 3, so we investigate the one-sided limits there. 

If x is close to 3 but larger than 3, then the denominator x — 3 is a small positive 
number and 2x is close to 6. So the quotient 2x/(x — 3) is a large positive number. 
[For instance, if x = 3.01 then 2x/(x — 3) = 6.02/0.01 = 602.] Thus, intuitively, we 
see that 

2x 


lim = 0 
x33+ x — 3 


Likewise, if x is close to 3 but smaller than 3, then x — 3 is a small negative number 
but 2.x is still a positive number (close to 6). So 2x/(x — 3) is a numerically large 
negative number. Thus 


The graph of the curve y = 2x/(x — 3) is given in Figure 13. According to Defini- 
tion 6, the line x = 3 is a vertical asymptote. | 


NOTE Neither of the limits in Examples 6 and 7 exist, but in Example 6 we can write 
lim, (1/x?) = % because f(x) — % as x approaches 0 from either the left or the 
right. In Example 7, f(x) — © as x approaches 3 from the right but f(x) ~ —% as x 
approaches 3 from the left, so we simply say that lim,—;3 f(x) does not exist. 


EXAMPLE 8 Find the vertical asymptotes of f(x) = tan x. 
SOLUTION Because 


there are potential vertical asymptotes where cos x = 0. In fact, since cos x —> 0* as 
x — (27/2) and cos x + 0° as x — (a7/2)", whereas sin x is positive (near 1) when x 
is near 77/2, we have 


lim tanx = © and lim tanx = —% 
x—>(a/2)— x—>(a1/2)+ 


This shows that the line x = 7/2 is a vertical asymptote. Similar reasoning shows 
that the lines x = 7/2 + nz, where n is an integer, are all vertical asymptotes of 
f(x) = tan x. The graph in Figure 14 confirms this. a 


Another example of a function whose graph has a vertical asymptote is the natural 
logarithmic function y = In x. From Figure 15 we see that 


lim Inx = —«% 
x0 


and so the line x = 0 (the y-axis) is a vertical asymptote. In fact, the same is true for 
y = log, x provided that b > 1. (See Figures 1.5.11 and 1.5.12.) 
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92 


2.2 | Exercises 


1. 


6. 


CHAPTER 2 Limits and Derivatives 


Explain in your own words what is meant by the equation 
lim f(y =5 


Is it possible for this statement to be true and yet f(2) = 3? 
Explain. 


. Explain what it means to say that 


lim f(x) =3 and lim, f(x) =7 


In this situation is it possible that lim,—.; f(x) exists? 
Explain. 


. Explain the meaning of each of the following. 


(a) Jim, f(x) = % (b) lim, f(x) = —% 


o 3 


. Use the given graph of f to state the value of each quantity, 
if it exists. If it does not exist, explain why. 


(b) lim, f(x) 
(e) lim f(x) 


(a) lim f(x) 
(d) f(2) 


(c) lim f(x) 
(f) (4) 


. For the function f whose graph is given, state the value of 


each quantity, if it exists. If it does not exist, explain why. 
(@) tim f@) ——(®) Jim f(@)_—— © lim, f() 


@ lim sf) — © F@) 


For the function / whose graph is given, state the value of 
each quantity, if it exists. If it does not exist, explain why. 
(a) lim h(x) (b) lim : h(x) (c) lim h(x) 


(d) h(—3) 


(g) lim A(x) 


(e) lim AG) (f) lim AG) 


(h) h(0) (i) lim h(x) 


() 


h(2) (k) tim, h(x) (1) lim h(x) 
y 
-4 | 2 0 ’) 4 6 7 


7. For the function g whose graph is shown, find a number a that 


satisfies the given description. 


(a) 
(b) 
(c) 


(d) 


(c) lim A(x) 


lim g(x) does not exist but g(a) is defined. 
lim g(x) exists but g(a) is not defined. 


lim_ g(x) and lim, g(x) both exist but lim g(x) does 


not exist. 
lim, g(x) = g(a) but lim g(x) # g(a). 
VR 
0 2 4 6 \ 


8. For the function A whose graph is shown, state the following. 
(a) lim, A(x) 


(b) lim A(x) 
(@) lim, Ata) 


(e) The equations of the vertical asymptotes 


9. For the function f whose graph is shown, state the following. 
(a) lim, f(x) 
(@) lim f(x) 


(b) lim, f(a) 
(e) lim, f@) 


(c) lim f(x) 
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(f) The equations of the vertical asymptotes 


y 


10. A patient receives a 150-mg injection of a drug every 
4 hours. The graph shows the amount f(¢) of the drug in the 
bloodstream after t hours. Find 


im fd and lim f(A) 


t—12+ 


and explain the significance of these one-sided limits. 
F(t)a 


300 4 


Py 
: LAM 


11-12 Sketch the graph of the function and use it to determine 
the values of a for which lim,_., f(x) exists. 


e* ifx <0 
1. f(y =4x-1 if O<x<1 
Inx ifx=1 
fx ifx<-1 
12. f(x) =4x if -l<x<2 
(x- 1) ifx>2 


FY 13-14 Use the graph of the function f to state the value of each 
limit, if it exists. If it does not exist, explain why. 


fe) ee) (b) lim f®) ©) lim f(a) 
el/x 239) 
13, fa)aaVTFe? a fly = 


15-18 Sketch the graph of an example of a function f that 
satisfies all of the given conditions. 


15. lim f(x) =3, Jim fa) =0, fl) =2 
16. lim f(x) = 4, tim f(x) = 1, jim, f(x) — =35 
f0) = 6, f(®)=—1 
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17. lim_ f(x) =0, lim, f(a) = 1, lim f(a) = 3, 
fE)=2, fQ=1 

18. lim f(x) =3, lim, f(x) = 2, lim f(x) = -1, 
din JQ)=32 f-3)=2 FO =0 


19-22 Guess the value of the limit (if it exists) by evaluating the 
function at the given numbers (correct to six decimal places). 


19. lim ———, 
x33 x° — 9 
x = 3.1, 3.05, 3.01, 3.001, 3.0001, 
2.9, 2.95, 2.99, 2.999, 2.9999 
0; ta 
x>-3 x° — 9 
x = —2.5, —2.9, —2.95, —2.99, —2.999, —2.9999, 
3.5, —3.1, —3.05, —3.01, —3.001, —3.0001 
. ei) 
21. lim , t=+0.5, +0.1, +0.01, +0.001, +0.0001 


t>0 t 


+ hy - 
oS, ee 
h-0 h 


h = +0.5, 0.1, £0.01, +0.001, =0.0001 


23-28 Use a table of values to estimate the value of the limit. 
If you have a graphing device, use it to confirm your result 
graphically. 


. Inx-1n4 . 1 +p? 
23. lim —————— 24. lim 

x4 x — 4 po-l 1 +p 

. roy 

26. ne 26; tie” 

60 tan 20 i>0) ot 
27. lim x* 28. lim x7 Inx 

x—0+t x20+ 


29-40 Determine the infinite limit. 


Bk | a XA 
29. lim 30. lim 
xost xy — 5 5-5 
oa x 
31. lim —— 32. lim aa 
x2 (x — 2) x37 (x = 3) 
33. Jim, In(./x — 1) 34. Jim, In(sin x) 
; 1 : 
35. lim —secx 36. lim xcotx 
x—>(1/2)+ x XT 
; x? + 2x . x? + 4x 
37. lim —————_ 38. lim —————— 
x31 4° = 2x + 1 x3- x7 — 2x — 3 
. 7 os ; 1 
39. lim (Inx* — x”) 40. lim | — — Inx 
x30 x>0+t \ x 
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41. 


42. 


43. 


45. 


47. 


FS 44. 


CHAPTER 2 Limits and Derivatives 


Find the vertical asymptote of the function 


Fl | 
2x +4 


F(x) = 


(a) Find the vertical asymptotes of the function 


xr +1 


a n= 2 


(b) Confirm your answer to part (a) by graphing the 
function. 


Determine lim 
27s 


and lim = 
x xt 


aaa rolt x3 — 1 

(a) by evaluating f(x) = 1/(x* — 1) for values of x that 
approach | from the left and from the right, 

(b) by reasoning as in Example 7, and 

(c) from a graph of f. 


(a) By graphing the function 


cos 2x — cos x 


f(%) = 2 
x 


and zooming in toward the point where the graph 
crosses the y-axis, estimate the value of lim,—o f(x). 

(b) Check your answer in part (a) by evaluating f(x) for 
values of x that approach 0. 


(a) Estimate the value of the limit lim,—» (1 + x)!” to five 
decimal places. Does this number look familiar? 
Illustrate part (a) by graphing the function 

y=(1 +x)!” 


(b 


mS 


. (a) Graph the function f(x) = e* + In| x — 4| for 


0 <x <5. Do you think the graph is an accurate 
representation of f? 
(b) How would you get a graph that represents f better? 


(a) Evaluate the function f(x) = x? — (27/1000) for 
x = 1, 0.8, 0.6, 0.4, 0.2, 0.1, and 0.05, and guess the 


value of 
ee: 
yo 
1000 


Evaluate f(x) for x = 0.04, 0.02, 0.01, 0.005, 0.003, 
and 0.001. Guess again. 


lim 


x>0 


(b 


SS 


48. 


50. 


51. 


Bi Properties of Limits 


(a) Evaluate the function 


for x = 1, 0.5, 0.1, 0.05, 0.01, and 0.005. 


tan x — x 


x3 


(b) 


Guess the value of lim 
Gs 


(c) Evaluate h(x) for successively smaller values of x until 
you finally reach a value of 0 for A(x). Are you still 
confident that your guess in part (b) is correct? Explain 
why you eventually obtained 0 values. (In Section 4.4 a 
method for evaluating this limit will be explained.) 
Graph the function h in the viewing rectangle [—1, 1] 
by [0, 1]. Then zoom in toward the point where the 
graph crosses the y-axis to estimate the limit of h(x) as 
x approaches 0. Continue to zoom in until you observe 
distortions in the graph of h. Compare with the results 
of part (c). 


(d 


YS 


. Use a graph to estimate the equations of all the vertical 


asymptotes of the curve 
y = tan(2 sin x) 


Then find the exact equations of these asymptotes. 


1 
Consider the function f(x) = tan —. 
x 


1 1 
(a) Show that f(x) = 0 for x ‘ ; salad 
w 2a 37 
4 4 4 
(b) Show that f(x) = 1 for x 


aw’ 5a On’ 


1 
(c) What can you conclude about lim, tan — ? 
x= x 


In the theory of relativity, the mass of a particle with 
velocity v is 

Mo 
V1 — v?/c? 


where my is the mass of the particle at rest and c is the 
speed of light. What happens as v > c ? 


2.3 | Calculating Limits Using the Limit Laws 


In Section 2.2 we used calculators and graphs to guess the values of limits, but we saw 
that such methods don’t always lead to the correct answers. In this section we use the 
following properties of limits, called the Limit Laws, to calculate limits. 
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Limit Laws Suppose that c is a constant and the limits 
lim f(x) and lim g(x) 
exist. Then 
1. lim [ f(x) + gQ)] = lim f(x) + lim g(x) 
2. lim [/(4) ~ gla)] = lim f(x) — lim g(x) 
3. lim [ef(x)] = c lim f(x) 
lim [f(2) g(x)] = lim f(2) + lim g(x) 


i)... lim f(x) 


if lim g(x) 4 0 


im = —— 
xa g(x) lim g(x) 


These five laws can be stated verbally as follows: 


Sum Law 1. The limit of a sum is the sum of the limits. 
Difference Law 2. The limit of a difference is the difference of the limits. 
Constant Multiple Law 3. The limit of a constant times a function is the constant times the limit of the 
function. 
Product Law 4. The limit of a product is the product of the limits. 
Quotient Law 5. The limit of a quotient is the quotient of the limits (provided that the limit of 


the denominator is not 0). 


It is easy to believe that these properties are true. For instance, if f(x) is close to L and 
g(x) is close to M, it is reasonable to conclude that f(x) + g(x) is close to L + M. This 
gives us an intuitive basis for believing that Law 1 is true. In Section 2.4 we give a pre- 
cise definition of a limit and use it to prove this law. The proofs of the remaining laws are 
given in Appendix F. 


EXAMPLE 1 Use the Limit Laws and the graphs of f and g in Figure | to evaluate the 
following limits, if they exist. 


(a) lim, [A + S9)](b) Him [fg] © lim a 
SOLUTION 


(a) From the graphs of f and g we see that 


lim, f(y =1 and lim, g(x) = -1 


FIGURE 1 


Therefore we have 
lim, [ f(x) + 5g(x)] = lim, f(x) + lim, [5q(x) | (by Limit Law 1) 


= lim, f(x) +5 jim, g(x) (by Limit Law 3) 


=1+5(-l)=-4 
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(b) We see that lim,—.; f(x) = 2. But lim,—, g(x) does not exist because the left and 
right limits are different: 


tim g(x) = —2 lim, g(x) = -1 


x—1t 
So we can’t use Law 4 for the desired limit. But we can use Law 4 for the one-sided 
limits: 
lim [f(a g()] = lim f() + lim g(x) = 2 + (-2) = -4 
Jim, [f(g] = im, f(a) + Jim, g(a) = 2+ (-1) = ~2 


The left and right limits aren’t equal, so lim,—.; [,f(x) g(x)] does not exist. 
(c) The graphs show that 
lim f(x) = 14 and lim g(x) = 0 


x2 


Because the limit of the denominator is 0, we can’t use Law 5. The given limit does 
not exist because the denominator approaches 0 while the numerator approaches a 
nonzero number. | 


If we use the Product Law repeatedly with g(x) = f(x), we obtain the following law. 


Power Law 6. lim [ f(x)]" = [lim f ()]" where nis a positive integer 


A similar property, which you are asked to prove in Exercise 2.5.69, holds for roots: 


Root Law 7. lim Vf(x) = 2/ lim f(x) where 7 is a positive integer 


[if nis even, we assume that lim f(x) > 0.| 


In applying these seven limit laws, we need to use two special limits: 


These limits are obvious from an intuitive point of view (state them in words or draw 
graphs of y = c and y = x), but proofs based on the precise definition are requested in 
Exercises 2.4.23—24. 

If we now put f(x) = x in Law 6 and use Law 9, we get a useful special limit for 
power functions. 


10. lim x" =a" 


xa 


where nis a positive integer 
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Newton and Limits 


Isaac Newton was born on Christmas 
Day in 1642, the year of Galileo's 
death. When he entered Cambridge 
University in 1661 Newton didn't 
know much mathematics, but he 
learned quickly by reading Euclid and 
Descartes and by attending the lec- 
tures of Isaac Barrow. Cambridge was 
closed because of the plague from 
1665 to 1666, and Newton returned 
home to reflect on what he had 
learned. Those two years were amaz- 
ingly productive for at that time he 
made four of his major discoveries: 
(1) his representation of functions as 
sums of infinite series, including the 
binomial theorem; (2) his work on dif- 
ferential and integral calculus; (3) his 
laws of motion and law of universal 
gravitation; and (4) his prism experi- 
ments on the nature of light and color. 
Because of a fear of controversy and 
criticism, he was reluctant to publish 
his discoveries and it wasn’t until 
1687, at the urging of the astronomer 
Halley, that Newton published Prin- 
cipia Mathematica. |n this work, the 
greatest scientific treatise ever writ- 
ten, Newton set forth his version of 
calculus and used it to investigate 
mechanics, fluid dynamics, and wave 
motion, and to explain the motion 

of planets and comets. 

The beginnings of calculus are 
found in the calculations of areas and 
volumes by ancient Greek scholars 
such as Eudoxus and Archimedes. 
Although aspects of the idea of a 
limit are implicit in their “method of 
exhaustion,’ Eudoxus and Archimedes 
never explicitly formulated the con- 
cept of a limit. Likewise, mathemati- 
cians such as Cavalieri, Fermat, and 
Barrow, the immediate precursors of 
Newton in the development of calcu- 
lus, did not actually use limits. It was 
Isaac Newton who was the first to talk 
explicitly about limits. He explained 
that the main idea behind limits is 
that quantities “approach nearer than 
by any given difference.’ Newton 
stated that the limit was the basic 
concept in calculus, but it was left to 
later mathematicians like Cauchy to 
clarify his ideas about limits. 
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If we put f(x) = x in Law 7 and use Law 9, we get a similar special limit for roots. 
(For square roots the proof is outlined in Exercise 2.4.37.) 


11. lim </x = */a where nis a positive integer 
xa 


(If n is even, we assume that a > 0.) 


EXAMPLE 2 Evaluate the following limits and justify each step. 
xi + 2x? -1 


lim (2x2 — 3x + 4 
(a) Tim (2x x + 4) 5 — 4x 


(6) im, 


SOLUTION 


(a) lim (2x7 -3x +4 = lim (2x7) — lim (3x) + lim 4 (by Laws 2 and 1) 


= 2 lim x’ — 3 limx + lim4 


x5 x5 x5 


(by 3) 


= 2(5*) — 3(5) + 4 (by 10, 9, and 8) 


= 39 


(b) We start by using Law 5, but its use is fully justified only at the final stage when we 
see that the limits of the numerator and denominator exist and the limit of the denomi- 
nator is not 0. 

: 3 2_ 
x?+ 2x? - 1 a ilies 1) 
rn lim, (5 — 3x) 


(by Law 5) 


lim x°+ 2 lim x? — lim 1 
2 x—>-2 x—-2 


x 


lim 5 — 3 lim, x 


x2 x2 


(by 1, 2, and 3) 


_ (-2)) + 2-2)? = 1 
5 — 3(—2) 


(by 10, 9, and 8) 


@ Evaluating Limits by Direct Substitution 


In Example 2(a) we determined that lim,—; f(x) = 39, where f(x) = 2x* — 3x + 4. 
Notice that (5) = 39; in other words, we would have gotten the correct result simply by 
substituting 5 for x. Similarly, direct substitution provides the correct answer in part (b). 
The functions in Example 2 are a polynomial and a rational function, respectively, and 
similar use of the Limit Laws proves that direct substitution always works for such func- 
tions (see Exercises 59 and 60). We state this fact as follows. 


Direct Substitution Property If f is a polynomial or a rational function and a is 
in the domain of f, then 


lim f(x) = f(a) 


x—a 
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Functions that have the Direct Substitution Property are called continuous at a and 
will be studied in Section 2.5. However, not all limits can be evaluated initially by direct 
substitution, as the following examples show. 

. ea 
EXAMPLE3 Find lim waa 
sl x= 
SOLUTION Let f(x) = (x* — 1)/(x — 1). We can’t find the limit by substituting x = 1 
because f(1) isn’t defined. Nor can we apply the Quotient Law, because the limit of 
the denominator is 0. Instead, we need to do some preliminary algebra. We factor the 
numerator as a difference of squares: 


=]. = Dies I) 


x Ea | 
Notice that in Example 3 we do not The numerator and denominator have a common factor of x — 1. When we take the 
have an infinite limit even though the —_ limit as x approaches 1, we have x # 1 and so x — | ¥ O. Therefore we can cancel the 
denominator approaches 0 as x — 1. common factor, x — 1, and then compute the limit by direct substitution as follows: 
When both numerator and denomina- 
tor approach 0, the limit may be infi- fin — = ies (x — D& + I 
nite or it may be some finite value. xel x— 1 xl x-1 


tn G+ dy=14+1=2 


The limit in this example arose in Example 2.1.1 in finding the tangent to the parabola 
y = x’ at the point (1, 1). | 


NOTE In Example 3 we were able to compute the limit by replacing the given function 
f(x) = (x? — 1)/(x — 1) by a simpler function, g(x) = x + 1, that has the same limit. 
This is valid because f(x) = g(x) except when x = 1, and in computing a limit as x 
approaches | we don’t consider what happens when x is actually equal to 1. In general, 
we have the following useful fact. 


If f(x) = g(x) when x # a, then lim f(x) = lim g(x), provided the limits exist. 


EXAMPLE 4 Find lim g(x) where 


x+1 ifxAl 
g(x) = 


7 ifx=1 


SOLUTION Here g is defined at x = 1 and g(1) = 7, but the value of a limit as x 
approaches | does not depend on the value of the function at 1. Since g(x) = x + 1 
for x ~ 1, we have 


lim g(x) = lim (x+1)=2 | 
FIGURE 2 : , 
The graphs of the functions f (from Note that the values of the functions in Examples 3 and 4 are identical except when 
Example 3) and g (from Example 4) x = | (see Figure 2) and so they have the same limit as x approaches 1. 
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+ Ap = 
EXAMPLE5 Evaluate lim Cie 
SOLUTION If we define 
3+hyr-9 
roy —4HEo9 


then, as in Example 3, we can’t compute lim),—o F(/) by letting h = 0 because F(0) is 
undefined. But if we simplify F(/) algebraically, we find that 


Or hth)-—9. the’ 


Yn) h h 


— W6 +h) 
== 


6+h 


(Recall that we consider only h 4 0 when letting / approach 0.) Thus 


— Bt+hyPr-9 ; 
lim -——————_ == lim (6 + h) = 6 | 
h>0 h h>0 


JEF9 -3 


EXAMPLE 6 Find lim A 


SOLUTION We can’t apply the Quotient Law immediately because the limit of the 
denominator is 0. Here the preliminary algebra consists of rationalizing the numerator: 


VP +9-3 . VP+9-3 VP +943 
lim 7] 1 ‘ 


im —= 
10 t 10 - Je+94+3 


< (t?+9)-9 
10 (Jr? +9 + 3) 
tr? 


m0 P(e +9 + 3) 


1 


0 (PFO +3 


1 


= (Here we use several properties 


vim (2+9) +3 of limits: 5, 1, 7, 8, 10.) 
it 


ul 
3+3 6 


This calculation confirms the guess that we made in Example 2.2.1. B 
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Hi Using One-Sided Limits 


Some limits are best calculated by first finding the left- and right-hand limits. The fol- 
lowing theorem is a reminder of what we discovered in Section 2.2. It says that a two- 
sided limit exists if and only if both of the one-sided limits exist and are equal. 


[1] Theorem lim f(x) =L __ if and only if lim f(x) = L = lim fQ) 


When computing one-sided limits, we use the fact that the Limit Laws also hold for 
one-sided limits. 


EXAMPLE7 Show that lim |x| = 0. 
SOLUTION Recall that 


The result of Example 7 looks plausible 
from Figure 3. 


x if x20 
|| = —x if x<0 


Since |x| = x for x > 0, we have 
lim, |x| = lim. x =0 
x—0t x>0t 


For x < 0 we have |x| = —x and so 


lim |x| = tim (—x) =0 


x07 


Therefore, by Theorem 1, 


FIGURE 3 lim |x| = 0 ' 


EXAMPLE 8 Prove that lim tal does not exist. 
x x 
SOLUTION Using the facts that |x| = x when x > 0 and |x| = —x when x < 0, 


we have 


|x| eB 
y lim = lim = lm 1l1=1 
x>0tT Xx x->0t x x—0t 


fp im hei 
0 x->0- Xx x—>0- x x—>0- 


Since the right- and left-hand limits are different, it follows from Theorem | that 
limo |x |/x does not exist. The graph of the function f(x) = |x| /x is shown in 
FIGURE 4 Figure 4 and supports the one-sided limits that we found. H 


EXAMPLE 9 If 


8—-—2x ifx<4 


Jx-4 ifx>4 
fe ={ ne 


determine whether lim,—4 f(x) exists. 
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It is shown in Example 2.4.4 that 


lim ,59+ Vx = =0. 


y 


FIGURE 5 


Other notations for [|x ]] are [x] and 
|x]. The greatest integer function is 
sometimes called the floor function. 


FIGURE 6 


Greatest integer function 


YA 


#Y 


FIGURE 7 


eY SS 
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= ./x — 4 for x > 4, we have 
Jim, fQ) = di a= A ye 


Since f(x) = 8 — 2x for x < 4, we have 


pu FO) ~ pee (8 


SOLUTION Since f(x) 


2x) =8-2-4=0 


The right- and left-hand limits are equal. Thus the limit exists and 
lim f(x) = 0 


The graph of f is shown in Figure 5. fe) 


EXAMPLE 10 The greatest integer function is defined by [x] = the largest integer 
that is less than or equal to x. (For instance, [4] = 4, [4.8] = 4, [a7] = 3, [v2] = 1, 
[-!] = —1.) Show that lim,._.3 |] x]] does not exist. 


SOLUTION The graph of the greatest integer function is shown in Figure 6. Since 
[x] = 3 for3 < x < 4, we have 


lim [x] = lim 3 = 3 


x23t x33t 


Since [x] = 2 for 2 < x < 3, we have 


a le 


Because these one-sided limits are not equal, lim,—;3 [x] does not exist by Theorem 1. 


i The Squeeze Theorem 


The following two theorems describe how the limits of functions are related when the 
values of one function are greater than (or equal to) those of another. Their proofs can be 
found in Appendix F. 


[2] Theorem If f(x) < g(x) when x is near a (except possibly at a) and the limits 
of f and g both exist as x approaches a, then 


lim f(x) S lim g(x) 


[3] The Squeeze Theorem If f(x) < g(x) < 
possibly at a) and 


h(x) when x is near a (except 


tim f(x) = lim h(x) = L 


xa 


lim g(x) = L 


The Squeeze Theorem, which is sometimes called the Sandwich Theorem or the 
Pinching Theorem, is illustrated by Figure 7. It says that if g(x) is squeezed between f(x) 
and h(x) near a, and if f and h have the same limit L at a, then g is forced to have the same 
limit L at a. 
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EXAMPLE 11 Show that lim x? sin as 0. 
x x 


@ SOLUTION First note that we cannot rewrite the limit as the product of the 
limits lim, x? and lim,—o sin(1/x) because lim.» sin(1/x) does not exist (see 
Example 2.2.5). 

We can find the limit by using the Squeeze Theorem. To apply the Squeeze Theorem 
we need to find a function f smaller than g(x) = x” sin(1/x) and a function h bigger 
than g such that both f(x) and h(x) approach 0 as x — 0. To do this we use our knowl- 
edge of the sine function. Because the sine of any number lies between —1 and 1, we 
can write 

_ ol 
[4] -l1<sn—<1 
x 
Any inequality remains true when multiplied by a positive number. We know that 
x* = 0 for all x and so, multiplying each side of the inequalities in (4) by x”, we get 


—x? <x’ sin — < x? 
x 
as illustrated by Figure 8. We know that 
lim r=0 and lim (—x*) =0 
Taking f(x) = —x*, g(x) = x° sin(1/x), and h(x) = x? in the Squeeze Theorem, we 
obtain 


FIGURE 8 lim x? sin — = 0 a 
y = x? sin(1/x) x0 x 
2.3 | Exercises 
1. Given that (e) lim [x?f(x)] (f) f(-)) + lim, g(x) 
lim f(x) =4 lim, g(x) = —2 lim h(x) = 0 55 | | 
find the limits that exist. If the limit does not exist, explain | y= Fa) 
why. 1 | 
(a) lim[fG) + 5g] (6) lim [g(a)P a1 
Ee 
(c) lim Vf@) (@) lim 2£2 
Ree x2 g(x) 3-9 Evaluate the limit and justify each step by indicating the 
appropriate Limit Law(s). 
(©) tim (tim 2 re ie pays ae eet 
x2 h(x) x2 f(x) 3. lim (4x* — 5x) 4. Jim, (2x° + 6x* — 9) 
ee 3 . 3r? + 1 
2. The graphs of f and g are given. Use them to evaluate each 5. lim (v* + 2v)(2v° — 5) 6. lim P—5+2 
limit, if it exists. If the limit does not exist, explain why. 
; ; ‘ 7. lim V9 — u? + 2u? 8. lim /x + 5 (2x? — 3x) 
(a) lim [f(x) + g()] (b) lim [ f(x) — g(x)] ae = 
x2 x>0 5 4\3 
re pode 
F(x) “eri \5P4+4 
(c) lim [f(~)g(@x)] (@) tim 
x—2-1 x23 g(x) 
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10. (a) What is wrong with the following equation? FS 36. (a) Use a graph of 
7+x-6 J3+x— V3 
5 Sets iy eas 
Bai! x 
(b) In view of part (a), explain why the equation to estimate the value of lim,—o f(x) to two decimal 
5 places. 
ita ea ® lim (x + 3) (b) Use a table of values of f(x) to estimate the limit to 
x2 xo x2 


four decimal places. 


+s GorpeCE. (c) Use the Limit Laws to find the exact value of the limit. 


FS 37. Use the Squeeze Theorem to show that 


11-34 Evaluate the limit, if it exists. 


11. lim, (x ~ 7) 12, lim (8 — 3x) lim x° cos 207rx = 0 
2 — 24-8 ; x2 + 3x Illustrate by graphing the functions f(x) = —x’, 
13. lim fad 14. im, aa g(x) = x? cos 207rx, and h(x) = x? on the same screen. 
te Reh 24 3x 4 38. Use the Squeeze Theorem to show that 
15. lim - 5 16. Mg TS: T 
oe, ae eae lim ya + a? sin = = 0 
x= x 
a9, F x-—x-6 fa. ii 2x? + 9x — 5 
openers 3x2 + 5x —2 a ares x? — 25 Illustrate by graphing the functions f, g, and h (in the nota- 
tion of the Squeeze Theorem) on the same screen. 
. £-27 . ut+l : 
19. lim a9 20. Jim, 1 39. If4x —9 < f(x) <x? — 4x + 7 for x = 0, find lim f (x). 
h= 378 9-—x 40. If 2x < g(x) < x* — x? + 2 for all x, evaluate lim g(x). 
21. lim ————— 22. lim ———= ee 
h->0 h x>9 3 — Jx i) 
: 4 
41. Prove that lim x*cos — = 0. 
wo WE = 38 . 2-x aoF x 
23. lim ———_——_— 24. lim ————_ a 
nO h x2 Jy +2 -2 42. Prove that lim, Vx ecm!) = 0, 
1 1 
ae ~ 3 (227° £07 43-48 Find the limit, if it exists. If the limit does not exist, 
25. lim 3 26. him an Sa explain why. 
A273 XS h— 1 
; _. [xt+4l 
ee off —F 1 1 43. iim, (|x + 4| = 2x) 44. a mars 
27. lim — 28. lin| —- > oS = “ 
10 t molt r+ 
i: Ga a6; tin 1 
& er Pema 3. hin, == —— = . lim ——— 
in oi x05" | 2x? — x?| mona 2+ x 
x>16 16x — x? x2 xt — 3x7 — 4 
47. li ( ! : ) 48. li ( : : ) 
- . lim |—-—— . lim | ——- — 
es $5, ie 2 Ne: ie oe 
1>0 t/l +t t x4 ge 4 
! ti 49. The Signum Function The signum (or sign) function, 
33. lim Cor ay = a 34. lim (e+h? x? denoted by sgn, is defined by 
. h->0 h . h->0 
-1 ifx<0 
; senx = 0 ifx=0 
35. (a) Estimate the value of i afes8 
: x 
iim Jl + 3x1 (a) Sketch the graph of this function. 
(b) Find each of the following limits or explain why it does 
by graphing the function f(x) = x/ by 1+ 3x = 1). not exist. 
(b) Make a table of values of f(x) for x close to 0 and guess (i) lim, sgn x (ii) tim sgnx 
the value of the limit. Gi) i eee Ga ae oe 
(c) Use the Limit Laws to prove that your guess is correct. Per a0! 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


CHAPTER 2 Limits and Derivatives 


Let g(x) = sgn(sin x). 

(a) Find each of the following limits or explain why it does 
not exist. 

(i) lim, g(x) 


(ii) lim g(x) (iti) lim g(x) 


(iv) lim, g(x) (v) lim_ g(x) (vi) lim g(x) 
(b) For which values of a does lim,—.. g(x) not exist? 
(c) Sketch a graph of g. 
xv+x-6 
Let g(x) = —— > 
et g(x) [x2] 
(a) Find 

(i) lim, g(x) (ii) lim g(x) 
(b) Does lim,-.2 g(x) exist? 
(c) Sketch the graph of g. 


Let 
xr +1 


(a) Find lim,—- f(x) and lim,—;* f(x). 
(b) Does lim ,—1 f(x) exist? 
(c) Sketch the graph of f. 


ifx<1 
ifx=1 


Let : 
4—5t W@t<2 
B(t) = art 
Jtte if t=2 
Find the value of c so that lim,—.2 B(t) exists. 
Let 
x ifx<1 
eae ifx=1 
we Vig Phe peo 
= 3 ifx>2 


(a) Evaluate each of the following, if it exists. 
(i) lim g(x) (ii) lim g(x) (iii) g) 
(iv) lim g(x) (vi) lim g(x) 


(b) Sketch the graph of g. 


(v) lim, g(x) 


(a) If the symbol | ] denotes the greatest integer function 
defined in Example 10, evaluate 


@ lim, fx] Gi) tim, x] Gi) dim, x] 


(b) If n is an integer, evaluate 

(i) lim [x] (i) lim, [x] 
(c) For what values of a does lim,-., [|x] exist? 
Let f(x) = [cos x], -m <x <7. 
(a) Sketch the graph of f. 
(b) Evaluate each limit, if it exists. 

(i) iim f(x) (ii) ae f (x) 

(iii) sae f(x) (iv) sn f(x) 

(c) For what values of a does lim,—. f(x) exist? 


If f(x) = [x] + [—*x], show that lim,—. f(x) exists but is 
not equal to f(2). 


58. 


59. 
60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


In the theory of relativity, the Lorentz contraction formula 


L=L1oJ1 — v7/e? 


expresses the length L of an object as a function of its veloc- 
ity v with respect to an observer, where Lo is the length of the 
object at rest and c is the speed of light. Find lim,—.- L and 
interpret the result. Why is a left-hand limit necessary? 


If p is a polynomial, show that lim,., p(x) = p(a). 


If r is a rational function, use Exercise 59 to show that 
lim. r(x) = r(a) for every number a in the domain of r. 


—8 

Tf lim Pit ee) = 10, find lim f(x). 

x1 x—| x1 
If lim fe) = 5, find the following limits. 

c= x 
(a) lim f(x) (b) lim fe) 

x0 x>0 Xx 

If 


if x is rational 


f(x) = {; 


0 if x is irrational 


prove that lim,—.o f(x) = 0. 


Show by means of an example that lim,—. [ f(x) + g(x)] may 
exist even though neither lim,—, f(x) nor lim,—, g(x) exists. 


Show by means of an example that lim... [,f (x) g(x)] may 
exist even though neither lim,—, f(x) nor lim, g(x) exists. 


Pudi 
Valuate 1m ———. 
472 /3—- x4 = 1 


Is there a number a such that 


3x7 +axt+at+3 
ewr+tx-2 


x—-2 
exists? If so, find the value of a and the value of the limit. 


The figure shows a fixed circle C, with equation 

(x — 1)? + y? = 1 anda shrinking circle C with radius r 
and center the origin. P is the point (0, r), Q is the upper point 
of intersection of the two circles, and R is the point of inter- 
section of the line PQ and the x-axis. What happens to R 

as C> shrinks, that is, as r > 0*? 


=v 
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2.4 | The Precise Definition of a Limit 


The intuitive definition of a limit given in Section 2.2 is inadequate for some purposes 
because such phrases as “x is close to 2” and “f(x) gets closer and closer to L” are vague. 
In order to be able to prove conclusively that 


; 
fee Son or ae 
a0 10,000 : 


we must make the definition of a limit precise. 


@ The Precise Definition of a Limit 


To motivate the precise definition of a limit, let’s consider the function 


2x-1 ifx#3 
f= {2 if x= 3 


Intuitively, it is clear that when x is close to 3 but x # 3, then f(x) is close to 5, and so 
lim,—3 f(x) = 5. 

To obtain more detailed information about how f(x) varies when x is close to 3, we 
ask the following question: 


How close to 3 does x have to be so that f(x) differs from 5 by less than 0.1? 


The distance from x to 3 is |x — 3| and the distance from f(x) to 5 is | f(x) — 5 
problem is to find a number 6 (the Greek letter delta) such that 


, SO our 


If) -5|<01 if |x—-3|<8 butx 43 


If |x — 3| > 0, then x 4 3, so an equivalent formulation of our problem is to find a 
number 6 such that 


If) -5|<01 if O<|x-3/<6 


Notice that if 0 < |x — 3| < (0.1)/2 = 0.05, then 


| f(x) — 5| =| (2x — 1) — 5| = |2x — 6| = 2|x — 3| < 20.05) = 0.1 
that is, lf) -5|<O1 if O<|x-3|<0.05 


Thus an answer to the problem is given by 6 = 0.05; that is, if x is within a distance of 
0.05 from 3, then f(x) will be within a distance of 0.1 from 5. 

If we change the number 0.1 in our problem to the smaller number 0.01, then by using 
the same method we find that f(x) will differ from 5 by less than 0.01 provided that x 
differs from 3 by less than (0.01)/2 = 0.005: 


[f) -5|<001 if O<|x-3|< 0.005 


Similarly, 


|f() -—5|<0.001 if O<|x—3]< 0.0005 
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The numbers 0.1, 0.01, and 0.001 that we have considered are error tolerances that we 
might allow. For 5 to be the precise limit of f(x) as x approaches 3, we must not only be 
able to bring the difference between f(x) and 5 below each of these three numbers; we 
must be able to bring it below any positive number. And, by the same reasoning, we can! 
If we write ¢ (the Greek letter epsilon) for an arbitrary positive number, then we find as 
before that 


fi] \f) -—5|<e if je le=s/so— 


This is a precise way of saying that f(x) is close to 5 when x is close to 3 because (1) says 
that we can make the values of f(x) within an arbitrary distance ¢ from 5 by restricting 
the values of x to be within a distance e/2 from 3 (but x # 3). 

Note that (1) can be rewritten as follows: 


if 3-6<x<3+6 (x43) then 5-—e<f(xy)<5t+e 


and this is illustrated in Figure 1. By taking the values of x (# 3) to lie in the interval 
(3 — 6,3 + 6) we can make the values of f(x) lie in the interval (5 — e,5 + s). 


> 
* Using (1) as a model, we give a precise definition of a limit. 
when x : i here [2] Precise Definition of aLimit Let f be a function defined on some open 
eee) interval that contains the number a, except possibly at a itself. Then we say that 
FIGURE 1 the limit of f(x) as x approaches a is L, and we write 
lim f(x) = L 

It is traditional to use the Greek let- if for every number e > 0 there is a number 6 > 0 such that 
ters e and 6 in the precise definition 
of a limit. if 0O<|x—-a|<6 then f= Ll<s 


Since |x — a| is the distance from x to a and | f(x) — L| is the distance from f(x) to 
L, and since € can be arbitrarily small, the definition of a limit can be expressed in words 
as follows: 


lim, f(x) = L means that the distance between f(x) and L can be made arbitrarily small by 
requiring that the distance from x to a be sufficiently small (but not 0). 


Alternatively, 


lim. f(x) = L means that the values of f(x) can be made as close as we please to L 
by requiring x to be close enough to a (but not equal to a). 


We can also reformulate Definition 2 in terms of intervals by observing that the inequal- 
ity |x — a| <6 is equivalent to —6 < x — a < 6, which in turn can be written as 
a-—6&<x<a+6.Also0 < |x — a| is true if and only if x — a ¥ 0, that is, x # a. 
Similarly, the inequality | f(x) — L| < e is equivalent to the pair of inequalities 
L—e< f(x) <L + «. Therefore, in terms of intervals, Definition 2 can be stated as 
follows: 


lim, f(x) = L means that for every « > 0 (no matter how small ¢ is) we can find 
5 > 0 such that if x lies in the open interval (a — 6,a + 6) and x # a, then f(x) lies in 
the open interval (L — e, L + s). 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 2.4 The Precise Definition of a Limit 107 


We interpret this statement geometrically by representing a function by an arrow dia- 
gram as in Figure 2, where f maps a subset of R onto another subset of R. 


FIGURE 2 Xx a f(a) F(x) 


The definition of limit says that if any small interval (L — «, L + s) is given around 
L, then we can find an interval (a — 6, a + 8) around a such that f maps all the points 
in (a — 6,a + 8) (except possibly a) into the interval (L — e, L + &). (See Figure 3.) 


FIGURE 3 


Another geometric interpretation of limits can be given in terms of the graph of a 
function. If ¢ > 0 is given, then we draw the horizontal lines y = L + eandy=L-e 
and the graph of f. (See Figure 4.) If lim,—.. f(x) = L, then we can find a number 6 > 0 
such that if we restrict x to lie in the interval (a — 6, a + 6) and take x ¥ a, then the 
curve y = f(x) lies between the lines y = L — eandy = L + e. (See Figure 5.) You can 
see that if such a 6 has been found, then any smaller 6 will also work. 

It is important to realize that the process illustrated in Figures 4 and 5 must work for 
every positive number €, no matter how small it is chosen. Figure 6 shows that if a 
smaller ¢ is chosen, then a smaller 6 may be required. 


yA 
Lt+e 
f(x) 
is in 
here 
Ls 
' > 
0 a x 
when x is in here 
(x #a) 
FIGURE 4 FIGURE 5 FIGURE 6 


EXAMPLE 1 Since f(x) = x? — 5x + 6 is a polynomial, we know from the Direct 
Substitution Property that lim, ., f(x) = f(1) = 1° — 5(1) + 6 = 2. Use a graph to 
find a number 6 such that if x is within 6 of 1, then y is within 0.2 of 2, that is, 


if jxe= 1] <6 then \(a* = 346) = 2| =< 02 
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15 


FIGURE 7 


FIGURE 8 


In other words, find a number 6 that corresponds to ¢ = 0.2 in the definition of a limit 
for the function f(x) = x* — 5x + 6 witha = land L = 2. 


SOLUTION A graph of f is shown in Figure 7; we are interested in the region near the 
point (1, 2). Notice that we can rewrite the inequality 


er = Se 6) = 202 
as -0.2 < (x? — 5x + 6)-2<0.2 
or equivalently lex = Se 0< 22 


So we need to determine the values of x for which the curve y = x? — 5x + 6 lies 
between the horizontal lines y = 1.8 and y = 2.2. Therefore we graph the curves 

y = x3 — 5x + 6, y = 1.8, and y = 2.2 near the point (1, 2) in Figure 8. We estimate 
that the x-coordinate of the point of intersection of the line y = 2.2 and the curve 

y = x3 — 5x + 6 is about 0.911. Similarly, y = x7 — 5x + 6 intersects the line 

y = 1.8 when x ~ 1.124. So, rounding toward | to be safe, we can say that 


if 0.92 <x< 1.12 then 18<x? -—5x+6<2.2 


This interval (0.92, 1.12) is not symmetric about x = 1. The distance from x = | to the 
left endpoint is 1 — 0.92 = 0.08 and the distance to the right endpoint is 0.12. We can 
choose 6 to be the smaller of these numbers, that is, 6 = 0.08. Then we can rewrite our 
inequalities in terms of distances as follows: 


if |x—1|<008 then = |(x?-5x+6)-2|<02 


This just says that by keeping x within 0.08 of 1, we are able to keep f(x) within 0.2 
of 2. 

Although we chose 6 = 0.08, any smaller positive value of 6 would also have 
worked. a 


The graphical procedure used in Example | gives an illustration of the definition for 
é = 0.2, but it does not prove that the limit is equal to 2. A proof has to provide a 6 for 
every &. 

In proving limit statements it may be helpful to think of the definition of limit as a 
challenge. First it challenges you with a number e. Then you must be able to produce a 
suitable 6. You have to be able to do this for every ¢ > 0, not just a particular e. 

Imagine a contest between two people, A and B, and imagine yourself to be B. Per- 
son A stipulates that the fixed number L should be approximated by the values of f(x) 
to within a degree of accuracy « (say, 0.01). Person B then responds by finding a num- 
ber 6 such that if 0 < |x — a| <6, then | f(x) — L| < e. Then A may become more 
exacting and challenge B with a smaller value of e (say, 0.0001). Again B has to 
respond by finding a corresponding 6. Usually the smaller the value of e, the smaller 
the corresponding value of 6 must be. If B always wins, no matter how small A makes 
e, then lim,—, f(x) = L. 


EXAMPLE 2 Prove that lim (4x — 5) = 7. 


SOLUTION 
1. Preliminary analysis of the problem (guessing a value for 6). Let e be a given 
positive number. We want to find a number 6 such that 


if O< [x= 3|/ <6 then |(4x —5)-7|<e 
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Cauchy and Limits 


After the invention of calculus in the 
17th century, there followed a period 
of free development of the subject 

in the 18th century. Mathematicians 
like the Bernoulli brothers and Euler 
were eager to exploit the power of 
calculus and boldly explored the con- 
sequences of this new and wonderful 
mathematical theory without worry- 
ing too much about whether their 
proofs were completely correct. 

The 19th century, by contrast, 
was the Age of Rigor in mathematics. 
There was a movement to go back to 
the foundations of the subject—to 
provide careful definitions and rigor- 
ous proofs. At the forefront of this 
movement was the French mathema- 
tician Augustin-Louis Cauchy (1789- 
1857), who started out as a military 
engineer before becoming a math- 
ematics professor in Paris. Cauchy 
took Newton's idea of a limit, which 
was kept alive in the 18th century 
by the French mathematician Jean 
d'Alembert, and made it more precise. 
His definition of a limit reads as fol- 
lows: “When the successive values 
attributed to a variable approach 
indefinitely a fixed value so as to end 
by differing from it by as little as one 
wishes, this last is called the /imit of all 
the others.’ But when Cauchy used 
this definition in examples and proofs, 
he often employed delta-epsilon 
inequalities similar to the ones in this 
section. A typical Cauchy proof starts 
with: “Designate by 6 and € two very 
small numbers;...’ He used ¢ because 
of the correspondence between epsi- 
lon and the French word erreur and 
6 because delta corresponds to dif- 
férence. Later, the German mathema- 
tician Karl Weierstrass (1815-1897) 
stated the definition of a limit exactly 
as in our Definition 2. 
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But | (4x — 5) — 7| = |4x — 12| = |4(@ — 3)| = 4|x — 3]. Therefore we want 5 
such that 

if O<|x-3|<6 then 4|x-—3|<e 
that is, if O<|x—3|<6- ‘then pale, 


This suggests that we should choose 6 = &/4. 


2. Proof (showing that this 5 works). Given e > 0, choose 6 = &/4. If 
0 < |x — 3| <6, then 


| (4x — 5) —7| =| 4x - 12| =4]x s}<as=4(2) = 


Thus if O<|x-3|<6 then ([(4x-5)-7|<e 


Therefore, by the definition of a limit, 
lim (4x — 5) =7 


This example is illustrated by Figure 9. 


y 

T+e ewe 
7 

T-€é 


FIGURE 9 3-6 3+6 ey 


Note that in the solution of Example 2 there were two stages—guessing and proving. 
We made a preliminary analysis that enabled us to guess a value for 6. But then in the 
second stage we had to go back and prove in a careful, logical fashion that we had made 
a correct guess. This procedure is typical of much of mathematics. Sometimes it is neces- 
sary to first make an intelligent guess about the answer to a problem and then prove that 
the guess is correct. 


EXAMPLE 3 Prove that lim r=9, 


SOLUTION 
1. Guessing a value for 6. Let e > 0 be given. We have to find a number 6 > 0 
such that 


if O< [x= 3|<8 then |e = Oil ee 


To connect |x* — 9| with |x — 3| we write |x? — 9| = | (x + 3)(x — 3)|. Then 
we want 


if 0<|x=—3|<3 then le S| le— 3a e 
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Notice that if we can find a positive constant C such that |x + 3| < C, then 
jee ||x= Ss] = Cle=3| 


and we can make C|x — 3| < « by taking |x — 3| < e/C, so we could 
choose 6 = &/C. 

We can find such a number C if we restrict x to lie in some interval centered at 3. 
In fact, since we are interested only in values of x that are close to 3, it is reasonable to 
assume that x is within a distance | from 3, that is, |x — 3 | < 1. Then 2 < x < 4,s0 
5 <x +3 <7. Thus we have |x + 3| < 7, and so C = 7 isa suitable choice for the 
constant. 

But now there are two restrictions on |x — 3 


, hamely 


|jx-3|<1 d |x-3|)<2=- 
x an x— == 
GC ai 
To make sure that both of these inequalities are satisfied, we take 6 to be the smaller of 
the two numbers | and ¢/7. The notation for this is 6 = min{1, ¢/7}. 


2. Showing that this 8 works. Given e > 0, let 6 = min{1, ¢/7}. If 


0< |x =3|<8,then|z—3/< 15> 2<2<4 > |x +3|< 7 Cs im part), 
We also have |x — 3| < ¢/7, so 


Ea 9| = |x + 3||x se9° =e 
This shows that lim,—.3 x7 = 9. o 


H One-Sided Limits 


The intuitive definitions of one-sided limits that were given in Section 2.2 can be pre- 
cisely reformulated as follows. 


[3] Precise Definition of Left-Hand Limit 
lim f(x) =L 


if for every number ¢ > 0 there is a number 6 > 0 such that 


it w@w-ét<2<0 ike (|fQ)—L|<e 


[4] Precise Definition of Right-Hand Limit 


lim, f(x) = L 


if for every number ¢ > 0 there is a number 6 > 0 such that 


ft ass<<ato then |fa—L|<e 


Notice that Definition 3 is the same as Definition 2 except that x is restricted to lie in 
the left half (a — 6, a) of the interval (a — 6, a + 8). In Definition 4, x is restricted to lie 
in the right half (a, a + 8) of the interval (a — 6,a + 6). 
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EXAMPLE 4 Use Definition 4 to prove that lim, Je = 0, 


SOLUTION 
1. Guessing a value for 6. Let € be a given positive number. Here a = 0 and L = 0, 
so we want to find a number 6 such that 


if O<x<6 then |v¥x -O|<e 
that is, if O<x<6 thn Vx<e 
or, squaring both sides of the inequality J/x <8, we get 

if O<x<6 thn x<e& 


This suggests that we should choose 6 = e”. 
2. Showing that this 8 works. Given e > 0, let 5 = e*. If 0 < x < 6, then 


Gedragee: 
so |x -O|<e 


According to Definition 4, this shows that lim,_. 9+ Vx = 0. | 


® The Limit Laws 


As the preceding examples show, it is not always easy to prove that limit statements are 
true using the e, 6 definition. In fact, if we had been given a more complicated function 
suchas f(x) = (6x* — 8x + 9)/(2x* — 1), a proof would require a great deal of ingenu- 
ity. Fortunately this is unnecessary because the Limit Laws stated in Section 2.3 can be 
proved using Definition 2, and then the limits of complicated functions can be found 
rigorously from the Limit Laws without resorting to the definition directly. 

For instance, we prove the Sum Law: If lim,—, f(x) = L and lim,—, g(x) = M both 
exist, then 

lim [f(x) + g(a] =L+M 


The remaining laws are proved in the exercises and in Appendix F. 


PROOF OF THE SUM LAW Let € > 0 be given. We must find 6 > 0 such that 
if G< |¢=a|<6 then | f(x) + g(x) —(L + M)| <e 


Triangle Inequality: Using the Triangle Inequality we can write 
peepee [5] | F(x) + g(x) — (L + M)| = | (FQ) — B) + (g(x) ~ M)| 
(See Appendix A.) = [f@)=L| + |g@) = ™| 


We make | f(x) + g(x) — (L + M)| less than ¢ by making each of the terms 
| f(x) — L| and | g(x) — M| less than ¢/2. 
Since e/2 > 0 and lim,—., f(x) = L, there exists a number 6; > 0 such that 


tf O< x= 24) = 01 then Ifa) -L1< 5 


Similarly, since lim,—, g(x) = M, there exists a number 62 > 0 such that 
€ 


if  Q<|x—a|< 6s then |gx) — M| <5 
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yA 


° ox 


a-—6o at+6é 
FIGURE 10 


Let 6 = min{6,, 62}, the smaller of the numbers 6; and 62. Notice that 
if 0<|4=a| <6 thm 0< |2—a|<0) and 0< |x—2@|< Os 


E 


and so If@) -L] <> and |g) — M| <5 


Therefore, by (5), 
| f) + g@) — © + M)| <|f@) — LI] + |g) - mM 


Sr 


Ligeia 
2 2 
To summarize, 

if 0<|x=—a/<6 then lf) + gla) — (LM) | <e 
Thus, by the definition of a limit, 


lim Lf) + g()] = b+ M a 


BH Infinite Limits 


Infinite limits can also be defined in a precise way. The following is a precise version of 
Definition 2.2.4. 


[6] Precise Definition of an Infinite Limit Let f be a function defined on some 
open interval that contains the number a, except possibly at a itself. Then 


lim f(x) = % 


aa 


means that for every positive number M there is a positive number 6 such that 


if O<|x-a|<6 then f(x) >M 


This says that the values of f(x) can be made arbitrarily large (larger than any given 
number M) by requiring x to be close enough to a (within a distance 5, where 6 depends 
on M, but with x ~ a). A geometric illustration is shown in Figure 10. 

Given any horizontal line y = M, we can find a number 6 > 0 such that if we restrict 
x to lie in the interval (a — 6, a + 6) but x ¥ a, then the curve y = f(x) lies above the 
line y = M. You can see that if a larger M is chosen, then a smaller 6 may be required. 


1 
EXAMPLE 5 Use Definition 6 to prove that lim — = ~. 


x>0X 


SOLUTION Let M be a given positive number. We want to find a number 6 such that 


if O<|x|<6 then 1/x? >M 


Bul S>M <> <> © alae = 2 es a 
me X M x M x JM 


So if we choose § = 1/./M and 0 < |x| <6 = 1//M, then 1/x? > M. This shows 
that 1/x* > © asx 0. og 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 2.4 The Precise Definition of a Limit 113 


yA Similarly, the following is a precise version of Definition 2.2.5. It is illustrated by 
estes: outs Figure 11. 
: \e y > Definition Let f be a function defined on some open interval that contains 
: the number a, except possibly at a itself. Then 
lim f(x) = —2 
N y = N xa 
means that for every negative number N there is a positive number 6 such that 
FIGURE 11 if O<|x-a|<6 then f(x)<N 


2.4 | Exercises 


1. Use the given graph of f to find a number 6 such that 4. Use the given graph of f(x) = x? to find a number 6 such that 
if |jx-1)<8 then |fG)—1|<02 if |x=1)<8 ‘then |x? = 1) <5 
YA i 
1.24 
i ot 
0.8 
t > 
0 0.7 111 x 


2. Use the given graph of f to find a number 6 such that 


“ 


Use a graph to find a number 6 such that 
if |x-2|<6 then |yx?+5-3|<03 


if O<|x-—3|<d then |[f(x) -2|<05 


yA 
e 6. Use a graph to find a number 6 such that 
2.5 3 
7 
2 if x-—|]<6 © then cos*x —- — | <0.1 
6 4 
157 
FS 7. For the limit 
lim (x* — 3x + 4) = 6 
> os 
: 263 3.8 . illustrate Definition 2 by finding values of 6 that correspond 


toe = 0.2ande = 0.1. 
3. Use the given graph of f(x) = Vx to find a number 6 such 


8. For the limit 


that 
_ ex] 
if |x-4|/<6 then |y¥x —2|<04 lim —7—_ = 2 

yA _ illustrate Definition 2 by finding values of 6 that correspond 
va ya=vx toe = 0.5ande = 0.1. 

pel ~4 9. (a) Use a graph to find a number 6 such that 
1.6 

1 
if 2<x<2+6 then M——> 100 
. In(x — 1) 
0 5 4 9 x 


(b) What limit does part (a) suggest is true? 
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11. 


13. 


14. 


FY 10. 


AS 12. 


CHAPTER 2 Limits and Derivatives 


Given that lim ,., csc’x = ©, illustrate Definition 6 by 
finding values of 5 that correspond to (a) M = 500 and 
(b) M = 1000. 


A machinist is required to manufacture a circular metal disk 

with area 1000 cm’. 

(a) What radius produces such a disk? 

(b) If the machinist is allowed an error tolerance of +5 cm? 
in the area of the disk, how close to the ideal radius in 
part (a) must the machinist control the radius? 

(c) In terms of the «, 6 definition of lim,—, f(x) = L, what 
is x? What is f(x)? What is a? What is L? What value 
of ¢ is given? What is the corresponding value of 6? 


Crystal growth furnaces are used in research to determine 
how best to manufacture crystals used in electronic compo- 
nents. For proper growth of a crystal, the temperature must 
be controlled accurately by adjusting the input power. Sup- 
pose the relationship is given by 


T(w) 


O.lw? + 2.155w + 20 


where T is the temperature in degrees Celsius and w is the 
power input in watts. 

(a) How much power is needed to maintain the temperature 
at 200°C? 

If the temperature is allowed to vary from 200°C by 

up to +1°C, what range of wattage is allowed for the 
input power? 

In terms of the «, 6 definition of lim... f(x) = L, what 
is x? What is f(x)? What is a? What is L? What value of 
€ is given? What is the corresponding value of 6? 


(b) 


(c) 


(a) Find a number 6 such that if x= 2| < 6, then 
|4x — 8] < e, where e = 0.1. 
(b) Repeat part (a) with e = 0.01. 


Given that lim,.2.(5x — 7) = 3, illustrate Definition 2 by 
finding values of 6 that correspond to « = 0.1, « = 0.05, 
and e = 0.01. 


15-18 Prove the statement using the e, 6 definition of a limit 
and illustrate with a diagram like Figure 9. 


15. 


17. 


lim (3x -1)=1 16. lim (2 — 3x) = —4 


Jim, (-2x+ 1)=5 18. lim (2x — 5) = -3 


19-32 Prove the statement using the «, 6 definition of a limit. 


19. 


21. 


23. 


25. 


27. 


lim (1 — 3x) = -2 ay) eo) 
2_2,-—8 9 — 4x? 
ie i 

lim Saal x>-15 3+ 2x 

lim x =a 24. limc=c 

lim x7 = 0 26. limx*? =0 

0 x>0 

lim |x| = 0 ae, a ore 


29. 


31. 


lim (x° — 4x + 5) = 1 30. lim (x* + 2x — 7) = 1 
jim, (x? - 1) =3 32. lim e=8 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Verify that another possible choice of 6 for showing that 
lim,—3x° = 9 in Example 3 is 6 = min{2, e/8}. 


Verify, by a geometric argument, that the largest possible 

choice of 6 for showing that lim ,—3 x? = Vis 

6=/9 +e — 3. 

(a) For the limit lim,—;(x* + x + 1) = 3, use a graph to 
find a value of 6 that corresponds to e = 0.4. 

(b) By solving the cubic equation x* +x + 1=3+ 6, 
find the largest possible value of 6 that works for any 
given e > 0. 

(c) Put « = 0.4 in your answer to part (b) and compare 
with your answer to part (a). 


1 1 
Prove that lim — = —. 
x72 X 


Prove that lim Vx = Ja ifa> 0. 


ve ms a |x — | 
in Use | Vx Ja | fre | 
If H is the Heaviside function defined in Section 2.2, 
prove, using Definition 2, that lim,—.o H(t) does not exist. 
[Hint: Use an indirect proof as follows. Suppose that the 
limit is L. Take ¢ = + in the definition of a limit and try to 
arrive at a contradiction. ] 


If the function f is defined by 


Ge ‘ 


1 if xis irrational 


if x is rational 


prove that lim,_.9 f(x) does not exist. 
By comparing Definitions 2, 3, and 4, prove Theorem 2.3.1: 
lim f(x) =L ifandonlyif lim f(x) = L = lim fO) 


How close to —3 do we have to take x so that 


1 
— > 10,000 
(x + 3)4 
P. ing Definition 6, that li a 
-, = 0 
rove, using Definition 6, that lim, G+ 3) 
Prove that lim Inx = —~, 


x—0t 


Suppose that lim,—., f(x) = % and lim,_., g(x) = c, where 
c is areal number. Prove each statement. 
(a) lim [f() + gx)] = 


(b) lim [flag] =" if > 0 
(©) lim [fxg(a)] = -» if e <0 
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2.5 | Continuity 


B® Continuity of a Function 


We noticed in Section 2.3 that the limit of a function as x approaches a can often be 
found simply by calculating the value of the function at a. Functions having this property 
are called continuous at a. We will see that the mathematical definition of continuity cor- 
responds closely with the meaning of the word continuity in everyday language. (A con- 
tinuous process is one that takes place without interruption.) 


[1] Definition A function f is continuous at a number a if 


lim f(x) = fa) 


As illustrated in Figure 1, if f is con- Notice that Definition | implicitly requires three things if f is continuous at a: 
tinuous, then the points (x, f(x)) on . : ae : 
the graph of f approach the point 1. f(a) is defined (that is, a is in the domain of f) 
(a, f (a)) on the graph. So there is no 2 


. lim f(x) exists 
gap in the curve. xa fx) 


3. lim fx) = f(@) 


YA yer The definition says that f is continuous at a if f(x) approaches f(a) as x approaches 
fox | a. Thus a continuous function f has the property that a small change in x produces only 

x ; : 4 
opiate pe a small change in f(x). In fact, the change in f(x) can be kept as small as we please by 


fia) keeping the change in x sufficiently small. 
| If f is defined near a (in other words, f is defined on an open interval containing a, 
except perhaps at a), we say that f is discontinuous at a (or f has a discontinuity at a) 
| if f is not continuous at a. 

| Physical phenomena are usually continuous. For instance, the displacement or veloc- 
0 eq we ity of a moving vehicle varies continuously with time, as does a person’s height. But 
as x approaches a discontinuities do occur in such situations as electric currents. [The Heaviside function, 

introduced in Section 2.2, is discontinuous at 0 because lim,_,) H(t) does not exist. ] 

FIGURE 1 Geometrically, you can think of a function that is continuous at every number in an 
interval as a function whose graph has no break in it: the graph can be drawn without 


removing your pen from the paper. 


YA EXAMPLE 1 Figure 2 shows the graph of a function f. At which numbers is f discon- 
‘ tinuous? Why? 


SOLUTION It looks as if there is a discontinuity when a = | because the graph has a 
break there. The official reason that f is discontinuous at | is that f(1) is not defined. 
The graph also has a break when a = 3, but the reason for the discontinuity is 
different. Here, f(3) is defined, but lim,—3 f(x) does not exist (because the left and 
right limits are different). So f is discontinuous at 3. 
What about a = 5? Here, (5) is defined and lim,—; f(x) exists (because the left and 
right limits are the same). But 


FIGURE 2 
lim f0) £6) 


So f is discontinuous at 5. | 


Now let’s see how to detect discontinuities when a function is defined by a formula. 
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EXAMPLE2 Where are each of the following functions discontinuous? 


xe-x-2 cia Say 
(a) Or oe (b) fa). = x—2 
1 if x =2 
= if x #0 
(c) fx) = 4x (d) f(x) = [x] 
1 if x=0 


SOLUTION 
(a) Notice that f(2) is not defined, so f is discontinuous at 2. Later we’ll see why f is 
continuous at all other numbers. 
(b) Here f(2) = 1 is defined and 

27>—x-2 Ae Die). _ 


lim f(x) = lim =a lim (x + 1) =3 
him f(x. par x-2 a x—-2 bee ig 


exists. But 


lim f(a) # f2) 


so f is not continuous at 2. 
(c) Here f(0) = 1 is defined but 
ec 
lin fC) = ling 
does not exist. (See Example 2.2.6.) So f is discontinuous at 0. 
(d) The greatest integer function f(x) = [|x] has discontinuities at all of the inte- 


gers because lim,-.,, [x] does not exist if n is an integer. (See Example 2.3.10 and 
Exercise 2.3.55.) B 


Figure 3 shows the graphs of the functions in Example 2. In each case the graph can’t 
be drawn without lifting the pen from the paper because a hole or break or jump occurs 
in the graph. The kind of discontinuity illustrated in parts (a) and (b) is called removable 
because we could remove the discontinuity by redefining f at just the single number 2. 
[If we redefine f to be 3 at x = 2, then f is equivalent to the function g(x) = x + 1, 
which is continuous.] The discontinuity in part (c) is called an infinite discontinuity. 
The discontinuities in part (d) are called jump discontinuities because the function 
“jumps” from one value to another. 


YA YA yA 
e—o 
e—o 
1¢@ 1+ e—o 
> > > $—_—— + + > 
- x 0 x 1 2 3 * 
oo 
(a) A removable discontinuity (b) A removable discontinuity (c) An infinite discontinuity (d) Jump discontinuities 


FIGURE 3 
Graphs of the functions in Example 2 
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[2] Definition A function f is continuous from the right at a number a if 


Jim, f0) = f@ 


and f is continuous from the left at a if 


Jim. fo) = fa 


EXAMPLE3 At each integer n, the function f(x) = [|x] [see Figure 3(d)] is continu- 
ous from the right but discontinuous from the left because 


lim, f(x) = Jim, [x] =n =f) 


but lim f(x) = Jim [x] =n-1A f(n) Ba 


[3] Definition A function f is continuous on an interval if it is continuous at 
every number in the interval. (If f is defined only on one side of an endpoint of the 


interval, we understand continuous at the endpoint to mean continuous from the 
right or continuous from the left.) 


EXAMPLE 4 Show that the function f(x) = 1 — 1 — x? is continuous on the 
interval [—1, 1]. 


SOLUTION If —1 <a < 1, then using the Limit Laws from Section 2.3, we have 


lim f(x) = lim (1 — YT — x?) 


72 xa 


=1- lim af I = Xe (by Laws 2 and 8) 


=1 — [lim (1 — x?) —x?)  (by7) 
=1-/j1-a (by 2, 8, and 10) 
= f(a) 
ya _ 
y=1-V1-x Thus, by Definition 1, f is continuous at a if —1 < a < 1. Similar calculations show that 
1+ 


Jim , f(y) =1=f(-)) and iim fa=1=f)) 


so f is continuous from the right at —1 and continuous from the left at 1. Therefore, 
-] 0 1 x according to Definition 3, f is continuous on[—1, 1]. 
The graph of f is sketched in Figure 4. It is the lower half of the circle 


v 


FIGURE 4 xt(y-1P=1 | 


B® Properties of Continuous Functions 


Instead of always using Definitions 1, 2, and 3 to verify the continuity of a function as 
we did in Example 4, it is often convenient to use the next theorem, which shows how to 
build up complicated continuous functions from simple ones. 
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[4| Theorem If f and g are continuous at a and c is a constant, then the follow- 
ing functions are also continuous at a: 


1. ftg 2. f-—g9 3. cf 


4. fg 5. * if g(a) 40 


PROOF Each of the five parts of this theorem follows from the corresponding Limit 
Law in Section 2.3. For instance, we give the proof of part 1. Since f and g are continu- 
ous at a, we have 

lim f(x) = f(a) and lim g(x) = g(a) 


aa 


Therefore 
lim (f + g)(x) = lim [f@) + 9Q)] 
= lim f(x) + lim gx) (by Law 1) 
= f(@ + gla) 
= (ft g)@) 
This shows that f + g is continuous at a. ca 


It follows from Theorem 4 and Definition 3 that if f and g are continuous on an inter- 
val, then so are the functions f + g, f — g, cf, fg, and (if g is never 0) f/g. The following 
theorem was stated in Section 2.3 as the Direct Substitution Property. 


[5] Theorem 


(a) Any polynomial is continuous everywhere; that is, it is continuous on 


R = (—2, 0), 
(b) Any rational function is continuous wherever it is defined; that is, it is contin- 
uous on its domain. 


PROOF 


(a) A polynomial is a function of the form 
P(x) = Cnx" + Cain ote 28 le CixX + Co 


where co, C},..., C, are constants. We know that 


lim co = Co (by Law 8) 


xa 


and lim x” = a™ m=1,2,...,n (by 10) 

xa 
This equation is precisely the statement that the function f(x) = x’ is a continuous 
function. Thus, by part 3 of Theorem 4, the function g(x) = cx” is continuous. Since P 
is a sum of functions of this form and a constant function, it follows from part | of 
Theorem 4 that P is continuous. 
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yA 
P(cos 6, sin 0) 
eX 
9 > 
0 (1, 0) x 
FIGURE 5 


Another way to establish the limits in 
(6) is to use the Squeeze Theorem 
with the inequality sin 6 < @ (for 


@ > 0), which is proved in Section 3.3. 
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(b) A rational function is a function of the form 


P(x) 
fa) = = 
Q(x) 
where P and Q are polynomials. The domain of f is D = {x € R | Q(x) # O}. We 
know from part (a) that P and Q are continuous everywhere. Thus, by part 5 of Theo- 
rem 4, f is continuous at every number in D. a 


As an illustration of Theorem 5, observe that the volume of a sphere varies continu- 
ously with its radius because the formula V(r) = tars shows that V is a polynomial 
function of r. Likewise, if a ball is thrown vertically into the air with an initial velocity 
of 50 ft/s, then the height of the ball in feet t seconds later is given by the formula 
h = 50t — 1677. Again this is a polynomial function, so the height is a continuous func- 
tion of the elapsed time, as we might expect. 

Knowledge of which functions are continuous enables us to evaluate some limits very 


quickly, as the following example shows. Compare it with Example 2.3.2(b). 


ap dae = I 
EXAMPLES Find lim. —————.. 
x>-2 5 = 3x 
SOLUTION The function 
Fx) xe+2x?-1 
a) ae 
5 — 3x 


is rational, so by Theorem 5 it is continuous on its domain, which is { x|x# 3}. 
Therefore 


i xit2xt=l_ iy, (x) = f(—2) 
Paras 5 = 3x ~ pase “ =o 
(<3) & 0(-0)72 = 4 1 
= = || 
5 — 3(—2) 11 


It turns out that most of the familiar functions are continuous at every number in their 
domains. For instance, Limit Law 11 in Section 2.3 is exactly the statement that root 
functions are continuous. 

From the appearance of the graphs of the sine and cosine functions (Figure 1.2.19), 
we would certainly guess that they are continuous. We know from the definitions of sin 0 
and cos @ that the coordinates of the point P in Figure 5 are (cos 0, sin @). As 6 — 0, we 
see that P approaches the point (1, 0) and so cos @ — | and sin 6 — 0. Thus 

[6] lim cos 6 = 1 lim sin @ = 0 

60 60 
Since cos 0 = 1 and sin 0 = 0, the equations in (6) assert that the cosine and sine func- 
tions are continuous at 0. The addition formulas for cosine and sine can then be used to 
deduce that these functions are continuous everywhere (see Exercises 66 and 67). 
It follows from part 5 of Theorem 4 that 


sin x 


tanx = 
COS x 


is continuous except where cos x = 0. This happens when x is an odd integer multiple 
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120 CHAPTER 2 Limits and Derivatives 
YA 
of 7/2, so y = tan x has infinite discontinuities when x = +27/2, 32/2, +57/2, and 
so on (see Figure 6). 

The inverse function of any continuous one-to-one function is also continuous. (This 
fact is proved in Appendix F, but our geometric intuition makes it seem plausible: the 
a 3x *  graphof f | is obtained by reflecting the graph of f about the line y = x. So if the graph 

7 of f has no break in it, neither does the graph of f~'.) Thus the inverse trigonometric 
functions are continuous. 

In Section 1.4 we defined the exponential function y = b* so as to fill in the holes in 
the graph of y = b* where x is rational. In other words, the very definition of y = b* 
FIGURE 6 makes it a continuous function on R. Therefore its inverse function y = log, x is con- 
y =tanx tinuous on (0, ©). 


RS) 
] 
RY 


The inverse trigonometric functions Theorem The following types of functions are continuous at every number in 
are reviewed in Section 1.5. their domains: 


¢ polynomials ¢ rational functions ¢ root functions 


* trigonometric functions ° inverse trigonometric functions 


e exponential functions ¢ logarithmic functions 


In x + tan™!x 


EXAMPLE6 Where is the function f(x) = ar eee continuous? 
= 

SOLUTION We know from Theorem 7 that the function y = In x is continuous for x > 0 
and y = tan’ ‘x is continuous on R. Thus, by part 1 of Theorem 4, y = Inx + tan” ‘x is 
continuous on (0, %). The denominator, y = x? — lisa polynomial, so it is continuous 
everywhere. Therefore, by part 5 of Theorem 4, f is continuous at all positive numbers 
x except where x7 — 1 = 0 <> x = +1. So f is continuous on the intervals (0, 1) 
and (1, %). | 

sin x 


EXAMPLE7 Evaluate lim 


xn 2 + cosx 
SOLUTION Theorem 7 tells us that y = sin x is continuous. The function in the 
denominator, y = 2 + cos x, is the sum of two continuous functions and is therefore 


continuous. Notice that this function is never 0 because cos x = —1 for all x and so 
2 + cos x > 0 everywhere. Thus the ratio 


is continuous everywhere. Hence, by the definition of a continuous function, 


i sin x area = sin 7 _ 0) _ 
che ok Pea iNe 2 + cos 7 2-1 


0 | 


Another way of combining continuous functions f and g to get a new continuous 
function is to form the composite function f° g. This fact is a consequence of the follow- 
ing theorem. 


This theorem says that a limit symbol 
can be moved through a function sym- 
bol if the function is continuous and the 
limit exists. In other words, the order of 
these two symbols can be reversed. 


Theorem If f is continuous at b and lim g(x) = b, then lim f(g(x)) = f(b). 
In other words, i a 


lim f(g(2)) = f{ lim g(x)) 
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SECTION 2.5 Continuity 121 


Intuitively, Theorem 8 is reasonable because if x is close to a, then g(x) is close to b, 
and since f is continuous at b, if g(x) is close to b, then f(g(x)) is close to f(b). A proof 
of Theorem 8 is given in Appendix F. 

PR 
EXAMPLE 8 Evaluate lim wes =) 
x= —-xX 


SOLUTION Because arcsin is a continuous function, we can apply Theorem 8: 


— =) resi li 1) 


lim arcsin{ ————— 
x1 1 = xX x1 1 = xX 


I 


Il 


wes 


1 
arcsin| lim ————>= 
(1 1+ =) 


. T 
= arcsin — = — || 
2 6 


I 


Let’s now apply Theorem 8 in the special case where f(x) = 4/x, with n being a posi- 
tive integer. Then 


f(g) = Vg) 
and r( lim g(x)) = +/Tim g(a) 
If we put these expressions into Theorem 8, we get 
lim g(x) = 1/ lim g(x) 


and so Limit Law 7 has now been proved. (We assume that the roots exist.) 


[9] Theorem If g is continuous at a and f is continuous at g(a), then the com- 


posite function f° g given by (f° g)(x) = f(g(x)) is continuous at a. 


This theorem is often expressed informally by saying “a continuous function of a 
continuous function is a continuous function.” 


PROOF Since g is continuous at a, we have 
lim g(x) = g(a) 
Since f is continuous at b = g(a), we can apply Theorem 8 to obtain 


lim f(g(a)) = f(g(@) 


which is precisely the statement that the function h(x) = f(g(x)) is continuous at a; 
that is, f° g is continuous at a. a 
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EXAMPLE9 Where are the following functions continuous? 
(a) h(x) = sin(x?) (b) F(x) = In(1 + cos x) 


SOLUTION 
(a) We have h(x) = f(g(x)), where 


(x)=a2 and f(a) = sinx 
al Ve g an sin 


We know that g is continuous on R since it is a polynomial, and f is also continuous 
everywhere. Thus h = f° g is continuous on R by Theorem 9. 


(b) We know from Theorem 7 that f(x) = In x is continuous and g(x) = 1 + cos x is 
continuous (because both y = | and y = cos x are continuous). Therefore, by Theo- 
rem 9, F(x) = f(g(x)) is continuous wherever it is defined. The expression In(1 + cos x) 
is defined when | + cos x > 0, so it is undefined when cos x = —1, and this happens 
FIGURE 7 when x = +7, +377,....Thus F has discontinuities when x is an odd multiple of 7 

y = In(1 + cos x) and is continuous on the intervals between these values (see Figure 7). |_| 


® The Intermediate Value Theorem 


An important property of continuous functions is expressed by the following theorem, 
whose proof is found in more advanced books on calculus. 


The Intermediate Value Theorem Suppose that f is continuous on the 


closed interval [a, b] and let N be any number between f(a) and f(b), where 
f(a # f(b). Then there exists a number c in (a, b) such that f(c) = N. 


The Intermediate Value Theorem states that a continuous function takes on every inter- 
mediate value between the function values f(a) and f(b). It is illustrated by Figure 8. Note 
that the value N can be taken on once [as in part (a)] or more than once [as in part (b)]. 


(a) (b) 
FIGURE 8 


If we think of a continuous function as a function whose graph has no hole or break, 
then it is easy to believe that the Intermediate Value Theorem is true. In geometric terms 
it says that if any horizontal line y = N is given between y = f(a) and y = f(b) as in Fig- 
ure 9, then the graph of f can’t jump over the line. It must intersect y = N somewhere. 

It is important that the function f in Theorem 10 be continuous. The Intermediate 
FIGURE 9 Value Theorem is not true in general for discontinuous functions (see Exercise 52). 
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SECTION 2.5 Continuity 123 


One use of the Intermediate Value Theorem is in locating solutions of equations as in 
the following example. 


EXAMPLE 10 Show that there is a solution of the equation 
4x3 — 6x? + 3x -2=0 
between | and 2. 


SOLUTION Let f(x) = 4x* — 6x* + 3x — 2. We are looking for a solution of the 
given equation, that is, a number c between | and 2 such that f(c) = 0. Therefore we 
take a = 1, b = 2, and N = O in Theorem 10. We have 


fl) =4-64+3-2=-1<0 
and f(2) =32 -24+6-2=12>0 


Thus f(1) < 0 < f(2); that is, N = 0 is a number between f(1) and f(2). The 
function f is continuous since it is a polynomial, so the Intermediate Value Theorem 
says there is a number c between | and 2 such that f(c) = 0. In other words, the 
equation 4x* — 6x? + 3x — 2 = Ohas at least one solution c in the interval (1, 2). 

In fact, we can locate a solution more precisely by using the Intermediate Value 
Theorem again. Since 


f(.2) = —0.128 < 0 and f(.3) = 0.548 > 0 
a solution must lie between 1.2 and 1.3. A calculator gives, by trial and error, 
f(1.22) = —0.007008 < 0 and £1.23) = 0.056068 > 0 


so a solution lies in the interval (1.22, 1.23). | 
We can use a graphing calculator or computer to illustrate the use of the Intermediate 
Value Theorem in Example 10. Figure 10 shows the graph of f in the viewing rectangle 


[—1, 3] by [—3, 3] and you can see that the graph crosses the x-axis between | and 2. 
Figure 11 shows the result of zooming in to the viewing rectangle[1.2, 1.3] by[—0.2, 0.2]. 


3 0.2 
S 3 1.2 x ; 
=3 —0.2 


FIGURE 10 FIGURE 11 


In fact, the Intermediate Value Theorem plays a role in the very way these graphing 
devices work. A computer calculates a finite number of points on the graph and turns on 
the pixels that contain these calculated points. It assumes that the function is continuous 
and takes on all the intermediate values between two consecutive points. The computer 
therefore “connects the dots” by turning on the intermediate pixels. 
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2.5 | Exercises 


1. Write an equation that expresses the fact that a function f is 
continuous at the number 4. 


2. If f is continuous on (—, ©), what can you say about its 
graph? 


3. (a) From the given graph of f, state the numbers at which f 
is discontinuous and explain why. 
(b) For each of the numbers stated in part (a), determine 
whether f is continuous from the right, or from the left, 
or neither. 


yA 


4. From the given graph of g, state the numbers at which g is 
discontinuous and explain why. 


4-2 


YA 


5-6 The graph of a function f is given. 

(a) At what numbers a does lim... f(x) not exist? 

(b) At what numbers a is f not continuous? 

(c) At what numbers a does lim... f(x) exist but f is not 
continuous at a? 


5. y 6. y 


Rv 


2 
xl 


7-10 Sketch the graph of a function f that is defined on IR and 
continuous except for the stated discontinuities. 


7. Removable discontinuity at —2, infinite discontinuity at 2 


8. Jump discontinuity at —3, removable discontinuity at 4 


9. Discontinuities at 0 and 3, but continuous from the right at 0 
and from the left at 3 


10. Continuous only from the left at —1, not continuous from the 
left or right at 3 


11 


The toll T charged for driving on a certain stretch of a toll 

road is $5 except during rush hours (between 7 AM and 10 AM 

and between 4 PM and 7 pm) when the toll is $7. 

(a) Sketch a graph of T as a function of the time ¢, measured 
in hours past midnight. 

(b) Discuss the discontinuities of this function and their 
significance to someone who uses the road. 


12. Explain why each function is continuous or discontinuous. 

(a) The temperature at a specific location as a function of 
time 

(b) The temperature at a specific time as a function of the 
distance due west from New York City 

(c) The altitude above sea level as a function of the distance 
due west from New York City 

(d) The cost of a taxi ride as a function of the distance 
traveled 

(e) The current in the circuit for the lights in a room as a 
function of time 


13-16 Use the definition of continuity and the properties of limits 
to show that the function is continuous at the given number a. 


13. f(x) = 3x? + (x+2), a=-1 


t? + 5t 
2t+1’ 


15. p(v) = 2/307 +1, a=1 


16. f(r) = */4r?—2r +7, a=-2 


14. g(t) = a=2 


17-18 Use the definition of continuity and the properties of limits 
to show that the function is continuous on the given interval. 


17. f(x) =x+7¥x-—4, [4,%) 


=] 


18. g(x) 


19-24 Explain why the function is discontinuous at the given 
number a. Sketch the graph of the function. 


19. = =—3 

f (x) 5 a 
ae ee 

20. f(x) =4x4+2 °° a=-2 
1 if x = —2 
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x+3 ifx<-l 
2* if 1S =] 


cos x if x<0O 


23. f(x) = 40 if x=0 a=0 
l1-x? ifx>0 
2x? — 5x — 3 
if 
2a f(ix)=h x3 *7F ga 
6 if x =3 


25-26 
(a) Show that f has a removable discontinuity at x = 3. 


(b) Redefine f(3) so that f is continuous at x = 3 (and thus the 


discontinuity is “removed’’). 


25. f(x) = 26. f(x) = 


x 9 x= 3 


x—3 x? — 7x + 12 
2_ 


27-34 Explain, using Theorems 4, 5, 7, and 9, why the 
function is continuous at every number in its domain. State 
the domain. 


ee 28. g(v) =< 2+ 

. 0 2 a ——— le 0) =. 
Sei +2 g p> +2v—- 15 

29. A(t) = en) 

30. B(u) = /3u — 2 + 3/2u — 3 


31. L(v) = vIn(1 — 0”) 32. f() =e In(I + 2) 


33. M(x) = ee 
na 


34. g(t) = cos ‘(e’ — 1) 


35-38 Use continuity to evaluate the limit. 


35. lim x/20 — x? 


x72 


36. lim, sin(tan(cos @)) 


— 


. SX" : sR 
37. lim In 38. lim 3x" 
xl +x x4 


4 39-40 Locate the discontinuities of the function and illustrate 


by graphing. 
1 


ae a ered 


1 
40. y = arctan — 
x 
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41-42 Show that f is continuous on (—%, °). 


41. 


42. 


f(a) = 1-x? ifx<1 
sd Inx ifx>1 


FG) = bee if x < 7/4 


cosx if x= 7/4 


43-45 Find the numbers at which f is discontinuous. At which 
of these numbers is f continuous from the right, from the left, 
or neither? Sketch the graph of f. 


5 


x if x< —-1 


43. f(x)= 5x if-l<x<1 
I/x ifx2e1 
2 ifx<1 
44. f(x) =43-x if l<x<4 
vx ifx>4 
x+2 ifx<0 
45. f(x) = e* if0O<x<1 
2=xX% tx 1 
46. The gravitational force exerted by the planet Earth on a unit 


47. 


48. 


50. 


mass at a distance r from the center of the planet is 


GM. 
— ifr<R 
F(r) = GM 
; if r=R 
r 


where M is the mass of Earth, R is its radius, and G is the 
gravitational constant. Is F a continuous function of r? 


For what value of the constant c is the function f continu- 
ous on (—%, 2)? 


xe-—cx ifxe2 


cx? +2x if x<2 
sa 


Find the values of a and b that make f continuous 
everywhere. 


x4 . 
if. <2. 
_ x—2 
i cael gee ee a a eee 
2x -—atb if x=>3 


. Suppose f and g are continuous functions such that g(2) = 6 


and lim,—2 [3 f(x) + f(x)g(x)] = 36. Find f(2). 


Let f(x) = 1/x and g(x) = 1/x’. 
(a) Find (f° g)(x). 
(b) Is f° g continuous everywhere? Explain. 
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51. Which of the following functions f has a removable discon- 66. To prove that sine is continuous, we need to show that 
tinuity at a? If the discontinuity is removable, find a func- lim,—., sinx = sina for every real number a. By Exer- 
tion g that agrees with f for x # a and is continuous at a. cise 65 an equivalent statement is that 

x 
(a) f(x) = , a=l lim sin(a + h) = sina 
5 x—| h-0 
3 2 
xv x" 2x Use (6) to show that this is true. 
(b) f(x) 5 e=2 a 
67. Prove that cosine is a continuous function. 


(c) f(x) =| sinx], a=a7 
68. (a) Prove Theorem 4, part 3. 


52. Suppose that a function f is continuous on [0, 1] except at (b) Prove Theorem 4, part 5. 
0.25 and that f(0) = 1 and f(1) = 3. Let N = 2. Sketch 
two possible graphs of f, one showing that f might not sat- 
isfy the conclusion of the Intermediate Value Theorem and 


69. Use Theorem 8 to prove Limit Laws 6 and 7 from 
Section 2.3. 


one showing that f might still satisfy the conclusion of the 70. Is there a number that is exactly | more than its cube? 
Intermediate Value Theorem (even though it doesn’t satisfy 71. For what values of x is f continuous? 
the hypothesis). 
53. If f(x) = x* + 10 sin x, show that there is a number c such f= 0 it ¥ i mallenal 
that f(c) = 1000. 1 if x is irrational 
54. Suppose f is continuous on [1, 5] and the only solutions of 72. For what values of x is g continuous? 
the equation f(x) = 6 are x = | and x = 4. If f(2) = 8, Ss 
explain why f(3) > 6. se 0 if xis rational 
x if x is irrational 


55-58 Use the Intermediate Value Theorem to show that there 


is a solution of the given equation in the specified interval. 73. Show that the function 

BP zl 1 
55. —x°+4x+1=0, (1,0) () = x*sin(1/x) if x #0 
56. Inx=x—- Vx, (2,3) PO=)o if x=0 
57. e© =3 — 2x, (0,1) 58. sinx =x*— x, (1,2) 


is continuous on (—%, °%). 


74. If a and b are positive numbers, prove that the equation 


59-60 
(a) Prove that the equation has at least one real solution. e B 
: t 0 
(b) Use a calculator to find an interval of length 0.01 that ce a reer 
contains a solution. 
59. cosx =x? 60. Inx = 3 — 2x has at least one solution in the interval (—1, 1). 


75. A Tibetan monk leaves the monastery at 7:00 AM and 


FY 61-62 takes his usual path to the top of the mountain, arriving at 
(a) Prove that the equation has at least one real solution. 7:00 pM. The following morning, he starts at 7:00 Am at the 
(b) Find the solution correct to three decimal places, by top and takes the same path back, arriving at the monastery 

graphing. at 7:00 pm. Use the Intermediate Value Theorem to show 
oe ; _ that there is a point on the path that the monk will cross at 
ST. 1002 = 0.01x 62. arctanx = 1 — x exactly the same time of day on both days. 
76. Absolute Value and Continuity 
63-64 Prove, without graphing, that the graph of the function (a) Show that the absolute value function F(x) = |x| is 
has at least two x-intercepts in the specified interval. continuous everywhere. 
63. y= sinx’, (1,2) 64. y=x?-3 4+ 1/x, (0,2) (b) Prove that if f is a continuous function on an interval, 
‘ then so is | f |. 
(c) Is the converse of the statement in part (b) also true? 
65. Prove that f is continuous at a if and only if In other words, if | f | is continuous, does it follow 
lim fla + #) =f) that f is continuous? If so, prove it. If not, find a 
h—>0 counterexample. 
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2.6 | Limits at Infinity; Horizontal Asymptotes 


In Sections 2.2 and 2.4 we investigated infinite limits and vertical asymptotes of a curve 
y = f(x). There we let x approach a number and the result was that the values of y 
became arbitrarily large (positive or negative). In this section we let x become arbitrarily 
large (positive or negative) and see what happens to y. 


& Limits at Infinity and Horizontal Asymptotes 
Let’s begin by investigating the behavior of the function f defined by 


x1 
x) => 
x £2) ee 
0 =| as x becomes large. The table at the left gives values of this function correct to six deci- 
+] 0 mal places, and the graph of f has been drawn by a computer in Figure 1. 
aD 0.600000 
+3 0.800000 y 
+4 0.882353 
+5 0.923077 
+10 0.980198 
+50 0.999200 
+100 0.999800 
+1000 0.999998 FIGURE 1 


You can see that as x grows larger and larger, the values of f(x) get closer and closer 
to 1. (The graph of f approaches the horizontal line y = | as we look to the right.) In 
fact, it seems that we can make the values of f(x) as close as we like to 1 by taking x 
sufficiently large. This situation is expressed symbolically by writing 


In general, we use the notation 
lim f(x) = L 
to indicate that the values of f(x) approach L as x becomes larger and larger. 


[1] Intuitive Definition of a Limit at Infinity Let f be a function defined on 
some interval (a, %). Then 


lim f(x) = L 


means that the values of f(x) can be made arbitrarily close to L by requiring x to 
be sufficiently large. 


Another notation for lim,—. f(x) = L is 


f(y) —L as x7” 
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The symbol ~ does not represent a number. Nonetheless, the expression lim f(x) = L is 
often read as = 
“the limit of f(x), as x approaches infinity, is L” 


or “the limit of f(x), as x becomes infinite, is L” 


or “the limit of f(x), as x increases without bound, is L” 


The meaning of such phrases is given by Definition 1. A more precise definition, similar 
to the e, 6 definition of Section 2.4, is given at the end of this section. 

Geometric illustrations of Definition 1 are shown in Figure 2. Notice that there are 
many ways for the graph of f to approach the line y = L (which is called a horizontal 
asymptote) as we look to the far right of each graph. 


RY 


FIGURE 2 Examples illustrating lim f(x) = L 


Referring back to Figure 1, we see that for numerically large negative values of x, the 
values of f(x) are close to 1. By letting x decrease through negative values without 
bound, we can make f(x) as close to | as we like. This is expressed by writing 


iat 


lim —=——=1 
xo-e x + 1 


The general definition is as follows. 


[2] Definition Let f be a function defined on some interval (—~, a). Then 


Jim, f(x) = L 


means that the values of f(x) can be made arbitrarily close to L by requiring x to 
be sufficiently large negative. 


- Again, the symbol —© does not represent a number, but the expression lim f(x) = L 
is often read as ni 
YA 
“the limit of f(x), as x approaches negative infinity, is L” 
y= fix) Definition 2 is illustrated in Figure 3. Notice that the graph approaches the line y = Las 
y=L ae we look to the far left of each graph. 
0 x [3] Definition The line y = Lis called a horizontal asymptote of the curve 


y = f(x) if either 


FIGURE 3 lim f(x) =L or lim f(x) =L 
Examples illustrating lim f(x) = L — ann 
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vig 


ta 


iy 


FIGURE 4 


y = tan 'x 


FIGURE 5 


FIGURE 6 


. 1 : 1 
lim —=0, lim —=0 


x70 X xX-O X 
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For instance, the curve illustrated in Figure | has the line y = | as a horizontal asymp- 


tote because 


An example of a curve with two horizontal asymptotes is y = tan” 'x. (See Figure 4.) 
In fact, 


[4] lim tan!x = —— lim tan"! = — 
x0 2 x0 2 
so both of the lines y = —7/2 and y = 7/2 are horizontal asymptotes. (This follows 


from the fact that the lines x = +7/2 are vertical asymptotes of the graph of the tangent 
function.) 


EXAMPLE 1 Find the infinite limits, limits at infinity, and asymptotes for the function 

Ff whose graph is shown in Figure 5. 

SOLUTION We see that the values of f(x) become large as x —> —1 from both sides, so 
lim, f(x) = % 


Notice that f(x) becomes large negative as x approaches 2 from the left, but large 
positive as x approaches 2 from the right. So 


lim f(x) = -% and lim, f(x) =” 
Thus both of the lines x = —1 and x = 2 are vertical asymptotes. 


As x becomes large, it appears that f(x) approaches 4. But as x decreases through 
negative values, f(x) approaches 2. So 


lim f(x) = 4 and jim f(x) =2 


This means that both y = 4 and y = 2 are horizontal asymptotes. B 


EXAMPLE 2 Find lim = and lim = 


x70 X X7>-0 XY 
SOLUTION Observe that when x is large, 1/x is small. For instance, 


1 1 
— = 0.01 —— = 0.0001 ———. = 0.000001 
100 10,000 1,000,000 
In fact, by taking x large enough, we can make 1/x as close to 0 as we please. There- 
fore, according to Definition 1, we have 
| 
lim — = 0 
x70 YX 
Similar reasoning shows that when x is large negative, 1/x is small negative, so we also 
have 


It follows that the line y = 0 (the x-axis) is a horizontal asymptote of the curve 
y = 1/x. (This is a hyperbola; see Figure 6.) a 
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@ Evaluating Limits at Infinity 


Most of the Limit Laws that were given in Section 2.3 also hold for limits at infinity. It 
can be proved that the Limit Laws listed in Section 2.3 (with the exception of Laws 10 and 
11) are also valid if “x — a” is replaced by “x — ©” or “x — —®,” In particular, if we 
combine Laws 6 and 7 with the results of Example 2, we obtain the following important 
rule for calculating limits. 


[5] Theorem If r > 0 is a rational number, then 


lim — 


x70 YX 


EXAMPLE3 Evaluate the following limit and indicate which properties of limits are 
used at each stage. 
po oe ee 2 
lim —>———— 
xe 5x° + 4x 4+ 1 


SOLUTION As x becomes large, both numerator and denominator become large, so it 
isn’t obvious what happens to their ratio. We need to do some preliminary algebra. 

To evaluate the limit at infinity of any rational function, we first divide both the 
numerator and denominator by the highest power of x that occurs in the denominator. 
(We may assume that x # 0, since we are interested only in large values of x.) In this 
case the highest power of x in the denominator is x*, so we have 


3x7 —x—2 3 1 2 
_ 3x? -x-2 ; x? i x x 
lim => = lim =; = lim 
xe Sx + 4x + 1 xen 5x7 + 4x +] xox 4 1 
a 2b Spo 
x Xx x 
1 2, 
him | 3 === = 
xe x x 
YA = (by Limit Law 5) 
2 : 4 1 
y = 0.6 find) 
x0 x x 
> 
0 1 x 1 
lim 3 — lim 2 lim —; 
xo x0 X X30 X~ 
= i 1 (by 1, 2, and 3) 
lim 5 + 4 lim — + lim — 
x0 XOX x0 X 
3.=0.=0 
See (by 8 and Theorem 5) 
5+0+0 
3 
FIGURE 7 aps 
be == 5 
. 5x? + 4x + 1 A similar calculation shows that the limit as x — —~© is also 2. Figure 7 illustrates the 
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FIGURE 8 
— f2x? +1 
a Sg § 


We can think of the given function as 
having a denominator of 1. 


FIGURE 9 
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results of these calculations by showing how the graph of the given rational function 
approaches the horizontal asymptote y = : = 0.6. a 


EXAMPLE 4 Find the horizontal asymptotes of the graph of the function 


SOLUTION Dividing both numerator and denominator by x (which is the highest power 
of x in the denominator) and using the properties of limits, we have 


J2x° +1 2x7 +1 


. Ix? + 1 . x . x? : 
lim = lim = lim (since Vx? = x for x > 0) 
x0 3x — 5 x>e 3x — 5 xe 3x = 5 


Xx Xx 


1 ; glk 

tin e+e aflimes in vero _ va 
= 5\ 1. 3-5:0. 3 
lim (3-4) lim 3 — 5 lim — 
xn xa X32 XY 


Xx 


Therefore the line y = \/2 /3 is a horizontal asymptote of the graph of f. 
In computing the limit as x — —%, we must remember that for x < 0, we have 
/x? = |x| = —x. So when we divide the numerator by x, for x < 0 we get 


Jett Joe Fl xr + 1 ‘| nl 


x —4/ x2 x x? 
Therefore 
——T 2+ a - 2 + lim —; 
, 2x? + 1 . x2 x0 x2 2 
3-5 =<. . 5 i. 3 
ee _ 3-= a= 3h 
X X20 XN 

Thus the line y = —,/2 /3 is also a horizontal asymptote. See Figure 8. BH 


EXAMPLE5 Compute lim (/x? + 1 — x). 


SOLUTION Because both ./x? + 1 and x are large when x is large, it’s difficult to see 
what happens to their difference, so we use algebra to rewrite the function. We first 
multiply numerator and denominator by the conjugate radical: 


Vvx2+1 +x 

lim (,/x2 + 1 — x) = lim (/x? + 1 ._ — 
lim ( ) jot ) Vx2+1+x 
(x? + 1) — x? ; 1 
m im —— 

xoe J/y? + 14+ x ama Vvx2+14+x 


Notice that the denominator of this last expression ( ae ae Os x) becomes large as 
x — & (it’s bigger than x). So 


ss 1 
lim (./x? + 1 — x) = lim =0 
Ae tv ) ze x? +1 +x 
Figure 9 illustrates this result. | 
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132 CHAPTER 2 Limits and Derivatives 


1 
EXAMPLE 6 Evaluate lim acan( 5). 
x22? x7 


SOLUTION If we let t = 1/(x — 2), we know that t— © as x — 2*. Therefore, by the 
second equation in (4), we have 


. 7 
= lim arctan f= -~- | 


t—> 00 


lim arctan 


x22t x- 

The graph of the natural exponential function y = e* has the line y = 0 (the 
x-axis) as a horizontal asymptote. (The same is true of any exponential function with 
base b > 1.) In fact, from the graph in Figure 10 and the corresponding table of val- 
ues, we see that 


[6] lim e* = 0 


Notice that the values of e* approach 0 very rapidly. 


x e 
0 1.00000 
= 0.36788 
—2 0.13534 
—3 0.04979 
rar) 0.00674 
—8 0.00034 
FIGURE 10 —10 0.00005 


EXAMPLE7 Evaluate lim eu 


[Ei The problem-solving strategy for SOLUTION If we let t = 1/x, we know that t—> —% as x > 0°. Therefore, by (6), 


Examples 6 and 7 is introducing something 


extra (see Principles of Problem Solving lim e'* = lim e'=0 


following Chapter 1). Here, the something —— — 
extra, the auxiliary aid, is the new variable t. (See Pxencse $15 = 
EXAMPLE 8 Evaluate lim sin x. 
x—>00 
SOLUTION As x increases, the values of sin x oscillate between 1 and —1 infinitely often 
and so they don’t approach any definite number. Thus lim ,—... sin x does not exist. a 


Bf Infinite Limits at Infinity 
The notation 


lim f(x) = 2 


x20 


is used to indicate that the values of f(x) become large as x becomes large. Similar mean- 
ings are attached to the following symbols: 


lim f@)== lim fa) =—= tim, f(a) = —» 
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FIGURE 11 


lim x7 = ©, lim x3 = —00 


x00 x30 


FIGURE 12 


e* is much larger than x* when 


x is large. 
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EXAMPLE9 Find lim x? and lim x’. 


x0 x—>—00 


SOLUTION When x becomes large, x* also becomes large. For instance, 
10° = 1000 100° = 1,000,000 1000° = 1,000,000,000 


In fact, we can make x as big as we like by requiring x to be large enough. Therefore 
we can write 


lim x7 = 


x0 


Similarly, when x is large negative, so is x*. Thus 


lim x° = 
These limit statements can also be seen from the graph of y = x° in Figure 11. a 
Looking at Figure 10 we see that 
lim e* = % 


but, as Figure 12 demonstrates, y = e* becomes large as x — © at a much faster rate 
than y = x’, 


EXAMPLE 10 Find lim =a): 


SOLUTION Limit Law 2 says that the limit of a difference is the difference of the 
limits, provided that these limits exist. We cannot use Law 2 here because 


lim x? = © and lim x = © 


x00 x0 


@ In general, the Limit Laws can’t be applied to infinite limits because © is not a number 
(co — © can’t be defined). However, we can write 


lim (x? — x) = lim x(x — 1) = % 


x—00 


because both x and x — 1 become arbitrarily large and so their product does too. | 


2 
+ 
EXAMPLE 11 Find lim ———. 
x>~ 3-— xX 
SOLUTION As in Example 3, we divide the numerator and denominator by the highest 
power of x in the denominator, which is simply x: 


BEX ~ xt 
lim = lim = —o 
x—>00 3-x x—00 3 
a4 
x 
because x + 1 — ~ and 3/x -1—~0-1=-—lasx—>». o 
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The next example shows that by using infinite limits at infinity, together with inter- 
cepts, we can get a rough idea of the graph of a polynomial without having to plot a large 
number of points. 


EXAMPLE 12 Sketch the graph of y = (x — 2)*(x + 1)*(x — 1) by finding its 
intercepts and its limits as x — ~ and as x > —%, 


SOLUTION The y-intercept is f(0) = (—2)*(1)°(—1) 16 and the x-intercepts are 
found by setting y = 0: x = 2, —1, 1. Notice that since (x — 2)* is never negative, the 
function doesn’t change sign at 2; thus the graph doesn’t cross the x-axis at 2. The 
graph crosses the axis at —1 and 1. 

When x is large positive, all three factors are large, so 


lim (x — 2)*(x + 1)3(x — 1) = 


When x is large negative, the first factor is large positive and the second and third 
factors are both large negative, so 


Jim | (x — 2)4@ + 1I)?(x — 1) = 


FIGURE 13 
y = (x — 2)*(x + R(x - 1) Combining this information, we give a rough sketch of the graph in Figure 13. o 


@ Precise Definitions 


Definition 1 can be stated precisely as follows. 


Precise Definition of a Limit at Infinity Let f be a function defined on 
some interval (a, ©). Then 


lim f(x) = L 


means that for every e > 0 there is a corresponding number WN such that 


if x>N then (|f(x)-Lil <e 


In words, this says that the values of f(x) can be made arbitrarily close to L (within a 
distance ¢, where € is any positive number) by requiring x to be sufficiently large (larger 
than N, where N depends on €). Graphically, it says that by keeping x large enough 
(larger than some number N) we can make the graph of f lie between the given horizon- 
tal lines y = L — ¢ and y=L + € as in Figure 14. This must be true no matter how 
small we choose «. 


FIGURE 14 
jim fM=L when x is in here 
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Figure 15 shows that if a smaller value of ¢ is chosen, then a larger value of N may 
be required. 


FIGURE 15 
lim f(x) =L 


Similarly, a precise version of Definition 2 is given by Definition 8, which is illus- 
trated in Figure 16. 


Definition Let f be a function defined on some interval (—, a). Then 
lim f(x) = L 


means that for every e > 0 there is a corresponding number N such that 


if x<N then |f(x)-Lil<e 


FIGURE 16 
lim fw =L 


In Example 3 we calculated that 


3x7 —x-2 3 


lim —> 
xe 5x° + 4x + 1 5 


In the next example we use a calculator (or computer) to relate this statement to Defini- 
tion 7 with L = 2 = 0.6 and e = 0.1. 


EXAMPLE 13 Use a graph to find a number N such that 


. 3x7 -—x-2 
if x>N then —_———_ — 0.6} < 0.1 
5x° + 4x + 1 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


136 CHAPTER 2 Limits and Derivatives 


SOLUTION We rewrite the given inequality as 


pg et ae 
; 5x7 +4x4+ 1 , 


1 We need to determine the values of x for which the given curve lies between the horizon- 
tal lines y = 0.5 and y = 0.7. So we graph the curve and these lines in Figure 17. Then 
we use the graph to estimate that the curve crosses the line y = 0.5 when x ~ 6.7. To the 
right of this number it seems that the curve stays between the lines y = 0.5 and y = 0.7. 
Rounding up to be safe, we can say that 


= 3x?-x-2 
<3 15 if x>7 th sae oat 0.6) <0.1 
é i n i) : 
. : 5x? + 4x41 
FIGURE 17 ; 
In other words, for ¢ = 0.1 we can choose N = 7 (or any larger number) in Defini- 
tion 7. a 
1 
EXAMPLE 14 Use Definition 7 to prove that lim — = 0. 
x0 X 
SOLUTION Given ¢ > 0, we want to find N such that 
‘ 1 
if x>N then —-0|<e 
x 
In computing the limit we may assume that x > 0. Then 1/x < ¢ <> x > I/e. Let’s 
choose N = I/s. So 
1 1 1 
if x>N=— then —-0|=—-<e 
€ % x 
Therefore, by Definition 7, 
. ol 
lim — = 0 
x0 x 
Figure 18 illustrates the proof by showing some values of ¢ and the corresponding 
values of N. 
YA YA YA 
é=1 
| = €=0.2 > €=(,1 = 
0} N=1 x 0 N=5 x 0 N=10 x 
FIGURE 18 oO 
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YA Finally we note that an infinite limit at infinity can be defined as follows. The geomet- 
i ric illustration is given in Figure 19. 
M 
[9] Precise Definition of an Infinite Limit at Infinity Let f be a function 
defined on some interval (a, ©). Then 
> 
0 Nx lim f(x) = % 
FIGURE 19 means that for every positive number M there is a corresponding positive number 
= is N such that 
if x>N then f(y) >M 
Similar definitions apply when the symbol is replaced by —~. (See Exercise 80.) 
2.6 | Exercises 
1. Explain in your own words the meaning of each of the y 
following. 
(a) lim f(x) =5 (b) lim f(x) =3 
x0 x30 iT 
2. (a) Can the graph of y = f(x) intersect a vertical asymptote? > 


Can it intersect a horizontal asymptote? Illustrate by 
sketching graphs. 

(b) How many horizontal asymptotes can the graph of 
y = f(x) have? Sketch graphs to illustrate the possibilities. 


3. For the function f whose graph is given, state the following. . . 
(a) lim f(x) (b) lim f(x) 5-10 Sketch the graph of an example of a function f that satisfies 


all of the given conditions. 


(ey tim $C) (lim fC) 5. f(2)=4, f(-2)=—4, lim f(x) =0, lim f(x) =2 


(e) The equations of the asymptotes 
6. f(0)=0, lim fi) ==, lim f(a) = —=, 


Jim f(®) = -2, lim f(a) = -2 


7. lim f(x) = %, jim. f(x) = -%, lim, f(x) = %, 


lim, f(x) = 1, Tim f(x) = 1 


8. lim f(x) = -%, lim f(x) = %, lim , f(x) = -%, 


lim f(x) = % lim f(x) = % 


9. f(0) =0, lim f(x) = —-~, lim f(x) = —~, fis odd 
4. For the function g whose graph is given, state the following. beg: pen 


(a) lim g(x) (b) lim g(x) 10. lim f(x)=—1, lim f(x) =, lim, f(x) = —%, 
(c) lim g(x) (d) lim g(x) lim f(a) = 1, fG)=4, lim, f@) = 4, lim f(a) = 1 
(e) lim, g(x) (f) The equations of the asymptotes 
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11. Guess the value of the limit 


2 


lim — 
x0 2* 
by evaluating the function f(x) = x*/2* for x = 0, 1, 2, 3, 
4,5, 6, 7, 8, 9, 10, 20, 50, and 100. Then use a graph of f to 
support your guess. 


12. (a) Use a graph of 


<2) 
x 


to estimate the value of lim,_... f(x) correct to two 
decimal places. 

(b) Use a table of values of f(x) to estimate the limit to 
four decimal places. 


13-14 Evaluate the limit and justify each step by indicating the 
appropriate properties of limits. 


; 2x7 — 7 : 9x7 + 8x —-4 
13. lim —————_ 14. lim ./——————- 
rom 5x° + x —- 3 xm SS 


; 1-e : eo aS e* 
37. lim ——— 38. lim —=—_, 
x ; x70 e'* + @* 


39. lim. e“** 


i 40. lim tan '(In x) 
x (17/2)F x—0t 


41, lim [In(1 + x*) — In(1 + x)] 


42. lim [In(2 + x) — In(1 + x)] 


15-42 Find the limit or show that it does not exist. 


. 4*4+3 = 
15. lim 16. 
x>e 5x — 1 x30 3x + 7 
3r +t 6r +t-—5 
17. lim —~—— 18. lim ————— 
to-~ tf? —4t+ 1 t>-~» 9 — 2t° 
: r-r . 3x7 -— 8x +2 
19, lim ——.—_, 20. lim —~—_,—_ 
roo 2 — r* + 3r° x>n Ay? — 5x° — 2 
4- x 24 1)(2u2-1 
4, 2 in ee 
re 2 + ye u>—w (u? + 2) 


23. lim 24. lim 


25. lim ~——— 26. lim 


Fo —4 
27. lim ——— i ee 
q>~ 4q° — 3g +3 


29. lim (251? + 2 — 51) 30. lim (4x? + 3x + 2x) 


[> % xo 


31. lim (/x? + ax — x2 + bx ) 


x % 


32. lim (x — yx ) 


x2 


33. lim (x? + 2x’) 34. lim (e™ + 2 cos 3x) 
: = _ sin’x 

35. lim (e ** cos x) 36. lim — i 
x00 xe Xe 


43. (a) For f(x) = find each of the following limits. 
nx 


(i) lim f@) — Gi) lim f(a) 


(b) Use a table of values to estimate lim f(x). 


(ili) lim, f(x) 


(c) Use the information from parts (a) and (b) to make a 
rough sketch of the graph of f- 


2 1 
44. (a) For f(x) = — - reer find each of the following limits. 
x nx 


(i) lim f(x) (ii) lim, f(@) 
(iii) lim. f() (iv) lim, f) 


(b) Use the information from part (a) to make a rough 
sketch of the graph of f- 


FY 45. (a) Estimate the value of 


lim (vx? + x + 1 + x) 


by graphing the function f(x) = Vx? +x+1 +x. 
(b) Use a table of values of f(x) to guess the value of the 
limit. 
(c) Prove that your guess is correct. 


FS 46. (a) Use a graph of 


f(x) = 3x2 + 8x +6 — J3x2 + 3x4 1 


to estimate the value of lim,_... f(x) to one decimal 
place. 

(b) Use a table of values of f(x) to estimate the limit to 
four decimal places. 

(c) Find the exact value of the limit. 


47-52 Find the horizontal and vertical asymptotes of each 
curve. You may want to use a graphing calculator (or computer) 
to check your work by graphing the curve and estimating the 
asymptotes. 


ein 5+4x Ae. Bes 2x? + 1 

- x+3 te ae + Oe =O 
46 te ee a Pr ee 

‘2 xr+x-2 ee x? — x4 
a xe-x eos 2e* 

ye — 6x $5 ye 5 
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55. 


56. 


57. 


58. 


59. 


53. 


54. 


Estimate the horizontal asymptote of the function 


3x3 + 500x? 
x? + 500x? + 100x + 2000 


f@) 


by graphing f for —10 < x < 10. Then calculate the equa- 
tion of the asymptote by evaluating the limit. How do you 
explain the discrepancy? 


(a) Graph the function 


How many horizontal and vertical asymptotes do you 
observe? Use the graph to estimate the values of the 
limits 

and 
(b) By calculating values of f(x), give numerical estimates 
of the limits in part (a). 

Calculate the exact values of the limits in part (a). Did 
you get the same value or different values for these two 


limits? [In view of your answer to part (a), you might 
have to check your calculation for the second limit.] 


(c) 


Let P and Q be polynomials. Find 
_ P(x) 
lim 
= OQ) 


if the degree of P is (a) less than the degree of Q and 
(b) greater than the degree of Q. 


Make a rough sketch of the curve y = x" (n an integer) 
for the following five cases: 
(Gi) n=0 
(iii) n > 0,n even 
(v) n<0,neven 
Then use these sketches to find the following limits. 


(ii) n > 0, n odd 
(iv) n < 0,n odd 


(a) lim, xe (b) jim x" 
(c) lim x” (d) jim x” 


Find a formula for a function f that satisfies the following 
conditions: 


lim f(@) = 0, lim f(a) = -%, fQ) = 0, 


lim. f(a) = %, lim, f(x) = — 


Find a formula for a function that has vertical asymptotes 
x = 1 and x = 3 and horizontal asymptote y = 1. 


A function f is a ratio of quadratic functions and has a 
vertical asymptote x = 4 and just one x-intercept, x = 1. 
It is known that f has a removable discontinuity at x = —1 
and lim,—-; f(x) = 2. Evaluate 


(a) f(0) (b) lim f(x) 


rae] 


rae] 
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60-64 Find the limits as x — © and as x — —%. Use this infor- 
mation, together with intercepts, to give a rough sketch of the 
graph as in Example 12. 


60. y = 2x? — x* 61. y=x*— x® 

62. y = x(x + 2)*(x — 1) 

63. y = (3 — x)(1 + x)*(1 — x)* 

64. y = x(x? — 1)°(x + 2) 

65. (a) Use the Squeeze Theorem to evaluate lim = 
x70 x 


66. 


67. 


68. 


69. 


(b) Graph f(x) = (sin x)/x. How many times does the 
graph cross the asymptote? 


End Behavior of a Function By the end behavior of a 
function we mean the behavior of its values as x —> © and 
asx —> —®, 


(a) Describe and compare the end behavior of the functions 
Q(x) = 3x° 


by graphing both functions in the viewing rectangles 
[—2, 2] by [—2, 2] and [—10, 10] by [—10,000, 10,000]. 

(b) Two functions are said to have the same end behavior if 
their ratio approaches | as x — %. Show that P and Q 
have the same end behavior. 


P(x) = 3x° — 5x7 + 2x 


Find lim,_... f(x) if, for all x > 1, 


(a) A tank contains 5000 L of pure water. Brine that con- 
tains 30 g of salt per liter of water is pumped into the 
tank at a rate of 25 L/min. Show that the concentration 
of salt after t minutes (in grams per liter) is 


30t 


j= 
O- 0047 


(b) What happens to the concentration as t > ©? 


In Chapter 9 we will be able to show, under certain assump- 
tions, that the velocity v(t) of a falling raindrop at time f is 


v(t) = v¥*(1 — e 9") 


where g is the acceleration due to gravity and v* is the 

terminal velocity of the raindrop. 

(a) Find lim,_... v(t). 

(b) Graph v(t) if v* = 1 m/s and g = 9.8 m/s”. How long 
does it take for the velocity of the raindrop to reach 
99% of its terminal velocity? 


FS 70. (a) By graphing y = e~“/ and y = 0.1 ona common 


screen, discover how large you need to make x so that 
go Ol, 
(b) Can you solve part (a) without using a graph? 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


140 


75. 


73. 


CHAPTER 2 Limits and Derivatives 


71. Use a graph to find a number N such that 
; 3x7 +1 
if x>N then Sa CASS} < 0.05 
2x sae AP 
FS 72. For the limit 

' 1 — 3x 
lim = =3 
xe /y? 4 ] 


illustrate Definition 7 by finding values of N that correspond 
to e = 0.1 and e = 0.05. 


For the limit 


illustrate Definition 8 by finding values of N that correspond 
to e = 0.1 and e = 0.05. 


. For the limit 


lim /xInx = 
xX 


illustrate Definition 9 by finding a value of N that corre- 
sponds to M = 100. 


(a) How large do we have to take x so that 
1/x? < 0.0001? 


(b) Taking r = 2 in Theorem 5, we have the statement 


lim — =0 


x0 Xx 


Prove this directly using Definition 7. 


2.7 


76. 


77. 


78. 


79. 


80. 


81. 


(a) How large do we have to take x so that 1/ Vx < 0.0001? 


(b) Taking r = 5 in Theorem 5, we have the statement 


lim —— = 0 


roe ./y 
Prove this directly using Definition 7. 


1 
Use Definition 8 to prove that lim — = 0. 


x0 


Prove, using Definition 9, that lim x? = %. 
x0 

Use Definition 9 to prove that lim e* = . 
x0 


Formulate a precise definition of 


lim f(x) = —% 


Then use your definition to prove that 
lim (1 + x?) = —2% 


(a) Prove that 
lim f(x) = lim f(1/d) 
xm 10+ 
and 


lim, f(x) = lim f0U/0) 


assuming that these limits exist. 
(b) Use part (a) and Exercise 65 to find 


x>0 


lim x sin — 
i x 


Derivatives and Rates of Change 


Now that we have defined limits and have learned techniques for computing them, we 
revisit the problems of finding tangent lines and velocities from Section 2.1. The special 
type of limit that occurs in both of these problems is called a derivative and we will see 
that it can be interpreted as a rate of change in any of the natural or social sciences or 


engineering. 


® Tangents 


If a curve C has equation y = f(x) and we want to find the tangent line to C at the point 
P(a, f(a)), then we consider (as we did in Section 2.1) a nearby point Q(x, f(x)), where 
x # a, and compute the slope of the secant line PQ: 


Mpg = 
x—a 
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YA Then we let Q approach P along the curve C by letting x approach a. If mpg approaches 
a number m, then we define the tangent line € to be the line through P with slope m. 
(This amounts to saying that the tangent line is the limiting position of the secant line PQ 
as Q approaches P. See Figure 1.) 


[1] Definition The tangent line to the curve y = f(x) at the point P(a, f(a)) is 
the line through P with slope 


— im ££ 
im 


X—a 


provided that this limit exists. 


In our first example we confirm the guess we made in Example 2.1.1. 


EXAMPLE 1 Find an equation of the tangent line to the parabola y = x° at the 
point P(1, 1). 


SOLUTION Here we have a = 1| and f(x) = x’, so the slope is 


_e. JO=-f _. = 1 
m = lim lim 
xl x-—1 x>l x — 1 
= es 
FIGURE 1 <i me y 
xl i 


=lim(+1)=1+1=2 


Point-slope form for a line through Using the point-slope form of the equation of a line, we find that an equation of the 
the point (x, y:) with slope m: tangent line at (1, 1) is 


y— y= m(x — x1) y-1=2%x-1 or y=2x-1 a 


We sometimes refer to the slope of the tangent line to a curve at a point as the slope 
of the curve at the point. The idea is that if we zoom in far enough toward the point, 
the curve looks almost like a straight line. Figure 2 illustrates this procedure for the 
curve y = x” in Example 1. The more we zoom in, the more the parabola looks like a 
line. In other words, the curve becomes almost indistinguishable from its tangent line. 


2 1.5 1.1 


(1, )) 


1.1 


0 ' ' 2 0.5 1.5 0.9 


FIGURE 2 


Zooming in toward the point (1, 1) on the parabola y = x? 
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Ola+h, flat+h)) There is another expression for the slope of a tangent line that is sometimes easier to 
use. If h = x — a, then x = a + hand so the slope of the secant line PQ is 


_ flath-f@ 
h 


Mpo 


(See Figure 3 where the case h > 0 is illustrated and Q is located to the right of P. If it 
happened that h < 0, however, Q would be to the left of P.) 
Notice that as x approaches a, h approaches 0 (because h = x — a) and so the expres- 


FIGURE 3 sion for the slope of the tangent line in Definition 1 becomes 
3] _ 1, flat+h —f@ 
m = lim 
h>0 h 


EXAMPLE 2 Find an equation of the tangent line to the hyperbola y = 3/x at the 
point (3, 1). 


SOLUTION Let f(x) = 3/x. Then, by Equation 2, the slope of the tangent at (3, 1) is 


FG + h) — f@) 


m = lim 
h>0 h 
3 1 3-(3 +h) 
. 3+ . 3 +h 
= lim = lim 
h->0 h>0 h 


h 
= lim = lim 
noh3+h) ro 3+h 3 


Therefore an equation of the tangent at the point (3, 1) is 


which simplifies to x+3y-6=0 
FIGURE 4 The hyperbola and its tangent are shown in Figure 4. o 
position at position at BI Velocities 
time t=a timet=at+h . . . . 
| In Section 2.1 we investigated the motion of a ball dropped from the CN Tower and 
defined its velocity to be the limiting value of average velocities over shorter and shorter 
: * time periods 
fla +h) — fla) paar ak ’ 
In general, suppose an object moves along a straight line according to an equation of 
| fla) motion s = f(t), where s is the displacement (directed distance) of the object from the 
P J 
|. fla+h) , origin at time ¢. The function f that describes the motion is called the position function 
of the object. In the time interval from t = a to t= a + h, the change in position is 
FIGURE 5 f(a + h) — f(a). (See Figure 5.) 
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Sh The average velocity over this time interval is 
O(a+h, f(a+h)) 


displacement = fla + h) — f(a) 


average velocity = : 
time h 


P(a, f(a) 
which is the same as the slope of the secant line PQ in Figure 6. 

Now suppose we compute the average velocities over shorter and shorter time inter- 
vals [a, a + h]. In other words, we let / approach 0. As in the example of the falling ball, 


| 
| 
| 
| 
| 
a 


> 
° : we define the velocity (or instantaneous velocity) v(a) at time t = a to be the limit of 
fla +h) — fla) these average velocities. 
m PO nn 
= average velocity 
[3] Definition The instantaneous velocity of an object with position function 
FIGURE 6 


f(t) at time t = ais 


fate 


o(@) = ble h 


provided that this limit exists. 


This means that the velocity at time f = a is equal to the slope of the tangent line at P 
(compare Equation 2 and the expression in Definition 3). 

Now that we know how to compute limits, let’s reconsider the problem of the fall- 
ing ball from Example 2.1.3. 


EXAMPLE 3 Suppose that a ball is dropped from the upper observation deck of the 
CN Tower, 450 m above the ground. 

(a) What is the velocity of the ball after 5 seconds? 

(b) How fast is the ball traveling when it hits the ground? 


Recall from Section 2.1: The distance SOLUTION Since two different velocities are requested, it’s efficient to start by finding 
(in meters) fallen after t seconds the velocity at a general time t = a. Using the equation of motion s = f(t) = 4.927, 
is 4.977 we have 


fla +h) ~f@) _ | 49at h)? — 4.9a? 


er Ts 


h h—0 h 
. 4.9(a? + 2ah + h? — a’) . 4.9(2ah + h’) 
= lim = lim 
h—>0 h h—>0 h 
49h(Qa +h 
= lim i a lim 4.9(2a + h) = 9.8a 


(a) The velocity after 5 seconds is v(5) = (9.8)(5) = 49 m/s. 
(b) Since the observation deck is 450 m above the ground, the ball will hit the ground 
at the time ¢ when s(t) = 450, that is, 


4.91? = 450 
This gives 
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The velocity of the ball as it hits the ground is therefore 
450 450 
= 9. = 94 a 
(2) os) aoe 
® Derivatives 


We have seen that the same type of limit arises in finding the slope of a tangent line 
(Equation 2) or the velocity of an object (Definition 3). In fact, limits of the form 


im 22 +) — £@) 
im 


h-0 h 


arise whenever we calculate a rate of change in any of the sciences or engineering, such 
as a rate of reaction in chemistry or a marginal cost in economics. Since this type of limit 
occurs so widely, it is given a special name and notation. 


[4| Definition The derivative of a function f at a number a, denoted by f'(a), 
is 


fla + h) ~f@ 


f'(@ is read “f prime of a.” f(@= lim hy 


if this limit exists. 


If we write x = a + h, then we have h = x — aandh approaches 0 if and only if x 
approaches a. Therefore an equivalent way of stating the definition of the derivative, as 
we saw in finding tangent lines (see Definition 1), is 


[5] fila) = lim f(x) -~f@ 


xa P ay 0 5 


EXAMPLE 4 Use Definition 4 to find the derivative of the function f(x) = x* — 8x + 9 
at the numbers (a) 2 and (b) a. 


SOLUTION 


Definitions 4 and 5 are equivalent, so (a) From Definition 4 we have 
we can use either one to compute the 
derivative. In practice, Definition 4 f(2 + h) — f(2) 


f'2) = lim 


often leads to simpler computations. h 

— (2+h) — 822 +h) + 9 — (-3) 

= lim 
h—0 h 
_ 44+4h +h? - 16-8ht+94+3 

= lim 
n—>0 h 
. hW-Ah . hh-4) ' 

= lim = lim = lim (h — 4) = —-4 
h=0 h h=0 h h—0 
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f(a + h) ~f@ 


(b) f(a) = lim : 
_ Lat hy — 8a+h) +9] -[a? - 8a4 9] 
= lim 
h—>0 h 
. a? t+2ah +h? — 8a-8h+9-a?+8a-9 
= lim 
h—>0 h 
_ 2ah + h? — 8h : 
= lim = lim (2a + h — 8) = 2a — 8 
h0 h h0 


As a check on our work in part (a), notice that if we let a = 2, then 
f'(2) = 2(2) -— 8 = -4. a 


EXAMPLE5 Use Equation 5 to find the derivative of the function f(x) = 1/,/x at the 
number a (a > 0). 


SOLUTION From Equation 5 we get 


f(a = lim 
xa = 2 
aot ste 
we la ea ea 
= lim = lim : 
xa xX = 2 xa cai & Veale 
_ va-vx _ va-vx vat vx 
= lim = lim ——= —— 
xa Jax(x— a) «4 Jax(x-—a) Ja t+ Vx 
—@ = a) =f 
= lim = — = lim = 
xa Jax(x — ava + yx) 4 Jax(Ja + Vx) 
= =] ee! 1 
J@(ja+ Ja) a-2Ja 2a” 
You can verify that using Definition 4 gives the same result. | 


We defined the tangent line to the curve y = f(x) at the point P(a, f(a)) to be the line 
that passes through P and has slope m given by Equation 1 or 2. Since, by Definition 4 
(and Equation 5), this is the same as the derivative f'(a), we can now say the following. 


The tangent line to y = f(x) at (a, f(a)) is the line through (a, f(a)) whose slope is 


equal to f’(a), the derivative of f at a. 


If we use the point-slope form of the equation of a line, we can write an equation of 
the tangent line to the curve y = f(x) at the point (a, f(a)): 


y — fla) = fax — a) 
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EXAMPLE 6 Find an equation of the tangent line to the parabola y = x” — 8x + 9 at 
(=7 = S8 the point (3, —6). 


SOLUTION From Example 4(b) we know that the derivative of f(x) = x* — 8x + 9 at 
the number a is f’(a) = 2a — 8. Therefore the slope of the tangent line at (3, —6) is 
f'G) = 2(3) — 8 = —2. Thus an equation of the tangent line, shown in Figure 7, is 


y — (—6) = (—2)(x — 3) or y= -2x | 


RV 


@ Rates of Change 


Suppose y is a quantity that depends on another quantity x. Thus y is a function of x and 
FIGURE 7 we write y = f(x). If x changes from x; to x2, then the change in x (also called the incre- 
ment of x) is 


Ax = xX. — x1 
and the corresponding change in y is 
Ay = f (x2) — fm) 


The difference quotient 
Ay _ f(%) — f(x) 


Ax XxX. — xy 


is called the average rate of change of y with respect to x over the interval [2, x2] and 
can be interpreted as the slope of the secant line PQ in Figure 8. 


yA Ox, f(%)) 


average rate of change = mpg 


FIGURE 8 instantaneous rate of change = slope of tangent at P 


By analogy with velocity, we consider the average rate of change over smaller and 
smaller intervals by letting x. approach x, and therefore letting Ax approach 0. The limit 
of these average rates of change is called the (instantaneous) rate of change of y with 
respect to x at x = x,, which (as in the case of velocity) is interpreted as the slope of the 
tangent to the curve y = f(x) at P(x, f(%1)): 


A —_ 
[6] instantaneous rate of change = lim —_ lim flee) = fey 
Ax—>0 Ax x2 XxX) X2 — xX 


We recognize this limit as being the derivative f’(x1). 
We know that one interpretation of the derivative f'(a) is as the slope of the tangent 
line to the curve y = f(x) when x = a. We now have a second interpretation: 


The derivative f'(a) is the instantaneous rate of change of y = f(x) with respect 


to x when x = a. 
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The connection with the first interpretation is that if we sketch the curve y = f(x), 
then the instantaneous rate of change is the slope of the tangent to this curve at the point 
where x = a. This means that when the derivative is large (and therefore the curve is 
steep, as at the point P in Figure 9), the y-values change rapidly. When the derivative is 
small, the curve is relatively flat (as at point Q) and the y-values change slowly. 

In particular, if s = f(t) is the position function of a particle that moves along a 
straight line, then f'(a) is the rate of change of the displacement s with respect to the 
time ft. In other words, f'(a) is the velocity of the particle at time t = a. The speed of the 


particle is the absolute value of the velocity, that is, | f'(a) |. 
In the next example we discuss the meaning of the derivative of a function that is 
defined verbally. 
FIGURE 9 
The y-values are changing rapidly EXAMPLE7 A manufacturer produces bolts of a fabric with a fixed width. The cost of 
at P and slowly at Q. producing x yards of this fabric is C = f(x) dollars. 


(a) What is the meaning of the derivative f’(x)? What are its units? 
(b) In practical terms, what does it mean to say that f’(1000) = 9? 
(c) Which do you think is greater, f'(50) or f’(500)? What about f’(5000)? 


SOLUTION 
(a) The derivative f’(x) is the instantaneous rate of change of C with respect to x; that 
is, f(x) means the rate of change of the production cost with respect to the number of 
yards produced. (Economists call this rate of change the marginal cost. This idea is 
discussed in more detail in Sections 3.7 and 4.7.) 

Because 


the units for f'(x) are the same as the units for the difference quotient AC/Ax. Since 
AC is measured in dollars and Ax in yards, it follows that the units for f’(x) are dollars 
per yard. 


(b) The statement that f’(1000) = 9 means that, after 1000 yards of fabric have been 
manufactured, the rate at which the production cost is increasing is $9/yard. (When 
x = 1000, C is increasing 9 times as fast as x.) 


ince Ax = 1 is small compared with x = 1 we could use the approximation 
Here we are assuming that the cost 5 P wa Om, PP 


function is well behaved; in other : AC AC 
words, C(x) doesn’t oscillate rapidly f'(1000) ~ Chae AC 
near x = 1000. 


and say that the cost of manufacturing the 1000th yard (or the 1001st) is about $9. 


(c) The rate at which the production cost is increasing (per yard) is probably lower 
when x = 500 than when x = 50 (the cost of making the 500th yard is less than the 
cost of the 50th yard) because of economies of scale. (The manufacturer makes more 
efficient use of the fixed costs of production.) So 


£50) > f"(500) 


But, as production expands, the resulting large-scale operation might become ineffi- 
cient and there might be overtime costs. Thus it is possible that the rate of increase of 
costs will eventually start to rise. So it may happen that 


f'(5000) > f’(500) | 


In the following example we estimate the rate of change of the national debt with 
respect to time. Here the function is defined not by a formula but by a table of values. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


148 CHAPTER 2 Limits and Derivatives 


t D(t) 
2000 5662.2 
2004 7596.1 
2008 10,699.8 
2012 16,432.7 
2016 19,976.8 


Source: US Dept. of the Treasury 


A Note On Units 

The units for the average rate of 
change AD/Arare the units for AD 
divided by the units for Az, namely 
billions of dollars per year. The instan- 
taneous rate of change is the limit of 
the average rates of change, so it is 
measured in the same units: billions 
of dollars per year. 


EXAMPLE 8 Let D(t) be the US national debt at time t. The table in the margin gives 
approximate values of this function by providing end of year estimates, in billions of 
dollars, from 2000 to 2016. Interpret and estimate the value of D’(2008). 


SOLUTION The derivative D'(2008) means the rate of change of D with respect to r 
when t = 2008, that is, the rate of increase of the national debt in 2008. 
According to Equation 5, 


. Dit) = D(2008) 
D'(2008) = lim, 008 


One way we can estimate this value is to compare average rates of change over 
different time intervals by computing difference quotients, as compiled in the follow- 
ing table. 


t Time interval Average rate of change EXO see eIN) 
t — 2008 
2000 [2000, 2008] 629.7 
2004 [2004, 2008] 775.93 
2012 [2008, 2012] 1433.23 
2016 [2008, 2016] 1159.63 


From this table we see that D'(2008) lies somewhere between 775.93 and 1433.23 bil- 
lion dollars per year. [Here we are making the reasonable assumption that the debt didn’t 
fluctuate wildly between 2004 and 2012.] A good estimate for the rate of increase of the 
US national debt in 2008 would be the average of these two numbers, namely 


D'(2008) ~ 1105 billion dollars per year 


Another method would be to plot the debt function and estimate the slope of the 
tangent line when t = 2008. a 


In Examples 3, 7, and 8 we saw three specific examples of rates of change: the velocity 
of an object is the rate of change of displacement with respect to time; marginal cost is the 
rate of change of production cost with respect to the number of items produced; the rate 
of change of the debt with respect to time is of interest in economics. Here is a small 
sample of other rates of change: In physics, the rate of change of work with respect to time 
is called power. Chemists who study a chemical reaction are interested in the rate of 
change in the concentration of a reactant with respect to time (called the rate of reaction). 
A biologist is interested in the rate of change of the population of a colony of bacteria 
with respect to time. In fact, the computation of rates of change is important in all of the 
natural sciences, in engineering, and even in the social sciences. Further examples will 
be given in Section 3.7. 

All these rates of change are derivatives and can therefore be interpreted as slopes of 
tangents. This gives added significance to the solution of the tangent problem. Whenever 
we solve a problem involving tangent lines, we are not just solving a problem in geom- 
etry. We are also implicitly solving a great variety of problems involving rates of change 
in science and engineering. 
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2.7 | Exercises 


. Acurve has equation y = f(x). 


(a) Write an expression for the slope of the secant line 
through the points P(3, f(3)) and Q(x, f(x)). 
(b) Write an expression for the slope of the tangent line at P. 


. Graph the curve y = e* in the viewing rectangles [—1, 1] by 


[0, 2], [-0.5, 0.5] by [0.5, 1.5], and [—0.1, 0.1] by 
[0.9, 1.1]. What do you notice about the curve as you zoom 
in toward the point (0, 1)? 


. (a) Find the slope of the tangent line to the parabola 


y =x? + 3xat the point (—1, —2) 
(i) using Definition 1 (ii) using Equation 2 

(b) Find an equation of the tangent line in part (a). 

(c) Graph the parabola and the tangent line. As a check on 
your work, zoom in toward the point (—1, —2) until the 
parabola and the tangent line are indistinguishable. 


. (a) Find the slope of the tangent line to the curve 


y =x° + 1 at the point (1, 2) 
(i) using Definition 1 (ii) using Equation 2 
(b) Find an equation of the tangent line in part (a). 
(c) Graph the curve and the tangent line in successively 
smaller viewing rectangles centered at (1, 2) until the 
curve and the line appear to coincide. 


5-8 Find an equation of the tangent line to the curve at the 
given point. 


5. y=2x°-5x+1, (3,4) 
6. y=x? — 2x7, (1,-1) 
+2 
y= Ow 8 y= /1—3x, (-1,2) 
9. (a) Find the slope of the tangent to the curve 


10. 


11. 


y = 3 + 4x? — 2x? at the point where x = a. 

(b) Find equations of the tangent lines at the points (1, 5) 
and (2, 3). 

(c) Graph the curve and both tangents on a common screen. 


(a) Find the slope of the tangent to the curve y = 2/% at 
the point where x = a. 

(b) Find equations of the tangent lines at the points (1, 2) 
and (9, 6). 

(c) Graph the curve and both tangents on a common screen. 


A cliff diver plunges from a height of 100 ft above the water 
surface. The distance the diver falls in t seconds is given by 
the function d(t) = 16f? ft. 

(a) After how many seconds will the diver hit the water? 
(b) With what velocity does the diver hit the water? 


12. 


13. 


14. 


15. 


16. 


If a rock is thrown upward on the planet Mars with a veloc- 
ity of 10 m/s, its height (in meters) after t seconds is given 
by H = 10t — 1.8677. 

(a) Find the velocity of the rock after one second. 

(b) Find the velocity of the rock when t = a. 

(c) When will the rock hit the surface? 

(d) With what velocity will the rock hit the surface? 


The displacement (in meters) of a particle moving in a 
straight line is given by the equation of motion s = 1/t’, 
where ¢ is measured in seconds. Find the velocity of the 
particle at times t = a,t = 1, t = 2, andr = 3. 


The displacement (in feet) of a particle moving in a straight 
line is given by s = 50 — 6f + 23, where f is measured in 
seconds. 

(a) Find the average velocity over each time interval: 

(i) [4, 8] (ii) [6, 8] 
(iii) [8, 10] (iv) [8, 12] 

(b) Find the instantaneous velocity when t = 8. 

(c) Draw the graph of s as a function of ¢ and draw the 
secant lines whose slopes are the average velocities in 
part (a). Then draw the tangent line whose slope is the 
instantaneous velocity in part (b). 


(a) A particle starts by moving to the right along a horizon- 
tal line; the graph of its position function is shown in 
the figure. When is the particle moving to the right? 
Moving to the left? Standing still? 

(b) Draw a graph of the velocity function. 


S (meters) 


0 2 4 6 t (seconds) 


Shown are graphs of the position functions of two runners, 

A and B, who run a 100-meter race and finish in a tie. 

(a) Describe and compare how the runners run the race. 

(b) At what time is the distance between the runners the 
greatest? 

(c) At what time do they have the same velocity? 


s (meters) 


80 


40 


t (seconds) 
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17. For the function g whose graph is given, arrange the follow- 
ing numbers in increasing order and explain your reasoning: 


0 g(-2) gg) g'A) 


18. The graph of a function f is shown. 
(a) Find the average rate of change of f on the interval [20, 60]. 
(b) Identify an interval on which the average rate of change 
of f is 0. 
(c) Compute 
f(40) — f(0) 
40 — 10 


What does this value represent geometrically? 
(d) Estimate the value of f’(50). 
(e) Is f’(10) > f’(30)? 


f(80) — f(40) 


(f) Is f'(60) > 


? Explain. 


> 
xX 


0 20 40 60 


19-20 Use Definition 4 to find f’(a) at the given number a. 


19. f(x) =V4x +1, a=6 


20. f(x) =5x*, a=-l 


29. If f(x) = 3x? — x°, find f’(1) and use it to find an equation of 
the tangent line to the curve y = 3x” — x? at the point (1, 2). 


30. If g(x) = x* — 2, find g’(1) and use it to find an equation of 
the tangent line to the curve y = x* — 2 at the point (1, —1). 


31. (a) If F(x) = 5x/(1 + x°), find F'(2) and use it to find an 
equation of the tangent line to the curve y = 5x/(1 + x7) 
at the point (2, 2). 
(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


32. (a) If G(x) = 4x — x°, find G'(a) and use it to find equa- 
tions of the tangent lines to the curve y = 4x? — x? at 
the points (2, 8) and (3, 9). 
(b) Illustrate part (a) by graphing the curve and the tangent 
lines on the same screen. 


33. If an equation of the tangent line to the curve y = f(x) at the 
point where a = 2 is y = 4x — 5, find f(2) and f’(2). 


34. If the tangent line to y = f(x) at (4, 3) passes through the 
point (0, 2), find f(4) and f'(4). 


35-36 A particle moves along a straight line with equation of 
motion s = f(t), where s is measured in meters and f in seconds. 
Find the velocity and the speed when t = 4. 

45 
t+1 


35. f(t) = 80r — 677 36. f(t) =10 + 


21-22 Use Equation 5 to find f’(a) at the given number a. 


2 1 
at. fx) = a=3 22 (0) = as a=1 


23-26 Find f’(a). 
23. f(x) = 2x? — 5x +3 


1 
r+ 


24. f(t) =t? — 3¢ 


25. f(t) = 26. f(x) = 


1 — 4x 


27. Find an equation of the tangent line to the graph of y = B(x) 
at x = 6 if B(6) = 0 and B’(6) = —3. 


28. Find an equation of the tangent line to the graph of y = g(x) 
at x = 5 if g(5) = —3 and g'(5) = 4. 


37. A warm can of soda is placed in a cold refrigerator. Sketch 
the graph of the temperature of the soda as a function of time. 
Is the initial rate of change of temperature greater or less than 
the rate of change after an hour? 


38. A roast turkey is taken from an oven when its temperature has 
reached 185°F and is placed on a table in a room where the 
temperature is 75°F. The graph shows how the temperature of 
the turkey decreases and eventually approaches room temper- 
ature. By measuring the slope of the tangent, estimate the rate 
of change of the temperature after an hour. 


T (CF)4* 
200 


100 


> 
0 30 60 90 120 150 t(min) 


39. Sketch the graph of a function f for which f(0) = 0, 
f'(0) = 3, fC) = 0, and f"(2) = —1. 
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40. Sketch the graph of a function g for which 
g(0) = g(2) = g(4) = 0, g'(1) = g'3) = 0, 
g'(0) = g'(4) = 1, 9'(2) 1, lim,» g(x) = %, and 
lim,.-» g(x) = —-~. 


41. Sketch the graph of a function g that is continuous on its 
domain (—5, 5) and where g(0) = 1, g’(0) = 1, g'(—2) = 0, 
lim, 5+ g(x) = ®, and lim,_,;- g(x) = 3. 


42. Sketch the graph of a function f where the domain is (—2, 2), 
f' (0) = —2, lim,_.2- f(x) = ~, f is continuous at all num- 
bers in its domain except +1, and f is odd. 


43-48 Each limit represents the derivative of some function f at 
some number a. State such an f and a in each case. 


ce, er eS: a 
1 
: —-4 
. x — 64 . 
45. lim ———— 46. lim i 
x>2 x-2 x 1/4 x — 7 
t (z + i) 1 
an) = : 1 
4 6-5 
a7. tien "2 48, tim, 
h>0 h 6 1/6 T 
6 


49. The cost (in dollars) of producing x units of a certain com- 

modity is C(x) = 5000 + 10x + 0.05x°. 

(a) Find the average rate of change of C with respect to x 
when the production level is changed 
(i) from x = 100 to x = 105 
Gi) from x = 100 to x = 101 

(b) Find the instantaneous rate of change of C with respect to 
x when x = 100. (This is called the marginal cost. Its 
significance will be explained in Section 3.7.) 


50. Let H(t) be the daily cost (in dollars) to heat an office build- 
ing when the outside temperature is t degrees Fahrenheit. 
(a) What is the meaning of H'(58)? What are its units? 
(b) Would you expect H'(58) to be positive or negative? 
Explain. 


51. The cost of producing x ounces of gold from a new gold mine 
is C = f(x) dollars. 
(a) What is the meaning of the derivative f'(x)? What are its 
units? 
(b) What does the statement f’(800) = 17 mean? 
(c) Do you think the values of f’(x) will increase or decrease 
in the short term? What about the long term? Explain. 


52. The quantity (in pounds) of a gourmet ground coffee that is 
sold by a coffee company at a price of p dollars per pound 
is O = f(p). 
(a) What is the meaning of the derivative f'(8)? What are its 
units? 
(b) Is f'(8) positive or negative? Explain. 


53. 


54. 


55. 
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The quantity of oxygen that can dissolve in water depends on 

the temperature of the water. (So thermal pollution influences 

the oxygen content of water.) The graph shows how oxygen 

solubility S varies as a function of the water temperature T. 

(a) What is the meaning of the derivative S’(T)? What are its 
units? 

(b) Estimate the value of S'(16) and interpret it. 


SA (mg/L) 


167 


12+ 


> 
0 § 16 24 32 40 T(°C) 


Source: C. Kupchella et al., Environmental Science: Living Within 
the System of Nature, 2d ed. (Boston: Allyn and Bacon, 1989). 


The graph shows the influence of the temperature T on the 
maximum sustainable swimming speed S of Coho salmon. 
(a) What is the meaning of the derivative S(T)? What are its 


units? 
(b) Estimate the values of S'(15) and S'(25) and interpret 
them. 
SA (cm/s) 
20+ 
> 
0 10 20 T(°C) 


Researchers measured the average blood alcohol concen- 
tration C(1) of eight men starting one hour after consumption 
of 30 mL of ethanol (corresponding to two alcoholic drinks). 


t (hours) 1.0 15 2.0 2.5 3.0 


C(t) (g/dL) | 0.033 | 0.024 | 0.018 | 0.012 | 0.007 


(a) Find the average rate of change of C with respect to ¢ 
over each time interval: 
(i) [1.0, 2.0] (ii) [1.5, 2.0] 
(iii) [2.0, 2.5] (iv) [2.0, 3.0] 
In each case, include the units. 
(b) Estimate the instantaneous rate of change at t = 2 and 
interpret your result. What are the units? 
Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of 


Ethanol after Oral Administration in the Fasting State,” Journal of 
Pharmacokinetics and Biopharmaceutics 5 (1977): 207-24. 
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56. The number N of locations of a popular coffeehouse chain is 
given in the table. (The numbers of locations as of October 1 


are given.) 
Year N 
2008 16,680 
2010 16,858 
2012 18,066 
2014 21,366 
2016 25,085 


(a) Find the average rate of growth 
(i) from 2008 to 2010 
Gi) from 2010 to 2012 
In each case, include the units. What can you conclude? 
(b) Estimate the instantaneous rate of growth in 2010 by 
taking the average of two average rates of change. 
What are its units? 
(c) Estimate the instantaneous rate of growth in 2010 by 
measuring the slope of a tangent. 


57-58 Determine whether f'(0) exists. 


il 
xsin— if x40 
57. f(x) = x 
0 if x=0 


1 
x’sin— if x #0 

58. f(x) = x 
0 if x =0 


WRITING PROJECT | EARLY METHODS FOR FINDING TANGENTS 


59. (a) Graph the function f(x) = sin x — am sin(1000x) in the 
viewing rectangle [—2z7, 27] by [—4, 4]. What slope 
does the graph appear to have at the origin? 

(b) Zoom in to the viewing window [—0.4, 0.4] by 
[—0.25, 0.25] and estimate the value of f’(0). Does 
this agree with your answer from part (a)? 

(c) Now zoom in to the viewing window [—0.008, 0.008] by 
[—0.005, 0.005]. Do you wish to revise your estimate 
for f'(0)? 


60. Symmetric Difference Quotients In Example 8 we approxi- 
mated an instantaneous rate of change by averaging two aver- 
age rates of change. An alternative method is to use a single 
average rate of change over an interval centered at the desired 
value. We define the symmetric difference quotient of a func- 
tion f at x = aon the interval [a — d,a + d]as 


flat+d)-fla-—d) _ flat+d)-f(a—d) 
(a+ d) — (a-—d) 2d 


(a) Compute the symmetric difference quotient for the 
function D in Example 8 on the interval [2004, 2012] 
and verify that your result agrees with the estimate for 
D'(2008) computed in the example. 

(b) Show that the symmetric difference quotient of a function 
f at x = ais equivalent to averaging the average rates of 
change of f over the intervals [a — d, a] and[a, a + d]. 

(c) Use asymmetric difference quotient to estimate 
f'() for f(x) = x* — 2x? + 2 with d = 0.4. Draw a 
graph of f along with secant lines corresponding to 
average rates of change over the intervals [1 — d, 1], 
[1,1 + d], and [1 — d,1 + d]. Which of these secant 
lines appears to have slope closest to that of the tangent 
line at x = 1? 


The first person to explicitly formulate the ideas of limits and derivatives was Sir Isaac 
Newton in the 1660s. But Newton acknowledged that “If I have seen further than other men, 
it is because I have stood on the shoulders of giants.” Two of those giants were Pierre Fermat 
(1601-1665) and Newton’s mentor at Cambridge, Isaac Barrow (1630-1677). Newton was 
familiar with the methods that these men used to find tangent lines, and their methods played a 
role in Newton’s eventual formulation of calculus. 

Learn about these methods by researching on the Internet or reading one of the references 
listed here. Write an essay comparing the methods of either Fermat or Barrow to modern 
methods. In particular, use the method of Section 2.7 to find an equation of the tangent line to 
the curve y = x* + 2x at the point (1, 3) and show how either Fermat or Barrow would have 
solved the same problem. Although you used derivatives and they did not, point out similari- 


ties between the methods. 


1. C. H. Edwards, The Historical Development of the Calculus (New York: Springer- 
Verlag, 1979), pp. 124, 132. 
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2. Howard Eves, An Introduction to the History of Mathematics, 6th ed. (New York: 
Saunders, 1990), pp. 391, 395. 


3. Morris Kline, Mathematical Thought from Ancient to Modern Times (New York: Oxford 
University Press, 1972), pp. 344, 346. 


4. Uta Merzbach and Carl Boyer, A History of Mathematics, 3rd ed. (Hoboken, NJ: Wiley, 
2011), pp. 323, 356. 


2.8 | The Derivative as a Function 


@ The Derivative Function 


In the preceding section we considered the derivative of a function f at a fixed number a: 


[7] f(@ = lim 


h>0 


fla + h) ~ f@ 
h 


Here we change our point of view and let the number a vary. If we replace a in Equa- 
tion | by a variable x, we obtain 


f(x + A) — f) 
h 


[2] f'(@) = lim 


Given any number x for which this limit exists, we assign to x the number f'(x). So we 
can regard f’ as a new function, called the derivative of f and defined by Equation 2. 
We know that the value of f’ at x, f’(x), can be interpreted geometrically as the slope of 
the tangent line to the graph of f at the point (x, f(x)). 

The function f’ is called the derivative of f because it has been “derived” from f by 
the limiting operation in Equation 2. The domain of f’ is the set {x | f’(x) exists} and 
may be smaller than the domain of /f- 


EXAMPLE 1 The graph of a function f is given in Figure |. Use it to sketch the graph 
of the derivative f’. 


YA 


FIGURE 1 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


154 


CHAPTER 2 Limits and Derivatives 


SOLUTION We can estimate the value of the derivative at any value of x by drawing the 
tangent at the point (x, f(x)) and estimating its slope. For instance, for x = 3 we draw a 
tangent at P in Figure 2 and estimate its slope to be about — z. (We have drawn a 
triangle to help estimate the slope.) Thus f’(3) ~ 3 =~ —(.67 and this allows us to 
plot the point P’(3, —0.67) on the graph of f’ directly beneath P. (The slope of the 
graph of f becomes the y-value on the graph of f") 


The slope of the tangent drawn at A appears to be about —1, so we plot the point A’ 
with a y-value of —1 on the graph of f’ (directly beneath A). The tangents at B and D 
are horizontal, so the derivative is 0 there and the graph of f’ crosses the x-axis (where 
y = 0) at the points B’ and D’, directly beneath B and D. Between B and D, the graph 
of f is steepest at C and the tangent line there appears to have slope 1, so the largest 
value of f’(x) between B’ and D’ is 1 (at C’). 

Notice that between B and D the tangents have positive slope, so f(x) is positive 
there. (The graph of f’ is above the x-axis.) But to the right of D the tangents have 
negative slope, so f’(x) is negative there. (The graph of f’ is below the x-axis.) | 


EXAMPLE 2 
(a) If f(x) = x* — x, find a formula for f(x). 
(b) Ilustrate this formula by comparing the graphs of f and f”. 


SOLUTION 
(a) When using Equation 2 to compute a derivative, we must remember that the variable 
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2 is h and that x is temporarily regarded as a constant during the calculation of the limit. 
a HEPA HFG) _ 2. er hy ler i) = =a 
f f'(x) = lim = lim 
h->0 h h—0 h 
2 2 
— 84+ 3x*h + 3xh? +h -x-h-x+x 
= lim 
h-0 h 
re a Ohh aah? te = h 
= lim 
2 h—0 h 
f' = lim (3x* + 3xh + h’ — 1) = 3x* — 1 
: - (b) We use a calculator to graph f and f’ in Figure 3. Notice that f'(x) = 0 when f 
has horizontal tangents and f’(x) is positive when the tangents have positive slope. So 
these graphs serve as a check on our work in part (a). a 
=2 
EXAMPLE 3 If f(x) = x, find the derivative of f. State the domain of f’ 
FIGURE 3 
SOLUTION 
i) =n SOTD ALO _ | vet h — ve 
f'(x) = lim = lim 
h0 h ea) h 
+h- +h+ 
= lim (4 vx : va th vax (Rationalize the numerator.) 
h0 h Jxtht+Jx 
: (x +h) —x . h 
= lim — = lim 
W0 h(x tht Vx) on Vx +h + Vx) 
: 1 1 1 
= lim = = 
h>0 alt tht af are + ae ne 
We see that f'(x) exists if x > 0, so the domain of f’ is (0, ©). This is slightly smaller 
than the domain of f, which is [0, ~). a 
Let’s check to see that the result of Example 3 is reasonable by looking at the graphs 
of f and f’ in Figure 4. When x is close to 0, \/x is also close to 0, so f'o = 1/(2,/x) 
is very large and this corresponds to the steep tangent lines near (0, 0) in Figure 4(a) and 
the large values of f’(x) just to the right of 0 in Figure 4(b). When x is large, f’(x) is very 
small and this corresponds to the flatter tangent lines at the far right of the graph of f and 
the horizontal asymptote of the graph of f° 
y 4 
1 1 
o| 4 x o| x 
FIGURE 4 (a) flay= ve (b) f"e)=—— 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


156 CHAPTER 2 


Leibniz 

Gottfried Wilhelm Leibniz was born in 
Leipzig in 1646 and studied law, theol- 
ogy, philosophy, and mathematics at 
the university there, graduating with 
a bachelor's degree at age 17. After 
earning his doctorate in law at age 20, 
Leibniz entered the diplomatic service 
and spent most of his life traveling to 
the capitals of Europe on political mis- 
sions. In particular, he worked to avert 
a French military threat against Ger- 
many and attempted to reconcile the 
Catholic and Protestant churches. 

His serious study of mathematics 
did not begin until 1672 while he was 
ona diplomatic mission in Paris. There 
he built a calculating machine and 
met scientists, like Huygens, who 
directed his attention to the latest 
developments in mathematics and 
science. Leibniz sought to develop a 
symbolic logic and system of notation 
that would simplify logical reasoning. 
In particular, the version of calculus 
that he published in 1684 established 
the notation and the rules for finding 
derivatives that we use today. 

Unfortunately, a dreadful priority 
dispute arose in the 1690s between 
the followers of Newton and those of 
Leibniz as to who had invented calcu- 
lus first. Leibniz was even accused of 
plagiarism by members of the Royal 
Society in England. The truth is that 
each man invented calculus indepen- 
dently. Newton arrived at his version 
of calculus first but, because of his 
fear of controversy, did not publish 
it immediately. So Leibniz’s 1684 
account of calculus was the first to be 
published. 


Limits and Derivatives 


EXAMPLE 4 Find f’ if f(x) = 
2+x 
SOLUTION 
rk ae ee 
f(a) = lim I 
1— (x +h) Lx 
— 2+teth 2+x 
= lim 
h—0 h 
| G-x-A2+x)-A-x(2+x4+h) 
= lim 
h—>0 A(2 +x + h)(2 + x) 
— Q-x-2h-x-—xh)-Q-x+h-x?-— xh) 
= lim 
h—>0 A(2 +x + h)(2 + x) 
a4, 3h 
io WO eS We 
=3 3 


ro 2+xt+HQ2+xH  (2+x)? 


®@ Other Notations 


If we use the traditional notation y = f(x) to indicate that the independent variable is x 
and the dependent variable is y, then some common alternative notations for the deriva- 
tive are as follows: 


dy _ df 
dx dx 


re) =" fla) = Df) = Defla 
The symbols D and d/dx are called differentiation operators because they indicate the 
operation of differentiation, which is the process of calculating a derivative. 

The symbol dy/dx, which was introduced by Leibniz, should not be regarded as a 
ratio (for the time being); it is simply a synonym for f’(x). Nonetheless, it is a very useful 
and suggestive notation, especially when used in conjunction with increment notation. 
Referring to Equation 2.7.6, we can rewrite the definition of derivative in Leibniz nota- 
tion in the form 


If we want to indicate the value of a derivative dy/dx in Leibniz notation at a specific 
number a, we use the notation 


dy dy 
“a or hed de 
dx x=a dx x=a 


which is a synonym for f’(a). The vertical bar means “evaluate at.” 


[3] Definition A function f is differentiable at a if f'(a) exists. It is differen- 


tiable on an open interval (a, b) [or (a, ©) or (—%, a) or (—%, ©)] if it is differen- 
tiable at every number in the interval. 
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YA 


(a) y= fla) =| 


(b) y= f'(x) 


FIGURE 5 


RY 
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EXAMPLES5 Where is the function f(x) = |x| differentiable? 


SOLUTION If x > 0, then |x| = x and we can choose h small enough that x + h > 0 
and hence |x + h| = x + h. Therefore, for x > 0, we have 


gee <n teen = lal, oe A Oe 
a a’ oh 
= lim lim 1 = | 


h>0 h h-0 


and so f is differentiable for any x > 0. 


Similarly, for x < 0 we have |x| = —x and A can be chosen small enough that 
x +h<Oandso|x + h| = —(x + h). Therefore, for x < 0, 
+h| = = +h) = (= 
f(x) = lim |x | |x| = lim (x ) ( x) 


h—-0 h h=0 h 


_ wh . 
= lim = lim (-1) = -1 
hoo Ah h—0 


and so f is differentiable for any x < 0. 
For x = 0 we have to investigate 


f(0 + h) — fO) 
h 
— im LO ANH JO) Lal 


h>0 h h—0 


FO) = fm 


(if it exists) 


Let’s compute the left and right limits separately: 


h 
lim | | = lim = lm l=1 
hoot h hot hh h—0* 
h —h 
and lim te = lim = lim (-1) = -1 
h>0- Ah h>0o- Ah h>0- 


Since these limits are different, f’(0) does not exist. Thus f is differentiable at all x 
except 0. 
A formula for f’ is given by 


rea {i if x>0 


ifx<0 
and its graph is shown in Figure 5(b). The fact that f’(0) does not exist is reflected 
geometrically in the fact that the curve y = |x| does not have a tangent line at (0, 0). 


[See Figure 5(a).] a 


Both continuity and differentiability are desirable properties for a function to have. 
The following theorem shows how these properties are related. 


[4] Theorem If f is differentiable at a, then f is continuous at a. 
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PROOF To prove that f is continuous at a, we have to show that lim,—., f(x) = f(a). 
We will do this by showing that the difference f(x) — f(a) approaches 0. 
The given information is that f is differentiable at a, that is, 


f(a) lim f(x) = f(a) 
a = 
EY An important aspect of problem solving exists (see Equation 2.7.5). To connect the given and the unknown, we divide and 
is trying to find a connection between the multiply f(x) — f(a) by x — a (which we can do when x # a): 
given and the unknown. See Step 2 (Think 
of a Plan) in Principles of Problem Solving 
following Chapter 1. f(x) — fla) = fx) — f@ (x — a) 
x—a 
Thus, using Limit Law 4, we can write 
mifa—jeS in i Ga 
xa xa x—-a 
steel st aw 
xa ea tay # | xa 
=f @) t=0 


To use what we have just proved, we start with f(x) and add and subtract f(a): 


Jim f(x) = lim [f(@) + (F@) - F@)] 
lim f(@) + lim [f0) ~ FO] 


Il 


II 


f(a) + 0 = f(a) 
Therefore f is continuous at a. oO 


@ NOTE The converse of Theorem 4 is false; that is, there are functions that are contin- 
uous but not differentiable. For instance, the function f(x) = |x| is continuous at 0 
because 


lim f(x) = lim |x| = 0 = f(0) 
(See Example 2.3.7.) But in Example 5 we showed that f is not differentiable at 0. 


H@ How Can a Function Fail To Be Differentiable? 


We saw that the function y = |x| in Example 5 is not differentiable at 0 and Figure 5(a) 
shows that its graph changes direction abruptly when x = 0. In general, if the graph of a 
function f has a “corner” or “kink” in it, then the graph of f has no tangent at this point 
and f is not differentiable there. [In trying to compute f’(a), we find that the left and right 
limits are different. ] 

Theorem 4 gives another way for a function not to have a derivative. It says that if f 
is not continuous at a, then f is not differentiable at a. So at any discontinuity (for 
instance, a jump discontinuity) f fails to be differentiable. 
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yA vertical tangent line 
0 : z 
FIGURE 6 
FIGURE 7 


Three ways for f not to be 
differentiable at a 
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A third possibility is that the curve has a vertical tangent line when x = a; that is, f 
is continuous at a and 


lim | f"(x)| = % 


This means that the tangent lines become steeper and steeper as x — a. Figure 6 shows 
one way that this can happen; Figure 7(c) shows another. Figure 7 illustrates the three 
possibilities that we have discussed. 


YA YA YA 
+ > + > t > 
0 a x 0 a x 0 a x 
(a) A corner (b) A discontinuity (c) A vertical tangent 


A graphing calculator or computer provides another way of looking at differenti- 
ability. If f is differentiable at a, then when we zoom in toward the point (a, f(a)) the graph 
straightens out and appears more and more like a line. (See Figure 8. We saw a specific 
example of this in Figure 2.7.2.) But no matter how much we zoom in toward a point like 
the ones in Figures 6 and 7(a), we can’t eliminate the sharp point or corner (see Figure 9). 


Q 
#Y 


FIGURE 9 


f is not differentiable at a. 


FIGURE 8 
f is differentiable at a. 


@ Higher Derivatives 

If f is a differentiable function, then its derivative f’ is also a function, so f’ may have a 
derivative of its own, denoted by (f’)’ =f”. This new function f” is called the second 
derivative of f because it is the derivative of the derivative of f Using Leibniz notation, 
we write the second derivative of y = f(x) as 


d dy d’y 

dx dx dx? 
a ———} 

derivative first second 
of derivative derivative 
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160 CHAPTER 2 Limits and Derivatives 


EXAMPLE 6 If f(x) = x° — x, find and interpret f”(x). 


SOLUTION In Example 2 we found that the first derivative is f’(x) = 3x” — 1. So the 
second derivative is 


f(x + h) — f'®) 


£0) = (F1)"@) = im 


h 
— Bath? - 1] - Bx? - 1 
= lim 
h-0 h 
. 3x? + 6xh + 3h? — 1 — 3x7 +1 
aes h 


= lim (6x + 3h) = 6x 


The graphs of f, f’, and f” are shown in Figure 10. 


FIGURE 10 —2 


We can interpret f(x) as the slope of the curve y = f’(x) at the point (x, f’(x)). In 
other words, it is the rate of change of the slope of the original curve y = f(x). 

Notice from Figure 10 that f"(x) is negative when y = f'(x) has negative slope 
and positive when y = f'(x) has positive slope. So the graphs serve as a check on our 
calculations. a 


In general, we can interpret a second derivative as a rate of change of a rate of change. 
The most familiar example of this is acceleration, which we define as follows. 
If s = s(t) is the position function of an object that moves in a straight line, we know 
that its first derivative represents the velocity v(t) of the object as a function of time: 
ds 
v(t) = s(t) = — 
Q=s0=F 
The instantaneous rate of change of velocity with respect to time is called the accelera- 
tion a(t) of the object. Thus the acceleration function is the derivative of the velocity 
function and is therefore the second derivative of the position function: 


a(t) = v'() = s"() 
or, in Leibniz notation, 
dv d’s 
a=—=—> 
dt dt 
Acceleration is the change in velocity you feel when speeding up or slowing down in a car. 
The third derivative f” is the derivative of the second derivative: f’”= (f")’. So 


f'"(x) can be interpreted as the slope of the curve y = f"(x) or as the rate of change of 
f(x). If y = f(x), then alternative notations for the third derivative are 


d’y _ d*y 
dx? dx? 


CC — wy — d 
ye Pe) ae ( 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 2.8 The Derivative as a Function 161 


We can also interpret the third derivative physically in the case where the function 
is the position function s = s(t) of an object that moves along a straight line. Because 
s"= (s")' = a’, the third derivative of the position function is the derivative of the accel- 
eration function and is called the jerk: 


._ da _ ds 
Ia db} 


Thus the jerk j is the rate of change of acceleration. It is aptly named because a large jerk 
means a sudden change in acceleration, which causes an abrupt movement. 

The differentiation process can be continued. The fourth derivative f”” is usually 
denoted by f“. In general, the nth derivative of f is denoted by f and is obtained from 
f by differentiating n times. If y = f(x), we write 


wn 


d"y 
yi = FOm(x) = 
dx 


EXAMPLE 7 If f(x) =x? — x, find f"(x) and f(a). 


SOLUTION In Example 6 we found that f"(x) = 6x. The graph of the second derivative 
has equation y = 6x and so it is a straight line with slope 6. Since the derivative f’"(x) 
is the slope of f"(x), we have 


fa) = 6 
for all values of x. So f’” is a constant function and its graph is a horizontal line. 
Therefore, for all values of x, 


f%X) =0 a 


We have seen that one application of second and third derivatives occurs in analyzing 
the motion of objects using acceleration and jerk. We will investigate another applica- 
tion of second derivatives in Section 4.3, where we show how knowledge of f” gives us 
information about the shape of the graph of f: In Chapter 11 we will see how second and 
higher derivatives enable us to represent functions as sums of infinite series. 


2.8 | Exercises 


1-2 Use the given graph to estimate the value of each derivative. 2. (a) f'(—3) (b) f'(—2) (c) f(-1) 
Then sketch the graph of f’ (d) f'(0) (e) f'() (f) f'(2) 
L@aro of) Of £@F® @) #0) 
(e) f'(4) (f) f'(5) (g) f'(6) (h) f'(7) 
ya 
y= f(x) 
L-1 
O| 1 x 
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CHAPTER 2 Limits and Derivatives 


3. Match the graph of each function in (a)—(d) with the graph of 


its derivative in I-IV. Give reasons for your choices. 


(a) 


(c) 


Il 


YA 


(b) 


(d) 


I 


YA 


& 


= 


4-11 Trace or copy the graph of the given function f: (Assume 


that the axes have equal scales.) Then use the method of 
Example | to sketch the graph of f’ below it. 


4. YA 
> 
0 x 

6. yA 
> 
0 x 


5. 


RY 


av 


10. 


y 9. y. 
> > 
0 x x 
y 11. y 
> 
0 x 
> 
0 x 


12. Shown is the graph of the population function P(r) for yeast 


13 


14 


cells in a laboratory culture. Use the method of Example | to 
graph the derivative P'(t). What does the graph of P’ tell us 
about the yeast population? 


Pa (yeast cells) 
500 4 
| + +$—> 
0 5 10 15 ¢ (hours) 


A rechargeable battery is plugged into a charger. The graph 
shows C(t), the percentage of full capacity that the battery 
reaches as a function of time ¢ elapsed (in hours). 

(a) What is the meaning of the derivative C’(t)? 

(b) Sketch the graph of C’(t). What does the graph tell you? 


Percentage 
of full charge 


t t > 
10 12 t (hours) 
The graph (from the US Department of Energy) shows 
how driving speed affects gas mileage. Fuel economy F 
is measured in miles per gallon and speed v is measured in 
miles per hour. 

(a) What is the meaning of the derivative F'(v)? 

(b) Sketch the graph of F'(v). 
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(c) At what speed should you drive if you want to save 21-32 Find the derivative of the function using the definition of 
on gas? derivative. State the domain of the function and the domain of its 
derivative. 
F # (mi/gal) 
a 21. f(x) = 3x - 8 22. f(x) =mx+b 
23. f(t) = 2.51? + 6t 24. f(x) =4 + 8x — 5x? 
sual 25. A(p) = 4p? + 3p 26. F(t) =0— 5t+1 
ey 2 : 28. F z 
ed ae ae a) = 9 
pt tt 
9 10 20 30 40 50 60 70 v(mi/h) ut 
29. g(u) = 30. f(x) =x* 
15. The graph shows how the average surface water temperature ed 
Ff of Lake Michigan varies over the course of a year (where 1 1 
t is measured in months with t = 0 corresponding to Janu- 31. f(x) = ery 32. g(x) = 14 
ary 1). The average was calculated from data obtained over 7 - 
a 20-year period ending in 2011. Sketch the graph of the 
derivative function f’. When is f’(t) largest? 33. (a) Sketch the graph of f(x) = 1 + Vx + 3 by starting 
with the graph of y = ./x and using the transformations 
FRCP) of Section 1.3. 
70 5 (b) Use the graph from part (a) to sketch the graph of f' 
60. (c) Use the definition of a derivative to find f’(x). What are 
the domains of f and f’? 
50, AS (d) Graph f’ and compare with your sketch in part (b). 
a 34, (a) If f(x) =x + 1/x, find f'(x). 
+ AY (b) Check to see that your answer to part (a) is reasonable 
Se a ae ae ee a ee by comparing the graphs of f and f! 
0 2 4 6 8 10 12. #(months) 
35. (a) If f(x) = x* + 2x, find f’(x). 
16-18 Make a careful sketch of the graph of f and below it AY (b) Check to see that your answer to part (a) is reasonable 
sketch the graph of f’ in the same manner as in Exercises 4-11. by comparing the graphs of f and f’ 
Can you guess a formula for f’(x) from its graph? 
36. The table gives the number M(t), measured in thousands, of 


16. f(x) = sin x 17. f(x) =e* 18. f(x) = Inx 


FM 19. Let f(x) = x2 

(a) Estimate the values of f’(0), f'(4), f'(1), and f’(2) by 
zooming in on the graph of f. 

(b) Use symmetry to deduce the values of f'(—5), f"(-1), 
and f'(—2). 

(c) Use the results from parts (a) and (b) to guess a formula 
for f'(x). 

(d) Use the definition of derivative to prove that your guess 
in part (c) is correct. 


20. Let f(x) = x3 

(a) Estimate the values of f’(0), f'(5), fC), f(2), and 
f'(3) by zooming in on the graph of f. 

(b) Use symmetry to deduce the values of f'(—+), f"(—1), 
f'(—2), and f"(—3). 

(c) Use the values from parts (a) and (b) to graph f' 

(d) Guess a formula for f’(x). 

(e) Use the definition of derivative to prove that your guess 
in part (d) is correct. 


minimally invasive cosmetic surgery procedures performed 
in the United States for various years f. 


t N(t) (thousands) 
2000 5,500 
2002 4,897 
2004 7,470 
2006 9,138 
2008 10,897 
2010 11,561 
2012 13,035 
2014 13,945 


Source: American Society of Plastic Surgeons 


(a) What is the meaning of N’(t)? What are its units? 

(b) Construct a table of estimated values for N’(t). 

(c) Graph N and N’ 

(d) How would it be possible to get more accurate values 
for N'(t)? 
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37. The table gives the height as time passes of a typical pine tree 
grown for lumber at a managed site. 


Tree age (years) 14 | 21 | 28 | 35 | 42 | 49 


Height (feet) 41 54 64 | 72 | 78 83 


Source: Arkansas Forestry Commission 


Tf H(t) is the height of the tree after ¢ years, construct a table 
of estimated values for H’ and sketch its graph. 
38. Water temperature affects the growth rate of brook trout. 
The table shows the amount of weight gained by brook trout 
after 24 days in various water temperatures. 


Temperature (°C) 15.5 | 17.7 | 20.0 | 22.4 | 24.4 


Weight gained (g) 37.2 | 31.0 | 19.8 | 9.7 | —9.8 


If W(x) is the weight gain at temperature x, construct a table 
of estimated values for W’ and sketch its graph. What are the 
units for W'(x)? 

Source: Adapted from J. Chadwick Jr., “Temperature Effects on Growth 

and Stress Physiology of Brook Trout: Implications for Climate Change 


Impacts on an Iconic Cold-Water Fish.” Masters Theses. Paper 897. 2012. 
scholarworks.umass.edu/theses/897. 


39. Let P represent the percentage of a city’s electrical 
power that is produced by solar panels t years after 
January 1, 2020. 

(a) What does dP/dt represent in this context? 
(b) Interpret the statement 


dP 

dt 
40. Suppose N is the number of people in the United States 
who travel by car to another state for a vacation in a 
year when the average price of gasoline is p dollars per 
gallon. Do you expect dN/dp to be positive or negative? 
Explain. 


41-44 The graph of f is given. State, with reasons, the numbers 
at which f is not differentiable. 


41. 42. y 


45. 


Graph the function f(x) = x + V[x]. . Zoom in repeatedly, 
first toward the point (— 1, 0) and then toward the origin. 
What is different about the behavior of f in the vicinity of 
these two points? What do you conclude about the differen- 
tiability of f? 


Zoom in toward the points (1, 0), (0, 1), and (—1, 0) on the 
graph of the function g(x) = (x? — 1)”/7. What do you 
notice? Account for what you see in terms of the differen- 
tiability of g. 


47-48 The graphs of a function f and its derivative f’ are shown. 
Which is bigger, f'(—1) or f"(1)? 


47. yA 
> 
x 
48. YA 
> 
0 1 x 
49. The figure shows the graphs of f, f’, and f”. Identify each 


curve, and explain your choices. 


YA 
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50. 


51. 


52. 


The figure shows graphs of f, f’, f”, and f’”. Identify each 
curve, and explain your choices. 


abcd 


Rv 


The figure shows the graphs of three functions. One is the 
position function of a car, one is the velocity of the car, and 
one is its acceleration. Identify each curve, and explain your 
choices. 


YA 


oO 
aa 


The figure shows the graphs of four functions. One is the 
position function of a car, one is the velocity of the car, one 
is its acceleration, and one is its jerk. Identify each curve, 
and explain your choices. 


YA 


53-54 Use the definition of a derivative to find f’(x) and f"(x). 


Then graph f, f’, and f” on acommon screen and check to see 
if your answers are reasonable. 


53. 


FAM 55. 


f(x) = 3x° + 2x41 54. f(x) =x? - 3x 


If f(x) = 2x? — x3, find f'(x), f"(x), f(x), and f(x). 
Graph f, f’, f”, and f” on a common screen. Are the 
graphs consistent with the geometric interpretations of 
these derivatives? 
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56. (a) The graph of a position function of a car is shown, 
where s is measured in feet and f in seconds. Use it to 
graph the velocity and acceleration of the car. What is 
the acceleration at t = 10 seconds? 


100 4 


(b) Use the acceleration curve from part (a) to estimate the 
jerk at t = 10 seconds. What are the units for jerk? 


57. Let f(x) = x. 
(a) If a ¥ 0, use Equation 2.7.5 to find f(a). 
(b) Show that f’(0) does not exist. 
(c) Show that y = 3/x_ has a vertical tangent line at (0, 0). 
(Recall the shape of the graph of f. See Figure 1.2.13.) 


58. (a) If g(x) = x7, show that g’(0) does not exist. 
(b) If a ¥ 0, find g'(a). 
(c) Show that y = x” has a vertical tangent line at (0, 0). 
(d) Illustrate part (c) by graphing y = x7”. 


59. Show that the function f(x) = |x — 6] is not differentiable 
at 6. Find a formula for f’ and sketch its graph. 


60. Where is the greatest integer function f(x) = [| x ] not dif- 
ferentiable? Find a formula for f’ and sketch its graph. 


61. (a) Sketch the graph of the function f(x) = x|x|. 
(b) For what values of x is f differentiable? 
(c) Find a formula for f' 


62. (a) Sketch the graph of the function g(x) = x + |x|. 
(b) For what values of x is g differentiable? 
(c) Find a formula for g‘ 


63. Derivatives of Even and Odd Functions Recall that a func- 
tion f is called even if f(—x) = f(x) for all x in its domain 
and odd if f(—x) = —f(x) for all such x. Prove each of the 
following. 

(a) The derivative of an even function is an odd function. 
(b) The derivative of an odd function is an even function. 


64-65 Left- and Right-Hand Derivatives The left-hand and 
right-hand derivatives of f at a are defined by 


f(a + h) — fla) 


f-(@) om h 
and f's(a) = lim, fat ” ~ f(a) 


if these limits exist. Then f’(a) exists if and only if these one- 
sided derivatives exist and are equal. 
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64. Find f"(0) andf'.(0) for the given function f- Is f differen- 


65. 


tiable at 0? 


0 ifx<0 
@) ro={° ifx>0 
0 ifx<0 
b = 
(6) FQ) ie ifx>0 
Let 
0 if x <0 
7i= | if0<x<4 
ifx2=4 
S=x 


(a) Find f"(4) and f'.(4). 

(b) Sketch the graph of f. 

(c) Where is f discontinuous? 
(d) Where is f not differentiable? 


WE review 


CONCEPT CHECK 


66. When you turn on a hot-water faucet, the temperature T of the 


67. 


68. 


water depends on how long the water has been running. In 

Example 1.1.4 we sketched a possible graph of T as a function 

of the time ¢ that has elapsed since the faucet was turned on. 

(a) Describe how the rate of change of T with respect to t 
varies as ¢ increases. 

(b) Sketch a graph of the derivative of T. 


Nick starts jogging and runs faster and faster for 3 mintues, 

then he walks for 5 minutes. He stops at an intersection for 

2 minutes, runs fairly quickly for 5 minutes, then walks for 

4 minutes. 

(a) Sketch a possible graph of the distance s Nick has 
covered after ¢ minutes. 

(b) Sketch a graph of ds/dt. 


Let € be the tangent line to the parabola y = x? at the 
point (1, 1). The angle of inclination of € is the angle 
that € makes with the positive direction of the x-axis. 
Calculate ¢ correct to the nearest degree. 


Answers to the Concept Check are available at StewartCalculus.com. 


1. 


Explain what each of the following means and illustrate with 
a sketch. 


(a) lim f(x) = L 
(d) lim f(x) = © 


(b) lim, f(x) =L (©) lim f(x) =L 
(e) lim f(x) =L 


. Describe several ways in which a limit can fail to exist. 


Illustrate with sketches. 


. State the following Limit Laws. 


(a) Sum Law 

(b) Difference Law 

(c) Constant Multiple Law 
(d) Product Law 

(e) Quotient Law 

(f) Power Law 

(g) Root Law 


. What does the Squeeze Theorem say? 


. (a) What does it mean to say that the line x = a is a vertical 


asymptote of the curve y = f(x)? Draw curves to illus- 
trate the various possibilities. 

(b) What does it mean to say that the line y = L is a hori- 
zontal asymptote of the curve y = f(x)? Draw curves to 
illustrate the various possibilities. 


10. 


11. 


. Which of the following curves have vertical asymptotes? 


Which have horizontal asymptotes? 


(a) y=x? (b) y = sinx (c) y = tanx 
(d) y = tan ‘x (ec) y=e" (f) y=Inx 
(g) y= I/x (h) y= yx 


. (a) What does it mean for f to be continuous at a? 


(b) What does it mean for f to be continuous on the 
interval (—°%, ©)? What can you say about the graph 
of such a function? 


. (a) Give examples of functions that are continuous 


on[—1, 1]. 
(b) Give an example of a function that is not continuous 
on [0, 1]. 


. What does the Intermediate Value Theorem say? 


Write an expression for the slope of the tangent line to the 
curve y = f(x) at the point (a, f(a)). 


Suppose an object moves along a straight line with posi- 
tion f(t) at time ¢. Write an expression for the instanta- 
neous velocity of the object at time t = a. How can you 
interpret this velocity in terms of the graph of f? 
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12. If y = f(x) and x changes from x; to x2, write expressions for 
the following. 


(a) The average rate of change of y with respect to x over the 
interval [.x1, x2 | 


(b) The instantaneous rate of change of y with respect to x 
atx = x; 


13. Define the derivative f'(a). Discuss two ways of interpreting 
this number. 


TRUE-FALSE QUIZ 


14. 


16. 
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Define the second derivative of f. If f(t) is the position func- 
tion of a particle, how can you interpret the second derivative? 


. (a) What does it mean for f to be differentiable at a? 


(b) What is the relation between the differentiability and 
continuity of a function? 

(c) Sketch the graph of a function that is continuous but not 
differentiable at a = 2. 


Describe several ways in which a function can fail to be 
differentiable. Illustrate with sketches. 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


. 2x 8 : 2x : 8 
1. lim lim lim 
x—-4 P eee Q 4 x 


x4 


lim (x — 3) 


x= 3 
3. li A = 
lg = ee =e lim (x° + 2x — 4) 


2 
=9 
A= =xt+3 
x= 3 
5. lim —— lim (x + 3) 
x3 X= x3 


6. If lim,—s f(x) = 2 and lim,-.; g(x) = 0, then 
lim,—s [ f(x)/g(x)] does not exist. 


7. If lim,—s f(x) = 0 and lim,—s g(x) = 0, then 
lim,—s [ f(x)/g(x)] does not exist. 


8. If neither lim,_., f(x) nor lim,_., g(x) exists, then 
lim,.4[ f(x) + g(x)] does not exist. 


9. If lim,. f(x) exists but lim,—.. g(x) does not exist, then 
lim,—a[ f(x) + g(x)] does not exist. 


10. If p is a polynomial, then lim,—., p(x) = p(d). 


11. If lim,—o f(x) = © and lim, g(x) = ©, then 
lim,—o[ f(x) — g(x)] = 0. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


A function can have two different horizontal asymptotes. 


If f has domain [0, °¢) and has no horizontal asymptote, then 
lim, f(x) = © or lim, f(x) = -~. 


Tf the line x = 1 is a vertical asymptote of y = f(x), then f is 
not defined at 1. 


If f(1) > O and f(3) < 0, then there exists a number c 
between | and 3 such that f(c) = 0. 


If f is continuous at 5 and f(5) = 2 and f(4) = 3, then 
lim, 2 f(4x2 — 11) = 2. 


If f is continuous on [—1, 1] and f(—1) = 4 and f(1) = 3, 
then there exists a number r such that |r| < 1 and f(r) = 7. 


Let f be a function such that lim, f(x) = 6. Then there 
exists a positive number 6 such that if 0 < |x| < 6, then 
|f(x) — 6| <1. 


If f(x) > 1 for all x and lim,—o f(x) exists, then 
lim, 0 f(x) > 1. 


If f is continuous at a, then f is differentiable at a. 


If f(r) exists, then lim,_., f(x) = f(r). 


ay _ (av) 

dx? dx 

The equation x'° — 10x? + 5 = Ohas a solution in the 
interval (0, 2). 


If f is continuous at a, so is | f |. 
If | f | is continuous at a, so is f. 


If f is differentiable at a, so is | f|. 
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EXERCISES 


1. The graph of f is given. 


(a) Find each limit, or explain why it does not exist. 
(i) lim, f(®) Gi) Tim, f(a) Gilt) Tim, f(0) 
(iv) im f@)—(W) tim f@) i) tim _ fa) 
(vii) lim f(x) (viii) lim, f(x) 


(b) State the equations of the horizontal asymptotes. 
(c) State the equations of the vertical asymptotes. 
(d) At what numbers is f discontinuous? Explain. 


2. Sketch the graph of a function f that satisfies all of the fol- 
lowing conditions: 


lim, f(®) = —2, lim f(x) = 0, lim, f(x) = =, 
Jim. f(x) = —%, tim, f() = 2, 


f is continuous from the right at 3 


3-20 Find the limit. 


; 3 : r- 9 
3. lim cos(x* + 3x) 4. lim ————— 
x0 233.0" tle 3B 
i ‘Se : R= 9 
5. lim Tea ant par as, 6. lim ac a 
x>-3 x° + 2x - 3 xolt x7 + 2x -— 3 
h-1p+1 rp—aA 
ig eT 8. lim 
h0 h 132 PP — 8 
9. |i r og dae 
im ‘i 
oh — oF Laer 
Sit chon —/jt+4 
11. lim csi deta 12. Ha 
r-1 4r° + r — 3 ss pes 
2 De as 
fine — i tin 
x>nw Dy — 6 fs 6 
i : . 1 — 2x? — x4 
15. lim In(sin x) 16. lim. ——— 
Pe | al x —00 5 a x _ 3x 
17. lim (Vx? + 4x +1 = x) 18. lime’ 


1 1 
19. lim tan '(1/x) 20. lim bs 
x>0* xol\x-— 1 x = BE 2 


FS 21-22 Use graphs to discover the asymptotes of the curve. Then 
prove what you have discovered. 


2.9 22.y=Vx?txt1—-Vx?-x 
% 


23. If2x — 1 < f(x) < x’ for 0 < x < 3, find lim,—, f(x). 
24. Prove that lim, +9 x* cos(1/x”) = 0. 
25-28 Prove the statement using the precise definition of a limit. 


25. lim (14 — 5x) = 4 26. lim sx =0 


: ‘ ; 2 
27. lim (x* — 3x) = -2 28. lim -—-=o© 


oat fey 


29. Let 
aX if x <0 
f)=43-x if0<x<3 
(x-3) ifx>3 
(a) Evaluate each limit, if it exists. 
() lim, f@) Gi) tim FG) Gi) Him f(a) 
(iv) lim f@) —(v) tim, f@) (vi) lim FQ) 


(b) Where is f discontinuous? 
(c) Sketch the graph of f. 


30. Let 
2x-x? ifO<x<2 
wa f27* f2<x3 
ave a an eee 


7 ifx24 


(a) For each of the numbers 2, 3, and 4, determine whether g 
is continuous from the left, continuous from the right, or 
continuous at the number. 

(b) Sketch the graph of g. 


31-32 Show that the function is continuous on its domain. State 


the domain. 
Vx?—-9 


31. h(x) = xe" 32. g(x) =—, 
xe = 2 


33-34 Use the Intermediate Value Theorem to show that there is 
a solution of the equation in the given interval. 


33. x —x°?+3x-5=0, (1,2) 
34. cos/x =e*— 2, (0,1) 
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35. (a) Find the slope of the tangent line to the curve 
y = 9 — 2x? at the point (2, 1). 


(b) Find an equation of this tangent line. 


36. Find equations of the tangent lines to the curve 


_ 2. 
I = 3% 


y 


at the points with x-coordinates 0 and —1. 

37. The displacement (in meters) of an object moving in a 

straight line is given by s = 1 + 2¢ + xt? where ¢ is mea- 

sured in seconds. 

(a) Find the average velocity over each time period. 

@ 01,3) @ [1,2] qdii) [1,15] Gy) [1, 1.1] 

(b) Find the instantaneous velocity when t = 1. 

38. According to Boyle’s Law, if the temperature of a confined 

gas is held fixed, then the product of the pressure P and the 

volume V is a constant. Suppose that, for a certain gas, 

PV = 800, where P is measured in pounds per square inch 

and V is measured in cubic inches. 

(a) Find the average rate of change of P as V increases 
from 200 in? to 250 in’. 

(b) Express V as a function of P and show that the instan- 
taneous rate of change of V with respect to P is 
inversely proportional to the square of P. 

39. (a) Use the definition of a derivative to find f'(2), where 
f(x) =x? — 2x. 

(b) Find an equation of the tangent line to the curve 
y = x° — 2x at the point (2, 4). 

(c) Illustrate part (b) by graphing the curve and the tangent 
line on the same screen. 


40. Find a function f and a number a such that 
_ (2+hP-64 
a on 


41. The total cost of repaying a student loan at an interest rate 

of r% per year is C = f(r). 

(a) What is the meaning of the derivative f'(r)? What are 
its units? 

(b) What does the statement f’(10) = 1200 mean? 

(c) Is f(r) always positive or does it change sign? 


42-44 Trace or copy the graph of the function. Then sketch a 
graph of its derivative directly beneath. 


42. y 43. 


ay 


ae] 


ae] 
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44. 


45-46 Find the derivative of f using the definition of a 
derivative. What is the domain of f'? 


45. f(x) = 2 46. f(t) = 


1 
Vvtt1 


If f(x) = V3 — 5x, use the definition of a derivative 
to find f'(x). 

Find the domains of f and f’. 

Graph f and f’ on a common screen. Compare the 
graphs to see whether your answer to part (a) is 
reasonable. 


47. (a) 


(b) 
(c) 


48. (a) Find the asymptotes of the graph of 


4-x 
3 Ex 


f@) = 


and use them to sketch the graph. 

(b) Use your graph from part (a) to sketch the graph of f’. 
(c) Use the definition of a derivative to find f(x). 

(d) Graph f’ and compare with your sketch in part (b). 


49. The graph of f is shown. State, with reasons, the numbers 
at which f is not differentiable. 


YA 


50. The figure shows the graphs of f, f, and f” Identify each 
curve, and explain your choices. 
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51. 


52. 


53. 


CHAPTER 2 Limits and Derivatives 


Sketch the graph of a function f that satisfies all of the 
following conditions: 


The domain of f is all real numbers except 0, 

Jim f(s) = 1, lim, fle) = 0, 

f'(x) > 0 for all x in the domain of f, 

Jim f'() =9, lim fw=l 

Let P(t) be the percentage of Americans under the age of 18 


at time ¢. The table gives values of this function in census 
years from 1950 to 2010. 


t P(t) t P(t) 
1950 31.1 1990 25.7 
1960 35.7 2000 25.7 
1970 34.0 2010 24.0 
1980 28.0 


(a) What is the meaning of P’(t)? What are its units? 
(b) Construct a table of estimated values for P’(t). 
(c) Graph P and P! 
(d) How would it be possible to get more accurate values 
for P’(t)? 
Let B(t) be the number of US $20 bills in circulation at time ¢. 
The table gives values of this function from 1995 to 2015, as 


of December 31, in billions. Interpret and estimate the value 
of B'(2010). 


t 1995 |} 2000 | 2005 | 2010 | 2015 


B(t) 4.21 4.93 ei 6.53 8.57 


54. The total fertility rate at time t, denoted by F(t), is an esti- 


mate of the average number of children born to each woman 
(assuming that current birth rates remain constant). The 
graph of the total fertility rate in the United States shows 
the fluctuations from 1940 to 2010. 
(a) Estimate the values of F'’(1950), F'(1965), 
and F'(1987). 
(b) What are the meanings of these derivatives? 
(c) Can you suggest reasons for the values of these 
derivatives? 


vt baby 
boom 


$+} +} + + +} $$ 4+ + t+ 4 
1940 1950 1960 1970 1980 1990 2000 2010 ¢ 


55. Suppose that | f(x) | < g(x) for all x, where lim,—. g(x) = 0. 


Find lim, f(x). 


56. Let f(x) = [x] + [-x]. 


(a) For what values of a does lim,_., f(x) exist? 
(b) At what numbers is f discontinuous? 
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Problems Plus 


Problems 


In the Principles of Problem Solving following Chapter 1 we considered the problem- 
solving strategy of introducing something extra. In the following example we show how 
this principle is sometimes useful when we evaluate limits. The idea is to change the 
variable—to introduce a new variable that is related to the original variable—in such a 
way as to make the problem simpler. Later, in Section 5.5, we will make more extensive 
use of this general idea. 


. v¥l+tex-1 . 
EXAMPLE Evaluate iim — ca where c is a constant. 
SOLUTION As it stands, this limit looks challenging. In Section 2.3 we evaluated limits 
in which both numerator and denominator approached 0. There our strategy was to 
perform some sort of algebraic manipulation that led to a simplifying cancellation, but 
here it’s not clear what kind of algebra is necessary. 
So we introduce a new variable t by the equation 


t=<4/1 + ex 
We also need to express x in terms of t, so we solve this equation: 


p- 


p=1t+ex x= (if c ~ 0) 


Notice that x — 0 is equivalent to t — 1. This allows us to convert the given limit into 
one involving the variable ¢: 


The change of variable allowed us to replace a relatively complicated limit by a simpler 
one of a type that we have seen before. Factoring the denominator as a difference of 
cubes, we get 


i c(t — 1) ; c(t — 1) 
m = hm 
mi pP-1l mei(t*-Y(Pe+t4+ 1) 


. c 
lin > 
mit+tt+1 3 


In making the change of variable we had to rule out the case c = 0. But if c = 0, the 
function is O for all nonzero x and so its limit is 0. Therefore, in all cases, the limit 
is c/3. Oo 


The following problems are meant to test and challenge your problem-solving skills. 
Some of them require a considerable amount of time to think through, so don’t be dis- 
couraged if you can’t solve them right away. If you get stuck, you might find it helpful to 
refer to the discussion of the principles of problem solving following Chapter 1. 


§ 
= 
1. Evaluate lim veal 


x1 y—-1° 
VO POSS 4 


2. Find numbers a and b such that lim 
xs x 


[2x —1| — |2x + 1| 
x 171 


3. Evaluate lim 
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FIGURE FOR PROBLEM 4 


FIGURE FOR PROBLEM 10 
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4. The figure shows a point P on the parabola y = x” and the point Q where the perpendicular 


bisector of OP intersects the y-axis. As P approaches the origin along the parabola, what 
happens to Q? Does it have a limiting position? If so, find it. 


5. Evaluate the following limits, if they exist, where [|x|] denotes the greatest integer function. 


() tim I () tim « [1/1 


6. Sketch the region in the plane defined by each of the following equations. 


(a) [x]? + [yl =1 (b) [x]? - [y]? =3 
(c) [x+y]? =1 (d) [x] + [y] =1 


7. Let f(x) = x/[x]. 


(a) Find the domain and range of f. (b) Evaluate lim,—.. f(x). 


8. A fixed point of a function f is a number c in its domain such that f(c) = c. (The function 


doesn’t move c; it stays fixed.) 

(a) Sketch the graph of a continuous function with domain [0, 1] whose range also lies 
in [0, 1]. Locate a fixed point of f. 

(b) Try to draw the graph of a continuous function with domain [0, 1] and range in [0, 1] 
that does not have a fixed point. What is the obstacle? 

(c) Use the Intermediate Value Theorem to prove that any continuous function with domain 
[0, 1] and range in [0, 1] must have a fixed point. 


9. If lim,a[ f(x) + g(x)] = 2 and lim,—.[ f(x) — g(x)] = 1, find lim,—. [ f(x) g(x)]. 
10. (a) The figure shows an isosceles triangle ABC with 2B = ZC. The bisector of angle B 


intersects the side AC at the point P. Suppose that the base BC remains fixed but the 
altitude | AM | of the triangle approaches 0, so A approaches the midpoint M of BC. 
What happens to P during this process? Does it have a limiting position? If so, find it. 

(b) Try to sketch the path traced out by P during this process. Then find an equation of this 
curve and use this equation to sketch the curve. 


11. (a) If we start from 0° latitude and proceed in a westerly direction, we can let T(x) denote 


the temperature at the point x at any given time. Assuming that T is a continuous 
function of x, show that at any fixed time there are at least two diametrically opposite 
points on the equator that have exactly the same temperature. 

(b) Does the result in part (a) hold for points lying on any circle on the earth’s surface? 

(c) Does the result in part (a) hold for barometric pressure and for altitude above sea level? 


12. If f is a differentiable function and g(x) = xf(.x), use the definition of a derivative to show 


that g'(x) = xf'(x) + f(x). 


13. Suppose f is a function that satisfies the equation 


f(x + y) = f(x) + f(y) + x?y + xy? 


for all real numbers x and y. Suppose also that 


i fx) _ 
im ——— = 
x>0 X 


1 


(a) Find f(0). (b) Find f'(0). (c) Find f'(x). 


14. Suppose /f is a function with the property that | f(x) | < x? for all x. Show that (0) = 0. 


Then show that f'(0) = 0. 
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on wie samt 
Seana an annangen enrnert al 


In the project following Section 3.4 you will calculate the distance from an airport runway at which a pilot should start descent for a 
smooth landing. 
Who is Danny / Shutterstock.com 


Differentiation Rules 


WE HAVE SEEN HOW TO INTERPRET derivatives as slopes and rates of change. We have used the 
definition of a derivative to calculate the derivatives of functions defined by formulas. But it would 
be tedious if we always had to use the definition, so in this chapter we develop rules for finding 
derivatives without having to use the definition directly. These differentiation rules enable us to 
calculate with relative ease the derivatives of polynomials, rational functions, algebraic functions, 
exponential and logarithmic functions, and trigonometric and inverse trigonometric functions. We 
then use these rules to solve problems involving rates of change and the approximation of functions. 


173 
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3.1 | Derivatives of Polynomials and Exponential Functions 


In this section we learn how to differentiate constant functions, power functions, polyno- 
mials, and exponential functions. 


® Constant Functions 


ai Let’s start with the simplest of all functions, the constant function f(x) = c. The graph of 
7 this function is the horizontal line y = c, which has slope 0, so we must have f’(x) = 0. 
c — (See Figure 1.) A formal proof, from the definition of a derivative, is also easy: 
slope = 0 
fe I OE ak 
a os a a 
0 = 
* In Leibniz notation, we write this rule as follows. 
FIGURE 1 
The graph of f(x) = c is the line Derivative of a Constant Function 
y=c,so f'(x) =0. 
“() 
dx 
@ Power Functions 
We next look at the functions f(x) = x”, where n is a positive integer. If n = 1, the graph 
of f(x) = x is the line y = x, which has slope 1. (See Figure 2.) So 
d 
—— = 1 
[1 dx (x) 
# (You can also verify Equation | from the definition of a derivative.) We have already 
investigated the cases n = 2 andn = 3. In fact, in Section 2.8 (Exercises 19 and 20) we 
FIGURE 2 found that 
The graph of f(x) = x is the line 4 d 
y=x,so f'(x) = 1. [2] Re) = 2x race = 3x? 


For n = 4 we find the derivative of f(x) = x* as follows: 


fa+h—~f@) _ (e+ y= 3" 
7 im 


fa= lim lim 7 


x? + 4x%h + 6x7h? + 4xh? + h* — x* 


= lim 

n—>0 h 

— 4Axth + 6x7*h? + 4xh? + ht 
= a h 


= lim (4x7 + 6x7h + 4xh? + 7) = 4x7 


Thus 


[3] “(") = 4x3 
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Comparing the equations in (1), (2), and (3), we see a pattern emerging. It seems to be a 
reasonable guess that, when nis a positive integer, (d/dx)(x") = nx" |. This turns out to 
be true. We prove it in two ways; the second proof uses the Binomial Theorem. 


The Power Rule If 7 is a positive integer, then 


n-1 


FIRST PROOF The formula 
x" = a" = (x _ a(x"! + x" 2a Be. sear ee xq"? + a" ') 


can be verified simply by multiplying out the right-hand side (or by summing the 
second factor as a geometric series). If f(x) = x", we can use Equation 2.7.5 for f(a) 
and the equation above to write 


f(a) = tim 


SECOND PROOF 
+ h = + h {ey ( 
eC = ie fe +h) ~f@) _ ,,, to" =% 
h—0 h h—0 h 
The Binomial Theorem is given on In finding the derivative of x* we had to expand (x + h)*. Here we need to expand 
Reference Page 1. (x + h)" and we use the Binomial Theorem to do so: 
=] 
xe t+ nx" 'h a me ) 2p? sew ek nxh"! +Ar|— xn 
f'@) = lim ; 
=i n(n = 1) 27,2 = 
nx" h + a “he + +++ + nxh™ +h" 
= lim 
a) h 
=] 
= iim nx”! + ne) ) ap +e) + nxh™? + Ar! 
a nx"! 
because every term except the first has / as a factor and therefore approaches 0. a 


We illustrate the Power Rule using various notations in Example 1. 
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EXAMPLE 1 
(a) If f(x) = x°, then f(x) = 6x°. (b) If y = x'®, then y’ = 1000x°. 
dy d 
= 7 —r =a; Rey goa), 2 
(©) ty =r then = ar. (@) —(") = 3r = 


What about power functions with negative integer exponents? In Exercise 69 we ask 
you to verify from the definition of a derivative that 


We can rewrite this equation as 


d 1 
—— = = -1 =2; 
7) = (De 
and so the Power Rule is true when n = —1. In fact, we will show in the next section 
[Exercise 3.2.66(c)] that it holds for all negative integers. 
What if the exponent is a fraction? In Example 2.8.3 we found that 


d 1 
cae 
dx 2a/x 
: . d 1/2 1-1/2 
which can be written as h (x'"*) = 5x 
x 


This shows that the Power Rule is true even when the exponent is - In fact, we will show 
in Section 3.6 that it is true for all real exponents n. 


The Power Rule (General Version) If 7 is any real number, then 


d 
7? = nx 


n-1 


EXAMPLE 2 Differentiate: 


1 3 
(a) FQ) = = (b) y = Vx? 
SOLUTION In each case we rewrite the function as a power of x. 
(a) Since f(x) = x’, we use the Power Rule with n = —2: 
d 2 
- f'(~ = (x7) = —2x 1 = -2x 7% = -—> 
dx x 
y ul 
- d d d 
i 3 2/3) _ 2 .(2/3)-1 _ 2-1/3 
b Vx?) = (x?) = Fx = 5x a 
; . a gg ; 
Figure 3 shows the function y in Example 2(b) and its derivative y’. Notice that y is not 
5 differentiable at 0 (y’ is not defined there). Also observe that the function y is increasing 
when y’ is positive and is decreasing when y’ is negative. In Chapter 4 we will prove that, 
FIGURE 3 in general, a function increases when its derivative is positive and decreases when its 
y = ox? derivative is negative. 
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The Power Rule enables us to find tangent lines without having to resort to the defini- 
tion of a derivative. It also enables us to find normal lines. The normal line to a curve C 
at a point P is the line through P that is perpendicular to the tangent line at P. (In the 
study of optics, the Law of Reflection involves the angle between a light ray and the 
normal line to a lens.) 


EXAMPLE 3 Find equations of the tangent line and normal line to the curve y = xx 
at the point (1, 1). Illustrate by graphing the curve and these lines. 


SOLUTION The derivative of f(x) =xJ/x = xx"? = x°” is 


tangent f'(x) = 3 8/2)-1 = 3x1? _ 3x 


So the slope of the tangent line at (1, 1) is f’(1) = 3. Therefore an equation of the 


normal tangent line is 


peieteei: te. wore 


The normal line is perpendicular to the tangent line, so its slope is the negative recipro- 
cal of 3, that is, —3, Thus an equation of the normal line is 


=1 


es ee ee ae 
FIGURE 4 sa ga =) ory ee 


y=xlx We graph the curve and its tangent line and normal line in Figure 4. | 


H New Derivatives from Old 


When new functions are formed from old functions by addition, subtraction, or multipli- 
cation by a constant, their derivatives can be calculated in terms of derivatives of the old 
functions. In particular, the following formula says that the derivative of a constant times 
a function is the constant times the derivative of the function. 


Geometric Interpretation The Constant Multiple Rule If c is a constant and f is a differentiable function, 
of the Constant Multiple Rule hen 


YA 


d d 
Te lef] =< ae (x) 


~ y = 2f(x) 
y= f(x) PROOF Let g(x) = cf(x). Then 


— 


gx + h)~ 9x) | efle +h) ~ ofl) 


0 x g(x) = lim i lim h 
Multiplying by c = 2 stretches the = jj f(x + h) — fa) 
graph vertically by a factor of 2. All oa h 
the rises have been doubled but the 
runs stay the same. So the slopes are =c lim eth =1e) (by Limit Law 3) 
also doubled. ae h 
= cf'(x) o 
EXAMPLE 4 
d d 
(a) — (3x*) = 3 —(x*) = 3(4x°7) = 12x? 
dx dx 
d d d 
b = Wx] =(=1 ==101) ==! a 
(b) Sto) = Dal = (-D (1) 
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The next rule tells us that the derivative of a sum (or difference) of functions is the 
sum (or difference) of the derivatives. 


Using prime notation, we can write The Sum and Difference Rules If f and g are both differentiable, then 
the Sum and Difference Rules as 


d d d 
Basia ce Lyla) + 9] = Sf) + g(x) 
(f- =f" -9' 


d d d 
Fy LAO) — 9 = FO) — Fo) 


PROOF To prove the Sum Rule, we let F(x) = f(x) + g(x). Then 


F(x + h) — F(x) 


F(x) = lim A 
= tim Lhe +) + ole + W)) = LF) + 962) 
hod h 
= jig | EAB = LO , e909 | 


— tm LEM =F) ole +H) = gla) 


h>0 h h0 h 


= f(x) + g(x) 


(by Limit Law 1) 


To prove the Difference Rule, we write f — gas f + (—1)g and apply the Sum Rule 
and the Constant Multiple Rule. i) 


The Sum Rule can be extended to the sum of any number of functions. For instance, 
using this theorem twice, we get 


Gregth =r ra afr real ry 1 
The Constant Multiple Rule, the Sum Rule, and the Difference Rule can be combined 


with the Power Rule to differentiate any polynomial, as the following three examples 
demonstrate. 


EXAMPLE 5 


d 
a + 12x° — 4x* + 10x? — 6x + 5) 
x 


8 5) _ 4 4 d d 
= (8) +12 7 e) 4— (x!) + 100") 67 @) + 7-6) 


= 8x7 + 12(5x4) — 4(4x3) + as — 6(1) +0 
= 8x7 + 60x4 — 16x? + 30x? — 6 a 
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Yh EXAMPLE 6 Find the points on the curve y = x* — 6x* + 4 where the tangent line is 
(0, 4) horizontal. 


SOLUTION Horizontal tangents occur where the derivative is zero. We have 


0 x dy d_, d_, d 
= *) + 4 
dx “eo ce a 
(-/3, -5) (\/3, -5) = 4x7 — 12x + 0 = 4x(x? — 3) 


Thus dy/dx = 0 if x = 0 or x? — 3 = 0, that is, x = +,/3. So the given curve has 
horizontal tangents when x = 0, V3, and —,/3. The corresponding points are (0, 4), 
(/3, —5), and (—./3, —5). (See Figure 5.) ai 


FIGURE 5 
The curve y = x* — 6x? + 4 and its 
horizontal tangents 


EXAMPLE7 The equation of motion of a particle is s = 24° — 5t° + 3¢ + 4, where s 
is measured in centimeters and ¢ in seconds. Find the acceleration as a function of time. 
What is the acceleration after 2 seconds? 


SOLUTION The velocity and acceleration are 


ds 
t) = — = 6r — 101 + 3 
v(t) a 
dv 
t) = — = 12t- 10 
a(t) i 
The acceleration after 2 seconds is a(2) = 14 cm/s’. | 


B® Exponential Functions 


Let’s try to compute the derivative of the exponential function f(x) = b* using the defi- 
nition of a derivative: 


+ h = pxth ae 2 
7a =a fat h-fo) _y. b 
h>0 h h—>0 h 
ee b*b! = b* kh b*(b" _ 1) 
lim lim 


h0 h h0 


The factor b* doesn’t depend on h, so we can take it in front of the limit: 


i xX 4 p= 
ea ge 


Notice that the limit is the value of the derivative of f at 0, that is, 
h 


lim vt = f'(0) 


Therefore we have shown that if the exponential function f(x) = b* is differentiable at 
0, then it is differentiable everywhere and 


[4] fo) =fOw 


This equation says that the rate of change of any exponential function is proportional to 
the function itself. (The slope is proportional to the height.) 
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Aas 3" 4 Numerical evidence for the existence of f’(0) is given in the table at the left for the 
h h h cases b = 2 and b = 3. (Values are stated correct to four decimal places.) It can be 
proved that the limits exist and 
0.1 0.71773 1.16123 Qh - 4] 
0.01 0.69556 | 1.10467 forb= 2, f'(0) = lim —> — = 0.693 
0.001 0.69339 1.09922 3h 
0.0001 | 0.69317 | 1.09867 forb=3, f'(0) = lim —>— ~ 1.099 
0.00001 0.69315 1.09862 


Thus, from Equation 4 we have 


d ES an by da xX) ~ x 
[5] ne? ) = (0.693)2 2 (3°) = (1.099)3 


Of all possible choices for the base b in Equation 4, the simplest differentiation for- 
mula occurs when f’(0) = 1. In view of the estimates of f’(0) for b = 2 and b = 3, it 
seems reasonable that there is a number b between 2 and 3 for which f’(0) = 1. It is 
traditional to denote this value by the letter e. (In fact, that is how we introduced e in 
Section 1.4.) Thus we have the following definition. 


In Exercise 1 we will see that e lies Definition of the Number e 

between 2.7 and 2.8. Later we will be 

able to show that, correct to five deci- e is the number such that lim 

mal places, h-0 
e ~ 2.71828 


Geometrically, this means that of all possible exponential functions y = b*, the func- 
tion f(x) = e* is the one whose tangent line at (0, 1) has a slope f’(0) that is exactly 1. 
(See Figures 6 and 7.) 


FIGURE 6 FIGURE 7 


If we put b = e and, therefore, f'(0) = 1 in Equation 4, it becomes the following 
important differentiation formula. 


Derivative of the Natural Exponential Function 


“(=e 


dx 
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1.5 


FIGURE 8 


FIGURE 9 


3.1 | Exercises 


1. (a) How is the number e defined? 
(b) Use a calculator to estimate the values of the limits 


1:5 
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Thus the exponential function f(x) = e* has the property that it is its own derivative. 
The geometrical significance of this fact is that the slope of a tangent line to the curve 
y = e* at a point (x, e*) is equal to the y-coordinate of the point (see Figure 7). 


EXAMPLE 8 If f(x) = e* — x, find f’ and f”. Compare the graphs of f and f’. 
SOLUTION Using the Difference Rule, we have 


FQ) “le y=) =) =e" 


In Section 2.8 we defined the second derivative as the derivative of f’, so 


d 
dx 


" — d x — x d — x 
fg) = (e'- )= 2 (e)- Sy =e 


The function f and its derivative f’ are graphed in Figure 8. Notice that f has a hori- 
zontal tangent when x = 0; this corresponds to the fact that f’(0) = 0. Notice also that, 
for x > 0, f'(x) is positive and f is increasing. When x < 0, f’(x) is negative and f is 
decreasing. | 


EXAMPLE9 At what point on the curve y = e” is the tangent line parallel to the 
line y = 2x? 


SOLUTION Since y = e*, we have y’ = e*. Let the x-coordinate of the point in 
question be a. Then the slope of the tangent line at that point is e“. This tangent line 
will be parallel to the line y = 2. if it has the same slope, that is, 2. Equating slopes, 
we get 


eo =2 a=I1n2 


Therefore the required point is (a, e“) = (In 2, 2). (See Figure 9.) | 


3-34 Differentiate the function. 


3. g(x) =4x +7 4. g(t) = 5t+ 41? 
i 27" = 1 2 ee 4d es es 
a oe and Lo ad 5. f(x) =x? —x+3 6. g(x) = qx° — 3x + 12 
correct to two decimal places. What can you conclude 7. f(t) = —2e' 8 F(i)=tet+e 
about the value of e? 
; ; 9. W(v) = 1.80% 10. r(z) =z? -— 2!” 
2. (a) Sketch, by hand, the graph of the function f(x) = e*, 
paying particular attention to how the graph crosses the WW. f(x) = 39? 4x3 12. Vij) =t05 +44 


y-axis. What is the slope of the tangent line at that point? 


(b) What types of functions are f(x) = e* and g(x) = x°? 
Compare the differentiation formulas for f and g. 


1 b 
13. s() =— + 4. rO@-Gt+a 


(c) Which of the two functions in part (b) grows more 


rapidly when x is large? 


15. y=2x t+ Vx 16. h(w) = /2w — /2 
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1 q : 
7.a==s4 he 18. W() = V7 — 2e' FS 47. (a) Graph the function 
vx f(x) = x* — 3x? — 6x? + 7x + 30 
19. f(x) = x(x + 3) 20. F(t) = (2t — 3) in the viewing rectangle [—3, 5] by [—10, 50]. 
(b) Using the graph in part (a) to estimate slopes, make 
21. y = 3e* + 22. S(R) = 47 R? a rough sketch, by hand, of the graph of f’. (See 
vx Example 2.8.1.) 
3x2 + x3 Vx = Gp (c) Calculate f (x) and use this expression to graph f’. 
23. f(x) = =. 24. y= a Compare with your sketch in part (b). 
P we 3 Bee baci 
ap 3/2 4 5/2 JT F448. (a) Graph the function g(x) = e* — 3x? in the viewing 
25. G(r) = ————— 26. G(t) = ./5t + ~— rectangle [—1, 4] by [—8, 8]. 
. 3 (b) Using the graph in part (a) to estimate slopes, make 
27. j(x) = x4 + e4 28. k(r) =e" + r° a rough sketch, by hand, of the graph of g’. (See 
Example 2.8.1.) 
_ At Bz + Cz? _ re (c) Calculate g'(x) and use this expression to graph g’. 
ila 2? ae al ae a Compare with your sketch in part (b). 
1 + 1672 aly — 2ve” 49-50 Find the first and second derivatives of the function. 
31. D(t) = —_.— 32. f(v) = ————— = 
(41)° v 49. f(x) = 0.001x5 — 0.02x3 50. G(r) = Vr + t/r 
2w*>-wt+4 
33, Pw) = — gg, pet a1 


fF 51-52 Find the first and second derivatives of the function. 
Check to see that your answers are reasonable by comparing the 
graphs of f, f’, and f”. 


35-36 Find dy/dx and dy/dt. 


51. f(x) = 2x — 5x7/4 52. f(x) =e" -— x3 
t 
35. y = 102 + Px 36. y= t+ 
x 
53. The equation of motion of a particle is s = t? — 3t, where 
s is in meters and f is in seconds. Find 
37-40 Find an equation of the tangent line to the curve at the (a) the velocity and acceleration as functions of ¢, 
given point. (b) the acceleration after 2 s, and 
37. y= 2x? — x2 +2, (1,3) (c) the acceleration when the velocity is 0. 
i, y= Oe, 09) 54. The equation of motion of a particle is s = Po2P er HZ 
where s is in meters and f is in seconds. 
_ 2 = § (a) Find the velocity and acceleration as functions of f. 
a La ee (2, 3) 40. y= Vx —x, (1,0) (b) Find the acceleration after | s. 


FS (c) Graph the position, velocity, and acceleration functions 
on the same screen. 


41-42 Find equations of the tangent line and normal line to the 
curve at the given point. 55. Biologists have proposed a cubic polynomial to model the 
: length L of Alaskan rockfish at age A: 
41. y =x? + 2e%, (0, 2) 42. y=x, (1,1) 
L = 0.0155A* — 0.372A? + 3.95A + 1.21 


FY 43-44 Find an equation of the tangent line to the curve at the where L is measured in inches and A in years. Calculate 
given point. Illustrate by graphing the curve and the tangent line 
on the same screen. 


43. y = 3x? — x, (1,2) 44. y=x-— x, (1,0) 


aL. 
dA | q=10 


and interpret your answer. 


45-46 Find f'(x). Compare the graphs of f and f' and use them 56. The number of tree species S in a given area A in a forest 
to explain why your answer is reasonable. reserve has been modeled by the power function 

45. f(x) =x* — 2x3 + x? S(A) = 0.882A°*” 

46. f(x) =x — 2x? +x-1 where A is measured in square meters. Find S’(100) and 


interpret your answer. 
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57. 


58. 


SECTION 3.1 


Boyle’s Law states that when a sample of gas is compressed 

at a constant temperature, the pressure P of the gas is 

inversely proportional to the volume V of the gas. 

(a) Suppose that the pressure of a sample of air that occupies 
0.106 m? at 25°C is 50 kPa. Write V as a function of P. 

(b) Calculate dV/dP when P = 50 kPa. What is the 
meaning of the derivative? What are its units? 


Car tires need to be inflated properly because overinflation 
or underinflation can cause premature tread wear. The data 
in the table show tire life L (in thousands of miles) for a cer- 
tain type of tire at various pressures P (in lb/in’). 


PB 26 28 31 35 38 42 45 


L 50 66 78 81 74 70 59 


59. 


60. 


61. 


62. 


63. 


65. 


66. 


67. 


68. 


69. 


64. 


(a) Use a calculator or computer to model tire life with a 
quadratic function of the pressure. 

(b) Use the model to estimate dL/dP when P = 30 and 
when P = 40. What is the meaning of the derivative? 
What are the units? What is the significance of the signs 
of the derivatives? 


Find the points on the curve y = x? + 3x? — 9x + 10 
where the tangent is horizontal. 


For what value of x does the graph of f(x) = e* — 2x have 
a horizontal tangent? 


Show that the curve y = 2e* + 3x + 5x* has no tangent 
line with slope 2. 


Find an equation of the line that is both tangent to the curve 
y = x* + 1 and parallel to the line 32x — y = I5. 


Find equations for two lines that are both tangent to the 
curve y = x* — 3x? + 3x — 3 and parallel to the line 
34> y= 15. 


At what point on the curve y = 1 + 2e* — 3x is the tangent 
line parallel to the line 3x — y = 5? Illustrate by graphing 
the curve and both lines. 


Find an equation of the normal line to the curve y = Vx 
that is parallel to the line 2x + y = 1. 


Where does the normal line to the parabola y = x? — | at 
the point (—1, 0) intersect the parabola a second time? IIlus- 
trate with a sketch. 


Draw a diagram to show that there are two tangent lines to 
the parabola y = x” that pass through the point (0, —4). 
Find the coordinates of the points where these tangent lines 
intersect the parabola. 


(a) Find equations of both lines through the point (2, —3) 
that are tangent to the parabola y = x? + x. 

(b) Show that there is no line through the point (2, 7) that is 
tangent to the parabola. Then draw a diagram to see why. 


Use the definition of a derivative to show that if f(x) = I/x, 
then f(x) = —1/x. (This proves the Power Rule for the 
casen = —1.) 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


183 


Derivatives of Polynomials and Exponential Functions 


. Find the nth derivative of each function by calculating the 
first few derivatives and observing the pattern that occurs. 


(a) f(x) = x" (b) f(x) = 1/x 


Find a second-degree polynomial P such that P(2) = 5, 
P'(2) = 3, and P"(2) = 2. 


The equation y” + y’ — 2y = x7 is called a differential 
equation because it involves an unknown function y and its 
derivatives y’ and y”. Find constants A, B, and C such that 
the function y = Ax? + Bx + C satisfies this equation. (Dif- 
ferential equations will be studied in detail in Chapter 9.) 


Find a cubic function y = ax* + bx? + cx + d whose 
graph has horizontal tangents at the points (—2, 6) and (2, 0). 


Find a parabola with equation y = ax* + bx + c that has 
slope 4 at x = 1, slope —8 at x = —1, and passes through 
the point (2, 15). 


Let 


if x< 1 
if x=1 


FQ) = fe +1 


xt+1 


Is f differentiable at 1? Sketch the graphs of f and f’. 


At what numbers is the following function g differentiable? 
2% if x <0 
g(x) =42x—x* if 0O<x<2 
2% if x22 


Give a formula for g’ and sketch the graphs of g and g’. 


(a) For what values of x is the function f(x) = |x? — 9| 
differentiable? Find a formula for f’. 
(b) Sketch the graphs of f and f’. 


Where is the function h(x) = |x — 1| + |x + 2| differenti- 
able? Give a formula for h’ and sketch the graphs of h and h’. 


Find the parabola with equation y = ax* + bx whose 
tangent line at (1, 1) has equation y = 3x — 2. 
4 


Suppose the curve y = x* + ax? + bx* + cx + dhasa 
tangent line when x = 0 with equation y = 2x + 1 and 

a tangent line when x = 1 with equation y = 2 — 3x. Find 
the values of a, b, c, and d. 


For what values of a and b is the line 2x + y = b tangent to 
the parabola y = ax” when x = 2? 


Find the value of c such that the line y = 3x + 6 is tangent 
to the curve y = cyx. 


What is the value of c such that the line y = 2x + 3 is tan- 
gent to the parabola y = cx*? 


The graph of any quadratic function f(x) = ax? + bx + ¢ 
is a parabola. Prove that the average of the slopes of the tan- 
gent lines to the parabola at the endpoints of any interval 
Lp. q| equals the slope of the tangent line at the midpoint of 
the interval. 
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184 CHAPTER 3_ Differentiation Rules 


85. Let (b) Show that the triangle formed by the tangent line and 
the coordinate axes always has the same area, no 
(x) ee ifx <2 matter where P is located on the hyperbola. 
TO ene Geese 


YA 


Find the values of m and b that make f differentiable 
everywhere. 


86. Find numbers a and b such that the given function g is 
differentiable at 1. 


(2) ax>— 3x ifx<1 
a 
9 pees x1 


> 
0 x 


89. Draw a diagram showing two perpendicular lines that inter- 
sect on the y-axis and are both tangent to the parabola y = x’. 


1000 4 Where do these lines intersect? 


87. Evaluate lim 
ae ed 90. Sketch the parabolas y = x” and y = x” — 2x + 2. Do you 
think there is a line that is tangent to both curves? If so, find 


88. A tangent line is drawn to the hyperbola xy = c ata its equation. If not, why not? 


point P as shown in the figure. 
(a) Show that the midpoint of the line segment cut 91. Ifc > 5, how many lines through the point (0, c) are normal 
from this tangent line by the coordinate axes is P. lines to the parabola y = x? What if c < 4? 


APPLIED PROJECT | BUILDING A BETTER ROLLER COASTER 


Suppose you are asked to design the first ascent and drop for a new roller coaster. By study- 
ing photographs of your favorite coasters, you decide to make the slope of the ascent 0.8 and 
the slope of the drop —1.6. You decide to connect these two straight stretches y = L(x) and 
y = L(x) with part of a parabola y = f(x) = ax” + bx + c, where x and f(x) are measured 
in feet. For the track to be smooth there can’t be abrupt changes in direction, so you want the 
linear segments L, and L to be tangent to the parabola at the transition points P and Q. (See 
the figure.) To simplify the equations, you decide to place the origin at P. 


1. (a) Suppose the horizontal distance between P and Q is 100 ft. Write equations in a, b, and 
c that will ensure that the track is smooth at the transition points. 
(b) Solve the equations in part (a) for a, b, and c to find a formula for f(x). 
FS (c) Plot Li, f, and L; to verify graphically that the transitions are smooth. 
(d) Find the difference in elevation between P and Q. 


2. The solution in Problem 1 might /ook smooth, but it might not feel smooth because the 
piecewise defined function [consisting of L:(x) for x < 0, f(x) for 0 < x S 100, and L(x) 
for x > 100] doesn’t have a continuous second derivative. So you decide to improve the 
design by using a quadratic function g(x) = ax? + bx + c only on the interval 
10 < x S 90 and connecting it to the linear functions by means of two cubic functions: 

Ga) — kx ix mx n 0<x< 10 


h(x) = pxet+ gx? +rxt+s 90<x< 100 


(a) Write a system of equations in 11 unknowns that ensures that the functions and their 
first two derivatives agree at the transition points. 
(b) Solve the system of equations in part (a) to find formulas for g(x), g(x), and h(x). 
(c) Plot Li, g, g, h, and L2, and compare with the plot in Problem 1(c). 


Susana Ortega / Shutterstock.com 
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3.2 


Av u Av Au Av 
v uv v Au 
u Au 
FIGURE 1 


The geometry of the Product Rule 


Recall that in Leibniz notation the 
definition of a derivative can be 
written as 


In prime notation the Product Rule is 


written as 


(fg)' =fg' + gf’ 


SECTION 3.2 The Product and Quotient Rules 185 


The Product and Quotient Rules 


The formulas of this section enable us to differentiate new functions that are formed from 
old functions by using multiplication or division. 


®@ The Product Rule 


By analogy with the Sum and Difference Rules, we might be tempted to guess, as Leib- 
niz did three centuries ago, that the derivative of a product is the product of the deriva- 
tives. We can see, however, that this guess is wrong by looking at a particular example. 
Let f(x) = x and g(x) = x’. Then the Power Rule gives f(x) = 1 and g’(x) = 2x. But 


@ (f9)(x) = x*, so (fg)'(x) = 3x”. Thus ( fg)’  f’g'. The correct formula was discovered 


by Leibniz (soon after his false start) and is called the Product Rule. 

Before stating the Product Rule, let’s see how we might discover it. We start by assum- 
ing that u = f(x) and v = g(x) are both positive differentiable functions. Then we can 
interpret the product uv as an area of a rectangle (see Figure 1). If x changes by an 
amount Ax, then the corresponding changes in u and v are 


Au = f(x + Ax) — f(x) Av = g(x + Ax) — g(x) 


and the new value of the product, (wu + Au)(v + Av), can be interpreted as the area of the 
large rectangle in Figure 1 (provided that Au and Av happen to be positive). 
The change in the area of the rectangle is 


[1] A(uv) = (u + Au)(v + Av) — uv = u Av + v Au + Au Av 


= the sum of the three shaded areas 


If we divide by Ax, we get 


A(uo) = Av + Au +A Av 
Ax “ Ax . Ax “ Ax 
If we now let Ax — 0, we get the derivative of uv: 
A(uv) Av Au Av 
= = + 
ey) ma Ax a (« Ax Ax ee se) 


{64 yi ee 
— eG Ax Moke pee a rome Ax 


dv du dv 


dx dx dx 
d dv du 
= + 
[2] dx me dx : dx 


(Notice that Au — 0 as Ax — 0 since f is differentiable and therefore continuous.) 

Although we started by assuming (for the geometric interpretation) that all the quanti- 
ties are positive, we notice that Equation | is always true. (The algebra is valid whether 
u, v, Au, and Av are positive or negative.) So we have proved Equation 2, known as the 
Product Rule, for all differentiable functions u and v. 


The Product Rule If f and g are both differentiable, then 


d d d 
Ty 9] = f(x) Ty Lg + g(x) 7 PO 
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Figure 2 shows the graphs of the 
function f of Example 1 and its deriva- 
tive f’. Notice that f’(x) is positive 
when f is increasing and negative 
when f is decreasing. 


ne f 


FIGURE 2 


In Example 2, a and b are constants. 

It is customary in mathematics to 

use letters near the beginning of the 
alphabet to represent constants and 
letters near the end of the alphabet to 
represent variables. 


CHAPTER 3 __ Differentiation Rules 


In words, the Product Rule says that the derivative of a product of two functions is the 
first function times the derivative of the second function plus the second function times 


the derivative of the first function. 


EXAMPLE 1 
(a) If f(x) = xe’, find f'(x). 
(b) Find the nth derivative, f(x). 


SOLUTION 
(a) By the Product Rule, we have 


Se ast 
f(s) =< Gee’) 


d d 
x + x 
“ dx ere dx () 


=xette*-l=(x+ le* 


(b) Using the Product Rule a second time, we get 


P") = lle + De'd 


(x + Ze) +e Ret 1) 


=(x+ lDe*t+te*>1=(x+4 2)e* 
Further applications of the Product Rule give 
f'"(~) = (x + 3)e* fR) = (x + 4)e* 


In fact, each successive differentiation adds another term e*, so 


f® = (x + noe* 
EXAMPLE 2 Differentiate the function f(t) = Vt (a + bt). 
SOLUTION 1 Using the Product Rule, we have 
fO= jt iy + bt) + (a + bt) 2) 
dt dt 
=Jt-b+ (a+ bd -pr”? 


+ bt + 
=p + = 3bt 


Qf Die 


SOLUTION 2 If we first use the laws of exponents to rewrite f(t), then we can proceed 
directly without using the Product Rule. 


f(t) =ayt + bt Jt = at? + bt?” 


f(t) = Sat? + 3dr"? 


which is equivalent to the answer given in Solution 1. 
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Example 2 shows that it is sometimes easier to simplify a product of functions before 
differentiating than to use the Product Rule. In Example 1, however, the Product Rule is 
the only possible method. 


EXAMPLE 3 If f(x) = Vx g(x), where g(4) = 2 and g'(4) = 3, find f’(4). 
SOLUTION Applying the Product Rule, we get 


ro) == [Vea] = ve Soe + [V5] 


= Vx g(x) + g(x) 5x7? 


= Vig) + & 


pate 


pak cS a a 
So [OCG i OS : 


® The Quotient Rule 


We find a rule for differentiating the quotient of two differentiable functions u = f(x) 
and v = g(x) in much the same way that we found the Product Rule. If x, u, and v change 
by amounts Ax, Au, and Av, then the corresponding change in the quotient u/v is 


(4) = 4444 u— (u+ Au)v — ulv + Av) 


v + Av v v(v + Av) 
a a dled 
v(v + Av) 
Au Av 
vy— — u— 
dju)\ _ ki A(u/v) _ i Ax Ax 
i dx\v reer, Ax ese v(v + Av) 


As Ax->0, Av—0 also, because v = g(x) is differentiable and therefore continuous. 
Thus, using the Limit Laws, we get 

iin 2 ie = yee a 

di[u Ax>0 Ax Ax>0 Ax dx dx 

( v Jim ( + Av) v- 


In prime notation the Quotient Rule The Quotient Rule If f and g are differentiable, then 
is written as 
d d 
(2) _ of’ — fa’ d pa g(x) 7 FO — f(x) racic) 
: dx | g(x) [g(x)]? 


In words, the Quotient Rule says that the derivative of a quotient is the denominator 
times the derivative of the numerator minus the numerator times the derivative of the 
denominator, all divided by the square of the denominator. 
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The Quotient Rule and the other differentiation formulas enable us to compute the 
derivative of any rational function, as the next example illustrates. 


wt+x-—2 
Figure 3 shows the graphs of the EXAMPLE 4 Let y = —_.——.. Then 
function of Example 4 and its deriva- a eG 
tive. Notice that when y grows rapidly : ays F By ga 
(near —</6 ~ —1.8), y’ is large. And ("+b 6) ne + = 2h = (ore = 2) me + 6) 
when y grows slowly, y’ is near 0. = 
ve - ? (x? + 6» 
= (x3 + 6)(2x + 1) — (x? + x — 2)(3x7) 
(x? + 6) 


(2x4 + x3 + 12x + 6) — (3x4 + 3x? — 6x7) 
(x3 + 6)? 


—x* — 2x7 + 6x? + 12x + 6 
(x? + 6) 


FIGURE 3 EXAMPLE 5 Find an equation of the tangent line to the curve y = e*/(1 + x”) at the 


point (, Se). 
SOLUTION According to the Quotient Rule, we have 


(1 + x’) g (e*) — e : (1 + x?) 


dy _ dx d 
dx (1 + x?) 
_ th x*)e* — e*(2x) _ eb aea x’) 
(1 + x’)? (1 + x’)? 
_ e{l=s 
(1+ x7) 


So the slope of the tangent line at (1, Se) is 


dy 
pee = @) 
dx x=1 
0 
This means that the tangent line at (, Se) is horizontal and its equation is y = Se. (See 
FIGURE 4 Figure 4.) a 


NOTE Don’t use the Quotient Rule every time you see a quotient. Sometimes it’s easier 
to rewrite a quotient first to put it in a form that is simpler for the purpose of differenti- 
ation. For instance, although it is possible to differentiate the function 

3x? + 2/x 


x 


F(x) = 


using the Quotient Rule, it is much easier to perform the division first and write the func- 
tion as 


F(x) = 3x + 2x71? 
before differentiating. 
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We summarize the differentiation formulas we have learned so far as follows. 


Table of Differentiation Formulas 


<2 
dx 


(c) 
(fy =" 


(joy =jf9 7 oF 


d 
—(x") — nx" 


dx 


1 


grg=_ re 


(£) _ of — fg 


g g° 


3.2 | Exercises 


1. Find the derivative of f(x) = (1 + 2x)(x — x) in two 
ways: by using the Product Rule and by performing the multi- 
plication first. Do your answers agree? 


2. Find the derivative of the function 


xt — 54 Jy 


x2 


F(x) = 


in two ways: by using the Quotient Rule and by simplifying 
first. Show that your answers are equivalent. Which method 
do you prefer? 


3-30 Differentiate. 
3. y = (4x? + 3)(2x + 5) 


4. y = (10x? + 7x — 2)(2 — x’) 


5. y=x3e* 6. y = (e* + 2)(2e* — 1) 
7. f(x) = Bx? — S5x)e* 8. g(x) = (x + 2Vx)e 
x e 
=> 10. y= - 
e 1 —-¢? 
3 — 2t 6u* — 5u 
11. g(t) = 12. G(u) = 
9) Sy ee a 
St 1 
13. = 14. F(x) = 
FO Petal @) 2x* — 6x7 + 5 
_ Xx 
5. y=- is 16. y a 


17. J(u) (2 1)(u+2) 


18. h(w) = (w> + 3w)(w | — w*) 


19. H(u) =(u— Ju )(u + Vu) 


20. f(z) = (1 — e*)(z + e) 


21. V(t) = (t + 2e') Jt 22. W(t) =e'(1 + te’) 
23. y= e?(p + pvp) 24. h(r) = - a 
25. f(t) = 2 26. y= (2? +e?) Vz 
x7e* At 
27. fi = Jig 28. F(t) = ee 
29. fa) =—— 0. = = 
Cc ox +d 
Ck = 
x 
31-34 Find f'(x) and f"(x). 
31. f(x) = xe" 32. f(x) = Jxe* 
x x 
33. f(x) = Sai 34. f(y = ea 


35-36 Find an equation of the tangent line to the given curve at 
the specified point. 


So l+x 
sy) xe yt, 


37-38 Find equations of the tangent line and normal line to the 
given curve at the specified point. 


3x 
(1, 3) 


SY Ty Sa 


38. y=x+xe*, (0,0) 
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39. 


40. 


43. 
44, 
45. 


46. 


47. 
48. 


49. 


50. 
51. 


41. 


42. 


CHAPTER 3 __ Differentiation Rules 


(a) The curve y = 1/(1 + x’) is called a witch of Maria 
Agnesi. Find an equation of the tangent line to this 
curve at the point (- 1, 1). 

(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


(a) The curve y = x/(1 + x”) is called a serpentine. Find 
an equation of the tangent line to this curve at the 
point (3, 0.3). 

(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 

(a) If f(x) = (x3 — x)e’, find f(x). 

(b) Check to see that your answer to part (a) is reasonable 
by comparing the graphs of f and f’. 


(a) If f(x) = (x? — 1)/(x? + 1), find f’(x) and f(x). 
(b) Check to see that your answers to part (a) are reason- 
able by comparing the graphs of f, f’, and f”. 


If f(x) = x?/(1 + x), find f"(1). 
If g(x) = x/e*, find g(x). 


Suppose that f(5) = 1, f'(5) = 6, g(5) = —3, and 
g'(5) = 2. Find the following values. 


(a) (f9)'(5) (b) (f/9)'(S) (c) (g/f)'S) 
Suppose that f(4) = 2, g(4) = 5, f’(4) = 6, and 
g'(4) = —3. Find h’(4). 


(a) h(x) = 3f(x) + 89(x) (b) A(x) = f(x)g(x) 


_ £0) — 9) 
ae) (D WO) 56) + 6) 
If f(x) = e*g(x), where g(0) = 2 and g'(0) = 5, find (0). 


If h(2) = 4 and h'(2) = —3, find 


3 h(x) 
dx x 
If g(x) = xf(x), where f(3) = 4 and f’(3) = —2, find an 
equation of the tangent line to the graph of g at the point 
where x = 3. 


If f(2) = 10 and f(x) = x? f(x) for all x, find f”(2). 


x=2 


If f and g are the functions whose graphs are shown, let 
u(x) = f(x)g(x) and v(x) = f(x)/g(Q). 
(a) Find u'(1). (b) Find v'(4). 


52. Let P(x) = F(x)G(x) and Q(x) = F(x)/G(x), where F and 
G are the functions whose graphs are shown. 
(a) Find P’(2). (b) Find Q'(7). 


53. If gis a differentiable function, find an expression for the 
derivative of each of the following functions. 


x 
(Dy Sy ex 


(a) y = xg(x) a0) 


@ y= 


54. If f is a differentiable function, find an expression for the 
derivative of each of the following functions. 


(a) y = x°f(a) (b) y= fe 
xe dk xf (x) 


FQ) ee 


55. How many tangent lines to the curve y = x/(x + 1) pass 
through the point (1, 2)? At which points do these tangent 
lines touch the curve? 


(c) y= 


56. Find equations of the tangent lines to the curve 


x— 1 
x+1 


y= 
that are parallel to the line x — 2y = 2. 


57. Find R’(0), where 


x — 3x3 + 5x° 
1 + 3x? + 6x® + 9x° 


R(x) 


Hint: Instead of finding R'(x) first, let f(x) be the numera- 
tor and g(x) be the denominator of R(x), and compute R’(0) 
from f(0), (0), g(0), and g‘(0). 


58. Use the method of Exercise 57 to compute Q'(0), where 


Ll+x+x7? + xe* 


l—x+x?- xe’ 


Q(x) 


59. In this exercise we estimate the rate at which the total per- 
sonal income is rising in Boulder, Colorado. In 2015, the 
population of this city was 107,350 and the population was 
increasing by roughly 1960 people per year. The average 
annual income was $60,220 per capita, and this average 
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was increasing at about $2250 per year (a little above the 63. Extended Product Rule The Product Rule can be extended to 
national average of about $1810 yearly). Use the Product the product of three functions. 

Rule and these figures to estimate the rate at which total (a) Use the Product Rule twice to prove that if f, g, and / are 
personal income was rising in Boulder in 2015. Explain the differentiable, then (fgh)'’ = fgh + fg'h + fgh'. 
meaning of each term in the Product Rule. (b) Taking f = g = hin part (a), show that 


60. A manufacturer produces bolts of a fabric with a fixed width. 
The quantity g of this fabric (measured in yards) that is sold 
is a function of the selling price p (in dollars per yard), so we 
can write g = f(p). Then the total revenue earned with sell- 


“LA? = L/P FO) 
x 


(c) Use part (b) to differentiate y = e**. 


ing price p is R(p) = pf(p). 64. (a) If F(x) = f(x) g(x), where f and g have derivatives of all 
(a) What does it mean to say that f(20) = 10,000 and orders, show that F" = f"g + 2f'g' + fg". 

f'(20) = —350? (b) Find similar formulas for F’” and F™. 
(b) Assuming the values in part (a), find R’(20) and interpret (c) Guess a formula for F“”. 


your answer. . . oe at 
65. Find expressions for the first five derivatives of f(x) = x7e*. 


61. The Michaelis-Menten equation for the enzyme chymotrypsin is Do you see a pattern in these expressions? Guess a formula 
for f(x) and prove it using mathematical induction. 


0.14 
t— TEES 66. Reciprocal Rule If g is differentiable, the Reciprocal Rule 
says that 
where v is the rate of an enzymatic reaction and [S] is the i 
concentration of a substrate S. Calculate dv/d[S | and inter- d | 1 g () 
pret it. dx | g(x) [ga]? 


(a) Use the Quotient Rule to prove the Reciprocal Rule. 

(b) Use the Reciprocal Rule to differentiate the function in 
Exercise 14. 

(c) Use the Reciprocal Rule to verify that the Power Rule is 
valid for negative integers, that is, 


62. The biomass B(t) of a fish population is the total mass of the 
members of the population at time f. It is the product of the 
number of individuals M(t) in the population and the average 
mass M(t) of a fish at time ¢. In the case of guppies, breeding 
occurs continually. Suppose that at time tf = 4 weeks the pop- 


ulation is 820 guppies and is growing at a rate of 50 guppies d.. os, 
per week, while the average mass is 1.2 g and is increasing at ae (x") = —nx™ 
arate of 0.14 g/week. At what rate is the biomass increasing 

when t = 4? for all positive integers n. 


3.3 | Derivatives of Trigonometric Functions 


A review of the trigonometric func- Before starting this section, you might need to review the trigonometric functions. In 
tions is given in Appendix D. particular, it is important to remember that when we talk about the function f defined for 
all real numbers x by 


f(x) = sin x 


it is understood that sin x means the sine of the angle whose radian measure is x. A simi- 
lar convention holds for the other trigonometric functions cos, tan, csc, sec, and cot. 
Recall from Section 2.5 that all of the trigonometric functions are continuous at every 
number in their domains. 


B® Derivatives of the Trigonometric Functions 


If we sketch the graph of the function f(x) = sin x and use the interpretation of f'(x) 
as the slope of the tangent to the sine curve in order to sketch the graph of f’ (see 
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Exercise 2.8.16), then it looks as if the graph of f’ may be the same as the cosine 
curve (see Figure 1). 


y=f(x)= sin x 


av 


yA 


y=fix) 


oa 
vis 
Q 
“y 


FIGURE 1 


Let’s try to confirm our guess that if f(x) = sin x, then f’(x) = cos x. From the defi- 
nition of a derivative, we have 


f(x + h) ~ fx) 


‘(x) = lim 
f'@) = lim h 
_ sin(x + h) — sinx 
= lim 
h—0 h 
. sin x cosh + cos x sinh — sinx (using the addition formula for 
= lim : ; 
h>0 h sine; see Appendix D) 
. sin x cosh — sinx cos x sinh 
= lim + 
h—>0 h h 
: . cosh — 1 sin h 
= lim | sin x | ————— ] + cos x 
a) h h 
. : . cosh—1] . . sinh 
[1] = lim sin x - lim ———— + lim cos x: lim 
h>0 h=0 h h>0 hoo Ah 


Two of these four limits are easy to evaluate. Because we regard x as a constant when 
computing a limit as h — 0, we have 


lim sin x = sin x and lim cos x = cos x 
h—0 h—0 


Later in this section we will prove that 
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Figure 2 shows the graphs of the 
function of Example 1 and its deriva- 
tive. Notice that y’ = 0 whenever y 
has a horizontal tangent. 


5 


FIGURE 2 


SECTION 3.3 Derivatives of Trigonometric Functions 


Putting these limits into (1), we get 


h=1 inh 
f(x) = lim sin x + lim ~~ + lim cos x + lim — 
; h h—0 hoo A 


h-0 h-0 


Il 


(sin x): 0 + (cos x) + 1 = cos x 


So we have proved the formula for the derivative of the sine function: 


d 
[2] He (sin x) = cos x 


EXAMPLE 1 Differentiate y = x? sin x. 
SOLUTION Using the Product Rule and Formula 2, we have 


ay 


d d 
= x? — (sin x) + sin x — (x7) 
dx dx dx 


x?cos x + 2x sin x 


I 


193 


Using the same methods as in the proof of Formula 2, we can prove (see Exercise 26) 


that 


d 
[3] — (cos x) = —sin x 
dx 


The tangent function can also be differentiated by using the definition of a derivative, 


but it is easier to use the Quotient Rule together with Formulas 2 and 3: 


d [ sinx 
(tan x) = 
dx dx \ cos x 
d.. ; d 
COs x (sin x) — sinx (cos x) 
_ dx dx 
cos?*x 
cos x * cos x — sin x (—sin x) 
cos?x 
_ cos’x + sin’x 
cos*x 
1 2 2 Po) 
= a = secx (cos*x + sin*x = 1) 
cos-x 
d 
[4] — (tan x) = sec?x 
dx 


The derivatives of the remaining trigonometric functions, csc, sec, and cot, can 
also be found easily using the Quotient Rule (see Exercises 23-25). We collect all the 
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differentiation formulas for trigonometric functions in the following table. Remember 
that they are valid only when x is measured in radians. 


Derivatives of Trigonometric Functions 


When you memorize this table, it Bu (sin x) = cos x < (csc x) = —csc x cot x 
is helpful to notice that the minus dx dx 
signs go with the derivatives of the 
“cofunctions,” that is, cosine, 
cosecant, and cotangent. 


d : d 
— (cos x) = —sin x — (sec x) = sec x tan x 
dx dx 


d d 
— (tan x) = sec*x — (cot x) = —csc?x 
dx dx 


EXAMPLE 2 Differentiate f(x) = St * —_ For what values of x does the graph 


of f have a horizontal tangent? Ps a 


SOLUTION The Quotient Rule gives 


d d 
(1 + tan x) (sec x) — sec x (1 + tan x) 
dx dx 


f'() = 


(1 + tan x)? 


(1 + tan x) sec x tan x — sec x + sec?x 
(1 + tan x)? 


a sec x (tan x + tan?x — sec?x) 
(1 + tan x)’ 


sec x (tan x — 1) F P 
= = (sec’x = tan’x + 1) 
-3 (1 + tan x)? 


FIGURE 3 Because sec x is never 0, we see that f’(x) = 0 when tan x = 1, and this occurs 
The horizontal tangents in Example 2 when x = 77/4 + na, where n is an integer (see Figure 3). 3] 


Trigonometric functions are often used in modeling real-world phenomena. In par- 
ticular, vibrations, waves, elastic motions, and other quantities that vary in a periodic 
manner can be described using trigonometric functions. In the following example we 
discuss an instance of simple harmonic motion. 


EXAMPLE3 An object fastened to the end of a vertical spring is stretched 4 cm 
l_4 beyond its rest position and released at time tf = 0. (See Figure 4 and note that the 
downward direction is positive.) Its position at time f is 


s=f(t) =4cost 


Find the velocity and acceleration at time ¢ and use them to analyze the motion of the object. 


as SOLUTION The velocity and acceleration are 


FIGURE 4 _ ds 


d d 
v = — = — (4cos t) = 4— (cost) = —4 sint 
dt dt dt 


d d d 
q=— = (—4 sin t) = —4 — (sint) = —4 cost 
dt dt dt 
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s The object oscillates from the lowest point (s = 4 cm) to the highest point 
5 a (s = —4 cm). The period of the oscillation is 27, the period of cos ¢. 

The speed is |v| = 4|sin t|, which is greatest when | sin ¢| = 1, that is, when 
cos t = 0. So the object moves fastest as it passes through its equilibrium position 
(s = 0). Its speed is 0 when sin t = 0, that is, at the highest and lowest points. 
0 20 ¢ The acceleration a = —4 cos t = 0 when s = 0. It has greatest magnitude at the 
highest and lowest points. See the graphs in Figure 5. a 


—4 EXAMPLE 4 Find the 27th derivative of cos x. 
SOLUTION The first few derivatives of f(x) = cos x are as follows: 


f'(x) = —sin x 


FIGURE 5 


f"(x) = —cos x 

f"'(x) = sin x 

f(x) = cos x 
Look for a pattern. f(x) = —sin x 


We see that the successive derivatives occur in a cycle of length 4 and, in particular, 
f(x) = cos x whenever n is a multiple of 4. Therefore 


f(x) = cos x 
and, differentiating three more times, we have 


f(x) = sin x | 


H Two Special Trigonometric Limits 


In proving the formula for the derivative of sine we used two special limits, which we 
now prove. 


5] fig 


PROOF Assume first that 6 lies between 0 and 7/2. Figure 6(a) shows a sec- 
tor of a circle with center O, central angle 6, and radius 1. BC is drawn perpen- 
dicular to OA. By the definition of radian measure, we have arc AB = @. Also 
|BC| = | OB| sin 6 = sin 6. From the diagram we see that 
C A |BC| < |AB| < arc AB 
® sin 6 
0 


/ £ E Let the tangent lines at A and B intersect at E. You can see from Figure 6(b) that the 
A 


Therefore sin@ <@ so 


circumference of a circle is smaller than the length of a circumscribed polygon, and 
so arc AB < |AE| + | EB|. Thus 


6 = arc AB < |AE| + | EB| 
ee < |AE| + |ED| 
(b) =|AD| =|OA|tano 
FIGURE 6 = tan 6 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


CHAPTER 3_ Differentiation Rules 
(In Appendix F the inequality 0 < tan 6 is proved directly from the definition of the 
length of an arc without resorting to geometric intuition as we did here.) Therefore 


196 
we have 
sin 0 
6< 
cos 0 
sin 8 
cos@é < <1 


so 
We know that limg—o 1 = | and limg—o cos 6 = 1, so by the Squeeze Theorem, we 


have 
. sin 0 
=] (0<6< 7/2) 


im 
o-0+t = @ 
But the function (sin @)/@ is an even function, so its right and left limits must be equal. 


Hence, we have 
im sin 0 = 

0 
ial 


6-0 


so we have proved Equation 5. 
The first special limit we considered concerned the sine function. The following spe- 


cial limit involves cosine. 


[6] 


PROOF We multiply numerator and denominator by cos 6 + | in order to put the 
function in a form in which we can use limits that we know. 
; cos’@ — 1 


. cosd—-1 : cos@—1 cos@+1 
lim = lim : = lim 
a) 0 90 0 cosé + 1 90 @(cos @ + 1) 
; —sin’0 sin 0 sin 6 
= lim = : 
90 O(cos @ + 1) a0\ @ cos@ + 1 
. sing |. sin 8 
= —lim * lim 
0-0 @ 6-0 cos@+ 1 
= u = 0 by Equation 5) | 
if] (by Equation 
sin 7x 


EXAMPLE 5 Find lim : 
x0 Ax 
SOLUTION In order to apply Equation 5, we first rewrite the function by multiplying 


and dividing by 7: 
: . sin 7x 7 ( sin 7x 
Note that sin 7x # 7 sin x. = 
4x 4 7x 
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3.3 


1-22 Differentiate. 


1. f(x) = 3 sinx — 2cosx 


3. y= x? + cotx 
5. h(0) = 0’ sin 0 


7. y = sec @ tan@ 


9. f(0) = (@ — cos @) sin 0 


11. H(t) = cos*t 


Exercises 


2. 


10. 


12. 


SECTION 3.3 Derivatives of Trigonometric Functions 


If we let 6 = 7x, then 6 — 0 as x — 0, so by Equation 5 we have 


sin 7x 7 sin 7x 
lim = im 
x>0 4x 4 x0 7x 
7. sind 7 7 
= — lim “l= 
46-0 6 4 4 


EXAMPLE 6 Calculate lim xcot x. 


SOLUTION Here we divide numerator and denominator by x: 


: X COS X 
lim x cot x = lim — 
x>0 x>0 sin x 
lim cos x 
i cosx 229 
= lin — i 
er ee lini sin x 
0 
x : » 
cos 0 oe ; ; 
= i (by the continuity of cosine and Equation 5) 
=1 
cos 6 — 1 


EXAMPLE7 Find lim 


sin 0 


197 


SOLUTION In order to use Equations 5 and 6 we divide numerator and denominator by 0: 


cos @— 1 
. cosd—1 
lim : = lim : 
6-0 = sin 8 6-0 ~=sin@é 
0 
. cosd-1] 
ji : 
_ =—=0 || 
_ sind 1 
lim 
0-0 @ 
sin 0 cos x 
13. f(@) = T+ cos 14. _— Se 
f(x) = tanx — 4sinx 208 on 
_ x _ cott 
y = 2secx — cscx ee sae ese 16. f(t) = e! 
g(x) = 3x + x? cos x 17. f(w) = 1 + secw 18. y= sin t 
1 — secw 1 + tant 
y = sin@ cos @ - eit die ath e 
y= . g(z) = ————_ 
y 1+t 9 sec z + tanz 


g(0) = e*(tan 0 — 0) 
21. f(0) = @cos @ sin@ 
f(x) = e*sinx + cos x 


22. f(t) = te‘cott 
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23. 


24. 


25. 


26. 


CHAPTER 3 __ Differentiation Rules 


d 
Show that — (csc x) = —csc x cot x. 
dx 
d 
Show that — (sec x) = sec x tan x. 
dx 
d 2 
Show that — (cot x) = —cesc7x. 
dx 
Prove, using the definition of a derivative, that if 


f(x) = cos x, then f(x) = —sin x. 


27-30 Find an equation of the tangent line to the curve at the 
given point. 


27. 
28. 
29. 


30. 


y =sinx + cosx, (0, 1) 
y=x+sinx, (7, 77) 
y=e*cosx + sinx, (0, 1) 
1 + sinx 
y ». a= 1) 
cos x 


31. 


32. 


35. 


36. 
37. 


38. 


33. 


34. 


(a) Find an equation of the tangent line to the curve 
y = 2x sin x at the point (7/2, 77). 

(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


(a) Find an equation of the tangent line to the curve 
y = 3x + 6cos x at the point (7/3, 7 + 3). 

(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


(a) If f(x) = sec x — x, find f'(x). 

(b) Check to see that your answer to part (a) is reasonable 
by graphing both f and f’ for |x| < 7/2. 

(a) If f(x) = e* cos x, find f'(x) and f(x). 

(b) Check to see that your answers to part (a) are reason- 
able by graphing f, f’, and f”. 


in 0 
If g(@) = a find g'(0) and g"(@). 


If f(t) = sec t, find f"(a/4). 
(a) Use the Quotient Rule to differentiate the function 
tanx — 1 
{o=—__— 
sec x 


(b) Simplify the expression for f(x) by writing it in terms 
of sin x and cos x, and then find f’(x). 


(c) Show that your answers to parts (a) and (b) are equivalent. 


Suppose f(7/3) = 4 and f’(a/3) = —2, and let 
g(x) = f(x) sin x and h(x) = (cos x)/f(x). Find 
(a) g'(a/3) (b) h'(a/3) 


39-40 For what values of x does the graph of f have a horizon- 
tal tangent? 


39. 


f(x) =x + 2sin x 40. f(x) = e*cosx 


41. 


43. 


44. 


A mass on a spring vibrates horizontally on a smooth 

level surface (see the figure). Its equation of motion is 

x(t) = 8 sin f, where ¢ is in seconds and x in centimeters. 

(a) Find the velocity and acceleration at time tf. 

(b) Find the position, velocity, and acceleration of the mass 
at time t = 27/3. In what direction is it moving at that 
time? 


equilibrium 
position 
| 
IIIS 
@ 1 > 
0 x a 


. An elastic band is hung on a hook and a mass is hung on the 


lower end of the band. When the mass is pulled downward 

and then released, it vibrates vertically. The equation of 

motion is s = 2 cost + 3 sint, t = O, where s is measured 

in centimeters and f in seconds. (Take the positive direction 

to be downward.) 

(a) Find the velocity and acceleration at time tf. 

(b) Graph the velocity and acceleration functions. 

(c) When does the mass pass through the equilibrium 
position for the first time? 

(d) How far from its equilibrium position does the mass 
travel? 

(e) When is the speed the greatest? 


A ladder 10 ft long rests against a vertical wall. Let 6 be the 
angle between the top of the ladder and the wall and let x be 
the distance from the bottom of the ladder to the wall. If the 
bottom of the ladder slides away from the wall, how fast 
does x change with respect to 0 when 6 = 77/3? 


An object with weight W is dragged along a horizontal 
plane by a force acting along a rope attached to the object. 
If the rope makes an angle 6 with the plane, then the magni- 
tude of the force is 


_ LW 
sin 8 + cos 0 


where yp is a constant called the coefficient of friction. 

(a) Find the rate of change of F with respect to 0. 

(b) When is this rate of change equal to 0? 

(c) If W = 50 lb and pw = 0.6, draw the graph of F as a 
function of @ and use it to locate the value of 6 for 
which dF/d@ = 0. Is the value consistent with your 
answer to part (b)? 


45-60 Find the limit. 


47. 


sin 5x . sin x 
lim 46. lim — 
x>0 3x x>0 sin 7x 
: +2 
sin 3t sine 3x 
lim — 48. lim 
‘>0 sint x>0 Xx 
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. sinx — sin x cos x . l-secx 66. A semicircle with diameter PQ sits on an isosceles triangle 
49. lim — 50. lim ————— : : : : : 
x0 x? x50 Ix PQR to form a region shaped like a two-dimensional ice- 
D in 8 cream cone, as shown in the figure. If A(@) is the area of the 
51. lim a 52. lim = semicircle and B(6) is the area of the triangle, find 
x0 =X 60 tan 70 
53. li sin 3x 54. li sin 3x sin 5x Jim, A(6) 
. lim —— ~ lim — ,— => 
x0 5x? — 4x x>0 x? B(O) 
sin 0 : ghd 
55. lim 56. lim csc x sin(sin x) 
6>0 6 + tan @ x30 
eR cos @ — | Pra sin(x7) P Q 
"950 26? 30 Be) 
ao. tim a — tanx 60. lim a — 1) 10cm 10cm 
x>a/4 SIN xX — COS X xolx7 +x—-—2 
0 
61-62 Find the given derivative by finding the first few R 


derivatives and observing the pattern that occurs. 


” 2 67. The figure shows a circular arc of length s and a chord of 


o- dx” pina) dx* ean) length d, both subtended by a central angle 6. Find 
lim | — 
63. Find constants A and B such that the function 90" d 


y =Asinx + Bcos x satisfies the differential equation 


y" + y! — 2y = sin x. 


1 Sa? 
64. (a) Evaluate lim x sin —. 


x 


1 
(b) Evaluate lim x sin —. 
x0 x 


(c) Illustrate parts (a) and (b) by graphing y = x sin(1/x). 


65. Differentiate each trigonometric identity to obtain a new 


(or familiar) identity. FY 68. Let f(x) = = 
; v1 — cos 2x 
_ sin x _ 
(a) tanx = bos x (b) sec x= Coe x (a) Graph f. What type of discontinuity does it appear to 
have at 0? 
ie sae tose 1 + cot x (b) Calculate the left and right limits of f at 0. Do these 
csc x values confirm your answer to part (a)? 


3.4 | The Chain Rule 


Suppose you are asked to differentiate the function 


F(x) = Vx? + 1 


The differentiation formulas you learned in the previous sections of this chapter do not 
enable you to calculate F(x). 
See Section 1.3 for a review of Observe that F is a composite function. In fact, if we let y = f(u) = Vu and let 
composite functions. u = g(x) = x* + 1, then we can write y = F(x) = f(g(x)), that is, F = f° g. We know 
how to differentiate both f and g, so it would be useful to have a rule that tells us how to 
find the derivative of F = f° g in terms of the derivatives of f and g. 
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®@ The Chain Rule 


It turns out that the derivative of the composite function f° g is the product of the deriv- 
atives of f and g. This fact is one of the most important of the differentiation rules and is 
called the Chain Rule. It seems plausible if we interpret derivatives as rates of change. 
Regard du/dx as the rate of change of u with respect to x, dy/du as the rate of change of 
y with respect to u, and dy/dx as the rate of change of y with respect to x. If u changes 
twice as fast as x and y changes three times as fast as u, then it seems reasonable that 
y changes six times as fast as x, and so we expect that dy/dx is the product of dy/du 
and du/dx. 


The Chain Rule If g is differentiable at x and f is differentiable at g(x), then the 
composite function F = f° g defined by F(x) = f(g(x)) is differentiable at x and 
F' is given by the product 


[1] F'(x) = f'(g(x)) + g'Q) 


In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions, then 


dy _ dy du 
[2] dx du dx 


Formula 2 is easy to remember because if we think of dy/du and du/dx as quotients, 
then we could cancel du; however, du has not been defined and du/dx should not be 
considered as an actual quotient. 


COMMENTS ON THE PROOF OF THE CHAIN RULE Let Au be the change in u 


Jamies tegAry corresponding to a change of Ax in x, that is, 


The first person to formulate the 

Chain Rule was the Scottish mathe- Au = g(x + Ax) — g(x) 
matician James Gregory (1638-1675), 

who also designed the first practical Then the corresponding change in y is 


reflecting telescope. Gregory discov- _ 
ered the basic ideas of calculus at Ay = f(u + Au) — f(u) 


about the same time as Newton. He 


became the first Professor of Mathe- Itis Tempune tewnte 


matics at the University of St. Andrews dy Ay 
and later held the same position at —= li 


im 
the University of Edinburgh. But one dx  Ax>0 Ax 


year after accepting that position, he 
died at the age of 36. [3] = Ay Au 
Ax>0 Au Ax 
_ Ay Au 
Ax—>0 Au Ax—0 Ax 
Ay _ Au (Note that Au — 0 as Ax > 0 
= lim —-: lim — : : 
Au>0 Au Ax>0 Ax because g is continuous.) 
_ dy du 
du dx 


The only flaw in this reasoning is that in (3) it might happen that Au = 0 (even when 
Ax # 0) and, of course, we can’t divide by 0. Nonetheless, this reasoning does at least 
suggest that the Chain Rule is true. A full proof of the Chain Rule is given at the end of 
this section. Bo 
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EXAMPLE 1 Find F(x) if F(x) = Vx? + 1. 


SOLUTION 1 (using Formula 1): At the beginning of this section we expressed F as 
F(x) = (f° g)(x) = f(g(x)) where f(u) = /u and g(x) = x* + 1. Since 
1 
(u) = Ay7¥?2 = — and "x) = 2x 
i 2 ida g 
we have F(x) = f(g) + g'@) 
1 


X 
= “2x = 
rs nn rs 


SOLUTION 2 (using Formula 2): If we let u = x? + 1 and y = Ju, then 


dy du 1 1 x 
F'(x) = = — (2x) = ———. (2x) = | 
du dx 2/u 2x? +1 x2 +1 


When using Formula 2 we should bear in mind that dy/dx refers to the derivative of 
y when y is considered as a function of x (the derivative of y with respect to x), whereas 
dy/du refers to the derivative of y when considered as a function of u (the derivative of 
y with respect to u). For instance, in Example 1, y can be considered as a function of 
x (y = fx? + 1) and also as a function of u (y = Ju). Note that 


d 
= = F'(x) = 
dx xe+] 


1 
Ja 
NOTE In using the Chain Rule we work from the outside to the inside. Formula | says 


that we differentiate the outer function f [at the inner function g(x)] and then we multiply 
by the derivative of the inner function. 


x 


dy 
h = f'(u) = 
whereas rs f'w 5 


d , Uy 
ree | (gx) = Ff (g(x)) + g'(x) 
OG ge ate ey eee a, Sua 
outer evaluated derivative evaluated derivative 
function at inner of outer at inner of inner 
function function function function 


EXAMPLE 2 Differentiate (a) y = sin(x”) and (b) y = sin’x. 


SOLUTION 
(a) If y = sin(x’), then the outer function is the sine function and the inner function is 
the squaring function, so the Chain Rule gives 


dy d . 2 2 
— = — sin (x7) = cos (x7) . 2x 
dx Ge wd a —— 
outer evaluated derivative evaluated derivative 
function at inner of outer at inner of inner 
function function function function 
= 2x cos(x*) 


(b) Note that sin’x = (sin x)*. Here the outer function is the squaring function and the 
inner function is the sine function. So 


dy _d_. ., _ : 
— = — (sin x) = 2 + (sinx) + cosx 
dx dx —— ——— ————s ———"] 
inner derivative evaluated derivative 
function of outer at inner of inner 
function function function 


The answer can be left as 2 sin x cos x or written as sin 2x (by a trigonometric identity 
See Reference Page 2 or Appendix D. | known as the double-angle formula). a 
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In Example 2(a) we combined the Chain Rule with the rule for differentiating the sine 
function. In general, if y = sin u, where u is a differentiable function of x, then, by the 


Chain Rule, 
dy dy du du 
= COS u 
dx du d dx 
d d 
Thus (sin u) = cos u 7 
dx dx 


In a similar fashion, all of the formulas for differentiating trigonometric functions can 
be combined with the Chain Rule. 

Let’s make explicit the special case of the Chain Rule where the outer function f is a 
power function. If y = [g(x)]", then we can write y = f(u) = u" where u = g(x). By 
using the Chain Rule and then the Power Rule, we get 


dy _dydu_,_, du _ pots 
pee oe cs nl g(x)]""'g'(x) 


[4] The Power Rule Combined with the Chain Rule If 7 is any real number 
and u = g(x) is differentiable, then 


(u") = nu"! 


dx dx 


Alternatively, [g(x)]" = n[g()]"! + g'@) 


Notice that the derivative we found in Example | could be calculated by taking 
n= in Rule 4. 


EXAMPLE 3 Differentiate y = (x? — 1)'™. 
SOLUTION Taking u = g(x) = x* — 1 andn = 100 in (4), we have 


dy d 3 100 3 o 4d / 3 
= (x3 — 1) = 100(x? — 1)” (@? - 1 
oe (x ) 00(x ) = (x ) 
= 100(x? — 1)” + 3x? = 300x7(x? — 1)” | 
1 
EXAMPLE 4 Find f(x) if f&) = ————___.. 
a reer 
SOLUTION First rewrite f: f(y) =(? +x4+ 17% 
’ — 1/2 —4/3 d 2 
Thus f(x) = 9x7 + x + I) me +x+4+1) 
x 
= —3(x? +x + 1) 42x + 1) | 
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The graphs of the functions y and y’ 
in Example 6 are shown in Figure 1. 
Notice that y’ is large when y 
increases rapidly and y’ = 0 when y 
has a horizontal tangent. So our 
answer appears to be reasonable. 


10 
y' 
2 1 
y 
—10 
FIGURE 1 


More generally, the Chain Rule gives 
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EXAMPLE5 Find the derivative of the function 


SOLUTION Combining the Power Rule, Chain Rule, and Quotient Rule, we get 


pe a fg! 
“ft = 
go (2) <(=*) 


-o( 22) (QQt+ 1+1—2Ar—2) — 45(¢— 2)8 


2t+1 (2t + 1)° (2t + 1)" 


EXAMPLE 6 Differentiate y = (2x + 1)°(x7 — x + 1)*. 


SOLUTION In this example we must use the Product Rule before using the Chain Rule: 


dy _ 


(2x + icy —-xt+1)*+(3-x+ yar +1) 
dx dx dx 


d 
= 2x + 1400 — x + IPTG =x + 2 
x 


d 
+ (x8 — x + 1) + 5(2x + Ii 7, (22 + 1) 
a 


= 42x + 1)P(x3 — x + 1)°(Bx? — 1) + 5(x? — x + 24(2x + :1)*- 2 


Noticing that each term has the common factor 2(2x + 1)*(x? — x + 1)°, we could 
factor it out and write the answer as 


d 
ae = 22x + 1)(x? — x + 17x? + 6x2 — 9x + 3) m 
x 


EXAMPLE 7 Differentiate y = e“"*. 


SOLUTION Here the inner function is g(x) = sin x and the outer function is the 
exponential function f(x) = e*. So, by the Chain Rule, 


d d.. sie OO A, 5 
= (e"*) = e™ (sin x) = e*"*cos x | 
dx 


dx dx 


The reason for the name “Chain Rule” becomes clear when we make a longer chain 
by adding another link. Suppose that y = f(u), u = g(x), and x = h(t) where f, g, andh 
are differentiable functions. Then, to compute the derivative of y with respect to ft, we use 
the Chain Rule twice: 


dy — dy dx _ 
dt = dx dt 


dy du dx 
du dx dt 
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EXAMPLE 8 If f(x) = sin(cos(tan x)), then 


f'(x) = cos(cos(tan x)) “ cos(tan x) 
= cos(cos(tan x)) [—sin(tan x)] “ (tan x) 
= —cos(cos(tan x)) sin(tan x) sec?x 
Notice that we used the Chain Rule twice. a 


EXAMPLE 9 Differentiate y = e***”. 


SOLUTION The outer function is the exponential function, the middle function is the 
secant function, and the inner function is the tripling function. So we have 


d d 
a = chew 7 (sec 30) 


d 
= e* sec 36 tan 30 — (30 
e sec an 76 (30) 


= 3e°*? sec 34 tan 30 | 


B® Derivatives of General Exponential Functions 


We can use the Chain Rule to differentiate an exponential function with any base b > 0. 
Recall from Equation 1.5.10 that we can write 


b* — e (inb)x 
and then the Chain Rule gives 
d d d 
b* = (Inb)x) — 7, (Inb)x 1 b 
(b*) 7 eee =e ke [(In b)x] 


= ¢™) (In b) = b* Inb 


because In D is a constant. So we have the formula 


Don’t confuse Formula 5 (where x is 


the exponent) with the Power Rule d 
(where x is the base): [5] hb (b*) = b*Inb 
=} ny = n-1 7 
dx x = AX 
EXAMPLE 10 Find the derivative of each of the functions. 
(a) g(x) = 2* (b) h(x) = 5” 
SOLUTION 


(a) We use Formula 5 with b = 2: 
; d ; 
g (x) = — (2*) = 2*In2 
dx 

This is consistent with the estimate 

d 

— (2*) = (0.693)2* 

dx 


we gave in Section 3.1 because In 2 ~ 0.693147. 
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(b) The outer function is an exponential function and the inner function is the squaring 
function, so we use Formula 5 and the Chain Rule to get 


d ‘ d 
h' (x) = —(5*?) = 5°? In5 - —(x?) = 2x - 5*7In5 a 
dx dx 


H How to Prove the Chain Rule 


Recall that if y = f(x) and x changes from a to a + Ax, we define the increment of y as 
Ay = f(a + Ax) — f@ 


According to the definition of a derivative, we have 


So if we denote by ¢ the difference between Ay/Ax and f'(a), we obtain 


Ax—>0 Ax—0 


lim «= lim (2 ro) = f(a) - f(a =0 
Ax 
But e=— — f(a) > Ay = f(a) Ax + & Ax 


If we define ¢ to be 0 when Ax = 0, then ¢ becomes a continuous function of Ax. Thus, 
for a differentiable function f, we can write 


[6] Ay = f'(a) Ax + & Ax where e—-0 as Ax—>0 


and ¢ is a continuous function of Ax. This property of differentiable functions is what 
enables us to prove the Chain Rule. 


PROOF OF THE CHAIN RULE Suppose u = g(x) is differentiable at a and y = f(u) is 
differentiable at b = g(a). If Ax is an increment in x and Au and Ay are the correspond- 
ing increments in u and y, then we can use Equation 6 to write 


Au = g(a) Ax + e, Ax =[g'(a) + e:] Ax 
where €; — 0 as Ax — 0. Similarly 
Ay = f'(b) Au + e, Au =[ f(b) + &2] Au 


where €) — 0 as Au — 0. If we now substitute the expression for Au from Equation 7 
into Equation 8, we get 


Ay =Lf'®) + e.][g'@) + e:] Ax 


A 
so i: =[f'(b) + e.|lg(@ + e:] 


As Ax — 0, Equation 7 shows that Au — 0. Taking the limit as Ax — 0, we get 


a a 
dx a Ax Jim) [f'(b) + e2]L9'(@) + 21] 


= f'(b) g(a) = f'(gla)) g(a) 
This proves the Chain Rule. o 
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3.4 


Exercises 


1-6 Write the composite function in the form f(g(x)). 
[Identify the inner function u = g(x) and the outer function 
y = f(u).] Then find the derivative dy/dx. 


1. 
3. 
5. 


y= Cea) 
y = sin(cos x) 


y= et 


2. 


yHvyxe +2 
y = tan(x’) 
y= Vert 1 


7-52 Find the derivative of the function. 


7. 


9. 


11. 


13. 
15. 
17. 
19. 
21. 
22. 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 
39. 
41. 


43. 


45 


f(x) = (2x7 — 5x? + 4) 8. f(x) = (x + 3x? — x) 
f(x) = V5x +1 10. f(x) = es 
1 i \ 
I) = Grady 12 (5, £ 7) 
(0) = cos(0’) 14. g(@) = cos’6 
g(x) =e * 16. y= 5%" 
y=x"e™* 18. f(t) =tsin at 
f(t) = e“ sin bt 20. A(r) =4/r + e”*! 
F(x) = (4x + 5)?(x? — 2x + 5)* 
G(z) = (1 — 4z)°/z2 + 1 
= ,/— re eee | 
= x+1 eae x 
y=em? 26. f(t) =2" 
a1 1+ sint 
au) = (4 + .) = 1 + cost 
r(t) = 10?" 30. f(z) =e!" 
= aly eee 
H(r) = (r+ 15 32. J(0@) = tan*(n@) 
F(t) = e's 34, F() = 


G(x) = 4° 


f(x) = sinx cos(1 — x’) 


F(t) = tan v1 + t? 


y = sin’(x* + 1) 


g(x) = sol; | 


f(t) = tan(sec(cos r)) 


36. 


Pat 


U(y) = (= — 7) 
yee 1 


. g(x) = e *cos(x’) 
. G(z) = (1 + cos’z) 


. y=e* + sin(e*) 
~ fd =elve-1 
~ yavant yxt fx 


47. 
49. 
50. 
51. 


f(x) = ee) 48. y= 3" 
y = (Boe) = 1)* 
y = sin(@ + tan(@ + cos 6)) 


y = cos,/sin(tan 7x) 52. y = sin*(cos(x’)) 


53-56 Find y’ andy”. 


53. 
55. 


y = cos(sin 30) 54. y=(1 + yx) 


y = cos x 56. y=e" 


57-60 Find an equation of the tangent line to the curve at the 
given point. 


57. 
59. 


(0, 1) lee", (2,3) 


(0, 0) 


y= 2%, 58. y= 


y = sin(sin x), (7, 0) 60. y=xe™, 


61. 


62. 


65. 


66. 


67. 


68. 


FY 64. 


(a) Find an equation of the tangent line to the curve 
y = 2/(1 + e™*) at the point (0, 1). 

(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


(a) The curve y = |x|//2 — x? is called a bullet-nose 
curve. Find an equation of the tangent line to this curve at 
the point (1, 1). 

(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


. (a) If f(x) = xV2 — x?, find f(x). 


(b) Check to see that your answer to part (a) is reasonable by 
comparing the graphs of f and f’. 


The function f(x) = sin(x + sin 2x), 0 <x S 7, arises in 

applications to frequency modulation (FM) synthesis. 

(a) Use a graph of f produced by a calculator or computer to 
make a rough sketch of the graph of f’. 

(b) Calculate f’(x) and use this expression, with a calculator 
or computer, to graph f’. Compare with your sketch in 
part (a). 


Find all points on the graph of the function 
f(x) = 2 sin x + sin*x at which the tangent line is horizontal. 


At what point on the curve y = /1 + 2x is the tangent line 
perpendicular to the line 6x + 2y = 1? 


If F(x) = f(g(x)), where f(—2) = 8, f'(—2) = 4, f'(5) = 3, 
g(5) = —2, and g’(5) = 6, find F'(5). 


If h(x) = /4 + 3f(x), where f(1) = 7 and f'(1) = 4, 
find h’(1). 
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69. A table of values for f, g, f’, and g’ is given. 


x f(x) g(x) f'(x) g'(x) 


1 3 2 4 6 
2 1 8 5 7 
3 & 2 7 9 


(a) If h(x) = f(g(a)), find h'(1). 
(b) If A(x) = g(f(x)), find H'(1). 
70. Let f and g be the functions in Exercise 69. 
(a) If F(x) = f(f(2)), find F'(2). 
(b) If G(x) = g(g(a)), find G’(3). 


71. If f and g are the functions whose graphs are shown, let 
u(x) = f(g(x)), v(x) = g(f(x)), and w(x) = g(g(x)). Find 
each derivative, if it exists. If it does not exist, explain why. 


(b) v1) 


(a) w'() (c) w'(1) 


72. If f is the function whose graph is shown, let A(x) = f(f(x)) 


and g(x) = f(x). Use the graph of f to estimate the value 
of each derivative. 


(a) h'(2) (b) g'(2) 


73. If g(x) = Vf(x), where the graph of f is shown, 
evaluate g’(3). 


yA 

i ff 
aa 

0 1 x 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 
84. 
85. 


86. 


87. 
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Suppose f is differentiable on R and a is a real number. 
Let F(x) = f(x“) and G(x) = [ f(x) ]*. Find expressions 
for (a) F'(x) and (b) G(x). 


Suppose f is differentiable on R. Let F(x) = f(e*) and 
G(x) = e!™. Find expressions for (a) F'(x) and (b) G(x). 


Let g(x) = e® + f(x) and h(x) = e““f(x), where f(0) = 3, 

f'(O) = 5, and f”(0) = —2. 

(a) Find g’(0) and g"(0) in terms of c. 

(b) In terms of k, find an equation of the tangent line to the 
graph of h at the point where x = 0. 


Let r(x) = f(g(A(x))), where h(1) = 2, g(2) = 3, h'(1) = 4, 
g'(2) = 5, and f'(3) = 6. Find r'(1). 


If g is a twice differentiable function and f(x) = xg(x*), find 
f" in terms of g, g’, and g”. 


If F(x) = f(3f(4f(x))), where f(0) = 0 and f'(0) = 2, 
find F’(0). 


If F(x) = f(xf(xf(a))), where f(1) = 2, f(2) = 3, 
f') =4, f’2) =5, and f'(3) = 6, find F’(1). 


Show that the function y = e**(A cos 3x + B sin 3x) satisfies 
the differential equation y" — 4y’ + 13y = 0. 


For what values of r does the function y = e”™ satisfy the 
differential equation y" — 4y’ + y= 0? 


Find the 50th derivative of y = cos 2x. 
Find the 1000th derivative of f(x) = xe™. 


The displacement of a particle on a vibrating string is given 
by the equation 


s(t) = 10 + {sin(10z7) 


where s is measured in centimeters and f in seconds. Find the 
velocity of the particle after t seconds. 


If the equation of motion of a particle is given by 

s =Acos(wt + 8), the particle is said to undergo simple 
harmonic motion. 

(a) Find the velocity of the particle at time f. 

(b) When is the velocity 0? 


A Cepheid variable star is a star whose brightness alternately 
increases and decreases. The most easily visible such star is 
Delta Cephei, for which the interval between times of maxi- 
mum brightness is 5.4 days. The average brightness of this 
star is 4.0 and its brightness changes by £0.35. In view of 
these data, the brightness of Delta Cephei at time ¢, where f is 
measured in days, has been modeled by the function 


BQ) = 4.0 + 0.35 sin( 2 
= 4, .35 sin{ —— 
5.4 
(a) Find the rate of change of the brightness after t days. 


(b) Find, correct to two decimal places, the rate of increase 
after one day. 
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88. 


90. 


91. 


92. 


CHAPTER 3 __ Differentiation Rules 


In Example 1.3.4 we arrived at a model for the length of day- 
light (in hours) in Philadelphia on the rth day of the year: 


27 
L(t) = 12 + 2.8 sin} —~—(t — 80 
(1) | 365 ( | 
Use this model to compare how the number of hours of 


daylight is increasing in Philadelphia on March 21 (t = 80) 
and May 21 (t = 141). 


. The motion of a spring that is subject to a frictional force or 


a damping force (such as a shock absorber in a car) is often 
modeled by the product of an exponential function and a 
sine or cosine function. Suppose the equation of motion of a 
point on such a spring is 


s(t) = 2e7'>' sin 27t 


where s is measured in centimeters and ¢ in seconds. Find 
the velocity after t seconds and graph both the position and 
velocity functions for 0 < ¢ <2. 


Under certain circumstances a rumor spreads according to 
the equation 


pt) = 1+ae" 

where p(t) is the proportion of the population that has heard 

the rumor at time ¢ and a and k are positive constants. [In 

Section 9.4 we will see that this is a reasonable equation 

for p(t).] 

(a) Find lim,-_... p(t) and interpret your answer. 

(b) Find the rate of spread of the rumor. 

(c) Graph p for the case a = 10, k = 0.5 with t measured 
in hours. Use the graph to estimate how long it will take 
for 80% of the population to have heard the rumor. 


The average blood alcohol concentration (BAC) of eight 
male subjects was measured after consumption of 15 mL of 
ethanol (corresponding to one alcoholic drink). The result- 
ing data were modeled by the concentration function 


C(t) = 0.00225te~°™9” 


where f is measured in minutes after consumption and C is 
measured in g/dL. 

(a) How rapidly was the BAC increasing after 10 minutes? 
(b) How rapidly was it decreasing half an hour later? 

Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of Ethanol after 


Oral Administration in the Fasting State,” Journal of Pharmacokinetics and 
Biopharmaceutics 5 (1977): 207-24. 


Air is being pumped into a spherical weather balloon. At any 
time ¢, the volume of the balloon is V(r) and its radius is r(t). 
(a) What do the derivatives dV/dr and dV/dt represent? 

(b) Express dV/dt in terms of dr/dt. 


93. 


94. 


95. 


96. 


97. 


98. 


A particle moves along a straight line with displacement 
s(t), velocity v(t), and acceleration a(t). Show that 


a(t) = v(t) o 


Explain the difference between the meanings of the deriva- 
tives dv/dt and dv/ds. 


The table gives the US population from 1790 to 1860. 


Year Population Year Population 
1790 3,929,000 1830 12,861,000 
1800 5,308,000 1840 17,063,000 
1810 7,240,000 1850 23,192,000 
1820 9,639,000 1860 31,443,000 


(a) Fit an exponential function to the data. Graph the data 
points and the exponential model. How good is the fit? 

(b) Estimate the rates of population growth in 1800 and 
1850 by averaging slopes of secant lines. 

(c) Use the exponential model in part (a) to estimate the 
rates of growth in 1800 and 1850. Compare these 
estimates with the ones in part (b). 

(d) Use the exponential model to predict the popula- 
tion in 1870. Compare with the actual population of 
38,558,000. Can you explain the discrepancy? 


Use the Chain Rule to prove the following. 
(a) The derivative of an even function is an odd function. 
(b) The derivative of an odd function is an even function. 


Use the Chain Rule and the Product Rule to give an alter- 
native proof of the Quotient Rule. 


[Hint: Write f(x)/g(x) = f(x)[g)}1] 


Use the Chain Rule to show that if @ is measured in degrees, 
then 


eT 
180 cos 


d 
— (sin 6) = 
76 sin 8) 
(This gives one reason for the convention that radian mea- 
sure is always used when dealing with trigonometric func- 
tions in calculus: the differentiation formulas would not be 
as simple if we used degree measure.) 


(a) Write |x| = ./x? and use the Chain Rule to show that 
d x 


alla 


x| 
(b) If f(x) = | sin x], find f’(x) and sketch the graphs of f 
and f’. Where is f not differentiable? 
(c) If g(x) = sin |x|, find g’(x) and sketch the graphs of g 
and g’. Where is g not differentiable? 
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99. Let c be the x-intercept of the tangent line to the curve y = b* 100. On every exponential curve y = b* (b > 0, b ¥ 1), there is 
(b > 0, b 1) at the point (a, b*). Show that the distance exactly one point (xo, yo) at which the tangent line to the 
between the points (a, 0) and (c, 0) is the same for all values curve passes through the origin. Show that in every case, 
of a. yo = e. [Hint: You may wish to use Formula 1.5.10.] 


101. If F = fegeh, where f, g, and h are differentiable func- 
tions, use the Chain Rule to show that 
F'(x) = f'(g(AQx)) + gh) > h(x) 


102. If F = f° g, where f and g are twice differentiable func- 
tions, use the Chain Rule and the Product Rule to show that 
the second derivative of F is given by 


F"(x) = f(g) - Lg QOP + £'(gQ) + 9") 


APPLIED PROJECT | WHERE SHOULD A PILOT START DESCENT? 


ya An approach path for an aircraft landing is shown in the figure and satisfies the following 
conditions: 


(i) The cruising altitude is h when descent starts at a horizontal distance € from touch- 
down at the origin. 


(ii) The pilot must maintain a constant horizontal speed v throughout descent. 


(iii) The absolute value of the vertical acceleration should not exceed a constant k (which 
is much less than the acceleration due to gravity). 


1. Find a cubic polynomial P(x) = ax* + bx* + cx + d that satisfies condition (i) by 
imposing suitable conditions on P(x) and P'(x) at the start of descent and at touchdown. 


ev 


2. Use conditions (ii) and (iii) to show that 


6hv? 


<k 
(pe 


3. Suppose that an airline decides not to allow vertical acceleration of a plane to exceed 
k = 860 mi/h”. If the cruising altitude of a plane is 35,000 ft and the speed is 300 mi/h, 
how far away from the airport should the pilot start descent? 


- 4. Graph the approach path if the conditions stated in Problem 3 are satisfied. 


3.5 | Implicit Differentiation 


@ Implicitly Defined Functions 


The functions that we have met so far can be described by expressing one variable explic- 
itly in terms of another variable —for example, 


y=Vx +1 or y=xsinx 


or, in general, y = f(x). Some functions, however, are defined implicitly by a relation 
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FIGURE 1 


x3+y3 =6xy 


RY 


FIGURE 2 The folium of Descartes 


between x and y such as 

[1] x? + y? = 25 
or 

[2] x7 + y? = 6xy 


In some cases it is possible to solve such an equation for y as an explicit function (or sev- 
eral functions) of x. For instance, if we solve Equation 1 for y, we get y = +25 — x’, 
so two of the functions determined by the implicit Equation | are f(x) = 25 — x? and 
g(x) = —./25 — x?. The graphs of f and g are the upper and lower semicircles of the 
circle x? + y? = 25. (See Figure 1.) 


YA YA YA 


RY 
BY 
BY 


(a) x?-+y?=25 (b) fx) = 25-27 (c) glx) =—/25 x? 

It’s not easy to solve Equation 2 for y explicitly as a function of x by hand. (Even if 
we use technology, the resulting expressions are very complicated.) Nonetheless, (2) is 
the equation of a curve called the folium of Descartes shown in Figure 2 and it implicitly 
defines y as several functions of x. The graphs of three such functions are shown in Fig- 
ure 3. When we say that f is a function defined implicitly by Equation 2, we mean that 


the equation 


x +[ f(a} = 6x f(a) 


is true for all values of x in the domain of f. 


yA YA YA 


ae 2 


RY 


S\ 


FIGURE 3 Graphs of three functions defined implicitly by the folium of Descartes 


Bi Implicit Differentiation 


Fortunately, we don’t need to solve an equation for y in terms of x in order to find the 
derivative of y. Instead we can use the method of implicit differentiation. This consists 
of differentiating both sides of the equation with respect to x and then solving the result- 
ing equation for dy/dx. In the examples and exercises of this section it is always assumed 
that the given equation determines y implicitly as a differentiable function of x so that the 
method of implicit differentiation can be applied. 
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EXAMPLE 1 


d 
If x* + y? = 25, find a Then find an equation of the tangent to the circle 
Xx 


x° + y* = 25 at the point (3, 4). 


SOLUTION 1 
Differentiate both sides of the equation x* + y? = 25: 


dy, 5 d 

— (x2 + y?) =—(2 

= (x? + y*) = 2 (25) 
d 


= (x?) + (7) =0 


Remembering that y is a function of x and using the Chain Rule, we have 


= y= . (y?) = = 2y “ 
Thus 2x + 2y ay =0 
dx 
Now we solve this equation for dy/dx: 
dy x 
dx oy 


An equation of the tangent to the circle at (3, 4) is therefore 
y-4=-3(x-3) or 3x + 4y=25 
SOLUTION 2 
Solving the equation x* + y* = 25 for y, we get y = +,/25 — x?. The point 
(3, 4) lies on the upper semicircle y = ./25 — x? and so we consider the function 
f(x) = 25 — x’. Differentiating f using the Chain Rule, we have 


f(x) = $(25 vy £05 x?) 


= 3(25 — x*)-(—2x) = 


At the point (3, 4) we have 


Example 1 illustrates that even when : 3 3 

it is possible to solve an equation f'B) = 75 3 a 

explicitly for y in terms of x, it may be 

easier to use implicit differentiation. and, as in Solution |, an equation of the tangent is 3x + 4y = 25. a 


NOTE 1 The expression dy/dx = —x/y in Solution 1 gives the derivative in terms of 
both x and y. It is correct no matter which function y is determined by the given equation. 


For instance, for y = f(x) = /25 — x? we have 
dy x x 
dx y V25— x? 
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whereas for y = g(x) = —/25 — x? we have 
dy x x x 


dx y —J/25-x2 J25-x 


EXAMPLE 2 

(a) Find y’ if x7 + y? = 6xy. 

(b) Find the tangent to the folium of Descartes x* + y* = 6xy at the point (3, 3). 
(c) At what point in the first quadrant is the tangent line horizontal? 


SOLUTION 
(a) Differentiating both sides of x? + y*? = 6xy with respect to x, regarding y as a 
function of x, and using the Chain Rule on the term y* and the Product Rule on the 


We can use either of the notations term 6xy, we get 


dy/dx or y' for the derivative of y 


with respect to x. 3x? + 3y’y’ = 6xy' + by 
or x? + y?y’ = Axy'’ + 2y 
We now solve for y’: yy’ — Ixy’ = 2y — x? 
(y? = 2a)y! = 2y = x" 
2 = x? 
— y? — 2x 
(b) When x = y = 3, 
ve pa er 1 
“ = 253 
FIGURE 4 and a glance at Figure 4 confirms that this is a reasonable value for the slope at (3, 3). 


So an equation of the tangent to the folium at (3, 3) is 


4 
y-—3=-Il(x - 3) or xty=6 
(c) The tangent line is horizontal if y’ = 0. Using the expression for y’ from part (a), 
we see that y’ = 0 when 2y — x” = 0 (provided that y* — 2x # 0). Substituting 
y= 3x? in the equation of the curve, we get 
e+ (4x2)? = 6x(4x7) 
which simplifies to x° = 16x*. Since x # 0 in the first quadrant, we have x* = 16. If 
‘ 4 x = 16'3 = 2*3 then y = $(2°) = 2°. Thus the tangent is horizontal at (2*°, 2°’), 
which is approximately (2.5198, 3.1748). Looking at Figure 5, we see that our answer 
FIGURE 5 is reasonable. H 


NOTE 2 There is a formula for the three solutions of a cubic equation that is like the 
quadratic formula but much more complicated. If we use this formula (or a computer) to 
solve the equation x* + y* = 6xy for y in terms of x, we get three functions determined 
by the equations: 


y=) = Ve + Ji — be + JV 8 


and 


y=3[V@ # V3 0Fpe + p= 8 — ope — 8) 
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Abel and Galois 


The Norwegian mathematician Niels 
Abel proved in 1824 that no general 
formula in terms of radicals can be 
given for the solutions of the equation 
p(x) = 0, where p is a polynomial of 


degree 5 with integer coefficients. 
Later the French mathematician 
Evariste Galois proved that it is impos- 
sible to find a general formula in 
terms of radicals for the solutions of 
an equation p(x) = 0, where pisa 
polynomial of degreen = 5. 


2 
=2 
FIGURE 6 


ea 


_ 


4 

FIGURE 7 

(x? — I(x? -— 4)(x? - 9) 
y*(y? — 4)(y? 
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Implicit Differentiation 


(These are the three functions whose graphs are shown in Figure 3.) You can see that the 
method of implicit differentiation saves an enormous amount of work in cases such as 
this. Moreover, implicit differentiation works just as easily for equations such as 


y? + 3x*y? + 5x4 = 12 
for which it is impossible to find an expression for y in terms of x. 
EXAMPLE 3 Find y’ if sin(x + y) = y’cos x. 


SOLUTION Differentiating implicitly with respect to x and remembering that y is a 
function of x, we get 


cos(x + y) + (1 + y’) = y?(—sin x) + (cos x)(2yy’) 


(Note that we have used the Chain Rule on the left side and the Product Rule and Chain 
Rule on the right side.) If we collect the terms that involve y’, we get 


cos(x + y) + y’sin x = (2ycos x)y’ — cos(x + y)+ y’ 


y* sin x + cos(x + y) 


S ‘= 
. : 2y cos x — cos(x + y) 
Figure 6, drawn by a computer, shows part of the curve sin(x + y) = y?cos x. Asa 
check on our calculation, notice that y’ = —1 when x = y = 0 and it appears from the 
graph that the slope is approximately — | at the origin. Oo 


Figures 7, 8, and 9 show three more curves produced by a computer. In Exercises 45-46 
you will have an opportunity to create and examine unusual curves of this nature. 


15 
15 15 
—-15 
FIGURE 8 FIGURE 9 
cos(x — sin y) = sin(y — sin x) sin(xy) = sinx + sin y 


9) 


B® Second Derivatives of Implicit Functions 


The following example shows how to find the second derivative of a function that is 
defined implicitly. 


EXAMPLE 4 Find y” if x* + y* = 16. 


SOLUTION Differentiating the equation implicitly with respect to x, we get 


4x? + 4y%y’ =0 
Solving for y’ gives 


Xx 
[3] en 
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To find y” we differentiate this expression for y’ using the Quotient Rule and remem- 
bering that y is a function of x: 


,_d ( -) 8 (d/dx\(x3) — x3 (d/dx\(y°) 
* dx OP 
y3 ‘ 3x2 = x3(3y7y’) 


y 


If we now substitute Equation 3 into this expression, we get 


But the values of x and y must satisfy the original equation x* + y* = 16. So the 
answer simplifies to 


3x°(16 oa 
y= U Le 48 — a 
y y 
Figure 10 shows the graph of the YA a 
curve x* + y* = 16 of Example 4. 7 —- 


Notice that it’s a stretched and 
flattened version of the circle 

x° + y? = 4. For this reason it’s 
sometimes called a fat circle. It starts 
out very steep on the left but quickly 0 2* 
becomes very flat. This can be seen 
from the expression 


x? Xx 3 
yey Ny. FIGURE 10 


3.5 | Exercises 


1-4 x . 
(a) Find y’ by implicit differentiation. 9. == yl 10. xe* =x —y 
(b) Solve the equation explicitly for y and differentiate to get y’ 

in terms of x. 11. sinx + cosy = 2x — 3y 12. e‘siny=xt+y 


(c) Check that your solutions to parts (a) and (b) are consistent 


ie ; ; 13. sin(x + y) = + 14. tan(x — y) =2xy? +1 
by substituting the expression for y into your solution for Binks a= GOS “PLOY ane 9 =e 


part (a). 15. ycosx=x° + y? 16. sin(xy) = cos(x + y) 
1. Sx? — y= 7 2. 6x" + y? = 2x 17. 2xe’ + ye* = 3 18. sinx cos y = x* — 5y 
3. Vx + Vy =1 ae ee 19. /x ty =x't+y* 20. xy = Vx? + y2 
can 21. ee =x-y 22. cos(x? + y*) = xe” 
5-22 Find dy/dx by implicit differentiation. 
5.x? —4xyt y= 6. 2x°+xy-—y?=2 23. If f(x) + x*[f(x)]’ = 10 and f(1) = 2, find f’(1). 
Ax txeyty=5 8 x —x’t+y=1 24. If g(x) + x sin g(x) = x’, find g'(0). 
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25-26 Regard y as the independent variable and x as the 


dependent variable and use implicit differentiation to find dx/dy. 


25. x*y? — xy + 2xy3=0 26. ysecx =xtany 


27-36 Use implicit differentiation to find an equation of the 
tangent line to the curve at the given point. 


27. ye""* =xcosy, (0,0) 

28. tan(x + y) + sec(x — y) = 2, (7/8, 77/8) 

29. x72 + y?8=4, (-3,3,1) (astroid) 

30. y°(6 — x) =x°, (2, /2) (cissoid of Diocles) 
31. x7 -—xy—y*?=1, (2,1) (hyperbola) 

32. x° + 2xy + 4y? = 12, (2,1) (ellipse) 

33. x? + y? = (2x7 + 2y?— x), (0,4) (cardioid) 


» 


34. x’y? =(y + 1)7(4- y?), (273, 1) 


(conchoid of Nicomedes) 


= 


35. 2(x? + y*)? = 25(x* — y”), (3,1) (lemniscate) 


> 
0 x 


36. y°(y? — 4) = x°(x* — 5), (0, —2) (devil’s curve) 


y 
> 
x 


37. 


ae] 


38. 


ae 
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(a) The curve with equation y* = 5x* — x? is called a 
kampyle of Eudoxus. Find an equation of the tangent 
line to this curve at the point (1, 2). 

(b) Illustrate part (a) by graphing the curve and the tangent 
line on a common screen. (Graph the implicitly defined 
curve if possible, or you can graph the upper and lower 
halves separately.) 


(a) The curve with equation y? = x* + 3x? is called the 
Tschirnhausen cubic. Find an equation of the tangent 
line to this curve at the point (1, —2). 

(b) At what points does this curve have horizontal tangents? 

(c) Illustrate parts (a) and (b) by graphing the curve and the 
tangent lines on a common screen. 


39-42 Find y” by implicit differentiation. Simplify where 


possible. 
39. x2 + dy? = 40. x° + xy + y?=3 
41. siny + cosx=1 42. x°-y=7 


43. 
44. 


47. 


48. 


45. 


If xy + e* = e, find the value of y” at the point where x = 0. 


m 


If x° + xy + y* = 1, find the value of y 
where x = 1. 


at the point 


Fanciful shapes can be created by using software that can 
graph implicitly defined curves. 
(a) Graph the curve with equation 


yy? — 1)(y — 2) = x(x — 1)(% — 2) 


At how many points does this curve have horizontal 
tangents? Estimate the x-coordinates of these points. 
(b) Find equations of the tangent lines at the points (0, 1) 
and (0, 2). 
(c) Find the exact x-coordinates of the points in part (a). 
(d) Create even more fanciful curves by modifying the 
equation in part (a). 


. (a) The curve with equation 


Qyi + yy? — yi =x* — 2x7? + x? 


has been likened to a bouncing wagon. Graph this curve 
and discover why. 

(b) At how many points does this curve have horizontal 
tangent lines? Find the x-coordinates of these points. 


Find the points on the lemniscate in Exercise 35 where the 
tangent is horizontal. 


Show by implicit differentiation that the tangent line to 
the ellipse 


x? y? 
3 =1 
a pb 
at the point (xo, yo) has equation 
xox yoy 
2 2 = 1 
a b 
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49. Find an equation of the tangent line to the hyperbola 


2 
Xx 
2 


y? 


Q 


at the point (xo, yo). 


50. Show that the sum of the x- and y-intercepts of any tangent 
line to the curve Vx + Jy = Je is equal to c. 


51. Show, using implicit differentiation, that any tangent line at 
a point P to a circle with center O is perpendicular to the 
radius OP. 


52. The Power Rule can be proved using implicit differentiation 
for the case where n is a rational number, n = p/q, and 
y = f(x) = x" is assumed beforehand to be a differentiable 
function. If y = x”/%, then y’ = x”. Use implicit differentia- 
tion to show that 
,_ P 


y =x 
q 


(p/q)-1 


53-56 Orthogonal Trajectories Two curves are orthogonal if 
their tangent lines are perpendicular at each point of intersection. 
Show that the given families of curves are orthogonal trajectories 
of each other; that is, every curve in one family is orthogonal to 
every curve in the other family. Sketch both families of curves on 
the same axes. 


53.07 +y?=r?, axt+by=0 


54.x° + y?=ax, x? +y?=by 
55. y=cx’, x7 +2y°= 


56. y = ax’, 


57. Show that the ellipse x*/a* + y’/b* = | and the hyperbola 
x°/A? — y*/B* = | are orthogonal trajectories if A> < a* and 
a’ — b> = A* + B* (so the ellipse and hyperbola have the 
same foci). 


58. Find the value of the number a such that the families of 
curves y = (x + c)7! and y = a(x + k)'” are orthogonal 
trajectories. 


59. The van der Waals equation for n moles of a gas is 


(>. me \y nb) = nRT 


y? 


where P is the pressure, V is the volume, and T is the temper- 
ature of the gas. The constant R is the universal gas constant 
and a and b are positive constants that are characteristic of a 
particular gas. 
(a) If T remains constant, use implicit differentiation to 
find dV/dP. 
(b) Find the rate of change of volume with respect to 
pressure of 1 mole of carbon dioxide at a volume of 
V = 10 Land a pressure of P = 2.5 atm. Use 
a = 3.592 L?-atm/mole’ and b = 0.04267 L/mole. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


(a) Use implicit differentiation to find y’ if 
xetxyty?+1=0 


(b) Plot the curve in part (a). What do you see? Prove that 
what you see is correct. 

(c) In view of part (b), what can you say about the 
expression for y’ that you found in part (a)? 


The equation x* — xy + y? = 3 represents a “rotated 
ellipse,” that is, an ellipse whose axes are not parallel to the 
coordinate axes. Find the points at which this ellipse crosses 
the x-axis and show that the tangent lines at these points are 
parallel. 


(a) Where does the normal line to the ellipse 
x* — xy + y? = 3 at the point (—1, 1) intersect the 
ellipse a second time? 

(b) Illustrate part (a) by graphing the ellipse and the 
normal line. 


Find all points on the curve x?y* + xy = 2 where the slope 
of the tangent line is —1. 


Find equations of both the tangent lines to the ellipse 
x? + 4y? = 36 that pass through the point (12, 3). 


Use implicit differentiation to find dy/dx for the equation 
x 2 
—=yt1 y #0 
y 
and for the equivalent equation 
xeyty y #0 


Show that although the expressions you get for dy/dx 
look different, they agree for all points that satisfy the given 
equation. 


The Bessel function of order 0, y = J(x), satisfies the differ- 
ential equation xy" + y’ + xy = 0 for all values of x and 
its value at 0 is J(O) = 1. 

(a) Find J’(0). 

(b) Use implicit differentiation to find J” (0). 


The figure shows a lamp located three units to the right of 
the y-axis and a shadow created by the elliptical region 

x? + 4y? < 5. If the point (—5, 0) is on the edge of the 
shadow, how far above the x-axis is the lamp located? 
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DISCOVERY PROJECT | & FAMILIES OF IMPLICIT CURVES 


In this project you will explore the changing shapes of implicitly defined curves as you vary 
the constants in a family, and determine which features are common to all members of the 
family. 


1. Consider the family of curves 


ye = Dee +e) = alin E DR Gy eG) = 7] 


(a) By graphing the curves with c = 0 and c = 2, determine how many points of inter- 
section there are. (You might have to zoom in to find all of them.) 

(b) Now add the curves with c = 5 and c = 10 to your graphs in part (a). What do you 
notice? What about other values of c? 


2. (a) Graph several members of the family of curves 
ie aby ee = il 


Describe how the graph changes as you change the value of c. 


(b) What happens to the curve when c = —1? Describe what appears on the screen. 
Can you prove it algebraically? 
(c) Find y’ by implicit differentiation. For the case c = —1, is your expression for y’ con- 


sistent with what you discovered in part (b)? 


3.6 | Derivatives of Logarithmic and Inverse Trigonometric 
Functions 


In this section we use implicit differentiation to find derivatives of logarithmic functions 
and of inverse trigonometric functions. 


® Derivatives of Logarithmic Functions 


In Appendix F we prove that if f is a one-to-one differentiable function, then its inverse 
function f~' is also differentiable, except where its tangents are vertical. This is plau- 
sible because, geometrically, we can think of a differentiable function as one whose 
graph has no corner or cusp. We obtain the graph of f~' by reflecting the graph of f 
about the line y = x, so the graph of f ~' has no corner or cusp either. (Note that if f has 
a horizontal tangent at a point, then f~' has a vertical tangent at the corresponding 
reflected point and so f ' is not differentiable there.) 

Because the logarithmic function y = log, x is the inverse of the exponential function 
y = b*, which we know is differentiable from Section 3.1, it follows that the logarithmic 
function is also differentiable. We now state and prove the formula for the derivative of a 
logarithmic function. 


d 1 
[1] oa (log, x) = aa 
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PROOF Let y = log, x. Then 


bv =x 
Formula 3.4.5 says that Differentiating this equation implicitly with respect to x, and using Formula 3.4.5, 
d we get 
a (b*) = b* Inb d 
- (b’ nb) > = 1 
dx 
d 1 1 
and so o 


a Bind x lab 


If we put b = e in Formula 1, then the factor In b on the right side becomes In e = 1 
and we get the formula for the derivative of the natural logarithmic function log. x = In x: 


[2] tins) == 


Xx 


By comparing Formulas 1 and 2, we see one of the main reasons that natural loga- 
rithms (logarithms with base e) are used in calculus: the differentiation formula is sim- 
plest when b = e because Ine = 1. 


EXAMPLE 1 Differentiate y = In(x* + 1). 
SOLUTION To use the Chain Rule, we let u = x* + 1. Then y = Inu, so 


d dy d ld il 3x? 
Ya ON LH A_ _ 3,2) = = / 
dx du dx u dx eo 1 Ro sel 


In general, if we combine Formula 2 with the Chain Rule as in Example 1, we get 


d 1 du d g(x) 
] = a = 
Ey dx my) u dx “ dx Lin g()] g(x) 
_, 4 : 
EXAMPLE 2 Find ae In(sin x). 
x 
SOLUTION Using (3), we have 
d 1 1 
— In(sin x) = — ag (sin x) = —— cos x = cot x | 
dx sin x dx sin x 


EXAMPLE3 Differentiate f(x) = ./In x. 


SOLUTION This time the logarithm is the inner function, so the Chain Rule gives 


a eee 
Sing * Deine 


fo) = $n x)! (in x) = 
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EXAMPLE 4 Differentiate f(x) = logio(2 + sin x). 
SOLUTION Using Formula | with b = 10, we have 


d 
— log 1o(2 + sin x) 


f'@=— 
1 d 
= : (2 + sin x) 
(2 + sin x) In 10 dx 
cos x 
— - H 
(2 + sin x) In 10 
F ., ad x+1 
Figure 1 shows the graph of the func- EXAMPLES Find — In ———. 
tion f of Example 5 together with the dx vx — 2 
graph of its derivative. It givesa visual so; YTION 1 
check on our calculation. Notice that 
f(x) is large negative when f is d in—. +1 1 d x+1 
decreasing rapidly. dx - Jee xt+1 dx Jx—2 


f/x — 2 
_ Vea F VER F 1 + NUYle- 2)" 


x+1 x-2 
x-2-34(4+ 1) 
(x + 1x — 2) 
x—-5 


= Oe Fie = 2) 


SOLUTION 2 If we first expand the given function using the laws of logarithms, then 
FIGURE 1 the differentiation becomes easier: 


d | 
in— =__ eta) = Lin(x — 2)] 
XxX 


dx Jx—-2 


1 1 1 
Figure 2 shows the graph of the func- x+1 2 (; —2 
tion f(x) = In|x| in Example 6 and 


its derivative f"(x) = 1/x. Notice (This answer can be left as written, but if we used a common denominator we would 


that when x is small, the graph of see that it gives the same answer as in Solution 1.) a 
y = In|x| is steep and so f'(x) is : a 
large (positive or negative). EXAMPLE 6 Find f’(x) if f(x) = In|x|. 
3 SOLUTION Since 
, In x if x > 0 
j f(x) = t 
f n(—x) if x<0 
3 4 it follows that 
I . 
a ifx>0 
x 
FO=) 1 
Ne , —(-l)=— ifx<0 
- =x x 
FIGURE 2 Thus f'(x) = 1/x for all x ¥ 0. | 
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The result of Example 6 is worth remembering: 


1 
[4] <inx|=— 


XxX 


B Logarithmic Differentiation 


The calculation of derivatives of complicated functions involving products, quotients, or 
powers can often be simplified by taking logarithms. The method used in the following 
example is called logarithmic differentiation. 


x4 ly? +1 
(3x + 2)5 ° 
SOLUTION We take logarithms of both sides of the equation and use the Laws of 
Logarithms to simplify: 
Iny =} Inx + 4 In(x? + 1) — 5 n(x + 2) 


EXAMPLE 7 Differentiate y = 


Differentiating implicitly with respect to x gives 
1 1 1 2 
dy 3 ee x 5. 3 
ydx 4x 2 x +1 3x + 2 


Solving for dy/dx, we get 


dy _ 2) x 15 
dx \ Ae x? $1 3x +2 


If we hadn't used logarithmic differen- | Because we have an explicit expression for y, we can substitute and write 


tiation in Example 7, we would have 3/4 

had to use both the Quotient Rule dy wate xt] ( 3 - I5 ial 
and the Product Rule. The resulting dx (3x+ 2) \4x x27+1 3x+2 

calculation would have been 

horrendous. Steps in Logarithmic Differentiation 

1. Take natural logarithms of both sides of an equation y = f(x) and use the Laws 

of Logarithms to expand the expression. 

2. Differentiate implicitly with respect to x. 

3. Solve the resulting equation for y’ and replace y by f(x). 

If f(x) < 0 for some values of x, then In f(x) is not defined, but we can still use loga- 
rithmic differentiation by first writing | y| = | f(x) | and then using Equation 4. We illus- 
trate this procedure by proving the general version of the Power Rule, as promised in 
Section 3.1. Recall that the general version of the Power Rule states that if n is any real 
number and f(x) = x", then f’(x) = nx""!. 

PROOF OF THE POWER RULE (GENERAL VERSION) Let y = x” and use logarithmic 
differentiation: 
If x = 0, we can show that f'(0) = 0 In| y| = In|x|" =nIn|x| x #0 
forn > | directly from the definition ; 
of a derivative. Therefore 2 res 
y x 
Hence y=n J =n =n i 
x x 
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@ You should distinguish carefully between the Power Rule [(x”)’ = nx" '], where 
the base is variable and the exponent is constant, and the rule for differentiating expo- 
nential functions [(b*)’ = b* In b], where the base is constant and the exponent is 


Constant base, constant exponent 


Variable base, constant exponent 


Constant base, variable exponent 


Variable base, variable exponent 


Figure 3 illustrates Example 8 by 


showing the graphs of f(x) = x¥* and 


its derivative. 


YA 


FIGURE 3 


av 


variable. 
In general there are four cases for exponents and bases: 


1. = (b") =0 (b and n are constants) 
dx 
d = 
2. 7 for =nlfalr 7@ 
x 


3. ge [b9] = b9 (In b)g'(x) 
dx 


4. To find (d/dx)[_f(x)]™, logarithmic differentiation can be used, as in the next 
example. 


EXAMPLE 8 Differentiate y = xv". 


SOLUTION 1 Since both the base and the exponent are variable, we use logarithmic 
differentiation: 


Iny = Inx* = /x Inx 


1 1 
—-=/x-—+ (Inx) 
y x 2Jx 
(4 . ne) “(24s 
y =y =x = 
JX 2x Qalx 
SOLUTION 2 Another method is to use Equation 1.5.10 to write x7 = ev" ™*; 


d d d 
re aN ae vxlnx) — ,Jx Inx 
Ae (x ) Ae (e ) e As lilac In x) 


24+1 
= «( . ‘) (as in Solution 1) 


2Vx 


@ The Number e as a Limit 


We have shown that if f(x) = In x, then f’(x) = 1/x. Thus f'(1) = 1. We now use this 


fact to express the number e as a limit. 
From the definition of a derivative as a limit, we have 


Ai) ain SOF 5 Hla) AD 


h0 h x0 x 


~ Inf +x) -Inl 2 
im = lim —In(1 + x) 
x—>0 x x0 X 


= lim In(l + x)" 
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YA 
+3 7 
= (1+ x)!" 
Pb ee Aa 
1 
0 
FIGURE 4 
x (1 +x)" 
0.1 2.59374246 
0.01 2.70481383 
0.001 2.71692393 
0.0001 2.71814593 
0.00001 2.71826824 


0.000001 2.71828047 
0.0000001 2.71828169 
0.00000001 | 2.71828181 


Because f'(1) = 1, we have 


lim In(1 + x)!" = 1 


x0 
Then, by Theorem 2.5.8 and the continuity of the exponential function, we have 


i yl /x . Ve 3 . 7 
eel elim, so Int +)!/ lim intl +x)!/ = lim (1 + xs 


x0 x0 


[5] e = lim (1 + x)!" 


Formula 5 is illustrated by the graph of the function y = (1 + x)! in Figure 4 and a 
table of values for small values of x. This illustrates the fact that, correct to seven decimal 
places, 

e = 2.7182818 


If we put n = 1/x in Formula 5, then n — ~ as x — 0° and so an alternative expres- 
sion for e is 


1 n 
[6] e= lim (+2) 


i Derivatives of Inverse Trigonometric Functions 


The inverse trigonometric functions were reviewed in Section 1.5. We discussed their 
continuity in Section 2.5 and their asymptotes in Section 2.6. Here we use implicit 
differentiation to find their derivatives. At the beginning of this section we observed 
that if f is a one-to-one differentiable function, then its inverse function f~' is also 
differentiable (except where its tangents are vertical). Because the trigonometric 
functions—with the restricted domains that we used to define their inverses—are one- 
to-one and differentiable, it follows that the inverse trigonometric functions are also 
differentiable. 
Recall the definition of the arcsine function: 


— : 7 7 
= sin !x means siny=x and -—-—sxyx— 
. 2 


2 
Differentiating sin y = x implicitly with respect to x, we obtain 


y dy __1 
cos y = 1 or = 
dx dx cos y 


Now cos y = 0 because —77/2 < y S 77/2, so 


cosy = 4/1 — sin?’y = J/1 — x? 


(cos*y + sin’y = 1) 


Therefore = = 
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Figure 5 shows the graph of 

f(x) = tan“'x and its derivative 
f'(x) = 1/(1 + x7). Notice that f is 
increasing and f’(x) is always posi- 
tive. The fact that tan™!'x — +77/2 as 
x —> +00 js reflected in the fact that 
f(x) > Oas x — £2, 


FIGURE 5 


The formulas for the derivatives of 
csc ‘x and sec 'x depend on the defi- 
nitions that are used for these func- 
tions. See Exercise 82. 


Recall that arctan x is an alternative 
notation for tan” 'x. 
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The formula for the derivative of the arctangent function is derived in a similar way. If 
y = tan 'x, then tan y = x. Differentiating tan y = x implicitly with respect to x, we have 


dy 
ane ae 1 
sec’y 7 

a a es | 

dx secy l1+tan’y 1+? 
d 1 
— (tan7'x) = ——— 
dx 1x 


The inverse trigonometric functions sin-'x and tan-'x occur most frequently. The 
derivatives of the remaining four are given in the following table. The proofs of the for- 
mulas are left as exercises. 


Derivatives of Inverse Trigonometric Functions 
d 1 
— (csc x) = —————— 
dx xVJx?2 — 1 
1 


d 
cs (sec !x) = 


5 
14+ x? 


d 
ee (cot™ !x) == 


EXAMPLE 9 Differentiate (a) y = and (b) f(x) = x arctany/x. 


sin |x 
SOLUTION 
Sy ee ee ee ae a 
(a) qe dx (sin” ‘x) (sin 'x) oF (sin’ ‘x) 
= 1 
(sin”!x)?/1 — x2 
1 1-1/2 ae 
(b) f(x”) = i—_— (Fz ) + arctan4/x 
b+ (vx) ° 


G3 


= —~— + arctany/x a 
aq +49) arctan \/x 


EXAMPLE 10 Differentiate g(x) = sec '(x’). 


SOLUTION 
1 2 
(x) = ——— (2.x) = a 
g'@) x?2/(x2? — 1 ie) wie aH 1 
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3.6 | Exercises 


1. Explain why the natural logarithmic function y = In x is used 
much more frequently in calculus than the other logarithmic 
functions y = log, x. 


2-26 Differentiate the function. 
2. g(t) = In(3 + £’) 
3. f(x) = In(x? + 3x + 5) 4. f(x) =xInx-x 


5. f(x) = sin(In x) 6. f(x) = In(sin’x) 
1 1 
7. f(x) =In— 8. y = — 
x Inx 
9. g(x) = In(xe**) 10. g(t) = J/1 + Int 
11. F(t) = (Int)? sint 12. p(t) =Inv? + 1 
13. y = logs(x* + 3x) 14. y = logio sec x 
1 
15. F(s) =InIns 16. P(v) = — 
—v 
t(t? + 1) 
17. T(z) = 27 logoz 18. g(t) = pe 
/2t— 1 
19. y = In|3 — 2x°| 20. y = In(csc x — cot x) 
21. y = In(e* + xe™) 22. g(x) =e" ™ 
2 1+2 
23. h(x) =er*™ 24. y= in] . 
r 1 — 2x 
25. y=In re 26. y = log. (x logs x) 
d 1 
27. Show that —In(x + /x? 4 1) ; 
dx ( vyx7 +1 
d 1 — cosx 
28. Show that —In csc x. 
dx 1 + cosx 
29-32 Find y’ and y”. 
In x 
29. y= 1 30. y = ———— 
. vx * 1+Inx 
31. y = In|sec x| 32. y =In(1 + Inx) 


33-36 Differentiate f and find the domain of f. 


39-40 Find an equation of the tangent line to the curve at the 
given point. 


39. y = In(x* — 3x + 1), (3,0) 
40. y=x*Inx, (1,0) 


41. If f(x) = sin x + In x, find f'(x). Check that your answer is 
reasonable by comparing the graphs of f and f’. 


42. Find equations of the tangent lines to the curve y = (In x)/x 
at the points (1, 0) and (e, 1/e). Illustrate by graphing the 
curve and its tangent lines. 


43. Let f(x) = cx + In(cos x). For what value of c is f'(7/4) = 6? 
44, Let f(x) = log,(3x? — 2). For what value of b is f'(1) = 3? 


45-56 Use logarithmic differentiation to find the derivative of the 
function. 


45. y=(x° + 274+ 4)* 46. y= en 
= 1 . 
47. y= f ar 48. y = Jee’ (x + 177 
49. y= x" 50. y=x'" 
51. y=x™ 52. y=(/x)" 
53. y = (cos x)* 54. y = (sinx)"* 
55. y=x"™ 56. y = (Inx)* 


57. Find y’ if y = In(x* + y’). 
58. Find y’ ifx’ = y*, 
59. Find a formula for f(x) if f(x) = In(x — 1). 


9 


60. Find d 
. EM 


(x* In x). 


61. Use the definition of a derivative to prove that 


In(1 + x) 
m———~ = 1 


x0 x 


62. Show that lim (: + :) = e* for any x > 0. 
no n 


63-78 Find the derivative of the function. Simplify where 
possible. 


33. f(x) = Ss 34. f(x) = /2 + Inx 
35. f(x) = In(x? — 2x) 36. f(x) =InInInx 


37 
38. 


. If f(x) = In(x + In), find f’(1). 
. If f(x) = cos(In x’), find f’(1). 


63. f(x) = sin '(5x) 64. g(x) = sec ‘(e*) 


65. y=tan ‘Vx — 1 
67. y = (tan 'x)? 

69. h(x) = (arcsin x) In x 
71. f(z) = emesin@?) 


. y = tan '(x*) 
g(x) = arccos /x 
. g(t) = In(arctan(r*)) 


. y=tan (x —/1 + x?) 
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73. h(t) = cot '(t) + cot '(1/2) (b) Another way of defining sec” 'x that is sometimes used 
is to say that y = sec 'x <> sec y = xand 


74. R(t) = arcsin(1/1) 0<y<7,y # 7/2. Show that, with this definition, 


75. y=xsin x + Jl — x? d l 
F; (sec7!x) = - 
76. y = cos ‘(sin 't) % |x|/x? - 1 
x er 83. Derivatives of Inverse Functions Suppose that f is a one- 
77. y = tan! A + In ae to-one differentiable function and its inverse function f ~' is 


also differentiable. Use implicit differentiation to show that 


78. y = arctan Ls -1)(,) = ! 
, ar (f 0) = Gp 


provided that the denominator is not 0. 


79-80 Find f'(x). Check that your answer is reasonable by 
comparing the graphs of f and f’. 


84-86 Use the formula in Exercise 83. 
84. If (4) = 5 and f'(4) = §, find (f ~')’(5). 


79. f(x) = V1 — x? arcsinx 80. f(x) = arctan(x” — x) 
85. If f(x) =x + e’, find (f~')'(1). 


81. Prove the formula for (d/dx)(cos 'x) by the same method as 86. If f(x) = x* + 3sinx + 2cos x, find (f ~')'(2). 
for (d/dx)(sin”'x). 


87. Suppose that f and g are differentiable functions and let 


82. f defini “ly is t that y = sec | : ete ge ae : 
Ke) One Wa POLOSUIINE SEO SIS UASEY MALY — SCS ak. Some? h(x) = f(x). Use logarithmic differentiation to derive the 


secy =xand0 Sy < 7/20ra Sy < 3z7/2. Show 


that, with this definition, formula ; a , 
h'=g-fi'-f' + (nf): f%-g 
a Hi te .. 88. Use the formula in Exercise 87 to find the derivative. 
(sec’ 'x) 
dx xVJx?2—1 (a) h(x) = x3 (b) h(x) = 3* (c) h(x) = (sin x)* 


3.7 | Rates of Change in the Natural and Social Sciences 


We know that if y = f(x), then the derivative dy/dx can be interpreted as the rate of 
change of y with respect to x. In this section we examine some of the applications of this 
idea to physics, chemistry, biology, economics, and other sciences. 
Let’s recall from Section 2.7 the basic idea behind rates of change. If x changes from 
xX, to X2, then the change in x is 
Ax =x. - x1 


and the corresponding change in y is 
i Ay = f(x2) — f(x) 
The difference quotient 


Ay _ Fixe) — Fs) 


Ax xX2— X1 


is the average rate of change of y with respect to x over the interval [.x,, x2] and can be 


0 interpreted as the slope of the secant line PQ in Figure 1. Its limit as Ax — 0 is the deriva- 
tive f'(x1), which can therefore be interpreted as the instantaneous rate of change of y 
Ming = Sens of change with respect to x or the slope of the tangent line at P(x, f(x1)). Using Leibniz notation, 
m= f(x) = instantaneous rate we write the process in the form 
of change d A 

yo y 

47 = jin. = 

FIGURE 1 dx  Ax>0 Ax 
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Whenever the function y = f(x) has a specific interpretation in one of the sciences, its 
derivative will have a specific interpretation as a rate of change. (As we discussed in Sec- 
tion 2.7, the units for dy/dx are the units for y divided by the units for x.) We now look 
at some of these interpretations in the natural and social sciences. 


B® Physics 


If s = f(d) is the position function of a particle that is moving in a straight line, then 
As/At represents the average velocity over a time period Ar, and v = ds/dt represents 
the instantaneous velocity (the rate of change of displacement with respect to time). 
The instantaneous rate of change of velocity with respect to time is acceleration: 
a(t) = v'(t) = s(t). This was discussed in Sections 2.7 and 2.8, but now that we know 
the differentiation formulas, we are able to more easily solve problems involving the 
motion of objects. 


EXAMPLE 1 The position of a particle is given by the equation 
s=f() =f — 6f + 9F 


where ¢ is measured in seconds and _s in meters. 

(a) Find the velocity at time f. 

(b) What is the velocity after 2 s? After 4 s? 

(c) When is the particle at rest? 

(d) When is the particle moving forward (that is, in the positive direction)? 
(e) Draw a diagram to represent the motion of the particle. 

(f) Find the total distance traveled by the particle during the first five seconds. 
(g) Find the acceleration at time ¢ and after 4 s. 

(h) Graph the position, velocity, and acceleration functions for0 < ¢ S 5. 

(i) When is the particle speeding up? When is it slowing down? 


SOLUTION 
(a) The velocity function is the derivative of the position function: 


s=f) = — 6t? + 9f 


ds 
)=— =30 - 12t+9 
wt) = 7 


(b) The velocity after 2 s means the instantaneous velocity when ¢ = 2, that is, 


v(2) = : _ = 32)? — 120) + 9 = 3 mys 


The velocity after 4 s is 
v(4) = 3(4)? — 12(4) +9 =9m/s 
(c) The particle is at rest when v(t) = 0, that is, 
3r? — 12r + 9 = 3(f? — 4¢ + 3) = 3(t — L(t — 3) = 0 


and this is true when ¢ = 1| or t = 3. Thus the particle is at rest after | s and after 3 s. 


(d) The particle moves in the positive direction when v(t) > 0, that is, 


3? — 12+ 9 = 3(t — 1)(t — 3) > 0 
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This inequality is true when both factors are positive (t > 3) or when both factors are 
negative (t < 1). Thus the particle moves in the positive direction in the time intervals 


t=3 t < 1 andt > 3. It moves backward (in the negative direction) when | < t < 3. 
— (e) Using the information from part (d) we make a schematic sketch in Figure 2 of the 
Cy motion of the particle back and forth along a line (the s-axis). 
: ° ,  (f) Because of what we learned in parts (d) and (e), we need to calculate the distances 
1=0 t=1 7 traveled during the time intervals [0, 1], [1, 3], and [3, 5] separately. 
s=0 s=4 The distance traveled in the first second is 
ee [f() — F@| = |4- 0] =4m 


From t = | to t = 3 the distance traveled is 


|f(3) — f()| = |0-4|=4m 


From t = 3 to t = 5 the distance traveled is 


|f(5) — f3)| = |20 - 0| = 20m 


The total distance is 4 + 4 + 20 = 28 m. 


(g) The acceleration is the derivative of the velocity function: 


d’s dv 
= = = 6t — 12 
a) dt? dt ? 


a(4) = 6(4) — 12 = 12 m/s’ 


FIGURE 3 (h) Figure 3 shows the graphs of s, v, and a. 


(i) The particle speeds up when the velocity is positive and increasing (v and a are 
both positive) and also when the velocity is negative and decreasing (v and a are both 
negative). In other words, the particle speeds up when the velocity and acceleration 
have the same sign. (The particle is pushed in the same direction it is moving.) From 
Figure 3 we see that this happens when | < ¢ < 2 and when ¢ > 3. The particle slows 
down when v and a have opposite signs, that is, when 0 S ¢ < 1 and when 2 < ¢ < 3. 
Figure 4 summarizes the motion of the particle. 


forward backward forward 
slows speeds slows speeds 
FIGURE 4 pow ag: WH up : 
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FIGURE 5 


FIGURE 6 


EXAMPLE 2 If arod or piece of wire is homogeneous, then its linear density is 
uniform and is defined as the mass per unit length (p = m//) and measured in 
kilograms per meter. Suppose, however, that the rod is not homogeneous but that its 
mass measured from its left end to a point x is m = f(x), as shown in Figure 5. 


This part of the rod has mass f(x). 


The mass of the part of the rod that lies between x = x, and x = x is given by 
Am = f(x2) — f(x1), so the average density of that part of the rod is 


Am j(x2) — fi) 


Ax Xo — X4 


average density = 


If we now let Ax — 0 (that is, x. — x,), we are computing the average density over 
smaller and smaller intervals. The linear density p at x, is the limit of these average 
densities as Ax — 0; that is, the linear density is the rate of change of mass with 
respect to length. Symbolically, 


Am dm 


a ea, Ax dx 


Thus the linear density of the rod is the derivative of mass with respect to length. 
For instance, if m = f(x) = af x, where x is measured in meters and m in kilograms, 
then the average density of the part of the rod given by 1 < x < 1.2 is 


Am _ f(1.2)-f() _ V1.2 -1 


= 0.48 k 
Ax 12-1 0.2 aeitel 
while the density right at x = | is 
d 1 
=a = 0.50 kg/m = 


p dx x=1 2 2/x x=1 


EXAMPLE3 A current exists whenever electric charges move. Figure 6 shows part 
of a wire and electrons moving through a plane surface, shaded red. If AQ is the net 
charge that passes through this surface during a time period Ar, then the average 
current during this time interval is defined as 


AQ_ @-2@ 
At bh—-t 


average current = 


If we take the limit of this average current over smaller and smaller time intervals, 
we get what is called the current / at a given time f: 


AQ dQ 


Thus the current is the rate at which charge flows through a surface. It is measured in 
units of charge per unit time (often coulombs per second, called amperes). | 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 3.7 Rates of Change in the Natural and Social Sciences 229 


Velocity, density, and current are not the only rates of change that are important in 
physics. Others include power (the rate at which work is done), the rate of heat flow, 
temperature gradient (the rate of change of temperature with respect to position), and the 
rate of decay of a radioactive substance in nuclear physics. 


@ Chemistry 


EXAMPLE4 A chemical reaction results in the formation of one or more substances 
(called products) from one or more starting materials (called reactants). For instance, 
the “equation” 


2H, + O,—> 2H,O 


indicates that two molecules of hydrogen and one molecule of oxygen form two 
molecules of water. Let’s consider the reaction 


A+B—->C 


where A and B are the reactants and C is the product. The concentration of a reactant A 
is the number of moles (1 mole = 6.022 X 10% molecules) per liter and is denoted by 

[A]. The concentration varies during a reaction, so [A], [B], and [C] are all functions of 
time (1). The average rate of reaction of the product C over a time interval t; < t < his 


A[C] — [C](#) — [C](t:) 


At h-hh 


But chemists are interested in the instantaneous rate of reaction because it gives 
information about the mechanism of the chemical reaction. The instantaneous rate of 
reaction is obtained by taking the limit of the average rate of reaction as the time 
interval At approaches 0: 


_ ALC] — d[C] 
rate of reaction = lim = 
Ai>o At dt 


Since the concentration of the product increases as the reaction proceeds, the derivative 
d[C] /dt will be positive, and so the rate of reaction of C is positive. The concentrations 
of the reactants, however, decrease during the reaction, so, to make the rates of reaction 
of A and B positive numbers, we put minus signs in front of the derivatives d[ A] /dt 
and d[B] /dt. Since [A] and [B] each decrease at the same rate that [C] increases, we 
have 


dq[C] __ _d{A] _ _ 4[B]) 
dt dt dt 


rate of reaction = 


More generally, it turns out that for a reaction of the form 
aA + bB—cC + dD 
we have 


1 d[A] ee d[B] _ i d[C] _ i d[D] 
a dt b dt c at d at 


The rate of reaction can be determined from data and graphical methods. In some cases 
there are explicit formulas for the concentrations as functions of time that enable us to 
compute the rate of reaction (see Exercise 26). | 
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EXAMPLE 5 One of the quantities of interest in thermodynamics is compressibility. If 
a given substance is kept at a constant temperature, then its volume V depends on its 
pressure P. We can consider the rate of change of volume with respect to pressure— 
namely, the derivative dV/dP. As P increases, V decreases, so dV/dP < 0. The com- 
pressibility is defined by introducing a minus sign and dividing this derivative by the 
volume V: 
. ait 1 dV 
isothermal compressibility = B = ———— 
V dP 
Thus 6 measures how fast, per unit volume, the volume of a substance decreases as the 
pressure on it increases at constant temperature. 
For instance, the volume V (in cubic meters) of a sample of air at 25°C was found to 
be related to the pressure P (in kilopascals) by the equation 


353 
P 


V 


The rate of change of V with respect to P when P = 50 kPa is 


dV 53 
dP | p=so P* | paso 
3:3 
= —~—— = —0.00212 m*/kP 
2500 ae 
The compressibility at that pressure is 
1 dV 0.00212 
= = = 0.02 (m*/kP. 3 a 
Oo les sa (m'/kPa)/m 
50 


BH Biology 


EXAMPLE 6 Let n = f(t) be the number of individuals in an animal or plant popula- 
tion at time rt. The change in the population size between the times f = t, andt = h 
is An = f(t) — f(t), and so the average rate of growth during the time period 

th StS his 


An _ f(b) — f(a) 


At b-t 


average rate of growth = 


The instantaneous rate of growth is obtained from this average rate of growth by 
letting the time period At approach 0: 


as i An dn 
rowth rate = lim = 
e Ar>o At dt 


Strictly speaking, this is not quite accurate because the actual graph of a popula- 
tion function n = f(t) would be a step function that is discontinuous whenever a 
birth or death occurs and therefore not differentiable. However, for a large animal 
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FIGURE 7 
A smooth curve approximating 
a growth function 
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E. coli bacteria measure about 

2 micrometers (4m) long and 
0.75 wm wide. The image was 
produced with a scanning electron 
microscope. 
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or plant population, we can replace the graph by a smooth approximating curve as 
in Figure 7. 


nh 


mv 


To be more specific, consider a population of bacteria in a homogeneous nutrient 
medium. Suppose that by sampling the population at certain intervals it is determined 
that the population doubles every hour. If the initial population is mo and the time ¢ is 
measured in hours, then 


SQ) = 2f(0) = 216 
F(2) = 2f(1) = 2?no 
£3) = 2f(2) = 2°no 


and, in general, 
f(t) = 2'no 


The population function is n = 192". 
In Section 3.4 we showed that 


d 
x = aa b b 
ae (b*) = b* In 


So the rate of growth of the bacteria population at time ¢ is 


dnd 
dt = ae (no 2') = No 2! In2 


For example, suppose that we start with an initial population of mp = 100 bacteria. 
Then the rate of growth after 4 hours is 

a 

dt t=4 


= 100+ 2*In2 = 1600 In2 = 1109 


This means that, after 4 hours, the bacteria population is growing at a rate of about 
1109 bacteria per hour. a 
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FIGURE 8 


Blood flow in an artery 


For more detailed information, 

see W. Nichols, M. O’Rourke, and 
C. Vlachopoulos (eds.), McDonald's 
Blood Flow in Arteries: Theoretical, 
Experimental, and Clinical Principles, 
6th ed. (Boca Raton, FL, 2011). 


EXAMPLE 7 When we consider the flow of blood through a blood vessel, such as a 
vein or artery, we can model the shape of the blood vessel by a cylindrical tube with 
radius R and length / as illustrated in Figure 8. 


Because of friction at the walls of the tube, the velocity v of the blood is greatest 
along the central axis of the tube and decreases as the distance r from the axis increases 
until v becomes 0 at the wall. The relationship between v and r is given by the law of 
laminar flow, which was experimentally derived by the French physicist Jean Léonard 
Marie Poiseuille in 1838. This law states that 


H] 


v= ao (R? — r’) 
4yl 
where 7 is the viscosity of the blood and P is the pressure difference between the ends 
of the tube. If P and / are constant, then v is a function of r with domain [0, R]. 
The average rate of change of the velocity as we move from r = r; outward to 
r = rz is given by 
Av 4: v(r2) — v(r:) 


Ar rn - 1 


and if we let Ar — 0, we obtain the velocity gradient, that is, the instantaneous rate of 
change of velocity with respect to r: 


ieee Asahi Yi Av dv 
elocity gradient = lim = 
Mee ere Ar>0 Ar — dr 


Using Equation 1, we obtain 


d P P; 
—_ (0 — 2r) = - 
dr 4m 21 


For one of the smaller human arteries we can take 7 = 0.027, R = 0.008 cm, 
1 = 2.cm, and P = 4000 dynes/cm’, which gives 


4000 
= ————~__ (0.000064 — r? 
v 10.0272 (0.00006: r’) 


1.85 x 1046.4 x 10-5 — 7?) 


N 


At r = 0.002 cm the blood is flowing at a speed of 
v(0.002) ~ 1.85 X 10*(64 x 10° — 4 xX 10°°) = 1.11 cm/s 


and the velocity gradient at that point is 


ii 4000(0.002) 
= ws —74 
WF hig 2(0.027)2 (cm/s)/em 


To get a feeling for what this statement means, let’s change our units from centimeters 
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to micrometers (1 cm = 10,000 p.m). Then the radius of the artery is 80 wm. The 
velocity at the central axis is 11,850 m/s, which decreases to 11,110 jum/s at a 
distance of r = 20 ym. The fact that dv/dr = —74 (um/s)/~m means that, when 

r = 20 wm, the velocity is decreasing at a rate of about 74 jzm/s for each micrometer 
that we proceed away from the center. | 


H Economics 


EXAMPLE 8 Suppose C(x) is the total cost that a company incurs in producing 
x units of a certain commodity. The function C is called a cost function. If the 
number of items produced is increased from x, to x2, then the additional cost is 
AC = C(x2) — C(x), and the average rate of change of the cost is 


AC _ C(x) = Cl) — Cla + Ax) = Crm) 


Ax Xo — X1 Ax 


The limit of this quantity as Ax — 0, that is, the instantaneous rate of change of 
cost with respect to the number of items produced, is called the marginal cost by 
economists: 


: . AC dc 
marginal cost = lim = 
Ax>0 Ax = dx 


[Since x often takes on only integer values, it may not make literal sense to let Ax 
approach 0, but we can always replace C(x) by a smooth approximating function as in 
Example 6.] 

Taking Ax = 1 and n large (so that Ax is small compared to 1), we have 


C'(n) = C(n + 1) — C(n) 


Thus the marginal cost of producing n units is approximately equal to the cost of 
producing one more unit [the (n + 1)st unit]. 
It is often appropriate to represent a total cost function by a polynomial 


C(x) =a + bx + cx? + dx? 


where a represents the overhead cost (rent, heat, maintenance) and the other terms 
represent the cost of raw materials, labor, and so on. (The cost of raw materials may be 
proportional to x, but labor costs might depend partly on higher powers of x because of 
overtime costs and inefficiencies involved in large-scale operations.) 

For instance, suppose a company has estimated that the cost (in dollars) of pro- 
ducing x items is 


C(x) = 10,000 + 5x + 0.01x? 
Then the marginal cost function is 
C'(x) = 5 + 0.02x 
The marginal cost at the production level of 500 items is 


C'(500) = 5 + 0.02(500) = $15/item 
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This gives the rate at which costs are increasing with respect to the production level 
when x = 500 and predicts the cost of the 501st item. 
The actual cost of producing the 501st item is 


C(501) — C(500) = [10,000 + 5(501) + 0.01(501)*] 


— [10,000 + 5(500) + 0.01(500)] 
= $15.01 


Notice that C’(500) = C(501) — C(500). a 


Economists also study marginal demand, marginal revenue, and marginal profit, the 
derivatives of the demand, revenue, and profit functions. These will be considered in 
Chapter 4 after we have developed techniques for finding the maximum and minimum 
values of functions. 


®@ Other Sciences 


Rates of change occur in all the sciences. A geologist is interested in knowing the 
rate at which an intruded body of molten rock cools by conduction of heat into sur- 
rounding rocks. An engineer wants to know the rate at which water flows out of a 
reservoir. An urban geographer is interested in the rate of change of the population 
density in a city as the distance from the city center increases. A meteorologist is 
concerned with the rate of change of atmospheric pressure with respect to height (see 
Exercise 3.8.19). 

In psychology, those interested in learning theory study the learning curve, which 
graphs the performance P(t) of someone learning a skill as a function of the training 
time ¢. Of particular interest is the rate at which performance improves as time passes, 
that is, dP/dt. Psychologists have also studied the phenomenon of memory and have 
developed models for the rate of memory retention (see Exercise 42). They also study the 
difficulty involved in performing certain tasks and the rate at which difficulty increases 
when a given parameter is changed (see Exercise 43). 

In sociology, differential calculus is used in analyzing the spread of rumors (or inno- 
vations or fads or fashions). If p(t) denotes the proportion of a population that knows a 
rumor by time ¢, then the derivative dp/dt represents the rate of spread of the rumor (see 
Exercise 3.4.90). 


B A Single Idea, Many Interpretations 


Velocity, density, current, power, and temperature gradient in physics; rate of reaction 
and compressibility in chemistry; rate of growth and blood velocity gradient in biology; 
marginal cost and marginal profit in economics; rate of heat flow in geology; rate of 
improvement of performance in psychology; rate of spread of a rumor in sociology— 
these are all special cases of a single mathematical concept, the derivative. 

All of these different applications of the derivative illustrate the fact that part of the 
power of mathematics lies in its abstractness. A single abstract mathematical concept 
(such as the derivative) can have different interpretations in each of the sciences. When 
we develop the properties of the mathematical concept once and for all, we can then turn 
around and apply these results to all of the sciences. This is much more efficient than 
developing properties of special concepts in each separate science. The French mathe- 
matician Joseph Fourier (1768-1830) put it succinctly: “Mathematics compares the most 
diverse phenomena and discovers the secret analogies that unite them.” 
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3.7 | Exercises 


1-4 A particle moves according to a law of motion s = f(d), 


t= 
(a) 
(b) 
(c) 
(d) 


0, where ¢ is measured in seconds and s in feet. 

Find the velocity at time f. 

What is the velocity after 1 second? 

When is the particle at rest? 

When is the particle moving in the positive direction? 
Find the total distance traveled during the first 6 seconds. 
Draw a diagram like Figure 2 to illustrate the motion of the 
particle. 

Find the acceleration at time ¢ and after 1 second. 

Graph the position, velocity, and acceleration functions 
for0 <tS6. 

When is the particle speeding up? When is it slowing 
down? 


ot 
r+9 


f(t) =f — 90° + 241 2. f(t) = 


f(t) = sin(at/2) 4. f(t)=te" 


Graphs of the velocity functions of two particles are shown, 
where ¢ is measured in seconds. When is each particle 
speeding up? When is it slowing down? Explain. 


(a) ov (b) 


. Graphs of the position functions of two particles are 


shown, where f is measured in seconds. When is the 
velocity of each particle positive? When is it negative? 
When is each particle speeding up? When is it slowing 
down? Explain. 


(a) os 


Suppose that the graph of the velocity function of a particle 
is as shown in the figure, where ¢ is measured in seconds. 
When is the particle traveling forward (in the positive direc- 
tion)? When is it traveling backward? What is happening 
when 5 <t<7? 


8. 


9 


10 


11 


12. 


13. 


For the particle described in Exercise 7, sketch a graph of 
the acceleration function. When is the particle speeding up? 
When is it slowing down? When is it traveling at a constant 
speed? 


The height (in meters) of a projectile shot vertically upward 
from a point 2 m above ground level with an initial velocity 
of 24.5 m/s ish = 2 + 24.5t — 4.9? after ¢ seconds. 

(a) Find the velocity after 2 s and after 4 s. 

(b) When does the projectile reach its maximum height? 
(c) What is the maximum height? 

(d) When does it hit the ground? 

(e) With what velocity does it hit the ground? 


If a ball is thrown vertically upward with a velocity of 

80 ft/s, then its height after t seconds is s = 80t — 16r?. 

(a) What is the maximum height reached by the ball? 

(b) What is the velocity of the ball when it is 96 ft above 
the ground on its way up? On its way down? 


If a rock is thrown vertically upward from the surface 

of Mars with velocity 15 m/s, its height after t seconds 

ish = 15t — 1.8677. 

(a) What is the velocity of the rock after 2 s? 

(b) What is the velocity of the rock when its height is 25 m 
on its way up? On its way down? 

A particle moves with position function 

s=t—4P—-207°+20r 120 
(a) At what time does the particle have a velocity of 20 m/s? 


(b) At what time is the acceleration 0? What is the 
significance of this value of t? 


(a) A company makes computer chips from square wafers 
of silicon. A process engineer wants to keep the side 
length of a wafer very close to 15 mm and needs to 
know how the area A(x) of a wafer changes when the 
side length x changes. Find A’(15) and explain its 
meaning in this situation. 

(b) Show that the rate of change of the area of a square 
with respect to its side length is half its perimeter. Try 
to explain geometrically why this is true by drawing a 
square whose side length x is increased by an amount 
Ax. How can you approximate the resulting change in 
area AA if Ax is small? 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 
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(a) Sodium chlorate crystals are easy to grow in the shape of 
cubes by allowing a solution of water and sodium chlo- 
rate to evaporate slowly. If V is the volume of such a cube 
with side length x, calculate dV/dx when x = 3 mm and 
explain its meaning. 

(b) Show that the rate of change of the volume of a cube with 
respect to its edge length is equal to half the surface area 
of the cube. Explain geometrically why this result is true 
by arguing by analogy with Exercise 13(b). 


(a) Find the average rate of change of the area of a circle 
with respect to its radius r as r changes from 
(i) 2 to3 (ii) 2 to 2.5 (ili) 2 to 2.1 

(b) Find the instantaneous rate of change when r = 2. 

(c) Show that the rate of change of the area of a circle with 
respect to its radius (at any r) is equal to the circumfer- 
ence of the circle. Try to explain geometrically why this 
is true by drawing a circle whose radius is increased by 
an amount Ar. How can you approximate the resulting 
change in area AA if Ar is small? 


A stone is dropped into a lake, creating a circular ripple that 
travels outward at a speed of 60 cm/s. Find the rate at which 
the area within the circle is increasing after (a) 1 s, (b) 3 s, 
and (c) 5 s. What can you conclude? 


A spherical balloon is being inflated. Find the rate of increase 
of the surface area (S = 4arr’) with respect to the radius r 
when r is (a) | ft, (b) 2 ft, and (c) 3 ft. What conclusion can 
you make? 


(a) The volume of a growing spherical cell is V = tar’, 


where the radius r is measured in micrometers 

(1 um = 10°° m). Find the average rate of change of V 
with respect to r when r changes from 

(i) 5to8 pm (ii) 5 to6 um (iii) 5 to 5.1 um 

(b) Find the instantaneous rate of change of V with respect 
to r when r = 5 um. 

(c) Show that the rate of change of the volume of a sphere 
with respect to its radius is equal to its surface area. 
Explain geometrically why this result is true. Argue by 
analogy with Exercise 15(c). 


The mass of the part of a metal rod that lies between its left 
end and a point x meters to the right is 3x” kg. Find the linear 
density (see Example 2) when x is (a) 1 m, (b) 2 m, and 

(c) 3 m. Where is the density the highest? The lowest? 


If a cylindrical water tank holds 5000 gallons, and the water 
drains from the bottom of the tank in 40 minutes, then 
Torricelli’s Law gives the volume V of water remaining in 
the tank after f minutes as 

V = 5000(1 — #2) 


> 0<1<40 

Find the rate at which water is draining from the tank after 
(a) 5 min, (b) 10 min, (c) 20 min, and (d) 40 min. At what 
time is the water flowing out the fastest? The slowest? Sum- 
marize your findings. 


21. 


22. 


23. 


24. 


25. 


The quantity of charge Q in coulombs (C) that has passed 
through a point in a wire up to time ¢ (measured in seconds) is 
given by Q(t) = #° — 2t? + 6t + 2. Find the current when 
(a) t = 0.5 s and (b) t = 1 s. (See Example 3. The unit of cur- 
rent is an ampere [1 A = 1 C/s].) At what time is the current 
lowest? 


Newton’s Law of Gravitation says that the magnitude F of the 
force exerted by a body of mass m on a body of mass M is 
GmM 
F=—" 


r 


where G is the gravitational constant and r is the distance 
between the bodies. 
(a) Find dF/dr and explain its meaning. What does the minus 
sign indicate? 
(b) Suppose it is known that the earth attracts an object with 
a force that decreases at the rate of 2 N/km when 
r = 20,000 km. How fast does this force change 
when r = 10,000 km? 


The force F acting on a body with mass m and velocity v is 
the rate of change of momentum: F = (d/dt) (mv). If m is 
constant, this becomes F = ma, where a = dv/dt is the 
acceleration. But in the theory of relativity, the mass of a 
particle varies with v as follows: m = mo//1 — v2/c? where 
mo is the mass of the particle at rest and c is the speed of 
light. Show that 

moa 


F = —————— 
( = v/e?)? 


Some of the highest tides in the world occur in the Bay of 
Fundy on the Atlantic Coast of Canada. At Hopewell Cape 
the water depth at low tide is about 2.0 m and at high tide it is 
about 12.0 m. The natural period of oscillation is a little more 
than 12 hours and on a day in June, high tide occurred at 

6:45 AM. This helps explain the following model for the water 
depth D (in meters) as a function of the time ¢ (in hours after 
midnight) on that day: 


D(t) = 7 + 5 cos[0.503(t — 6.75) | 
How fast was the tide rising (or falling) at the following 
times? 


(a) 3:00 Am 
(c) 9:00 Am 


(b) 6:00 am 
(d) Noon 


Boyle’s Law states that when a sample of gas is compressed 
at a constant temperature, the product of the pressure and the 
volume remains constant: PV = C. 
(a) Find the rate of change of volume with respect to 
pressure. 
(b) A sample of gas is in a container at low pressure and 
is steadily compressed at constant temperature for 
10 minutes. Is the volume decreasing more rapidly at 
the beginning or the end of the 10 minutes? Explain. 
(c) Prove that the isothermal compressibility (see 
Example 5) is given by B = 1/P. 
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26. If, in Example 4, one molecule of the product C is formed 
from one molecule of the reactant A and one molecule of 
the reactant B, and the initial concentrations of A and B 
have a common value [A] = [B] = a moles/L, then 


[C] = a*kt/(akt + 1) 


where k is a constant. 
(a) Find the rate of reaction at time f. 
(b) Show that if x = [C], then 

dx 

— =k(a — x)’ 

a (a — x) 
(c) What happens to the concentration as t > «©? 
(d) What happens to the rate of reaction as t > »? 
(e) What do the results of parts (c) and (d) mean in 

practical terms? 


27. In Example 6 we considered a bacteria population that 


doubles every hour. Suppose that another population of bac- 
teria triples every hour and starts with 400 bacteria. Find an 
expression for the number n of bacteria after t hours and use 


it to estimate the rate of growth of the bacteria population 
after 2.5 hours. 


28. The number of yeast cells in a laboratory culture increases 
rapidly initially but levels off eventually. The population is 


modeled by the function 


n= f(t) 


a 
1 + be” 


where f is measured in hours. At time f = 0 the population 
is 20 cells and is increasing at a rate of 12 cells/hour. Find 


the values of a and b. According to this model, what hap- 
pens to the yeast population in the long run? 


29. The table gives the world population P(t), in millions, 


where f is measured in years and t = 0 corresponds to the 
year 1900. 


Population Population 

t (millions) t (millions) 
0 1650 60 3040 
10 1750 70 3710 
20 1860 80 4450 
30 2070 90 5280 
40 2300 100 6080 
50 2560 110 6870 


(a) Estimate the rate of population growth in 1920 and in 
1980 by averaging the slopes of two secant lines. 

(b) Use a graphing calculator or computer to find a cubic 
function (a third-degree polynomial) that models the 
data. 

(c) Use your model in part (b) to find a model for the rate 
of population growth. 

(d) Use part (c) to estimate the rates of growth in 1920 
and 1980. Compare with your estimates in part (a). 


31. 


32. 


(e) In Section 1.1 we modeled P(t) with the exponential 
function 


f(t) = (1.43653 X 10°) + (1.01395)' 


Use this model to find a model for the rate of popula- 
tion growth. 

(f) Use your model in part (e) to estimate the rate of 
growth in 1920 and 1980. Compare with your estimates 
in parts (a) and (d). 

(g) Estimate the rate of growth in 1985. 


. The table shows how the average age of first marriage of 


Japanese women has varied since 1950. 


t A(t) t A(t) 
1950 23.0 1985 25.5 
1955 23.8 1990 25.9 
1960 24.4 1995 26.3 
1965 24.5 2000 27.0 


1970 24.2 2005 28.0 
1975 24.7 2010 28.8 
1980 25.2 2015 29.4 


(a) Use a graphing calculator or computer to model these 
data with a fourth-degree polynomial. 

(b) Use part (a) to find a model for A’(7). 

(c) Estimate the rate of change of marriage age for women 
in 1990. 

(d) Graph the data points and the models for A and A’. 


Refer to the law of laminar flow given in Example 7. Con- 
sider a blood vessel with radius 0.01 cm, length 3 cm, pres- 
sure difference 3000 dynes/cm”, and viscosity n = 0.027. 
(a) Find the velocity of the blood along the centerline 
r = 0, at radius r = 0.005 cm, and at the wall 
r=R=0.01 cm. 
(b) Find the velocity gradient at r = 0, r = 0.005, 
and r = 0.01. 
(c) Where is the velocity the greatest? Where is the velocity 
changing most? 


The frequency of vibrations of a vibrating violin string is 
given by 


_ Aj T 
T= oF Np 
where L is the length of the string, T is its tension, and p is 
its linear density. [See Chapter 11 in D. E. Hall, Musical 
Acoustics, 3rd ed. (Pacific Grove, CA, 2002).] 
(a) Find the rate of change of the frequency with respect to 
(i) the length (when T and p are constant), 
(ii) the tension (when L and p are constant), and 
(iii) the linear density (when L and T are constant). 
(b) The pitch of a note (how high or low the note sounds) 
is determined by the frequency f. (The higher the 
frequency, the higher the pitch.) Use the signs of the 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


238 


33. 


34. 


35. 


36. 


37. 
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derivatives in part (a) to determine what happens to the 
pitch of a note 
(i) when the effective length of a string is decreased 
by placing a finger on the string so a shorter por- 
tion of the string vibrates, 
(ii) when the tension is increased by turning a tuning 
peg, 
(iii) when the linear density is increased by switching 
to another string. 


Suppose that the cost (in dollars) for a company to produce 
x pairs of a new line of jeans is 


C(x) = 2000 + 3x + 0.01x? + 0.0002x3 


(a) Find the marginal cost function. 

(b) Find C’(100) and explain its meaning. What does it 
predict? 

(c) Compare C’(100) with the cost of manufacturing the 
101st pair of jeans. 


The cost function for a certain commodity is 
C(q) = 84 + 0.16q — 0.0006q* + 0.000003q? 


(a) Find and interpret C’(100). 
(b) Compare C'(100) with the cost of producing the 101st 
item. 


If p(x) is the total value of the production when there are 
x workers in a plant, then the average productivity of the 
workforce at the plant is 
Ay 2 
x 
(a) Find A’(x). Why does the company want to hire more 
workers if A’(x) > 0? 
(b) Show that A’(x) > 0 if p’(x) is greater than the average 
productivity. 


If R denotes the reaction of the body to some stimulus of 
strength x, the sensitivity S is defined to be the rate of change 
of the reaction with respect to x. A particular example is that 
when the brightness x of a light source is increased, the eye 
reacts by decreasing the area R of the pupil. The experimen- 
tal formula 


40 + 24x°* 
R= 08 
1+ 4x” 


has been used to model the dependence of R on x when R is 

measured in square millimeters and x is measured in appro- 

priate units of brightness. 

(a) Find the sensitivity. 

(b) Illustrate part (a) by graphing both R and S as functions 
of x. Comment on the values of R and S at low levels of 
brightness. Is this what you would expect? 


Patients undergo dialysis treatment to remove urea from 
their blood when their kidneys are not functioning properly. 
Blood is diverted from the patient through a machine that 


38. 


39. 


40. 


41. 


filters out urea. Under certain conditions, the duration of 
dialysis required, given that the initial urea concentration is 
c > 1, is given by the equation 


(% + J9c? — &) 
n 
2 


t= 


Calculate the derivative of t with respect to c and interpret it. 


Invasive species often display a wave of advance as 

they colonize new areas. Mathematical models based on 
random dispersal and reproduction have demonstrated that 
the speed with which such waves move is given by the 
function f(r) = 2./Dr, where r is the reproductive rate 
of individuals and D is a parameter quantifying dispersal. 
Calculate the derivative of the wave speed with respect to 
the reproductive rate r and explain its meaning. 


The gas law for an ideal gas at absolute temperature T (in 
kelvins), pressure P (in atmospheres), and volume V (in 
liters) is PV = nRT, where n is the number of moles of the 
gas and R = 0.0821 is the gas constant. Suppose that, at a 
certain instant, P = 8.0 atm and is increasing at a rate of 
0.10 atm/min and V = 10 L and is decreasing at a rate of 
0.15 L/min. Find the rate of change of T with respect to 
time at that instant if n = 10 mol. 


In a fish farm, a population of fish is introduced into a pond 
and harvested regularly. A model for the rate of change of 
the fish population is given by the equation 


dP P(t) 
a nf a Jor BP(D) 


where 7p is the birth rate of the fish, P: is the maximum popu- 

lation that the pond can sustain (called the carrying capacity), 

and B is the percentage of the population that is harvested. 

(a) What value of dP/dt corresponds to a stable population? 

(b) If the pond can sustain 10,000 fish, the birth rate is 5%, 
and the harvesting rate is 4%, find the stable population 
level. 

(c) What happens if B is raised to 5%? 


In the study of ecosystems, predator-prey models are often 
used to study the interaction between species. Consider 
populations of tundra wolves, given by W(t), and caribou, 
given by C(t), in northern Canada. The interaction has been 
modeled by the equations 


dC dw 
— =aC — bCW —— = —cW + dCWw 
dt dt 
(a) What values of dC/dt and dW/dt correspond to stable 
populations? 


(b) How would the statement “The caribou go extinct” be 
represented mathematically? 

(c) Suppose that a = 0.05, b = 0.001, c = 0.05, and 
d = 0.0001. Find all population pairs (C, W) that lead 
to stable populations. According to this model, is it 
possible for the two species to live in balance or will 
one or both species become extinct? 
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42. Hermann Ebbinghaus (1850-1909) pioneered the study of between the distance D to the target and width W of the tar- 
memory. A 2011 article in the Journal of Mathematical Psy- get. According to Fitts’ law, the index J of difficulty is mod- 
chology presents the mathematical model eled by 

R(t) =a + b(1 + ct)? 2D 
I= log.| — 


for the Ebbinghaus forgetting curve, where R(t) is the fraction 

of memory retained f days after learning a task; a, b, and c are 

experimentally determined constants between 0 and 1; B is a 

positive constant; and R(0) = 1. The constants depend on the 

type of task being learned. 

(a) What is the rate of change of retention t days after a task 
is learned? 

(b) Do you forget how to perform a task faster soon after 
learning it or a long time after you have learned it? 

(c) What fraction of memory is permanent? 


This law is used for designing products that involve human— 

computer interactions. 

(a) If W is held constant, what is the rate of change of J with 
respect to D? Does this rate increase or decrease with 
increasing values of D? 

(b) If D is held constant, what is the rate of change of J 
with respect to W? What does the negative sign in your 
answer indicate? Does this rate increase or decrease 
with increasing values of W? 

43. The difficulty of “acquiring a target” (such as using a mouse (c) Do your answers to parts (a) and (b) agree with your 
to click on an icon on a computer screen) depends on the ratio intuition? 


3.8 | Exponential Growth and Decay 


In many natural phenomena, quantities grow or decay at a rate proportional to their size. 
For instance, if y = f(t) is the number of individuals in a population of animals or bac- 
teria at time ¢, then it seems reasonable to expect that the rate of growth f'(t) is propor- 
tional to the population f(t); that is, f’(t) = kf(t) for some constant k. Indeed, under 
ideal conditions (unlimited environment, adequate nutrition, immunity to disease) the 
mathematical model given by the equation f’(t) = kf(t) predicts what actually happens 
fairly accurately. Another example occurs in nuclear physics: the mass of a radioactive 
substance decays at a rate proportional to the mass. In chemistry, the rate of a uni- 
molecular first-order reaction is proportional to the concentration of the substance. In 
finance, the value of a savings account with continuously compounded interest increases 
at a rate proportional to that value. 

In general, if y(1) is the value of a quantity y at time ¢ and if the rate of change of y 
with respect to ¢ is proportional to its size y(t) at any time, then 


where k is a constant. Equation | is sometimes called the law of natural growth (if 
k > 0) or the law of natural decay (if k < 0). It is called a differential equation because 
it involves an unknown function y and its derivative dy/dt. 

It’s not hard to think of a solution of Equation 1. This equation asks us to find a 
function whose derivative is a constant multiple of itself. We have met such functions in 
this chapter. Any exponential function of the form y(t) = Ce‘, where C is a constant, 
satisfies 
ba = C(ke“) = k(Ce“) = ky 
dt 
We will see in Section 9.4 that any function that satisfies dy/dt = ky must be of the form 
y = Ce“. To see the significance of the constant C, we observe that 


y(0) = Ce =C 
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Therefore C is the initial value of the function. 


[2] Theorem The only solutions of the differential equation dy/dt = ky are the 


exponential functions 
y(t) = y(O)e" 


B® Population Growth 


What is the significance of the proportionality constant k? In the context of population 
growth, where P(t) is the size of a population at time ft, we can write 


dP dP/dt 
[3] —=kP or aENE k 
dt P 
The quantity 
dP/dt 
P 


is the growth rate divided by the population size; it is called the relative growth rate. 
According to (3), instead of saying “the growth rate is proportional to population size” 
we could say “the relative growth rate is constant.” Then Theorem 2 says that a popula- 
tion with constant relative growth rate must grow exponentially. Notice that the relative 
growth rate k appears as the coefficient of ¢ in the exponential function Ce“’. For 
instance, if 


“ = 0.02P 
dt , 


and ¢ is measured in years, then the relative growth rate is k = 0.02 and the population 
grows at a relative rate of 2% per year. If the population at time 0 is Po, then the expres- 
sion for the population is 


P(t) = Poe®™ 


EXAMPLE 1 Use the fact that the world population was 2560 million in 1950 and 
3040 million in 1960 to model the population of the world in the second half of the 
20th century. (Assume that the growth rate is proportional to the population size.) What 
is the relative growth rate? Use the model to estimate the world population in 1993 and 
to predict the population in the year 2025. 


SOLUTION We measure the time ¢ in years and let t = 0 in the year 1950. We measure 
the population P(7) in millions of people. Then P(O0) = 2560 and P(10) = 3040. Since 
we are assuming that dP/dt = kP, Theorem 2 gives 


P(t) = P(O)e" = 2560e" 
P(10) = 2560e'* = 3040 


1 
bees 3040 
10 = 2560 


=~ 0.017185 


The relative growth rate is about 1.7% per year and the model is 


P(t) =. 256002017185" 
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We estimate that the world population in 1993 was 

P(43) = 256097159) = 5360 million 
The model predicts that the population in 2025 will be 

P(75) = 256097157) = 9289 million 


The graph in Figure | shows that the model is fairly accurate to the end of the 20th cen- 
tury (the dots represent the actual population), so the estimate for 1993 is quite reliable. 
But the prediction for 2025 may not be so accurate. 


Ph 


6000 + 


P= 256000017185 
Population 


(in millions) 


FIGURE 1 | | | | 
A model for world population growth o 20 40 
in the second half of the 20th century Years since 1950 B 


>v 


lH Radioactive Decay 
Radioactive substances decay by spontaneously emitting radiation. If m(t) is the mass 
remaining from an initial mass mo of the substance after time f¢, then the relative decay rate 
dm/dt 
m 

has been found experimentally to be constant. (Since dm/dt is negative, the relative 
decay rate is positive.) It follows that 

dm 


dt 


=km 


where k is a negative constant. In other words, radioactive substances decay at a rate 
proportional to the remaining mass. This means that we can use Theorem 2 to show that 
the mass decays exponentially: 

m(t) = moe™ 


Physicists express the rate of decay in terms of half-life, the time required for half of 
any given quantity to decay. 


EXAMPLE 2 The half-life of radium-226 is 1590 years. 

(a) A sample of radium-226 has mass 100 mg. Find a formula for the mass of the 
sample that remains after ¢ years. 

(b) Find the mass remaining after 1000 years correct to the nearest milligram. 
(c) When will the mass be reduced to 30 mg? 


SOLUTION 
(a) Let m(t) be the mass of radium-226 (in milligrams) that remains after t years. Then 
dm/dt = km and m(0) = 100, so Theorem 2 gives 


m(t) = m(O)e" = 100e*" 
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m = 100e7 (in 2)1/1590 


0 
FIGURE 2 


4000 


In order to determine the value of k, we use the fact that m(1590) = 5(100). Thus 


100e 1% =) 50 so @ 1590k = 5 
and 1590k = In} = —In2 
In 2 
k=- 
1590 
Therefore m(t) = 100e7 2/159 


We could use the fact that e'"* = 2 to write the expression for m(t) in the alternative 
form 
m(t) = 100 x 271/190 


(b) The mass remaining after 1000 years is 
m(1000) = 100¢~% 719/15 =~ 65 mg 
(c) We want to find the value of ¢ such that m(t) = 30, that is, 
Igoe Ae = 30 ere Ne 03 
We solve this equation for ¢ by taking the natural logarithm of both sides: 


isco OC 


In 0.3 


Thus t = —1590 =~ 2762 years a 


In 


As a check on our work in Example 2, we use a calculator or computer to draw the 
graph of m(t) in Figure 2 together with the horizontal line m = 30. These curves intersect 
when f ~ 2800, and this agrees with the answer to part (c). 


@ Newton's Law of Cooling 


Newton’s Law of Cooling states that the rate of cooling of an object is proportional to the 
temperature difference between the object and its surroundings, provided that this differ- 
ence is not too large. (This law also applies to warming.) If we let T(t) be the temper- 
ature of the object at time f and 7, be the temperature of the surroundings, then we can 
formulate Newton’s Law of Cooling as a differential equation: 
dT 

where k is a constant. This equation is not quite the same as Equation |, so we make the 
change of variable y(t) = T(t) — T,. Because T, is constant, we have y'(t) = T’(t) and 
so the equation becomes 

dy 


=k 
dt y 


We can then use Theorem 2 to find an expression for y, from which we can find T. 


EXAMPLE3 A bottle of iced tea at room temperature (72°F) is placed in a refrigerator 
where the temperature is 44°F. After half an hour the tea has cooled to 61°F. 

(a) What is the temperature of the tea after another half hour? 

(b) How long does it take for the tea to cool to 50°F? 
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SOLUTION 
(a) Let T(t) be the temperature of the tea after tf minutes. The surrounding temperature 
is T, = 44°F, so Newton’s Law of Cooling states that 


dT 


~~ =KT- 44 
a ( ) 
If we let y = T — 44, then y(0) = T(0) — 44 = 72 — 44 = 28, so y satisfies 
dy 
Oak 0) = 28 
ae y(0) 
and by (2) we have y(t) = y(O)e = 28e" 


We are given that 7(30) = 61, so y(30) = 61 — 44 = 17 and 
3 3 1 
we =17 eta 
Taking logarithms, we have 
—=— = —0.01663 


Thus 
y(t) = 28 e~ 0.016631 
T(t) = 44 + 287001963" 
T(60) = 44 + 28e 09106360) ~ 54.3 
So after another half hour the tea has cooled to about 54°F. 
(b) We have T(t) = 50 when 


44 + 28e7 00165 — 50 


e 0.016631 — e 

Ta CF) 1 ( 6 ) 

2 t= —8_ ~ 92.6 
ee —0.01663 
44, A The tea cools to 50°F after about | hour 33 minutes. a 
Notice that in Example 3 we have 
7 lim T(t) = lim (44 + 28e °°") = 44 + 28-0 = 44 
0 30 «60 O cin — — 
m” This means that, as expected, the temperature of the tea approaches the ambient tempera- 
FIGURE 3 ture inside the refrigerator. The graph of the temperature function is shown in Figure 3. 


® Continuously Compounded Interest 


EXAMPLE 4 If $5000 is invested at 2% interest, compounded annually, then after 

1 year the investment is worth $5000(1.02) = $5100.00, after 2 years it’s worth 
[$5000(1.02)](1.02) = $5202.00, and after t years it’s worth $5000(1.02)’. In general, 
if an amount Ap is invested at an interest rate r (r = 0.02 in this example), then after 
t years it’s worth Ao(1 + 7)’. Usually, interest is compounded more frequently, say, 

n times per year. Then in each compounding period the rate is r/n, and there are 

nt compounding periods in f years, so the value of the investment is 


r \nt 
A= A(t + x) 
n 
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For instance, after 3 years at 2% interest a $5000 investment will be worth 
$5000(1.02)? = $5306.04 with annual compounding 
$5000(1.01)° = $5307.60 with semiannual compounding 


$5000(1.005)'* = $5308.39 with quarterly compounding 
0.02 \*° ; 
$5000{ 1 + i $5308.92 with monthly compounding 


0 02 365-3 
sso00( 1 + 902 = $5309.17 with daily compounding 


You can see that the interest paid increases as the number of compounding periods (n) 
increases. If we let n — ©, then we will be compounding the interest continuously and 
the value of the investment will be 


A(t) = lim alt za “| 


no n 


r n/r |rt 
= lim Ao] | 1 + — 
no n 
. 1 m rt 
= Ao} lim | 1 + — (where m = n/r) 
m—>% m 


Equation 3.6.6: But the limit in this expression is equal to the number e (see Equation 3.6.6). 
i\" So with continuous compounding of interest at interest rate r, the amount after 
e= lim (: ae 1) t years is 
nn n 


A(t) = Ace” 
If we differentiate this equation, we get 


th _cactaeits 
dt rAge Fe 


which says that, with continuous compounding of interest, the rate of increase of an 
investment is proportional to its size. 

Returning to the example of $5000 invested for 3 years at 2% interest, we see that 
with continuously compounding of interest the value of the investment will be 


A(3) = $5000e°? = $5309.18 


Notice how close this is to the amount we calculated for daily compounding, $5309.17. 
But the amount is easier to compute if we use continuous compounding. Oo 
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3.8 | Exercises 


. A population of the yeast cell Saccharomyces cerevisiae (a 
yeast used for fermentation) develops with a constant relative 
growth rate of 0.4159 per hour. The initial population 
consists of 3.8 million cells. Find the population size after 

2 hours. 


. A common inhabitant of human intestines is the bacterium 
Escherichia coli, named after the German pediatrician 
Theodor Escherich, who identified it in 1885. A cell of this 
bacterium in a nutrient-broth medium divides into two cells 
every 20 minutes. The initial population of a culture is 

50 cells. 

(a) Find the relative growth rate. 

(b) Find an expression for the number of cells after t hours. 
(c) Find the number of cells after 6 hours. 

(d) Find the rate of growth after 6 hours. 

(e) When will the population reach a million cells? 


- Aculture of the bacterium Salmonella enteritidis initially 
contains 50 cells. When introduced into a nutrient broth, the 
culture grows at a rate proportional to its size. After 1.5 hours 
the population has increased to 975. 
(a) Find an expression for the number of bacteria after 

t hours. 
(b) Find the number of bacteria after 3 hours. 
(c) Find the rate of growth after 3 hours. 
(d) After how many hours will the population reach 250,000? 


. A bacteria culture grows with constant relative growth rate. 
The bacteria count was 400 after 2 hours and 25,600 after 
6 hours. 
(a) What is the relative growth rate? Express your answer 
as a percentage. 
(b) What was the initial size of the culture? 
(c) Find an expression for the number of bacteria after 
t hours. 
(d) Find the number of bacteria after 4.5 hours. 
(e) Find the rate of growth after 4.5 hours. 
(f) When will the population reach 50,000 ? 


. The table gives estimates of the world population, in millions, 
from 1750 to 2000. 


Population Population 
Year (millions) Year (millions) 
1750 790 1900 1650 
1800 980 1950 2560 
1850 1260 2000 6080 


(a) Use the exponential model and the population figures for 
1750 and 1800 to predict the world population in 1900 
and 1950. Compare with the actual figures. 


(b) Use the exponential model and the population figures 
for 1850 and 1900 to predict the world population in 
1950. Compare with the actual population. 

(c) Use the exponential model and the population figures for 
1900 and 1950 to predict the world population in 2000. 
Compare with the actual population and try to explain the 
discrepancy. 


. The table gives census data for the population of Indonesia, in 


millions, during the second half of the 20th century. 


Population 
Year (millions) 
1950 83 
1960 100 
1970 122 
1980 150 
1990 182 
2000 214 


(a) Assuming the population grows at a rate proportional 
to its size, use the census data for 1950 and 1960 to 
predict the population in 1980. Compare with the 
actual figure. 

(b) Use the census data for 1960 and 1980 to predict 
the population in 2000. Compare with the actual 
population. 

(c) Use the census data for 1980 and 2000 to predict the 
population in 2010 and compare with the actual popula- 
tion of 243 million. 

(d) Use the model in part (c) to predict the population in 
2025. Do you think the prediction will be too high or too 
low? Why? 


7. Experiments show that if the chemical reaction 


N2O; > 2NO> + 50> 


takes place at 45°C, the rate of reaction of dinitrogen pent- 
oxide is proportional to its concentration as follows: 


__d[N,0s] 


i = 0.0005[N3Os] 
(a) Find an expression for the concentration [NOs] after 
t seconds if the initial concentration is C. 
(b) How long will the reaction take to reduce the concentra- 
tion of N,O; to 90% of its original value? 
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8. 


9. 


10. 


CHAPTER 3 __ Differentiation Rules 


Strontium-90 has a half-life of 28 days. 

(a) A sample has initial mass 50 mg. Find a formula for the 
mass remaining after ¢ days. 

(b) Find the mass remaining after 40 days. 

(c) How long does it take the sample to decay to a mass 
of 2 mg? 

(d) Sketch the graph of the mass function. 


The half-life of cesium-137 is 30 years. Suppose we have a 
100-mg sample. 

(a) Find the mass that remains after ¢ years. 

(b) How much of the sample remains after 100 years? 

(c) After how long will only 1 mg remain? 


A sample of einsteinium-252 decayed to 64.3% of its original 

mass after 300 days. 

(a) What is the half-life of einsteinium-252? 

(b) How long would it take the sample to decay to one-third 
of its original mass? 


11-13 Radiocarbon Dating Scientists can determine the age 

of ancient objects by the method of radiocarbon dating. The 
bombardment of the upper atmosphere by cosmic rays converts 
nitrogen to a radioactive isotope of carbon, 'C, with a half-life of 
about 5730 years. Vegetation absorbs carbon dioxide through the 
atmosphere and animal life assimilates "C through food chains. 
When a plant or animal dies, it stops replacing its carbon and the 
amount of '4C present begins to decrease through radioactive 
decay. Therefore the level of radioactivity must also decay 
exponentially. 


11. 


12. 


13. 


A discovery revealed a parchment fragment that had about 
74% as much “C radioactivity as does plant material on the 
earth today. Estimate the age of the parchment. 


Dinosaur fossils are too old to be reliably dated using 
carbon-14. Suppose we had a 68-million-year-old dinosaur 
fossil. What fraction of the living dinosaur’s '*C would be 
remaining today? Suppose the minimum detectable mass is 
0.1%. What is the maximum age of a fossil that could be 
dated using '“C? 


Dinosaur fossils are often dated by using an element other 
than carbon, such as potassium-40, that has a longer half-life 
(in this case, approximately 1.25 billion years). Suppose the 
minimum detectable mass is 0.1% and a dinosaur is dated 
with “°K to be 68 million years old. Is such a dating possible? 
In other words, what is the maximum age of a fossil that 
could be dated using “°K? 


14. 


A curve passes through the point (0, 5) and has the property 
that the slope of the curve at every point P is twice the 
y-coordinate of P. What is the equation of the curve? 


15. 


16. 


17. 


18. 


20. 


21. 


22. 


A roast turkey is removed from an oven when its temperature 

has reached 185°F and is placed on a table in a room where 

the ambient temperature is 75°F. 

(a) If the temperature of the turkey is 150°F after half an 
hour, what is the temperature after 45 minutes? 

(b) When will the turkey have cooled to 100°F? 


In a murder investigation, the temperature of the corpse 
was 32.5°C at 1:30 pm and 30.3°C an hour later. Normal 
body temperature is 37.0°C and the ambient temperature 
was 20.0°C. When did the murder take place? 


When a cold drink is taken from a refrigerator, its temperature 
is 5°C. After 25 minutes in a 20°C room its temperature has 
increased to 10°C. 

(a) What is the temperature of the drink after 50 minutes? 

(b) When will its temperature reach 15°C? 


A freshly brewed cup of coffee has temperature 95°C in a 
20°C room. When its temperature is 70°C, it is cooling at a 
rate of 1°C per minute. When does this occur? 


. The rate of change of atmospheric pressure P with respect to 


altitude h is proportional to P, provided that the temperature 

is constant. At 15°C the pressure is 101.3 kPa at sea level and 

87.14 kPa at h = 1000 m. 

(a) What is the pressure at an altitude of 3000 m? 

(b) What is the pressure at the top of Mount McKinley, at an 
altitude of 6187 m? 


(a) If $2500 is borrowed at 4.5% interest, find the amounts 
due at the end of 3 years if the interest is compounded 
(i) annually, (ii) quarterly, (iii) monthly, (iv) weekly, 

(v) daily, (vi) hourly, and (vii) continuously. 

Suppose $2500 is borrowed and the interest is 
compounded continuously. If A(t) is the amount due 
after t years, where 0 S t < 3, graph A(t) for each of 
the interest rates 5%, 6%, and 7% on a common 
screen. 


(b 


~S 


(a) If $4000 is invested at 1.75% interest, find the value of 
the investment at the end of 5 years if the interest is com- 
pounded (i) annually, (ii) semiannually, (iii) monthly, 
(iv) weekly, (v) daily, and (vi) continuously. 

(b) If A(t) is the amount of the investment at time ¢ for 
the case of continuous compounding, write a differ- 
ential equation and an initial condition satisfied 
by A(t). 


(a) How long will it take an investment to double in value if 
the interest rate is 3%, compounded continuously? 
(b) What is the equivalent annual interest rate? 
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3.9 


EE According to the Principles of Problem 
Solving discussed following Chapter 1, the 
first step is to understand the problem. This 
includes reading the problem carefully, 
identifying the given and the unknown, and 
introducing suitable notation. 
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APPLIED PROJECT | CONTROLLING RED BLOOD CELL LOSS DURING SURGERY 


A typical volume of blood in the human body is about 5 L. A certain percentage of that 
volume (called the hematocrit) consists of red blood cells (RBCs); typically the hematocrit is 
about 45% in males. Suppose that a surgery takes four hours and a male patient bleeds 2.5 L of 
blood. During surgery the patient’s blood volume is maintained at 5 L by injection of saline 
solution, which mixes quickly with the blood but dilutes it so that the hematocrit decreases as 
time passes. 


1. Assuming that the rate of RBC loss is proportional to the volume of RBCs, determine the 
patient’s volume of RBCs by the end of the operation. 


2. A procedure called acute normovolemic hemodilution (ANH) has been developed to mini- 
mize RBC loss during surgery. In this procedure blood is extracted from the patient before 
the operation and replaced with saline solution. This dilutes the patient’s blood, resulting 
in fewer RBCs being lost by bleeding during surgery. The extracted blood is then returned 
to the patient after surgery. Only a certain amount of blood can be extracted, however, 
because the RBC concentration can never be allowed to drop below 25% during surgery. 
What is the maximum amount of blood that can be extracted in the ANH procedure for the 
surgery described in this project? 


3. What is the RBC loss without the ANH procedure? What is the loss if the procedure is car- 
ried out with the volume calculated in Problem 2? 


Related Rates 


If we are pumping air into a balloon, both the volume and the radius of the balloon are 
increasing and their rates of increase are related to each other. But it is much easier to 
measure directly the rate of increase of the volume than the rate of increase of the radius. 

In a related rates problem the idea is to compute the rate of change of one quantity in 
terms of the rate of change of another quantity (which may be more easily measured). 
The procedure is to find an equation that relates the two quantities and then use the Chain 
Rule to differentiate both sides with respect to time. 


EXAMPLE 1 Air is being pumped into a spherical balloon so that its volume increases 
at a rate of 100 cm*/s. How fast is the radius of the balloon increasing when the diam- 
eter is 50 cm? 


SOLUTION We start by identifying two things: 


the given information: 
the rate of increase of the volume of air is 100 cm*/s 


and the unknown: 
the rate of increase of the radius when the diameter is 50 cm 


In order to express these quantities mathematically, we introduce some suggestive 
notation: 


Let V be the volume of the balloon and let r be its radius. 
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The key thing to remember is that rates of change are derivatives. In this problem, 
the volume and the radius are both functions of the time ¢. The rate of increase of the 
volume with respect to time is the derivative dV/dt, and the rate of increase of the 
radius is dr/dt. We can therefore restate the given and the unknown as follows: 

dV 


Given: ae 100 cm*/s 


ar 
dt 


In order to connect dV/dt and dr/dt, we first relate V and r by a formula—in this 
case, the formula for the volume of a sphere: 


Unknown: when r = 25 cm 


V= tar 


TlThe second stage of problem solvingisto In order to use the given information, we differentiate each side of this equation with 


think ofa plan for connecting the givenand —_— respect to t. To differentiate the right side, we need to use the Chain Rule: 
the unknown. 


dV dV adr , ar 
= = 4cr 
dt dr dt dt 
Now we solve for the unknown quantity: 
Notice that, although dV/dt is con- dr _ 1 dV 
stant, dr/dt is not constant. dt Anr? dt 


If we put r = 25 and dV/dt = 100 in this equation, we obtain 


dr 1 1 
= 7 100 = 
dt 47 (25) 2577 
The radius of the balloon is increasing at the rate of 1/(257r) ~ 0.0127 cm/s when the 
diameter is 50 cm. Oo 
wall 
EXAMPLE 2 A ladder 10 ft long rests against a vertical wall. If the bottom of the 
ladder slides away from the wall at a rate of 4 ft/s, how fast is the top of the ladder 
sliding down the wall when the bottom of the ladder is 6 ft from the wall? 
10 
y SOLUTION We first draw a diagram and label it as in Figure 1. Let x feet be the distance 
from the bottom of the ladder to the wall and y feet the distance from the top of the ladder 
to the ground. Note that x and y are both functions of f (time, measured in seconds). 
We are given that dx/dt = 4 ft/s and we are asked to find dy/dt when x = 6 ft (see 
* ground Figure 2). In this problem, the relationship between x and y is given by the Pythagorean 
FIGURE 1 Theorem: 
x’ + y? = 100 
Differentiating each side with respect to t using the Chain Rule, we have 
dx dy 
dy 2x — + 2y—=0 
= 2 dt Y dt 
Solving this equation for the desired rate, we obtain 
(3 ea lel 
dt y dt 
When x = 6, the Pythagorean Theorem gives y = 8 and so, substituting these values 
and dx/dt = 4, we have 
dy 6 
= 4) = —3 ft 
FIGURE 2 dt 8 4) a 
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EI Look back: What have we learned from 
Examples 1 and 2 that will help us solve 
future problems? 


@ WARNING Acommon error is 
to substitute the given numerical 
information (for quantities that vary 
with time) too early. This should be 
done only after the differentiation. 
(Step 7 follows Step 6.) For instance, 
in Example 1 we dealt with general 
values of r until we finally substituted 
r = 25 at the last step. (If we had put 
r = 25 earlier, we would have gotten 
dV/dt = 0, which is clearly wrong.) 


FIGURE 3 
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The fact that dy/dt is negative means that the distance from the top of the ladder to 
the ground is decreasing at a rate of 3 ft/s. In other words, the top of the ladder is 
sliding down the wall at a rate of 3 ft/s. a 


Problem Solving Strategy 


It is useful to recall some of the problem-solving principles and adapt them to 
related rates in light of our experience in Examples 1 and 2: 


Read the problem carefully. 
Draw a diagram if possible. 
Introduce notation. Assign symbols to all quantities that are functions of time. 


Express the given information and the required rate in terms of derivatives. 


Write an equation that relates the various quantities of the problem. If necessary, 
use the geometry of the situation to eliminate one of the variables by substitu- 
tion (see Example 3 below). 


Use the Chain Rule to differentiate both sides of the equation with respect to ¢. 


Substitute the given information into the resulting equation and solve for the 
unknown rate. 


See also Principles of Problem Solving following Chapter 1. 


The following examples further illustrate this strategy. 


EXAMPLE3 A water tank has the shape of an inverted circular cone with base radius 
2 m and height 4 m. If water is being pumped into the tank at a rate of 2 m*/min, find 
the rate at which the water level is rising when the water is 3 m deep. 


SOLUTION We first sketch the cone and label it as in Figure 3. Let V, r, and h be the 
volume of the water, the radius of the surface, and the height of the water at time f, 
where ¢ is measured in minutes. 

We are given that dV/dt = 2 m*/min and we are asked to find dh/dt when h is 3 m. 
The quantities V and hare related by the equation 


V= hareh 


but it is very useful to express V as a function of h alone. In order to eliminate r, we use 
the similar triangles in Figure 3 to write 


Te cy 
a 12 


Now we can differentiate each side with respect to f: 


av _@),dh 
dt 4 dt 
« dh 4 wv 
dt ah? dt 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


250 CHAPTER 3 _ Differentiation Rules 


Substituting h = 3 m and dV/dt = 2 m?/min, we have 
dh_ 4 4 8 
dt = 1 (3) On 


The water level is rising at a rate of 8/(977) ~ 0.28 m/min. | 


EXAMPLE 4 Car A is traveling west at 50 mi/h and car B is traveling north at 
60 mi/h. Both are headed for the intersection of the two roads. At what rate are 
the cars approaching each other when car A is 0.3 mi and car B is 0.4 mi from the 
intersection? 


SOLUTION We draw Figure 4, where C is the intersection of the roads. At a given 
time f, let x be the distance from car A to C, let y be the distance from car B to C, 
and let z be the distance between the cars, where x, y, and z are measured in miles. 

We are given that dx/dt = —50 mi/h and dy/dt = —60 mi/h. (The derivatives are 
negative because x and y are decreasing.) We are asked to find dz/dt. The equation that 
relates x, y, and z is given by the Pythagorean Theorem: 


P=x+y? 


FIGURE 4 Differentiating each side with respect to t, we have 
d. d. d 
2z 7 = 2x i 2y 7 
dt dt dt 


dz _ 1 aK dy 
dt z\° dt > dt 


When x = 0.3 mi and y = 0.4 mi, the Pythagorean Theorem gives z = 0.5 mi, so 


dz 1 
— = —~ [(0.3(- + 0.4(— = —78 mi/h 
“OF [0.3(—50) + 0.4(—60)] 8 mi/ 
The cars are approaching each other at a rate of 78 mi/h. a 


EXAMPLES5 A man walks along a straight path at a speed of 4 ft/s. A spotlight is located 
on the ground 20 ft from the path and is kept focused on the man. At what rate is the 
spotlight rotating when the man is 15 ft from the point on the path closest to the light? 


SOLUTION We draw Figure 5 and let x be the distance from the man to the point on the 
path closest to the spotlight. We let 6 be the angle between the beam of the light and the 
perpendicular to the path. 

We are given that dx/dt = 4 ft/s and are asked to find d0/dt when x = 15. The 
equation that relates x and 6 can be written from Figure 5: 


5p = tan x = 20 tan 0 
Differentiating each side with respect to t, we get 
dx >, dO 
FIGURE 5 ee 
dé 1 >, aX 
= 0 
so 30° a 


i -. 2 1 
=a, cos’ (4) = a cos’0 
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When x = 15, the length of the beam is 25, so cos 0 = 30 = + and 


i 
0.128 
s 


dé 1/4\ 16 
i = = = 0.12 
ad _ | rotation 60 : a 5 ( 5 125 0.128 
277 rad 1 min 
=~ 1,22 rotations per min The spotlight is rotating at a rate of 0.128 rad/s. | 


3.9 | Exercises 


. (a) If V is the volume of a cube with edge length x and the 
cube expands as time passes, find dV/dt in terms of 
dx/dt. 

If the length of the edge of a cube is increasing at a rate 
of 4 cm/s, how fast is the volume of the cube increasing 
when the edge length is 15 cm? 


(b 


eS 


. (a) If A is the area of a circle with radius r and the circle 
expands as time passes, find dA /dt in terms of dr/dt. 

(b) Suppose oil spills from a ruptured tanker and spreads in a 
circular pattern. If the radius of the oil spill increases at a 
constant rate of 2 m/s, how fast is the area of the spill 
increasing when the radius is 30 m? 


. Each side of a square is increasing at a rate of 6 cm/s. At 
what rate is the area of the square increasing when the area of 
the square is 16 cm?? 


. The radius of a sphere is increasing at a rate of 4 mm/s. How 
fast is the volume increasing when the diameter is 80 mm? 


. The radius of a spherical ball is increasing at a rate of 
2 cm/min. At what rate is the surface area of the ball increas- 
ing when the radius is 8 cm? 


. The length of a rectangle is increasing at a rate of 8 cm/s and 
its width is increasing at a rate of 3 cm/s. When the length is 
20 cm and the width is 10 cm, how fast is the area of the rect- 
angle increasing? 


. A cylindrical tank with radius 5 m is being filled with water 
at a rate of 3 m*/min. How fast is the height of the water 
increasing? 


. The area of a triangle with sides of lengths a and b and 
contained angle @ is A = 5ab sin 0. (See Formula 6 in 
Appendix D.) 

(a) Ifa = 2cm, b = 3 cm, and @ increases at a rate of 
0.2 rad/ min, how fast is the area increasing when 
6 = 1/3? 

(b) If a = 2 cm, b increases at a rate of 1.5 cm/min, and 0 
increases at a rate of 0.2 rad/min, how fast is the area 
increasing when b = 3 cm and 0 = 7/3? 

(c) Ifa increases at a rate of 2.5 cm/min, bD increases at a 
rate of 1.5 cm/min, and @ increases at a rate of 
0.2 rad/min, how fast is the area increasing when 
a =2cm, b = 3 cm, and 6 = 77/3? 


9 


10 


11 


12 


. Suppose 4x? + 9y? = 25, where x and y are functions of f. 
(a) If dy/dt = 3, find dx/dt when x = 2 and y = 1. 
(b) If dx/dt = 3, find dy /dt when x = —2 andy = 1. 


. If x? + y? + 2? = 9, dx/dt = 5, and dy/dt = 4, find dz/dt 
when (x, y, z) = (2, 2, 1). 


. The weight w of an astronaut (in pounds) is related to her 
height h above the surface of the earth (in miles) by 


3960 \ 
w= Ww ra 
°\ 3960 + h 


where wo is the weight of the astronaut on the surface of the 
earth. If the astronaut weighs 130 pounds on earth and is in 

a rocket, being propelled upward at a speed of 12 mi/s, find 
the rate at which her weight is changing (in Ib/s) when she is 
40 miles above the earth’s surface. 


. A particle is moving along a hyperbola xy = 8. As it reaches 
the point (4, 2), the y-coordinate is decreasing at a rate of 
3 cm/s. How fast is the x-coordinate of the point changing at 
that instant? 


13-16 


(a) 


What quantities are given in the problem? 


(b) What is the unknown? 


(c) 


Draw a picture of the situation for any time f. 


(d) Write an equation that relates the quantities. 


(e) 
13 


14 


15 


16 


Finish solving the problem. 


. A plane flying horizontally at an altitude of 1 mi and a speed 
of 500 mi/h passes directly over a radar station. Find the rate 
at which the distance from the plane to the station is increas- 
ing when the plane is 2 mi away from the station. 


. If a snowball melts so that its surface area decreases at a rate 
of 1 cm*/min, find the rate at which the diameter decreases 
when the diameter is 10 cm. 


. A street light is mounted at the top of a 15-ft-tall pole. A man 
6 ft tall walks away from the pole with a speed of 5 ft/s along 
a straight path. How fast is the tip of his shadow moving 
when he is 40 ft from the pole? 


. At noon, ship A is 150 km west of ship B. Ship A is sailing 
east at 35 km/h and ship B is sailing north at 25 km/h. How 
fast is the distance between the ships changing at 4:00 pm? 
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17. 


18 


19. 


20. 


21 


22 
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Two cars start moving from the same point. One travels south 
at 60 mi/h and the other travels west at 25 mi/h. At what rate 
is the distance between the cars increasing two hours later? 


A spotlight on the ground shines on a wall 12 m away. If a 
man 2 m tall walks from the spotlight toward the building at a 
speed of 1.6 m/s, how fast is the length of his shadow on the 
building decreasing when he is 4 m from the building? 


A man starts walking north at 4 ft/s from a point P. Five 
minutes later a woman starts walking south at 5 ft/s from a 
point 500 ft due east of P. At what rate are the people moving 
apart 15 min after the woman starts walking? 


A baseball diamond is a square with side 90 ft. A batter hits 

the ball and runs toward first base with a speed of 24 ft/s. 

(a) At what rate is his distance from second base decreasing 
when he is halfway to first base? 

(b) At what rate is his distance from third base increasing at 
the same moment? 


The altitude of a triangle is increasing at a rate of 1 cm/min 
while the area of the triangle is increasing at a rate of 

2 cm*/min. At what rate is the base of the triangle changing 
when the altitude is 10 cm and the area is 100 cm?? 


A boat is pulled into a dock by a rope attached to the bow of 
the boat and passing through a pulley on the dock that is 1 m 
higher than the bow of the boat. If the rope is pulled in at a 
rate of 1 m/s, how fast is the boat approaching the dock when 
it is 8 m from the dock? 


23-24 Use the fact that the distance (in meters) a dropped stone 
falls after t seconds is d = 4.927. 


23. 


24. 


A woman stands near the edge of a cliff and drops a stone 
over the edge. Exactly one second later she drops another 
stone. One second after that, how fast is the distance between 
the two stones changing? 


Two men stand 10 m apart on level ground near the edge of a 
cliff. One man drops a stone and one second later the other 
man drops a stone. One second after that, how fast is the dis- 
tance between the two stones changing? 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Water is leaking out of an inverted conical tank at a rate of 
10,000 cm?/min at the same time that water is being pumped 
into the tank at a constant rate. The tank has height 6 m and 
the diameter at the top is 4 m. If the water level is rising at a 
rate of 20 cm/min when the height of the water is 2 m, find 
the rate at which water is being pumped into the tank. 


A particle moves along the curve y = 2 sin(7x/2). As the 
particle passes through the point (4, 1), its x-coordinate 
increases at a rate of /10 cm/s. How fast is the distance 
from the particle to the origin changing at this instant? 


A water trough is 10 m long and a cross-section has the shape 
of an isosceles trapezoid that is 30 cm wide at the bottom, 

80 cm wide at the top, and has height 50 cm. If the trough is 
being filled with water at the rate of 0.2 m*/min, how fast is 
the water level rising when the water is 30 cm deep? 


A trough is 10 ft long and its ends have the shape of isos- 
celes triangles that are 3 ft across at the top and have a height 
of | ft. If the trough is being filled with water at a rate of 

12 ft/min, how fast is the water level rising when the water 
is 6 inches deep? 


Gravel is being dumped from a conveyor belt at a rate of 
30 ft*/min, and its coarseness is such that it forms a pile in 
the shape of a cone whose base diameter and height are 
always equal. How fast is the height of the pile increasing 
when the pile is 10 ft high? 


A swimming pool is 20 ft wide, 40 ft long, 3 ft deep at the 
shallow end, and 9 ft deep at its deepest point. A cross-section 
is shown in the figure. If the pool is being filled at a rate of 
0.8 ft*/min, how fast is the water level rising when the depth 
at the deepest point is 5 ft? 


6 12 16 6 


The sides of an equilateral triangle are increasing at a rate of 
10 cm/min. At what rate is the area of the triangle increasing 
when the sides are 30 cm long? 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


A kite 100 ft above the ground moves horizontally at a speed 
of 8 ft/s. At what rate is the angle between the string and the 
horizontal decreasing when 200 ft of string has been let out? 


A car is traveling north on a straight road at 20 m/s and a 
drone is flying east at 6 m/s at an elevation of 25 m. At one 
instant the drone passes directly over the car. How fast is the 
distance between the drone and the car changing 5 seconds 
later? 


If the minute hand of a clock has length r (in centimeters), 
find the rate at which it sweeps out area as a function of r. 


How fast is the angle between the ladder and the ground 
changing in Example 2 when the bottom of the ladder is 6 ft 
from the wall? 


According to the model we used to solve Example 2, what 
happens as the top of the ladder approaches the ground? Is 
the model appropriate for small values of y? 


Boyle’s Law states that when a sample of gas is compressed 
at a constant temperature, the pressure P and volume V sat- 
isfy the equation PV = C, where C is a constant. Suppose 
that at a certain instant the volume is 600 cm’, the pressure 
is 150 kPa, and the pressure is increasing at a rate of 

20 kPa/min. At what rate is the volume decreasing at this 
instant? 


A faucet is filling a hemispherical basin of diameter 60 cm 
with water at a rate of 2 L/min. Find the rate at which the 
water is rising in the basin when it is half full. [Use the fol- 
lowing facts: 1 L is 1000 cm?. The volume of the portion 
of a sphere with radius r from the bottom to a height h is 

V = a(rh? — +h’), as we will show in Chapter 6.] 


If two resistors with resistances R; and R2 are connected in 
parallel, as shown in the figure, then the total resistance R, 
measured in ohms (Q), is given by 


If R, and R> are increasing at rates of 0.3 Q/s and 0.2 Q/s, 
respectively, how fast is R changing when R; = 80 0, 
and R, = 100 Q? 


R, R, 


When air expands adiabatically (without gaining or losing 
heat), its pressure P and volume V are related by the equa- 
tion PV'* = C, where C is a constant. Suppose that at a 
certain instant the volume is 400 cm? and the pressure is 
80 kPa and is decreasing at a rate of 10 kPa/min. At what 
rate is the volume increasing at this instant? 
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41. Two straight roads diverge from an intersection at an angle 


42 


43 


44. 


45 


46 


47 


of 60°. Two cars leave the intersection at the same time, the 
first traveling down one road at 40 mi/h and the second trav- 
eling down the other road at 60 mi/h. How fast is the dis- 
tance between the cars changing after half an hour? [Hint: 
Use the Law of Cosines (Formula 21 in Appendix D).] 


Brain weight B as a function of body weight W in fish has 
been modeled by the power function B = 0.007W~”, where 
B and W are measured in grams. A model for body weight 
as a function of body length L (measured in centimeters) is 
W = 0.12L***. Tf, over 10 million years, the average length 
of a certain species of fish evolved from 15 cm to 20 cm at a 
constant rate, how fast was this species’ brain growing 
when its average length was 18 cm? 


Two sides of a triangle have lengths 12 m and 15 m. The 
angle between them is increasing at a rate of 2°/min. How 
fast is the length of the third side increasing when the angle 
between the sides of fixed length is 60°? [Hint: Use the Law 
of Cosines (Formula 21 in Appendix D).] 


Two carts, A and B, are connected by a rope 39 ft long that 
passes over a pulley P. (See the figure.) The point Q is on the 
floor 12 ft directly beneath P and between the carts. Cart A is 
being pulled away from Q at a speed of 2 ft/s. How fast is 
cart B moving toward Q at the instant when cart A is 5 ft 
from Q? 


A television camera is positioned 4000 ft from the base of a 

rocket launching pad. The angle of elevation of the camera 

has to change at the correct rate in order to keep the rocket 

in sight. Also, the mechanism for focusing the camera has to 

take into account the increasing distance from the camera to 

the rising rocket. Let’s assume the rocket rises vertically and 

its speed is 600 ft/s when it has risen 3000 ft. 

(a) How fast is the distance from the television camera to 
the rocket changing at that moment? 

(b) If the television camera is always kept aimed at the 
rocket, how fast is the camera’s angle of elevation 
changing at that same moment? 


A lighthouse is located on a small island 3 km away from 
the nearest point P on a straight shoreline and its light 
makes four revolutions per minute. How fast is the beam of 
light moving along the shoreline when it is 1 km from P? 


A plane flies horizontally at an altitude of 5 km and passes 
directly over a tracking telescope on the ground. When the 
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angle of elevation is 77/3, this angle is decreasing at a rate of 51. A runner sprints around a circular track of radius 100 m at 
a/6 rad/min. How fast is the plane traveling at that time? a constant speed of 7 m/s. The runner’s friend is standing 

at a distance 200 m from the center of the track. How fast is 
the distance between the friends changing when the distance 
between them is 200 m? 


48. A Ferris wheel with a radius of 10 m is rotating at a rate of 
one revolution every 2 minutes. How fast is a rider rising 
when his seat is 16 m above ground level? 


49. A plane flying with a constant speed of 300 km/h passes over 52. The minute hand on a watch is 8 mm long and the hour hand 
a ground radar station at an altitude of 1 km and climbs at an is 4 mm long. How fast is the distance between the tips of the 
angle of 30°. At what rate is the distance from the plane to the hands changing at one o’clock? 


radar station increasing a minute later? ; 2 
& 53. Suppose that the volume V of a rolling snowball increases so 


50. Two people start from the same point. One walks east at that dV/dt is proportional to the surface area of the snowball 
3 mi/h and the other walks northeast at 2 mi/h. How fast is at time ft. Show that the radius r increases at a constant rate, 
the distance between the people changing after 15 minutes? that is, dr/dt is constant. 


3.10 | Linear Approximations and Differentials 


We have seen that a curve lies very close to its tangent line near the point of tangency. In 
fact, by zooming in toward a point on the graph of a differentiable function, we noticed 
that the graph looks more and more like its tangent line. (See Figure 2.7.2.) This observa- 
tion is the basis for a method of finding approximate values of functions. 


B Linearization and Approximation 


It might be easy to calculate a value f(a) of a function, but difficult (or even impossible) 
to compute nearby values of f. So we settle for the easily computed values of the linear 
function L whose graph is the tangent line of f at (a, f(a)). (See Figure 1.) 

In other words, we use the tangent line at (a, f(a)) as an approximation to the curve 
y = f(x) when x is near a. An equation of this tangent line is 


y=fla) + fax — a) 


The linear function whose graph is this tangent line, that is, 


FIGURE 1 1 L(x) = f(a) + f'(@(x — a) 


is called the linearization of f at a. The approximation f(x) ~ L(x) or 


[2] f(x) ~ f(@ + fax — a) 


is called the linear approximation or tangent line approximation of f at a. 


EXAMPLE 1 Find the linearization of the function f(x) = Vx + 3 ata = 1 and use 
it to approximate the numbers 3.98 and ./4.05. Are these approximations over- 
estimates or underestimates? 


SOLUTION The derivative of f(x) = (x + 3)!” is 


f(x) = $(x +3) 12 = 


I 
2x +3 


and so we have f(1) = 2 and f’(1) = }. Putting these values into Equation 1, we see 
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that the linearization is 


Lx) =f) + f(MO- 1) =24+}¢0-D)= 


#AI[_N 


x 
+ i 

4 
The corresponding linear approximation (2) is 


7 x 
KS SS (when x is near 1) 
4 4 


In particular, we have 
V3.98 ~4+°%=1995 and 4.05 ~4 +48 =2.0125 


The linear approximation is illustrated in Figure 2. We see that, indeed, the tangent line 
approximation is a good approximation to the given function when x is near 1. We also 
see that our approximations are overestimates because the tangent line lies above the 
curve. 

Of course, a calculator could give us approximations for 3.98 and ./4.05, but the 
FIGURE 2 linear approximation gives an approximation over an entire interval. Oo 


In the following table we compare the estimates from the linear approximation in 
Example | with the true values. Notice from this table, and also from Figure 2, that the 
tangent line approximation gives good estimates when x is close to | but the accuracy of 
the approximation deteriorates when x is farther away from 1. 


EG From L(x) Actual value 

V3.9 0.9 1.975 1.97484176. .. 
V3.98 | 0.98 1.995 1.99499373. .. 
J4 1 2 2.00000000. . . 
4.05 1.05 2.0125 2.01246117... 
V4.1 11 2.025 2.02484567. . . 
JS 2 2.25 2.23606797. . . 
V6 3 2.5 2.44948974. . . 


How good is the approximation that we obtained in Example 1? The next example 
shows that by using a graphing calculator or computer we can determine an interval 
throughout which a linear approximation provides a specified accuracy. 


EXAMPLE 2 For what values of x is the linear approximation 


accurate to within 0.5? What about accuracy to within 0.1? 


SOLUTION Accuracy to within 0.5 means that the functions should differ by less 


than 0.5: 
— 7 x 
= | SS 


Equivalently, we could write 


7 a 
Je 3 =ORa5 dare + 0.5 


< 0.5 
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FIGURE 3 


=2 


FIGURE 4 


If dx ~ 0, we can divide both sides of 
Equation 3 by dx to obtain 


dy _,, 
Tt) 


We have seen similar equations 
before, but now the left side can gen- 
uinely be interpreted as a ratio of 
differentials. 


This says that the linear approximation should lie between the curves obtained by shift- 
ing the curve y = ./x + 3 upward and downward by an amount 0.5. Figure 3 shows 
the tangent line y = (7 + x)/4 intersecting the upper curve y = Vvx+3 +05atP 
and Q. We estimate that the x-coordinate of P is about —2.66 and the x-coordinate of Q 
is about 8.66. Thus we see from the graph that the approximation 


— 7 x 
Ps Sf ro Rae ral are 
4 4 
is accurate to within 0.5 when —2.6 < x < 8.6. (We have rounded the smaller value up 
and the larger value down.) 
Similarly, from Figure 4 we see that the approximation is accurate to within 0.1 
when —1.1 <x < 3.9, a 


BH Applications to Physics 


Linear approximations are often used in physics. In analyzing the consequences of an 
equation, a physicist sometimes needs to simplify a function by replacing it with its lin- 
ear approximation. For instance, in deriving a formula for the period of a pendulum, 
physics textbooks obtain an expression involving sin @ and then replace sin 0 by @ with 
the remark that sin 6 is very close to 0 if @ is not too large. You can verify that the linear- 
ization of the function f(x) = sin x ata = Ois L(x) = x and so the linear approximation 
at 0 is 


sin x ~ x 


(see Exercise 50). So, in effect, the derivation of the formula for the period of a pendulum 
uses the tangent line approximation for the sine function. 

Another example occurs in the theory of optics, where light rays that arrive at shallow 
angles relative to the optical axis are called paraxial rays. In paraxial (or Gaussian) 
optics, both sin @ and cos @ are replaced by their linearizations. In other words, the linear 
approximations 


sin 8 ~ 0 and cos 0 = 1 


are used because @ is close to 0. The results of calculations made with these approxima- 
tions became the basic theoretical tool used to design lenses. (See Optics, 5th ed., by 
Eugene Hecht [Boston, 2017], p. 164.) 

In Section 11.11 we will present several other applications of the idea of linear approx- 
imations to physics and engineering. 


i Differentials 


The ideas behind linear approximations are sometimes formulated in the terminology 
and notation of differentials. If y = f(x), where f is a differentiable function, then the 
differential dx is an independent variable; that is, dx can be given the value of any real 
number. The differential dy is then defined in terms of dx by the equation 


[3] dy = f'(x) dx 


So dy is a dependent variable; it depends on the values of x and dx. If dx is given a spe- 
cific value and x is taken to be some specific number in the domain of f, then the numer- 
ical value of dy is determined. 
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The geometric meaning of differentials is shown in Figure 5. Let P(x, f(x)) and 
Q(x + Ax, f(x + Ax)) be points on the graph of f and let dx = Ax. The corresponding 
change in y is 


Ay = f(x + Ax) — f@) 


The slope of the tangent line PR is the derivative f’(x). Thus the directed distance from 
Sto Ris f'(x) dx = dy. Therefore dy represents the amount that the tangent line rises or 
falls (the change in the linearization), whereas Ay represents the amount that the curve 
y = f(x) rises or falls when x changes by an amount dx. 


FIGURE 5 
EXAMPLE3 Compare the values of Ay and dy if y = f(x) = x* + x? — 2x + 1 and 
x changes (a) from 2 to 2.05 and (b) from 2 to 2.01. 
SOLUTION 
(a) We have 
fQ=24+2?-2(2)4+1=9 
f (2.05) = (2.05)* + (2.05)? — 2(2.05) + 1 = 9.717625 
Ay = f(2.05) — f(2) = 0.717625 
Figure 6 shows the function in In general, dy = f'(x) dx = (3x* + 2x — 2) dx 
Example 3 and a comparison of dy = _ _ . 
and Ay when a = 2. The viewing When x = 2 and dx = Ax = 0.05, this becomes 
rectangle is [1.8, 2.5] by [6, 18]. dy = [3(2)? + 2(2) — 2]0.05 = 0.7 
(b) f(2.01) = (2.01)° + (2.01)? — 2(2.01) + 1 = 9.140701 


Ay = f(2.01) — f(2) = 0.140701 


When dx = Ax = 0.01, 
dy = [3(2)? + 2(2) — 2]0.01 = 0.14 a 


FIGURE 6 Notice that the approximation Ay ~ dy becomes better as Ax becomes smaller in 
Example 3. Notice also that dy was easier to compute than Ay. 
In the notation of differentials, the linear approximation f(x) ~ f(a) + f'(a)(x — a) 
can be written as 
f(a + dx) = f(a) + dy 
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1-4 Find the linearization L(x) of the function at a. 


3.10 


1. f(x) =x? — x? 


2. f(x) =e*, a=0 


3. f= ax, a 
4. f(x) = cos 2x, 


=8 
a=7/6 


Exercises 


2 


by taking dx = x — a, so x = a + dx. For instance, for the function f(x) = x + 3 in 
Example 1, we have 


dx 


2V/x +3 


dy = f'(x) dx = 


If a = 1 and dx = Ax = 0.05, then 


0.05 
dy = ——— = 0.0125 
2/1+ 3 
and V4.05 = f(1.05) = f(1 + 0.05) ~ fC) + dy = 2.0125 


just as we found in Example 1. 
Our final example illustrates the use of differentials in estimating the errors that occur 
because of approximate measurements. 


EXAMPLE 4 The radius of a sphere was measured and found to be 21 cm witha 
possible error in measurement of at most 0.05 cm. What is the maximum error in using 
this value of the radius to compute the volume of the sphere? 


SOLUTION If the radius of the sphere is r, then its volume is V = }7rr°. If the error in 
the measured value of r is denoted by dr = Ar, then the corresponding error in the 
calculated value of V is AV, which can be approximated by the differential 


dV = 4ar7dr 
When r = 21 and dr = 0.05, this becomes 
dV = 4n(21)70.05 = 277 
The maximum error in the calculated volume is about 277 cm’. | 
NOTE Although the possible error in Example 4 may appear to be rather large, a better 


picture of the error is given by the relative error, which is computed by dividing the 
error by the total volume: 


AV a _ 4ar’ dr 3 dr 


4 14 tar? r 


Thus the relative error in the volume is about three times the relative error in the radius. 
In Example 4 the relative error in the radius is approximately dr/r = 0.05/21 ~ 0.0024 
and it produces a relative error of about 0.007 in the volume. The errors could also be 
expressed as percentage errors of 0.24% in the radius and 0.7% in the volume. 


FY 5. Find the linear approximation of the function 

f(x) = V1 — x ata = 0 and use it to approximate the 
numbers /0.9 and \/0.99. Illustrate by graphing f and the 
tangent line. 


FS 6. Find the linear approximation of the function 

g(x) = V1 + x ata = 0 and use it to approximate the 
numbers </0.95 and ¥/1.1. Illustrate by graphing g and the 
tangent line. 
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7-10 Verify the given linear approximation at a = 0. Then 


determine the values of x for which the linear approximation is 
accurate to within 0.1. 


7. tan!lx ~ x 8 (l+x?=1- 3x 


2 
9. V/1 + 2x ~1 45x 10. -~1—}x 


l+e 


11-18 Find the differential of the function. 


11. y=e™ 12, y=V1-—¢ 
1+ 2u — 

13. y= 14. y = 0° sin 20 
1+ 3u 

=e ae. 16. y= /1 + cosé 
X= 3% 


17. y = In(sin 0) 18. y= 


l-e 
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37-39 Explain, in terms of linear approximations or differen- 
tials, why the approximation is reasonable. 


37. In 1.04 ~ 0.04 38. 4.02 ~ 2.005 


1 
39. —— ~ 0.1002 


9.98 
40. Let fo) = (x -— 1)? g(x) =e 
and A(x) = 1 + In(1 — 2x) 


(a) Find the linearizations of f, g, and h at a = 0. What do 
you notice? How do you explain what happened? 


am (b) Graph f, g, and h and their linear approximations. For 


19-22 (a) Find the differential dy and (b) evaluate dy for the 
given values of x and dx. 


19 y=e*/" x =0, dx=0.1 


20. y=cos7x, x= i, dx = —0.02 


21. y 34+x7, x=1, dx 0.1 


oa 
22. y=, x=2, dx =0.05 
x= 1 


23-26 Compute Ay and dy for the given values of x and 
dx = Ax. Then sketch a diagram like Figure 5 showing the line 
segments with lengths dx, dy, and Ay. 


23. y=x?—4x, x=3, Ax=05 


24. y=x—x°, x=0, Ax 0.3 


25. y=Vx-—2, x=3, Axr=08 


26. y=e*, x=0, Ax=0.5 


27-30 Compare the values of Ay and dy if x changes from 1 to 
1.05. What if x changes from 1 to 1.01? Does the approximation 
Ay = dy become better as Ax gets smaller? 


27. f(x) =x'-xt1 28. f(x) =e? 


29. f(x) = /5 —x 30. f(x) = = 


x +1 


31-36 Use a linear approximation (or differentials) to estimate 
the given number. 


31. (1.999)! 32. 1/4.002 


34. 100.5 35. e°! 


33. V 1001 


36. cos 29° 


which function is the linear approximation best? For 
which is it worst? Explain. 


41. The edge of a cube was found to be 30 cm with a possible 
error in measurement of 0.1 cm. Use differentials to esti- 
mate the maximum possible error, relative error, and per- 
centage error in computing (a) the volume of the cube and 
(b) the surface area of the cube. 


42. The radius of a circular disk is given as 24 cm with a maxi- 
mum error in measurement of 0.2 cm. 
(a) Use differentials to estimate the maximum error in the 
calculated area of the disk. 
(b) What is the relative error and the percentage error? 


43. The circumference of a sphere was measured to be 84 cm 
with a possible error of 0.5 cm. 
(a) Use differentials to estimate the maximum error in the 
calculated surface area. What is the relative error? 
(b) Use differentials to estimate the maximum error in the 
calculated volume. What is the relative error? 


44. Use differentials to estimate the amount of paint needed to 
apply a coat of paint 0.05 cm thick to a hemispherical dome 
with diameter 50 m. 


45. (a) Use differentials to find a formula for the approximate 
volume of a thin cylindrical shell with height h, inner 
radius r, and thickness Ar. 

(b) What is the error involved in using the formula from 
part (a)? 


46. One side of a right triangle is known to be 20 cm long and 
the opposite angle is measured as 30°, with a possible error 
of +1°. 

(a) Use differentials to estimate the error in computing the 
length of the hypotenuse. 
(b) What is the percentage error? 


47. If a current / passes through a resistor with resistance R, 
Ohm’s Law states that the voltage drop is V = RI. If V is 
constant and R is measured with a certain error, use differ- 
entials to show that the relative error in calculating / is 
approximately the same (in magnitude) as the relative 
error in R. 
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48. 


49. 


50. 


CHAPTER 3 __ Differentiation Rules 


When blood flows along a blood vessel, the flux F (the vol- 
ume of blood per unit time that flows past a given point) is 
proportional to the fourth power of the radius R of the blood 
vessel: 

F=kR‘ 


(This is known as Poiseuille’s Law; we will show why it 
is true in Section 8.4.) A partially clogged artery can be 
expanded by an operation called angioplasty, in which a 
balloon-tipped catheter is inflated inside the artery in order 
to widen it and restore normal blood flow. 

Show that the relative change in F is about four times the 
relative change in R. How will a 5% increase in the radius 
affect the flow of blood? 


Establish the following rules for working with differentials 
(where c denotes a constant and u and v are functions of x). 
(a) dc=0 (b) d(cu) = c du 

(c) du + v) = du + dv (d) d(uv) = udv + vdu 


() (+) _ v du EL 
v vo 


In physics textbooks, the period T of a pendulum of length L 
is often given as T ~ 27/L/g, provided that the pendulum 
swings through a relatively small arc. In the course of deriv- 
ing this formula, the equation ar = —gsin 6 for the tangential 
acceleration of the bob of the pendulum is obtained, and then 
sin 6 is replaced by @ with the remark that for small angles, 0 
(in radians) is very close to sin 0. 


(f) d(x") = nx"! dx 


DISCOVERY PROJECT 


51. 


52. 


~4 POLYNOMIAL APPROXIMATIONS 


(a) Verify the linear approximation at 0 for the sine function: 
sin 0 ~ 0 


(b) If @ = 7/18 (equivalent to 10°) and we approximate 
sin 8 by 6, what is the percentage error? 

(c) Use a graph to determine the values of @ for which sin 0 
and 6 differ by less than 2%. What are the values in 
degrees? 


Suppose that the only information we have about a function f 

is that f(1) = 5 and the graph of its derivative is as shown. 

(a) Use a linear approximation to estimate f(0.9) and f(1.1). 

(b) Are your estimates in part (a) too large or too small? 
Explain. 


yA 


Suppose that we don’t have a formula for g(x) but we know 

that g(2) = —4 and g'(x) = x? + 5 forall x. 

(a) Use a linear approximation to estimate g(1.95) and g(2.05). 

(b) Are your estimates in part (a) too large or too small? 
Explain. 


The tangent line approximation L(.) is the best first-degree (linear) approximation to f(x) 
near x = a because f(x) and L(x) have the same rate of change (derivative) at a. For a better 
approximation than a linear one, let’s try a second-degree (quadratic) approximation P(x). In 
other words, we approximate a curve by a parabola instead of by a straight line. To make sure 
that the approximation is a good one, we stipulate the following: 


(i) P(a) = f(a) 
(ii) P'(a) = f'(@) 
(ili) P”(a) = f'"(a) 


(P and f should have the same value at a.) 
(P and f should have the same rate of change at a.) 
(The slopes of P and f should change at the same rate at a.) 


1. Find the quadratic approximation P(x) = A + Bx + Cx” to the function f(x) = cos x that 
satisfies conditions (i), (ii), and (111) with a = 0. Graph P, f, and the linear approximation 
L(x) = 1 ona common screen. Comment on how well the functions P and L approximate f. 


2. Determine the values of x for which the quadratic approximation f(x) ~ P(x) in Problem 1 


is accurate to within 0.1. [Hint: Graph y 
on a common screen. ] 


P(x), y = cos x — 0.1, and y = cosx + 0.1 


3. To approximate a function f by a quadratic function P near a number a, it is best to write P 


in the form 


P(x) 


A + B(x — a) + C(x -— ay’ 
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Show that the quadratic function that satisfies conditions (1), (ii), and (iii) is 


P(x) = f(a) + f'@(a — a) + $f"(@(x — a)? 


4. Find the quadratic approximation to f(x) = /x + 3 near a = 1. Graph f, the quadratic 
approximation, and the linear approximation from Example 3.10.2 on a common screen. 
What do you conclude? 


5. Instead of being satisfied with a linear or quadratic approximation to f(x) near x = a, 
let’s try to find better approximations with higher-degree polynomials. We look for an 
nth-degree polynomial 


T(x) = Co + c1(x% — a) + E2(x — a)? + 03(x — a)? + --- + e(x — a)" 


such that 7, and its first n derivatives have the same values at x = a as f and its first n 
derivatives. By differentiating repeatedly and setting x = a, show that these conditions are 
satisfied if co = f(a), 1. = f'(@), 2 = sf" (a), and in general 


ee) 
mn. 
where k! = 1-2-3-4-----+k. The resulting polynomial 
; ” (a) (a) . 
Tx) = fla) + fe = a) + FO w= a? +--+ Oe ~ a) 


is called the nth-degree Taylor polynomial of f centered at a. (We will study Taylor 
polynomials in more detail in Chapter 11.) 


6. Find the 8th-degree Taylor polynomial centered at a = 0 for the function f(x) = cos x. 
Graph f together with the Taylor polynomials 7>, T;, Ts, Ts in the viewing rectangle 
[-5, 5] by [—1.4, 1.4] and comment on how well they approximate /. 


3.11 | Hyperbolic Functions 


B® Hyperbolic Functions and Their Derivatives 


Certain combinations of the exponential functions e* and e “ arise so frequently in mathe- 
matics and its applications that they deserve to be given special names. In many ways they 
are analogous to the trigonometric functions, and they have the same relationship to the 
hyperbola that the trigonometric functions have to the circle. For this reason they are col- 
lectively called hyperbolic functions and individually called hyperbolic sine, hyper- 
bolic cosine, and so on. 


Definition of the Hyperbolic Functions 


et —e” 


2 


sinh x = 


e~+te* 
2 


cosh x = 


sinh x 
tanh x = 
cosh x 


Copyright 2021 Cengage Learning. All Rights Rese May not be copied, scanned, or duplicated, 


in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


262 CHAPTER 3 _ Differentiation Rules 


The graphs of hyperbolic sine and hyperbolic cosine can be sketched using graphical 
addition as in Figures | and 2. 


YA 


#Y 


FIGURE 1 FIGURE 2 FIGURE 3 


y = sinhx = Se* =—5e°* y = coshx = Se + te y = tanhx 


Note that sinh has domain R and range IR, whereas cosh has domain R and range 
[1, 2°). The graph of tanh is shown in Figure 3. It has horizontal asymptotes y = +1. (See 
Exercise 27.) 

Some of the mathematical uses of hyperbolic functions will be seen in Chapter 7. 
Applications to science and engineering occur whenever an entity such as light, velocity, 
electricity, or radioactivity is gradually absorbed or extinguished because the decay can 
be represented by hyperbolic functions. The most famous application is the use of hyper- 
bolic cosine to describe the shape of a hanging wire. It can be proved that if a heavy 
flexible cable (such as an overhead power line) is suspended between two points at the 

Xx same height, then it takes the shape of a curve with equation 


Se 
FIGURE 4 ae 


A catenary y = c + acosh(x/a) called a catenary (see Figure 4). (The Latin word catena means “chain.”) 
Another application of hyperbolic functions occurs in the description of ocean waves: 
the velocity of a water wave with length L moving across a body of water with depth d is 


4 — modeled by the function 
L 
Z v= | g tanh ome 
bail , 217 L 


FIGURE 5 where g is the acceleration due to gravity (see Figure 5 and Exercise 57). 

The hyperbolic functions satisfy a number of identities that are similar to well-known 
trigonometric identities. We list some of them here and leave most of the proofs to the 
exercises. 


Idealized water wave 


Hyperbolic Identities 
sinh(—x) = —sinh x cosh(—x) = cosh x 
cosh?x — sinh?x = 1 1 — tanh?x = sechx 


sinh(x + y) = sinh x cosh y + cosh x sinh y 


cosh(x + y) = coshx cosh y + sinh x sinh y 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 3.11 — Hyperbolic Functions 263 


EXAMPLE 1 Prove (a) cosh*x — sinh?x = 1 and (b) 1 — tanh’x = sech’x. 
SOLUTION 


e* + e? 2 e* _ er 2: 
h2 = es h2 = =o —__ 
(a) cosh*x — sinh“x ( 5 ( 5 


e~+2+e% e*-2+e” 


(b) We start with the identity proved in part (a): 


iStock.com / gnagel 


cosh?x — sinh?x = 1 


The Gateway Arch in St. Louis was 
designed using a hyperbolic cosine 
function (see Exercise 56). 


If we divide both sides by cosh*x, we get 


sinh’x 1 
I- eS 2 
cosh'x — cosh"x 
or 1 — tanh*x = sech’x Oo 
yA The identity proved in Example 1I(a) gives a clue to the reason for the name “hyper- 


bolic” functions: 

If ¢ is any real number, then the point P(cos ¢, sin f) lies on the unit circle x? + y* = 1 
because cos*t + sin’t = 1. In fact, t can be interpreted as the radian measure of 7 POQ 
in Figure 6. For this reason the trigonometric functions are sometimes called circular 
functions. 

Likewise, if ¢ is any real number, then the point P(cosh ¢, sinh #) lies on the right 
a | branch of the hyperbola x* — y* = 1 because cosh*t — sinh*t = 1 and cosh t = 1. This 

time, f does not represent the measure of an angle. However, it turns out that ¢ represents 
FIGURE 6 twice the area of the shaded hyperbolic sector in Figure 7, just as in the trigonometric 
case f represents twice the area of the shaded circular sector in Figure 6. 
The derivatives of the hyperbolic functions are easily computed. For example, 


d d ee 2 v4 pt 
4 ion = 4( . )- = cosh x 


P(cos t,sin f) 


is) 
av 


YA P(cosh t, sinh fr) 


x 


2 2 
7 > We list the differentiation formulas for the hyperbolic functions as Table 1. The remain- 
* ing proofs are left as exercises. Note the analogy with the differentiation formulas for 
trigonometric functions, but note that the signs are different in some cases. 
eo y? =] 


[1] Derivatives of Hyperbolic Functions 
FIGURE 7 a d 
— (sinh x) = cosh x — (esch x) = —csch x coth x 
dx dx 


d . d 
— (cosh x) = sinh x — (sech x) = —sech x tanh x 
dx dx 


d d 
— (tanh x) = sech’x — (coth x) = —csch?x 
dx dx 
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Any of these differentiation rules can be combined with the Chain Rule, as in the next 
example. 


EXAMPLE 2 If y = cosh ,/x, find dy/dx. 
SOLUTION Using (1) and the Chain Rule, we have 


dy de d - sinh \/x 
Te dy (08h Vx) = sinh Vx vt ars | 


@ Inverse Hyperbolic Functions and Their Derivatives 


You can see from Figures | and 3 that sinh and tanh are one-to-one functions and so they 
have inverse functions denoted by sinh ' and tanh '. Figure 2 shows that cosh is not one- 
to-one, but if we restrict the domain to the interval [0, ©), then the function y = cosh x 
is one-to-one and attains all the values in its range [1, ©). The inverse hyperbolic cosine 
function is defined as the inverse of this restricted function. 


y=sinh'x << sinhy=x 
[2] y=cosh''x <> coshy=x and y20 
y=tanh'x <> tanhy=x 


The remaining inverse hyperbolic functions are defined similarly (see Exercise 32). 
We sketch the graphs of sinh”', cosh” ', and tanh ' in Figures 8, 9, and 10 by referring 
to Figures 1, 2, and 3. 


YA YA 
y 
> 0 > 
0 x -] 1 x 
> 
0 rT x 
FIGURE8 y = sinh 'x FIGURE9 y = cosh’'x FIGURE 10 y = tanh 'x 
domain = R_ range = R domain = [1,%) range = [0, 2) domain = (—1,1) range=R 


Since the hyperbolic functions are defined in terms of exponential functions, it’s not 
surprising to learn that the inverse hyperbolic functions can be expressed in terms of 
logarithms. In particular, we have: 


sinh” !x = In(x + /x? + 1) 


Formula 3 is proved in Example 3. coh = In(x ree 1) 
The proofs of Formulas 4 and 5 are 
requested in Exercises 30 and 31. 1+x 
tanh" 'x ; 
=X 
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Notice that the formulas for the 
derivatives of tanh7!x and coth”!x 
appear to be identical. But the 
domains of these functions have no 
numbers in common: tanh” 'x is 
defined for |x| < 1, whereas coth’ ‘x 
is defined for |x| > 1. 
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EXAMPLE 3 Show that sinh” !x = In(x + /x? + 1). 
SOLUTION Let y = sinh 'x. Then 


‘aly —e 
x = sinhy = 
. 2 
so e*>—2x-—e*=0 
or, multiplying by e’, e”” — xe? -1=0 


This is really a quadratic equation in e’: 
(e’)? — 2x(e?) —-1=0 


Solving by the quadratic formula, we get 


=F =x Jer 
Note that e” > 0, but x — /x? +1<0 (because Bay fe ae 1). Thus the minus sign 


1s inadmissible and we have 
e=xt/x?4+1 


Therefore y = Ine’) = In(x + Vx? + 1) 
This shows that sinh” !x = In(x + Vx? + 1) 
(See Exercise 29 for another method.) |_| 


[6] Derivatives of Inverse Hyperbolic Functions 


d 1 d 
— (sinh7!x) = ———— — (csch™!x) = — 


1 
d. V1 + x? dx alee? od 


d d 1 
ae (cosh !x) = aa ae (sech™!x) == 


d d 
me (tanh” 'x) = a (coth !x) = 7, 


The inverse hyperbolic functions are all differentiable because the hyperbolic func- 
tions are differentiable (see Appendix F). The formulas in Table 6 can be proved either 
by the method for inverse functions or by differentiating Formulas 3, 4, and 5. 


1 


SOLUTION 1 Let y = sinh’ ‘x. Then sinh y = x. If we differentiate this equation 
implicitly with respect to x, we get 


EXAMPLE 4 Prove that “ (sinh7!x) = 
x 


d 
cosh y oY = 1 
dx 
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Since cosh’ y — sinh’y = 1 and cosh y = 0, we have cosh y = /1 + sinh*y, so 


dy 1 1 1 
dx coshy J1+sinkky 1+ x? 


SOLUTION 2 From Equation 3 (proved in Example 3), we have 


d d 
7, (sinks) ye inl + /x? +1) 


= £ (54. fv ¥1) 


peel & 


1 x 
ee ee | 
xt+ —_( —_ 


_ xe+i+x 
(x + Vx? +1) fe? +1 
1 
ae a 
Vx? + 1 
oe oes 
EXAMPLE 5 Find mn [tanh '(sin x)]. 
x 
SOLUTION Using Table 6 and the Chain Rule, we have 
d 1 
— [tanh '(sin x)] = sin x 
dx [ ne) 1 — (sin x)’ dx pug) 
cos x 
= 9 COS X = 7 = sec x || 
1 — sin*x cos"x 
3.11 | Exercises 
1-6 Find the numerical value of each expression. 9. Write sinh(In x) as a rational function of x. 
1. (a) sinhO (b) cosh 0 10. Write cosh(4 In x) as a rational function of x. 
2. (a) tanhO (b) tanh 1 11-23 Prove the identity. 
3. (a) cosh(In 5) (b) cosh 5 11. sinh(—x) = —sinh x 
(This shows that sinh is an odd function.) 
4. (a) sinh 4 (b) sinh(In 4) 
12. cosh(—x) = cosh x 
5. (a) sechO (b) cosh”! 1 (This shows that cosh is an even function.) 
6. (a) sinh 1 (b) sinh7!1 13. cosh x + sinh x = e* 


x 


14. cosh x — sinh x = e~ 


x 


7. Write 8 sinh x + 5 cosh x in terms of e* and e™*. 15 


. sinh(x + y) = sinh x cosh y + cosh x sinh y 


8. Write 2e7* + 3e ** in terms of sinh 2x and cosh 2x. 16. cosh(x + y) = cosh x cosh y + sinh x sinh y 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


coth’x — 1 = csch’x 


tanh x + tanh y 
1 + tanh x tanh y 


tanh(x + y) 


sinh 2x = 2 sinh x cosh x 
cosh 2x = cosh?x + sinh?x 


x1 
+1 


tanh(In x) = 


1 + tanh x 


=, Z2% 
1 — tanh x 


(cosh x + sinh x)" = cosh nx + sinh nx 
(n any real number) 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


If tanh x = find the values of the other hyperbolic func- 
tions at x. 


If cosh x = : and x > 0, find the values of the other hyper- 
bolic functions at x. 


(a) Use the graphs of sinh, cosh, and tanh in Figures 1-3 to 
draw the graphs of csch, sech, and coth. 

(b) Check the graphs that you sketched in part (a) by using 
a graphing calculator or computer to produce them. 


Use the definitions of the hyperbolic functions to find each 
of the following limits. 


(a) lim tanh x (b) jim tanh x 
(c) lim sinh x (d) jim sinh x 
(e) lim sech x (f) lim coth x 
(g) Jim, coth x (h) Jim coth x 
: : . .,. sinhx 
(i) lim csch x (Gj) lim 
X01 x08 e 


Prove the formulas given in Table 1 for the derivatives of the 
functions (a) cosh, (b) tanh, (c) csch, (d) sech, and (e) coth. 


Give an alternative solution to Example 3 by letting 
y = sinh ‘x and then using Exercise 13 and Example 1(a) 
with x replaced by y. 


Prove Equation 4. 


Prove Equation 5 using (a) the method of Example 3 and 
(b) Exercise 22 with x replaced by y. 


For each of the following functions (i) give a definition like 
those in (2), (ii) sketch the graph, and (iii) find a formula 
similar to Equation 3. 


(a) csch7! (b) sech™! (c) coth™! 


33. 


34. 


35- 
35. 


37. 


39. 


41. 


43. 


45. 


47. 


49. 


50. 


51. 


52. 


53. 
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Prove the formula given in Table 6 for the derivative of each 
of the following functions. 


(a) cosh7! (b) tanh™! (c) coth™! 
Prove the formula given in Table 6 for the derivative of each 
of the following functions. 
(a) sech™! (b) csch7! 
53 Find the derivative. Simplify where possible. 
f(x) = cosh 3x 36. f(x) = e* coshx 
h(x) = sinh(x7) 38. g(x) = sinh’x 
G(t) = sinh(In r) 40. F(t) = In(sinh 2) 
f(x) = tanh /x 42. H(v) =e” 
y = sechx tanh x 44. y = sech(tanh x) 
1 + sinht 
g(t) = tcoth/t? + 1 46. f(t) = — 
1 — sinht 
f(x) = sinh™!(—2x) 48. g(x) = tanh '(x*) 
y =cosh ‘(sec 0), 0<0< 7/2 
y =sech ‘(sin @), 0<0< 7/2 


G(u) = cosh !/1 + u?, 
y =xtanh ‘x + In/1 — x? 
y =xsinh '(x/3) — 9 + x? 


u>0O 


54. 


55. 


56. 


d 4/1 + tanhx ts ei5 
Show that — 4 | se, 
ne dx 1 — tanh x 26 


d 
Show that one arctan(tanh x) = sech 2x. 
x 


The Gateway Arch The Gateway Arch in St. Louis was 
designed by Eero Saarinen and was constructed using 
the equation 


y = 211.49 — 20.96 cosh 0.03291765x 


for the central curve of the arch, where x and y are mea- 
sured in meters and |x| < 91.20. 
(a) Graph the central curve. 
(b) What is the height of the arch at its center? 
(c) At what points is the height 100 m? 
(d) What is the slope of the arch at the points in 
part (c)? 
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57. 


59. 


60. 


CHAPTER 3 __ Differentiation Rules 


If a water wave with length L moves with velocity v ina 61. 


body of water with depth d, then 


L 
v Z iam aad 
iL 


Qa 


where g is the acceleration due to gravity. (See Figure 5.) 


Explain why the approximation 62. 


is appropriate in deep water. 


A flexible cable always hangs in the shape of a catenary 

y = c + acosh(x/a), where c and a are constants and 

a > 0 (see Figure 4 and Exercise 60). Graph several mem- 
bers of the family of functions y = a cosh(x/a). How does 
the graph change as a varies? 


A telephone line hangs between two poles 14 m apart in the 

shape of the catenary y = 20 cosh(x/20) — 15, where x and 

y are measured in meters. 

(a) Find the slope of this curve where it meets the right- 
hand pole. 

(b) Find the angle 6 between the line and the pole. 


63. 


64. 


Using principles from physics it can be shown that when a 
cable is hung between two poles, it takes the shape of a 
curve y = f(x) that satisfies the differential equation 


a 2 
fy oth a (po 
dx” fi dx 


where p is the linear density of the cable, g is the accelera- 
tion due to gravity, T is the tension in the cable at its lowest 
point, and the coordinate system is chosen appropriately. 
Verify that the function 
ee) 
T 


is a solution of this differential equation. 


67. 


y=f(x) = L cst 
pg 


A cable with linear density p = 2 kg/m is strung from the 

tops of two poles that are 200 m apart. 

(a) Use Exercise 60 to find the tension T so that the cable is 
60 m above the ground at its lowest point. How tall are 
the poles? 

(b) If the tension is doubled, what is the new low point of the 
cable? How tall are the poles now? 


A model for the velocity of a falling object after time r is 


v(t) = < wane ) 
k m 

where m is the mass of the object, g = 9.8 m/s? is the accel- 
eration due to gravity, k is a constant, f is measured in sec- 
onds, and v in m/s. 
(a) Calculate the terminal velocity of the object, that is, 
lim, v(t). 
If a person skydives from a plane, the value of the 
constant k depends on his or her position. For a “belly-to- 
earth” position, k = 0.515 kg/s, but for a “feet-first” 
position, k = 0.067 kg/s. If a 60-kg person descends in 
belly-to-earth position, what is the terminal velocity? 
What about feet-first? 


Source: L. Long et al., “How Terminal Is Terminal Velocity?” American 
Mathematical Monthly 113 (2006): 752-55. 


(b) 


(a) Show that any function of the form 
y =A sinh mx + Bcoshmx 


satisfies the differential equation y" = my. 
(b) Find y = y(x) such that y” = 9y, y(0) = —4, 
and y'(0) = 6. 


If x = In(sec @ + tan 6), show that sec @ = cosh x. 


At what point of the curve y = cosh x does the tangent have 
slope 1? 


Investigate the family of functions 
fn(x) = tanh(n sin x) 


where nis a positive integer. Describe what happens to the 
graph of f, when n becomes large. 


Show that if a + 0 and b ¥ O, then there exist numbers a 
and B such that ae* + be™* equals either 


a sinh(x + B) or a cosh(x + B) 


In other words, almost every function of the form 
f(x) = ae* + be™ is a shifted and stretched hyperbolic sine 
or hyperbolic cosine function. 
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EM review 


CONCEPT CHECK 


CHAPTER 3 Review 269 


Answers to the Concept Check are available at StewartCalculus.com. 


1. State each differentiation rule both in symbols and in words. 
(a) The Power Rule 
(b) The Constant Multiple Rule 
(c) The Sum Rule 
(d) The Difference Rule 
(e) The Product Rule 
(f) The Quotient Rule 
(g) The Chain Rule 


2. State the derivative of each function. 


(a) y= x" (b) y=e" () y=" 

(d) y=Inx (e) y = log, x (f) y = sinx 
(g) y = cos x (h) y = tanx (i) y=cscx 
(Gj) y = secx (k) y = cotx (1) y = sin 'x 
(m) y = cos 'x (n) y = tan ‘x (0) y = sinhx 
(p) y = cosh x (q) y = tanh x (r) y = sinh 'x 
(s) y = cosh 'x (t) y = tanh ‘x 


3. (a) How is the number e defined? 
(b) Express e as a limit. 
(c) Why is the natural exponential function y = e* used more 
often in calculus than the other exponential functions y = b*? 


TRUE-FALSE QUIZ 


(d) Why is the natural logarithmic function y = In x used 
more often in calculus than the other logarithmic func- 
tions y = log, x? 


4. (a) Explain how implicit differentiation works. 
(b) Explain how logarithmic differentiation works. 


5. Give several examples of how the derivative can be inter- 
preted as a rate of change in physics, chemistry, biology, 
economics, or other sciences. 


6. (a) Write a differential equation that expresses the law of 
natural growth. 
(b) Under what circumstances is this an appropriate model 
for population growth? 
(c) What are the solutions of this equation? 


7. (a) Write an expression for the linearization of f at a. 
(b) If y = f(x), write an expression for the differen- 
tial dy. 
(c) If dx = Ax, draw a picture showing the geometric 
meanings of Ay and dy. 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. If f and g are differentiable, then 


Ere) + gl =F") + 9) 
2. If f and g are differentiable, then 
LA g(a] = Fg) 
3. If f and g are differentiable, then 
= [rtg(a)] =F giao") 


fo) 
2VF0) 


d _ £'®) 


a. 
4. If f is differentiable, then 7 Vf (x) 
x 


5. If f is differentiable, then 


6. If y = e’, then y’ = 2e. 


d 
7. —(10*) = x10"! 
rms la) 
d 1 
8. — (In 10) = — 
7 tit 10) 


10 


d 25 de z 
9. re (tan’x) = F (sec*x) 


10. |x? + x| =|2x 4+ 1] 


11. The derivative of a polynomial is a polynomial. 
12. If f(x) = (x° — x*)°, then f°"(x) = 0. 
13. The derivative of a rational function is a rational function. 


14. An equation of the tangent line to the parabola y = x? 
at (—2, 4) is y — 4 = 2x(x + 2). 


g(x) = g(2) _ 


80. 
x—-2 


15. If g(x) = x°, then lim 
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270 CHAPTER 3 _ Differentiation Rules 


EXERCISES 
1-54 Calculate y’. (x + A)! ; : 
46. y= 47. y = x sinh(x’) 
xy! ‘ iT 1 x'+n2r 
1. y= (x? + x°) -_y=stclo 
vx x? sin mx 
48. y= 49. y = In(cosh 3x) 
Sy i bee tae 4. y—- lana x 
< Vx a 1 + cos x oA 
50. y=In 51. y =cosh ((sinh x) 
5. y= x° sin wx 6. y =xcos ‘x 2x +5 
tt-1 ; 52. y = xtanh Vx 53. y = cos(ev™* ) 
ce eer ar 8. xe’ = ysinx 
54. y = sin’(cos,sin 7x ) 
9. y = In(xInx) 10. y = e”* cos nx 
11. y= Vx cos Vx 12. y = (arcsin 2x)* 55. If f(t) = V4t + 1, find f"(2). 
Vx 56. If g(0) = @ sin 8, find g” (7/6). 
13. y= = 14. y =Insecx 46) = ga) 
ae 
57. Find y” ifx® + y°= 1. 
4 
“= 1 
15. y + xcosy = x’y 16. y= (=) 58. Find f(x) if f(x) = 1/(2 — x). 
_ = 59. Use mathematical induction to show that if f(x) = xe*, 
Le a t 18. y = cot(ese x) then f(x) = (x + n)e*. (Note: See Principles of Problem 
t Solving following Chapter 1.) 
19. y= nl 7s =) 20. y =e" 
60. Evaluate lim ent0’ 
21. y=37™ 22. y = sec(1 + x?) 0 tan’(2t) 
3 y= 2° 2. y= Vile + fx 61-63 Find an equation of the tangent line to the curve at the 


given point. 


25. sin(xy) =x — y 26. y = sin //x ar 


61. y=4sin’x, (7/6, 1) 62. y= a 


e 


27. y = logs(1 + 2x) 28. y = (cos x)* 


(x2 +14 63. y= V1+4sinx, (0,1) 


. Lo 
29. y = Insinx — 5 sinx 30. y Ox + Ix — DS 
r cos x , 64-65 Find equations of the tangent line and normal line to the 
31. y = x tan ‘(4x) 32. y= e%* + cosle*) curve at the given point. 
33. y=In|sec5x + tan5x| 34 y= 107° 64..x° + 4xy + y= 13, (2,1) 
35. y = cot(3x? + 5) 36. y = Jt In(t*) 65. y=(2+ xJe*, (0,2) 
37. y = sin(tan /1 + x°) 38. y= xsec ‘x 
66. If f(x) = xe", find f'(x). Graph f and f’ on the same 
39. y = 5 arctan (1/x) screen and comment. 
40. y=sin ‘(cos0@), 0<O0<7 67. (a) If f(x) =xV/5 — x, find f(x). 
‘ (b) Find equations of the tangent lines to the curve 
41. y = xtan 'x — 5 In(1 + x’) y =x,/5 — x at the points (1, 2) and (4, 4). 
es shes aa (c) Illustrate part (b) by graphing the curve and tangent lines 
42. y = In(arcsin x*) 43. y = tan(sin @) on thé: saine Scien. 
5 (d) Check to see that your answer to part (a) is reasonable by 
5 Vx + 1(2—-x) : ; 
44. y+ Iny=xy" 45. y G@+3y comparing the graphs of f and f’. 
x 
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68. (a) If f(x) = 4x — tan x, —7/2 <x < w/2, find f’ 79. f(x) = gle*) 80. f(x) =e" 


and f”. 
(b) Check to see that your answers to part (a) are reason- » f(x) = In | g(x) | 82. f(x) = g(In x) 


able by comparing the graphs of f, f’, and f”. 


8 


—_ 


69. At what points on the curve y = sin x + cos x, 83-85 Find h’ in terms of f” and q’, 
0 < x S 27, is the tangent line horizontal? f(x)g(x) 


83. h(x) = 7G) +00) 
70. Find the points on the ellipse x* + 2y* = 1 where the PORES 


tangent line has slope 1. (x) 
84. A(x) = | x 
71. If f(x) = (x — a)(x — b)(x — c), show that g(x) 


85. h(x) = f(g(sin 4x)) 


fix) a cree 
f(x) xa x=b x6 
FY 86. (a) Graph the function f(x) = x — 2 sin x in the viewing 
72. (a) By differentiating the double-angle formula rectangle [0, 8] by [—2, 8]. 
(b) On which interval is the average rate of change larger: 
cos 2x = cos*x — sin’x [1, 2] or [2, 3]? 


(c) At which value of x is the instantaneous rate of change 
larger: x = 2orx = 5? 
(d) Check your visual estimates in part (c) by computing 


sin(x + a) = sin x cosa + cos x sina f(x) and comparing the numerical values of f"(2) 
and f'(5). 


obtain the double-angle formula for the sine function. 
(b) By differentiating the addition formula 


obtain the addition formula for the cosine function. : 
87. At what point on the curve 


73. Suppose that y = [In(x + YP 
ff) =2 f'Q) =3 fQ=1 f'(2) = 2 is the tangent horizontal? 
gy =3 gl) = 1 g(2) = | g'(2)=4 88. (a) Find an equation of the tangent line to the curve y = e* 
ay SG) = 7d) + oi tind 8°), that is parallel to the line x — 4y = 1. 


(b) Find an equation of the tangent to the curve y = e* that 


(b) If P(x) = f(x) gQ), find P’@2). passes through the origin. 


(c) If Q(x) = f(x)/g(a), find Q'(1). ; 
(d) If C(x) = f (g(x), find C'(2) 89. Find a parabola y = ax” + bx + c that passes through the 
: . point (1, 4) and whose tangent lines at x = —1 and. x = 5 


74. If f and g are the functions whose graphs are shown, let have slopes 6 and —2, respectively. 


P(x) = fxg), OO) = f(x)/gx), and C(x) = f(g(a)). 90. The function C(t) = K(e~“’ — e~”"), where a, b, and K are 

Find (a) P’(2), (b) Q'(2), and (c) C'(2). positive constants and b > a, is used to model the concen- 

tration at time ¢ of a drug injected into the bloodstream. 

(a) Show that lim,_...C(t) = 0. 

(b) Find C’(2), the rate of change of drug concentration in 
the blood. 

(c) When is this rate equal to 0? 


91. An equation of motion of the form s = Ae “‘cos(wt + 6) 
represents damped oscillation of an object. Find the velocity 
and acceleration of the object. 


92. A particle moves along a horizontal line so that its coor- 
dinate at time fis x = /b? + c?t?,t = 0, where b andc 


4 rs ' 
a are positive constants. 


75. f(x) = x°g(x) 76. f(x) = g(x’) (a) Find the velocity and acceleration functions. 
(b) Show that the particle always moves in the positive 
77. f(x) =[g@)P 78. f(x) = g(g(x)) direction. 
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93. 


94. 


95. 


96. 


97. 


98. 


99. 


CHAPTER 3 __ Differentiation Rules 


A particle moves on a vertical line so that its coordinate at 

time tisy = — 12r+3,t=0. 

(a) Find the velocity and acceleration functions. 

(b) When is the particle moving upward and when is it 
moving downward? 

(c) Find the distance that the particle travels in the time 
interval 0 S ¢ S 3. 

(d) Graph the position, velocity, and acceleration functions 
for0 St S3. 

(e) When is the particle speeding up? When is it slowing 
down? 


The volume of a right circular cone is V = 377r7h, where 

r is the radius of the base and / is the height. 

(a) Find the rate of change of the volume with respect to 
the height if the radius is constant. 

(b) Find the rate of change of the volume with respect to 
the radius if the height is constant. 


The mass of part of a wire is x(1 + / x) kilograms, where 
x is measured in meters from one end of the wire. Find the 
linear density of the wire when x = 4 m. 


The cost, in dollars, of producing x units of a certain com- 
modity is 


C(x) 


0.02x* + 0.00007x? 


920 + 2x 


(a) Find the marginal cost function. 

(b) Find C’(100) and explain its meaning. 

(c) Compare C’(100) with the cost of producing the 101st 
item. 


A bacteria culture contains 200 cells initially and grows at a 
rate proportional to its size. After half an hour the popula- 
tion has increased to 360 cells. 

(a) Find the number of cells after t hours. 

(b) Find the number of cells after 4 hours. 

(c) Find the rate of growth after 4 hours. 

(d) When will the population reach 10,000? 


Cobalt-60 has a half-life of 5.24 years. 

(a) Find the mass that remains from a 100-mg sample after 
20 years. 

(b) How long would it take for the mass to decay to 1 mg? 


Let C(t) be the concentration of a drug in the bloodstream. 


As the body eliminates the drug, C(t) decreases at a rate that 


is proportional to the amount of the drug that is present at 


the time. Thus C(t) = —kC(t), where k is a positive number 


called the elimination constant of the drug. 

(a) If Co is the concentration at time t = 0, find the 
concentration at time f. 

(b) If the body eliminates half the drug in 30 hours, how 
long does it take to eliminate 90% of the drug? 


100. 


101. 


102. 


103. 


104. 


105. 


107. 


ae] 


108. 


FY 106. 


A cup of hot chocolate has temperature 80°C in a room 

kept at 20°C. After half an hour the hot chocolate cools 

to 60°C. 

(a) What is the temperature of the chocolate after another 
half hour? 

(b) When will the chocolate have cooled to 40°C? 


The volume of a cube is increasing at a rate of 10 cm*/min. 
How fast is the surface area increasing when the length of 
an edge is 30 cm? 


A paper cup has the shape of a cone with height 10 cm and 
radius 3 cm (at the top). If water is poured into the cup at a 
rate of 2 cm*/s, how fast is the water level rising when the 
water is 5 cm deep? 


A balloon is rising at a constant speed of 5 ft/s. A boy is 
cycling along a straight road at a speed of 15 ft/s. When he 
passes under the balloon, it is 45 ft above him. How fast is 
the distance between the boy and the balloon increasing 3 s 
later? 


A waterskier skis over the ramp shown in the figure at a 
speed of 30 ft/s. How fast is she rising as she leaves the 
ramp? 


The angle of elevation of the sun is decreasing at a rate of 
0.25 rad/h. How fast is the shadow cast by a 400-ft-tall 
building increasing when the angle of elevation of the sun 
is 7/6? 


(a) Find the linear approximation to f(x) = 25 — x? 
near 3. 

Illustrate part (a) by graphing f and the linear 
approximation. 

For what values of x is the linear approximation 


accurate to within 0.1? 


(b) 


(c) 


Find the linearization of f(x) = </1 + 3x ata = 0. 
State the corresponding linear approximation and use 
it to give an approximate value for ¥/1.03. 
Determine the values of x for which the linear 
approximation given in part (a) is accurate to 

within 0.1. 


(a) 


(b) 


Evaluate dy if y = x* — 2x* + 1,x = 2, and dx = 0.2. 
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109. A window has the shape of a square surmounted by a semi- 
circle. The base of the window is measured as having width 
60 cm with a possible error in measurement of 0.1 cm. Use 
differentials to estimate the maximum error possible in com- 
puting the area of the window. 


110-112 Express the limit as a derivative and evaluate. 


7 | 


, Xx 
110. lim ——— 
xl xX — 1 


. V/16+h -2 _ cos é— 0.5 
111. lim ——WY__- 112.) lim) ——W—__ 
h—0 h 62/3 0 — 1/3 


113. 


114. 


115. 


116. 
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Jl +tanx — Jl + sinx 


Evaluate lim 5 


x>0 x 


Suppose f is a differentiable function such that f(g(x)) = x 
and f'(x) = 1 + [f(x)]’. Show that g(x) = 1/(1 + x7). 


Find f'(x) if it is known that 


“Len = 


Show that the length of the portion of any tangent line to the 
astroid x?/3 + y?/3 = a?/ cut off by the coordinate axes is 
constant. 
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Problems Plus 


Try to solve the following examples yourself before reading the solutions. 


EXAMPLE 1 How many lines are tangent to both of the parabolas y = —1 — x? and 
y = 1 + x*? Find the coordinates of the points at which these tangents touch the 
parabolas. 


SOLUTION To gain insight into this problem, it is essential to draw a diagram. So we 
sketch the parabolas y = 1 + x? (which is the standard parabola y = x? shifted 1 unit 
upward) and y = —1 — x* (which is obtained by reflecting the first parabola about the 
x-axis). If we try to draw a line tangent to both parabolas, we soon discover that there 
are only two possibilities, as illustrated in Figure 1. 
Let P be a point at which one of these tangents touches the upper parabola and let a 
x be its x-coordinate. (The choice of notation for the unknown is important. Of course we 
could have used b or c or Xo or x; instead of a. However, it’s not advisable to use x in 
place of a because that x could be confused with the variable x in the equation of the 
parabola.) Then, since P lies on the parabola y = 1 + x’, its y-coordinate must be 
1 + a*. Because of the symmetry shown in Figure 1, the coordinates of the point Q 
where the tangent touches the lower parabola must be (—a, —(1 + a’)). 
FIGURE 1 To use the given information that the line is a tangent, we equate the slope of the 
line PQ to the slope of the tangent line at P. We have 


_tltea=(Hl=e) lee 
a — (—a) a 


Mpg 


If f(x) = 1 + x?, then the slope of the tangent line at P is f'(a) = 2a. Thus the con- 
dition that we need to use is that 


1+a’ 
a 


=2a 


Solving this equation, we get 1 + a* = 2a’, so a* = 1 anda = +1. Therefore the 
points are (1, 2) and (—1, —2). By symmetry, the two remaining points are (— 1, 2) 
and (1, —2). a 


EXAMPLE 2 For what values of c does the equation In x = cx* have exactly one 
solution? 


SOLUTION One of the most important principles of problem solving is to draw a dia- 
gram, even if the problem as stated doesn’t explicitly mention a geometric situation. 
Our present problem can be reformulated geometrically as follows: for what values of c 
FIGURE 2 does the curve y = In x intersect the curve y = cx’ in exactly one point? 

Let’s start by graphing y = In x and y = cx” for various values of c. We know that, 
for c ¥ 0, y = cx’ is a parabola that opens upward if c > 0 and downward if c < 0. 
Figure 2 shows the parabolas y = cx’ for several positive values of c. Most of them 
don’t intersect y = In x at all and one intersects twice. We have the feeling that there 
must be a value of c (somewhere between 0.1 and 0.3) for which the curves intersect 
exactly once, as in Figure 3. 

To find that particular value of c, we let a be the x-coordinate of the single point 
of intersection. In other words, In a = ca’, so a is the unique solution of the given 
equation. We see from Figure 3 that the curves just touch, so they have a common 
tangent line when x = a. That means the curves y = In x and y = cx” have the same 
slope when x = a. Therefore 


FIGURE 3 1 

— = 2ca 
a 

274 
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Solving the equations In a = ca’ and 1/a = 2ca, we get 


1 
Ina=ca =c+— => 
y=lInx 2c 2 


Thus a = e'/? and 


— Ina _ Ine!/? i 
a’ e 2e 


BY 


For negative values of c we have the situation illustrated in Figure 4: all parabolas 
y = cx’ with negative values of c intersect y = In x exactly once. And let’s not forget 
about c = 0: the curve y = 0x? = 0 is just the x-axis, which intersects y = In x 
exactly once. 
FIGURE 4 To summarize, the required values of c are c = 1/(2e) andc < 0. |_| 


Problems 1. Find points P and Q on the parabola y = 1 — x? so that the triangle ABC formed by the 
x-axis and the tangent lines at P and Q is an equilateral triangle (see the figure). 


ya 
A 


v 
af © 


av 


f4 2. Find the point where the curves y = x° — 3x + 4and y = 3(x? — x) are tangent to each 
other, that is, have a common tangent line. Illustrate by sketching both curves and the 
common tangent. 


3. Show that the tangent lines to the parabola y = ax” + bx + c at any two points with 
x-coordinates p and q must intersect at a point whose x-coordinate is halfway between p 
and q. 


d 5.2. 2. 
Show that r ( = + ~—_ ) = —cos 2x. 
x 


- 


1 + cotx 1 + tanx 


If f(x) = lim ct = ssa find the value of f'(7/4). 
=x 


vi 


tx 


6. Find the values of the constants a and b such that 


. wvaxt+b—-2 5 
YA lim 


x0 x 12 


7. Show that sin7'(tanh x) = tan7!(sinh x). 


(see the figure). The car starts at a point 100 m west and 100 m north of the origin and 
travels in an easterly direction. There is a statue located 100 m east and 50 m north of the 
7 origin. At what point on the highway will the car’s headlights illuminate the statue? 


! 8. A car is traveling at night along a highway shaped like a parabola with its vertex at the origin 


n 


d 
FIGURE FOR PROBLEM 8 9. Prove that = (sin‘x + cos*x) = 4"! cos(4x + n/2). 
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10. If f is differentiable at a, where a > 0, evaluate the following limit in terms of f’(a): 


im £8) ~£@ 

ye 

mn Je — Ja 

11. The figure shows a circle with radius | inscribed in the parabola y = x”. Find the center of 
the circle. 


12. Find all values of c such that the parabolas y = 4x” and x = c + 2y? intersect each other at 
right angles. 


13. How many lines are tangent to both of the circles x7 + y* = 4and x? + (y — 3 =1? 
At what points do these tangent lines touch the circles? 
KE PD 


14. If f) = — 5, 


, calculate f“°(3). Express your answer using factorial notation: 
nl=1°2+3+:::*(n—LDen 


15. The figure shows a rotating wheel with radius 40 cm and a connecting rod AP with length 
1.2 m. The pin P slides back and forth along the x-axis as the wheel rotates counter- 
clockwise at a rate of 360 revolutions per minute. 

(a) Find the angular velocity of the connecting rod, da/dt, in radians per second, 
when 0 = 7/3. 

(b) Express the distance x = | OP| in terms of 0. 

(c) Find an expression for the velocity of the pin P in terms of 0. 


YA 


—~ 4 


16. Tangent lines 7, and 7) are drawn at two points P; and P2 on the parabola y = x? and they 
intersect at a point P. Another tangent line T is drawn at a point between P; and P2; it 
intersects 7; at Q; and T) at Q2. Show that 


| PQ, | + | PQ>| 
[PP,| "| PPa| 


17. Show that 


n 


d 
dx" 


(e“ sin bx) = r"e“ sin(bx + n6) 


where a and b are positive numbers, r? = a? + b?, and 6 = tan '(b/a). 
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18. Evaluate lim © 


sinx _ 7 


12 KO AT , 


19. Let T and N be the tangent and normal lines to the ellipse x*/9 + y*/4 = 1 at any point P 


20. 


21 


22 


on the ellipse in the first quadrant. Let x7 and yr be the x- and y-intercepts of T and xy and 
yy be the intercepts of NV. As P moves along the ellipse in the first quadrant (but not on the 
axes), what values can x7, yr, Xv, and yy take on? First try to guess the answers just by 
looking at the figure. Then use calculus to solve the problem and see how good your 
intuition is. 


YA 


sin(3 + x)’ — sin9 


Evaluate lim 
x0 x 
(a) Use the identity for tan(x — y) (see Equation 15b in Appendix D) to show that if two 


lines L, and L, intersect at an angle a, then 


M2z— My, 
fai. = 
1+ mM 
where m, and m, are the slopes of L, and L>, respectively. 

(b) The angle between the curves C; and C> at a point of intersection P is defined to be 
the angle between the tangent lines to C; and C) at P (if these tangent lines exist). Use 
part (a) to find, correct to the nearest degree, the angle between each pair of curves at 
each point of intersection. 

Gj) y=x* and y=(x—- 2) 
(ii) x7 -y?=3 and x*-4x+y?+3=0 


Let P(x, yi) be a point on the parabola y* = 4px with focus F(p, 0). Let a be the angle 
between the parabola and the line segment FP, and let B be the angle between the horizon- 
tal line y = y, and the parabola as in the figure. Prove that a = B. (Thus, by a principle of 
geometrical optics, light from a source placed at F will be reflected along a line parallel to 
the x-axis. This explains why paraboloids, the surfaces obtained by rotating parabolas about 
their axes, are used as the shape of some automobile headlights and mirrors for telescopes.) 
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FIGURE FOR PROBLEM 23 


278 


23. 


24 


25 


26. 


27 


28 


29. 


30. 


31 


32 


33. 


34 


35. 


Suppose that we replace the parabolic mirror of Problem 22 by a spherical mirror. Although 
the mirror has no focus, we can show the existence of an approximate focus. In the figure, 
C is a semicircle with center O. A ray of light coming in toward the mirror parallel to the 
axis along the line PQ will be reflected to the point R on the axis so that 2PQO = ZOQR 
(the angle of incidence is equal to the angle of reflection). What happens to the point R as 

P is taken closer and closer to the axis? 


If f and g are differentiable functions with f(0) = g(0) = 0 and g'(0) ¥ 0, show that 


on £2) _ £0) 
yg) JO) 


sin(a + 2x) — 2sin(a + x) + sina 


x2 


Evaluate lim 
x0 


(a) The cubic function f(x) = x(x — 2)(x — 6) has three distinct zeros: 0, 2, and 6. Graph 
f and its tangent lines at the average of each pair of zeros. What do you notice? 

(b) Suppose the cubic function f(x) = (x — a)(x — b)(x — c) has three distinct zeros: 
a, b, and c. Prove, with the help of a computer algebra system, that a tangent line drawn 
at the average of the zeros a and b intersects the graph of f at the third zero. 


For what value of k does the equation e** = kV/x have exactly one solution? 


For which positive numbers a is it true that a* => 1 + x for all x? 


If 
x 2 ’ sin x 
arctan 
Jva2—1 Jva2—1 a+ Ja?—1+cosx 
; 1 
show that y’ = ————_. 
a + COS x 


Given an ellipse x?/a* + y?/b* = 1, where a # b, find the equation of the set of all points 
from which there are two tangents to the curve whose slopes are (a) reciprocals and 
(b) negative reciprocals. 


Find the two points on the curve y = x* — 2x? — x that have a common tangent line. 


Suppose that three points on the parabola y = x” have the property that their normal lines 
intersect at a common point. Show that the sum of their x-coordinates is 0. 


A lattice point in the plane is a point with integer coordinates. Suppose that circles with 
radius r are drawn using all lattice points as centers. Find the smallest value of r such that 
any line with slope 2 intersects some of these circles. 


A cone of radius r centimeters and height h centimeters is lowered point first at a rate of 
1 cm/s into a tall cylinder of radius R centimeters that is partially filled with water. How fast 
is the water level rising at the instant the cone is completely submerged? 


A container in the shape of an inverted cone has height 16 cm and radius 5 cm at the top. It 
is partially filled with a liquid that oozes through the sides at a rate proportional to the area 
of the container that is in contact with the liquid. (The surface area of a cone is rl, where 
r is the radius and / is the slant height.) If we pour the liquid into the container at a rate of 
2 cm?/min, then the height of the liquid decreases at a rate of 0.3 cm/min when the height 
is 10 cm. If our goal is to keep the liquid at a constant height of 10 cm, at what rate should 
we pour the liquid into the container? 
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The great mathematician Leonard Euler observed “... nothing at all takes place in the universe in which some rule of maximum or 
minimum does not appear.” In Exercise 4.7.53 you will use calculus to show that bees construct the cells in their hive in a shape that 
minimizes surface area. 


Kostiantyn Kravchenko / Shutterstock.com 


Applications of Differentiation 


WE HAVE ALREADY INVESTIGATED SOME of the applications of derivatives, but now that we 
know the differentiation rules we are in a better position to pursue the applications of differentia- 
tion in greater depth. Here we learn what derivatives tell us about the shape of a graph of a func- 
tion and, in particular, how they help us locate maximum and minimum values of functions. Many 
practical problems require us to minimize a cost or maximize an area or somehow find the best 
possible outcome of a situation. In particular, we will be able to investigate the optimal shape of a 
can and to explain the location of rainbows in the sky. 


279 


Copyright 2024 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


280 CHAPTER4 = Applications of Differentiation 


4.1 
FIGURE 1 
YA 
f(d) 
f(a) 
a O} b c d ex 
FIGURE 2 


Abs min f(a), abs max f(d), 
loc min f(c), f(e), loc max f(b), f(d) 


FIGURE 3 


Maximum and Minimum Values 


Some of the most important applications of differential calculus are optimization prob- 
lems, in which we are required to find the optimal (best) way of doing something. Here 
are examples of such problems that we will solve in this chapter: 

e What is the shape of a can that minimizes manufacturing costs? 


e What is the maximum acceleration of a spacecraft? (This is an important question for 
the astronauts who have to withstand the effects of acceleration.) 


e What is the radius of a contracted windpipe that expels air most rapidly during a cough? 
e At what angle should blood vessels branch so as to minimize the energy expended 
by the heart in pumping blood? 


These problems can be reduced to finding the maximum or minimum values of a func- 
tion. Let’s first explain exactly what we mean by maximum and minimum values. 


H Absolute and Local Extreme Values 


We see that the highest point on the graph of the function f shown in Figure | is the point 
(3, 5). In other words, the largest value of f is f(3) = 5. Likewise, the smallest value is 
(6) = 2. We say that f(3) = 5 is the absolute maximum of f and f(6) = 2 is the abso- 
lute minimum. In general, we use the following definition. 


[1] Definition Let c be a number in the domain D of a function f. Then f(c) is the 


e absolute maximum value of f on D if f(c) = f(x) for all x in D. 
e absolute minimum value of f on D if f(c) < f(x) for all x in D. 


An absolute maximum or minimum is sometimes called a global maximum or mini- 
mum. The maximum and minimum values of f are called extreme values of f. 

Figure 2 shows the graph of a function f with absolute maximum at d and absolute 
minimum at a. Note that (d, f(d)) is the highest point on the graph and (a, f(a)) is the 
lowest point. In Figure 2, if we consider only values of x near b [for instance, if we 
restrict our attention to the interval (a, c)], then f(D) is the largest of those values of f(x) 
and is called a local maximum value of f. Likewise, f(c) is called a local minimum value 
of f because f(c) < f(x) for x near c [in the interval (b, d), for instance]. The function f 
also has a local minimum at e. In general, we have the following definition. 


[2] Definition The number f(c) is a 


e local maximum value of f if f(c) = f(x) when x is near c. 
e local minimum value of f if f(c) < f(x) when x is near c. 


In Definition 2 (and elsewhere), if we say that something is true near c, we mean that 
it is true on some open interval containing c. (Thus a local maximum or minimum can’t 
occur at an endpoint.) For instance, in Figure 3 we see that /(4) = 5 is a local minimum 
because it’s the smallest value of f on the interval /. It’s not the absolute minimum 
because f(x) takes on smaller values when x is near 12 (in the interval K, for instance). 
In fact f(12) =3 is both a local minimum and the absolute minimum. Similarly, 
f(8) = 7 is a local maximum, but not the absolute maximum because f takes on larger 
values near 1. 
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yA EXAMPLE 1 The graph of the function 
= = 4 23 2 
ie i f(x) = 3x4 — 16x32 + 18x27 -1 <x <4 
is shown in Figure 4. You can see that f(1) = 5 is a local maximum, whereas the 
absolute maximum is f(—1) = 37. (This absolute maximum is not a local maximum 
because it occurs at an endpoint.) Also, f(0) = 0 is a local minimum and f(3) = —27 
is both a local and an absolute minimum. Note that f has neither a local nor an absolute 
5 : maximum at x = 4. | 
EXAMPLE 2 The function f(x) = cos x takes on its (local and absolute) maxi- 
mum value of | infinitely many times, because cos 2n7 = 1 for any integer n and 
—1 <cos x < 1 for all x. (See Figure 5.) Likewise, cos(2n + 1) = —1 is its 
minimum value, where 7 is any integer. 
FIGURE 4 ya 
Local and absolute maximum 
FIGURE 5 
y = cos x Local and absolute minimum | 
EXAMPLE 3 If f(x) = x’, then f(x) = f(0) because x* = 0 for all x. Therefore 
(0) = O is the absolute (and local) minimum value of f. This corresponds to the fact 
that the origin is the lowest point on the parabola y = x”. (See Figure 6.) However, 
there is no highest point on the parabola and so this function has no maximum value. 
EXAMPLE 4 From the graph of the function f(x) = x°, shown in Figure 7, we see that 
FIGURE 6 this function has neither an absolute maximum value nor an absolute minimum value. 
Mimimum value 0, no maximum In fact, it has no local extreme values either. | 
We have seen that some functions have extreme values, whereas others do not. The 
following theorem gives conditions under which a function is guaranteed to possess 
extreme values. 
[3] The Extreme Value Theorem If f is continuous on a closed interval [a, b], 
then f attains an absolute maximum value f(c) and an absolute minimum value 
f(d) at some numbers c and d in [a, b]. 
FIGURE 7 
No mimimum, no maximum The Extreme Value Theorem is illustrated in Figure 8. Note that an extreme value can 
be taken on more than once. Although the Extreme Value Theorem is intuitively very 
plausible, it is difficult to prove and so we omit the proof. 
y a x 
FIGURE 8 Oc “TN, “\ / 
Functions continuous on a closed ae ; | 5 ~S: 
0] a c db x 0] a c d=b x 0] ac dc bX 


interval always attain extreme values. 
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yA 
(c, f(c)) 
(d, f(d)) 
0 c d 
FIGURE 11 


Figures 9 and 10 show that a function need not possess extreme values if either 
hypothesis (continuity or closed interval) is omitted from the Extreme Value Theorem. 


yA YA 
3 es 
g 
1 1 
=> > 

0 x 0 2 x 
FIGURE 9 FIGURE 10 
This function has minimum value This continuous function g has 
f(2) =0, but no maximum value. no maximum or minimum. 


The function f whose graph is shown in Figure 9 is defined on the closed interval 
[0, 2] but has no maximum value. (Notice that the range of f is [0, 3). The function takes 
on values arbitrarily close to 3, but never actually attains the value 3.) This does not con- 
tradict the Extreme Value Theorem because f is not continuous. [Nonetheless, a discon- 
tinuous function could have maximum and minimum values. See Exercise 13(b).] 

The function g shown in Figure 10 is continuous on the open interval (0, 2) but has 
neither a maximum nor a minimum value. [The range of g is (1, ©). The function takes 
on arbitrarily large values.] This does not contradict the Extreme Value Theorem because 
the interval (0, 2) is not closed. 


® Critical Numbers and the Closed Interval Method 


The Extreme Value Theorem says that a continuous function on a closed interval has a 
maximum value and a minimum value, but it does not tell us how to find these extreme 
values. Notice in Figure 8 that the absolute maximum and minimum values that are 
between a and b occur at local maximum or minimum values, so we start by looking for 
local extreme values. 

Figure 11 shows the graph of a function f with a local maximum at c and a local 
minimum at d. It appears that at the maximum and minimum points the tangent lines are 
horizontal and therefore each has slope 0. We know that the derivative is the slope of the 
tangent line, so it appears that f’(c) = 0 and f'(d) = 0. The following theorem says that 
this is always true for differentiable functions. 


[4| Fermat’s Theorem If f has a local maximum or minimum at c, and if f'(c) 


exists, then f'(c) = 0. 


PROOF Suppose, for the sake of definiteness, that f has a local maximum at c. Then, 
according to Definition 2, f(c) = f(x) if x is sufficiently close to c. This implies that if 
his sufficiently close to 0, with h being positive or negative, then 


fc) 2 fle + h) 


and therefore 


[5] fle +h) — fl) <0 
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Fermat 


Fermat's Theorem is named after 

Pierre Fermat (1601-1665), a French 
lawyer who took up mathematics as 
a hobby. Despite his amateur status, 
Fermat was one of the two inventors 


of analytic geometry (Descartes was 
the other). His methods for finding 
tangents to curves and maximum 
and minimum values (before the 
invention of limits and derivatives) 
made him a forerunner of Newton in 
the creation of differential calculus. 


FIGURE 12 
If f(x) = x3, then f’(0) = 0, but 
f has no maximum or minimum. 


FIGURE 13 
If f(x) = |x 


mum value, but f’(0) does not exist. 


, then f(0) = 0 is a mini- 
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We can divide both sides of an inequality by a positive number. Thus, if h > 0 and h is 
sufficiently small, we have 


fle +h) -f0 — 
— 


Taking the right-hand limit of both sides of this inequality (using Theorem 2.3.2), we get 


ig SO A 2 ee ge 


hot h hot 
But since f'(c) exists, we have 
.. fer h) =fo 
ee 


fer hk) =f) i 
h hoot h 


fo) = lim 


and so we have shown that f’(c) < 0. 
If h < 0, then the direction of the inequality (5) is reversed when we divide by h: 


(Ct W=FO . « 
h 
So, taking the left-hand limit, we have 


fle + h) — fo) = lim fle + h) — flo) > 


h h—>0- h 


f'(¢) = lim 0 
We have shown that f’(c) = 0 and also that f’(c) < 0. Since both of these inequalities 
must be true, the only possibility is that f'(c) = 0. 

We have proved Fermat’s Theorem for the case of a local maximum. The case of a 
local minimum can be proved in a similar manner, or see Exercise 81 for an alternate 
method. | 


The following examples caution us against reading too much into Fermat’s Theorem: 
we can’t expect to locate extreme values simply by setting f’(x) = 0 and solving for x. 


EXAMPLE 5 If f(x) = x°, then f’(x) = 3x’, so f(0) = 0. But f has no maximum or 
minimum at 0, as you can see from its graph in Figure 12. (Or observe that x* > 0 for 
x > 0 but x? < 0 for x < 0.) The fact that (0) = 0 simply means that the curve 

y = x* has a horizontal tangent at (0, 0). Instead of having a maximum or minimum at 
(0, 0), the curve crosses its horizontal tangent there. |_| 


EXAMPLE 6 The function f(x) = |.x| has its (local and absolute) minimum value 
at 0, but that value can’t be found by setting f’(x) = 0 because, as was shown in 
Example 2.8.5, f’(0) does not exist. (See Figure 13.) | 


WARNING Examples 5 and 6 show that we must be careful when using Fermat’s 
Theorem. Example 5 demonstrates that even when f'(c) = 0 there need not be a maxi- 
mum or minimum at c. (In other words, the converse of Fermat’s Theorem is false in 
general.) Furthermore, there may be an extreme value even when f'(c) does not exist 
(as in Example 6). 

Fermat’s Theorem does suggest that we should at least start looking for extreme val- 
ues of f at the numbers c where f'(c) = 0 or where f'(c) does not exist. Such numbers 
are given a special name. 
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[6] Definition A critical number of a function f is a number c in the domain of 


f such that either f’(c) = 0 or f’(c) does not exist. 


EXAMPLE7 Find the critical numbers of (a) f(x) = x* — 3x? + 1 and 
(b) f(x) = x°°(4 — x). 


Figure 14 shows a graph of the SOLUTION 
function f in Example 7(b). It sup- (a) The derivative of f is f’(x) = 3x* — 6x = 3x(x — 2). Since f’(x) exists for all x, 
ports our answer because there is a the only critical numbers of f occur when f'(x) = 0, that is, when x = 0 or x = 2. 
horizontal tangent when x = 1.5 (b) First note that the domain of f is R. The Product Rule gives 
[where f'(x) = 0] and a vertical 
tangent when x = O[where f’(x) , 54 3-9/5) ae 3(4 — x) 
isundetned] Fx) = P(-1) + 4 — NGA) = 2° + “a 
_ Ser 34 =x) 12 = 8x 
5x2/5 5x2/5 
3.5 
[The same result could be obtained by first writing f(x) = 4x°/> — x°/.] Therefore 
f'(x) = Oif 12 — 8x = 0, that is, x = 3, and f'(x) does not exist when x = 0. Thus the 
critical numbers are 3 and 0. Oo 
0. 5 
? In terms of critical numbers, Fermat’s Theorem can be rephrased as follows (compare 
Definition 6 with Theorem 4): 
= 
FIGURE 14 If f has a local maximum or minimum at c, then c is a critical number of /f. 


To find an absolute maximum or minimum of a continuous function on a closed inter- 
val, we note that either it is local [in which case it occurs at a critical number by (7)] or 
it occurs at an endpoint of the interval, as we see from the examples in Figure 8. Thus the 
following three-step procedure always works. 


The Closed Interval Method To find the absolute maximum and minimum 
values of a continuous function f on a closed interval [a, b]: 


1. Find the values of f at the critical numbers of f in (a, b). 
2. Find the values of f at the endpoints of the interval. 


3. The largest of the values from Steps | and 2 is the absolute maximum value; 
the smallest of these values is the absolute minimum value. 


EXAMPLE 8 Find the absolute maximum and minimum values of the function 
f(x) = x3 — 3x? +1 —+<x<4 


SOLUTION Since f is continuous on [-3, 4], we can use the Closed Interval Method. 

In Example 7(a) we found the critical numbers x = 0 and x = 2. Notice that each of 
these critical numbers lies in the interval (-4, 4). The values of f at these critical 
numbers are 


JO = fQ)==3 


The values of f at the endpoints of the interval are 


f(-2) = f4)=17 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


y=x?- 3x7 +1 


(4, 17) 


FIGURE 15 


20 


FIGURE 16 


NASA 
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Comparing these four numbers, we see that the absolute maximum value is f(4) = 17 
and the absolute minimum value is f(2) = —3. 

In this example the absolute maximum occurs at an endpoint, whereas the absolute 
minimum occurs at a critical number. The graph of f is sketched in Figure 15. | 


With graphing software or a graphing calculator it is possible to estimate maximum 
and minimum values very easily. But, as the next example shows, calculus is needed to 
find the exact values. 


EXAMPLE 9 


(a) Use a calculator or computer to estimate the absolute minimum and maximum 
values of the function f(x) = x — 2 sin x,0 S x S 27. 
(b) Use calculus to find the exact minimum and maximum values. 


SOLUTION 

(a) Figure 16 shows a graph of f in the viewing rectangle [0, 27] by [—1, 8]. The 
absolute maximum value is about 6.97 and it occurs when x ~ 5.24. Similarly, the 
absolute minimum value is about —0.68 and it occurs when x ~ 1.05. It is possible 
to get more accurate numerical estimates, but for exact values we must use calculus. 


(b) The function f(x) = x — 2 sin x is continuous on [0, 277]. Since 
f'(x) = 1 — 2 cos x, we have f’(x) = 0 when cos x = 5 and this occurs when 
x = 1/3 or 57/3. The values of f at these critical numbers are 


f(r/3) = . ~2sin = = = — 3 ~ —0.684853 


5 Sr 5 = 
and f6n/3) = - 2 sin - = x + /3 ~ 6.968039 


The values of f at the endpoints are 
f(0) =0 f(2m) = 27 = 6.28 


Comparing these four numbers and using the Closed Interval Method, we see that the 
absolute minimum value is f(a/3) = 7/3 — 3 and the absolute maximum value is 
f (5/3) = 52/3 + /3. The values from part (a) serve as a check on our work. | 


EXAMPLE 10 The Hubble Space Telescope was deployed on April 24, 1990, by the 
space shuttle Discovery. A model for the velocity of the shuttle during this mission, 
from liftoff at t = 0 until the solid rocket boosters were jettisoned at t = 126 seconds, 
is given by 


v(t) = 0.001302r7 — 0.090292? + 23.61t — 3.083 


(in feet per second). Using this model, estimate the absolute maximum and minimum 
values of the acceleration of the shuttle between liftoff and the jettisoning of the boosters. 


SOLUTION We are asked for the extreme values not of the given velocity function, 
but rather of the acceleration function. So we first need to differentiate to find the 
acceleration: 


d 
a(t) = v(t) = Fy (0.0013021° — 0.090291? + 23.61t — 3.083) 


= 0.0039061? — 0.180581 + 23.61 
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We now apply the Closed Interval Method to the continuous function a on the interval 
0 <t < 126. Its derivative is 


a(t) = 0.007812t — 0.18058 
The only critical number occurs when a’(t) = 0: 


0.18058 


= 23D 
0.007812 


ty 


Evaluating a(t) at the critical number and at the endpoints, we have 


a(0) = 23.61 a(t)) = 21.52 a(126) ~ 62.87 
So the maximum acceleration is about 62.87 ft/s” and the minimum acceleration is 
about 21.52 ft/s’. | 
4.1 | Exercises 
1. Explain the difference between an absolute minimum and 5-6 Use the graph to state the absolute and local maximum and 
a local minimum. minimum values of the function. 
2. Suppose f is a continuous function defined on a closed 5. 6. 
interval [a, b]. 
(a) What theorem guarantees the existence of an abso- 
lute maximum value and an absolute minimum value 
for f? 
(b) What steps would you take to find those maximum 
and minimum values? 
3-4 For each of the numbers a, b, c, d, r, and s, state whether the 
function whose graph is shown has an absolute maximum or min- ; ; ; 
imum, a local maximum or minimum, or neither a maximum nor 7-10 Sketch the graph of a function f that is continuous on [1, 5] 
a minimum. and has the given properties. 
3. YA 7. Absolute maximum at 5, absolute minimum at 2, 


local maximum at 3, local minima at 2 and 4 


8. Absolute maximum at 4, absolute minimum at 5, 
local maximum at 2, local minimum at 3 


9. Absolute minimum at 3, absolute maximum at 4, 
Ol] a b c do sr sx local maximum at 2 


10. Absolute maximum at 2, absolute minimum at 5, 
4 is acritical number but there is no local maximum 


VJ ae 
4. YA or minimum there. 


11. (a) Sketch the graph of a function that has a local maximum 
at 2 and is differentiable at 2. 
(b) Sketch the graph of a function that has a local maximum 
Ol 4 b a ee at 2 and is continuous but not differentiable at 2. 
(c) Sketch the graph of a function that has a local maximum 
at 2 and is not continuous at 2. 
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12. (a) Sketch the graph of a function on [—1, 2] that has an 
absolute maximum but no local maximum. 
(b) Sketch the graph of a function on [—1, 2] that has a local 
maximum but no absolute maximum. 


13. (a) Sketch the graph of a function on [—1, 2] that has an 
absolute maximum but no absolute minimum. 
(b) Sketch the graph of a function on [—1, 2] that is 
discontinuous but has both an absolute maximum and 
an absolute minimum. 


14. (a) Sketch the graph of a function that has two local max- 
ima, one local minimum, and no absolute minimum. 
(b) Sketch the graph of a function that has three local 
minima, two local maxima, and seven critical numbers. 


15-28 Sketch the graph of f by hand and use your sketch to 
find the absolute and local maximum and minimum values of f. 
(Use the graphs and transformations of Sections 1.2 and 1.3.) 


15. f(x) =3—-2x, x=-1 

16. f(x) =x?, -l<x<2 

17. f(x) =1/x, x21 

18. f(x) = 1/x, 1<x<3 

19. f(x) =sinx, 0<x< 7/2 

20. f(x) =sinx, 0<x<7/2 

21. f(x) =sinx, —a7/2<x< 7/2 
22. f(t) =cost, —37/2 <t < 32/2 


23. f(x) =Inx, O<x<2 24. f(x) = |x| 
25. f(x) =1— Vx 26. f(x) =e* 
27. f(x) x? if -l<x<0 
~ f(x) = 
2—3x ifO0<x<1 
2x+1 ifO0O<x<1 
28. = 
FQ) i if 1<x<3 
29-48 Find the critical numbers of the function. 
29. f(x) =3x°+x-2 30. g(v) =v? — 120+ 4 
31. f(x) = 3x* + 8x7 — 48x? 32. f(x) = 2x? + x? + 8x 
33. g(t) = 21° + St? + 50r 34. A(x) = |3 — 2x| 
y= pa 
a, = 36. A(p) = 
g(y) y—-ytl (p) pt+4 
x7 2 r+9 
37. = 38. t) = =—— 
pa) = 5 a =o 
39. A(t) = 1°/4 — 24!" 40. g(x) = */4 — x? 
41. F(x) = x*(x — 4)? 42. h(x) =x '(x — 2) 
43. f(x) = x'3(4 — xp? 44. (0) = 6+ /2cos0 


SECTION 4.1. Maximum and Minimum Values 287 


45. f(0) =2cos @ + sin’0 
47. g(x) =x? Inx 


46. p(t) = te” 
48. B(u) = 4 tan 'u — u 


49-50 A formula for the derivative of a function f is given. How 
many critical numbers does f have? 


100 cos?: 
50. f(a) =— — - 1 


49. f'(x) = 5e'l*!sinx — 1 
Sf’) e sinx 10+ x2 


51-66 Find the absolute maximum and absolute minimum values 
of f on the given interval. 


51. f(x) = 12+ 4x — x’, [0,5] 

52. f(x) =5 + 54x — 2x3, [0,4] 

53. f(x) = 2x? — 3x? -— 12x4+1, [-2,3] 
54. f(x) =x? — 6x7 + 5, [-3,5] 

55. f(x) = 3xt — 4x7 — 12x? + 1, [-2,3] 
56. f(t) =(e? — 4)°, [-2,3] 


57. f(x) =x + - [0.2, 4] 


x 


58. f(x) = arr 


, [0,3 
x+ 1 Le 


59. f(t) =1-4/t, [-1,4] 
se 
60. f(x) = ee (0, 3] 
61. f(t) = 2cost+ sin2r, [0, 7/2] 
62. (6) =1+.cos?6, [7/4, 7] 
63. f(x) =x 7Inx, B 4] 
64. f(x) = xe", [-3, 1] 
65. f(x) =In(x? +x4+ 1), [-1,1] 
66. f(x) =x — 2tan'x, [0,4] 


67. If a and b are positive numbers, find the maximum value 
of f(x) = x"(1 — x)’,O<x <1. 


68. Use a graph to estimate the critical numbers of 
f(x) = |1 + 5x — x?| correct to one decimal place. 


FY 69-72 


(a) Use a graph to estimate the absolute maximum and minimum 
values of the function to two decimal places. 
(b) Use calculus to find the exact maximum and minimum values. 


69. f(x) =x° —x74+2, -l<x<1 
70. f(x) =e*+e*,0<x<1 

71. f(x) = xx — x? 

72. f(x) =x —2cosx, -2<x<0 
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73. 


74. 


75. 


76. 


77. 


CHAPTER4 Applications of Differentiation 


After an alcoholic beverage is consumed, the concentration of 
alcohol in the bloodstream (blood alcohol concentration, or 
BAC) surges as the alcohol is absorbed, followed by a grad- 
ual decline as the alcohol is metabolized. The function 


C(t) = 0.135te 78 


models the average BAC, measured in g/dL, of a group of 
eight male subjects ¢ hours after rapid consumption of 

15 mL of ethanol (corresponding to one alcoholic drink). 
What is the maximum average BAC during the first 

3 hours? When does it occur? 

Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of Ethanol after 


Oral Administration in the Fasting State,” Journal of Pharmacokinetics and 
Biopharmaceutics 5 (1977): 207-24. 


After an antibiotic tablet is taken, the concentration of the 
antibiotic in the bloodstream is modeled by the function 


C(t) — 8(e poe eo) 


where the time ¢ is measured in hours and C is measured in 
pg/mL. What is the maximum concentration of the anti- 
biotic during the first 12 hours? 


Between 0°C and 30°C, the volume V (in cubic centimeters) 
of 1 kg of water at a temperature T is given approximately 
by the formula 


V = 999.87 — 0.064267 + 0.0085043T* — 0.0000679T * 
Find the temperature at which water has its maximum density. 


An object with weight W is dragged along a horizontal 
plane by a force acting along a rope attached to the object. 
If the rope makes an angle 6 with the plane, then the magni- 
tude of the force is 
- pW 
pe sin @ + cos 6 
where yp is a positive constant called the coefficient of 


friction and where 0 < 0 S 7/2. Show that F is minimized 
when tan 0 = pw. 


The water level, measured in feet above mean sea level, of 
Lake Lanier in Georgia, USA, during 2012 can be modeled 
by the function 


L(t) = 0.014411° — 0.41772? + 2.703¢ + 1060.1 


where f is measured in months since January 1, 2012. Esti- 
mate when the water level was highest during 2012. 


. In 1992 the space shuttle Endeavour was launched on mis- 


sion STS-49 in order to install a new perigee kick motor in 

an Intelsat communications satellite. The table gives the 

velocity data for the shuttle between liftoff and the jettison- 
ing of the solid rocket boosters. 

(a) Use a graphing calculator or computer to find the 
cubic polynomial that best models the velocity of the 
shuttle for the time interval t € [0, 125]. Then graph 
this polynomial. 


79 


80. 


81 


82 


(b) Find a model for the acceleration of the shuttle and 
use it to estimate the maximum and minimum values of 
the acceleration during the first 125 seconds. 


Event Time (s) | Velocity (ft/s) 
Launch 0 0 
Begin roll maneuver 10 185 
End roll maneuver 15 319 
Throttle to 89% 20 447 
Throttle to 67% 32 742 
Throttle to 104% 59 1325 
Maximum dynamic pressure 62 1445 
Solid rocket booster separation 125 4151 


When a foreign object lodged in the trachea forces a person to 
cough, the diaphragm thrusts upward, causing an increase in 
pressure in the lungs. This is accompanied by a contraction of 
the trachea, making a narrower channel for the expelled air to 
flow through. For a given amount of air to escape in a fixed 
time, it must move faster through the narrower channel than 
the wider one. The greater the velocity of the airstream, the 
greater the force on the foreign object. X-rays show that the 
radius of the circular tracheal tube contracts to about two- 
thirds of its normal radius during a cough. According to a 
mathematical model of coughing, the velocity v of the air- 
stream is related to the radius r of the trachea by the equation 


v(r) = kro — r)r? 51 <r<=nr 


where k is a constant and ro is the normal radius of the tra- 
chea. The restriction on r is due to the fact that the tracheal 
wall stiffens under pressure and a contraction greater than 
5 is prevented (otherwise the person would suffocate). 


(a) Determine the value of r in the interval [ dro, ro| at 
which v has an absolute maximum. How does this 
compare with experimental evidence? 

(b) What is the absolute maximum value of v on the interval? 

(c) Sketch the graph of v on the interval [0, 7 ]. 


Prove that the function 
fdHx +7 4+x41 
has neither a local maximum nor a local minimum. 


(a) If f has a local minimum value at c, show that the func- 
tion g(x) = —f(x) has a local maximum value at c. 

(b) Use part (a) to prove Fermat’s Theorem for the case in 
which f has a local minimum at c. 


A cubic function is a polynomial of degree 3; that is, it has 

the form f(x) = ax* + bx? + cx + d, where a # 0. 

(a) Show that a cubic function can have two, one, or no 
critical number(s). Give examples and sketches to 
illustrate the three possibilities. 

(b) How many local extreme values can a cubic function 
have? 
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APPLIED PROJECT | THE CALCULUS OF RAINBOWS 


Rainbows are created when raindrops scatter sunlight. They have fascinated mankind since 

ancient times and have inspired attempts at scientific explanation since the time of Aristotle. 
In this project we use the ideas of Descartes and Newton to explain the shape, location, and 
colors of rainbows. 


1. The figure shows a ray of sunlight entering a spherical raindrop at A. Some of the light 
is reflected, but the line AB shows the path of the part that enters the drop. Notice that 
the light is refracted toward the normal line AO and in fact Snell’s Law says that 
sin a = k sin B, where a is the angle of incidence, is the angle of refraction, and k ~ ¢ 
is the index of refraction for water. At B some of the light passes through the drop and is 
refracted into the air, but the line BC shows the part that is reflected. (The angle of inci- 
dence equals the angle of reflection.) When the ray reaches C, part of it is reflected, but for 
the time being we are more interested in the part that leaves the raindrop at C. (Notice that 
it is refracted away from the normal line.) The angle of deviation D(a) is the amount of 
clockwise rotation that the ray has undergone during this three-stage process. Thus 


D(a) = (a — B) + (7 — 2B) + (a — B) = 7+ 2a — 48 


Show that the minimum value of the deviation is D(aw) ~ 138° and occurs when 

a ~ 59.4°. 
rays from sun The significance of the minimum deviation is that when a ~ 59.4° we have D(a) ~ 0, 
so AD/Aa = 0. This means that many rays with a ~ 59.4° become deviated by approxi- 
mately the same amount. It is the concentration of rays coming from near the direction of 
minimum deviation that creates the brightness of the primary rainbow. The figure at the 
left shows that the angle of elevation from the observer up to the highest point on the rain- 
bow is 180° — 138° = 42°. (This angle is called the rainbow angle.) 


observer 


Formation of the primary rainbow 


rays from sun 


2. Problem 1 explains the location of the primary rainbow, but how do we explain the col- 
ors? Sunlight comprises a range of wavelengths, from the red range through orange, yel- 
low, green, blue, indigo, and violet. As Newton discovered in his prism experiments of 
1666, the index of refraction is different for each color. (The effect is called dispersion.) 
For red light the refractive index is k ~ 1.3318, whereas for violet light it is k ~ 1.3435. 
By repeating the calculation of Problem 1 for these values of k, show that the rainbow 
angle is about 42.3° for the red bow and 40.6° for the violet bow. So the rainbow really 
consists of seven individual bows corresponding to the seven colors. 


observer 


a 
so 


Perhaps you have seen a fainter secondary rainbow above the primary bow. That results 

from the part of a ray that enters a raindrop and is refracted at A, reflected twice (at B and 
C), and refracted as it leaves the drop at D (see the figure at the left). This time the devia- 
tion angle D(q) is the total amount of counterclockwise rotation that the ray undergoes in 


to this four-stage process. Show that 
observer 
D(a) = 2a — 68 + 27 
from 
sun and D(a) has a minimum value when 
b od 
Formation of the secondary rainbow cosa = d heel) 
8 


(continued ) 
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Rolle 

Rolle’s Theorem was first published in 
1691 by the French mathematician 
Michel Rolle (1652-1719) in a book 
entitled Méthode pour resoudre les 


egalitez. He was a vocal critic of the 
methods of his day and attacked calcu- 
lus as being a “collection of ingenious 
fallacies.’ Later, however, he became 
convinced of the essential correctness 
of the methods of calculus. 


YA 
—s 
Of a «g c, b * 
(a) 
FIGURE 1 


4.2 


CHAPTER4 = Applications of Differentiation 


Taking k = 3, show that the minimum deviation is about 129° and so the rainbow angle for 
the secondary rainbow is about 51°, as shown in the figure at the left. 


4. Show that the colors in the secondary rainbow appear in the opposite order from those in 
the primary rainbow. 


Leonid Andronov / Shutterstock.com 


The Mean Value Theorem 


We will see that many of the results of this chapter depend on one central fact, which is 
called the Mean Value Theorem. 


Hf Rolle’s Theorem 
To arrive at the Mean Value Theorem, we first need the following result. 


Rolle’s Theorem Let f be a function that satisfies the following three hypotheses: 


1. f is continuous on the closed interval [a, b]. 


2. f is differentiable on the open interval (a, b). 
3. f(a) = f(b) 
Then there is a number c in (a, b) such that f’(c) = 0. 


Before giving the proof let’s take a look at the graphs of some typical functions that 
satisfy the three hypotheses. Figure | shows the graphs of four such functions. In each 
case it appears that there is at least one point (c, f(c)) on the graph where the tangent is 
horizontal and therefore f'(c) = 0. Thus Rolle’s Theorem is plausible. 


YA YA YA 


(b) () (d) 
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w Take cases 


Figure 2 shows a graph of the func- 
tion f(x) = x* + x — 1 discussed in 
Example 2. Rolle’s Theorem shows 
that, no matter how much we enlarge 
the viewing rectangle, we can never 
find a second x-intercept. 


3 


FIGURE 2 


The Mean Value Theorem is an 
example of what is called an existence 
theorem. Like the Intermediate Value 
Theorem, the Extreme Value Theo- 
rem, and Rolle’s Theorem, it guaran- 
tees that there exists a number with a 
certain property, but it doesn’t tell us 
how to find the number. 
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PROOF There are three cases: 


CASE! f(x) = k, a constant 
Then f(x) = 0, so the number c can be taken to be any number in (a, b). 


CASEI f(x) > f(a) for some x in (a, b) [as in Figure 1(b) or (c)] 

By the Extreme Value Theorem (which we can apply by hypothesis 1), f has a maxi- 
mum value somewhere in [a, b]. Since f(a) = f(b), it must attain this maximum value 
at a number c in the open interval (a, b). Then f has a /ocal maximum at c and, by 
hypothesis 2, f is differentiable at c. Therefore f'(c) = 0 by Fermat’s Theorem. 
CASEI f(x) < f(a) for some x in (a, b) [as in Figure 1(c) or (d)] 

By the Extreme Value Theorem, f has a minimum value in [a, b] and, since 

f(a) = f(b), it attains this minimum value at a number c in (a, b). Again f'(c) = 0 by 
Fermat’s Theorem. i) 


EXAMPLE 1 Let’s apply Rolle’s Theorem to the position function s = f(t) of a 
moving object. If the object is in the same place at two different instants t = a and 

t = b, then f(a) = f(b). Rolle’s Theorem says that there is some instant of time t = c 
between a and b when f'(c) = 0; that is, the velocity is 0. (In particular, you can see 
that this is true when a ball is thrown directly upward.) | 


EXAMPLE 2 Prove that the equation x? + x — 1 = O has exactly one real solution. 


SOLUTION First we use the Intermediate Value Theorem (2.5.10) to show that a 
solution exists. Let f(x) = x7 + x — 1. Then f(0) = —1 < Oand f(1) =1>0. 
Since f is a polynomial, it is continuous, so the Intermediate Value Theorem states 
that there is a number c between 0 and | such that f(c) = 0. Thus the given equation 
has a solution. 

To show that the equation has no other real solution, we use Rolle’s Theorem and 
argue by contradiction. Suppose that it had two solutions a and b. Then f(a) = 0 = f(b) 
and, since f is a polynomial, it is differentiable on (a, b) and continuous on [a, b]. Thus, 
by Rolle’s Theorem, there is a number c between a and b such that f'(c) = 0. But 


f(s) =3x° +121 for all x 


(since x” = 0) so f(x) can never be 0. This gives a contradiction. Therefore the 
equation can’t have two real solutions. | 


® The Mean Value Theorem 


Our main use of Rolle’s Theorem is in proving the following important theorem, which 
was first stated by another French mathematician, Joseph-Louis Lagrange. 


The Mean Value Theorem Let f be a function that satisfies the following 
hypotheses: 


1. f is continuous on the closed interval [a, b]. 
2. f is differentiable on the open interval (a, b). 


Then there is a number c in (a, b) such that 


L] 


or, equivalently, 


[2] f(b) — fla) = f(b — a) 
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yA 


FIGURE 5 


CHAPTER4 Applications of Differentiation 


Before proving this theorem, we can see that it is reasonable by interpreting it geomet- 
rically. Figures 3 and 4 show the points A(a, f(a)) and B(b, f(b)) on the graphs of two 
differentiable functions. The slope of the secant line AB is 


[3] f(b) — f(@) 


MaB — 
b-a 


which is the same expression as on the right side of Equation 1. Since f'(c) is the slope of 
the tangent line at the point (c, f(c)), the Mean Value Theorem, in the form given by Equa- 
tion 1, says that there is at least one point P(c, f(c)) on the graph where the slope of the 
tangent line is the same as the slope of the secant line AB. In other words, there is a point 
P where the tangent line is parallel to the secant line AB. (Imagine a line far away that 
stays parallel to AB while moving toward AB until it touches the graph for the first time.) 


YA YA 


FIGURE 3 FIGURE 4 


PROOF We apply Rolle’s Theorem to a new function / defined as the difference 
between f and the function whose graph is the secant line AB. Using Equation 3 

and the point-slope equation of a line, we see that the equation of the line AB can 
be written as 


fa = FO LO (y — @) 
or as y=f(a + a aa (x — a) 
So, as shown in Figure 5, 
fl ns) = fa) — fla) - FO=LO (ya) 


First we must verify that h satisfies the three hypotheses of Rolle’s Theorem. 


1. The function h is continuous on [a, b] because it is the sum of f and a first- 
degree polynomial, both of which are continuous. 


2. The function / is differentiable on (a, b) because both f and the first-degree 
polynomial are differentiable. In fact, we can compute h’ directly from Equation 4: 


f(b) — f(@) 
b 


—a 


h(x) = f'(x) 


(Note that f(a) and[ f(b) — f(a)]/(b — a) are constants.) 
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Lagrange and the 
Mean Value Theorem 


The Mean Value Theorem was first for- 
mulated by Joseph-Louis Lagrange 
(1736-1813), born in Italy of a French 
father and an Italian mother. He was a 
child prodigy and became a professor 
in Turin at the age of 19. Lagrange 
made great contributions to number 
theory, theory of functions, theory of 
equations, and analytical and celestial 
mechanics. In particular, he applied cal- 
culus to the analysis of the stability of 
the solar system. At the invitation of 
Frederick the Great, he succeeded Euler 
at the Berlin Academy and, when 
Frederick died, Lagrange accepted King 
Louis XVI's invitation to Paris, where he 
was given apartments in the Louvre 
and became a professor at the Ecole 
Polytechnique. Despite all the trap- 
pings of luxury and fame, he was a kind 
and quiet man, living only for science. 


FIGURE 6 
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3, na) = fla) — fla - LOL (a — = 0 
a 
no) = #00) ~ fla) - LOL & — «) 


= f(b) — fla) — [f() 


Therefore h(a) = h(b). 


f(a] =0 


Since / satisfies all the hypotheses of Rolle’s Theorem, that theorem says there is a 
number c in (a, b) such that h'(c) = 0. Therefore 


0=h(c) =f0 fia 
a 
and so fo = i) fe. a 


EXAMPLE 3 To illustrate the Mean Value Theorem with a specific function, let’s 
consider f(x) = x? — x,a = 0, b = 2. Since f is a polynomial, it is continuous and 
differentiable for all x, so it is certainly continuous on [0, 2] and differentiable on (0, 2). 
Therefore, by the Mean Value Theorem, there is a number c in (0, 2) such that 


f(2) — FO) = f(c)(2 — 0) 


Now f(2) = 6, f(0) = 0, and f’(x) = 3x” — 1, so the above equation becomes 


6 = (3c? — 1)2 = 6c* — 2 

which gives c? = §, that is, c = +2//3. But c must lie in (0, 2), so c = 2//3. 

Figure 6 illustrates this calculation: the tangent line at this value of c is parallel to the 
secant line OB. a 


EXAMPLE 4 If an object moves in a straight line with position function s = f(7), then 
the average velocity between t = a andt = bis 


f(b) — f@ 
b-a 


and the velocity at t = c is f'(c). Thus the Mean Value Theorem (in the form of 
Equation 1) tells us that at some time tf = c between a and D the instantaneous velocity 
f'(c) is equal to that average velocity. For instance, if a car traveled 180 km in 2 hours, 
then the speedometer must have read 90 km/h at least once. 

In general, the Mean Value Theorem can be interpreted as saying that there is a 
number at which the instantaneous rate of change is equal to the average rate of change 
over an interval. a 


The main significance of the Mean Value Theorem is that it enables us to obtain infor- 
mation about a function from information about its derivative. The next example pro- 
vides an instance of this principle. 
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EXAMPLE 5 Suppose that f(0) = —3 and f(x) < 5 for all values of x. How large can 
f(2) possibly be? 


SOLUTION We are given that f is differentiable (and therefore continuous) everywhere. 
In particular, we can apply the Mean Value Theorem on the interval [0, 2]. There exists 
a number c such that 


f(2) — FO) = f(c)(2 — 0) 
SO F(2) = f(0) + 2f"(c) = —3 + 2f'e) 


We are given that f’(x) <5 for all x, so in particular we know that f’(c) < 5. Multiply- 
ing both sides of this inequality by 2, we have 2f'(c) < 10, so 


f(2) = -3 + 2f(c) = -3 + 10 =7 
The largest possible value for f(2) is 7. a 
The Mean Value Theorem can be used to establish some of the basic facts of differen- 


tial calculus. One of these basic facts is the following theorem. Others will be discussed 
in the following sections. 


[5] Theorem If f(x) = 0 for all x in an interval (a, b), then f is constant on (a, b). 


PROOF Let x; and x2 be any two numbers in (a, b) with x; < x2. Since f is differen- 
tiable on (a, b), it must be differentiable on (x1, x2) and continuous on [x1, x2 |. By 
applying the Mean Value Theorem to f on the interval [x1, x2], we get a number c such 
that x; < c < x. and 


[6] f (x2) — fxr) = f'()(%2 — x1) 


Since f(x) = 0 for all x, we have f'(c) = 0, and so Equation 6 becomes 


fa) —fQi)=O or fm) = f(x) 


Therefore f has the same value at any two numbers x, and x, in (a, b). This means that 
f is constant on (a, b). 5) 


Corollary 7 says that if two functions Corollary If f’(x) = g(x) for all x in an interval (a, b), then f — g is constant 
have the same derivatives on an inter- on (a, b); that is, f(x) = g(x) + c where c is a constant. 

val, then their graphs must be vertical 
translations of each other there. In 


other words, the graphs have the PROOF Let F(x) = f(x) — g(x). Then 
same shape, but they could be shifted 
up or down. Pg=fa)-¢a) = 
for all x in (a, b). Thus, by Theorem 5, F is constant; that is, f — g is constant. o 


NOTE Care must be taken in applying Theorem 5. Let 


po= = {h if x>0 


x| if x <0 


The domain of f is D = {x | x ¥ O} and f(x) = 0 for all x in D. But f is obviously not 
a constant function. This does not contradict Theorem 5 because D is not an interval. 
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EXAMPLE 6 Prove the identity tan”'x + cot''x = 7/2. 


SOLUTION Although calculus isn’t needed to prove this identity, the proof using 
calculus is quite simple. If f(x) = tan”'x + cot 'x, then 


fi) =— ~~ =0 
‘i 14+ x? 1+ x? 


for all values of x. Therefore f(x) = C, a constant. To determine the value of C, we put 
x = | [because we can evaluate f(1) exactly]. Then 


C =f(1) = tan 1 + cot! 1 => + == 
4°42 


Thus tan7'x + cot™'x = 7/2. | 


4.2 | Exercises 


1. The graph of a function f is shown. Verify that f satisfies the 
hypotheses of Rolle’s Theorem on the interval [0, 8]. Then 
estimate the value(s) of c that satisfy the conclusion of Rolle’s 
Theorem on that interval. 


5-8 The graph of a function f is shown. Does f satisfy the 
hypotheses of the Mean Value Theorem on the interval [0, 5]? If 
so, find a value c that satisfies the conclusion of the Mean Value 
Theorem on that interval. 


5. 6. 
7. 8. 
2. Draw the graph of a function defined on [0, 8] such that 
f(0) = f(8) = 3 and the function does not satisfy the con- 
clusion of Rolle’s Theorem on [0, 8]. 


3. The graph of a function g is shown. 


9-12 Verify that the function satisfies the three hypotheses of 
Rolle’s Theorem on the given interval. Then find all numbers c 
that satisfy the conclusion of Rolle’s Theorem. 


9. f(x) = 2x7 -4x+5, [-1,3] 
i 10. f(x) =x? — 2x? 4x42, [-2,2] 
11. f(x) = sin(x/2), [/2, 37/2] 


(a) Verify that g satisfies the hypotheses of the Mean Value i 
Theorem on the interval [0, 8]. [;. 2| 
(b) Estimate the value(s) of c that satisfy the conclusion of 


the Mean Value Theorem on the interval [0, 8]. 13. Let f(x) = 1 — x”. Show that f(—1) = f(1) but there is no 


12. f(x) =x + 1/x, 


(c) Estimate the value(s) of c that satisfy the conclusion of 
the Mean Value Theorem on the interval [2, 6]. 


4. Draw the graph of a function that is continuous on [0, 8] 
where f(0) = 1 and f(8) = 4 and that does not satisfy the 
conclusion of the Mean Value Theorem on [0, 8]. 


14. 


number c in (—1, 1) such that f’(c) = 0. Why does this not 
contradict Rolle’s Theorem? 


Let f(x) = tan x. Show that f(0) = f (77) but there is no num- 
ber c in (0, 77) such that f'(c) = 0. Why does this not contra- 
dict Rolle’s Theorem? 
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15-18 Verify that the function satisfies the hypotheses of the 
Mean Value Theorem on the given interval. Then find all 
numbers c that satisfy the conclusion of the Mean Value 
Theorem. 


15. f(x) =2x*-—3x+1, [0,2] 


16. f(x) =x? -— 3x+2, [-2,2] 
18. f(x) =1/x, [1,3] 


17. f(x) =Inx, [1,4] 


19-20 Find the number c that satisfies the conclusion of the 
Mean Value Theorem on the given interval. Graph the func- 
tion, the secant line through the endpoints, and the tangent line 
at (c, f(c)). Are the secant line and the tangent line parallel? 


19. f(x) = Vx, [0,4] 20. f(x) =e", [0,2] 


21. Let f(x) = (x — 3) ?. Show that there is no value of c in 
(1, 4) such that f(4) — f(1) = f'(c)(4 — 1). Why does this 
not contradict the Mean Value Theorem? 


22. Let f(x) = 2 — |2x — 1]. Show that there is no value of c 
such that f(3) — f(0) = f'(c)(3 — 0). Why does this not 
contradict the Mean Value Theorem? 


23-24 Show that the equation has exactly one real solution. 


23. 2x + cosx = 0 24. x +e°=0 


25. Show that the equation x? — 15x + c = 0 has at most one 
solution in the interval [—2, 2]. 


26. Show that the equation x* + 4x + c = 0 has at most two 
real solutions. 


27. (a) Show that a polynomial of degree 3 has at most three 
real zeros. 
(b) Show that a polynomial of degree n has at most n real 
zeros. 


28. (a) Suppose that f is differentiable on R and has two zeros. 


Show that f’ has at least one zero. 

(b) Suppose f is twice differentiable on IR and has three 
zeros. Show that f” has at least one real zero. 

(c) Can you generalize parts (a) and (b)? 


29. If f(1) = 10 and f'(x) = 2 for 1 < x < 4, how small can 
f (4) possibly be? 


30. Suppose that 3 < f(x) < 5 for all values of x. Show that 
18 < f(8) — f(2) < 30. 


31. Does there exist a function f such that f(0) = —1, 
f(2) = 4, and f(x) S 2 for all x? 


32. Suppose that f and g are continuous on [a, b] and differ- 
entiable on (a, b). Suppose also that f(a) = g(a) and 
f'(x) < g(x) for a < x < b. Prove that f(b) < g(b). [Hint: 
Apply the Mean Value Theorem to the function h = f — g.] 


33. Show that sinx <x if 0<x< 27. 


34. Suppose f is an odd function and is differentiable every- 
where. Prove that for every positive number J, there exists 
a number c in (—b, b) such that f'(c) = f(b)/b. 


35. Use the Mean Value Theorem to prove the inequality 
|sina — sinb| <|a—b| for all a and b 

36. If f’(x) = c (ca constant) for all x, use Corollary 7 to show 
that f(x) = cx + d for some constant d. 

37. Let f(x) = 1/x and 

1 ; 

= if x >0 

g(x) = i 

1+— ifx<0O 
x 

Show that f'(x) = g’(x) for all x in their domains. Can we 
conclude from Corollary 7 that f — g is constant? 

38-39 Use the method of Example 6 to prove the identity. 


T 


2 


39. 2sin"'x = cos '(1 — 2x”), x20 


1 
38. arctan x + arctan )- 
x, 


40. At 2:00 pm a car’s speedometer reads 30 mi/h. At 2:10 pm it 
reads 50 mi/h. Show that at some time between 2:00 and 
2:10 the acceleration is exactly 120 mi/h’. 


41. Two runners start a race at the same time and finish in a tie. 
Prove that at some time during the race they have the same 
speed. [Hint: Consider f(t) = g(t) — h(t), where g and h 
are the position functions of the two runners. ] 


42. Fixed Points A number a is called a fixed point of a func- 
tion f if f(a) = a. Prove that if f(x) # 1 for all real num- 
bers x, then f has at most one fixed point. 


4.3 | What Derivatives Tell Us about the Shape of a Graph 


Many of the applications of calculus depend on our ability to deduce facts about a func- 
tion f from information concerning its derivatives. Because f'(x) represents the slope of 
the curve y = f(x) at the point (x, f(x)), it tells us the direction in which the curve 
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A 
D 
B 
A Cc 
0 x 
FIGURE 1 
Notation 


Let’s abbreviate the name of this test 
to the I/D Test. 


FIGURE 2 
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proceeds at each point. So it is reasonable to expect that information about f’(x) will 
provide us with information about f(x). 


HM What Does f’ Say about f? 


To see how the derivative of f can tell us where a function is increasing or decreasing, 
look at Figure 1. (Increasing functions and decreasing functions were defined in Sec- 
tion 1.1.) Between A and B and between C and D, the tangent lines have positive slope 
and so f(x) > 0. Between B and C, the tangent lines have negative slope and so 
f'(x) < 0. Thus it appears that f increases when f'(x) is positive and decreases when 
f'(x) is negative. To prove that this is always the case, we use the Mean Value 
Theorem. 


Increasing/Decreasing Test 


(a) If f(x) > 0 on an interval, then f is increasing on that interval. 


(b) If f’(x) < 0 on an interval, then f is decreasing on that interval. 


PROOF 
(a) Let x; and x2 be any two numbers in the interval with x; < x. According 
to the definition of an increasing function (Section 1.1), we have to show that 


f(x) < f(x). 
Because we are given that f’(x) > 0, we know that f is differentiable on [x1, x2 ]. 
So, by the Mean Value Theorem, there is a number c between x; and x2 such that 


[1] fa) =fGy) =f lG@s= x) 


Now f'(c) > 0 by assumption and x. — x; > 0 because x; < x2. Thus the right side of 
Equation | is positive, and so 


f(x2) — f(x) > 0 or f(x) <f(x2) 
This shows that f is increasing. 


Part (b) is proved similarly. | 


EXAMPLE 1 Find where the function f(x) = 3x* — 4x* — 12x? + 5 is increasing 
and where it is decreasing. 


SOLUTION We start by differentiating /: 


f(x) = 12x3 — 12x? — 24x = 12x(x — 2)(x + 1) 


To use the I/D Test we have to know where f'(x) > 0 and where f'(x) < 0. To solve 
these inequalities we first find where f’(x) = 0, namely at x = 0, 2, and —1. These 
are the critical numbers of f, and they divide the domain into four intervals (see the 
number line in Figure 2). Within each interval, f’(x) must be always positive or 
always negative. (See Examples 3 and 4 in Appendix A.) We can determine which is 
the case for each interval from the signs of the three factors of f’(x), namely, 12x, 

x — 2,and x + 1, as shown in the following chart. A plus sign indicates that the 
given expression is positive, and a minus sign indicates that it is negative. The last 
column of the chart gives the conclusion based on the I/D Test. For instance, 
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f'(x) < 0 for 0 < x < 2, so f is decreasing on (0, 2). (It would also be true to say 
that f is decreasing on the closed interval [0, 2].) 


20 
Interval 12x aaa, see Il ale) if 
2 x<—-l - - — - decreasing on (—%, —1) 
-1l<x<0 - - + + increasing on (—1, 0) 
O0<x<2 + - + — decreasing on (0, 2) 
x>2 + + + + increasing on (2, 2) 
—30 
FIGURE 3 The graph of f shown in Figure 3 confirms the information in the chart. Oo 
@ The First Derivative Test 
Recall from Section 4.1 that if f has a local maximum or minimum at c, then c must be 
a critical number of f (by Fermat’s Theorem), but not every critical number gives rise 
to a maximum or a minimum. We therefore need a test that will tell us whether or not 
J has a local maximum or minimum at a critical number. 

You can see from Figure 3 that for the function f in Example 1, f(0) = 5 is a local 
maximum value of f because f increases on (—1, 0) and decreases on (0, 2). Or, in terms 
of derivatives, f'(x) > 0 for —1 < x < O and f(x) < 0 for 0 < x < 2. In other words, 
the sign of f'(x) changes from positive to negative at 0. This observation is the basis of 
the following test. 

The First Derivative Test Suppose that c is a critical number of a continuous 

function f. 

(a) If f’ changes from positive to negative at c, then f has a local maximum at c. 

(b) If f’ changes from negative to positive at c, then f has a local minimum at c. 

(c) If f’ is positive to the left and right of c, or negative to the left and right of c, 

then f has no local maximum or minimum at c. 

The First Derivative Test is a consequence of the I/D Test. In part (a), for instance, 
because the sign of f’(x) changes from positive to negative at c, f is increasing to the left 
of c and decreasing to the right of c. It follows that f has a local maximum at c. 

It is easy to remember the First Derivative Test by visualizing diagrams such as those 
in Figure 4. 

yA yA YA YA 
fx) <0 
f(x) >0 f(x) <0 Ny 
f(x) +0 Fix) <0 
fix) <0 f(x) >0 fx) >0 
> > > 
0 c 0 c Xx 0 e x 0 é x 
(a) Local maximum at c (b) Local minimum at c (c) No maximum or minimum at c (d) No maximum or minimum at c 
FIGURE 4 


EXAMPLE 2 Find the local minimum and maximum values of the function f in 
Example 1. 
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The + signs in the chart come from 
the fact that g’(x) > 0 when 

cos x > —5. From the graph of 

y = cos x, this is true in the indicated 
intervals. Alternatively, we can choose 
a test value within each interval and 
check the sign of g'(x) using that value. 


6 
0 ca ae 27 
3 3 
FIGURE 5 
g(x) =x + 2sinx 
FIGURE 6 
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SOLUTION From the chart in the solution to Example | we see that f’(x) changes 
from negative to positive at —1, so f(—1) = Ois a local minimum value by the First 


Derivative Test. Similarly, f’ changes from negative to positive at 2, so f(2) = —27 is 
also a local minimum value. As noted previously, f(0) = 5 is a local maximum value 
because f’(x) changes from positive to negative at 0. B 


EXAMPLE 3 Find the local maximum and minimum values of the function 


g(x) =x + 2 sinx O0<x<27 


SOLUTION As in Example 1, we start by finding the critical numbers. The derivative is: 
g(x) = 1+ 2cosx 


so g'(x) = 0 when cos x = -}. The solutions of this equation are 27/3 and 47/3. 
Because g is differentiable everywhere, the only critical numbers are 2771/3 and 47/3. 
We split the domain into intervals according to the critical numbers. Within each 
interval, g'(x) is either always positive or always negative and so we analyze g in the 
following chart. 


Interval g(x) = 1+ 2cosx g 


0<x< 27/3 + increasing on (0, 27/3) 


Qn/3<x< 47/3 — decreasing on (27/3, 477/3) 


4n/3<x<27 + increasing on (4277/3, 277) 


Because g'(x) changes from positive to negative at 27r/3, the First Derivative Test 
tells us that there is a local maximum at 27r/3 and the local maximum value is 


2 Ww 2 ay). 3 
g(277/3) = 3 + 2sin a= 4 2( 8) - y+ v3 ~ 3.83 


3 3 2 


Likewise, g'(x) changes from negative to positive at 477/3 and so 


4 4 4 3 4 
g(4mr/3) = — + 2 sin = z+ of 8) - = 


/3 = 2.46 


is a local minimum value. The graph of g in Figure 5 supports our conclusion. a 


3 3 


MH What Does f” Say about f? 


Figure 6 shows the graphs of two increasing functions on (a, b). Both graphs join point A 
to point B but they look different because they bend in different directions. How can 
we distinguish between these two types of behavior? 


YA B YA B 


(a) (b) 
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In Figure 7 tangents to these curves have been drawn at several points. In part (a) 
the curve lies above the tangents and f is called concave upward on (a, b). In part (b) the 
curve lies below the tangents and g is called concave downward on (a, b). 


YA 


FIGURE 7 


(a) Concave upward 


YA 


a 


(b) Concave downward 


b 


Notation 

We use the abbreviation CU for con- 
cave upward and CD for concave 
downward. 


Definition Ifthe graph of f lies above all of its tangents on an interval /, then f 


is called concave upward on /. If the graph of f lies below all of its tangents on /, 
then f is called concave downward on /. 


Figure 8 shows the graph of a function that is concave upward (CU) on the inter- 
vals (b, c), (d, e), and (e, p) and concave downward (CD) on the intervals (a, b), (c, d), 


and (p, q). 
YA 
D 
B P 
Cc 
Ola b c d e Pp qd x 
FIGURE 8 k CD <— CU —>+— CD —— CU —- CU > CD > 


Let’s see how the second derivative helps determine the intervals of concavity. Look- 
ing at Figure 7(a), you can see that, going from left to right, the slope of the tangent 
increases. This means that the derivative f’ is an increasing function and therefore its 
derivative f” is positive. Likewise, in Figure 7(b) the slope of the tangent decreases from 
left to right, so f’ decreases and therefore f” is negative. This reasoning can be reversed 
and suggests that the following theorem is true. A proof is given in Appendix F with the 
help of the Mean Value Theorem. 


Concavity Test 


(a) If f"(x) > 0 on an interval J, then the graph of f is concave upward on J. 


(b) If f(x) < 0 on an interval J, then the graph of f is concave downward on J. 
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EXAMPLE 4 Figure 9 shows a population graph for honeybees raised in an apiary. 
How does the rate of population growth change over time? When is this rate highest? 
Over what intervals is P concave upward or concave downward? 


Pa 


80 + 


60 + 
Number of bees 


(in thousands) 
40+ 


20 + 


t t = 
0 3 6 9 12 15 18 ¢ 
FIGURE 9 Time (in weeks) 


SOLUTION By looking at the slope of the curve as ¢ increases, we see that the rate of 
growth of the population is initially very small, then gets larger until it reaches a 
maximum at about t = 12 weeks, and decreases as the population begins to level off. 
As the population approaches its maximum value of about 75,000 (called the carrying 
capacity), the rate of growth, P’(t), approaches 0. The curve appears to be concave 
upward on (0, 12) and concave downward on (12, 18). |_| 


In Example 4, the population curve changed from concave upward to concave down- 
ward at approximately the point (12, 38,000). This point is called an inflection point of 
the curve. The significance of this point is that the rate of population increase has its 
maximum value there. In general, an inflection point is a point where a curve changes its 
direction of concavity. 


Definition A point P ona curve y = f(x) is called an inflection point if f is con- 


tinuous there and the curve changes from concave upward to concave downward 
or from concave downward to concave upward at P. 


For instance, in Figure 8, B, C, D, and P are the points of inflection. Notice that if a 
curve has a tangent at a point of inflection, then the curve crosses its tangent there. 

In view of the Concavity Test, there is a point of inflection at any point where the 
function is continuous and the second derivative changes sign. 


EXAMPLE 5 Sketch a possible graph of a function f that satisfies the following 
conditions: 
(i) f(x) > Oon(—%, 1), f(x) < 00n (1, &) 
(ii) f"(x) > 0 on (—%, —2) and (2, %), f(x) < 0 on (—2, 2) 
(i) tim, f(x) = -2, lim fx) = 0 


SOLUTION Condition (i) tells us that f is increasing on (—%, 1) and decreasing 

on (1, ©). Condition (ii) says that f is concave upward on (—°%, —2) and (2, ©), and 
concave downward on (—2, 2). From condition (iii) we know that the graph of f has 
two horizontal asymptotes: y = —2 (to the left) and y = 0 (to the right). 
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FIGURE 10 
yA 
f 
P 
f'(c)=0 
> 
0 c x 
FIGURE 11 


f"(c) > 0, f is concave upward 


We first draw the horizontal asymptote y = —2 as a dashed line (see Figure 10). We 
then draw the graph of f approaching this asymptote at the far left, increasing to its 
maximum point at x = 1, and decreasing toward the x-axis at the far right. We also 


make sure that the graph has inflection points when x = —2 and 2. Notice that we 
made the curve bend upward for x < —2 and x > 2, and bend downward when x is 
between —2 and 2. a 


H The Second Derivative Test 


Another application of the second derivative is the following test for identifying local 
maximum and minimum values. It is a consequence of the Concavity Test, and it serves 
as an alternative to the First Derivative Test. 


The Second Derivative Test Suppose f” is continuous near c. 


(a) If f’(c) = Oand f"(c) > 0, then f has a local minimum at c. 
(b) If f'(c) = Oand f"(c) < 0, then f has a local maximum at c. 


For instance, part (a) is true because f"(x) > 0 near c and so f is concave upward 
near c. This means that the graph of f lies above its horizontal tangent at c and so f has 
a local minimum at c. (See Figure 11.) 


NOTE The Second Derivative Test is inconclusive when f’(c) = 0. In other words, at 
such a point there might be a maximum, there might be a minimum, or there might be 
neither. This test also fails when f"(c) does not exist. In such cases the First Derivative 
Test must be used. In fact, even when both tests apply, the First Derivative Test is often 
the easier one to use. 


EXAMPLE 6 Discuss the curve y = x* — 4x? with respect to concavity, points of 
inflection, and local maxima and minima. 


SOLUTION If f(x) = x* — 4x3, then 


f(x) = 4x3 — 12x? = 4x?(x — 3) 


f(x) = 12x? — 24x = 12x(x — 2) 


To find the critical numbers we set f'(x) = 0 and obtain x = 0 and x = 3. (Note that f’ 
is a polynomial and hence defined everywhere.) To use the Second Derivative Test we 
evaluate f” at these critical numbers: 


f"0) =0 f'B) = 36 >0 


Since f'(3) = 0 and f"(3) > 0, the Second Derivative Test tells us that f(3) = —27 
is a local minimum. Because f"(0) = 0, the Second Derivative Test gives no infor- 
mation about the critical number 0. But since f(x) < 0 for x < 0 and also for 

0 < x < 3, the First Derivative Test tells us that f does not have a local maximum or 
minimum at 0. 
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Since f(x) = 0 when x = 0 or 2, we divide the real line into intervals with these 
numbers as endpoints and complete the following chart. 


Interval Gs) = Did = 2) Concavity 
15 


(—~, 0) + upward 
(0, 2) = downward 


(2, 2) + upward 


The point (0, 0) is an inflection point because the curve changes from concave 
upward to concave downward there. Also (2, — 16) is an inflection point because the 
FIGURE 12 curve changes from concave downward to concave upward there. 
y=x* — 4x3 The graph of y = x* — 4x? in Figure 12 supports our conclusions. a 


—30 


@ Curve Sketching 


We now use the information we obtain from the first and second derivatives to sketch the 
graph of a function. 


EXAMPLE 7 Sketch the graph of the function f(x) = x7/°(6 — x)!”°. 


SOLUTION First note that the domain of f is R. Calculation of the first two derivatives 
gives 
4-x _ -8 


Use the differentiation rules to check f(x) = vie jixn= x76 _ Pye 


42/3 
these calculations. (6%) 


Since f’(x) = 0 when x = 4 and f’(x) does not exist when x = 0 or x = 6, the critical 
numbers are 0, 4, and 6. 


Interval Al = 5 a (6 — x)? f'(x) if 
x<0O + aa + - decreasing on (—, 0) 
0<x<4 + + + + increasing on (0, 4) 
4<x<6 - + + - decreasing on (4, 6) 
x>6 — + + - decreasing on (6, %) 


To find the local extreme values we use the First Derivative Test. Since f’ changes 
from negative to positive at 0, (0) = 0 is a local minimum. Since f’ changes from posi- 
tive to negative at 4, f(4) = 2°” is a local maximum. The sign of f’ does not change 
at 6, so there is no minimum or maximum there. (The Second Derivative Test could be 
used at 4 but not at 0 or 6 because f” does not exist at either of these numbers.) 

Looking at the expression for f(x) and noting that x*/? > 0 for all x, we have 
f(x) < 0 for x < 0 and for 0 < x < 6and f"(x) > 0 for x > 6. So f is concave 
downward on (—*, 0) and (0, 6) and concave upward on (6, %), and the only inflection 
point is (6, 0). Using all of the information we gathered about f from its first and 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


304 CHAPTER4 Applications of Differentiation 


Try reproducing the graph in Figure 13 
with a graphing calculator or com- 
puter. Some machines produce the 
complete graph, some produce only 
the portion to the right of the y-axis, 
and some produce only the portion 
between x = 0 and x = 6. Foran 
explanation, see Example 7 in Graph- 
ing Calculators and Computers at 
www.StewartCalculus.com. 


FIGURE 13 


second derivatives, we sketch the graph in Figure 13. Note that the curve has vertical 
tangents at (0, 0) and (6, 0) because | f’(x) | — % as x > 0 and as x — 6. 


EXAMPLE 8 Use the first and second derivatives of f(x) = e'/, together with 
asymptotes, to sketch its graph. 


SOLUTION Notice that the domain of f is {x | x * 0}, so we check for vertical 
asymptotes by computing the left and right limits as x — 0. As x — 0°, we know that 
t= 1/x > %, so 


lim e'/* = lim e’ = % 


x—0t too 
and this shows that x = 0 is a vertical asymptote. As x — 0, we have 


t = 1/x > —~, so 


lim e'* = lim e’ = 0 


x07 t>—% 
As x — +0, we have 1/x — 0 and so 


lim e!* =e°=1 


xe 


This shows that y = | is a horizontal asymptote (to both the left and right). 
Now let’s compute the derivative. The Chain Rule gives 


el/* 


f(x) = x2 


Since e!* > 0 and x? > 0 for all x ¥ 0, we have f(x) < 0 for all x # 0. Thus f is 
decreasing on (—%, 0) and on (0, %). There is no critical number, so the function has no 
local maximum or minimum. The second derivative is 


F(X) = x7e'/(—1/x7) — e'(2x) _ e'(2x + 1) 


X Xx 


Since e'/* > 0 and x* > 0, we have f"(x) > 0 when x > —4 (x # 0) and f"(x) <0 
when x < —}. So the curve is concave downward on (—0, —5) and concave upward on 
(—5, 0) and on (0, *). There is one inflection point: (—4, e~). 


To sketch the graph of f we first draw the horizontal asymptote y = | (as a dashed 
line), together with the parts of the curve near the asymptotes in a preliminary sketch 
[Figure 14(a)]. These parts reflect the information concerning limits and the fact 
that f is decreasing on both (—~, 0) and (0, %). Notice that we have indicated that 
f(x) ~ 0as x — 0° even though f(0) does not exist. In Figure 14(b) we finish the 
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sketch by incorporating the information concerning concavity and the inflection point. 
In Figure 14(c) we check our work with a computer. 


yA | yA 
4 
inflection 
point 
ae v=1 | 
aS . . . 
x x “| 
(a) Preliminary sketch (b) Finished sketch (c) Computer confirmation 
FIGURE 14 || 
4.3 | Exercises 
1-2 Use the given graph of f to find the following. 6. 


(a) The open intervals on which f is increasing. 

(b) The open intervals on which f is decreasing. 

(c) The open intervals on which f is concave upward. 
(d) The open intervals on which f is concave downward. 
(e) The coordinates of the points of inflection. 


1. 


3. Suppose you are given a formula for a function f. 
(a) How do you determine where f is increasing or decreasing? 
(b) How do you determine where the graph of f is concave 
upward or concave downward? 
(c) How do you locate inflection points? 


4. (a) State the First Derivative Test. 
(b) State the Second Derivative Test. Under what circum- 
stances is it inconclusive? What do you do if it fails? 


5-6 The graph of the derivative f’ of a function f is shown. 

(a) On what intervals is f increasing? Decreasing? 

(b) At what values of x does f have a local maximum? Local 
minimum? 


5. 


7. In each part state the x-coordinates of the inflection points 
of f. Give reasons for your answers. 
(a) The curve is the graph of f. 
(b) The curve is the graph of f’. 
(c) The curve is the graph of f”. 


8. The graph of the first derivative f’ of a function f is shown. 

(a) On what intervals is f increasing? Explain. 

(b) At what values of x does f have a local maximum or 
minimum? Explain. 

(c) On what intervals is f concave upward or concave 
downward? Explain. 

(d) What are the x-coordinates of the inflection points of f? 
Why? 
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9-16 Find the intervals on which f is increasing or decreasing, 
and find the local maximum and minimum values of f. 


9. f(x) = 2x3 — 15x? + 24x — 5 
10. f(x) =x? — 6x? — 135x 
11. f(x) = 6x* — 16x7 + 1 


12. f(x) = x?9(x — 3) 


13. f(x) = a ae 14. f(x) =x + “ 


15. f(x) =sinx + cosx, 0<Sx<27 


16. f(x) =x*e* 


17-22 Find the intervals on which f is concave upward or 
concave downward, and find the inflection points of f. 


17. f(x) =x° — 3x? -9x4+4 
18. f(x) = 2x3 — 9x? + 12x — 3 


19. f(x) = sin’x — cos2x, O<x<7 


20. f(x) =In(2 + sinx), O0O<x<27 


22. f(x) = 


x 


3 
e~+2 


21. f(x) = In(x? + 5) 


23-28 

(a) Find the intervals on which f is increasing or decreasing. 
(b) Find the local maximum and minimum values of f. 

(c) Find the intervals of concavity and the inflection points. 


x 


23. =x'-— 2x7? +3 [Sera 
T= : 5 alae a | 


24. f(x) = 


25. f(x) =x? —x-Inx 
27. f(x) = xe™ 


28. f(x) = cos’x — 2 sin x, 


26. f(x) =x? Inx 


0O<x<27 


29-30 Find the local maximum and minimum values of f using 


both the First and Second Derivative Tests. Which method do you 


prefer? 


2 


x? 


29. f(x) = 1 + 3x? — 2x3 30. f(x) = 


x= 1 


31. Suppose the derivative of a function f is 
f@=@=4Ve~3)(e= 5) 
On what interval(s) is f increasing? 
32. (a) Find the critical numbers of f(x) = x*(x — 1)°. 
(b) What does the Second Derivative Test tell you about the 


behavior of f at these critical numbers? 
(c) What does the First Derivative Test tell you? 


33. Suppose f” is continuous on (—%, °%). 


(a) If f’(2) = O and f”"(2) = —5, what can you say about f? 


(b) If f'(6) = 0 and f’(6) = 0, what can you say about f? 


34-41 Sketch the graph of a function that satisfies all of the given 
conditions. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


(a) f'(x) < Oand f"(x) < 0 for all x 
(b) f'(x) > Oand f"(x) > 0 for all x 


(a) f'(x) > Oand f"(x) < 0 for all x 

(b) f'(x) < Oand f"(x) > 0 for all x 

Vertical asymptote x = 0, f'(x) > Oifx < —2, 
f(x) < Oifx > -—2 (x 40), 

f(x) < Oifx <0, f"(x) > O0ifx>0 

f'0) =f'(2) = f'(4) = 0, 

f'(x~) > Oifx <Oor2 <x <4, 

f(x) < 0if0 <x <2o0rx > 4, 

f(x) > Oif 1 <x <3, fx) <O0ifx<lorx>3 
f'(x) > Oforallx #1, vertical asymptote x = 1, 
f'() > Oifx<lorx>3, f"(x) <O0if1<x<3 
f'() =0,  f’(x) < 0 whenx <5, 

f'(x) >Owhenx >5, f"(2)=0, f"(8) =0, 
f"(x) < Owhen x < 20rx > 8, 

f"(x) > Ofor2 <x <8, lim f(x) = 3, jim f(x) =3 
f'O) =f'(4) =0, f'Q) = lifx< 1, 

f(x) > Oif0 <x <2, 

f(x) < Oif -l1 <x <0Oor2<x<4orx>4, 
lim f'(x) = % lim, f(a) = —™, 

f(x) > 0if -1<x<20r2<x<4, 
S'(x) < Oifx > 4 

f'(x) > Oifx #2, f"(x) > Oifx <2, 

f"(x) < Oifx > 2, f has inflection point (2, 5), 
lim f(x) = 8, lim f(x) =0 


. The graph of a function y = f(x) is shown. At which point(s) 


are the following true? 


d a 
(a) = and a are both positive. 


dy d’y 
b) —and 
(b) ie ae 


are both negative. 


2 


ey tive but 
Cc — 18 negative Du 
age d 


2 
x 


is positive. 
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43-44 The graph of the derivative f' of a continuous function f 

is shown. 

(a) On what intervals is f increasing? Decreasing? 

(b) At what values of x does f have a local maximum? Local 
minimum? 

(c) On what intervals is f concave upward? Concave downward? 

(d) State the x-coordinate(s) of the point(s) of inflection. 

(e) Assuming that f(0) = 0, sketch a graph of f. 


43. 


44.) tly = fix) 


45-58 

(a) Find the intervals of increase or decrease. 

(b) Find the local maximum and minimum values. 

(c) Find the intervals of concavity and the inflection points. 

(d) Use the information from parts (a)—(c) to sketch the graph. 
You may want to check your work with a graphing calculator 
or computer. 


45. f(x) =x° — 3x7 +4 46. f(x) = 36x + 3x? — 2x? 


47. f(x) = 5x4 — 4x7 + 3 48. g(x) = 200 + 8x7 + x* 


49. g(t) = 317 — 84° + 12 50. A(x) = 5x* — 3x° 


51. f(z) = 27 — 1122? 52. f(x) = (x? — 4) 
53. F(x) =xJ6 — x 54. G(x) = 5x78 — 2x 
55. C(x) = x(x + 4) 56. f(x) = In(x? + 9) 


57. f(0) =2 cos6+cos’0, 0<0<27 


58. S(x) =x — sinx, O0O<x<47 


59-66 

(a) Find the vertical and horizontal asymptotes. 

(b) Find the intervals of increase or decrease. 

(c) Find the local maximum and minimum values. 

(d) Find the intervals of concavity and the inflection points. 

(e) Use the information from parts (a)—(d) to sketch the graph of f. 

fates 60 f= 
f@=lto-s f= 35 


61. f(x) = e?* 62. f(x) = 7 - 


63. f(x) =e" 64. f(x) =x — gx? — $Inx 


65. f(x) = In(1 — Inx) 66. f(x) =e 


67-68 Use the methods of this section to sketch several members 
of the given family of curves. What do the members have in 
common? How do they differ from each other? 


67. f(x) =x*-— cx, c>0 
68. f(x) =x? — 3c’x + 2c?, c>O0 


FY 69-70 


(a) Use a graph of f to estimate the maximum and minimum 
values. Then find the exact values. 

(b) Estimate the value of x at which f increases most rapidly. 
Then find the exact value. 


69. f(x) _ eed , 


Jx2 +1 


70. f(x) =x’e™ 


AY 71-72 


(a) Use a graph of f to give a rough estimate of the intervals of 
concavity and the coordinates of the points of inflection. 
(b) Use a graph of f” to give better estimates. 


71. f(x) = sin2x + sin4dx, OSx<7 


72. f(x) = (x — 1° (x + DF 


73-74 Estimate the intervals of concavity to one decimal place by 


using a computer algebra system to compute and graph f”". 


4 34] x? tan! x 
74. f(x) = —— 


Vx? txt Lee 


75. A graph of a population of yeast cells in a new laboratory cul- 
ture as a function of time is shown. 


Number 500 + 


of 400 + 
yeast cells 


3p 
0 2 4 6 8 10 12 14 16 18 
Time (in hours) 

(a) Describe how the rate of population increase varies. 

(b) When is this rate highest? 

(c) On what intervals is the population function concave 
upward or downward? 

(d) Estimate the coordinates of the inflection point. 
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76 


77. 


78. 


79. 


80. 


82. 


CHAPTER4 Applications of Differentiation 


In an episode of The Simpsons television show, Homer 
reads from a newspaper and announces “Here’s good news! 
According to this eye-catching article, SAT scores are 
declining at a slower rate.” Interpret Homer’s statement in 
terms of a function and its first and second derivatives. 


The president announces that the national deficit is increas- 
ing, but at a decreasing rate. Interpret this statement in 
terms of a function and its first and second derivatives. 


Let f(t) be the temperature at time t where you live and 
suppose that at time t = 3 you feel uncomfortably hot. How 
do you feel about the given data in each case? 

a) FO=2) ££ By=4 

POH 2) (a= =4 

GC) f/Q—=2,. Oy =4 

O77 Q==2, (a= =4 


Let K(t) be a measure of the knowledge you gain by 
studying for a test for t hours. Which do you think is larger, 
K(8) — K(7) or K(3) — K(2)? Is the graph of K concave 
upward or concave downward? Why? 


Coffee is being poured into the mug shown in the figure at a 
constant rate (measured in volume per unit time). Sketch a 
rough graph of the depth of the coffee in the mug as a func- 
tion of time. Account for the shape of the graph in terms of 
concavity. What is the significance of the inflection point? 


. A drug response curve describes the level of medication in 


the bloodstream after a drug is administered. A surge func- 
tion S(t) = At’e“ is often used to model the response 
curve, reflecting an initial surge in the drug level and then a 
more gradual decline. If, for a particular drug, A = 0.01, 

p =4,k = 0.07, and ft is measured in minutes, estimate the 
times corresponding to the inflection points and explain 
their significance. Then graph the drug response curve. 


Normal Density Functions The family of bell-shaped curves 
1 
e 
oV/27 


occurs in probability and statistics, where it is called the nor- 
mal density function. The constant p is called the mean and 
the positive constant o is called the standard deviation. For 


—(x-p)?/(207) 


y= 


simplicity, let’s scale the function so as to remove the factor 
1/ (o/ 27 ) and let’s analyze the special case where p = 0. 
So we study the function 

f(x) = et /0”) 


(a) Find the asymptote, maximum value, and inflection 
points of f. 


83 


84. 


85 


86. 


87 


(b) What role does o play in the shape of the curve? 
(c) Illustrate by graphing four members of this family on 
the same screen. 


Find a cubic function f(x) = ax* + bx? + cx + d that 
has a local maximum value of 3 at x = —2 and a local min- 
imum value of 0 at x = 1. 


For what values of the numbers a and b does the function 
fx) = axe? 
have the maximum value f(2) = 1? 


Show that the curve y = (1 + x)/(1 + x’) has three points 
of inflection and they all lie on one straight line. 


Show that the curves y = e * and y = —e “ touch the curve 
y =e “sin x at its inflection points. 


Show that the inflection points of the curve y = x sin x lie 
on the curve y°(x? + 4) = 4x? 


88-90 Assume that all of the functions are twice differentiable 
and the second derivatives are never 0. 


88. (a) If f and g are concave upward on an interval J, show 


89. (a) 


90. 


91 


93 


94. 


that f + g is concave upward on /. 
If f is positive and concave upward on /, show that the 
function g(x) = [ f(x)]? is concave upward on J. 


(b) 


If f and g are positive, increasing, concave upward 
functions on an interval /, show that the product func- 
tion fg is concave upward on J. 

Show that part (a) remains true if f and g are both 
decreasing. 

Suppose f is increasing and g is decreasing. Show, by 
giving three examples, that fg may be concave upward, 
concave downward, or linear. Why doesn’t the argu- 
ment in parts (a) and (b) work in this case? 


(b) 


(c) 


Suppose f and g are both concave upward on (—%, °°). 
Under what condition on f will the composite function 
h(x) = f(g(x)) be concave upward? 


Show that a cubic function (a third-degree polynomial) 
always has exactly one point of inflection. If its graph has 
three x-intercepts x1, x2, and x3, show that the x-coordinate 
of the inflection point is (x, + x2 + x3)/3. 


For what values of c does the polynomial 

P(x) = x* + cx? + x? have two inflection points? One 
inflection point? None? Illustrate by graphing P for several 
values of c. How does the graph change as c decreases? 


Prove that if (c, f(c)) is a point of inflection of the graph 
of f and f” exists in an open interval that contains c, then 
f'"(c) = 0. [Hint: Apply the First Derivative Test and 
Fermat’s Theorem to the function g = f’.] 


Show that if f(x) = x*, then f”(0) = 0, but (0, 0) is not an 
inflection point of the graph of f. 
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95. Show that the function g(x) = x|x| has an inflection point at 99. The three cases in the First Derivative Test cover the situa- 

(0, 0) but g’(O) does not exist. tions commonly encountered but do not exhaust all possibili- 

ties. Consider the functions f, g, and h whose values at 0 are 

96. Suppose that f’” is continuous and f'(c) = f"(c) = 0, but all 0 and, for x # 0, 

f"(c) > 0. Does f have a local maximum or minimum 

at c? Does f have a point of inflection at c? f(x) = x*sin i g(x) = v2 + gin 1) 

x x 

97. Suppose f is differentiable on an interval / and f'(x) > 0 for 

all numbers x in / except for a single number c. Prove that f h(x) = x —2 + sin 1) 

is increasing on the entire interval /. 


(a) Show that 0 is a critical number of all three functions but 
their derivatives change sign infinitely often on both sides 


98. For what values of c is the function 


of 0. 
f(x) = ex + 7243 (b) Show that f has neither a local maximum nor a local 
minimum at 0, g has a local minimum, and / has a local 
increasing on (—°°, 2)? maximum. 


4.4 | Indeterminate Forms and I’Hospital’s Rule 


Suppose we are trying to analyze the behavior of the function 


In x 
x= 


F(x) = 


Although F is not defined when x = 1, we need to know how F behaves near 1. In par- 
ticular, we would like to know the value of the limit 


Ty lim In - 


In computing this limit we can’t apply Law 5 of limits (the limit of a quotient is the quo- 
tient of the limits, see Section 2.3) because the limit of the denominator is 0. In fact, 
although the limit in (1) exists, its value is not obvious because both numerator and 
denominator approach 0 and 7 is not defined. 


B® Indeterminate Forms (Types o =) 


In general, if we have a limit of the form 


tim 2 
xa g(x) 


where both f(x) — 0 and g(x) — 0 as x — a, then this limit may or may not exist and is 
called an indeterminate form of type i We met some limits of this type in Chapter 2. 
For rational functions, we can cancel common factors: 

xr-—x : x(x — 1) . x 1 


lim —; = lim = lim = 
xl x° — J xl (x + 1)(x _ 1) x>-lx+1 2 


In Section 3.3 we used a geometric argument to show that 


But these methods do not work for limits such as (1). 
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yA 


FIGURE 1 


Figure 1 suggests visually why 
l'Hospital’s Rule might be true. The 
first graph shows two differentiable 
functions f and g, each of which 
approaches 0 as x — a. If we were 
to zoom in toward the point (a, 0), 
the graphs would start to look 
almost linear. But if the functions 
actually were linear, as in the sec- 
ond graph, then their ratio would be 


m(x— a) m 


m(x — a) mM 
which is the ratio of their deriva- 
tives. This suggests that 
fa) £0) 

=lim > 
xa g(x) 


lim 
re g(a) 


Another situation in which a limit is not obvious occurs when we look for a horizontal 
asymptote of F and need to evaluate the limit 


2] im In x 


It isn’t obvious how to evaluate this limit because both numerator and denominator 
become large as x — ~, There is a struggle between numerator and denominator. If the 
numerator wins, the limit will be ~ (the numerator was increasing significantly faster 
than the denominator); if the denominator wins, the answer will be 0. Or there may be 
some compromise, in which case the answer will be some finite positive number. 

In general, if we have a limit of the form 


tim 22) 
ren g(x) 


where both f(x) — % (or —%) and g(x) — © (or —°%), then the limit may or may not 
exist and is called an indeterminate form of type %. We saw in Section 2.6 that this type 
of limit can be evaluated for certain functions, including rational functions, by dividing 
numerator and denominator by the highest power of x that occurs in the denominator. 
For instance, 


1 
1-— 
, 2 | : x? | = 0 1 
lim 5 = lim = = 
xe 2x° + | xm 1 2+0 2 
2 hs 
x 


But this method does not work for limits such as (2). 


BH LHospital’s Rule 


We now introduce a systematic method, known as /’Hospital’s Rule, for the evaluation of 
indeterminate forms of type , or type &. 


L'Hospital’s Rule Suppose f and g are differentiable and g'(x) ~ 0 on an open 
interval J that contains a (except possibly at a). Suppose that 


lim g(x) = 0 


or that lim g(x) = +e 


(In other words, we have an indeterminate form of type or 3.) Then 


5 FU a 
m lim 


li 
xa g(x) xa g(x) 


if the limit on the right side exists (or is © or —%). 


NOTE 1 L’Hospital’s Rule says that the limit of a quotient of functions is equal to the 
limit of the quotient of their derivatives, provided that the given conditions are satisfied. 
It is especially important to verify the conditions regarding the limits of f and g before 
using |’ Hospital’s Rule. 
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L’Hospital 

L'Hospital’s Rule is named after a French 
nobleman, the Marquis de I’Hospital 
(1661-1704), but was discovered by a 
Swiss mathematician, John Bernoulli 
(1667-1748). You might sometimes see 


I'Hospital spelled as l’Hdpital, but he 
spelled his own name I’Hospital, as was 
common in the 17th century. See Exer- 
cise 85 for the example that the Marquis 
used to illustrate his rule. See the proj- 
ect following this section for further 
historical details. 


@ Notice that when using 
l'Hospital’s Rule we differentiate the 
numerator and denominator sepa- 
rately. We do not use the Quotient 
Rule. 


The graph of the function of Example 2 
is shown in Figure 2. We have noticed 
previously that exponential functions 
grow far more rapidly than power func- 
tions, so the result of Example 2 is not 
unexpected. See also Exercise 75. 


20 


0 
FIGURE 2 
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NOTE 2 L’Hospital’s Rule is also valid for one-sided limits and for limits at infinity or 
negative infinity; that is, “x —> a’ can be replaced by any of the symbols x — a*,x >a, 
xX, or x > —%, 


NOTE 3 For the special case in which f(a) = g(a) = 0, f' and g’ are continuous, and 
g(a) ¥ 0, it is easy to see why I’ Hospital’s Rule is true. In fact, using the alternative form 
of the definition of a derivative (2.7.5), we have 


on fie) =fila@) 
fees fo F@ 232 xa 
xa g(x) — g'(a) i g(x) — gla) 
im 
xa Xa 
f(x) — f(@) 
~ en ge) — ola) 
X—a4a 
= 5 f(x) — fla) = lj f(x) ecause f(a) = g(a) = 
lim =a lim ae [bi f(a) = g(a) = 0) 


It is more difficult to prove the general version of |’ Hospital’s Rule. See Appendix F. 


EXAMPLE 1 Find lim ae 


sal y= 


SOLUTION Since 


lim Inx = Inl =0 and 


x1 


lim (x — 1) = 0 


the limit is an indeterminate form of type e. so we can apply |’ Hospital’s Rule: 


d 
— (In x) 
: In x ; dx . 
lim lim 7 = lim a 
x>1 x — x x—> 
—(x-1 
- (x — 1) 
2 lk 
= lm—=1 | 
ce a ee A 
EXAMPLE 2 Calculate lim —. 
XO X 


SOLUTION We have lim,—... e* = © and lim,_... x” = ©, so the limit is an indetermi- 
nate form of type %, and l’Hospital’s Rule gives 


Since e* — © and 2x — © as x — %™, the limit on the right side is also indeterminate. 
A second application of 1’Hospital’s Rule gives 


x x x 


‘ e 2 e 
= lim = lim = 0 | 
x—> 00 xX 


x0 2 


. e 
lim 


x70 X 


2 
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1 
The graph of the function of Example3 EXAMPLE3 Calculate lim ——. 


is shown in Figure 3. We have dis- 
cussed previously the slow growth of 
logarithms, so it isn’t surprising that 
this ratio approaches 0 as x — ~. See 
also Exercise 76. 


=I 


FIGURE 3 


The graph in Figure 4 gives visual con- 
firmation of the result of Example 4. If 
we were to zoom in too far, how- 
ever, we would get an inaccurate 
graph because tan x is close to x when 
x is small. See Exercise 2.2.48(d). 


1 


al 


FIGURE 4 


nx 


— 00 
a Xx 


SOLUTION Since In x > & and Vx — % as x > ©, l’Hospital’s Rule applies: 


Notice that the limit on the right side is now indeterminate of type o. But instead of 
applying I’ Hospital’s Rule a second time as we did in Example 2, we simplify the 
expression and see that a second application is unnecessary: 


lim = lim = lim = 0 || 


In both Examples 2 and 3 we evaluated limits of type %, but we got two different 
results. In Example 2, the infinite limit tells us that the numerator e* increases signifi- 
cantly faster than the denominator x’, resulting in larger and larger ratios. In fact, y = e* 
grows more quickly than all the power functions y = x” (see Exercise 75). In Example 3 
we have the opposite situation; the limit of 0 means that the denominator outpaces the 
numerator, and the ratio eventually approaches 0. 


tan x — x 


EXAMPLE 4 Find lim ——z—. (See Exercise 2.2.48.) 
x= x” 


SOLUTION Noting that both tan x — x > 0 and x* — 0 as x — 0, we use I’ Hospital’s 
Rule: 


tanx — x _ sec’x — 1 
im A = lim 5 
x0 x x>0 3x 


Since the limit on the right side is still indeterminate of type . we apply I’ Hospital’s 
Rule again: 


_ sec’x — 1 _ 2sec?x tan x 
lim 5 = lim 
x>0 3x- x>0 6x 


Because lim,— sec’x = 1, we simplify the calculation by writing 


_ 2sec?x tan x 1. : — tanx 1. tanx 
lim = — limsec*x - lim = im 
x0 6x 3 x0 x>0 x 3x°-0 x 


We can evaluate this last limit either by using |’ Hospital’s Rule a third time or by 
writing tan x as (sin x)/(cos x) and making use of our knowledge of trigonometric 
limits. Putting together all the steps, we get 


tanx — x _ secrx — 1 _ 2sec*x tan x 
im ; = lim - = lim 
x0 x x0 3x" x0 6x 
1 tan x 1. sec*x 1 
= 1 =— lim = | 
3.x>0 x 3x>-0 | 3 
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Figure 5 shows the graph of the 
function in Example 6. Notice that 
the function is undefined at x = 0; 
the graph approaches the origin but 
never quite reaches it. 


YA 


FIGURE 5 


SECTION 4.4 Indeterminate Forms and I’Hospital’s Rule 313 


EXAMPLE5 Find lim ————. 

x>a- 1 —cosx 
SOLUTION If we blindly attempted to use I’ Hospital’s Rule, we might think that an 
equivalent limit is 


COS xX 
=> —-eo 


lim — 
x>r sin x 
This is wrong! Although the numerator sin x — 0 as x — 77, notice that the denomi- 
nator (1 — cos x) does not approach 0, so 1’ Hospital’s Rule can’t be applied here. 
The required limit can, in fact, be found by direct substitution because the function 
is continuous at 7 and the denominator is nonzero there: 
sin x sin 7 0 


lim = = =0 | 
x>n- | —cosx 1 — cos 7 1 — (-1) 


Example 5 shows what can go wrong if you use |’Hospital’s Rule without think- 
ing. Some limits can be found using I’ Hospital’s Rule but are more easily found by other 
methods. (See Examples 2.3.3, 2.3.5, and 2.6.3, and the discussion at the beginning of 
this section.) When evaluating any limit, you should consider other methods before using 
l’Hospital’s Rule. 


BH Indeterminate Products (Type 0 - ~) 


If lim,—. f(x) = 0 and lim,—, g(x) = © (or —©), then it isn’t clear what the value of 
lim, +4L f(x) g(x], if any, will be. There is a struggle between f and g. If f wins, the 
answer will be 0; if g wins, the answer will be (or —%). Or there may be a compromise 
where the answer is a finite nonzero number. For instance, 


1 il 
lim x* = 0, lim —=© and lim x*-—= lim x= 
x0t x—0t x x>0t ee x0t 
1 1 1 
lmx=0, lim —>=% and lim x:—+= lim —=o0 
2 2. 
x—0t x>0t x x—0t x x>0t x 
lim x = 0, lim —=* and lim x-—= lim1l=1 
x—>0tT x—0t x x—0T x x 0F 


This kind of limit is called an indeterminate form of type 0 -%. We can deal with it by 
writing the product fg as a quotient: 


_ f _ 9g 
“Hyg Ieee 


This converts the given limit into an indeterminate form of type f or 5 So that we can use 
l’Hospital’s Rule. 


f9 


EXAMPLE 6 Evaluate lim, xInx. 


SOLUTION The given limit is indeterminate because, as x — 0°, the first factor (x) 
approaches 0 while the second factor (In x) approaches —%. Writing x = 1/(1/x), we 
have 1/x — % as x > 0% so l’Hospital’s Rule gives 

Inx : 1/x 


jim ane a 1/x = J, —1/x? = jim, ( x) =. ™ 
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NOTE In solving Example 6 another possible option would have been to write 


lim xInx = lim —— 

x—>0t x—>0F 1/In x 
This gives an indeterminate form of the type o but if we apply I’Hospital’s Rule we get 
a more complicated expression than the one we started with. In general, when we rewrite 
an indeterminate product, we try to choose the option that leads to the simpler limit. 


B® Indeterminate Differences (Type 2% — ~) 


If lim,—. f(x) = © and lim,—., g(x) = %, then the limit 
lim [/(2) — 9(2)] 


is called an indeterminate form of type «— %. Again there is a contest between f 

and g. Will the answer be © ( f wins) or will it be —% (g wins) or will they compromise 

on a finite number? To find out, we try to convert the difference into a quotient (for 

instance, by using a common denominator, or rationalization, or factoring out a common 
: : 0 oo 

factor) so that we have an indeterminate form of type 6 or &. 


EXAMPLE7 Compute lim ( ee ) 


x>1+ \ Inx x— 1 


SOLUTION First notice that 1/(In x) — © and 1/(x — 1) ~ © as x — 1", so the limit 
is indeterminate of type © — %. Here we can start with a common denominator: 


. 1 1 ., d= 1 = Thx 
lim = lim 
xol+\Inx x-1 x>l+ (x — 1) Inx 


Both numerator and denominator have a limit of 0, so I’ Hospital’s Rule applies, giving 


1 = 2 
 — x -1-iInx . x . x-1 
lim = lim = lim 
x>lt (x — 1) Inx xolt 1 xolt x — 14+ xInx 
(x -—1)-—+Inx 


Xx 


Again we have an indeterminate limit of type ,. so we apply |’ Hospital’s Rule a second 
time: 


x-1 . 1 
im = lim 
x>l+ x —1+xInx xlt 1 
1+x:—+I1nx 
x 
1 1 


EXAMPLE 8 Calculate lim (e* — x). 


SOLUTION This is an indeterminate difference because both e* and x approach infinity. 
We would expect the limit to be infinity because e* > © much faster than x. But we can 
verify this by factoring out x: 
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Although forms of the type 0°, ~°, and 
1* are indeterminate, the form 0° is 
not indeterminate. (See Exercise 88.) 


The graph of the function y = x’, 
x > 0, is shown in Figure 6. Notice 
that although 0° is not defined, the 
values of the function approach | 
as x — 0°. This confirms the result 
of Example 10. 


2 


1 2 


FIGURE 6 
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The term e*/x —> % as x — & by I’Hospital’s Rule and so we now have a product in 
which both factors grow large: 


im ~ 9 = tim [a(S - 1) |= = = 
x—00 x0 x 


H Indeterminate Powers (Types 0°, 2°, 1%) 


Several indeterminate forms arise from the limit 


lim [f(x)]™ 
1. lim f(x) = 0 and lim g(x) = 0 type 0° 
2. lim f(x) = — and lim g(x) = 0 type 0° 


3. lim f(x) = 1 and lim g(x) = + type 1” 


xa 


Each of these three cases can be treated either by taking the natural logarithm: 
let y=[f(x)]%, then In y = g(x) Inf(x) 
or by using Formula 1.5.10 to write the function as an exponential: 
[fla)]# = entoirta 


(Recall that both of these methods were used in differentiating such functions.) In either 
method we are led to the indeterminate product g(x) In f(x), which is of type 0 + %. 


EXAMPLE9 Calculate lim, (1 + sin 4x)°°*, 


SOLUTION First notice that as x > 0*, we have 1 + sin 4x — 1 and cot x — %, so the 
given limit is indeterminate (type 1%). Let 


y = (1 + sin 4x) 


In(1 + sin 4x) 


Then In y = In[( + sin 4x)°"*] = cot x In(1 + sin 4x) = 
tan x 
so I’ Hospital’s Rule gives 
4 cos 4x 
. — .. In(Q1 + sin 4x) . 1 + sin 4x 
lim Iny= lim = lim 5 =4 
x0 x 0F tan x x0t sec’x 


So far we have computed the limit of In y, but what we want is the limit of y. To find 
this we use the fact that y = e™: 


lim (1 + sin 4x)°* = lim y = lim e™ = e* a 
x—>0+ x 0+ x0 


EXAMPLE 10 Find lim, x". 


SOLUTION Notice that this limit is indeterminate since 0* = 0 for any x > 0 but 
x° = | for any x # 0. (Recall that 0° is undefined.) We could proceed as in Example 9 
or by writing the function as an exponential: 


xt = (em)* = exis 
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In Example 6 we used I’ Hospital’s Rule to show that 


lim xInx =0 


x 0+ 
Therefore jim, x* = lim em = 2 =] a 
4.4 | Exercises 
1-4 Given that 7. The graph of a function f and its tangent line at 0 are shown. 
lim f(x) =0 lim g(x) = 0 lim h(x) = 1 What is the value of lim eae i 2 


lim p(x) = % lim q(x) = % 


which of the following limits are indeterminate forms? For 
any limit that is not an indeterminate form, evaluate it where 
possible. 
1. (@) tim 22 (b) tim 22 
na gl) ee pla) 
h 
(c) lim = (a) lim 2 3 
et re ie 8-70 Find the limit. Use l Hospital’s Rule where appropriate. 
_ p(x) If there is a more elementary method, consider using it. If 
(e) lim q(x) l’Hospital’s Rule doesn’t apply, explain why. 
2. (a) lim [f(a)p(x)] (b) lim [a(x)p2)] 8. lim 
F : 7545 
(c) jim [pag] ‘ i x? = x = 8 ‘0 ‘ x3 + 8 
. lim, ————— im 
3. (a) lim [f(x) — po] (b) lim [p(a) — q(a)] eS ears, 
7 , — xt _ vx -2 
(c) lim [ p(x) + q(x)] 11. lim od 12. lim, =a 
4. (a) lim [ f(x)]9™ (b) lim [f( pr _ sinx — cosx _ tan 3x 
xa xa 13. 7, se 14. lim ao 
XT an xn = x0 sin 2X 
(c) lim [A(x)]"™ (d) lim [p(@)} 
xa xa et = 1 x2 
(e) lim [po] (f) lim “Vp ae ae ae ees 
xa xa 0 sint x>0 1 —cosx 
496% sin(x — 1) ane i 1+ cos @ 
» lim ———— ~ lim ——— 
5-6 Use the graphs of f and g and their tangent lines at (2, 0) to wal be = 2 9-7 1 — cos 6 
_ f(x) Vx 4+ x2 
find lim ——. : ig a ee 
x2 g(x) 19. tim lte* 20. jim {= 2x2 
5. yA re 6. l ineeen 
PAE ES 21. lim, =~ 28 in 
; xa x x30 XO 
I 3 So 5) 
25; i 24. lim 
x>3 3-x 1>0 t 
1 +25 =a —4 oo 
ji sie ee ae 
x0 x u>-e YO 
Pid . et+e*—2 . sinhx — x 
27. lim ————_—_— 28. lim ——.—— 
x>0 e*—x-] x0 x? 
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ae] 


29. 1 


31. 


33. 


35. 


37. 


39. 


41. 1 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


59. 


61. 


63. 


65. 


67. 


69. 


In(1 + x) 
x>0 cosx +te*— 1 
arctan 2x 
In x 


lim x sin(7/x) 


lim sin 5x csc 3x 


x>0 


lim x°e7" 


xo 


lim, In x tan(ax/2) 


, 1 1 
lim — — 
x04 x tanx 
lim x” 
x—0+ 


lim (1 — 2x)!" 


lim x /-a) 
x1t 


lim x!" 


lim (4x + 1)°** 
x—0t 

lim (1 + sin 3x)!” 
x—0t 


. = 1 
lim —W 
x>0t Inx+x—- 1 


30. 


32. 


34. 


36. 


38. 


40. 


42. 


44, 


46. 


48. 


50. 


52. 


54. 


56. 


58. 


60. 


62. 


64. 


66. 


68. 


70. 


_ x? sinx 

lim — 
x>0 sinx — x 

li a 

im ———— 
xx (7/2) — tan'x 
i x — sinx 
1m ——. 7.05 
x0 x sin(x?) 


lim xe? 


1 

lim vin(1 _ 1) 
x— —90 x 
lim x*/ sin(1/x) 


lim cos x sec 5x 


x—>(a/2) 


lim (csc x — cot x) 
x0 


lim (x — In x) 
lim. (tan 2x)* 
x—>0t 


: a bx 
lim (: + “) 
x3 x 


lim (e* + 10x)!" 


x1 


. ee’, 9 
lim x° 


x0 


sin x 


lim (1 — cos x) 
x—0+ 


71-72 Use a graph to estimate the value of the limit. Then use 
l’Hospital’s Rule to find the exact value. 


71. 


2\ 
lim (: + 2) 
XO me 


72. 


; 5* = 4 
lim ——— 
x0 3° — 2? 
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Indeterminate Forms and I’Hospital’s Rule 


FS 73-74 Illustrate l’Hospital’s Rule by graphing both f(x)/g(x) 


and f'(x)/g'(x) near x = 0 to see that these ratios have the same 
limit as x — 0. Also, calculate the exact value of the limit. 


73. f(x) =e —- 1, 
74. f(x) = 2x sin x, 


g(x) = x? + 4x 


g(x) = secx — 1 


75. Prove that 


for any positive integer n. This shows that the exponential 
function approaches infinity faster than any power of x. 


76. Prove that 


for any number p > 0. This shows that the logarithmic func- 
tion approaches infinity more slowly than any power of x. 


77-78 What happens if you try to use I’ Hospital’s Rule to find 
the limit? Evaluate the limit using another method. 


77. lim 


Sec xX 


78. im 
x—(7/2)~ tan x 


x 


-4 79 


80. 


81 


Investigate the family of curves f(x) = e* — cx. In par- 
ticular, find the limits as x —> +: and determine the 
values of c for which f has an absolute minimum. What 
happens to the minimum points as c increases? 


If an object with mass m is dropped from rest, one model 
for its speed v after t seconds, taking air resistance into 


account, is 


v= ai = elm) 
Cc 


where g is the acceleration due to gravity and c is a positive 
constant. (In Chapter 9 we will be able to deduce this equa- 
tion from the assumption that the air resistance is propor- 
tional to the speed of the object; c is the proportionality 
constant.) 
(a) Calculate lim,—..v. What is the meaning of this limit? 
(b) For fixed f, use I’ Hospital’s Rule to calculate lim ..+ v. 
What can you conclude about the velocity of a falling 
object in a vacuum? 


If an initial amount Ao of money is invested at an interest 
rate r compounded n times a year, the value of the invest- 
ment after ¢ years is 


A = Ag 
n 


If we let n — ©, we refer to the continuous compounding of 
interest. Use I’ Hospital’s Rule to show that if interest is 
compounded continuously, then the amount after f years is 


A = Ave" 
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CHAPTER4 Applications of Differentiation 


82. Light enters the eye through the pupil and strikes the retina, 


83 


where photoreceptor cells sense light and color. W. Stanley 
Stiles and B. H. Crawford studied the phenomenon in which 
measured brightness decreases as light enters farther from 
the center of the pupil (see the figure). 


A light beam A that enters through the center of the pupil 
measures brighter than a beam B entering near the edge of 
the pupil. 


They detailed their findings of this phenomenon, known as 
the Stiles—Crawford effect of the first kind, in an important 
paper published in 1933. In particular, they observed that the 
amount of luminance sensed was not proportional to the area 
of the pupil as they expected. The percentage P of the total 
luminance entering a pupil of radius r mm that is sensed at 
the retina can be described by 


_ d= oe 
pr? In 10 


where p is an experimentally determined constant, typically 

about 0.05. 

(a) What is the percentage of luminance sensed by a pupil of 
radius 3 mm? Use p = 0.05. 

(b) Compute the percentage of luminance sensed by a pupil 
of radius 2 mm. Does it make sense that it is larger than 
the answer to part (a)? 

(c) Compute jim, P. Is the result what you would expect? 


Is this result physically possible? 


Source: Adapted from W. Stiles and B. Crawford, “The Luminous Efficiency 
of Rays Entering the Eye Pupil at Different Points.” Proceedings of the Royal 
Society of London, Series B: Biological Sciences 112 (1933): 428-50. 


Logistic Equations Some populations initally grow exponen- 
tially but eventually level off. Equations of the form 


P() = ——_ 
@ 1+ Ae™ 


where M, A, and k are positive constants, are called logistic 
equations and are often used to model such populations. (We 
will investigate these in detail in Chapter 9.) Here M is called 


84. 


85 


86. 


87. 


88. 


the carrying capacity and represents the maximum population 
size that can be supported, and 


_M— Po 
Po 
where Po is the initial population. 
(a) Compute lim... P(t). Explain why your answer is to be 
expected. 


(b) Compute lim y—... P(t). (Note that A is defined in terms 
of M.) What kind of function is your result? 


A 


A metal cable has radius r and is covered by insulation so that 
the distance from the center of the cable to the exterior of the 
insulation is R. The velocity v of an electrical impulse in the 
cable is 


where c is a positive constant. Find the following limits and 
interpret your answers. 
(a) fim,» (b) im, v 

The first appearance in print of l’Hospital’s Rule was in the 
book Analyse des infiniment petits published by the Marquis 
de l’Hospital in 1696. This was the first calculus textbook 
ever published. The example that the Marquis used in that 
book to illustrate his rule was to find the limit of the function 


/2a3x — x4 — ad/aax 
a — Vax} 


as x approaches a, where a > 0. (At that time it was common 
to write aa instead of a?.) Solve this problem. 


The figure shows a sector of a circle with central angle 0. Let 
A(0) be the area of the segment between the chord PR and 
the arc PR. Let B(@) be the area of the triangle POR. Find 


P 
A(9) 
B(8) 
[a] 
O O R 
Evaluate 
. ‘ 1 x 
lim |x — x° In 
xn x 
Suppose f is a positive function. If lim,—, f(x) = 0 and 


lim, g(x) = ©, show that 


lim [f(x)}* = 0 


xa 


This shows that 0” is not an indeterminate form. 
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89. Find functions f and g where lim f(x) = lim g(x) = % and (b) Show that f has derivatives of all orders that are 
— iad defined on R. [Hint: First show by induction that there 
(a) lim _ =") (b) lim [ f(a) — g@)] =7 is a polynomial p,(x) and a nonnegative integer k,, such 
+0 g(x) a3 that f(x) = p,(x)f(~)/x"™ for x ¥ 0.] 
90. For what values of a and b is the following equation true? FY 92. Let 
— fix if x40 
im (S274 tat *) 0 r= {| ifx=0 
x>0 x? x? 
(a) Show that f is continuous at 0. 
91. Let (b) Investigate graphically whether / is differentiable at 0 
: by zooming in several times toward the point (0, 1) on the 
ore » x#0 graph of f. . 
0 if x=0 (c) Show that f is not differentiable at 0. How can you 
reconcile this fact with the appearance of the graphs in 
(a) Use the definition of derivative to compute f'(0). part (b)? 


WRITING PROJECT | THE ORIGINS OF L'HOSPITAL’S RULE 


L’Hospital’s Rule was first published in 1696 in the Marquis de |’ Hospital’s calculus text- 
book Analyse des infiniment petits, but the rule was discovered in 1694 by the Swiss math- 
ematician John (Johann) Bernoulli. The explanation is that these two mathematicians had 
entered into a curious business arrangement whereby the Marquis de |’ Hospital bought 
the rights to Bernoulli’s mathematical discoveries. The details, including a translation of 
l’Hospital’s letter to Bernoulli proposing the arrangement, can be found in the book by 
Eves [1]. 

Write an essay on the historical and mathematical origins of 1’ Hospital’s Rule. Start by 
providing brief biographical details of both men (the dictionary edited by Gillispie [2] is a 
good source) and outline the business deal between them. Then give |’Hospital’s statement of 
his rule, which is found in Struik’s source book [4] and more briefly in the book of Katz [3]. 
Notice that l’ Hospital and Bernoulli formulated the rule geometrically and gave the answer in 
terms of differentials. Compare their statement with the version of 1’ Hospital’s Rule given in 
Section 4.4 and show that the two statements are essentially the same. 


1. Howard W. Eves, Mathematical Circles: Volume 1 (Washington, D.C.: Mathematical 
Association of America, 2003). First published 1969 as In Mathematical Circles (Vol- 
ume 2: Quadrants III and IV) by Prindle Weber and Schmidt. 


Thomas Fisher Rare Book Library 


www.StewartCalculus.com 2. C. C. Gillispie, ed., Dictionary of Scientific Biography, 8 vols. (New York: Scribner, 
The Internet is another source of 1981). See the article on Johann Bernoulli by E. A. Fellmann and J. O. Fleckstein 
information for this project. Click on in Volume II and the article on the Marquis de |’ Hospital by Abraham Robinson in 
History of Mathematics for a list of Volume III. 


reliable websites. 


i 


Victor J. Katz, A History of Mathematics: An Introduction. 3rd ed. (New York: Pearson, 
2018). 


4. Dirk Jan Stuik, ed. A Source Book in Mathematics, 1200-1800 (1969; repr., Princeton, NJ: 
Princeton University Press, 2016). 
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4.5 


30 y= 8x3 — 21x? + 18x +2 
PA 


—10 


FIGURE 1 


y= 8x? — 21x? + 18x +2 
0 
6 


FIGURE 2 


2 


(a) Even function: reflectional symmetry 


(b) Odd function: rotational symmetry 


FIGURE 3 


Summary of Curve Sketching 


So far we have been concerned with some particular aspects of curve sketching: domain, 
range, and symmetry in Chapter 1; limits, continuity, and asymptotes in Chapter 2; deriv- 
atives and tangents in Chapters 2 and 3; and extreme values, intervals of increase and 
decrease, concavity, points of inflection, and l’Hospital’s Rule in this chapter. It is now 
time to put all of this information together to sketch graphs that reveal the important 
features of functions. 

You might ask: Why don’t we just use a graphing calculator or computer to graph a 
curve? Why do we need to use calculus? 

It’s true that technology is capable of producing very accurate graphs. But even the 
best graphing devices have to be used intelligently. It is easy to arrive at a misleading 
graph, or to miss important details of a curve, when relying solely on technology. (See 
the topic Graphing Calculators and Computers at www.StewartCalculus.com, especially 
Examples 1, 3, 4, and 5. See also Section 4.6.) The use of calculus enables us to discover 
the most interesting aspects of graphs and in many cases to calculate maximum and 
minimum points and inflection points exactly instead of approximately. 

For instance, Figure 1 shows the graph of f(x) = 8x* — 21x* + 18x + 2. At first 
glance it seems reasonable: It has the same shape as cubic curves like y = x°, and it 
appears to have no maximum or minimum point. But if you compute the derivative, you 
will see that there is a maximum when x = 0.75 and a minimum when x = 1. Indeed, 
if we zoom in to this portion of the graph, we see that behavior exhibited in Figure 2. 
Without calculus, we could easily have overlooked it. 

In the next section we will graph functions by using the interaction between calculus 
and technology. In this section we draw graphs (by hand) by first considering the follow- 
ing information. A graph produced by a calculator or computer can serve as a check on 
your work. 


® Guidelines for Sketching a Curve 


The following checklist is intended as a guide to sketching a curve y = f(x) by hand. Not 
every item is relevant to every function. (For instance, a given curve might not have an 
asymptote or possess symmetry.) But the guidelines provide all the information you need 
to make a sketch that displays the most important aspects of the function. 


A. Domain It’s often useful to start by determining the domain D of f, that is, the set 
of values of x for which f(x) is defined. 


B. Intercepts The y-intercept is f(0) and this tells us where the curve intersects the 
y-axis. To find the x-intercepts, we set y = O and solve for x. (You can omit this 
step if the equation is difficult to solve.) 


C. Symmetry 


(i) If f(—x) = f(x) for all x in D, that is, the equation of the curve is unchanged 
when x is replaced by —.x, then f is an even function and the curve is symmetric about 
the y-axis. (See Section 1.1.) This means that our work is cut in half. If we know what 
the curve looks like for x = 0, then we need only reflect about the y-axis to obtain the 
complete curve [see Figure 3(a)]. Here are some examples: y = x7, y = x*,y = |x 
and y = cos x. 

(ii) If f(—x) = —f(x) for all x in D, then f is an odd function and the curve 
is symmetric about the origin. Again we can obtain the complete curve if we know 
what it looks like for x = 0. [Rotate 180° about the origin; see Figure 3(b).] Some 
simple examples of odd functions are y = x, y = x*, y = 1/x, and y = sin x. 


> 
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(iii) If f(x + p) = f(x) for all x in D, where p is a positive constant, then f is a 
periodic function and the smallest such number p is called the period. For instance, 
y = sin x has period 27 and y = tan x has period 7. If we know what the graph looks 
like in an interval of length p, then we can use translation to visualize the entire graph 


(see Figure 4). 
a period p 
_W >| 
FIGURE 4 
Periodic function: a-p O| a atp a+2p x 
translational symmetry 


D. Asymptotes 


(i) Horizontal Asymptotes. Recall from Section 2.6 that if either lim,—.. f(x) = L 
or lim,—-—. f(x) = L, then the line y = L is a horizontal asymptote of the curve 
y = f(x). If it turns out that lim,—. f(x) = © (or —9%), then we do not have an 
asymptote to the right, but this fact is still useful information for sketching the curve. 

(ii) Vertical Asymptotes. Recall from Section 2.2 that the line x = a is a vertical 
asymptote if at least one of the following statements is true: 


u lim f= im fx) == 
lim, f(x) = -% lim f(x) = -% 


(For rational functions you can locate the vertical asymptotes by equating the denomi- 
nator to 0 after canceling any common factors. But for other functions this method 
does not apply.) Furthermore, in sketching the curve it is useful to know exactly 
which of the statements in (1) is true. If f(a) is not defined but a is an endpoint of the 
domain of f, then you should compute lim,—.,- f(x) or lim,—.,- f(x), whether or not 
this limit is infinite. 

(iii) Slant Asymptotes. These are discussed at the end of this section. 


E. Intervals of Increase or Decrease Use the I/D Test. Compute f'(x) and find the 
intervals on which f'(x) is positive (f is increasing) and the intervals on which f'(x) 
is negative (f is decreasing). 


F. Local Maximum or Minimum Values Find the critical numbers of f [the num- 
bers c where f'(c) = 0 or f'(c) does not exist]. Then use the First Derivative Test. If 
f' changes from positive to negative at a critical number c, then f(c) is a local max- 
imum. If f’ changes from negative to positive at c, then f(c) is a local minimum. 
Although it is usually preferable to use the First Derivative Test, you can use the 
Second Derivative Test if f’(c) = 0 and f"(c) # 0. Then f"(c) > 0 implies that 
f(c) is alocal minimum, whereas f"(c) < 0 implies that f(c) is a local maximum. 


G. Concavity and Points of Inflection Compute f"(x) and use the Concavity Test. 
The curve is concave upward where f"(x) > 0 and concave downward where 
f'"(x) < 0. Inflection points occur where the direction of concavity changes. 


H. Sketch the Curve Using the information in items A—G, draw the graph. Sketch the 
asymptotes as dashed lines. Plot the intercepts, maximum and minimum points, and 
inflection points. Then make the curve pass through these points, rising and falling 
according to E, with concavity according to G, and approaching the asymptotes. 
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If additional accuracy is desired near any point, you can compute the value of the 
derivative there. The tangent indicates the direction in which the curve proceeds. 


2 2 
EXAMPLE 1 Use the guidelines to sketch the curve y = a 
yo = 
A. Domain The domain is 


{x | x>— 140} = {x | x 4 1} = (—~, -1) U (-1, 1) U (1, &) 


B. Intercepts The x- and y-intercepts are both 0. 


C. Symmetry Since f(—x) = f(x), the function f is even. The curve is symmetric 


about the y-axis. 
D. Asymptot (i edi = 2 
. symptotes im = Hm = 
is one 1 ee Px? 


Therefore the line y = 2 is a horizontal asymptote (at both the left and right). 


pi rh ory Since the denominator is 0 when x = +1, we compute the following limits: 
li 2x? 2x? 
= zs im. =—— =” im ——— = — 
y=2 - xolt x? — | bed x) = 
2 i 2x? —" ' 2x? a 
0 a goo veal ron xr-1 
= sag Therefore the lines x = 1 and x = —1 are vertical asymptotes. This information 
a lh We about limits and asymptotes enables us to draw the preliminary sketch in Figure 5, 
FIGURE5 showing the parts of the curve near the asymptotes. 
Preliminary sketch E. Intervals of Increase or Decrease 
We have shown the curve approach- wy (= TAX) — 2x22 2x Ax 
ing its horizontal asymptote from f') (x2 — 1) (x2 — 1) 
above in Figure 5. This is confirmed by 
the intervals of increase and decrease. Since f'® > 0 when x < 0(x # —1) and f'(~) <0 when x > 0(x ¥ 1), fis 


increasing on (—%, —1) and (—1, 0) and decreasing on (0, 1) and (1, ~). 


F. Local Maximum or Minimum Values The only critical number is x = 0. Since f’ 
changes from positive to negative at 0, f(0) = 0 is a local maximum by the First 
Derivative Test. 


a G. Concavity and Points of Inflection 
_ . . (x? — 1)?(—4) + 4x + 2(x? — 1)2x 12x7 + 4 
rae = 


y=2 (x? — 1)? = IP 


0 Since 12x* + 4 > 0 for all x, we have 


BY 


PAS <> = 10 eS lalei 


| x=1 and f"(x) <0 <> |x| < 1. Thus the curve is concave upward on the intervals 
(—e, —1) and (1, %) and concave downward on (—1, 1). It has no point of inflec- 
FIGURE 6 5 tion because 1 and —1 are not in the domain of f. 
Finished sketch of y = — . . ree ‘ ee 
x1 H. Sketch the Curve Using the information in E—G, we finish the sketch in Figure 6. 


x? 
Vx { 


A. Domain The domain is {x | x + 1 > 0} = {x | x > —-1} = (-1,). 


EXAMPLE 2 Sketch the graph of f(x) = 
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B. Intercepts The x- and y-intercepts are both 0. 
C. Symmetry None 
D. Asymptotes Since 


x? 


lim —— = « 
ye vx + 1 


there is no horizontal asymptote. Since x + 1 —>0Oas x — —1* and f(x) is 
always positive, we have 


Pe 
lim. —— = 
xonlt y+ 


and so the line x = —1 is a vertical asymptote. 
E. Intervals of Increase or Decrease 


_ Jx + 1 (2x) — x? 1/(2Vx + 1) 3x? + 4x x(3x + 4) 


eae ll Ax+ 1)? = 2x + 133? 


Sf’) 


We see that f’(x) = 0 when x = 0 (notice that -+ is not in the domain of f), so the 
only critical number is 0. Since f’(x) < 0 when —1 < x < Oand f(x) > 0 when 
x > 0, f is decreasing on (—1, 0) and increasing on (0, ©). 


F. Local Maximum or Minimum Values Since f'(0) = 0 and f’ changes from nega- 
tive to positive at 0, f(0) = 0 is a local (and absolute) minimum by the First Deriva- 
tive Test. 


G. Concavity and Points of Inflection 


2x + 2P?(6x + 4) — (Bx? + 434+ 1)? 3x? + Bx t+ 8 
A(x + 1)° A(x + 1)°? 


f(x) 


Note that the denominator is always positive. The numerator is the quadratic 
3x* + 8x + 8, which is always positive because its discriminant is 

b* — 4ac = —32, which is negative, and the coefficient of x? is positive. Thus 
f(x) > 0 for all x in the domain of f, which means that f is concave upward 
on (—1, ©) and there is no point of inflection. 


x=-l1 
FIGURE 7 H. Sketch the Curve The curve is sketched in Figure 7. o 


EXAMPLE3 Sketch the graph of f(x) = xe". 
A. Domain The domain is R. 


B. Intercepts The x- and y-intercepts are both 0. 
C. Symmetry None 


D. Asymptotes Because both x and e* become large as x — ™, we have 
lim,+~ xe* = ©, As x —> —%, however, e* — 0 and so we have an indeter- 
minate product that requires the use of I’ Hospital’s Rule: 


, : : x . 1 : 
lim xe* = lim -= lim == Im (-e) =0 


x00 x0 e* x7 -~ —@Ee” x0 


Thus the x-axis is a horizontal asymptote. 
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E. 


FIGURE 8 


Intervals of Increase or Decrease 
f(x) = xe* + e* = (x + De* 


Since e* is always positive, we see that f’(x) > 0 when x + 1 > 0, and f(x) < 0 
when x + 1 < 0. So f is increasing on (—1, ©) and decreasing on (—%, —1). 


Local Maximum or Minimum Values Because f’(—1) = 0 and f’ changes from 
negative to positive atx = —1, f(—1) = —e"' = —0.37 is a local (and 
absolute) minimum. 


. Concavity and Points of Inflection 


f"(x) = (x + De* + e* = (x + 2)e* 


Since f"(x) > Oifx > —2 and f"(x) < Oif x < —2, f is concave upward 
on (—2, %) and concave downward on (—%, —2). The inflection point is 
(=2, =2e7) = (—2, =0.27). 


H. Sketch the Curve We use this information to sketch the curve in Figure 8. | 
EXAMPLE 4 Sketch the graph of f(x) = ————. 
2 + sinx 


A. 


B. 


Domain The domain is R. 


Intercepts The y-intercept is f(0) = . The x-intercepts occur when cos x = 0, that 
is, x = (7/2) + na, where 7 is an integer. 


. Symmetry / is neither even nor odd, but f(x + 27) = f(x) for all x and so 


f is periodic and has period 277. Thus, in what follows, we need to consider only 
0 <x S 277 and then extend the curve by translation in part H. 


. Asymptotes None 


Intervals of Increase or Decrease 


(2 + sin x)(—sinx) — cosx(cosx)  —- 2sinx + 1 


FQ) = (2 + sin x)? (2 + sin x)? 


The denominator is always positive, so f’(x) > Owhen2sinx +1<0 <> 
sinx <—3; <> Ta/6<x< 11/6. So f is increasing on (77/6, 1177/6) and 
decreasing on (0, 77r/6) and (1177/6, 27). 


Local Maximum or Minimum Values From part E and the First Derivative Test, 
we see that the local minimum value is f (77/6) = -1 WG and the local maximum 
value is f(117/6) = 1//3. 


. Concavity and Points of Inflection If we use the Quotient Rule again and sim- 


plify, we get 


2 cos x (1 — sin x) 
(2 + sin x)? 


F(a) = 


Because (2 + sin x)? > O and 1 — sin x = 0 for all x, we know that f’(x) > 0 
when cos x < 0, that is, 7/2 < x < 32/2. So f is concave upward on (2/2, 37/2) 
and concave downward on (0, 77/2) and (37r/2, 277). The inflection points are 

(17/2, 0) and (32/2, 0). 
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H. Sketch the Curve The graph of the function restricted to 0 < x < 277 is shown in 
Figure 9. Then we extend it, using periodicity, to arrive at the graph in Figure 10. 


< 


Rie 


FIGURE 9 FIGURE 10 H 


EXAMPLE 5 Sketch the graph of y = In(4 — x’). 
A. Domain The domain is 
{x | 4 — x? > O} = {x | x7 <4} = {x | |x| < 2} = (-2, 2) 
B. Intercepts The y-intercept is f(0) = In 4. To find the x-intercept we set 
y = In(4 — x*) =0 


We know that In 1 = 0,so we have 4 — x7 = 1 = x? = 3 and therefore the 
x-intercepts are 3, 


Q 


Symmetry Since f(—x) = f(x), f is even and the curve is symmetric about the 
y-axis. 


D. Asymptotes We look for vertical asymptotes at the endpoints of the domain. Since 
4 — x? > 0* asx — 2° and also as x > —2*, we have 


: a 2) ee, 2, s ee) 
Jim In(4 — x*) = —% im, 7 In(4 — x*) = —% 
Thus the lines x = 2 and x = —2 are vertical asymptotes. 


E. Intervals of Increase or Decrease 


WAN Tex 
f (x) ~~ 4— x2 
Since f'(x) > 0 when —2 < x < Oand f(x) < 0 when 0 < x < 2, f is increasing 
on (—2, 0) and decreasing on (0, 2). 


' 


F. Local Maximum or Minimum Values The only critical number is x = 0. Since f 
changes from positive to negative at 0, f(0) = In 4 is a local maximum by the First 
Derivative Test. 


G. Concavity and Points of Inflection 


(4 — x2)(—2) + 2x(-24) _ 8 — 2%? 
(4 — x?) (4 — x’) 


fF") = 


Since f"(x) < 0 for all x, the curve is concave downward on (—2, 2) and has no 


inflection point. 
FIGURE 11 


y = In(4 - x’) H. Sketch the Curve Using this information, we sketch the curve in Figure 11. | 
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YA @ Slant Asymptotes 


Some curves have asymptotes that are oblique, that is, neither horizontal nor vertical. If 
lim [ f(x) — (mx + b)] = 0 


where m # 0, then the line y = mx + b is called a slant asymptote because the ver- 
tical distance between the curve y = f(x) and the line y = mx + b approaches 0, as 
in Figure 12. (A similar situation exists if we let x — —.) In the case of rational func- 
tions, slant asymptotes occur when the degree of the numerator is one more than the 
degree of the denominator. In such a case the equation of the slant asymptote can be 
FIGURE 12 found by long division as in the following example. 


3 


EXAMPLE 6 Sketch the graph of f(x) = ne 
2 


A. Domain The domain is R. 


B. Intercepts The x- and y-intercepts are both 0. 


C. Symmetry Since f(—x) = —f(), f is odd and its graph is symmetric about the 
origin. 
D. Asymptotes Since x” + 1 is never 0, there is no vertical asymptote. Since 
f(x) > © as x — % and f(x) > —% as x > —©%, there is no horizontal asymptote. 
But long division gives 
ms. x 
xt . xt 


f(x) = 


This equation suggests that y = x is a candidate for a slant asymptote. In fact, 


fA s= = = >O0 as x— to 


1+—+> 
x2 


+ 


So the line y = x is indeed a slant asymptote. 


E. Intervals of Increase or Decrease 


Get Dae l= le xe? 3) 
(x? + 1)? (x? + 1)? 


f'(~) = 


Since f'(x) > 0 for all x (except 0), f is increasing on (—%, ©). 


F. Local Maximum or Minimum Values Although f'(0) = 0, f’ does not change 
sign at 0, so there is no local maximum or minimum. 


G. Concavity and Points of Inflection 


Ge + 1s? + 6e) = Gt + 3x7) 20 + 12k 2x3 — x*) 
(x? + 1)4 (x? + 1)3 


f") = 
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Since f"(x) = 0 when x = 0 or x = +,/3, we set up the following chart: 


yA = 2% 
yO +1 
Y 
oi Interval EG 3= 30 (a? ab iby HG) if 
5y8) x<—-V3 + + CU on (—~, — V3) 
‘ -/3<x<0 - + + - CD on (— V3, 0) 
E x 0<x< 3 + + CU on (0, V3) 
(v3, 4 > /3 + - + = CD (V3. oo) 
inflection . ag ° 
points 
y=x The points of inflection are (—/3, —7,/3), (0, 0), and (/3, ?/3). 
FIGURE 13 H. Sketch the Curve The graph of f is sketched in Figure 13. B 


4.5 | Exercises 


1-54 Use the guidelines of this section to sketch the curve. 31. y= 9x? -— 1 32. y= Vx34+ 1 
1 y=x? 4+ 3x 2. y = 2x3 — 12x* + 18x 33. y = sin’x 34, y =x + cosx 
3. y=x* — 4x 4. y=x'— 8x’ + 8 35. y=xtanx, —7/2<x< 7/2 
5. y= x(x — 4)? 6. y=x°— 5x 36. y=2x-—tanx, —7/2<x< 7/2 
7. y = 4x5 — 8x3 + 16x 8. y= (4— x’)? 37. y=sinx + /3cosx, —27<x<27 
x +3 x2 + 5x 38. y =cscx — 2sinx, O<x<7 
xX y= 10. y = ——, : : 
KD 20° er sin x sin x 
39. y = ——_—_ 40. y = ———_ 
x—x? 1 1 1 + cos x 2 + cos x 
IVY = 5a ee 12, y= 1 ++ -5 
2—3xt+x x Xx 41. y = arctan(e*) 42. y= (1 — x)e* 
1 - -s 
13. y= 7 14, y= 3 43. y= 1/1 +e”) 
™ ‘i 44. y=e“sinx, OSx<27 
ee ice 1 
ee aS i ar 45. y=— + Inx 46. y = x(Inx)? 
c= 1 2 
17. y= . - 18. y= = 47.y=(1+e)? 48. y = e*/x* 
x Sl 
= 7 = 3 
2 2 49. y = In(sin x) 50. y= In(1 + x’) 
19. y= 5 20. y= l 
x ae] KS 2 51. y= xe l/s 52. y= = 
21. y= (x — 3)Vx 22. y= (x — 4)a/x 
x= 1 
53. y= erm 54. y= wn( ) 
23. y= Vx2+x-2 24. y= Vx? +x -x . . x+1 
x 
_ Jeet 26. y=xy2— x? 55-58 The graph of a function f is shown. (The dashed lines 
, indicate horizontal asymptotes.) Find each of the following for the 
= 2 x given function g. 
27. y= Ff 28. y= | (a) The domains of g and g’ 
(b) The critical numbers of g 
29. y=x — 3x1? 30. y = x9 — 5x7 (c) The approximate value of g’(6) 
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(d) All vertical and horizontal asymptotes of g 


55 


57. 


» glx) = Vf) 
f(x) | 


56. g(x) = V f(a) 
58. g(x) = 1/f(x) 


g(x) = 


59. 


60. 


61. 


62. 


63. 


In the theory of relativity, the mass of a particle is 
mo 
1 — v3/c? 
where my is the rest mass of the particle, m is the mass when 


the particle moves with speed v relative to the observer, and c 
is the speed of light. Sketch the graph of m as a function of v. 


t= 


In the theory of relativity, the energy of a particle is 
E=<Jméc* + h’c?/ 


where my is the rest mass of the particle, A is its wave length, 
and h is Planck’s constant. Sketch the graph of E as a func- 
tion of A. What does the graph say about the energy? 


A model for the spread of a rumor is given by the equation 


Be) = 1+ ae™ 

where p(t) is the proportion of the population that knows the 
rumor at time ¢ and a and k are positive constants. 

(a) When will half the population have heard the rumor? 

(b) When is the rate of spread of the rumor greatest? 

(c) Sketch the graph of p. 


A model for the concentration at time f of a drug injected into 
the bloodstream is 


C(t) = K(e" — e") 


where a, b, and K are positive constants and b > a. Sketch 
the graph of the concentration function. What does the graph 
tell us about how the concentration varies as time passes? 


The figure shows a beam of length L embedded in concrete 
walls. If a constant load W is distributed evenly along its 
length, the beam takes the shape of the deflection curve 


WL? 
x 
24EI 


W 44 WL 3 
24EI* 


2 


x 
12EI 


where E and / are positive constants. (E is Young’s modu- 
lus of elasticity and / is the moment of inertia of a cross- 


section of the beam.) Sketch the graph of the deflection 
curve. 


64. Coulomb’s Law states that the force of attraction between two 
charged particles is directly proportional to the product of the 
charges and inversely proportional to the square of the dis- 
tance between them. The figure shows particles with charge 1 
located at positions 0 and 2 on a coordinate line and a particle 
with charge —1 at a position x between them. It follows from 
Coulomb’s Law that the net force acting on the middle par- 
ticle is 


k k 
ha 0O<x<2 


es x (x — 2)° 


where k is a positive constant. Sketch the graph of the net 
force function. What does the graph say about the force? 


9-09; 


2 


65-68 Find an equation of the slant asymptote. Do not sketch the 
curve. 


4x? — 10x? — llx +1 
x? — 3x 


65. y=- 66. y 


—6x' + 2x74 3 


2x7 -— x 


69-74 Use the guidelines of this section to sketch the curve. In 
guideline D, find an equation of the slant asymptote. 


oes x? Si. de 1+ 5x — 2x? 
ne ee pst =% 
= xe t4 sor oe 
x oe (x + 1) 


73. y=1+ 5x +te* 74, y=1—-—x+ eit/3 


75. Show that the curve y = x — tan ‘x has two slant asymp- 
totes: y = x + m/2 and y = x — 7/2. Use this fact to help 
sketch the curve. 


76. Show that the curve y = ./x? + 4x has two slant asymptotes: 
y =x + 2and y = —x — 2. Use this fact to help sketch the 
curve. 


77. Show that the lines y = (b/a)x and y = —(b/a)x are slant 
asymptotes of the hyperbola (x7/a*) — (y’/b’) = 1. 
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78. Let f(x) = (x? + 1)/x. Show that 
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79. Discuss the asymptotic behavior of f(x) = (x* + 1)/x in 
the same manner as in Exercise 78. Then use your results to 


F qe 
pa LG) — #°]= 9 help sketch the graph of /. 
This shows that the graph of f approaches the graph of y = x”, 80. Use the asymptotic behavior of f(x) = sin x + e* to sketch 
and we say that the curve y = f(x) is asymptotic to the parab- its graph without going through the curve-sketching proce- 
ola y = x”. Use this fact to help sketch the graph of f. dure of this section. 
4.6 | Graphing with Calculus and Technology 


You may want to read Graphing 
Calculators and Computers at 
www.StewartCalculus.com if you 
haven't already. In particular, it 
explains how to avoid some of the pit- 
falls of graphing devices by choosing 
appropriate viewing rectangles. 


41,000 
y= F(x) 
5 5 
—1000 
FIGURE 1 
100 


—50 


FIGURE 2 


The method we used to sketch curves in the preceding section was a culmination of much 
of our study of differential calculus. The graph was the final object that we produced. In 
this section our point of view is completely different. Here we start with a graph pro- 
duced by a graphing calculator or computer and then we refine it. We use calculus to 
make sure that we reveal all the important aspects of the curve. And with the use of 
graphing devices we can tackle curves that would be far too complicated to consider 
without technology. The theme is the interaction between calculus and technology. 


EXAMPLE 1 Graph the polynomial f(x) = 2x° + 3x° + 3x? — 2x”. Use the graphs 
of f’ and f” to estimate all maximum and minimum points and intervals of concavity. 


SOLUTION If we specify a domain but not a range, graphing software will often deduce a 
suitable range from the values computed. Figure | shows a plot that may result if we specify 
that —5 < x < 5. Although this viewing rectangle is useful for showing that the asymptotic 
behavior (or end behavior) is the same as for y = 2°, it is obviously hiding some finer 
detail. So we change to the viewing rectangle [—3, 2] by [—50, 100] in Figure 2. 

Most graphing calculators and graphing software allow us to “trace” along a curve and 
see approximate coordinates of points. (Some also have features to identify the approximate 
locations of local maximum and minimum points.) Here it appears that there is an absolute 
minimum value of about — 15.33 when x ~ —1.62 and f is decreasing on (—%, — 1.62) 
and increasing on (— 1.62, ©). Also, there appears to be a horizontal tangent at the origin 
and inflection points when x = 0 and when x is somewhere between —2 and — 1. 

Now let’s try to confirm these impressions using calculus. We differentiate and get 


f(x) = 12x3 + 15x* + 9x? — 4x 
f"(x) = 60x* + 60x7 + 18x — 4 


When we graph f’ in Figure 3 we see that f'(x) changes from negative to positive when 
x ~ —1.62; this confirms (by the First Derivative Test) the minimum value that we 
found earlier. But, perhaps to our surprise, we also notice that f’(x) changes from 
positive to negative when x = 0 and from negative to positive when x ~ 0.35. This 
means that f has a local maximum at 0 and a local minimum when x ~ 0.35, but these 
were hidden in Figure 2. Indeed, if we now zoom in toward the origin in Figure 4, we 


20 1 


FIGURE 3 FIGURE 4 
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see what we missed before: a local maximum value of 0 when x = 0 and a local 
minimum value of about —0.1 when x ~ 0.35. 

What about concavity and inflection points? From Figures 2 and 4 there appear to 
be inflection points when x is a little to the left of — 1 and when x is a little to the 
right of 0. But it’s difficult to determine inflection points from the graph of f, so we 
graph the second derivative f” in Figure 5. We see that f” changes from positive 
to negative when x ~ —1.23 and from negative to positive when x ~ 0.19. So, cor- 
y= F"a) rect to two decimal places, f is concave upward on (—%, —1.23) and (0.19, %) and 
concave downward on (—1.23, 0.19). The inflection points are (— 1.23, — 10.18) 
and (0.19, —0.05). 

We have discovered that no single graph reveals all the important features of this 
FIGURE 5 polynomial. But Figures 2 and 4, when taken together, do provide an accurate picture. 

|| 


—30 


EXAMPLE 2 Draw the graph of the function 


Dali a be oS) 
hi (x) a 
x 
in a viewing rectangle that shows all the important features of the function. Estimate the 
local maximum and minimum values and the intervals of concavity. Then use calculus to 
find these quantities exactly. 


SOLUTION Figure 6—produced by graphing software with automatic scaling—is 
a disaster. Some graphing calculators use [—10, 10] by [—10, 10] as the default 
viewing rectangle, so let’s try it. We get the graph shown in Figure 7; it’s a major 
improvement. 


3 x 108 


—10 
FIGURE 6 FIGURE 7 


The y-axis appears to be a vertical asymptote and indeed it is because 


Figure 7 also allows us to estimate the x-intercepts: about —0.5 and —6.5. The 
exact values are obtained by using the quadratic formula to solve the equation 
x? + Tx + 3 =0; we get x = (—7 + /37)/2. 

To get a better look at horizontal asymptotes, we change to the viewing rectangle 
[—20, 20] by [—5, 10] in Figure 8. It appears that y = | is the horizontal asymptote 
and this is easily confirmed: 


: x7 + 7x +3 . 7 3 
lim ——,—— = lim [1+—-—+—7]=1 
FIGURE 8 x te x paegres 
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2 
, 
—4 
FIGURE 9 
10 
y= f(x) 
—10 10 
—10 
FIGURE 10 
yA I 
| | 
| | 
| | 
| | 
| | 
| | 
; | } | > 
= 1 2 3 4 x 
FIGURE 11 
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To estimate the minimum value we zoom in to the viewing rectangle [—3, 0] by 
[—4, 2] in Figure 9. We find that the absolute minimum value is about —3.1 when 
x ~ —0.9, and we see that the function decreases on (—9%, —0.9) and (0, 2) and 
increases on (—0.9, 0). The exact values are obtained by differentiating: 


; 7 6 Tx + 6 
(=== 
This shows that f’(x) > 0 when —§ < x < Oand f'(x) < 0 when x < —$ and when 
x > 0. The exact minimum value is f(—$) = —# ~ —3.08. 
Figure 9 also shows that an inflection point occurs somewhere between x = —1 and 
x = —2. We could estimate it much more accurately using the graph of the second 


derivative, but in this case it’s just as easy to find exact values. Since 


: 14 18 2(7x+9) 
f (x) = 5 + 4 4 
x Xx Xx 


we see that f”(x) > 0 when x > =! (x 4 0) and f"(x) < 0 when x < —3, So f is 
concave upward on (—2, 0) and (0, %) and concave downward on (—c0, —3), The 
inflection point is (-2, —2), 

The analysis using the first two derivatives shows that Figure 8 displays all the 
major aspects of the curve. | 


x(x + 17 
GH 2e= a” 


SOLUTION Drawing on our experience with a rational function in Example 2, let’s 
start by graphing f in the viewing rectangle [—10, 10] by [—10, 10]. From Figure 10 
we have the feeling that we are going to have to zoom in to see some finer detail and 
also zoom out to see the larger picture. But, as a guide to intelligent zooming, let’s 
first take a close look at the expression for f(x). Because of the factors (x — 2)* and 
(x — 4)* in the denominator, we expect x = 2 and x = 4 to be the vertical asymptotes. 
Indeed 


EXAMPLE3 Graph the function f(x) = 


i x(x + 1) a d i x(x + 1p 
im = an im 
x2 (x — 2)°(x — 4)* x4 (x — 2)°(x — 4)4 


To find the horizontal asymptotes, we divide numerator and denominator by x°: 


x tly 11 + +) 
ely. x cs im x 
(- 2-4 (x-2P Ge - 4) (: - y( . ‘) 


This shows that f(x) 0 as x > +%, so the x-axis is a horizontal asymptote. 

It is also very useful to consider the behavior of the graph near the x-intercepts using 
an analysis like that in Example 2.6.12. Since x’ is positive, f(x) does not change sign 
at 0 and so its graph doesn’t cross the x-axis at 0. But, because of the factor (x + 1), 
the graph does cross the x-axis at —1 and has a horizontal tangent there. Putting all this 
information together, but without using derivatives, we see that the curve has to look 
something like the one in Figure 11. 
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0.05 


100 


=),05 
FIGURE 12 
1.1 
y= F(x) 
0 7 
=L1 
FIGURE 15 


=1,2 


FIGURE 16 


Now that we know what to look for, we zoom in (several times) to produce the 
graphs in Figures 12 and 13 and zoom out (several times) to get Figure 14. 


0.0001 500 
y= F(x) 
1.5 0.5 
1 
—0.0001 —10 
FIGURE 13 FIGURE 14 


We can read from these graphs that the absolute minimum is about —0.02 and 
occurs when x ~ —20. There is also a local maximum ~0.00002 when x ~ —0.3 and 
a local minimum ~ 211 when x ~ 2.5. These graphs also show three inflection points 
near —35, —5, and —1 and two between —1 and 0. To estimate the inflection points 
closely we would need to graph f”, but to compute f” by hand is an unreasonable 
chore. If you have a computer algebra system, then it’s easy to do (see Exercise 15). 

We have seen that, for this particular function, three graphs (Figures 12, 13, and 14) 
are necessary to convey all the useful information. The only way to display all these 
features of the function on a single graph is to draw it by hand. Despite the exaggera- 
tions and distortions, Figure 11 does manage to summarize the essential nature of the 
function. a 


EXAMPLE 4 Graph the function f(x) = sin(x + sin 2x). For 0 < x < 7, estimate 
all maximum and minimum values, intervals of increase and decrease, and inflection 
points. 


SOLUTION We first note that f is periodic with period 27. Also, f is odd and 

| f(x) | < 1 for all x. So the choice of a viewing rectangle is not a problem for this 
function: we start with [0, 7] by [—1.1, 1.1]. (See Figure 15.) It appears that there are 
three local maximum values and two local minimum values in that window. To confirm 
these values and locate them more accurately, we calculate that 


f(x) = cos(x + sin 2x) + (1 + 2 cos 2x) 


and graph both f and f’ in Figure 16. 
After estimating the values of the x-intercepts of f’, we use the First Derivative Test 
to find the following approximate values: 


Intervals of increase: (0, 0.6), (1.0, 1.6), (2.1, 2.5) 
Intervals of decrease: (0.6, 1.0), (1.6, 2.1), (2.5, 7) 
Local maximum values: (0.6) ~ 1, f(1.6) ~ 1, f(2.5) = 1 
Local minimum values: (1.0) ~ 0.94, f(2.1) ~ 0.94 


The second derivative is 


f(x) = —(1 + 2 cos 2x)’ sin(x + sin 2x) — 4 sin 2x cos(x + sin 2x) 
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1.2 


=1,2 


FIGURE 17 


The family of functions 
f(x) = sin(x + sin cx) 


where c is a constant, occurs in appli- 
cations to frequency modulation (FM) 
synthesis. A sine wave is modulated 
by a wave with a different frequency 
(sin cx). The case where c = 2 is stud- 
ied in Example 4. Exercise 27 explores 
another special case. 
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Graphing both f and f” in Figure 17, we obtain the following approximate values: 
(0.8, 1.3), (1.8, 2.3) 

(0, 0.8), (1.3, 1.8), (2.3, 7) 

(0, 0), (0.8, 0.97), (1.3, 0.97), (1.8, 0.97), (2.3, 0.97) 


Concave upward on: 
Concave downward on: 
Inflection points: 


Having checked that Figure 15 does indeed represent f accurately for 0 < x S 7, 
we can state that the extended graph in Figure 18 represents f accurately for 
27 SxS 2. 
1.2 


27 27 


FIGURE 18 “he 7 

Our final example is concerned with families of functions. This means that the func- 
tions in the family are related to each other by a formula that contains one or more arbi- 
trary constants. Each value of the constant gives rise to a member of the family and the 
idea is to see how the graph of the function changes as the constant changes. 


EXAMPLE 5 How does the graph of f(x) = 1/(x? + 2x + c) vary as c varies? 


SOLUTION The graphs in Figures 19 and 20 (the special cases c = 2 andc = —2) 
show two very different-looking curves. 


1 
Se _ 
9 2 : le= 2 
Ee 
| | 
‘\ | | 
a 7 4 5 | 4 
7 | | 
x +2x+2 ! 
=2 =2 
FIGURE 19 FIGURE 20 
c=2 c=-—2 


Before drawing any more graphs, let’s see what members of this family have in 


common. Since 
1 


lim —>—.—— = 0 
x>to x" + Ax + 
for any value of c, they all have the x-axis as a horizontal asymptote. A vertical asymp- 
tote will occur when x? + 2x + c = 0. Solving this quadratic equation, we get 


x =—-1 + /1 — c. Whenc > 1, there is no vertical asymptote (as in Figure 19). 
When c = 1, the graph has a single vertical asymptote x = —1 because 
1 1 


li li 
pig eit ge (x + 1) 
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When c < 1, there are two vertical asymptotes: x = —1 + 1 — c (as in Figure 20). 
Now we compute the derivative: 


#6he 2x +2 


(x? + 2x +c)? 


This shows that f’(x) = 0 when x = —1 (ifc 4 1), f(x) > O when x < —1, and 
f'(x) < 0 when x > —1. For c = 1, this means that f increases on (—%, —1) 

and decreases on (— 1, %). For c > 1, there is an absolute maximum value 

f(-)) = l(c - 1). Fore < 1, f(—1) = 1/(c — 1) isa local maximum value and the 
intervals of increase and decrease are interrupted at the vertical asymptotes. 

Figure 21 is a “slide show” displaying five members of the family, all graphed in the 
viewing rectangle [—5, 4] by [—2, 2]. As predicted, a transition takes place from two 
vertical asymptotes to one for c = 1, and then to none for c > 1. As c increases from 1, 
we see that the maximum point becomes lower; this is explained by the fact that 
1/(c — 1) ~0asc ~~. As c decreases from 1, the vertical asymptotes become more 
widely separated because the distance between them is 2,/ T — c, which becomes large 
as c —> —°°, Again, the maximum point approaches the x-axis because 1/(c — 1) > 0 
asc > —%, 


[| 


Te 


Cc==1 0 c=1 c=2 c=3 
FIGURE 21 ; ; ; ; 
The family of functions There is clearly no inflection point when c < 1. For c > 1 we calculate that 


F(x) = 1/? + 2x +e) 2(3x? + 6x + 4 -c) 


(x7 + 2x +c) 
and deduce that inflection points occur when x = —1 + ./3(c — 1)/3. So the inflection 


points become more spread out as c increases and this seems plausible from the last 
two graphs of Figure 21. a 


f") = 


4.6 | & Exercises 


1-8 Produce graphs of f that reveal all the important aspects of 7. f(x) = 6 sin x + cot x, TSxsT7 
the curve. In particular, you should use graphs of f’ and f” to ; 

P pi shaping ory” ait y 8. f(x) = e* — 0.186x! 
estimate the intervals of increase and decrease, extreme values, 
intervals of concavity, and inflection points. 


1. f(x) = x° — 5x* — x3 + 28x? — 2x 9-10 Produce graphs of f that reveal all the important aspects 
of the curve. Estimate the intervals of increase and decrease 
and intervals of concavity, and use calculus to find these inter- 


2. f(x) 2x® + 5x° + 140x? — 110x? 


3. f(x) = x° — 5x° + 25x? — 6x? — 48x vals exactly. 
xt-x3- 8 ! 8 ! 
= — 9. 1+ t t 
4. f®) = “ao f(x) Pa ee 
x 
5. = 1 2 x 108 
fx) we+x7 41 10. FQ) = a - 4 
6. f(x) =6sinx-—x7, -5<x<3 
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11-12 

(a) Graph the function. 

(b) Use l’Hospital’s Rule to explain the behavior as x — 0. 

(c) Estimate the minimum value and intervals of concavity. 
Then use calculus to find the exact values. 


11. f(x) =x? Inx 12. f(x) = xel” 
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(c) Estimate the maximum and minimum values and then use 
calculus to find the exact values. 


(d) Use a computer algebra system to compute f”. Then use a 


graph of f” to estimate the x-coordinates of the inflection 
points. 


25. f(x) =x!” 26. f(x) = (sinx)"™* 


13-14 Sketch the graph by hand using asymptotes and 
inter-cepts, but not derivatives. Then use your sketch as a guide 
to producing graphs using a calculator or computer that display 
the major features of the curve. Use these graphs to estimate the 


maximum and minimum values. 
(x + 4)(x — 3) (2x + 3)*(x — 2)5 


13. f(x) = 14. f(x) = 


x(x — 1) x3(x — 5)? 


15. For the function f of Example 3, use a computer algebra 


system to calculate f’ and then graph it to confirm that all 
the maximum and minimum values are as given in the 
example. Calculate f” and use it to estimate the intervals of 
concavity and inflection points. 


16. For the function f of Exercise 14, use a computer algebra 


system to find f’ and f” and use their graphs to estimate the 
intervals of increase and decrease and concavity of f. 


17-22 Use a computer algebra system to graph f and to find f’ 


and f”. Use graphs of these derivatives to estimate the intervals 
of increase and decrease, extreme values, intervals of concavity, 
and inflection points of f. 


17. f(x) xot+ 5x? +1 
. f(x) = 
xt +x3-— 34742 
2/3 
18. = — 
f) lt+x+x' 


19. f(x) =J/x+5sinx, x =< 20 


20. f(x) =x — tan '(x’) 


1— el” 
21. f(x) = ate 
3 
22. = —_—. 
Ff) 3 + 2sinx 


27. In Example 4 we considered a member of the family of 
functions f(x) = sin(x + sin cx) that occur in FM synthe- 
sis. Here we investigate the function with c = 3. Start by 
graphing f in the viewing rectangle [0, 7] by [—1.2, 1.2]. 
How many local maximum points do you see? The graph 
has more than are visible to the naked eye. To discover the 
hidden maximum and minimum points you will need to 
examine the graph of f' very carefully. In fact, it helps to 
look at the graph of f” at the same time. Find all the maxi- 
mum and minimum values and inflection points. Then 
graph f in the viewing rectangle [—27,, 27] by [—1.2, 1.2] 
and comment on symmetry. 


28-35 Describe how the graph of f varies as c varies. Graph 
several members of the family to illustrate the trends that you 
discover. In particular, you should investigate how maximum 
and minimum points and inflection points move when c changes. 
You should also identify any transitional values of c at which the 
basic shape of the curve changes. 


28. f(x) =x> + cx 


29. f(x) =x? + 6x + c/x (trident of Newton) 
30. f(x) = x Vc? — x? 


32. f(x) = In(x? + c) 


31. f(x) =e* + ce* 


CX 


33. = —., 

FO) 1 + cx? 
sin x 

34. f(x) = ———_ 35. f(x) =cx + sinx 

¢ +°COS/X 


23-24 Graph the function using as many viewing rectangles as 
you need to depict the true nature of the function. 


a Kee — bone) 


24. f(x) =e* + In|x -4| 
x 


25-26 

(a) Graph the function. 

(b) Explain the shape of the graph by computing the limit as 
x — 0* orasx > &, 


36. The family of functions f(t) = C(e“ — e°”"), where a, 
b, and C are positive numbers and b > a, has been used to 
model the concentration of a drug injected into the blood- 
stream at time t = 0. Graph several members of this family. 
What do they have in common? For fixed values of C and a, 
discover graphically what happens as b increases. Then use 
calculus to prove what you have discovered. 


fon 


37. Investigate the family of curves given by f(x) = xe“, 
where c is a real number. Start by computing the limits as 
x — +o, Identify any transitional values of c where the 
basic shape changes. What happens to the maximum or 
minimum points and inflection points as c changes? Illus- 
trate by graphing several members of the family. 


38. The figure shows graphs (in blue) of several members of the 
family of polynomials f(x) = cx* — 4x? + 1. 
(a) For which values of c does the curve have minimum 
points? 
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(b) Show that the minimum and maximum points of every 39. Investigate the family of curves given by the equation 
curve in the family lie on the parabola y = —2x* + 1 f(x) = x* + cx? + x. Start by determining the transitional 
(shown in red). value of c at which the number of inflection points changes. 

Then graph several members of the family to see what 
yA shapes are possible. There is another transitional value 


of c at which the number of critical numbers changes. 
Try to discover it graphically. Then prove what you have 
discovered. 


40. (a) Investigate the family of polynomials given by the 
27 equation 


W 


f(x) = 2x3 + cx? + 2x 


N 
Oo 

Uf 
Rv 


For what values of c does the curve have maximum and 
minimum points? 

(b) Show that the minimum and maximum points of 
every curve in the family lie on the curve y = x — x* 
Illustrate by graphing this curve and several members 
of the family. 


4.7 | Optimization Problems 


The methods we have learned in this chapter for finding extreme values have practical 
applications in many areas of life: A businessperson wants to minimize costs and maximize 
profits. A traveler wants to minimize transportation time. Fermat’s Principle in optics states 
that light follows the path that takes the least time. In this section we solve such problems 
as maximizing areas, volumes, and profits and minimizing distances, times, and costs. 
In solving such practical problems the greatest challenge is often to convert the word 
problem into a mathematical optimization problem by setting up the function that is to 
[3 —sbe maximized or minimized. Let’s recall the problem-solving principles discussed in the 
Principles of Problem Solving following Chapter | and adapt them to this situation: 


Steps In Solving Optimization Problems 


1. Understand the Problem The first step is to read the problem carefully until 
it is clearly understood. Ask yourself: What is the unknown? What are the given 
quantities? What are the given conditions? 


DrawaDiagram In most problems it is useful to draw a diagram and identify 
the given and required quantities on the diagram. 


Introduce Notation Assign a symbol to the quantity that is to be maximized or 
minimized (let’s call it Q for now). Also select symbols (a, b, c,..., x, y) for other 
unknown quantities and label the diagram with these symbols. It may help to use 
initials as suggestive symbols—for example, A for area, h for height, t for time. 


4. Express Q in terms of some of the other symbols from Step 3. 


If Q has been expressed as a function of more than one variable in Step 4, use 
the given information to find relationships (in the form of equations) among 
these variables. Then use these equations to eliminate all but one of the vari- 
ables in the expression for Q. Thus Q will be expressed as a function of one 
variable x, say, Q = f(x). Write the domain of this function in the given context. 
Use the methods of Sections 4.1 and 4.3 to find the absolute maximum or 
minimum value of /. In particular, if the domain of f is a closed interval, then 
the Closed Interval Method in Section 4.1 can be used. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


[4 Understand the problem 
EY Analogy: Try special cases 
[4 Draw diagrams 


Area = 100 - 2200 = 220,000 ft” 


FIGURE 1 


[I Introduce notation 


FIGURE 2 
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EXAMPLE 1 A farmer has 2400 ft of fencing and wants to fence off a rectangular field 
that borders a straight river. He needs no fence along the river. What are the dimensions 
of the field that has the largest area? 


SOLUTION In order to get a feeling for what is happening in this problem, let’s experi- 
ment with some specific cases. Figure | (not to scale) shows three possible ways of 
laying out the 2400 ft of fencing. 


Area = 700 + 1000 = 700,000 ft? Area = 1000 + 400 = 400,000 ft? 


We see that when we try shallow, wide fields or deep, narrow fields, we get rela- 
tively small areas. It seems plausible that there is some intermediate configuration that 
produces the largest area. 

Figure 2 illustrates the general case. We wish to maximize the area A of the rect- 
angle. Let x and y be the depth and width of the rectangle (in feet). Then we express A 
in terms of x and y: 

A=xy 


We want to express A as a function of just one variable, so we eliminate y by express- 
ing it in terms of x. To do this we use the given information that the total length of the 
fencing is 2400 ft. Thus 


2x + y = 2400 
From this equation we have y = 2400 — 2x, which gives 
A = xy = x(2400 — 2x) = 2400x — 2x? 


Note that the largest x can be is 1200 (this uses all the fence for the depth and none for 
the width) and x can’t be negative, so the function that we wish to maximize is 


A(x) = 2400x — 2x? 0 <x < 1200 


The derivative is A(x) = 2400 — 4x, so to find the critical numbers we solve the 
equation 


2400 — 4x = 0 


which gives x = 600. The maximum value of A must occur either at this critical 
number or at an endpoint of the interval. Since A(0) = 0, A(600) = 720,000, 
and A(1200) = 0, the Closed Interval Method gives the maximum value as 
A(600) = 720,000. 

[Alternatively, we could have observed that A’(x) = —4 < 0 for all x, so A is 
always concave downward and the local maximum at x = 600 must be an absolute 
maximum. |] 

The corresponding y-value is y = 2400 — 2(600) = 1200, so the rectangular field 
should be 600 ft deep and 1200 ft wide. a 
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h 
4 -_ | 
ji 
FIGURE 3 
oni, 
A 
| | h 
v 
Area boone ) Area (21) 
FIGURE 4 
YA 
1000 + y=Alr) 
0 AR 7 
FIGURE 5 


In the Applied Project following this 
section we investigate the most eco- 
nomical shape for a can by taking into 
account other manufacturing costs. 


EXAMPLE2 A cylindrical can is to be made to hold 1 L of oil. Find the dimensions 
that will minimize the cost of the metal to manufacture the can. 


SOLUTION Draw a diagram as in Figure 3, where r is the radius and h the height (both 
in centimeters). In order to minimize the cost of the metal, we minimize the total surface 
area of the cylinder (top, bottom, and sides). From Figure 4 we see that the sides are 
made from a rectangular sheet with dimensions 27r and h. So the surface area is 


A = 2nr? + 2arh 


We would like to express A in terms of one variable, r. To eliminate / we use the 
fact that the volume is given as 1 L, which is equivalent to 1000 cm*. Thus 


arh = 1000 


which gives h = 1000/(ar7). Substitution of this into the expression for A gives 


1000 2000 
a) = Qrr? + —— 


A =2ar + 2nr( 
ar 


r 


We know that r must be positive, and there are no limitations on how large r can be. 
Therefore the function that we want to minimize is 


2000 
A(r) = 2ar? + —— r>0 
r 


To find the critical numbers, we differentiate: 


2000 4(mr? — 500 
A(r) = 4ar — = at ) 
Fe 


2 


r 


Then A'(r) = 0 when wr* = 500, so the only critical number is r = </500/77 . 

Since the domain of A is (0, ©), we can’t use the argument of Example | concerning 
endpoints. But we can observe that A’(r) < 0 for r < 3/500/7 and A’(r) > 0 for 
r > /500/7 , so A is decreasing for all r to the left of the critical number and increas- 
ing for all r to the right. Thus r = +/500/7 must give rise to an absolute minimum. 

[Alternatively, we could argue that A(r) — % as r > 0° and A(r) > © as r > &, so 
there must be a minimum value of A(r), which must occur at the critical number. See 
Figure 5.] 

The value of h corresponding to r = «/500/7 is 


h 1000 1000 223 500 > 
a = = 9.3 = 2r 
ar? ar(500/27)?/3 7 


Thus, to minimize the cost of the can, the radius should be ae 500/a cm and the height 
should be equal to twice the radius, namely, the diameter. a 


NOTE 1 The argument used in Example 2 to justify the absolute minimum is a variant 
of the First Derivative Test (which applies only to /ocal maximum or minimum values) 
and is stated here for future reference. 
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First Derivative Test for Absolute Extreme Values Suppose that c is a critical 
number of a continuous function f defined on an interval. 


(a) If f(x) > 0 for all x < cand f(x) < 0 for all x > c, then f(c) is the abso- 


lute maximum value of /. 


(b) If f(x) < 0 for all x < c and f'(x) > 0 for all x > c, then f(c) is the abso- 
lute minimum value of /. 


NOTE 2 An alternative method for solving optimization problems is to use implicit 
differentiation. Let’s look at Example 2 again to illustrate the method. We work with the 


same equations 
A = 2nr* + 2arh ar°h = 1000 


but instead of eliminating h, we differentiate both equations implicitly with respect to r 
(treating both A and / as functions of r): 


A =4ar + 2arh' + 2ah arh' + 2mrh = 0 
The minimum occurs at a critical number, so we set A’ = 0, simplify, and arrive at the 
equations 
2r+rh'+h=0 rh' + 2h=0 
and subtraction gives 2r — h = 0, orh = 2r. 


EXAMPLE 3 Find the point on the parabola y* = 2x that is closest to the point (1, 4). 
SOLUTION The distance between the point (1, 4) and the point (x, y) is 


d= J(x - 1)? + (y - 4) 


(See Figure 6.) But if (x, y) lies on the parabola, then x = 5 y’, so the expression for d 
becomes 


d= (zy? — 1) + (y—- 4) 


(Alternatively, we could have substituted y = /2x to get d in terms of x alone.) 
Instead of minimizing d, we minimize its square: 


ene d= fly) = (gy? - 1)? + - 4) 


(You should convince yourself that the minimum of d occurs at the same point as the 
minimum of d’, but d? is easier to work with.) Note that there is no restriction on y, so 
the domain is all real numbers. Differentiating, we obtain 


fy) = by? — ly + Ay - 4) =y3 - 8 


so f'(y) = 0 when y = 2. Observe that f’(y) < 0 when y < 2 and f’(y) > 0 when 

y > 2, so by the First Derivative Test for Absolute Extreme Values, the absolute 
minimum occurs when y = 2. (Or we could simply say that because of the geometric 
nature of the problem, it’s obvious that there is a closest point but not a farthest point.) 
The corresponding value of x is x = 5 y? = 2. Thus the point on y* = 2x closest to 

(1, 4) is (2, 2). [The distance between the points is d = /f(2) = /5.] a 
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FIGURE 7 
TA 
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2 y 
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EXAMPLE4 A woman launches her boat from point A on a bank of a straight river, 

3 km wide, and wants to reach point B, 8 km downstream on the opposite bank, as 
quickly as possible (see Figure 7). She could row her boat directly across the river to 
point C and then run to B, or she could row directly to B, or she could row to some 
point D between C and B and then run to B. If she can row 6 km/h and run 8 km/h, 
where should she land to reach B as soon as possible? (We assume that the speed of the 
water is negligible compared with the speed at which the woman rows.) 


SOLUTION If we let x be the distance from C to D, then the running distance is 
| DB| = 8 — x and the Pythagorean Theorem gives the rowing distance as 


|AD| = Vx? + 9. We use the equation 


. distance 
ime: = —_—_— 
rate 


Then the rowing time is x? + 9/6 and the running time is (8 — x)/8, so the total time 


T as a function of x is 
Vx2+9 8-—x 
+ 


A er 8 


The domain of this function T is [0, 8]. Notice that if x = 0, she rows to C and if 
x = 8, she rows directly to B. The derivative of T is 
x 1 
= 
6/x2 +9 8 


Thus, using the fact that x = 0, we have 


x 1 
= SS 4 = 3 9 
6/x? +9 8 
9 
SS 16° =90° +9) SS X=81 SS x == 


V7 


The only critical number is x = 9/,/ 7. To see whether the minimum occurs at this 
critical number or at an endpoint of the domain [0, 8], we follow the Closed Interval 
Method by evaluating T at all three points: 


T(x) =0 @& 


9 q eg 
TO)=15 TT =1+ 22133 ye) =YB x 1.42 
alt 8 6 
Since the smallest of these values of T occurs when x = 9/,/7, the absolute minimum 
value of T must occur there. Figure 8 illustrates this calculation by showing the graph 
of T. 
Thus the woman should land the boat at a point 9/ vt km (~3.4 km) downstream 


from her starting point. a 


EXAMPLE 5 Find the area of the largest rectangle that can be inscribed in a semicircle 
of radius r. 


SOLUTION 1 Let’s take the semicircle to be the upper half of the circle x? + y* = r? 
with center the origin. Then the word inscribed means that the rectangle has two 
vertices on the semicircle and two vertices on the x-axis as shown in Figure 9. 

Let (x, y) be the vertex that lies in the first quadrant. Then the rectangle has sides of 
lengths 2x and y, so its area is 


A = 2xy 
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To eliminate y we use the fact that (x, y) lies on the circle x + y? = r’ and so 


y= yr? — x?. Thus 
A = 2xJr? = x? 


The domain of this function is 0 S x Sr. Its derivative is 
27 2 = 2) 


en ere eae 
v Vr? — x? r2 — x2 


which is 0 when 2x? = r?, that is, x = r/./2 (since x = 0). This value of x gives a 
maximum value of A since A(0) = 0 and A(r) = 0. Therefore the area of the largest 
inscribed rectangle is 


, ai SOLUTION 2 A simpler solution is possible if we think of using an angle as a variable. 
Let 6 be the angle shown in Figure 10. Then the area of the rectangle is 


r sin 0 A(0) = (2r cos 0)(r sin 0) = r7(2 sin 6 cos 0) = r’ sin 20 
We know that sin 26 has a maximum value of | and it occurs when 20 = 7/2. So A(0) 
r cos 6 has a maximum value of r? and it occurs when 9 = 77/4. 
FIGURE 10 Notice that this trigonometric solution doesn’t involve differentiation. In fact, we 
didn’t need to use calculus at all. Bo 


B® Applications to Business and Economics 


In Section 3.7 we introduced the idea of marginal cost. Recall that if C(x), the cost func- 
tion, is the cost of producing x units of a certain product, then the marginal cost is the 
rate of change of C with respect to x. In other words, the marginal cost function is the 
derivative, C'(x), of the cost function. 

Now let’s consider marketing. Let p(x) be the price per unit that the company can 
charge if it sells x units. Then p is called the demand function (or price function) and 
we would expect it to be a decreasing function of x. (More units sold corresponds to a 
lower price.) If x units are sold and the price per unit is p(x), then the total revenue is 


R(x) = quantity X price = xp(x) 


and R is called the revenue function. The derivative R’ of the revenue function is called 
the marginal revenue function and it is the rate of change of revenue with respect to the 
number of units sold. 

If x units are sold, then the total profit is 


P(x) = R(x) — C(x) 


and P is called the profit function. The marginal profit function is P’, the derivative of 
the profit function. In Exercises 65—69 you are asked to use the marginal cost, revenue, 
and profit functions to minimize costs and maximize revenues and profits. 


EXAMPLE6 A store has been selling 200 TV monitors a week at $350 each. A market 
survey indicates that for each $10 rebate offered to buyers, the number of monitors sold 
will increase by 20 a week. Find the demand function and the revenue function. How 
large a rebate should the store offer to maximize revenue? 


SOLUTION If x is the number of monitors sold per week, then the weekly increase in 
sales is x — 200. For each increase of 20 units sold, the price is decreased by $10. So 
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for each additional unit sold, the decrease in price will be 5 x 10 and the demand 


function is 


The revenue function is 


R(x) = xp(x) = 450x 


P(x) = 350 


(x — 200) = 450 — 4x 


2 


1 
yx 


Since R'(x) = 450 — x, we see that R'(x) = 0 when x = 450. This value of x gives an 
absolute maximum by the First Derivative Test (or simply by observing that the graph 
of R is a parabola that opens downward). The corresponding price is 


p(450) = 450 — 5(450) = 225 


and the rebate is 350 — 225 = 125. Therefore, to maximize revenue, the store should 


offer a rebate of $125. 


4.7 | Exercises 


1. 


Consider the following problem: find two numbers whose 

sum is 23 and whose product is a maximum. 

(a) Make a table of values, like the one below, so that the 
sum of the numbers in the first two columns is always 23. 
On the basis of the evidence in your table, estimate the 
answer to the problem. 

(b) Use calculus to solve the problem and compare with your 
answer to part (a). 


First number Second number Product 
1 22 22 
2 21 42 
3 20 60 


2. 


w 


4. 


5. 


6. 


7. 


8. 


9. 


Find two numbers whose difference is 100 and whose product 
is a minimum. 


Find two positive numbers whose product is 100 and whose 
sum is a minimum. 


The sum of two positive numbers is 16. What is the smallest 
possible value of the sum of their squares? 


What is the maximum vertical distance between the line 
y =x + 2 and the parabola y = x? for -1 <x < 2? 


What is the minimum vertical distance between the parabolas 
y=x?+ landy=x— x7? 


Find the dimensions of a rectangle with perimeter 100 m 
whose area is as large as possible. 


Find the dimensions of a rectangle with area 1000 m? whose 
perimeter is as small as possible. 


A model used for the yield Y of an agricultural crop as a 
function of the nitrogen level N in the soil (measured in 


10. 


11 


12. 


appropriate units) is 


k 
y= tN 
1+ N 


where k is a positive constant. What nitrogen level gives the 
best yield? 


The rate (in mg carbon/m*/h) at which photosynthesis takes 
place for a species of phytoplankton is modeled by the function 


100] 


P= —— 
P+it+4 


where J is the light intensity (measured in thousands of foot- 
candles). For what light intensity is P a maximum? 


Consider the following problem: a farmer with 750 ft of fenc- 
ing wants to enclose a rectangular area and then divide it into 
four pens with fencing parallel to one side of the rectangle. 
What is the largest possible total area of the four pens? 

(a) Draw several diagrams illustrating the situation, some 
with shallow, wide pens and some with deep, narrow 
pens. Find the total areas of these configurations. Does it 
appear that there is a maximum area? If so, estimate it. 
Draw a diagram illustrating the general situation. 
Introduce notation and label the diagram with your 
symbols. 

Write an expression for the total area. 

Use the given information to write an equation that 
relates the variables. 

Use part (d) to write the total area as a function of one 
variable. 

Finish solving the problem and compare the answer with 
your estimate in part (a). 


(b) 
(c) 
(d) 
(e) 


(f) 


Consider the following problem: a box with an open top is to 
be constructed from a square piece of cardboard, 3 ft wide, by 
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16 


17 


18 


cutting out a square from each of the four corners and bending 

up the sides. Find the largest volume that such a box can have. 

(a) Draw several diagrams to illustrate the situation, some 
short boxes with large bases and some tall boxes with 
small bases. Find the volumes of several such boxes. 
Does it appear that there is a maximum volume? If so, 
estimate it. 

(b) Draw a diagram illustrating the general situation. 
Introduce notation and label the diagram with your 
symbols. 

(c) Write an expression for the volume. 

(d) Use the given information to write an equation that 
relates the variables. 

(e) Use part (d) to write the volume as a function of one 
variable. 

(f) Finish solving the problem and compare the answer with 
your estimate in part (a). 


13. A farmer wants to fence in an area of 1.5 million square feet 
in a rectangular field and then divide it in half with a fence 
parallel to one of the sides of the rectangle. How can he do 
this so as to minimize the cost of the fence? 


14. A farmer has 1200 ft of fencing for enclosing a trapezoidal 
field along a river as shown. One of the parallel sides is three 
times longer than the other. No fencing is needed along the 
river. Find the largest area the farmer can enclose. 


15. A farmer wants to fence in a rectangular plot of land adjacent 
to the north wall of his barn. No fencing is needed along the 
barn, and the fencing along the west side of the plot is shared 
with a neighbor who will split the cost of that portion of the 
fence. If the fencing costs $20 per linear foot to install and 
the farmer is not willing to spend more than $5000, find the 
dimensions for the plot that would enclose the most area. 


If the farmer in Exercise 15 wants to enclose 8000 square 
feet of land, what dimensions will minimize the cost of the 
fence? 


(a) Show that of all the rectangles with a given area, the one 
with smallest perimeter is a square. 

(b) Show that of all the rectangles with a given perimeter, the 
one with greatest area is a square. 


32,000 cm. Find the dimensions of the box that minimize the 
amount of material used. 


A box with a square base and open top must have a volume of 


19. 


20. 


21 


22. 


23. 


24. 


25. 


26. 


27. 
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If 1200 cm? of material is available to make a box with a 
square base and an open top, find the largest possible volume 
of the box. 


A box with an open top is to be constructed from a 4 ft by 3 ft 
rectangular piece of cardboard by cutting out squares or 
rectangles from each of the four corners, as shown in the 
figure, and bending up the sides. One of the longer sides of 
the box is to have a double layer of cardboard, which is 
obtained by folding the side twice. Find the largest volume 
that such a box can have. 


x 


A rectangular storage container without a lid is to have a vol- 
ume of 10 m’. The length of its base is twice the width. Mate- 
rial for the base costs $10 per square meter. Material for the 
sides costs $6 per square meter. Find the cost of materials for 
the least expensive such container. 


Rework Exercise 21 assuming the container has a lid that is 
made from the same material as the sides. 


A package to be mailed using the US postal service may not 
measure more than 108 inches in length plus girth. (Length is 
the longest dimension and girth is the largest distance around 
the package, perpendicular to the length.) Find the dimen- 
sions of the rectangular box with square base of greatest vol- 
ume that may be mailed. 


length 
irth 
a \ girth 


Refer to Exercise 23. Find the dimensions of the cylindrical 
mailing tube of greatest volume that may be mailed using the 
US postal service. 


length 


Find the point on the line y = 2x + 3 that is closest to the 
origin. 


Find the point on the curve y = ./x that is closest to the 
point (3, 0). 


Find the points on the ellipse 4x* + y* = 4 that are farthest 
away from the point (1, 0). 
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28. Find, correct to two decimal places, the coordinates of the 
point on the curve y = sin x that is closest to the point (4, 2). 


29. Find the dimensions of the rectangle of largest area that can 
be inscribed in a circle of radius r. 


30. Find the area of the largest rectangle that can be inscribed in 
the ellipse x°/a? + y?/b? = 1. 


3 


= 


. Find the dimensions of the rectangle of largest area that can 
be inscribed in an equilateral triangle of side L if one side of 
the rectangle lies on the base of the triangle. 


32. Find the area of the largest trapezoid that can be inscribed in 
a circle of radius | and whose base is a diameter of the circle. 


33. Find the dimensions of the isosceles triangle of largest area 
that can be inscribed in a circle of radius r. 


34. If the two equal sides of an isosceles triangle have length a, 
find the length of the third side that maximizes the area of the 
triangle. 


35. If one side of a triangle has length a and another has length 
2a, show that the largest possible area of the triangle is a’. 


36. A rectangle has its base on the x-axis and its upper two ver- 
tices on the parabola y = 4 — x*. What is the largest pos- 
sible area of the rectangle? 


37. A right circular cylinder is inscribed in a sphere of radius r. 
Find the largest possible volume of such a cylinder. 


38. A right circular cylinder is inscribed in a cone with height h 
and base radius r. Find the largest possible volume of such 
a cylinder. 


39. A right circular cylinder is inscribed in a sphere of radius r. 
Find the largest possible surface area of such a cylinder. 


40. A Norman window has the shape of a rectangle sur- 
mounted by a semicircle. (Thus the diameter of the 
semicircle is equal to the width of the rectangle. See Exer- 
cise 1.1.72.) If the perimeter of the window is 30 ft, find the 
dimensions of the window so that the greatest possible 
amount of light is admitted. 


41. The top and bottom margins of a poster are each 6 cm and 
the side margins are each 4 cm. If the area of printed material 


on the poster is fixed at 384 cm’, find the dimensions of the 
poster with the smallest area. 


I 
6 
| 


6 
| 
42. A poster is to have an area of 180 in? with 1-inch margins at 


the bottom and sides and a 2-inch margin at the top. What 
dimensions will give the largest printed area? 


43. A piece of wire 10 m long is cut into two pieces. One piece is 
bent into a square and the other is bent into an equilateral 
triangle. How should the wire be cut so that the total area 
enclosed is (a) a maximum? (b) A minimum? 


44. Answer Exercise 43 if one piece is bent into a square and the 
other into a circle. 


45. If you are offered one slice from a round pizza (in other 
words, a sector of a circle) and the slice must have a perim- 
eter of 32 inches, what diameter pizza will reward you with 


the largest slice? 


46. A fence 8 ft tall runs parallel to a tall building at a distance of 
4 ft from the building. What is the length of the shortest lad- 
der that will reach from the ground over the fence to the wall 
of the building? 


47. A cone-shaped drinking cup is made from a circular piece of 
paper of radius R by cutting out a sector and joining the edges 
CA and CB. Find the maximum capacity of such a cup. 


A B 
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48. A cone-shaped paper drinking cup is to be made to hold 


49. 


50. 


51 


52 


53 


27 cm? of water. Find the height and radius of the cup that 
will use the smallest amount of paper. 


A cone with height / is inscribed in a larger cone with 
height H so that its vertex is at the center of the base of the 
larger cone. Show that the inner cone has maximum volume 
when h = 3H. 


An object with weight W is dragged along a horizontal plane 
by a force acting along a rope attached to the object. If the 
rope makes an angle 6 with a plane, then the magnitude of the 
force is 


= BW 
pe sin @ + cos 6 


where p is a constant called the coefficient of friction. For 
what value of 6 is F smallest? 


If a resistor of R ohms is connected across a battery of 
E volts with internal resistance r ohms, then the power 
(in watts) in the external resistor is 


E’R 


ae ee 


If £ and r are fixed but R varies, what is the maximum value 
of the power? 


For a fish swimming at a speed » relative to the water, the 
energy expenditure per unit time is proportional to v’. It is 
believed that migrating fish try to minimize the total energy 
required to swim a fixed distance. If the fish are swimming 
against a current u (u < v), then the time required to swim a 
distance L is L/(v — u) and the total energy E required to 
swim the distance is given by 


L 
E(v) = av>- 
OU 
where a is the proportionality constant. 


(a) Determine the value of v that minimizes E. 
(b) Sketch the graph of E. 


Note: This result has been verified experimentally; migrating 
fish swim against a current at a speed 50% greater than the 
current speed. 


In a beehive, each cell is a regular hexagonal prism, open at 
one end; the other end is capped by three congruent rhombi 
forming a trihedral angle at the apex, as in the figure. Let 6 be 
the angle at which each rhombus meets the altitude, s the side 
length of the hexagon, and h the length of the longer base of 
the trapezoids on the sides of the cell. It can be shown that if s 
and / are held fixed, then the volume of the cell is constant 
(independent of 6), and for a given value of @ the surface area 
S of the cell is 


S = 6sh — 3s? cot 0 + 3/357 esc @ 


It is believed that bees form their cells in such a way as to 
minimize surface area, thus using the least amount of wax 


(7) 


54. 


55. 


56. 


57. 


58. 


59. 
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in cell construction. 

(a) Calculate dS/d0. 

(b) What angle @ should the bees prefer? 

(c) Determine the minimum surface area of the cell in terms 
of s and h. 


Note: Actual measurements of the angle 6 in beehives have 
been made, and the measures of these angles seldom differ 
from the calculated value by more than 2°. 


apex 


= 


ie) 


open end 


A boat leaves a dock at 2:00 pm and travels due south at a 
speed of 20 km/h. Another boat has been heading due east at 
15 km/h and reaches the same dock at 3:00 pm. At what time 
were the two boats closest together? 


Solve the problem in Example 4 if the river is 5 km wide and 
point B is only 5 km downstream from A. 


A woman at a point A on the shore of a circular lake with 
radius 2 mi wants to arrive at the point C diametrically 
opposite A on the other side of the lake in the shortest 
possible time (see the figure). She can walk at the rate of 

4 mi/h and row a boat at 2 mi/h. How should she proceed? 


B 


An oil refinery is located on the north bank of a straight river 
that is 2 km wide. A pipeline is to be constructed from the 
refinery to storage tanks located on the south bank of the 
river 6 km east of the refinery. The cost of laying pipe is 
$400,000/km over land to a point P on the north bank and 
$800,000/km under the river to the tanks. To minimize the 
cost of the pipeline, where should P be located? 


Suppose the refinery in Exercise 57 is located 1 km north 
of the river. Where should P be located? 


The illumination of an object by a light source is directly 
proportional to the strength of the source and inversely pro- 
portional to the square of the distance from the source. If 
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60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 
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two light sources, one three times as strong as the other, 
are placed 10 ft apart, where should an object be placed 
on the line between the sources so as to receive the least 
illumination? 


Find an equation of the line through the point (3, 5) that cuts 
off the least area from the first quadrant. 


Let a and b be positive numbers. Find the length of the short- 
est line segment that is cut off by the first quadrant and passes 
through the point (a, b). 


At which points on the curve y = 1 + 40x? — 3x° does the 
tangent line have the largest slope? 


What is the shortest possible length of the line segment that 
is cut off by the first quadrant and is tangent to the curve 
y = 3/x at some point? 


What is the smallest possible area of the triangle that is cut 
off by the first quadrant and whose hypotenuse is tangent to 
the parabola y = 4 — x? at some point? 


(a) If C(x) is the cost of producing x units of a commodity, 
then the average cost per unit is c(x) = C(x)/x. Show 
that if the average cost is a minimum, then the marginal 
cost equals the average cost. 

If C(x) = 16,000 + 200x + 4x*”, in dollars, find (i) the 
cost, average cost, and marginal cost at a production level 
of 1000 units; (ii) the production level that will minimize 
the average cost; and (iii) the minimum average cost. 


(b) 


(a) Show that if the profit P(x) is a maximum, then the mar- 
ginal revenue equals the marginal cost. 

If C(x) = 16,000 + 500x — 1.6x? + 0.004.x3 is the cost 
function and p(x) = 1700 — 7x is the demand function, 


find the production level that will maximize profit. 


(b) 


A baseball team plays in a stadium that seats 55,000 specta- 
tors. With ticket prices at $10, the average attendance had 
been 27,000. When ticket prices were lowered to $8, the aver- 
age attendance rose to 33,000. 

(a) Find the demand function, assuming that it is linear. 

(b) How should ticket prices be set to maximize revenue? 


During the summer months Terry makes and sells necklaces 

on the beach. Last summer she sold the necklaces for $10 

each and her sales averaged 20 per day. When she increased 

the price by $1, she found that the average decreased by two 

sales per day. 

(a) Find the demand function, assuming that it is linear. 

(b) If the material for each necklace costs $6, what selling 
price should Terry set to maximize her profit? 


A retailer has been selling 1200 tablet computers a week at 

$350 each. The marketing department estimates that an addi- 

tional 80 tablets will sell each week for every $10 that the 

price is lowered. 

(a) Find the demand function. 

(b) What should the price be set at in order to maximize 
revenue? 


70. 


71. 


72. 


73. 


74. 


(c) If the retailer’s weekly cost function is 
C(x) = 35,000 + 120x 
what price should it choose in order to maximize its profit? 


A company operates 16 oil wells in a designated area. Each 
pump, on average, extracts 240 barrels of oil daily. The com- 
pany can add more wells but every added well reduces the 
average daily ouput of each of the wells by 8 barrels. How 
many wells should the company add in order to maximize 
daily production? 


Show that of all the isosceles triangles with a given perimeter, 
the one with the greatest area is equilateral. 


Consider the situation in Exercise 57 if the cost of laying pipe 
under the river is considerably higher than the cost of laying 
pipe over land ($400,000/km). You may suspect that in some 
instances, the minimum distance possible under the river 
should be used, and P should be located 6 km from the refin- 
ery, directly across from the storage tanks. Show that this is 
never the case, no matter what the “under river” cost is. 
x? 2 
Consider the tangent line to the ellipse —- + —> = | at 
a point (p, q) in the first quadrant. 7 
(a) Show that the tangent line has x-intercept a*/p and 
y-intercept b*/q. 
(b) Show that the portion of the tangent line cut off by the 
coordinate axes has minimum length a + b. 
(c) Show that the triangle formed by the tangent line and the 
coordinate axes has minimum area ab. 


The frame for a kite is to be made from six pieces of wood. 
The four exterior pieces have been cut with the lengths indi- 
cated in the figure. To maximize the area of the kite, how long 
should the diagonal pieces be? 


. A point P needs to be located somewhere on the line AD so 


that the total length L of cables linking P to the points A, B, 
and C is minimized (see the figure). Express L as a function 
of x = | AP| and use the graphs of L and dL /dx to estimate 
the minimum value of L. 


A - 
P 
5m 
2m 3m y 
B D Cc 
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76. The graph shows the fuel consumption c of a car (measured 
in gallons per hour) as a function of the speed v of the car. At 
very low speeds the engine runs inefficiently, so initially c 
decreases as the speed increases. But at high speeds the fuel 
consumption increases. You can see that c(v) is minimized for 
this car when v ~ 30 mi/h. However, for fuel efficiency, what 
must be minimized is not the consumption in gallons per hour 
but rather the fuel consumption in gallons per mile. Let’s call 
this consumption G. Using the graph, estimate the speed at 
which G has its minimum value. 


CA 


77. Let v; be the velocity of light in air and v, the velocity of light 
in water. According to Fermat’s Principle, a ray of light will 
travel from a point A in the air to a point B in the water by a 
path ACB that minimizes the time taken. Show that 


sin 0; v1 


sin 02 V2 


where 6, (the angle of incidence) and 6) (the angle of refrac- 
tion) are as shown. This equation is known as Snell’s Law. 


A 


78. Two vertical poles PQ and ST are secured by a rope PRS 

going from the top of the first pole to a point R on the ground 
between the poles and then to the top of the second pole as in 
the figure. Show that the shortest length of such a rope occurs 


when 0; = 02. 
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79. The upper right-hand corner of a piece of paper, 12 inches 
by 8 inches, as in the figure, is folded over to the bottom 
edge. How would you fold the paper so as to minimize the 
length of the fold? In other words, how would you choose 
x to minimize y? 


k 12 >| 


80. A steel pipe is being carried down a hallway that is 9 ft wide. 
At the end of the hall there is a right-angled turn into a nar- 
rower hallway, 6 ft wide. What is the length of the longest 
pipe that can be carried horizontally around the corner? 


a f 
6 


<«—— 9 ——> 


81. An observer stands at a point P, one unit away from a track. 
Two runners start at the point S in the figure and run along the 
track. One runner runs three times as fast as the other. Find 
the maximum value of the observer’s angle of sight 6 between 
the runners. 


82. A rain gutter is to be constructed from a metal sheet of width 
30 cm by bending up one-third of the sheet on each side 
through an angle 6. How should 6 be chosen so that the gutter 
will carry the maximum amount of water? 


0 0 


kk 10 cm >|< 10cm >| 10 cm >| 
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83. Where should the point P be chosen on the line segment AB 
so as to maximize the angle 6? 


84. A painting in an art gallery has height h and is hung so that its 
lower edge is a distance d above the eye of an observer (as in 
the figure). How far from the wall should the observer stand 
to get the best view? (In other words, where should the 
observer stand so as to maximize the angle @ subtended at his 
eye by the painting?) 


85. Find the maximum area of a rectangle that can be circum- 
scribed about a given rectangle with length L and width W. 
[Hint: Express the area as a function of an angle 0.] 


86. The blood vascular system consists of blood vessels (arteries, 
arterioles, capillaries, and veins) that convey blood from the 
heart to the organs and back to the heart. This system should 
work so as to minimize the energy expended by the heart in 
pumping the blood. In particular, this energy is reduced when 
the resistance of the blood is lowered. One of Poiseuille’s 
Laws gives the resistance R of the blood as 


R=C= 
r 


where L is the length of the blood vessel, r is the radius, and 
C is a positive constant determined by the viscosity of the 
blood. (Poiseuille established this law experimentally, but it 
also follows from Equation 8.4.2.) The figure shows a main 


blood vessel with radius r; branching at an angle 6 into a 
smaller vessel with radius r2. 


vascular 
branching 


(a) Use Poiseuille’s Law to show that the total resistance of 
the blood along the path ABC is 


r= c(s bor ; rent) 


r rn 


where a and b are the distances shown in the figure. 
(b) Prove that this resistance is minimized when 


ri 


2 
=> 
cos 7 
(c) Find the optimal branching angle (correct to the nearest 
degree) when the radius of the smaller blood vessel is 
two-thirds the radius of the larger vessel. 


87. Ornithologists have determined that some species of birds 
tend to avoid flights over large bodies of water during day- 
light hours. It is believed that more energy is required to fly 
over water than over land because air generally rises over 
land and falls over water during the day. A bird with these 
tendencies is released from an island that is 5 km from the 
nearest point B on a straight shoreline, flies to a point C on 
the shoreline, and then flies along the shoreline to its nesting 
area D. Assume that the bird instinctively chooses a path that 
will minimize its energy expenditure. Points B and D are 
13 km apart. 

(a) In general, if it takes 1.4 times as much energy to fly over 
water as it does over land, to what point C should the bird 
fly in order to minimize the total energy expended in 
returning to its nesting area? 

(b) Let W and L denote the energy (in joules) per kilometer 
flown over water and land, respectively. What would a 
large value of the ratio W/L mean in terms of the bird’s 
flight? What would a small value mean? Determine the 
ratio W/L corresponding to the minimum expenditure of 
energy. 

(c) What should the value of W/L be in order for the bird to 
fly directly to its nesting area D? What should the value 
of W/L be for the bird to fly to B and then along the 
shore to D? 

(d) If the ornithologists observe that birds of a certain species 
reach the shore at a point 4 km from B, how many times 
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more energy does it take a bird to fly over water than over directly proportional to the strength of the source and 
land? inversely proportional to the square of the distance from the 
source. 
(a) Find an expression for the intensity /(x) at the point P. 
ae (b) If d = 5 m, use graphs of /(x) and I'(x) to show that the 
Gand) intensity is minimized when x = 5 m, that is, when P is 
at the midpoint of ¢. 
(c) If d = 10 m, show that the intensity (perhaps surpris- 


5 km | ingly) is not minimized at the midpoint. 
| C D (d) Somewhere between d = 5 m and d = 10 m there is a 
B i ° transitional value of d at which the point of minimal 
: ; 13km 9 illumination abruptly changes. Estimate this value of d 
by graphical methods. Then find the exact value of d. 
P 
FY 88. Two light sources of identical strength are placed 10 m apart. j } € 

An object is to be placed at a point P on a line f, parallel to i 
the line joining the light sources and at a distance d meters d 
from it (see the figure). We want to locate P on f so that the . | : 
intensity of illumination is minimized. We need to use the < 10m > 


fact that the intensity of illumination for a single source is 


APPLIED PROJECT | THE SHAPE OF A CAN 


In this project we investigate the most economical shape for a can. We first interpret this to 
mean that the volume V of a cylindrical can is given and we need to find the height h and 
radius r that minimize the cost of the metal to construct the can (see the figure). If we dis- 

h regard any waste metal in the manufacturing process, then the problem is to minimize the sur- 
face area of the cylinder. We solved this problem in Example 4.7.2 and we found that h = 2r; 
that is, the height should be the same as the diameter. But if you go to your cupboard or your 

C —e supermarket with a ruler, you will discover that the height is usually greater than the diameter 

and the ratio h/r varies from 2 up to about 3.8. Let’s see if we can explain this phenomenon. 


1. The material for the cans is cut from sheets of metal. The cylindrical sides are formed by 
bending rectangles; these rectangles are cut from the sheet with little or no waste. But if the 
top and bottom discs are cut from squares of side 2r (as in the figure), this leaves consider- 
able waste metal, which may be recycled but has little or no value to the can makers. If this 
is the case, show that the amount of metal used is minimized when 


h_ 8 
= SS 
iP © 
Discs cut from squares 2. A more efficient packing of the discs is obtained by dividing the metal sheet into hexagons 


and cutting the circular lids and bases from the hexagons (see the figure). Show that if this 
strategy is adopted, then 

us ane = 2.21 

r 7 

3. The values of h/r that we found in Problems 1 and 2 are a little closer to the ones that 

actually occur on supermarket shelves, but they still don’t account for everything. If 
we look more closely at some real cans, we see that the lid and the base are formed from 
discs with radius larger than r that are bent over the ends of the can. If we allow for this 
we would increase h/r. More significantly, in addition to the cost of the metal we need to 
incorporate the manufacturing of the can into the cost. Let’s assume that most of the 


Discs cut from hexagons 


(continued ) 
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CHAPTER4 = Applications of Differentiation 


expense is incurred in joining the sides to the rims of the cans. If we cut the discs from 
hexagons as in Problem 2, then the total cost is proportional to 


4/3 r? + Qarh + k4ar + h) 


where k is the reciprocal of the length that can be joined for the cost of one unit area of 
metal. Show that this expression is minimized when 


ay = v/ ath Dae = pte 
k Yr gh/r — 4/3 
FY 4. Plot V/V /k as a function of x = h/r and use your graph to argue that when a can is large or 


joining is cheap, we should make h/r approximately 2.21 (as in Problem 2). But when the 
can is small or joining is costly, //r should be substantially larger. 


5. Our analysis shows that large cans should be almost square but small cans should be tall 
and thin. Take a look at the relative shapes of the cans in a supermarket. Is our conclusion 
usually true in practice? Are there exceptions? Can you suggest reasons why small cans are 
not always tall and thin? 


APPLIED PROJECT | PLANES AND BIRDS: MINIMIZING ENERGY 


Small birds like finches alternate between flapping their wings and keeping them folded while 
gliding (see Figure 1). In this project we analyze this phenomenon and try to determine how 
frequently a bird should flap its wings. Some of the principles are the same as for fixed-wing 
aircraft and so we begin by considering how required power and energy depend on the speed 
of airplanes.' 


AS path of Wing tj, 


FIGURE 1 


1. The power needed to propel an airplane forward at velocity v is 


a 4, Be 
P=SAy° s- 
v 
where A and B are positive constants specific to the particular aircraft and L is the lift, the 
upward force supporting the weight of the plane. Find the speed that minimizes the 
required power. 


2. The speed found in Problem 1 minimizes power but a faster speed might use less fuel. The 
energy needed to propel the airplane a unit distance is E = P/v. At what speed is energy 
minimized? 


1. Adapted from R. McNeill Alexander, Optima for Animals (Princeton, NJ: Princeton University 
Press, 1996.) 
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0.15 


0 0.012 


—0.05 


FIGURE 1 


Try to solve Equation 1 numerically 
using a calculator or computer. Some 
machines are not able to solve it. 
Others are successful but require you 
to specify a starting point for the 
search. 
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3. How much faster is the speed for minimum energy than the speed for minimum power? 


4. In applying the equation of Problem | to bird flight we split the term Av’ into two parts: 
A,v° for the bird’s body and A,,v° for its wings. Let x be the fraction of flying time spent in 
flapping mode. If m is the bird’s mass and all the lift occurs during flapping, then the lift is 
mg/x and so the power needed during flapping is 


Priap = (Ay + Au)o? 4 


_ Bimg/x) 
v 


The power while wings are folded is Pioia = A,v*. Show that the average power over an 
entire flight cycle is 


P = xPhap + (1 — x)Pioa = Apo? + xAyv? 4 


5. For what value of x is the average power a minimum? What can you conclude if the bird 
flies slowly? What can you conclude if the bird flies faster and faster? 


6. The average energy over a cycle is E = P/v. What value of x minimizes E? 


4.8 | Newton’s Method 


Suppose that a car dealer offers to sell you a car for $18,000 or for payments of $375 per 
month for five years. You would like to know what monthly interest rate the dealer is, in 
effect, charging you. To find the answer, you have to solve the equation 


[1] 48x(1 + x) —- (1 + x) +1=0 


(The details are explained in Exercise 41.) How would you solve such an equation? 

For a quadratic equation ax? + bx + c = 0 there is a well-known formula for the 
solutions. For third- and fourth-degree equations there are also formulas for the solu- 
tions, but they are extremely complicated. If f is a polynomial of degree 5 or higher, 
there is no such formula. Likewise, there is no formula that will enable us to find the 
exact solutions of a transcendental equation such as cos x = x. 

We can find an approximate solution to Equation | by plotting the left side of the 
equation and finding the x-intercepts. Using a graphing calculator (or computer), and 
after experimenting with viewing rectangles, we produce the graph in Figure 1. 

We see that in addition to the solution x = 0, which doesn’t interest us, there is a solu- 
tion between 0.007 and 0.008. Zooming in shows that the x-intercept is approximately 
0.0076. If we need more accuracy than graphing provides, we can use a calculator or 
computer algebra system to solve the equation numerically. If we do so, we find that the 
solution, correct to nine decimal places, is 0.007628603. 

How do these devices solve equations? They use a variety of methods, but most of 
them make some use of Newton’s method, also called the Newton-Raphson method. 
We will explain how this method works, partly to show what happens inside a calculator 
or computer, and partly as an application of the idea of linear approximation. 
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The geometry behind Newton’s method is shown in Figure 2. We wish to solve an equa- 
tion of the form f(x) = 0, so the solutions of the equation correspond to the x-intercepts of 
the graph of f. The solution that we are trying to find is labeled r in the figure. We start with 
a first approximation x;, which is obtained by guessing, or from a rough sketch of the graph 
of f, or from a computer-generated graph of f. Consider the tangent line L to the curve 
y = f(x) at the point (x1, f(x1)) and look at the x-intercept of L, labeled x2. The idea behind 
Newton’s method is that the tangent line is close to the curve and so its x-intercept, x2, is 

as close to the x-intercept of the curve (namely, the solution r that we are seeking). Because 
the tangent is a line, we can easily find its x-intercept. 

To find a formula for x2 in terms of x; we use the fact that the slope of L is f’(x1), so 

FIGURE 2 its equation is 


y— fo) =f ave =z) 
Since the x-intercept of L is x2, we know that the point (x2, 0) is on the line, and so 
0 = fixa) = f"(xi) 2 = #1) 


If f'(x1) ¥ 0, we can solve this equation for x»: 


_ f(x1) 
f'(1) 


X2 = XI 


We use x2 as a second approximation to r. 
Next we repeat this procedure with x; replaced by the second approximation x2, 
using the tangent line at (x2, f(x2)). This gives a third approximation: 


If we keep repeating this process, we obtain a sequence of approximations x, X2, %3, X4,... 
as shown in Figure 3. In general, if the nth approximation is x, and f’(x,) 4 0, then 
FIGURE 3 the next approximation is given by 


. a hs a f (Xn) 
(2 = : f'(xn) 


Sequences are discussed in more If the numbers x, become closer and closer to r as n becomes large, then we say that 
detail in Section 11.1. the sequence converges to r and we write 


lim x, =r 


no 


@ Although the sequence of successive approximations converges to the desired solution 
for functions of the type illustrated in Figure 3, in certain circumstances the sequence 
may not converge. For example, consider the situation shown in Figure 4. You can see 
that x2 is a worse approximation than x;. This is likely to be the case when f’(x1) is close 
to 0. It might even happen that an approximation (such as x3 in Figure 4) falls outside the 
domain of f Then Newton’s method fails and a better initial approximation x, should be 
chosen. See Exercises 31-34 for specific examples in which Newton’s method works 
very slowly or does not work at all. 


FIGURE 4 EXAMPLE 1 Starting with x, = 2, find the third approximation +; to the solution of 
the equation x* — 2x —-5 = 0. 


SOLUTION We apply Newton’s method with 
f(x) =x3 -— 2x-5 and f'(®) = 3x? -2 
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Figure 5 shows the geometry behind 
the first step in Newton’s method in 
Example 1. Since f’(2) = 10, the tan- 
gent line to y = x* — 2x — Sat 

(2, —1) has equation y = 10x — 21 
so its x-intercept is x. = 2.1. 


Z-y =10x— 21 


—2 


FIGURE 5 
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Newton himself used this equation to illustrate his method and he chose x; = 2 after 
some experimentation because f(1) = —6, f(2) = —1, and f(3) = 16. Equation 2 
becomes 


_ fn) _ = 25, —'5 
Xnt+1 Xn f' (Xn) Xn 3x2 295 
With n = | we have 
f(x) af = 2 = 3 
Xo =X, - = x) -— 
eC a 3x7 — 2 

2? — 2(2) — 5 

=2 ( ) = 2.1 
3(2)? — 2 


Then with n = 2 we obtain 


_ iy =8e 4 


=~ 2,094 
(2,1)? = 2 aoe 


B= X%2.- —_~—C—Fr.SCOC 


It turns out that this third approximation x3 ~ 2.0946 is accurate to four decimal 
places. a 


Suppose that we want to achieve a given accuracy, say to eight decimal places, 
using Newton’s method. How do we know when to stop? The rule of thumb that is 
generally used is: stop when successive approximations x, and x,+1 agree to eight deci- 
mal places. (A precise statement concerning accuracy in Newton’s method will be 
given in Exercise 11.11.39.) 

Notice that the procedure in going from n to n + | is the same for all values of n. 
(It is called an iterative process.) This means that Newton’s method is particularly con- 
venient for use with a programmable calculator or a computer. 


EXAMPLE 2 Use Newton’s method to find 4/2 correct to eight decimal places. 


SOLUTION First we observe that finding ¢/2 is equivalent to finding the positive 
solution of the equation 
x®-2=0 


so we take f(x) = x° — 2. Then f'(x) = 6x° and Formula 2 (Newton’s method) 
becomes 


fia) _ te =2 
7 Ga) a OXe 


If we choose x; = | as the initial approximation, then we obtain 
1.16666667 
1.12644368 
1.12249707 
1.12246205 
1.12246205 


Xnt+1 = Xn 


N 


x2 


N 


X3 


Fe 
u 


s 
N 


Nu 


X6 


Since x5 and x5 agree to eight decimal places, we conclude that 
4/2 = 1.12246205 


to eight decimal places. HB 
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EXAMPLE 3 Find, correct to six decimal places, the solution of the equation cos x = x. 


SOLUTION We first rewrite the equation in standard form: cos x — x = 0. Therefore 


we let f(x) = cos x — x. Then f(x) = —sin x — 1, so Formula 2 becomes 
COS Xn — Xp COS Xn — Xn 
Xn+1 = Xn : = Xn + : 
=sin x, = 1 sin x, + 1 


In order to guess a suitable value for x; we sketch the graphs of y = cos x and y = x in 
Figure 6. It appears that they intersect at a point whose x-coordinate is somewhat less 
than 1, so let’s take x; = 1 as a convenient first approximation. Then, remembering to 
FIGURE 6 put our calculator in radian mode, we get 


X2 = 0.75036387 
x3 ~ 0.73911289 
x4 = 0.739085 13 
X5 ~ 0.739085 13 


Since x, and x5 agree to six decimal places (eight, in fact), we conclude that the 
solution of the equation, correct to six decimal places, is 0.739085. | 


Instead of using the rough sketch in Figure 6 to get a starting approximation for 
Newton’s method in Example 3, we could have used the more accurate graph that a cal- 
culator or computer provides. Figure 7 suggests that we use x, = 0.75 as the initial 
approximation. Then Newton’s method gives 


x2 = 0.73911114 
x3 ~ 0.739085 13 


0 1 
x4 ~ 0.73908513 
FIGURE 7 
and so we obtain the same answer as before, but with one fewer step. 
4.8 | Exercises 
1. The figure shows the graph of a function f. Suppose that 3. Suppose the tangent line to the curve y = f(x) at the point 
Newton’s method is used to approximate the solution s of (2, 5) has the equation y = 9 — 2x. If Newton’s method is 
the equation f(x) = 0 with initial approximation x; = 6. used to locate a solution of the equation f(x) = 0 and the ini- 
(a) Draw the tangent lines that are used to find x2 and x3, and tial approximation is x, = 2, find the second approximation x. 


estimate the numerical values of x2 and x3. 


4. F h initial imation, determi hically what 
(b) Would x; = 8 be a better first approximation? Explain. ee ee ee 


happens if Newton’s method is used for the function whose 
graph is shown. 

(a) x1 =0 (b) x, = 1 (c) x =3 

(d) x1 =4 (e) 4 =5 


2. Follow the instructions for Exercise 1(a) but use x; = 1 
as the starting approximation for finding the solution r. 
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5. For which of the initial approximations x, = a, b, c, and d do 
you think Newton’s method will work and lead to the solution 
of the equation f(x) = 0? 


6-8 Use Newton’s method with the specified initial approxima- 
tion x; to find x3, the third approximation to the solution of the 
given equation. (Give your answer to four decimal places.) 


6. 2x° — 3x7 +2=0, x 1 
7 Vw+1=0, 1 =2 8 Hx 4+1, 1 = 1 
9. Use Newton’s method with initial approximation x, = —1 to 


find x2, the second approximation to the solution of the equa- 
tion x? + x + 3 = 0. Explain how the method works by first 
graphing the function and its tangent line at (—1, 1). 


FM 10. Use Newton’s method with initial approximation x, = 1 to 


find x2, the second approximation to the solution of the equa- 
tion x* — x — 1 = 0. Explain how the method works by first 
graphing the function and its tangent line at (1, —1). 


11-12 Use Newton’s method to approximate the given number 
correct to eight decimal places. 


11. 3/75 12. 4/500 


13-14 (a) Explain how we know that the given equation must 
have a solution in the given interval. (b) Use Newton’s method to 
approximate the solution correct to six decimal places. 


13. 3x — 8x7 +2=0, [2,3] 
14. —2x° + 9x* — 7x3 - 11x =0, [3,4] 


15-16 Use Newton’s method to approximate the indicated solu- 
tion of the equation correct to six decimal places. 


15. The negative solution of cos x = x* — 4 


16. The positive solution of e?* = x + 3 


17-22 Use Newton’s method to find all solutions of the equation 
correct to six decimal places. 


17. sinx =x-1 18. cos 2x = x? 


19. 2*=2 — x? 20. Inx = 


x= 3 


21. arctanx = x? — 3 22. x° =5x —3 
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23-28 Use Newton’s method to find all the solutions of the 
equation correct to eight decimal places. Start by looking at a 
graph to find initial approximations. 


23. —2x’ — 5x4 + 9x7 +5=0 


24. 2° — 3x4 +27 -27 -x+6=0 


x 
25. B2aqus 2 


26. cos(x? — x) = x* 


27. 4 —x*? =e” 
3x 


Vx? +1 


28. In(x? + 2) = 


29. (a) Apply Newton’s method to the equation x* — a = 0 to 
derive the following square-root algorithm (used by the 


ancient Babylonians to compute Ja ): 


i a 
Xnt1 = a Xn 1 cm 


(b) Use part (a) to compute ./ 1000 correct to six decimal 
places. 


30. (a) Apply Newton’s method to the equation 1/x — a = 0 to 
derive the following reciprocal algorithm: 


2 
Xn+1 = 2X — AXn 


(This algorithm enables a computer to find reciprocals 
without actually dividing.) 

(b) Use part (a) to compute 1/1.6984 correct to six decimal 
places. 


31. Explain why Newton’s method doesn’t work for finding the 
solution of the equation x* — 3x + 6 = O if the initial 
approximation is chosen to be x; = 1. 


32. (a) Use Newton’s method with x; = 1 to find the solution of 

the equation x* — x = 1 correct to six decimal places. 

(b) Solve the equation in part (a) using x; = 0.6 as the initial 
approximation. 

(c) Solve the equation in part (a) using x; = 0.57. (You 
definitely need a programmable calculator for this part.) 

(d) Graph f(x) = x* — x — 1 and its tangent lines at x, = 1, 
0.6, and 0.57 to explain why Newton’s method is so 
sensitive to the value of the initial approximation. 


33. Explain why Newton’s method fails when applied to the 
equation ¥/x = 0 with any initial approximation x; # 0. 
Illustrate your explanation with a sketch. 


34. If 


if x 20 


_ ve 
fy = {Nm if x<0 


then the solution of the equation f(x) = 0 is x = 0. Explain 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 
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why Newton’s method fails to find the solution no matter 
which initial approximation x, ~ 0 is used. Illustrate your 
explanation with a sketch. 


(a) Use Newton’s method to find the critical numbers of the 
function f(x) = x® — x* + 3x? — 2x correct to six 
decimal places. 

(b) Find the absolute minimum value of f correct to four 
decimal places. 


Use Newton’s method to find the absolute maximum value 
of the function f(x) = x cos x, 0 < x S 7, correct to six 
decimal places. 


Use Newton’s method to find the coordinates of the inflection 
point of the curve y = x*sin x, 0 <x <q, correct to six 
decimal places. 


Of the infinitely many lines that are tangent to the curve 

y = —sin x and pass through the origin, there is one that has 
the largest slope. Use Newton’s method to find the slope of 
that line correct to six decimal places. 


Use Newton’s method to find the coordinates, correct to six 
decimal places, of the point on the parabola y = (x — 1)? that 
is closest to the origin. 


In the figure, the length of the chord AB is 4 cm and the 
length of the arc AB is 5 cm. Find the central angle 0, 
in radians, correct to four decimal places. Then give the 
answer to the nearest degree. 


5cm 


AZ 4em 8 


NY 


A car dealer sells a new car for $18,000. He also offers to sell 
the same car for payments of $375 per month for five years. 
What monthly interest rate is this dealer charging? 

To solve this problem you will need to use the formula 
for the present value A of an annuity consisting of n equal 


4.9 


Antiderivatives 


42. 


payments of size R with interest rate i per time period: 
R 
A=—[{1-(0 +i] 
i 


Replacing i by x, show that 


48x(1 + x») — (1 +x) 4+1=0 
Use Newton’s method to solve this equation. 


The figure shows the sun located at the origin and the earth 
at the point (1, 0). (The unit here is the distance between 
the centers of the earth and the sun, called an astronomical 
unit: 1 AU ~ 1.496 X 10° km.) There are five locations 

L,, Lo, L3, L4, and Ls in this plane of rotation of the earth 
about the sun where a satellite remains motionless with 
respect to the earth because the forces acting on the satellite 
(including the gravitational attractions of the earth and the 
sun) balance each other. These locations are called libration 
points. (A solar research satellite has been placed at one of 
these libration points.) If m, is the mass of the sun, mm, is the 
mass of the earth, and r = m2/(m, + mz), it turns out that the 
x-coordinate of L; is the unique solution of the fifth-degree 
equation 


p(x) =x? - 24 
+ 2(1 


2r)x? — (1 — r)x? 


(4 
nxt+tr—-1=0 


r)x* 


and the x-coordinate of L> is the solution of the equation 
p(x) — 2rx* =0 


Using the value r ~ 3.04042 x 10°, find the locations of the 
libration points (a) L; and (b) Lo. 


YA 


A physicist who knows the velocity of a particle might wish to know its position at a 
given time. An engineer who can measure the variable rate at which water is leaking 
from a tank wants to know the amount leaked over a certain time period. A biologist who 
knows the rate at which a bacteria population is increasing might want to deduce what 
the size of the population will be at some future time. In each case, the problem is to find 
a function whose derivative is a known function. 
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B® The Antiderivative of a Function 


If we have a function F whose derivative is the function f, then F is called an antideriva- 
tive of f. 


Definition A function F is called an antiderivative of f on an interval / if 


F'(x) = f(x) for all x in J. 


For instance, let f(x) = x*. It isn’t difficult to discover an antiderivative of f if we 
keep the Power Rule in mind. In fact, if F(x) = $x°, then F(x) = x? = f(x). But the 
function G(x) = ix? + 100 also satisfies G'(x) = x”. Therefore both F and G are anti- 
derivatives of f. Indeed, any function of the form H(x) = x3 + C, where C is aconstant, 
is an antiderivative of f. The question arises: are there any others? 

To answer this question, recall that in Section 4.2 we used the Mean Value Theorem 
to prove that if two functions have identical derivatives on an interval, then they must 
differ by a constant (Corollary 4.2.7). Thus if F and G are any two antiderivatives 


of f, then 
F(x) = f(x) = GQ) 
YA ee Sean 
Parts G(x) — F(x) = C, where C is a constant. We can write this as G(x) = F(x) + C, so 
—y=ge+2 we have the following result. 
-y=35 e+ 
Lis [1] Theorem If F is an antiderivative of f on an interval /, then the most general 
0 a ae antiderivative of f on J is 
—y=gr-1 F(x) + C 
aa ieee where C is an arbitrary constant. 
Going back to the function f(x) = x’, we see that the general antiderivative of f is 
FIGURE 1 ix3 + C. By assigning specific values to the constant C, we obtain a family of functions 
Members of the family of whose graphs are vertical translates of one another (see Figure 1). This makes sense 
antiderivatives of f(x) = x° because each curve must have the same slope at any given value of x. 


EXAMPLE 1 Find the most general antiderivative of each of the following functions. 
(a) f(x) = sin x (b) f(x) = I/x Ce iyex: a1 


SOLUTION 
(a) If F(x) = —cos x, then F’(x) = sin x, so an antiderivative of sin x is —cos x. By 
Theorem 1, the most general antiderivative is G(x) = —cos x + C. 


(b) Recall from Section 3.6 that 
d 1 
ae ] = — 
dx thi) K 
So on the interval (0, °¢) the general antiderivative of 1/x is Inx + C. We also learned 
that 
d 1 
na) 
dx x 
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for all x + 0. Theorem 1 then tells us that the general antiderivative of f(x) = 1/x is 
In |x| + C on any interval that doesn’t contain 0. In particular, this is true on each of 
the intervals (—~, 0) and (0, &). So the general antiderivative of f is 


Inx+C, ifx>0 
F(x) = ; 
In(—x) + C, if x <0 


(c) We use the Power Rule to discover an antiderivative of x”. In fact, ifn # —1, then 


d xr! (n + 1)x" , 
= =x 
dx \n+1 n+1 


Therefore the general antiderivative of f(x) = x” is 


n+l 


F(x) = ae 


n+ 1 


This is valid for n = 0 since then f(x) = x” is defined on an interval. If n is negative 
(but n # —1), it is valid on any interval that doesn’t contain 0. | 


B® Antidifferentiation Formulas 

As in Example 1, every differentiation formula, when read from right to left, gives rise to 
an antidifferentiation formula. In Table 2 we list some particular antiderivatives. Each for- 
mula in the table is true because the derivative of the function in the right column appears 
in the left column. In particular, the first formula says that the antiderivative of a constant 
times a function is the constant times the antiderivative of the function. The second for- 
mula says that the antiderivative of a sum is the sum of the antiderivatives. (We use the 
notation F’= f, G’ = g.) 


[2] Table of Antidifferentiation Formulas 


Function Particular antiderivative Function Particular antiderivative 
cf (x) cF(x) sin x —cos x 
f(x) + g(x) F(x) + G(x) secx tan x 
xt 
To obtain the most general anti- x" (n A —1) sj sec x tan x sec x 
derivative from the particular ones in 7 
Table 2, we have to add a constant (or Es In |x| a din xy 
constants), as in Example 1. x i ee a 
: 1 4 
e e - tan “x 
Lt x 
b* . 
b* cosh x sinh x 
Inb 
cos x sin x sinh x cosh x 


EXAMPLE 2 Find all functions g such that 


2x° — s/x 


g(x) = 4 sin x + 
x 
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SOLUTION We first rewrite the given function as follows: 


2x5 1 
g(x) =4sinx + a Lee + 2x4 — — 
x x a/x 
Thus we want to find an antiderivative of 
g(x) =4sin x + 2x4 — x? 


Using the formulas in Table 2 together with Theorem 1, we obtain 


. /2 
We often use a capital letter F to repre- - x 
ee = 4(- +2—- + 
sent an antiderivative of a function f. g(x) = 4(—cos x) + 2 5 5 c 
If we begin with derivative notation, f’, 
an antiderivative is f, of course. = —4cosx + 2x5 _ Qa/x CG | 


In applications of calculus it is very common to have a situation as in Example 2, 
where it is required to find a function, given knowledge about its derivatives. An equation 
that involves the derivatives of a function is called a differential equation. These will be 
studied in some detail in Chapter 9, but for the present we can solve some elementary dif- 
ferential equations. The general solution of a differential equation involves an arbi- 
trary constant (or constants) as in Example 2. However, there may be some extra conditions 
given that will determine the constants and therefore uniquely specify the solution. 


Figure 2 shows the graphs of the func. EXAMPLE3 Find f if f(x) = e* + 20(1 + x”)! and f(0) = —2. 


tion f’ in Example 3 and its anti- sige hie gi 
derivative f, Notice that f'(x) > 0, so SOLUTION The general antiderivative of 


f is always increasing. Also notice fia =e + 20 
that when f’ has a maximum or mini- ‘ 1+ x? 
mum, f appears to have an inflection : = 

f app is f(x) =e* + 20tan"'x + C 


point. So the graph serves as a check 
on our calculation. To determine C we use the fact that f(0) = —2: 


f(0) = e° + 20tan'0+ C= -2 


Thus we have C = —2 — | = —3, so the particular solution is 


f(x) = e* + 20 tan 'x — 3 | 


EXAMPLE 4 Find f if f"(x) = 12x? + 6x — 4, f(0) = 4, and f(1) = 1. 
SOLUTION The general antiderivative of f"(x) = 12x* + 6x — 4 is 


3 2 


FIGURE 2 Osis +65 4x + C= 4x3 + 3x2 - 4x + C 


Using the antidifferentiation rules once more, we find that 


4 I 2 
Xx 


fi) =42 +3 ree +Cx+ D=xt4+2x°- 2x7 +Cx+D 
4 3 2 


To determine C and D we use the given conditions that f(0) = 4 and f(1) = 1. Since 
f(0) =0 + D = 4, we have D = 4. Since 


fW@=1+1-2+C+4=1 
we have C = —3. Therefore the required function is 
f(s) = x4 + 2° -— 2x? - 3x44 a 
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FIGURE 3 


FIGURE 4 


RY 


@ Graphing Antiderivatives 


If we are given the graph of a function f, it seems reasonable that we should be able to 
sketch the graph of an antiderivative F. Suppose, for instance, that we are given that 
F(0) = 1. Then we have a place to start, the point (0,1), and the direction in which we 
move our pencil is given at each stage by the derivative F’(x) = f(x). In the next example 
we use the principles of this chapter to show how to graph F even when we don’t have a 
formula for f. This would be the case, for instance, when f(x) is determined by experi- 
mental data. 


EXAMPLE 5 The graph of a function f is given in Figure 3. Make a rough sketch of 
an antiderivative F, given that F(O) = 2. 


SOLUTION We are guided by the fact that the slope of y = F(x) is f(x). We start at 
the point (0, 2) and draw F as an initially decreasing function since f(x) is negative 
when 0 < x < 1. Notice that f(1) = f(3) = 0, so F has horizontal tangents when 

x = 1 and x = 3. For 1 < x < 3, f(x) is positive and so F is increasing. We see that 
F has a local minimum when x = 1 and a local maximum when x = 3. For x > 3, 
f(x) is negative and so F is decreasing on (3, ©). Since f(x) = 0 as x > ©, the graph 
of F becomes flatter as x — ~. Also notice that F(x) = f'(x) changes from positive 
to negative at x = 2 and from negative to positive at x = 4, so F has inflection points 
when x = 2 and x = 4. We use this information to sketch the graph of the antideriva- 
tive in Figure 4. | 


® Linear Motion 


Antidifferentiation is particularly useful in analyzing the motion of an object moving in 
a straight line. Recall that if the object has position function s = f(#), then the velocity 
function is v(t) = s‘(t). This means that the position function is an antiderivative of the 
velocity function. Likewise, the acceleration function is a(t) = v(t), so the velocity 
function is an antiderivative of the acceleration. If the acceleration and the initial values 
s(0) and v(0) are known, then the position function can be found by antidifferentiating 
twice. 


EXAMPLE6 A particle moves in a straight line and has acceleration given by 
a(t) = 6t + 4. Its initial velocity is v(0) = —6 cm/s and its initial displacement is 
s(0) = 9 cm. Find its position function s(t). 


SOLUTION Since v'(t) = a(t) = 6t + 4, antidifferentiation gives 


2 


t 2 
a aa +4t+C 
Note that v(0) = C. But we are given that v(0) = —6, so C = —6 and 


v(t) = 317 + 4t — 6 


Since v(t) = s‘(t), s is the antiderivative of v: 


3 2 


e a 
i) = 3 +45 Ott DP + 2P— or+ D 


This gives s(0) = D. We are given that s(0) = 9, so D = 9 and the required position 
function is 
s(t) =f? + 2? — 64 + 9 | 
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Figure 5 shows the position function 
of the ball in Example 7. The graph 
corroborates the conclusions we 
reached: the ball reaches its maxi- 
mum height after 1.5 seconds and hits 
the ground after about 6.9 seconds. 


500 
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An object near the surface of the earth is subject to a gravitational force that produces 
a downward acceleration denoted by g. For motion close to the ground we may assume 
that g is constant, its value being about 9.8 m/s” (or 32 ft/s”). It is remarkable that from 
the single fact that the acceleration due to gravity is constant, we can use calculus to 
deduce the position and velocity of any object moving under the force of gravity, as 
illustrated in the next example. 


EXAMPLE7 A ball is thrown upward with a speed of 48 ft/s from the edge of a cliff, 
432 ft above the ground. Find its height above the ground ¢ seconds later. When does it 
reach its maximum height? When does it hit the ground? 


SOLUTION The motion is vertical and we choose the positive direction to be upward. 
At time f the distance above the ground is s(t) and the velocity v(t) is decreasing. 
Therefore the acceleration must be negative and we have 

dv 
=> = 32 
a(t) = = 


Taking antiderivatives, we have 
v(t) = —32t + C 


To determine C we use the given information that v(0) = 48. This gives 48 = 0 + C, so 
v(t) = —32t + 48 


The maximum height is reached when v(t) = 0, that is, after 1.5 seconds. Since 
s'(t) = v(t), we antidifferentiate again and obtain 


s(t) = —167? + 484 + D 
Using the fact that s(0) = 432, we have 432 = 0 + D and so 
s(t) = —16t? + 48¢ + 432 


The expression for s(t) is valid until the ball hits the ground. This happens when 
s(t) = 0, that is, when 
—161? + 48¢ + 432 =0 


or, equivalently, ? — 3t-27=0 


Using the quadratic formula to solve this equation, we get 


3+ 3v13 


L 2 

0 8 
We reject the solution with the minus sign because it gives a negative value for rt. There- 
FIGURE 5 fore the ball hits the ground after 3(1 + /13)/2 ~ 6.9 seconds. =) 
4.9 | Exercises 

1-4 Find an antiderivative of the function. 5-26 Find the most general antiderivative of the function. 

1. (a) f(x) =6 (b) gi) = 32 (Check your answer by differentiation.) 

Oyo k ee pe 5. f(x) =4x +7 6. f(x) = x*> -3x+2 

3. (a) h(q) = cosq (b) f(x) = e* 7. f(x) = 2x3 — 3x? + 5x 8. f(x) = 6x° — 8x4 — 9x? 

4. (a) g(t) = 1/t (b) r(@) = sec’ 

9. f(x) = x(12x + 8) 10. f(x) = (x — 5)? 
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11. g(x) = 4x77 — 2x9 12. A(z) = 32° +2 
13. f(x) = 3x — 23/ 14. g(x) = Vx (2 — x + 6x”) 


2t—4+ 3 /t = Es 
15. f(t) = dt 4 + 3ve 16. f(x) = V5 + é/x 
vt 
2 3 
17, fx) =— - => 
F(x) 5x x? 
5x? — 6x +4 
18.) =, 4 #20 
t 3 10 
19. g(t) = Je’ — e° 20. f(x) =— — 2e* + 3 
x 
21. f(0) = 2 sin 0 — 3 sec @ tan @ 
22. h(x) = sec’x + mcos x 
4 
23. f(r) = ra oe /r4 
24. g(v) = 2cosv z 
, V1 — 0? 
2x7 +5 
25. f(x) = 2? + 4sinhx 26. f(x) =——— 
xe sh 


FS 27-28 Find the antiderivative F of f that satisfies the given 
condition. Check your answer by comparing the graphs of f 
and F. 


27. f(x) =2e*— 6x, F(0)=1 


28. f(x) =4—3(1 +x), FI) =0 


29-54 Find f. 

29. f"(x) = 24x 

30. f(t) =r -—4 

31. f"(x) = 4x3 + 24x - 1 32. f"(x) = 6x — x4 + 3x° 
33. f"(x) = 2x + 3e* 34, f"(x) =1/x?, x>0 


36. f(t) = Jt — 2cost 


35. f"(t) = 12 + sint 
, 3 1 

37. f'() =8x3 +, x>0, fll) =-3 
% 


38. f'(y) = Vx —2, £9) =4 

39. f(t) =4/(1 + 27), f(l) =0 

40. f(t) =rt+ 1/0, t>0, fl) =6 
41. f(x) = 5x77, f(8) = 21 

42. f'(x)=(«+ D/vx, fll) =5 


43. f'(t) =sect (sect + tant), —a7/2<t< 7/2, 
f(m/4) = -1 


44. f'(t) =3'- 3/t, fu) =2, f(-D=1 


45. f"(x) = —2 + 12x — 12x2, f(0) =4, f'(0) =12 
46. f(x) =8x' +5, f(l)=0, fd) =8 

47. f"(0) =sin@ + cosé@, f(0)=3, f’'(0)=4 

48. f"(t)=e?+1/t?, t>0, f(2)=3, fd) =2 
49. f"(x) =4 + 6x + 24x2, f#(0) =3, f(1) = 10 
50. f(x) =x? +sinhx, f(0)=1, f2)=2.6 

51. f(x) =e* —2sinx, f(0)=3, f(m/2)=0 

52. f(t) =</t —cost, f(0)=2, f(l)=2 


53. f(D = 2. E00, fl) =0, f2)=0 
54. f"x) =cosx, f(0)=1, f'(0)=2, f’"(0) =3 


55. Given that the graph of f passes through the point (2, 5) 
and that the slope of its tangent line at (x, f(x)) is 
3 — 4x, find f(1). 


56. Find a function f such that f’(x) = x? and the line 
x + y = Ois tangent to the graph of f. 
57-58 The graph of a function f is shown. Which graph is 


an antiderivative of f and why? 


57. YA 58. 


59. The graph of a function is shown in the figure. Make a 
rough sketch of an antiderivative F, given that F(0) = 1. 


60. The graph of the velocity function of a particle is shown 
in the figure. Sketch the graph of a position function. 


v 
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61. The graph of f’ is shown in the figure. Sketch the graph 
of f if f is continuous on [0, 3] and f(0) = —1. 


yA 
2 f 
y=fix) 
1+ o—o 
, > 
0 1 2 x 
—-|-+ o—o 


FY 62. (a) Graph f(x) = 2x — 3x. 
(b) Starting with the graph in part (a), sketch a rough graph 
of the antiderivative F that satisfies F(O) = 1. 


(c) Use the rules of this section to find an expression for F(x). 


(d) Graph F using the expression in part (c). Compare with 
your sketch in part (b). 


FS 63-64 Draw a graph of f and use it to make a rough sketch 
of the antiderivative that passes through the origin. 


sin x 
1+ x?’ 


64. f(x) = Jet — 2x27 4+2-2, -3<x<3 


63. f(x) = 


65-70 A particle is moving with the given data. Find the 
position of the particle. 


65. v(t) =2cost+4sin¢, s(0) =3 

66. v(t) =0? —3Vt, s(4)=8 

67. a(t) =2t+ 1, s(0)=3, v(0) = -2 

68. a(t) =3cost—2sint, s(0)=0, v(0)=4 
69. a(t) =sint— cost, s(0)=0, s(7)=6 
70. a(t) =t? —4t+ 6, s(0)=0, s(1) = 20 


71. A stone is dropped from the upper observation deck (the 
Space Deck) of the CN Tower, 450 m above the ground. 
(a) Find the distance of the stone above ground level at time t. 
(b) How long does it take the stone to reach the ground? 
(c) With what velocity does it strike the ground? 
(d) If the stone is thrown downward with a speed of 5 m/s, 
how long does it take to reach the ground? 


72. Show that for motion in a straight line with constant accel- 
eration a, initial velocity vo, and initial displacement so, the 
displacement after time f is s = sat? + vot + So. 


73. An object is projected upward with initial velocity vo meters 
per second from a point so meters above the ground. Show 
that 

[eo]? = v5 — 19.6[s() — 50] 


74. Two balls are thrown upward from the edge of the cliff in 
Example 7. The first is thrown with a speed of 48 ft/s and 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 
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the other is thrown a second later with a speed of 24 ft/s. Do 
the balls ever pass each other? 


A stone was dropped off a cliff and hit the ground with a 
speed of 120 ft/s. What is the height of the cliff? 


If a diver of mass m stands at the end of a diving board with 
length L and linear density p, then the board takes on the 
shape of a curve y = f(x), where 


Ely" = mg(L — x) + S$pg(L — xP 


E and / are positive constants that depend on the material of 

the board and g (< 0) is the acceleration due to gravity. 

(a) Find an expression for the shape of the curve. 

(b) Use f(L) to estimate the distance below the horizontal at 
the end of the board. 


A company estimates that the marginal cost (in dollars per 
item) of producing x items is 1.92 — 0.002x. If the cost of pro- 
ducing one item is $562, find the cost of producing 100 items. 


The linear density of a rod of length 1 m is given by 
p(x) = 1/,/x, in grams per centimeter, where x is mea- 
sured in centimeters from one end of the rod. Find the 
mass of the rod. 


Since raindrops grow as they fall, their surface area increases 
and therefore the resistance to their falling increases. A rain- 
drop has an initial downward velocity of 10 m/s and its 
downward acceleration is 


_ f9-09 if 0<+<10 
0 if t> 10 


If the raindrop forms 500 m above the ground, how long 
does it take to fall? 


A car is traveling at 50 mi/h when the brakes are fully 
applied, producing a constant deceleration of 22 ft/s”. What 
is the distance traveled before the car comes to a stop? 


What constant acceleration is required to increase the speed 
of a car from 30 mi/h to 50 mi/h in 5 seconds? 


A car braked with a constant deceleration of 16 ft/s’, pro- 
ducing skid marks measuring 200 ft before coming to a stop. 
How fast was the car traveling when the brakes were first 
applied? 


A car is traveling at 100 km/h when the driver sees an 
accident 80 m ahead and slams on the brakes. What con- 
stant deceleration is required to stop the car in time to 
avoid a multicar pileup? 
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84. A model rocket is fired vertically upward from rest. Its 
acceleration for the first three seconds is a(t) = 601, at 
which time the fuel is exhausted and it becomes a freely 
“falling” body. Fourteen seconds later, the rocket’s para- 
chute opens, and the (downward) velocity slows linearly 
to —18 ft/s in 5 seconds. The rocket then “floats” to the 
ground at that rate. 

(a) Determine the position function s and the velocity func- 
tion v (for all times ¢). Sketch the graphs of s and v. 

(b) At what time does the rocket reach its maximum height, 
and what is that height? 

(c) At what time does the rocket land? 


WH review 


CONCEPT CHECK 


85. 


A particular bullet train accelerates and decelerates at the rate of 

2.4 ft/s*. Its maximum cruising speed is 180 mi/h. 

(a) What is the maximum distance the train can travel if it 
accelerates from rest until it reaches its cruising speed and 
then runs at that speed for 20 minutes? 

(b) Suppose that the train starts from rest and must come to 
a complete stop in 20 minutes. What is the maximum 
distance it can travel under these conditions? 

(c) Find the minimum time that the train takes to travel between 
two consecutive stations that are 60 miles apart. 

(d) The trip from one station to the next takes 37.5 minutes. 
How far apart are the stations? 


Answers to the Concept Check are available at StewartCalculus.com. 


1. Explain the difference between an absolute maximum and 
a local maximum. Illustrate with a sketch. 


2. (a) What does the Extreme Value Theorem say? 
(b) Explain how the Closed Interval Method works. 


3. (a) State Fermat’s Theorem. 
(b) Define a critical number of f. 


4. (a) State Rolle’s Theorem. 
(b) State the Mean Value Theorem and give a geometric 
interpretation. 


5. (a) State the Increasing/Decreasing Test. 
(b) What does it mean to say that f is concave upward on an 
interval /? 
(c) State the Concavity Test. 
(d) What are inflection points? How do you find them? 


6. (a) State the First Derivative Test. 
(b) State the Second Derivative Test. 
(c) What are the relative advantages and disadvantages of 
these tests? 


7. (a) What does I’Hospital’s Rule say? 
(b) How can you use |’Hospital’s Rule if you have a product 
f(x) g(x) where f(x) — 0 and g(x) = 2 as x > a? 


TRUE-FALSE QUIZ 


10. 


11. 


(c) How can you use I’Hospital’s Rule if you have a difference 
f(x) — g(x) where f(x) — & and g(x) — asx — a? 
(d) How can you use |’ Hospital’s Rule if you have a power 
[ f(x)" where f(x) — 0 and g(x) > 0 as x — a? 


. State whether each of the following limit forms is indeterminate. 


Where possible, state the limit. 


0 io) 0 (os) 
(a) 0 (b) = (c) = (d) mn 
(e) e+ % (f) 72 — 2% (g) +0 (h) 2-0 
(i) 0° (j) 0” (k) %° qd) 1* 


. If you have a graphing calculator or computer, why do you need 


calculus to graph a function? 


(a) Given an initial approximation x, to a solution of the equa- 
tion f(x) = 0, explain geometrically, with a diagram, how 
the second approximation x2 in Newton’s method is 
obtained. 

(b) Write an expression for x2 in terms of x), f(x1), and f’(x1). 

(c) Write an expression for x,+1 in terms of x,, f(x,), and f’(x,). 

(d) Under what circumstances is Newton’s method likely to fail 
or to work very slowly? 


(a) What is an antiderivative of a function f? 
(b) Suppose F; and F> are both antiderivatives of f on an 
interval J. How are F; and F> related? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. If f’(c) = 0, then f has a local maximum or minimum at c. 


2. If f has an absolute minimum value at c, then f'(c) = 0. 


. If f is continuous on (a, b), then f attains an absolute maximum 


value f(c) and an absolute minimum value f(d) at some num- 
bers c and d in (a, b). 


. If f is differentiable and f(—1) = f(1), then there is a number c 


such that |c| < 1 and f'(c) = 0. 
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5. If f’(x) < 0 for 1 < x < 6, then f is decreasing on (1, 6). 
6. If f"(2) = 0, then (2, f(2)) is an inflection point of the 


curve y = f(x). 
7. If f'(x) = g(x) for 0 < x < 1, then f(x) = g(x) for 
O0O<x<l. 


8. There exists a function f such that f(1) = —2, f(3) = 0, 
and f'(x) > 1 for all x. 


9. There exists a function f such that f(x) > 0, f’(x) < 0, 
and f”(x) > 0 for all x. 


10. There exists a function f such that f(x) < 0, f’(x) < 0, 
and f”(x) > 0 for all x. 


11. If f and g are increasing on an interval /, then f + g is 
increasing on J. 


12. If f and g are increasing on an interval /, then f — g is 
increasing on /. 


13. If f and g are increasing on an interval /, then fg is 
increasing on J. 


EXERCISES 


14. 


15. 


16. 
17. 


18. 


19. 
20. 


21. 
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If f and g are positive increasing functions on an interval J, 
then fg is increasing on /. 


If f is increasing and f(x) > 0 on J, then g(x) = 1/f(x) is 
decreasing on /. 


If f is even, then f’ is even. 
If f is periodic, then f’ is periodic. 


The most general antiderivative of f(x) = x * is 


1 
F(x) =-—+C 
Xx 


Tf f’(x) exists and is nonzero for all x, then f(1) ¥ (0). 


If lim f(x) = 1 and lim g(x) = ©, then 


lim [f(x)]9 = 1 


1-6 Find the local and absolute extreme values of the function on 
the given interval. 


1. f(x) =x? — 9x? + 24x - 2, [0,5] 
2. f(x) =xV/1l—-—x, [-1, 1] 
3x —4 
3. = =2,:2 
fo) =>, [-2,2] 
4. f(x) xe t1,. [=2,1] 
5. f(x) =x+2cosx, [-7, 7] 
6. f(x) =xe*, [-1,3] 
7-14 Evaluate the limit. 
» 6? = 1 tan 4x 
7. lim 8. ——_—— 
x>0 tan x x>0 x + sin 2x 
‘ i et — e72* 5 ' en = e* 

. lim —————— . lim ———— 
x0 In(x + 1) xx In(x + 1) 
VW, Ti GP =x" a> 12. lim (x — m)csc x 
13. lim ( We x) 14. lim (tan x)* 

rsI¥\y— 1 Inx x>(a/2)~ 


16. 


17. 


f'(x) < 0 on (—%, —2), (1, 6), and (9, ~), 
S'(x) > 0 on (—2, 1) and (6, 9), 

f"(x) > 0 on (—%, 0) and (12, 2), 

f(x) < 0 on (0, 6) and (6, 12) 


f(0) =0, f is continuous and even, 

f(x) = 2x if O<x<1, f(y) =—-lifl <x <3, 
f(x) = lifx > 3 

fisodd, f'(x) < 0 for0 <x < 2, 


f(x) > Oforx > 2, f"(x) > 0 for0 <x <3, 
f"(x) < Oforx > 3, lim f(x) = —2 


15-17 Sketch the graph of a function that satisfies the given 
conditions. 


15. (0) =0, f(-2) =F") =F'@) = 0, 
lim f(x) = 0, lim f(x) = —»6, 


18. 


The figure shows the graph of the derivative f'of a function f. 

(a) On what intervals is f increasing or decreasing? 

(b) For what values of x does f have a local maximum or 
minimum? 

(c) Sketch the graph of f" 

(d) Sketch a possible graph of f. 


HY 
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19-34 Use the guidelines of Section 4.5 to sketch the curve. 


19. y=2-—2x-x3 
20. y 2x3 — 3x7 + 12x +5 
21. y= 3x4 - 4x3 +2 22. y= 
i eae ¢ 
23. y= — 24. y= eee see 
oe x(x — 3) ar (x — 2)? 
=| 3 
5, 9 26. y=Vl-x+Vitx 
x 
27. y=xV2+x 28. y = x77(x — 3) 
29. y=e*sinx, -TSxST7 
30. y= 4x —tanx, —7/2<x< 7/2 
31. y = sin '(1/x) 32. y=e™ 
33. y = (x — 2)e™ 34. y=x +t In(x’ + 1) 


- 35-38 Produce graphs of f that reveal all the important aspects 


of the curve. Use graphs of f’ and f” to estimate the intervals of 
increase and decrease, extreme values, intervals of concavity, 
and inflection points. In Exercise 35 use calculus to find these 
quantities exactly. 


35. 


37. 
38. 


40. 


FY 39. 


x) xt 
f(x) = a 36. fa) =" 4 
fe) = 3x° = 5x? + x* — Sx? — 2x7 +2 
f(x) =x° + 65sinx, -5<x<5 


Graph f(x) = e~'** in a viewing rectangle that shows all 
the main aspects of this function. Estimate the inflection 
points. Then use calculus to find them exactly. 


(a) 
(b) 


Graph the function f(x) = 1/(1 + e!”*). 

Explain the shape of the graph by computing the limits 
of f(x) as x approaches 2, —%, 0*, and 0°. 

Use the graph of f to estimate the coordinates of the 
inflection points. 

Use a computer algebra system to compute and 

graph f”. 

Use the graph in part (d) to estimate the inflection 
points more accurately. 


(c) 
(d) 


(e) 


41-42 Use the graphs of f, f’, and f” to estimate the 
x-coordinates of the maximum and minimum points and 
inflection points of 


41. 


42. 


cos?x 
f(x) ; T<x<T7 
Vx7+x4+1 
fla) =e? In(a? — 1) 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 
57. 


. Investigate the family of functions f(x) = cxe™ 


. Investigate the family of functions f(x) = In(sin x + c). 


What features do the members of this family have in 
common? How do they differ? For which values of c is 
f continuous on (—%, ©)? For which values of c does f 
have no graph at all? What happens as c — ~? 


cx? 


What happens to the maximum and minimum points and 
the inflection points as c changes? Illustrate your conclu- 
sions by graphing several members of the family. 


Show that the equation 3x + 2 cos x + 5 = 0 has exactly 
one real solution. 


Suppose that f is continuous on [0, 4], f(0) = 1, and 
2 <f'(x) S 5 for all x in (0, 4). Show that 9 < f(4) < 21. 


By applying the Mean Value Theorem to the function 
f(x) = x" on the interval [32, 33], show that 


2 < 7/33 < 2.0125 


For what values of the constants a and b is (1, 3) a point of 
inflection of the curve y = ax* + bx?? 


Let g(x) = f(x”), where f is twice differentiable for all x, 
f'(x) > 0 for all x ¥ 0, and f is concave downward on 
(—*, 0) and concave upward on (0, °). 

(a) At what numbers does g have an extreme value? 

(b) Discuss the concavity of g. 


Find two positive integers such that the sum of the first 
number and four times the second number is 1000 and 
the product of the numbers is as large as possible. 


Show that the shortest distance from the point (x1, y:) to the 
straight line Ax + By + C = Ois 


|Ax; + By, + C| 
VA + B? 
Find the point on the hyperbola xy = 8 that is closest to the 
point (3, 0). 


Find the smallest possible area of an isosceles triangle that 
is circumscribed about a circle of radius r. 


Find the volume of the largest circular cone that can be 
inscribed in a sphere of radius r. 


In AABC, D lies on AB, CD 1 AB,|AD| = |BD| = 4cm, 
and | CD | = 5 cm. Where should a point P be chosen on CD 
so that the sum | PA| + | PB| + | PC| is a minimum? 


Solve Exercise 55 when | CD| = 2 cm. 


The velocity of a wave of length L in deep water is 


apelin © 
-— CE 


where K and C are known positive constants. What is the 
length of the wave that gives the minimum velocity? 
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58. 


59. 


61. 


62. 


63. 


64. 


60. 


A metal storage tank with volume V is to be constructed in 
the shape of a right circular cylinder surmounted by a hemi- 
sphere. What dimensions will require the least amount of 
metal? 


A hockey team plays in an arena that seats 15,000 specta- 
tors. With the ticket price set at $12, average attendance at a 
game has been 11,000. A market survey indicates that for 
each dollar the ticket price is lowered, average attendance 
will increase by 1000. How should the owners of the team 
set the ticket price to maximize their revenue from ticket 
sales? 


A manufacturer determines that the cost of making 
x units of a commodity is 


C(x) = 1800 + 25x 


and the demand function is p(x) = 48.2 — 0.03x. 

(a) Graph the cost and revenue functions and use the 
graphs to estimate the production level for maximum 
profit. 

(b) Use calculus to find the production level for maximum 
profit. 

(c) Estimate the production level that minimizes the 
average cost. 


0.2x? + 0.001x7 


Use Newton’s method to find the solution of the equation 


we — x4 


3x -—-2=0 
in the interval [1, 2] correct to six decimal places. 


Use Newton’s method to find all solutions of the equation 
sin x = x? — 3x + | correct to six decimal places. 


Use Newton’s method to find the absolute maximum 
value of the function f(t) = cos t + t — f* correct to eight 
decimal places. 


Use the guidelines in Section 4.5 to sketch the curve 
y =xsinx, 0 <x S 27. Use Newton’s method when 
necessary. 


65-68 Find the most general antiderivative of the function. 


65. 


fx) =4Vx — 6x7 +3 66, g(x) = — + 


xr +1 


67. f(t) = 2sint — 3e’ 68. f(x) =x ° + coshx 
69-72 Find f. 

69. f(t) =21—-3sint, f(0) =5 

70. f'(w) =~ = fQ) =3 

71. f"(x) =1- 6x + 48x?, f(0) = 1, f'(0) =2 


72. 


f(x) = 5x7 + 6x7 +2, f(0)=3, fC) =-2 
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73-74 A particle is moving along a straight line with the given 
data. Find the position of the particle. 


73. 


74. 


77. 


78. 


79. 


FY 75. 


v(t) = 2t- 1/1 +27), s(0)=1 


a(t)=sint+3cost, s(0)=0, v(0)=2 


(a) If f(x) = 0.le* + sin x, —4 < x < 4, use a graph of f 
to sketch a rough graph of the antiderivative F of f that 
satisfies F(O) = 0. 

(b) Find an expression for F(x). 

(c) Graph F using the expression in part (b). Compare with 
your sketch in part (a). 


. Investigate the family of curves given by 


f(x) = xt 4+ x3 4+ cx? 


In particular you should determine the transitional value of 
c at which the number of critical numbers changes and the 
transitional value at which the number of inflection points 

changes. Illustrate the various possible shapes with graphs. 


A canister is dropped from a helicopter hovering 500 m 
above the ground. Its parachute does not open, but the can- 
ister has been designed to withstand an impact velocity of 
100 m/s. Will it burst? 


In an automobile race along a straight road, car A passed 
car B twice. Prove that at some time during the race their 
accelerations were equal. State the assumptions that you 
make. 


A rectangular beam will be cut from a cylindrical log of 
radius 10 inches. 

(a) Show that the beam of maximal cross-sectional area is a 
square. 

Four rectangular planks will be cut from the four 
sections of the log that remain after cutting the square 
beam. Determine the dimensions of the planks that will 
have maximal cross-sectional area. 

Suppose that the strength of a rectangular beam is 
proportional to the product of its width and the square 
of its depth. Find the dimensions of the strongest beam 
that can be cut from the cylindrical log. 


(b) 


(c) 


}—— width —+| 
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80. Ifa projectile is fired with an initial velocity v at an angle of 84. Sketch the graph of a function f such that f’(x) < 0 for 
inclination 6 from the horizontal, then its trajectory, neglect- all x, f"(x) > 0 for |x| > 1, f"(x) < 0 for |x| < 1, and 
ing air resistance, is the parabola lim, ++» [f(x) + x] = 0. 
y = (tan @)x - — g — x? 0<@< a 85. The figure shows an isosceles triangle with equal sides of 
2v° cos“0 2 length a surmounted by a semicircle. What should the mea- 


sure of angle 6 be in order to maximize the total area? 
(a) Suppose the projectile is fired from the base of a plane 


that is inclined at an angle a, a > 0, from the horizontal, 
as shown in the figure. Show that the range of the 
projectile, measured up the slope, is given by 


2v? cos @ sin(@ — a) 


R(O) 7 
g cos’a 
a a 

(b) Determine @ so that R is a maximum. 
(c) Suppose the plane is at an angle a below the horizontal. 

Determine the range R in this case, and determine the 

angle at which the projectile should be fired to maxi- 

mize R. 86. Water is flowing at a constant rate into a spherical tank. Let 


V(t) be the volume of water in the tank and H(t) be the height 

of the water in the tank at time f. 

(a) What are the meanings of V’(t) and H'(t)? Are these 
derivatives positive, negative, or zero? 

(b) Is V(t) positive, negative, or zero? Explain. 

(c) Let ty, t2, and t; be the times when the tank is one-quarter 
full, half full, and three-quarters full, respectively. Are 
each of the values H"(t,), H"(t2), and H"(t3) positive, 

> negative, or zero? Why? 


87. A light is to be mounted atop a pole of height h feet to 
illuminate a busy traffic circle, which has a radius of 40 ft. 
81. If an electrostatic field E acts on a liquid or a gaseous polar The intensity of illumination J at any point P on the circle 
dielectric, the net dipole moment P per unit volume is is directly proportional to the cosine of the angle 6 (see 
the figure) and inversely proportional to the square of the 
P(E) = : = = ol distance d from the source. 
eve E (a) How tall should the light pole be to maximize /? 


(b) Suppose that the light pole is / feet tall and that a woman 


eFt+te® 


Show that lim, _,,+ P(E) = 0. is walking away from the base of the pole at the rate of 
4 ft/s. At what rate is the intensity of the light at the point 
82. If a metal ball with mass m is projected in water and the force on her back 4 ft above the ground decreasing when she 
of resistance is proportional to the square of the velocity, then reaches the outer edge of the traffic circle? 


the distance the ball travels in time f is 


c 
s(t) = ™ ncosh af! 
Cc mt 


where c is a positive constant. Find lim,_.* s(t). 


83. Show that, for x > 0, 


x -1 
Ty << tan x <x 
1+x 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Problems Plus 


1. Ifa rectangle has its base on the x-axis and two vertices on the curve y = e~*’, show that the 
rectangle has the largest possible area when the two vertices are at the points of inflection of 
the curve. 

2. Show that | sin x — cos x| < 2 for all x. 

3. Does the function f(x) = e'ls-2I-*? have an absolute maximum? If so, find it. What about 
an absolute minimum? 

4. Show that x*y?(4 — x?)(4 — y*) < 16 for all numbers x and y such that |x| < 2 
and | y| < 2. 

5. Show that the inflection points of the curve y = (sin x)/x lie on the curve y*(x* + 4) = 4. 

6. Find the point on the parabola y = 1 — x? at which the tangent line cuts from the first 
quadrant the triangle with the smallest area. 

> + sin bx + si + sin d. 
7. Ifa, b, c, and d are constants such that lim a — ; 5 rae ; boa 8, find the 
value of the suma + b+c+d. — " . * 
vA (x + 2)'/x — xl/x 
8. Evaluate lim ————____.. 
peso (x aL 3)i/x = xh/x 
Q 9. Find the highest and lowest points on the curve x7 + xy + y* = 12. 
10. Show that if f is a differentiable function that satisfies 
ig fatn)—f@) _, 
ee) 
= n 
0 x 


for all real numbers x and all positive integers n, then f is a linear function. 


FIGURE FOR PROBLEM 11 11. If P(a, a’) is any first-quadrant point on the parabola y = x”, let Q be the point where the 
normal line at P intersects the parabola again (see the figure). 

(a) Show that the y-coordinate of Q is smallest when a = 1/ 4/2. : 

(b) Show that the line segment PQ has the shortest possible length when a = 1/ /2. 


12. For what values of c does the curve y = cx? + e* have inflection points? 


13. An isosceles triangle is circumscribed about the unit circle so that the equal sides meet 
at the point (0, a) on the y-axis (see the figure). Find the value of a that minimizes the 
lengths of the equal sides. (You may be surprised that the result does not give an equi- 
lateral triangle.). 


14. Sketch the region in the plane consisting of all points (x, y) such that 


xy = |x—y| <x? +y? 


15. The line y = mx + b intersects the parabola y = x” in points A and B. (See the fig- 
ure.) Find the point P on the arc AOB of the parabola that maximizes the area of the 
triangle PAB. 


16. ABCD is a square piece of paper with sides of length 1 m. A quarter-circle is drawn from 
B to D with center A. The piece of paper is folded along EF, with E on AB and F on AD, 
so that A falls on the quarter-circle. Determine the maximum and minimum areas that the 
triangle AEF can have. 


17. For which positive numbers a does the curve y = a* intersect the line y = x? 


Al P > 18. For what value of a is the following equation true? 
x 
ki xta\ _ 
FIGURE FOR PROBLEM 15 poe ee a : 
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Q 


FIGURE FOR PROBLEM 20 


19. 


20. 


N 
= 


speed of sound = c, 


FIGURE FOR PROBLEM 21 


~ 


B E x C 


* 


| , 
; | Bs ; 
F 


D 


FIGURE FOR PROBLEM 23 


FIGURE FOR PROBLEM 26 
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22 


23 


24 


25. 


26. 


. , @, are real numbers 


Let f(x) = a; sin x + ay sin 2x + --+ + a, sin nx, where a1, d2,.. 
and n is a positive integer. If it is given that | f(x) | < | sin x| for all x, show that 


Ja, + 2a7 +--+ + na,| <1 


An arc PQ of acircle subtends a central angle 6 as in the figure. Let A(@) be the area 
between the chord PQ and the arc PQ. Let B(@) be the area between the tangent lines 
PR, QR, and the arc. Find 


mn 40) 
oor B(O) 


The speeds of sound c; in an upper layer and c> in a lower layer of rock and the thickness h 
of the upper layer can be determined by seismic exploration if the speed of sound in the 
lower layer is greater than the speed in the upper layer. A dynamite charge is detonated at a 
point P and the transmitted signals are recorded at a point Q, which is a distance D from P. 
The first signal to arrive at Q travels along the surface and takes T, seconds. The next signal 
travels from P to a point R, from R to S in the lower layer, and then to Q, taking T; seconds. 
The third signal is reflected off the lower layer at the midpoint O of RS and takes T; seconds 
to reach Q. (See the figure.) 

(a) Express 7), T>, and T; in terms of D, h, ci, c2, and 0. 

(b) Show that 7) is a minimum when sin 6 = c;/co. 

(c) Suppose that D = 1 km, T; = 0.26 s, T, = 0.32 s, and T; = 0.34 s. Find ci, c2, and h. 


Note: Geophysicists use this technique when studying the structure of the earth’s crust— 
searching for oil or examining fault lines, for example. 


For what values of c is there a straight line that intersects the curve 


y=x*t+ ox? + 12x? -5x4+2 
in four distinct points? 


One of the problems posed by the Marquis de I’ Hospital in his calculus textbook Analyse 
des infiniment petits concerns a pulley that is attached to the ceiling of a room at a point C 
by a rope of length r. At another point B on the ceiling, at a distance d from C (where 

d > r), arope of length ¢ is attached and passed through the pulley at F and connected to a 
weight W. The weight is released and comes to rest at its equilibrium position D. (See the 
figure.) As I’Hospital argued, this happens when the distance | ED | is maximized. Show that 
when the system reaches equilibrium, the value of x is 


“(r+ VP FRE) 


Notice that this expression is independent of both W and ¢. 


Given a sphere with radius r, find the height of a pyramid of minimum volume whose base is 
a square and whose base and triangular faces are all tangent to the sphere. What if the base 
of the pyramid is a regular n-gon? (A regular n-gon is a polygon with n equal sides and 
angles.) (Use the fact that the volume of a pyramid is SAh, where A is the area of the base.) 


Assume that a snowball melts so that its volume decreases at a rate proportional to its sur- 
face area. If it takes three hours for the snowball to decrease to half its original volume, how 
much longer will it take for the snowball to melt completely? 


A hemispherical bubble is placed on a spherical bubble of radius 1. A smaller hemispherical 
bubble is then placed on the first one. This process is continued until n chambers, including 
the sphere, are formed. (The figure shows the case n = 4.) Use mathematical induction to 
prove that the maximum height of any bubble tower with n chambers is 1 + Jn. d 
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In Exercise 5.4.83 we see how to use electric power consumption data and an integral to compute the amount of electric energy used ina 
typical day in the New England states. 


ixpert / Shutterstock.com 


Integrals 


IN CHAPTER 2 WE USED the tangent and velocity problems to introduce the derivative. In this 
chapter we use the area and distance problems to introduce the other central idea in calculus—the 
integral. The all-important relationship between the derivative and the integral is expressed in the 
Fundamental Theorem of Calculus, which says that differentiation and integration are in a sense 
inverse processes. We learn in this chapter, and in Chapters 6 and 8, how integration can be used to 
solve problems involving volumes, length of curves, population predictions, cardiac output, forces 
on a dam, work, consumer surplus, and baseball, among many others. 
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Integrals 


5.1 


Now is a good time to read (or reread) 
A Preview of Calculus, which discusses 


the unifying ideas of calculus and 
helps put in perspective where we 
have been and where we are going. 


y 
y= f(x) 
saat, S x=b 
> 
0| a b x 
FIGURE 1 
S={(x,y)|a<x<b,0<y <f(x)} 
FIGURE 2 


FIGURE 3 


FIGURE 4 


The Area and Distance Problems 


In this section we discover that in trying to find the area under a curve or the distance 
traveled by a car, we end up with the same special type of limit. 


H The Area Problem 


We begin by attempting to solve the area problem: find the area of the region S that lies 
under the curve y = f(x) froma to b. This means that S, illustrated in Figure 1, is bounded 
by the graph of a continuous function f [where f(x) = 0], the vertical lines x = a and 
x = b, and the x-axis. 

In trying to solve the area problem we have to ask ourselves: what is the meaning of 
the word area? This question is easy to answer for regions with straight sides. For a rect- 
angle, the area is defined as the product of the length and the width. The area of a triangle 
is half the base times the height. The area of a polygon is found by dividing it into tri- 
angles (as in Figure 2) and adding the areas of the triangles. 


I b 


A=lw A=4bh A=A,+A,+A,+A, 


It isn’t so easy, however, to find the area of a region with curved sides. We all have an 
intuitive idea of what the area of a region is. But part of the area problem is to make this 
intuitive idea precise by giving an exact definition of area. 

Recall that in defining a tangent we first approximated the slope of the tangent line by 
slopes of secant lines and then we took the limit of these approximations. We pursue a 
similar idea for areas. We first approximate the region S by rectangles and then we take 
the limit of the sum of the areas of the approximating rectangles as we increase the num- 
ber of rectangles. The following example illustrates the procedure. 


EXAMPLE 1 Use rectangles to estimate the area under the parabola y = x” from 0 to 1 
(the parabolic region S illustrated in Figure 3). 


SOLUTION We first notice that the area of S must be somewhere between 0 and | 
because S is contained in a square with side length 1, but we can certainly do better 
than that. Suppose we divide S into four strips S), $2, $3, and Sy by drawing the vertical 
lines x = bo = 5, and x = jas in Figure 4(a). 


(1, )) 


ay 


re 
nN 
Blo 


(a) (b) 
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FIGURE 5 


FIGURE 6 
Approximating S with eight rectangles 


n L, Ik, 
10 | 0.2850000 | 0.3850000 
20 | 0.3087500 | 0.3587500 
30 | 0.3168519 | 0.3501852 
50 | 0.3234000 | 0.3434000 
100 | 0.3283500 | 0.3383500 
1000 | 0.3328335 | 0.3338335 
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We can approximate each strip by a rectangle that has the same base as the strip and 
whose height is the same as the right edge of the strip [see Figure 4(b)]. In other words, 
the heights of these rectangles are the values of the function f(x) = x? at the right end- 


points of the subintervals [o, ) [:. 4], [, 3], and ie i) 


Each rectangle has width + and the heights are (ay, Gy’, (3)’, and 17. If we let Ry be 


the sum of the areas of these approximating rectangles, we get 
Ro= 50 (G) +a G) + 4° GY + 4+ 2 = 39 = 0.46875 
From Figure 4(b) we see that the area A of S is less than Ry, so 
A < 0.46875 


Instead of using the rectangles in Figure 4(b) we could use the smaller rectangles in 
Figure 5 whose heights are the values of f at the /eft endpoints of the subintervals. (The 
leftmost rectangle has collapsed because its height is 0.) The sum of the areas of these 
approximating rectangles is 


Ly =O + 5° (4) + 4°) +4: (4 =z = 0.21875 
We see that the area of S'is larger than L4, so we have lower and upper estimates for A: 
0.21875 < A < 0.46875 
We can repeat this procedure with a larger number of strips. Figure 6 shows what 


happens when we divide the region S into eight strips of equal width. 


yA 


av 


u 
8 


(a) Using left endpoints (b) Using right endpoints 


By computing the sum of the areas of the smaller rectangles (Ls) and the sum of the 
areas of the larger rectangles (Rs), we obtain better lower and upper estimates for A: 


0.2734375 < A < 0.3984375 


So one possible answer to the question is to say that the true area of S lies somewhere 
between 0.2734375 and 0.3984375. 

We could obtain better estimates by increasing the number of strips. The table at 
the left shows the results of similar calculations (with a computer) using 7 rectangles 
whose heights are found with left endpoints (L,,) or right endpoints (R,,). In particular, 
we see by using 50 strips that the area lies between 0.3234 and 0.3434. With 1000 strips 
we narrow it down even more: A lies between 0.3328335 and 0.3338335. A good esti- 
mate is obtained by averaging these numbers: A ~ 0.3333335. a 
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FIGURE 7 


Here we are computing the limit of 
the sequence {R,,}. Sequences and 
their limits will be studied in detail in 
Section 11.1. The idea is very similar to 
a limit at infinity (Section 2.6) except 
that in writing lim,,... we restrict n to 
be a positive integer. In particular, we 
know that 

lim —=0 

no 
When we write lim, Rn = } we 
mean that we can make R,, as close 
to + as we like by taking n sufficiently 
large. 


From the values listed in the table in Example 1, it looks as if R,, is approaching 7 as 
n increases. We confirm this in the next example. 


EXAMPLE 2 For the region S in Example 1, show that the approximating sums R,, 
approach 5, that is, 


lim R, = 5 


no 


SOLUTION R, is the sum of the areas of the n rectangles in Figure 7. Each rectangle 
has width 1/n and the heights are the values of the function f(x) = x’ at the points 
1/n, 2/n, 3/n, ..., n/n; that is, the heights are (1/n)’, (2/n)*, (3/n)*,..., (n/n)*. Thus 


1 (1 1 (2 1 (3 1 fn 

R, f +—f +—f +o +—fl— 

n n n nN n n n n 

tt PIO. tala 1 (n\ 
- + + tee tol(— 
nN n n n n n nN n 


1 1 


| 


I 


Se ee ae oe se ee) 
n 


I 


1 
Pe eS toe ee) 
oe 


Here we need the formula for the sum of the squares of the first positive integers: 


n(n + 1)(2n + 1) 
6 


[1] P+2?4+34+---4+n7= 
Perhaps you have seen this formula before. It is proved in Example 5 in Appendix E. 


Putting Formula | into our expression for R,,, we get 


ie 1 nat+)Qn+1)_ + IQn+)) 
ar 6 6n* 


Thus we have 
— (n+ 1)(2n + 1) 
lim 


nao nao 6n2 
y(2et)(2e41) 
= lim 
no 6 n nN 
. ol 1 1 
= lim 1+ Pe 
n>2 6 n n 


-1-2=— Y] 


It can be shown that the approximating sums L,, in Example 2 also approach i, that is, 


lim L, =} 


no 
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From Figures 8 and 9 it appears that as n increases, both L, and R, become better and 
better approximations to the area of S. Therefore we define the area A to be the limit of 
the sums of the areas of the approximating rectangles, that is, 


A= lim R, = lim L, = } 


no no 


yA yA YA 


n=10 Ry =0.385 n=30 Ry ~ 0.3502 n=50 Ro = 0.3434 


> > > 
0 t 1 1 * 
FIGURE 8 Right endpoints produce upper estimates because f(x) = x? is increasing. 
yA YA YA 
n=10 Ly =0.285 n=30 Ly ~ 0.3169 n=50 Ly =0.3234 
> > 
1 x 1 x 


FIGURE 9 Left endpoints produce lower estimates because f(x) = x’ is increasing. 


Let’s apply the idea of Examples | and 2 to the more general region S of Figure 1. 
We start by subdividing S into n strips Si, S2,...,.S, of equal width as in Figure 10. 


yA 


FIGURE 10 


earning. All F 


Cop scanned, or duplicated, in whole or in part. V 
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The width of the interval [a, b] is b — a, so the width of each of the n strips is 


These strips divide the interval [a, b] into n subintervals 
[xo, x1], [%1, x2], [42,43], -.-, [Xn-1, Xn] 
where xo = aand x, = b. The right endpoints of the subintervals are 
xXi=art Ax, 
Xx =a+2Ax, 


x3=a+3Ax, 


and, in general, x; = a + i Ax. Now let’s approximate the ith strip S; by a rectangle with 
width Ax and height f(x;), which is the value of f at the right endpoint (see Figure 11). 
Then the area of the ith rectangle is f(x;) Ax. What we think of intuitively as the area of 
S is approximated by the sum of the areas of these rectangles, which is 


R, = f(x1) Ax + f(x2) Ax + +++ + f(x,) Ax 


YA 
> 
0 x 
FIGURE 11 
Figure 12 shows this approximation for n = 2, 4, 8, and 12. Notice that this approxi- 
mation appears to become better and better as the number of strips increases, that is, as 
n— ©, Therefore we define the area A of the region S in the following way. 
YA YA YA YA 
> > = > 
O| a xy bx O| a Ki Akg 2 > De 38 O| a b x O| a b x 
(a)n=2 (b)n=4 (c)n=8 (d)n=12 


FIGURE 12 
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[2] Definition The area A of the region S that lies under the graph of the contin- 
uous function f is the limit of the sum of the areas of approximating rectangles: 


A= lim R, = lim [ (1) Ax + f(x2) Ax + +++ + f(x) Ax] 


no 


It can be proved that the limit in Definition 2 always exists, since we are assuming 
that f is continuous. It can also be shown that we get the same value if we use left 
endpoints: 


[3] A = lim L, = lim [ f(xo) Ax + f(x1) Ax + +++ + f(%n-1) Ax] 


In fact, instead of using left endpoints or right endpoints, we could take the height of 
the ith rectangle to be the value of f at any number x;* in the ith subinterval [x;-1, x;]. 
We call the numbers x;", x3", . . . , x* the sample points. Figure 13 shows approximating 
rectangles when the sample points are not chosen to be endpoints. So a more general 
expression for the area of S is 


o A= lim [f(ef) Ax + (xf) Ax +++ + fet) Ax] 


RY 


FIGURE 13 


NOTE To approximate the area under the graph of f we can form lower sums (or upper 
sums) by choosing the sample points x}* so that f(x) is the minimum (or maximum) 
value of f on the ith subinterval (see Figure 14). [Since f is continuous, we know that the 
minimum and maximum values of f exist on each subinterval by the Extreme Value 
Theorem.] It can be shown that an equivalent definition of area is the following: A is the 
unique number that is smaller than all the upper sums and bigger than all the lower sums. 


=y 
Hy 
ny 


0 a b 


(a) Lower sums (b) Upper sums (c) Upper and lower sums 


FIGURE 14 
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This tells us to 
end with =n. 


This tells us a 
to add. ‘ y F (xj) Ax 


i=m 


This tells us to i 


start with i =m. 


If you need practice with sigma nota- 
tion, look at the examples and try 


some of the exercises in Appendix E. 


We saw in Examples | and 2, for instance, that the area (A a +) is trapped between 
all the left approximating sums L, and all the right approximating sums R,. The function 
in those examples, f(x) = x’, happens to be increasing on [0, 1] and so the lower sums 
arise from left endpoints and the upper sums from right endpoints. (See Figures 8 and 9.) 


We often use sigma notation to write sums with many terms more compactly. For 
instance, 


D f (xi) Ax = f(x) Ax + f(x.) Ax + ++ + f(%n) Ax 
i=l 
So the expressions for area in Equations 2, 3, and 4 can be written as follows: 


A = lim Sis Ax 


co . 
n>? j=] 


A = lim > (Gi) Ax 


oO .. 
nae SI 


A = lim Sd fc) Ax 


n> jy 
We can also rewrite Formula | in the following way: 


n 
y = 
i=l 


n(n + 1)(2n + 1) 
6 


EXAMPLE 3 Let A be the area of the region that lies under the graph of f(x) = e* 
between x = 0 and x = 2. 

(a) Using right endpoints, find an expression for A as a limit. Do not evaluate the limit. 
(b) Estimate the area by taking the sample points to be midpoints and using four sub- 
intervals and then ten subintervals. 


SOLUTION 
(a) Since a = 0 and b = 2, the width of a subinterval is 
2-0 = 2 


Ax 


n n 


So x; = 2/n, x. = 4/n, x3 = 6/n, x; = 2i/n, and x, = 2n/n. The sum of the areas of 
the approximating rectangles is 


Ri = f(x) Ax + f(x2) Ax at “=~ + f (xn) Ax 
=e"Ax+ePAxt--- +e “Ax 


= e2/n 2 a etn 2 Se aaa en 2nin 2 
n n n 


According to Definition 2, the area is 


2 
A= lim R, = lim — (e°7" + e74" + e794 «+. + eM") 


no non 


Using sigma notation we could write 


OE ax 
A=lm—> ee 


non j=] 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


0 

FIGURE 15 
YA 
1 y=e 
0 

FIGURE 16 
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It is difficult to evaluate this limit directly by hand, but with the aid of a computer 
algebra system it isn’t hard (see Exercise 32). In Section 5.3 we will be able to find A 
more easily using a different method. 


(b) With n = 4 the subintervals of equal width Ax = 0.5 are [0, 0.5], [0.5, 1], [1, 1.5], 
and [1.5, 2]. The midpoints of these subintervals are xj* = 0.25, x3 = 0.75, x = 1.25, 
and xj‘ = 1.75, and the sum M, of the areas of the four approximating rectangles (see 
Figure 15) is 


My, = 3/08) Ax 


= f(0.25) Ax + f(0.75) Ax + f(1.25) Ax + (1.75) Ax 
= ¢ 950.5) + e°75(0.5) + e7!75(0.5) + e7!75(0.5) 
= 0.5(e 93 + eO7 + e135 4 e175) ~ 0.8557 


So an estimate for the area is 
A = 0.8557 


With n = 10 the subintervals are [0, 0.2], [0.2, 0.4], ... , [1.8, 2] and the midpoints are 
xf = 0.1, x* = 0.3, x* = 0.5,..., x7 = 1.9. Thus 
A ~ My =f (0.1) Ax + f(0.3) Ax + f(0.5) Ax + +++ + f(1.9) Ax 
= 0.2(e°! + eS + @ > 4+--- + e |”) = 0.8632 


From Figure 16 it appears that this estimate is better than the estimate wihn = 4. 


® The Distance Problem 


In Section 2.1 we considered the velocity problem: find the velocity of a moving object 
at a given instant if the distance of the object (from a starting point) is known at all times. 
Now let’s consider the distance problem: find the distance traveled by an object during a 
certain time period if the velocity of the object is known at all times. (In a sense this is 
the inverse problem of the velocity problem.) If the velocity remains constant, then the 
distance problem is easy to solve by means of the formula 


distance = velocity X time 
But if the velocity varies, it’s not so easy to find the distance traveled. We investigate the 


problem in the following example. 


EXAMPLE 4 Suppose the odometer on our car is broken and we want to estimate the 
distance driven over a 30-second time interval. We take speedometer readings every 
five seconds and record them in the following table: 


Time (s) 0 5 10 IF 20 25 30 


Velocity (mi / h)| 17 21 24 29 32 31 28 


In order to have the time and the velocity in consistent units, let’s convert the velocity 
readings to feet per second (1 mi/h = 5280/3600 ft/s): 


Time (s) 0 B) 10 15 20 23 30 


Velocity (ft/s) | 25 | 31 | 35 | 43 | 47 | 45 | 41 
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> 
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> 
t 
(b) 
DA 
40 + 
20 4 
+ + + > 
0 10 20 30 ¢ 
(c) 
FIGURE 17 


During the first five seconds the velocity doesn’t change very much, so we can estimate 
the distance traveled during that time by assuming that the velocity is constant. If we 
take the velocity during that time interval to be the initial velocity (25 ft/s), then we 
obtain the approximate distance traveled during the first five seconds: 


25 ft/s X 5s = 125 ft 


Similarly, during the second time interval the velocity is approximately constant and 
we take it to be the velocity when t = 5 s. So our estimate for the distance traveled 
from t = 5s tot = 10sis 


31 ft/s X 5s = 155 ft 


If we add similar estimates for the other time intervals, we obtain an estimate for the 
total distance traveled: 


(25 X 5) + (31 X 5) + (35 X 5) + (43 X 5) + (47 X 5) + (45 X 5) = 1130 ft 


We could just as well have used the velocity at the end of each time period instead 
of the velocity at the beginning as our assumed constant velocity. Then our estimate 
becomes 


(31 X 5) + (35 X 5) + (43 X 5) + (47 X 5) + (45 X 5) + (41 X 5) = 1210 ft 


Now let’s sketch an approximate graph of the velocity function of the car along 
with rectangles whose heights are the initial velocities for each time interval [see 
Figure 17(a)]. The area of the first rectangle is 25 * 5 = 125, which is also our 
estimate for the distance traveled in the first five seconds. In fact, the area of each 
rectangle can be interpreted as a distance because the height represents velocity and 
the width represents time. The sum of the areas of the rectangles in Figure 17(a) is 
L6 = 1130, which is our initial estimate for the total distance traveled. 

If we want a more accurate estimate, we could take velocity readings more often, 
as illustrated in Figure 17(b). You can see that the more velocity readings we take, the 
closer the sum of the areas of the rectangles gets to the exact area under the velocity 
curve [see Figure 17(c)]. This suggests that the total distance traveled is equal to the 
area under the velocity graph. | 


In general, suppose an object moves with velocity v = f(t), where a < t < b and 
f(t) = 0 (so the object always moves in the positive direction). We take velocity readings 
at times fo (= a), fi, 2, ..., t (= b) so that the velocity is approximately constant on 
each subinterval. If these times are equally spaced, then the time between consecutive 
readings is At = (b — a)/n. During the first time interval the velocity is approximately 
f (to) and so the distance traveled is approximately f(to) At. Similarly, the distance trav- 
eled during the second time interval is about f(t,) Ar and the total distance traveled dur- 
ing the time interval [a, b] is approximately 


f (to) At + f(t) At piece f (tr-1) At = > Flt) At 


If we use the velocity at right endpoints instead of left endpoints, our estimate for the 
total distance becomes 


f(t) At + f(t) At + +++ + f(t,) At = > sla) At 
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The more frequently we measure the velocity, the more accurate our estimates become, 
so it seems plausible that the exact distance d traveled is the limit of such expressions: 


[5] d= lim fli) At = lim > sla) At 


OO. 
ne ja] 


We will see in Section 5.4 that this is indeed true. 

Because Equation 5 has the same form as our expressions for area in Equations 2 
and 3, it follows that the distance traveled is equal to the area under the graph of the 
velocity function. In Chapters 6 and 8 we will see that other quantities of interest in the 
natural and social sciences—such as the work done by a variable force or the cardiac 
output of the heart—can also be interpreted as the area under a curve. So when we com- 
pute areas in this chapter, bear in mind that they can be interpreted in a variety of practi- 
cal ways. 


5.1 | Exercises 


1. (a) By reading values from the given graph of f, use five 3. (a) Estimate the area under the graph of f(x) = 1/x from 


rectangles to find a lower estimate and an upper estimate 

for the area under the given graph of f from x = 0 to 

x = 10. In each case sketch the rectangles that you use. 
(b) Find new estimates using ten rectangles in each case. 


2. (a) Use six rectangles to find estimates of each type for the 
area under the given graph of f from x = 0 to x = 12. 
(i) Leo (sample points are left endpoints) 
(ii) Re (sample points are right endpoints) 
(111) Me (sample points are midpoints) 
(b) Is Ls an underestimate or overestimate of the true area? 
(c) Is Re an underestimate or overestimate of the true area? 
(d) Which of the numbers Le, Ro, or Mg gives the best 
estimate? Explain. 


x = 1 to x = 2 using four approximating rectangles 

and right endpoints. Sketch the graph and the rectangles. 

Is your estimate an underestimate or an overestimate? 
(b) Repeat part (a) using left endpoints. 


4. (a) Estimate the area under the graph of f(x) = sin x 


from x = 0 to x = 7/2 using four approximating rect- 
angles and right endpoints. Sketch the graph and the 
rectangles. Is your estimate an underestimate or an 
overestimate? 

(b) Repeat part (a) using left endpoints. 


5. (a) Estimate the area under the graph of f(x) = 1 + x? from 


x = —1 to x = 2 using three rectangles and right end- 
points. Then improve your estimate by using six rect- 
angles. Sketch the curve and the approximating 
rectangles. 

(b) Repeat part (a) using left endpoints. 

(c) Repeat part (a) using midpoints. 

(d) From your sketches in parts (a)—(c), which estimate 
appears to be the most accurate? 


6. (a) Graph the function 


f(x) =e"? 0O<x<2 


(b) Estimate the area under the graph of f using four 
approximating rectangles and taking the sample points to 
be (i) right endpoints and (ii) midpoints. In each case 
sketch the curve and the rectangles. 

(c) Improve your estimates in part (b) by using eight 
rectangles. 


7. Evaluate the upper and lower sums for f(x) = 6 — x’, 


—2 <x <2, withn = 2, 4, and 8. Illustrate with diagrams 
like Figure 14. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


382 


8. 


10. 


11. 


12. 


CHAPTER 5 Integrals 


Evaluate the upper and lower sums for 
f(x) = 1 + cos(x/2) 


-TSXST 


with n = 3, 4, and 6. Illustrate with diagrams like 
Figure 14. 


. The speed of a runner increased steadily during the first 


three seconds of a race. Her speed at half-second intervals is 
given in the table. Find lower and upper estimates for the 
distance that she traveled during these three seconds. 


t (s) 0 05 | 10] 1.5 | 2.0 | 2.5 | 3.0 


v (ft/s) 0 6.2 | 10.8 | 14.9 | 18.1 | 19.4 | 20.2 


The table shows speedometer readings at 10-second inter- 
vals during a 1-minute period for a car racing at the Day- 
tona International Speedway in Florida. 

(a) Estimate the distance the race car traveled during this 
time period using the velocities at the beginning of the 
time intervals. 

(b) Give another estimate using the velocities at the end of 
the time periods. 

(c) Are your estimates in parts (a) and (b) upper and lower 
estimates? Explain. 


Time(s) | Velocity (mi/h) 

0 182.9 
10 168.0 
20 106.6 
30 99.8 
40 124.5 
50 176.1 
60 175.6 


Oil leaked from a tank at a rate of r(t) liters per hour. The 
rate decreased as time passed and values of the rate at two- 
hour time intervals are shown in the table. Find lower 

and upper estimates for the total amount of oil that 
leaked out. 


t(h) O}2|)4 | 6.) &-) 10 


r(t)(L/h) | 8.7 | 7.6 | 68 | 62 | 5.7 | 53 


When we estimate distances from velocity data, it is some- 
times necessary to use times fo, fi, b, 4, ... that are not 
equally spaced. We can still estimate distances using the 
time periods At; = t; — t;-:. For example, in 1992 the space 
shuttle Endeavour was launched on mission STS-49 in 
order to install a new perigee kick motor in an Intelsat com- 
munications satellite. The table, provided by NASA, gives 


the velocity data for the shuttle between liftoff and the jet- 
tisoning of the solid rocket boosters. Use these data to esti- 
mate the height above the earth’s surface of the Endeavour, 
62 seconds after liftoff. 


Event Time (s) | Velocity (ft/s) 
Launch 0 0 
Begin roll maneuver 10 185 
End roll maneuver 15 319 
Throttle to 89% 20 447 
Throttle to 67% 32 742 
Throttle to 104% 59 1325 
Maximum dynamic pressure 62 1445 
Solid rocket booster separation 125 4151 


13. The velocity graph of a braking car is shown. Use it to estimate 
the distance traveled by the car while the brakes are applied. 


va(ft/s) 
60 


40 


20 


S 
i) 
- 


6 t (seconds) 


14. The velocity graph of a car accelerating from rest to a speed 
of 120 km/h over a period of 30 seconds is shown. Estimate 
the distance traveled during this period. 


va (km/h) 
120 


80 


40 


0 10 20 30 7 (seconds) 


15. Ina person infected with measles, the virus level NV (mea- 
sured in number of infected cells per mL of blood plasma) 
reaches a peak density at about t = 12 days (when a rash 
appears) and then decreases fairly rapidly as a result of 
immune response. The area under the graph of N(t) from 
t = 0 tot = 12 (as shown in the figure) is equal to the total 
amount of infection needed to develop symptoms (measured 
in density of infected cells X time). The function N has 
been modeled by the function 


f(t) = —t(t — 21) + 1) 


Use this model with six subintervals and their midpoints to 
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estimate the total amount of infection needed to develop 
symptoms of measles. 


1000-- 


> 
0 12 21 ~~ ‘t (days) 


Source: J. M. Heffernan et al., “An In-Host Model of Acute Infection: Measles 
as a Case Study,” Theoretical Population Biology 73 (2006): 134-47. 


16-19 Use Definition 2 to find an expression for the area 
under the graph of f as a limit. Do not evaluate the limit. 


16. f(x) =x°e*, 0O<x<4 


17. f(x) =2+sinx, O<Sx<o7 


18. f(x) =x + Inx, 


19. f(x) = xV/x? + 8, 


35x<8 


1<x<5 


20-23 Determine a region whose area is equal to the given limit. 
Do not evaluate the limit. 


n 1 1 3 
20. lim > +(2) 


n> 1) N\N 


n 2 1 
21. li = eee 
ne » n 1+ (2i/n) 
2S 3i 
2. im S —4/i+= 
no 7) Nn nN 
23. lim >, — tan — 
n>2 i) 4n 4n 


24 


(a) Use Definition 2 to express the area under the curve 
y = x? from 0 to 1 as a limit. 

(b) The following formula for the sum of the cubes of the 
first n integers is proved in Appendix E. Use it to evalu- 


ate the limit in part (a). 
‘ n(n + 1) : 
a 
2 


25. Let A be the area under the graph of an increasing con- 
tinuous function f from a to b, and let L,, and R,, be the 
approximations to A with n subintervals using left and right 
endpoints, respectively. 

(a) How are A, L,, and R,, related? 


Boi Ae acne: 


SECTION 5.1 383 


The Area and Distance Problems 


(b) Show that 
b 


—a 

R, — Ly - [ f(b) — f(a] 

Then draw a diagram to illustrate this equation by show- 
ing that the n rectangles representing R,, — L, can be 
reassembled to form a single rectangle whose area is the 


right-hand side of the equation. 
(c) Deduce that 


R,- A <"—“ Th) ~ fo] 


26. If A is the area under the curve y = e* from | to 3, 
use Exercise 25 to find a value of n such that 
R, — A < 0.0001. 


27-28 With a programmable calculator (or a computer), it is 
possible to evaluate the expressions for the sums of areas of 
approximating rectangles, even for large values of n, using 
looping. (On a TI use the Is> command or a For-EndFor loop, on 
a Casio use Isz, on an HP or in BASIC use a FOR-NEXT loop.) 
Compute the sum of the areas of approximating rectangles using 
equal subintervals and right endpoints for n = 10, 30, 50, and 100. 
Then guess the value of the exact area. 


27. The region under y = x* from 0 to 1 


28. The region under y = cos x from 0 to 77/2 


29-30 Some computer algebra systems have commands that will 
draw approximating rectangles and evaluate the sums of their 
areas, at least if x7 is a left or right endpoint. (For instance, in 
Maple use leftbox, rightbox, leftsum, and rightsum.) 


29. Let f(x) = I/(x? + 1),0<x<1. 
(a) Find the left and right sums for n = 10, 30, and 50. 
(b) Illustrate by graphing the rectangles in part (a). 
(c) Show that the exact area under f lies between 0.780 
and 0.791. 


30. Let f(x) =Inx, 1 <x <4. 


(a) Find the left and right sums for n = 10, 30, and 50. 


(b) Illustrate by graphing the rectangles in part (a). 
(c) Show that the exact area under f lies between 2.50 
and 2.59. 
31. (a) Express the area under the curve y = x° from 0 to 2 asa 
limit. 
(b) Use a computer algebra system to find the sum in your 
expression from part (a). 
(c) Evaluate the limit in part (a). 
32. Find the exact area of the region under the graph of y = e* 


from 0 to 2 by using a computer algebra system to evaluate 
the sum and then the limit in Example 3(a). Compare your 
answer with the estimate obtained in Example 3(b). 
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33. Find the exact area under the cosine curve y = cos x from polygon into n congruent triangles with central angle 
x = Oto x = b, where 0 S b S 77/2. (Use a computer 2a/n, show that 
algebra system both to evaluate the sum and compute the 
limit.) In particular, what is the area if b = 7/2? A, = L nr? sin cus 


n 
34. (a) Let A, be the area of a polygon with n equal sides 


inscribed in a circle with radius r. By dividing the (b) Show that lim,...A, = wr’. [Hint: Use Equation 3.3.5.] 


5.2 | The Definite Integral 


We saw in Section 5.1 that a limit of the form 


[1] lim > f(x#) Ax = jim Lf (xi) Ax + f(xs*) Ax + +++ + f(x) Ax] 
nn j= =200 

arises when we compute an area. We also saw that it arises when we try to find the dis- 

tance traveled by an object. It turns out that this same type of limit occurs in a wide variety 

of situations even when f is not necessarily a positive function. In Chapters 6 and 8 we 

will see that limits of this type also arise in finding lengths of curves, volumes of solids, 

centers of mass, force due to water pressure, and work, as well as other quantities. 


@ The Definite Integral 


We give limits of the form (1) a special name and notation. 


[2] Definition of a Definite Integral If f is a function defined for a < x <b, 
we divide the interval [a, b] into n subintervals of equal width Ax = (b — a)/n. 
We let xo (= a), x1, X2, ...,Xn (= b) be the endpoints of these subintervals and we 
let xi*, x, ..., x be any sample points in these subintervals, so x7 lies in the ith 
subinterval [.x;-1, x; ]. Then the definite integral of f from a to b is 


{ " f(x) dx = lim > f(x) Ax 


provided that this limit exists and gives the same value for all possible choices of 
sample points. If it does exist, we say that f is integrable on [a, b]. 


The precise meaning of the limit that defines the integral is as follows: 


For every number ¢ > 0 there is an integer N such that 


ic dx — > f(x*) Ax | <e 
a i=1 
for every integer n > N and for every choice of x#* in [x;-1, xi]. 


NOTE 1 The symbol | was introduced by Leibniz and is called an integral sign. It is an 
elongated S and was chosen because an integral is a limit of sums. In the notation 
|? f(x) dx, f(x) is called the integrand and a and b are called the limits of integration; 
a is the lower limit and b is the upper limit. For now, the symbol dx has no meaning by 
itself; I f(x) dx is all one symbol. The dx simply indicates that the independent variable 
is x. The procedure of calculating an integral is called integration. 
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Riemann 


Bernhard Riemann received his Ph.D. 
under the direction of the legendary 
Gauss at the University of Gottingen 
and remained there to teach. Gauss, 
who was not in the habit of praising 
other mathematicians, spoke of 
Riemann’s “creative, active, truly 
mathematical mind and gloriously 
fertile originality.” The definition (2) 

of an integral that we use is due to 
Riemann. He also made major contri- 
butions to the theory of functions of a 
complex variable, mathematical phys- 
ics, number theory, and the founda- 
tions of geometry. Riemann’s broad 
concept of space and geometry 
turned out to be the right setting, 

50 years later, for Einstein’s general 
relativity theory. Riemann’s health was 
poor throughout his life, and he died 
of tuberculosis at the age of 39. 
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NOTE 2 The definite integral i f(x) dx is a number; it does not depend on x. In fact, we 
could use any letter in place of x without changing the value of the integral: 


" fla) dx = | pat = |" £0) ar 
NOTE3 The sum 
> flat) Ax 


that occurs in Definition 2 is called a Riemann sum after the German mathematician 
Bernhard Riemann (1826-1866). So Definition 2 says that the definite integral of an 
integrable function can be approximated to within any desired degree of accuracy by a 
Riemann sum. 

We know that if f happens to be positive, then the Riemann sum can be interpreted as 
a sum of areas of approximating rectangles (see Figure 1). By comparing Definition 2 
with the definition of area in Section 5.1, we see that the definite integral c f(x) dx can 
be interpreted as the area under the curve y = f(x) from a to b. (See Figure 2.) 


YA YA 
Ax 

| 

| 

| 

| 

> > 
0 a x b x 0 x 

FIGURE 1 FIGURE 2 


If f(x) = 0, the Riemann sum > f (x#) Ax 
is the sum of areas of rectangles. 


If f(x) = 0, the integral i f(x) dx is the 
area under the curve y = f(x) from a to b. 


If f takes on both positive and negative values, as in Figure 3, then the Riemann sum 
is the sum of the areas of the rectangles that lie above the x-axis and the negatives of the 
areas of the rectangles that lie below the x-axis (the areas of the blue rectangles minus the 
areas of the gold rectangles). When we take the limit of such Riemann sums, we get the 
situation illustrated in Figure 4. A definite integral can be interpreted as a net area, that 
is, a difference of areas: 


[709 dx = A, — Ap 


where A, is the area of the region above the x-axis and below the graph of f, and A; is the 
area of the region below the x-axis and above the graph of /. 


0 x 0 x 
FIGURE 3 FIGURE 4 
> f(x#) Ax is an approximation to the ine f(x) dx is the net area. 
net area. 
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EXAMPLE 1 Evaluate the Riemann sum for f(x) = x* — 6x,0 < x < 3, withn = 6 
subintervals and taking the sample endpoints to be right endpoints. 


SOLUTION 
With n = 6 subintervals, the interval width is Ax = (3 — 0)/6 = 5 and the right 
endpoints are 


Ay = 0.5 n= 1.0 B= LS x4 2.0 5°=> 2.5 x6 3.0 


So the Riemann sum is 


Ro = > fx) Ax 


I 


f(0.5) Ax + f(1.0) Ax + f(1.5) Ax + f(2.0) Ax + f(2.5) Ax + f(3.0) Ax 


= +( 2.875 — 5 — 5.625 — 4 + 0.625 + 9) 


I 


=3,9375 


ay 


Notice that f is not a positive function and so the Riemann sum does not represent 

a sum of areas of rectangles. But it does represent the sum of the areas of the blue 
rectangles (above the x-axis) minus the sum of the areas of the gold rectangles 

FIGURE 5 (below the x-axis) in Figure 5. 5 


NOTE 4 Although we have defined ne f(x) dx by dividing [a, b] into subintervals of 
equal width, there are situations in which it is advantageous to work with subintervals 
of unequal width. For instance, in Exercise 5.1.12, NASA provided velocity data at 
times that were not equally spaced, but we were still able to estimate the distance 
traveled. And there are methods for numerical integration that take advantage of 
unequal subintervals. If the subinterval widths are Ax,, Ax.,..., Ax,, we have to ensure 
that all these widths approach 0 in the limiting process. This happens if the largest width, 
max Ax;, approaches 0. So in this case the definition of a definite integral becomes 


Wie dx = lim : D (xk) Ax; 
a max Ax;—~ i=1 


We have defined the definite integral for an integrable function, but not all functions 
are integrable (see Exercises 81—82). The following theorem shows that the most com- 
monly occurring functions are in fact integrable. The theorem is proved in more advanced 
courses. 


[3] Theorem If f is continuous on [a, b], or if f has only a finite number of jump 


discontinuities, then f is integrable on [a, b]; that is, the definite integral |’ f(x) dx 
exists. 


If f is integrable on [a, b], then the limit in Definition 2 exists and gives the same 
value no matter how we choose the sample points xj‘. To simplify the calculation of the 
integral we often take the sample points to be right endpoints. Then x;* = x; and the defi- 
nition of an integral simplifies as follows. 
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[4] Theorem If f is integrable on [a, b], then 


” f(x) dx = lim > f(x) Ax 


b- 
Ax = . and x;=atiAx 
n 


EXAMPLE 2 Express 


n 


lim S (x) + x; sin x;) Ax 
i=1 


no . 


as an integral on the interval [0, 7]. 


SOLUTION Comparing the given limit with the limit in Theorem 4, we see that they 
will be identical if we choose f(x) = x? + x sin x. We are given that a = 0 and b = =. 
Therefore, by Theorem 4 we have 


lim S (x? + x; sin x;) Ax = [Ge + x sin x) dx | 
n>: 54 0 


Later, when we apply the definite integral to physical situations, it will be important to 
recognize limits of sums as integrals, as we did in Example 2. When Leibniz chose the 
notation for an integral, he chose the ingredients as reminders of the limiting process. In 
general, when we write 


inn S Gdn [’ f(x) dx 


CO 
n>? j=] 


we replace lim = by |, x* by x, and Ax by dx. 


@ Evaluating Definite Integrals 


In order to use a limit to evaluate a definite integral, we need to know how to work with 
sums. The following four equations give formulas for sums of powers of positive inte- 
gers. Equation 6 may be familiar to you from a course in algebra. Equations 7 and 8 were 
discussed in Section 5.1 and are proved in Appendix E. 


Sums of Powers 


n(n + 1) 
2 


_ n(n + 1)(Q2n + 1) 
6 


_ | natn + 1) : 
2, 
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The remaining formulas are simple rules for working with sigma notation: 


Properties of Sums 


Formulas 9-11 are proved by writing [9 | 
out each side in expanded form. The 
left side of Equation 9 is 


Ca, TT CQ. 3 Can 


The right side is 


clay + a2 + +++ + an) 


These are equal by the distributive 
property. The other formulas are 


discussed in Appendix E. In the next example we calculate a definite integral of the function f from Example 1. 


EXAMPLE 3 Evaluate ( (x? — 6x) dx. 


SOLUTION We use Theorem 4. We have f(x) = x7 — 6x,a = 0, b = 3, and 


b-a_ 3-03 
Ax =——* = = 


n n n 


Then the endpoints of the subintervals are x) = 0, x, = 0 + 1(3/n) = 3/n, 
X. = 0 + 2(3/n) = 6/n, x3 = 0 + 3(3/n) = 9/n, and in general, 


3 3i 
er (2) _ 3 
n n 
Thus 


es — 6x) dx = lim > fs) Ax = lim ,3(2)4 


In the sum, n is a constant (unlike 7), 32 a7 \3 3i 
so we can move 3/n in front of the =lim —> 6 (Equation 9 with c = 3/n) 
>» sign. ner A j=] n n 
Sy 27 18 
= lim a ] 
n>2 nN j= | n n 
, 814, 4S, 
= lim 7 i 5 i (Equations 11 and 9) 
noo} nN i=l nN” i=! 
i 81 | n(n + 1) 54 n(n + 1) ete 
= lim —— = t 
Pas a 5) ae ) (Equations 8 an 
; 81 1 \? 1 
= lim 1+ 27( 1 + — 
> no 4 n n 
x 
ae. 27 = oh 6.75 
4 4 , 
This integral can’t be interpreted as an area because f takes on both positive and 
FIGURE 6 negative values. But it can be interpreted as the difference of areas A; — Az, where A; 
{ (x3 — 6x) dx = Ai — Ay 6.75 and Az are shown in Figure 6. | 
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Figure 7 illustrates the calculation in Example 3 by showing the positive and negative 
terms in the right Riemann sum R,, for n = 40. The values in the table show the Riemann 
sums approaching the exact value of the integral, —6.75, asn — ©, 


n Re 
40 — 6.3998 
100 —6.6130 
is 500 —6.7229 
1000 — 6.7365 
FIGURE? 5000 | —6.7473 
Ry = —6.3998 
A much simpler method (made possible by the Fundamental Theorem of Calculus) 
for evaluating integrals like the one in Example 3 will be given in Section 5.3. 
Because f(x) = e* is positive, the EXAMPLE 4 
integral in Example 4 represents (a) Set up an expression for R e* dx as a limit of sums. 
the area shown in Figure 8. (b) Use a computer algebra system to evaluate the expression. 
SOLUTION 
(a) Here we have f(x) = e*,a = 1, b = 3, and 
b— 2 
Ax = ——— 
n n 
So xo = 1,x1 = 1+ 2/n, x. = 1+ 4/n, x3 = 1 + 6/n, and 
2i 
PF 1 — 
n 
FIGURE 8 From Theorem 4, we get 


{ e* dx = lim bs f(x) Ax 


ll 
5 
M:= 
SY 
i 
—_ 
+ 
iS 
Si 
Jt 


n 


2 
lim — > el t2i/n 


no NM j=] 


I 


A computer algebra system isableto _ (0) If we ask a computer algebra system to evaluate the sum and simplify, we obtain 


find an explicit expression for this 

sum because it is a geometric series. el tin — 
The limit could be found using ay en — 4 
l'Hospital’s Rule. 


n (3n+2)/n __ e at2/n 


e 


Now we ask the computer algebra system to evaluate the limit: 


3 . ; y) @ But2)/n _ ert2)/n : 
i e* dx = lim —- oY; =e" =e a 
! no ett ==" 
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CHAPTER 5 Integrals 


Ya —_ EXAMPLE 5 Evaluate the following integrals by interpreting each in terms of areas. 
y=Vl-2x 1 3 
; be (a) [ Jl — x2 dx (b) { (x — 1) dx 
vrt+y=1 
SOLUTION 
(a) Since f(x) = ./1 — x? = 0, we can interpret this integral as the area under the 
curve y = /1 — x? from 0 to 1. But, because y> = 1 — x?, we get x? + y? = 1, which 
0 : - shows that the graph of f is the quarter-circle with radius | in Figure 9. Therefore 
FIGURE 9 [Va dx = pr)? = ; 


(In Section 7.3 we will be able to prove that the area of a circle of radius r is wr.) 
(b) The graph of y = x — 1 is the line with slope | shown in Figure 10. We compute 
the integral as the difference of the areas of the two triangles: 


i (x — 1)dx =A, — Ap =4 (2-2) —4 (01-1) = 15 a 
2 B® The Midpoint Rule 
We often choose the sample point xj‘ to be the right endpoint of the ith subinterval 
because it is convenient for computing the limit. But if the purpose is to find an approxi- 
FIGURE 10 mation to an integral, it is usually better to choose x}* to be the midpoint of the interval, 
which we denote by x;. Any Riemann sum is an approximation to an integral, but if we 
use midpoints we get the following approximation. 
Midpoint Rule 
b n 
[ fedae ~ B /) Ax = AxLfCh) + + 65] 
a i=1 
b = 
Ax = a 
n 
X; = 5 (xint + x;) _ midpoint of [xi-1, x; | 
r2 1 
EXAMPLE 6 Use the Midpoint Rule with n = 5 to approximate | —dx. 
1x 
Ax=0.2 SOLUTION The endpoints of the five subintervals are 1, 1.2, 1.4, 1.6, 1.8, and 2.0, 


— so the midpoints are 1.1, 1.3, 1.5, 1.7, and 1.9. (See Figure 11.) The width of the 
* subintervals is Ax = (2 — 1)/5 = §, so the Midpoint Rule gives 


a1 £2 G5: Wy. 19 
1 
FIGURE 11 ['—ax ~ Ax[f(1.1) + f(1.3) + f(1.5) + f(.7) + f0.9)] 
The endpoints and midpoints of the 1x 
subintervals used in Example 6 1 1 1 | 1 1 
= + + + + 
5 \ 1.1 1.3 1.5 1.7 1.9 


= 0.691908 
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Since f(x) = 1/x > 0 for 1 < x < 2, the integral represents an area, and the approxi- 
mation given by the Midpoint Rule is the sum of the areas of the rectangles shown in 
Figure 12. | 


At the moment we don’t know how accurate the approximation in Example 6 is, 
but in Section 7.7 we will learn a method for estimating the error involved in using the 
Midpoint Rule. At that time we will discuss other methods for approximating definite 
integrals. 

If we apply the Midpoint Rule to the integral in Example 3, we get the picture in Fig- 
ure 13. The approximation M4) ~ —6.7563 is much closer to the true value —6.75 than 
the right endpoint approximation, R4y) ~ —6.3998, shown in Figure 7. 


FIGURE 12 


FIGURE 13 
Mx = —6.7563 


@ Properties of the Definite Integral 


When we defined the definite integral [° f(x) dx, we implicitly assumed that a < b. But 
the definition as a limit of Riemann sums makes sense even if a > b. Notice that if we 
interchange a and b, then Ax changes from (b — a)/n to (a — b)/n. Therefore 


[°F@) ax = |" fo) dx 


If a = b, then Ax = 0 and so 


ie dx =0 


We now develop some basic properties of integrals that will help us to evaluate inte- 
grals in a simple manner. We assume that f and g are continuous functions. 


Properties of the Integral 


b 
1. { cdx = c(b — a), where c is any constant 


2. ["L Fla) + glade = ff) dx + |" (0) ax 


3. [’ cf(x) dx =c ["s (x) dx, where c is any constant 


4. |" fla) ~ gd] dx = fa) dx — |" glx) dx 
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FIGURE 14 
[Pca = c(b— a) 


FIGURE 15 
[°LAG) + g@)Jax = 
[’fe)ax + [’o@ax 


Property 3 seems intuitively 
reasonable because we know that 
multiplying a function by a positive 
number c stretches or shrinks its 
graph vertically by a factor of c. So it 
stretches or shrinks each approxi- 
mating rectangle by a factor of c and 
therefore it has the effect of multiply- 
ing the area by c. 


Property | says that the integral of a constant function f(x) = c is the constant times 
the length of the interval. If c > 0 anda < b, this is to be expected because c(b — a) is 
the area of the shaded rectangle in Figure 14. 


YA 
ye 
c4 
area = c(b— a) 
> 
O; a b x 


Property 2 says that the integral of a sum is the sum of the integrals. For positive func- 
tions it says that the area under f+ g is the area under f plus the area under g. 
Figure 15 helps us understand why this is true: in view of how graphical addition works, 
the corresponding vertical line segments have equal height. 

In general, Property 2 follows from Theorem 4 and the fact that the limit of a sum is 
the sum of the limits: 


[°LP) + go]de = tim & [flo + glad] Aa 


no 


= lim | S009 Ax + > g(x) as| 
i=l i=l 
= lim >) f(x;) Ax + lim > g(x:) Ax 
ne j=1 ia | 


b b 
= \ f(x) dx + ) g(x) dx 
Property 3 can be proved in a similar manner and says that the integral of a constant 
times a function is the constant times the integral of the function. In other words, a con- 


stant (but only a constant) can be taken in front of an integral sign. Property 4 is proved 
by writing f — g = f + (—g) and using Properties 2 and 3 with c = —1. 


EXAMPLE7 Use the properties of integrals to evaluate [' (4 + 3x7) dx. 
SOLUTION Using Properties 2 and 3 of integrals, we have 
[G4 + 3x) ax = ['4dx + ['axtdx = [4x + 3 [x ax 
0 0 0 0 0 


We know from Property | that 
[4ax =4(1-0) =4 


and we found in Example 5.1.2 that {, x? dx = e So 
{ (4 + 3x7) dx = [4ax + 3 le dx 
0 0 0 


=44+3-5=5 ra 
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YA The next property tells us how to combine integrals of the same function over adjacent 
intervals. 


ics dx + ie dx = [re dx 


> This is not easy to prove in general, but for the case where f(x) = O anda<c<b 
Property 5 can be seen from the geometric interpretation in Figure 16: the area under 
y = f(x) from a to c plus the area from c to b is equal to the total area from a to b. 


FIGURE 16 
EXAMPLE 8 If it is known that [}° f(x) dx = 17 and |} f(x) dx = 12, find f° f(x) dx. 


SOLUTION By Property 5, we have 
8 10 10 
i f(x) dx + [, f(x) dx = {, f(x) dx 


so , f(x) dx = ie fQ) dx - i fide =17- 12 =5 = 


Properties 1-5 are true whether a < b, a = b, or a > b. The following properties, in 
which we compare sizes of functions and sizes of integrals, are true only if a S b. 


Comparison Properties of the Integral 
6. If f(x) = 0 fora <x <b, then [’ f(x) dx = 0. 
7. If f(x) = g(x) fora < x < b, then ie dx = [ g(x) dx. 


8. If m < f(x) < M fora < x S 5, then 


m(b — a) < Wie dx < M(b — a) 


YA If f(x) = 0, then ° f(x) dx represents the area under the graph of f, so the geometric 

M interpretation of Property 6 is simply that areas are positive. (It also follows directly from 

the definition because all the quantities involved are positive.) Property 7 says that a big- 

ger function has a bigger integral. It follows from Properties 6 and 4 because f — g = 0. 

Property 8 is illustrated by Figure 17 for the case where f(x) = 0. If f is continuous, we 

could take m and M to be the absolute minimum and maximum values of f on the inter- 

> val [a, b]. In this case Property 8 says that the area under the graph of f is greater than the 
: area of the rectangle with height m and less than the area of the rectangle with height M. 


FIGURE 17 PROOF OF PROPERTY 8 Since m < f(x) < M, Property 7 gives 


b b b 
{ mdx < f(x) dx S { M dx 
Using Property | to evaluate the integrals on the left and right sides, we obtain 
m(b — a) < | ” #(x) dx < M(b — a) a 


Property 8 is useful when all we want is a rough estimate of the size of an integral 
without going to the bother of using the Midpoint Rule. 
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EXAMPLE9 Use Property 8 to estimate i a? dx. 

SOLUTION Because f(x) = eis a decreasing function on [0, 1], its absolute maxi- 
mum value is M = f(0) = 1 and its absolute minimum value is m = f(1) = e”'. Thus, 
by Property 8, 


=o . e' dx <1(1 — 0) 


_ —_— 
or ets | ewadr<] 
0 


Since e~! ~ 0.3679, we can write 


0.367 < ['e"'dx <1 = 
0 — 
The result of Example 9 is illustrated in Figure 18. The integral is greater than the area 
FIGURE 18 of the lower rectangle and less than the area of the square. 


5.2 | Exercises 


1. Evaluate the Riemann sum for f(x) =x — 1,-6 <x <4, 6. The graph of a function g is shown. Estimate |*, g(x) dx with 
with five subintervals, taking the sample points to be right six subintervals using (a) right endpoints, (b) left endpoints, 
endpoints. Explain, with the aid of a diagram, what the and (c) midpoints. 

Riemann sum represents. 

2. If 


f(x) = cos x 0<x<3n/4 


evaluate the Riemann sum with n = 6, taking the sample 
points to be left endpoints. (Give your answer correct to six 
decimal places.) What does the Riemann sum represent? 
Illustrate with a diagram. 


3. If f(x) = x* — 4,0 <x S 3, evaluate the Riemann sum with 
n = 6, taking the sample points to be midpoints. What does 
the Riemann sum represent? Illustrate with a diagram. 


7. A table of values of an increasing function f is shown. Use 


4. (a) Evaluate the Riemann sum for f(x) = I/x, 1 <x < 2, the table to find lower and upper estimates for I f(x) dx. 


with four terms, taking the sample points to be right end- 
points. (Give your answer correct to six decimal places.) 
Explain what the Riemann sum represents with the aid of BG 10 14 18 22 26 30 
a sketch. 

(b) Repeat part (a) with midpoints as the sample points. 


fom -12| 6 | -2| 1 | 3 |] 8 


5. The graph of a function f is given. Estimate [5° f(x) dx using 


five subintervals with (a) right endpoints, (b) left endpoints, 8. The table gives the values of a function obtained from an 
and (c) midpoints. experiment. Use them to estimate R f(x) dx using three equal 
subintervals with (a) right endpoints, (b) left endpoints, and 
yA (c) midpoints. If the function is known to be an increasing 


function, can you say whether your estimates are less than or 
greater than the exact value of the integral? 


BG 3 4 5 6 7 8 9 


f(x) | —3.4} —2.1) -0.6] 0.3 | 0.9 | 14 | 18 
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9-10 Use the Midpoint Rule with n = 4 to approximate the 
integral. 


9. [Pa 10. [; (8x + 3) ax 
0 0 


11-14 Use the Midpoint Rule with the given value of n to approxi- 
mate the integral. Round the answer to four decimal places. 


11. [° ev dx, n=6 12. { /x3 +1ldx, n=5 


13. 


dx, n=5 14. ("x sinxdx, n=4 


15. Use a computer algebra system that evaluates midpoint 
approximations and graphs the corresponding rectangles (use 
RiemannSum or middlesum and middlebox commands 
in Maple) to check the answer to Exercise 13 and illustrate 
with a graph. Then repeat with n = 10 andn = 20. 


16. Use a computer algebra system to compute the left and right 
Riemann sums for the function f(x) = x/(x + 1) on the 
interval [0, 2] with n = 100. Explain why these estimates 
show that 


0.8946 < { : 7 dx < 0.9081 
x 


17. Use a calculator or computer to make a table of values of 
right Riemann sums R,, for the integral |j sin x dx with 
n = 5, 10, 50, and 100. What value do these numbers appear 
to be approaching? 


18. Use a calculator or computer to make a table of values of left 
and right Riemann sums L,, and R,, for the integral fo e dx 
with n = 5, 10, 50, and 100. Between what two numbers 
must the value of the integral lie? Can you make a similar 
statement for the integral |*, e*’dx? Explain. 


19-22 Express the limit as a definite integral on the given 
interval. 


Xi 


19. lim > 


n>® 3-4 1 


Ax, [0, 1] 


i 


20. lim S x;/1 + x? Ax, [2,5] 
i=1 


no j_ 


21. lim > [5(x*)? — 4x*] Ax, [2,7] 
i=1 


no = 


n aK 
2. in: Y 


A 1 
ne ja] (x#*)? +4 . [ : 3] 
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23-24 Show that the definite integral is equal to lim, —.R, and 
then evaluate the limit. 


4] 4i 167 
23. i (x — x*) dx, Rn - > | : : 


ii 22 26i 3272 82? 
24. [° (3 + Sx?) de, R, So i eae | 


25-26 Express the integral as a limit of Riemann sums using 
right endpoints. Do not evaluate the limit. 


25. (°/44+ x dx 
Iv 


sf , 1 
26. ip (© + 1) dx 
x 


27-34 Use the form of the definition of the integral given in 
Theorem 4 to evaluate the integral. 


27. [ 3x dx 28. { x? dx 


29. [" (5x + 2) dx 30. i. (6 — x2) dx 
31. [ (3x2 + 7x) dx 32. [ae +x4+2)dx 


33. (x? — 3x°) dx 34. ie (2x — x3) dx 
J0 0 


35. The graph of f is shown. Evaluate each integral by inter- 
preting it in terms of areas. 


(a) | f@) ax (b) [°F@) dx 


(©) [7F@) dx (a) | f(a) dx 


e) [’|f@| ax 


(f) [fax 
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36. The graph of g consists of two straight lines and a semi- 
circle. Evaluate each integral by interpreting it in terms of 
areas. 


(a) [° g(x) dx 


(b) |? g(x) dx 


(c) [ g(x) dx 


37-38 

(a) Use the form of the definition of the integral given in Theo- 
rem 4 to evaluate the given integral. 

(b) Confirm your answer to part (a) graphically by interpreting 
the integral in terms of areas. 


37. { 4x dx 38. [ (2 — 4x) de 


39-40 

(a) Find an approximation to the integral using a Riemann sum 
with right endpoints and n = 8. 

(b) Draw a diagram like Figure 3 to illustrate the approximation 
in part (a). 

(c) Use Theorem 4 to evaluate the integral. 

(d) Interpret the integral in part (c) as a difference of areas and 
illustrate with a diagram like Figure 4. 


39. { (3 — 2x) dx 40. ii (x? — 3x) dx 


41-46 Evaluate the integral by interpreting it in terms of areas. 


41. f°, do — 5x) dx 42. ie (2x — 1) dx 


43. [° lox| ax 4A, {lax — 1] dx 


45. |" (1 + v9 — x?) dx 


46. a (2x — /16 — x?) dx 


bY-a 


47. Prove that i xdx = 5 


b>-ad 


48. Prove that i * dx = : 


49-50 Express the integral as a limit of sums. Then evaluate, 
using a computer algebra system to find both the sum and the 
limit. 


49. 


. sin 5x dx 50. ae dx 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


Evaluate [" V1 + x* dx. 
Given that ‘i sin'x dx = 377, what is [ sin’ 6 d6? 
0 7 
In Example 5.1.2 we showed that |} x? dx = 3. Use this fact 


and the properties of integrals to evaluate ii (5 — 6x”) dx. 


Use the properties of integrals and the result of Example 4 to 
evaluate [} (2e* — 1) dx. 


Use the result of Example 4 to evaluate if e**? dx, 


Use the result of Exercise 47 and the fact that 
iy ” cosxdx = 1 (from Exercise 5.1.33), together with the 
properties of integrals, to evaluate [7 ” (2 cos x — 5x) dx. 


Write as a single integral in the form |” f(x) dx: 
e2 5 -1 
[) faddx + [Pod ax — J fQ) ax 


If ih f(x) dx = 7.3 and i f(x) dx = 5.9, find i f(x) dx. 


If |} f(x) dx = 37 and |) g(x) dx = 16, find 


|, [2F(2) + 3g@)] dx 


Find |} f(x) dx if 
3 for x <3 
fa) = . for x = 3 
For the function f whose graph is shown, list the following 


quantities in increasing order, from smallest to largest, and 
explain your reasoning. 


(A) |p f(x) dx 
(D) [3 f(x) dx 


(B) [5 f(x) dx 
(E) f'()) 


(C) |} f(x) dx 


by 
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62. If F(x) = f f(t) dt, where f is the function whose graph is 
given, which of the following values is largest? 
(A) F(0) (B) F(1) (C) F(2) 
(D) F(3) (E) F(4) 


ba 


63. Each of the regions A, B, and C bounded by the graph of f 
and the x-axis has area 3. Find the value of 


ie [ f(x) + 2x + 5] dx 


64. Suppose f has absolute minimum value m and absolute max- 


imum value M. Between what two values must {5 f(x) dx 
lie? Which property of integrals allows you to make your 
conclusion? 


65-68 Use the properties of integrals to verify the inequality 
without evaluating the integrals. 


65. ( (x? — 4x + 4) dx = 0 
66. ih Jl+xdx< ih Jl +x dx 


67. 2 <[' v1 +x dx <2 /2 
30 
12 


7 /3. 
68. < |” sinx dx < 
1/6 


69-74 Use Property 8 of integrals to estimate the value of the 
integral. 


1, 3 1 
69. | xPdx 70: | ue 


71. [. tan x dx 72. { (x3 — 3x + 3) dx 
a/4 0 


73. i, xe * dx 74. ee (x — 2 sin x) dx 
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75-76 Use properties of integrals, together with Exercises 47 and 
48, to prove the inequality. 


75. * xt + ine. 
1 3 


a/2 : 7 
76. { x sin x dx < — 
0 8 


77. Which of the integrals |7 arctan x dx, |? arctan V/x dx, and 
{? arctan(sin x) dx has the largest value? Why? 


78. Which of the integrals |)” cos(x?) dx, [}° cos Vx dx is larger? 
Why? 


79. Prove Property 3 of integrals. 


80. (a) For the function f shown in the graph, verify graphically 
that the following inequality holds: 


| [709 ae| < [1 70) | ax 


(b) Prove that the inequality from part (a) holds for any 
function f that is continuous on [a, b]. 
(c) Show that 


| wie sin 2x dx | < i | f(x) | dx 


81. Let f(x) = 0 if x is any rational number and f(x) = 1 if x is 
any irrational number. Show that /f is not integrable on [0, 1]. 


82. Let f(0) = 0 and f(x) = 1/xif 0 < x < 1. Show that f is 
not integrable on [0, 1]. [Hint: Show that the first term in the 
Riemann sum, f(x;*) Ax, can be made arbitrarily large. ] 


83-84 Express the limit as a definite integral. 


+4 


83. lim > _ [Hint: Consider f(x) = x*.] 


n> ja] 


1 i 
84. lim — >), ———— 
no > 1 + (i/n? 


85. Find if x * dx. Hint: Choose xi* to be the geometric mean of 
x;,-, and x; (that is, x7 = J/X)-1%; ) and use the identity 


1 1 1 
mmt+1) m mt+i 
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DISCOVERY PROJECT | AREA FUNCTIONS 


1. (a) Draw the line y = 2¢ + 1 and use geometry to find the area under this line, above the 
t-axis, and between the vertical lines t = 1 and t = 3. 
(b) If x > 1, let A(x) be the area of the region that lies under the line y = 2t + 1 between 
t = | andt = x. Sketch this region and use geometry to find an expression for A(x). 
(c) Differentiate the area function A(x). What do you notice? 


2. (a) Ifx = —1, let 
Ais) = [" (+) ae 


A(x) represents the area of a region. Sketch that region. 

(b) Use the result of Exercise 5.2.48 to find an expression for A(x). 

(c) Find A’(x). What do you notice? 

(d) If x = —1 and his a small positive number, then A(x + h) — A(x) represents the area 
of a region. Describe and sketch the region. 

(e) Draw a rectangle that approximates the region in part (d). By comparing the areas of 
these two regions, show that 


ANGE =P i) = AMG) 
‘i = 


1+ x? 


(f) Use part (e) to give an intuitive explanation for the result of part (c). 


/4 3. (a) Draw the graph of the function f(x) = cos(x7) in the viewing rectangle [0, 2] 
by [—1.25, 1.25]. 
(b) If we define a new function g by 


g(x) = I, cos (t?) dt 


then g(x) is the area under the graph of f from 0 to x [until f(x) becomes negative, at 
which point g(x) becomes a difference of areas]. Use part (a) to determine the value of 
x at which g(x) starts to decrease. [Unlike the integral in Problem 2, it is impossible to 
evaluate the integral defining g to obtain an explicit expression for g(x).] 

(c) Use the integration command on a calculator or computer to estimate g(0.2), g(0.4), 
g(0.6), ..., g(1.8), g(2). Then use these values to sketch a graph of g. 

(d) Use your graph of g from part (c) to sketch the graph of g’ using the interpretation of 
g'(x) as the slope of a tangent line. How does the graph of g’ compare with the graph 
of f? 


4. Suppose f is a continuous function on the interval [a, b] and we define a new function g by 
the equation 


g(x) = |" F(0 dt 


Based on your results in Problems 1-3, conjecture an expression for g'(x). 
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The Fundamental Theorem of Calculus 


The Fundamental Theorem of Calculus is appropriately named because it establishes a 
connection between the two branches of calculus: differential calculus and integral calcu- 
lus. Differential calculus arose from the tangent problem, whereas integral calculus arose 
from a seemingly unrelated problem, the area problem. Newton’s mentor at Cambridge, 
Isaac Barrow (1630-1677), discovered that these two problems are actually closely 
related. In fact, he realized that differentiation and integration are inverse processes. The 
Fundamental Theorem of Calculus gives the precise inverse relationship between the 
derivative and the integral. It was Newton and Leibniz who exploited this relationship and 
used it to develop calculus into a systematic mathematical method. In particular, they saw 
that the Fundamental Theorem enabled them to compute areas and integrals very easily 
without having to compute them as limits of sums as we did in Sections 5.1 and 5.2. 


®@ The Fundamental Theorem of Calculus, Part 1 


The first part of the Fundamental Theorem deals with functions defined by an equation 
of the form 


i glx) = |" f(0 ae 


where f is a continuous function on [a, b] and x varies between a and b. Observe that g 
depends only on x, which appears as the variable upper limit in the integral. If x is a fixed 
number, then the integral f f(t) dt is a definite number. If we then let x vary, the number 
[* f(® dt also varies and defines a function of x denoted by g(x). 

If f happens to be a positive function, then g(x) can be interpreted as the area under the 
graph of f from a to x, where x can vary from a to b. (Think of g as the “area so far” 
function; see Figure 1.) 


EXAMPLE 1 If f is the function whose graph is shown in Figure 2 and 
g(x) = |of (0) dt, find the values of g(0), g(1), 9(2), g(3), g(4), and g(5). Then sketch a 
rough graph of g. 


SOLUTION First we notice that g(0) = FO dt = 0. From Figure 3 we see that g(1) is 
the area of a triangle: 


1 
gl) = ("fo ae= 30-2) =1 
To find g(2) we add to g(1) the area of a rectangle: 


g(2) = [ro dt = {£0 dt + [ro dt=1+(1-2)=3 


FIGURE 3 
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RY 


FIGURE 4 
g(x) = [fat 


~y 


x xth 


FIGURE 5 


We abbreviate the name of this theo- 
rem as FTC1. In words, it says that the 
derivative of a definite integral with 
respect to its upper limit is the inte- 
grand evaluated at the upper limit. 


We estimate that the area under f from 2 to 3 is about 1.3, so 
3 
g(3) = g(2) + { fi) dt~3+13=43 
For t > 3, f(t) is negative and so we start subtracting areas: 


g(4) = g(3) + [ro dt ~ 4.3 + (-1.3) = 3.0 


g(5) = g(4) + [70 ére3 + (-13) $19 


We use these values to sketch the graph of g in Figure 4. Notice that, because f(t) is 
positive for t < 3, we keep adding area for t < 3 and so g is increasing up to x = 3, 
where it attains a maximum value. For x > 3, g decreases because f(t) is negative. 


If we take f(t) = t and a = 0, then, using Exercise 5.2.47, we have 


2 


x Xx 
g(x) = i tdt = cy 


Notice that g'(x) = x, that is, g’ = f. In other words, if g is defined as the integral of 
Ff by Equation 1, then g turns out to be an antiderivative of f, at least in this case. 
And if we sketch the derivative of the function g shown in Figure 4 by estimating 
slopes of tangents, we get a graph like that of f in Figure 2. So we suspect that g’= f 
in Example | too. 

To see why this might be generally true we consider any continuous function f with 
f(x) = 0. Then g(x) = |* f(¢) dt can be interpreted as the area under the graph of f from 
a to x, as in Figure 1. 

In order to compute g'(x) from the definition of a derivative we first observe that, for 
h > 0, g(x + h) — g(a) is obtained by subtracting areas, so it is the area under the graph 
of f from x to x + h (the blue area in Figure 5). For small h you can see from the figure 
that this area is approximately equal to the area of the rectangle with height f(x) and 
width h: 


glx + h) — g(x) ~ hf (x) 


glx +h) = gs) 
h 


sO 


f(x) 


Intuitively, we therefore expect that 


g(x) lim les + h) _ g(x) _ 


iim h f(x) 


The fact that this is true, even when f is not necessarily positive, is the first part of the 
Fundamental Theorem of Calculus. 


The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b], 
then the function g defined by 


glx) = |" fo dt 


is continuous on [a, b] and differentiable on (a, b), and g’(x) = f(x). 
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PROOF If x and x + hare in (a, b), then 
xth x 
glx + h) — g(x) = |" fla) dt — |" flo) dt 


_ ({:10 ape: [ro i) _ [ro a (by Property 5 


of integrals) 
_ [rw e 
and so, for h ¥ 0, 
x +h) — g(x 1 pth 
[2] gf ; a 7p f(t) dt 


For now let’s assume that h > 0. Since f is continuous on [x, x + h], the Extreme 
Value Theorem says that there are numbers u and v in [x, x + h] such that f(u) = m 
and f(v) = M, where m and M are the absolute minimum and maximum values of f 
on [x, x + h]. (See Figure 6.) 

By Property 8 of integrals, we have 


mh < |~" f(t) dt <Mh 


x 


FIGURE 6 


that is, fluyh = |" fl) de < fh 
Since h > 0, we can divide this inequality by h: 


fy <— |" fdr < flo) 


Now we use Equation 2 to replace the middle part of this inequality: 


3] flu) < gx +h) = g(x) 


SSO) 


Inequality 3 can be proved in a similar manner for the case where h < 0. (See 
Exercise 87.) 

Now we let h — 0. Then u — x and v — x because u and v lie between x and x + h. 
Therefore 


lim fw) = lim fw) = fq) and lim f(v) = lim f(x) = f(a) 
because f is continuous at x. We conclude, from (3) and the Squeeze Theorem, that 


[4] g'(x) =m glx + h) = g(x) = 


h>0 h 


f(x) 


If x = aor b, then Equation 4 can be interpreted as a one-sided limit. Then Theo- 
rem 2.8.4 (modified for one-sided limits) shows that g is continuous on [a, b]. | 


Using Leibniz notation for derivatives, we can write FTC1 as 


5] [sar = foo 


when f is continuous. Roughly speaking, Equation 5 says that if we first integrate f 
and then differentiate the result, we get back to the original function f. 
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Integrals 


FIGURE 7 
f(x) = sin(ax?/2) 
S(x) = { sin(art?/2) dt 


FIGURE 8 


The Fresnel function 


S(x) = [’ sin(at?/2) dt 


EXAMPLE 2 Find the derivative of the function g(x) = { Ji + 2? dt. 


SOLUTION Since f(t) = ./1 + f? is continuous, Part 1 of the Fundamental Theorem 
of Calculus gives 


g(x) = V1 + x? o 


EXAMPLE 3 Although a formula of the form g(x) = |; f(t) dt may seem like a strange 
way of defining a function, books on physics, chemistry, and statistics are full of such 
functions. For instance, the Fresnel function 


S(x) = { sin(at2/2) dt 


is named after the French physicist Augustin Fresnel (1788-1827), who is famous for 
his works in optics. This function first appeared in Fresnel’s theory of the diffraction of 
light waves, but more recently it has been applied to the design of highways. 

Part 1 of the Fundamental Theorem tells us how to differentiate the Fresnel function: 


S'(x) = sin(ax?/2) 


This means that we can apply all the methods of differential calculus to analyze S (see 
Exercise 81). 

Figure 7 shows the graphs of f(x) = sin(ax?/2) and the Fresnel function 
S(x) = |j.f(t) dt. A computer was used to graph S by computing the value of this 
integral for many values of x. It does indeed look as if S(x) is the area under the graph 
of f from 0 to x [until x ~ 1.4 when S(x) becomes a difference of areas]. Figure 8 
shows a larger part of the graph of S. 

If we now start with the graph of S in Figure 7 and think about what its derivative 
should look like, it seems reasonable that S’(x) = f(x). [For instance, S is increasing 
when f(x) > 0 and decreasing when f(x) < 0.] So this gives a visual confirmation of 
Part 1 of the Fundamental Theorem of Calculus. a 


EXAMPLE 4 Find —_ | © eee 
dx Ji 


SOLUTION Here we have to be careful to use the Chain Rule in conjunction with 
FTC1. Let u = x*. Then 


d x4 d u 
rae sec t dt = ——[ sec t dt 
dx v1 dx J1 


d ff secrar| ae (by the Chain Rule) 
— >. —— 'y ie ain Kule 
du 1 dx 


du 
= sec u —— (by FTC1) 
dx 


= sec(x*) - 4x? | 


H@ The Fundamental Theorem of Calculus, Part 2 


In Section 5.2 we computed integrals from the definition as a limit of Riemann sums and 
we saw that this procedure is sometimes long and difficult. The second part of the Fun- 
damental Theorem of Calculus, which follows easily from the first part, provides us with 
a much simpler method for the evaluation of integrals. 
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The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then 


b 
We abbreviate this theorem as FTC2. { f(x) dx = F(b) — F(a) 


where F is any antiderivative of f, that is, a function F such that F’ = f. 


PROOF Let g(x) = ie f(t) dt. We know from Part | that g'(x) = f(x); that is, g is an 
antiderivative of f. If F is any other antiderivative of f on [a, b], then we know from 
Corollary 4.2.7 that F and g differ by a constant: 


[6] F(x) = g(x) + C 


for a < x < b. But both F and g are continuous on [a, b] and so, by taking limits of 
both sides of Equation 6 (as x — a* and x — Db), we see that it also holds when x = a 
and x = b. So F(x) = g(x) + C for all x in [a, D]. 

If we put x = a in the formula for g(x), we get 


g(a) = |" fl dr = 0 


So, using Equation 6 with x = b and x = a, we have 


F(b) — F(a) = [g(b) + C] — [g(a) + C] 


= glb) ~ gla) = g(b) = | flo) at E 


Part 2 of the Fundamental Theorem states that if we know an antiderivative F of f, 
then we can evaluate (? f(x) dx simply by subtracting the values of F at the endpoints of 
the interval [a, b]. It’s very surprising that |? f(x) dx, which was defined by a compli- 
cated procedure involving all of the values of f(x) fora < x < b, can be found by know- 
ing the values of F(x) at only two points, a and b. 

Although the theorem may be surprising at first glance, it becomes plausible if we 
interpret it in physical terms. If v(t) is the velocity of an object and s(t) is its position at 
time ft, then v(t) = s(t), so s is an antiderivative of v. In Section 5.1 we considered an 
object that always moves in the positive direction and made the observation that the area 
under the velocity curve is equal to the distance traveled. In symbols: 


[oo dt = s(b) — s(a) 


That is exactly what FTC2 says in this context. 


EXAMPLE5 Evaluate the integral [ e* dx. 


SOLUTION The function f(x) = e* is continuous everywhere and we know that an 
antiderivative is F(x) = e*, so Part 2 of the Fundamental Theorem gives 
Compare the calculation in 


Example 5 with the much harder [ e*dx = F(3) — Fl) =e’ -e 
one in Example 5.2.4. : 


Notice that FTC2 says we can use any antiderivative F of f, So we may as well use 
the simplest one, namely F(x) = e*, instead of e* + 7 or e* + C. a 
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Notation 


In applying the Fundamental Theorem 
we use a particular antiderivative F 

of f. It is not necessary to use the 
most general antiderivative. 


YA 


FIGURE 9 


We often use the notation 
b 
F(x)], = F(b) — Fla) 
So the equation of FTC2 can be written as 


ie dx = F(x)] where F'=f 


Other common notations are F(x) |? and [F(x)]°. 


EXAMPLE 6 Find the area under the parabola y = x” from 0 to 1. 
SOLUTION An antiderivative of f(x) = x* is F(x) = fx, The required area A is found 
using Part 2 of the Fundamental Theorem: 


1 


3 P 3 1 
A=['edr== = — = 
0 [| 2 2° 3 


If you compare the calculation in Example 6 with the one in Example 5.1.2, you will 
see that the Fundamental Theorem gives a much shorter method. 


EXAMPLE7 Evaluate i‘ ae 
Xx 


SOLUTION The given integral is another way of writing 


An antiderivative of f(x) = 1/x is F(x) = In |x| and, because 3 < x < 6, we can write 
F(x) = Inx. So 

1 6 

[°—ax = nx]; = ne In3=In>=In2 a 


3 x 


EXAMPLE 8 Find the area under the cosine curve from 0 to b, where 0 S b S 77/2. 


SOLUTION Since an antiderivative of f(x) = cos x is F(x) = sin x, we have 


b : b A : 3 
A=| cos xdx = sin x] = sin b sin 0 = sinb 
0 


In particular, taking b = 7/2, we have proved that the area under the cosine curve 
from 0 to 77/2 is sin(a7/2) = 1. (See Figure 9.) a 


When the French mathematician Gilles de Roberval first found the area under the 
sine and cosine curves in 1635, this was a very challenging problem that required a 
great deal of ingenuity. If we didn’t have the benefit of the Fundamental Theorem, we 
would have to compute a difficult limit of sums using obscure trigonometric identities 
(or use a computer algebra system as in Exercise 5.1.33). It was even more difficult for 
Roberval because the apparatus of limits had not been invented in 1635. But in the 
1660s and 1670s, when the Fundamental Theorem was discovered by Barrow and 
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exploited by Newton and Leibniz, such problems became very easy, as you can see from 
Example 8. 


EXAMPLE9 What is wrong with the following calculation? 


3 
r3 od a 1 4 
d. = = = 
@ L x? x a] 3 1 3 


SOLUTION To start, we notice that this calculation must be wrong because the answer 
is negative but f(x) = 1/x? = 0 and Property 6 of integrals says that |” f(x) dx = 0 
when f = 0. The Fundamental Theorem of Calculus applies to continuous functions. It 
can’t be applied here because f(x) = 1/x? is not continuous on[—1, 3]. In fact, f has 
an infinite discontinuity at x = 0, and we will see in Section 7.8 that 


% | ; 
i = dx does not exist. | 
-1 x2 


Differentiation and Integration as Inverse Processes 


We end this section by bringing together the two parts of the Fundamental Theorem. 


The Fundamental Theorem of Calculus Suppose f is continuous on [a, b]. 
1. If g(x) = Fa) dt, then g'(x) = f(x). 


2, CF (x) dx = F(b) — F(a), where F is any antiderivative of f, that is, F’= f. 


We noted that Part 1 can be rewritten as 


<< ['foar=so) 


This says that if we integrate a continuous function f and then differentiate the result, we 
arrive back at the original function f: We could use Part 2 to write 


ir F'(t) dt = F(x) — F(a) 


which says that if we differentiate a function F and then integrate the result, we arrive 
back at the original function F, except for the constant F(a). So taken together, the two 
parts of the Fundamental Theorem of Calculus say that integration and differentiation are 
inverse processes. 

The Fundamental Theorem of Calculus is unquestionably the most important theo- 
rem in calculus and, indeed, it ranks as one of the great accomplishments of the human 
mind. Before it was discovered, from the time of Eudoxus and Archimedes to the time of 
Galileo and Fermat, problems of finding areas, volumes, and lengths of curves were so 
difficult that only a genius could meet the challenge, and even then, only for very special 
cases. But now, armed with the systematic method that Newton and Leibniz fashioned 
out of the Fundamental Theorem, we will see in the chapters to come that these challeng- 
ing problems are accessible to all of us. 
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5.3 | Exercises 


1. Explain exactly what is meant by the statement that 
“differentiation and integration are inverse processes.” 


2. Let g(x) = {, f(0) dt, where f is the function whose graph is 
shown. 
(a) Evaluate g(x) for x = 0, 1, 2, 3, 4,5, and 6. 
(b) Estimate g(7). 
(c) Where does g have a maximum value? Where does it 
have a minimum value? 
(d) Sketch a rough graph of g. 


3. Let g(x) = |} f() dt, where f is the function whose graph is 
shown. 
(a) Evaluate g(0), g(1), g(2), g(3), and g(6). 
(b) On what interval is g increasing? 
(c) Where does g have a maximum value? 
(d) Sketch a rough graph of g. 


4. Let g(x) = |} f(#) dt, where f is the function whose graph is 

shown. 

(a) Use Part 1 of the Fundamental Theorem of Calculus to 
graph g’. 

(b) Find g(3), g'(3), and g"(3). 

(c) Does g have a local maximum, a local minimum, or 
neither at x = 6? 

(d) Does g have a local maximum, a local minimum, or 
neither at x = 9? 


5-6 The graph of a function f is shown. Let g be the function that 

represents the area under the graph of f between 0 and x. 

(a) Use geometry to find a formula for g(x). 

(b) Verify that g is an antiderivative of f and explain how this 
confirms Part 1 of the Fundamental Theorem of Calculus for 
the function f. 


~yv 


7-8 Sketch the area represented by g(x). Then find g’(x) in two 
ways: (a) by using Part 1 of the Fundamental Theorem and (b) by 
evaluating the integral using Part 2 and then differentiating. 


7. g(x) = [ t? dt 8. g(x) = { (2 + sin t) dt 


9-20 Use Part | of the Fundamental Theorem of Calculus to find 
the derivative of the function. 
9. g(x) = [ive + Pat 


10. g(x) = {ma +1?) dt 


ft 


ee ae 3 = u 
11. g(w) = i sin(] + P)dt 12. h(u) { oe 
13. F(x) = [vi + sec t dt 
in [vi + sect dt = {v1 + sera 

14. A(w) = [cet at 
15, A(x) =" Intdt 16. h(x) = ‘o a 

. 1 : 1 zit] 
17 a, ? 3x+2 t dt 18 = ¢ tan x 12 dt 

y=], 1+f7 al! 7 


ras 1 
20. y= 1+ —dt 
» i £ 


21-24 Use Part 2 of the Fundamental Theorem of Calculus to 
evaluate the integral and interpret the result as an area or a 
difference of areas. Illustrate with a sketch. 


om/4 
19. y= We 6 tan 0 d0 


r2 
21. xi dx 


J-1 


22. { (x? — 4x) dx 
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23. te (2 sin x) dx 24. i} ; (e* + 2) dx 59-62 Use a graph to give a rough estimate of the area of the 
Jn/2 1 region that lies beneath the given curve. Then find the exact area. 
59. y= <x, 0S x <27 60. y=x 4 1<x<6 
25-54 Evaluate the integral. 61. y=sinx,0O<x<7 62. y = sec*x, OS x < 7/3 
25. [° (x? + 2x — 4) dx 26. {' x dx 
a = FS 63-66 What is wrong with the equation? 
ro _ 1 3 3]! 
27. \, (443-31? + 21) dt 28. { (1 — 803 + 16v’) dv 63. [’ eZ ;| = -= 
J-2 = 
9 Be 2 
29. |" Vx dx 30, [x * dx a so 3 
: 64. | 7 dx 5 
plo aes Aa KP |, 2 
are 3/2 oe ae! ! 
31. | (ae) at 32. st | az : 
a ye ae 65. sec @ tan 6 dO = sec | =-3 
Ja/3 a/3 
rO 5 
33. | 5 08 8 dé 34. e dx a a 
om oo 66. i sec*x dx = tan x]; =0 
35. [ (u + 2)(u — 3) du 36. { (4 — 1)Jt at 
ge sg 67-71 Find the derivative of the function. 
a9, ( as 38. (° (3u — 2)(u + 1) du — 
1 =i 3x Uu 1 
fx 67. g(x) = | ; du 
Jax uv + 1 


3 1 5 o>—— 
39. | (x + 1) dx 40. (ve + sint dt | Hint: wid je {° flu) du + [re au| 


3 2 
pr a/3 ay = ly = y 
41. 6 tan 6 do 42. ———d 2x 
\, one I 1 y? y 68. g(x) = \. t sin t dt 
1 ans 3 : — P 
43. { (1+ r)dr 44. { (2 sinx — e*) dx 69. F(x) = ih ap 
“2 y+ 3° i [3 
45. (°-—" av 46. | 3 dz . 
Ji v 1 Zz 70. F(x) = | _ arctan t dt 
47. [’ (x° + e*) dx 48. i cosh t dt sinx 
0 0 71; y= — In. + 2v) dv 
5 C8 3 (3x + 1)? 
49. |v ras 50. [te ax 
= - - 72. If f(x) = iis (1 — t?)e'’dt, on what interval is f increasing? 
> 1/2 
51. | : 2° ds 52. | a Ax 73. On what interval is the curve 
40 2/1 = x? 


2 


% i 
a 
sinx if O<Sx< 7/2 or +tt+2 
cosx if 1/2<x<m concave downward? 


53. ("7 dx where f(x) = { 


74. Let F(x) = |} f(x) dt, where f is the function whose graph is 
shown. Where is F concave downward? 


2 if -2<x 
4-x? if0<x< 


54. ", f(x) dx where f(x) = { 


55-58 Sketch the region enclosed by the given curves and 
calculate its area. 


55. y= vx, y=0, x=4 56. y=x3, y=0, x=1 
57. y=4-x2 y=0 58. y=2x-x, y=0 
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75. Let F(x) = |} e" dt. Find an equation of the tangent line to (d) Sketch the graph of g. 
the curve y = F(x) at the point with x-coordinate 2. 83. yA 
76. If f(x) = ia “JI + t? dtandg(y) = B f(x) dx, find 37 
g"(a/6). 3 
77-78 Use l’Hospital’s Rule to evaluate the limit. 14 
1 rx 2t 1 rx t = 
Te im — 0 
77. lim Pe p Pai dt 78. jim * i: In(1 + e') dt 7) t 
~ —2 1 
79. If f(1) = 12, f' is continuous, and eS) dx = 17, what is 
the value of f(4)? 
80. The Error Function The error function 
2 x 2 
erf(x) = mal e' dt 
Jah 
is used in probability, statistics, and engineering. 
(a) Show that c ev dt= bt [erf(b) — erf(a)]. 7 
(b) Show that the function y = e*’ erf(x) satisfies the 
differential equation y’ = 2xy + 2/Jr . 


81. The Fresnel Function The Fresnel function S was defined 
in Example 3 and graphed in Figures 7 and 8. 
(a) At what values of x does this function have local 
maximum values? : . : 
(b) On what intervals is the function concave upward? 85. lim > ( Lae ifs ft ) 
(c) Use a graph to solve the following equation correct to ne jay 
two decimal places: = 


85-86 Evaluate the limit by first recognizing the sum as a 
Riemann sum for a function defined on [0, 1]. 


ofl 
[' sin(art?/2) dt = 0.2 56 ( 


82. The Sine Integral Function The sine integral function 


: 87. Justify (3) for the case h < 0. 
x sint 


Si(a) = \, t dt 88. If f is continuous and g and / are differentiable functions, 
Jas F : : : : show that 
is important in electrical engineering. [The integrand 
f(t) = (sin 1)/t is not defined when t = 0, but we know that ds phi) ; , 
its limit is 1 when t — 0. So we define f(0) = 1 and this “dx. Salx) FO) dt = f(h(a)) h') — f(g) 9’) 
makes f a continuous function everywhere. ] 
(a) Draw the graph of Si. 89. (a) Show that] = /1 + x3 <1+ x3 forx = 0. 
(b) At what values of x does this function have local (b) Show that 1 < f! V1 + x3 dx < 1.25. 
maximum values? . 
(c) Find the coordinates of the first inflection point to the 90. (a) Show that cos(x*) > cos x for0 <x <1. 
right of the origin. (b) Deduce that |” "® cos(x?) dx = 5. 


(d) Does this function have horizontal asymptotes? 
(e) Solve the following equation correct to one decimal 91. Show that 
place: ; ore pole 0.1 
[mea = i I, xit+xe2+1 
o ft 
: by comparing the integrand to a simpler function. 
83-84 Let g(x) = i f (0) dt, where f is the function whose 


graph is shown. 92. Let 

(a) At what values of x do the local maximum and minimum 0 ifx<0 
values of g occur? f(x) = x ifO<x<1 

(b) Where does g attain its absolute maximum value? . 2-x ifl<x<2 

(c) On what intervals is g concave downward? 0) ifx>2 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 5.4 __ Indefinite Integrals and the Net Change Theorem 409 


and g(x) = hy f(t) dt 95. A manufacturing company owns a major piece of equip- 
J0° ment that depreciates at the (continuous) rate f(t), where t 

(a) Find an expression for g(x) similar to the one for f(x). is the time measured in months since its last overhaul. 

(b) Sketch the graphs of f and g. Because a fixed cost A is incurred each time the machine is 

(c) Where is f differentiable? Where is g differentiable? overhauled, the company wants to determine the optimal 


93. Find a function f and a number a such that eine 7 (in mininitis between Ovemiauls; 


£0 (a) Explain why [ f(s) ds represents the loss in value 
6+ | : 2 dt = 2./x for all x > 0 of the machine over the period of time f since the last 
‘ overhaul. 


94. The area labeled B is three times the area labeled A. Express 


. (b) Let C = C(t) be given by 
b in terms of a. 


C(t) = E + { f(s) | 


What does C represent and why would the company want 
to minimize C? 


_ (c) Show that C has a minimum value at the numbers t = T 
a where C(T) = f(T). 


5.4 | Indefinite Integrals and the Net Change Theorem 


We saw in Section 5.3 that the second part of the Fundamental Theorem of Calculus 
provides a very powerful method for evaluating the definite integral of a function, assum- 
ing that we can find an antiderivative of the function. In this section we introduce a nota- 
tion for antiderivatives, review the formulas for antiderivatives, and use them to evaluate 
definite integrals. We also reformulate FTC2 in a way that makes it easier to apply to 
science and engineering problems. 


& Indefinite Integrals 


Both parts of the Fundamental Theorem establish connections between antiderivatives 
and definite integrals. Part | says that if f is continuous, then ic f(t) dt is an antiderivative 
of jf. Part 2 says that |” f(x) dx can be found by evaluating F(b) — F(a), where F is an 
antiderivative of f 

We need a convenient notation for antiderivatives that makes them easy to work with. 
Because of the relation between antiderivatives and integrals given by the Fundamental 
Theorem, the notation | f(x) dx is traditionally used for an antiderivative of f and is 
called an indefinite integral. Thus 


J f(a) dx = F(x) means F(x) = f (x) 


For example, we can write 


{eastec b : aes ee 
xX” ax 3 eCause ee 3 Xx 


So we can regard an indefinite integral as representing an entire family of functions (one 
antiderivative for each value of the constant C). 

@ You should distinguish carefully between definite and indefinite integrals. A definite 
integral |” f(x) dx is a number, whereas an indefinite integral | f(x) dx is a function (or 
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family of functions). The connection between them is given by Part 2 of the Fundamental 
Theorem: if f is continuous on [a, b], then 


[sr dx = {£0 dx] 


The effectiveness of the Fundamental Theorem depends on having a supply of anti- 
derivatives of functions. We therefore restate the Table of Antidifferentiation Formulas 
from Section 4.9, together with a few others, in the notation of indefinite integrals. Any 
formula can be verified by differentiating the function on the right side and obtaining the 
integrand. For instance, 


r d 
| sec’x dx = tanx + C because oA (tan x + C) = sec*x 
x 


[1] Table of Indefinite Integrals 
| cf (x) dx = c | f) dx | [ f(x) + g(x)] dx = ee dx + J 9) dx 


[kdx = kx + C 


n+l 1 
Maa reareraaa (n ~ —1) | ax=In|x| + 
[etax= e+ Cc [o\ax=—— + Cc 
Inb 


| sin xdx = —cos x + C | cos xax sinx + C 


sec’x dx = tanx + C esc*x dx = —cotx + C 


dx =tan'x + C dx = sin ‘x + C 


x +1 


[2 


cosh x dx = sinhx + C 


J J 
pone ee aaa 
(eq a 

J 


{ sinh x ax = coshx + C 


Recall from Theorem 4.9.1 that the most general antiderivative on a given interval is 
obtained by adding a constant to a particular antiderivative. We adopt the convention 
that when a formula for a general indefinite integral is given, it is valid only on an 
interval. Thus we write 

1 1 
\sar=-—+0 
x x 
with the understanding that it is valid on the interval (0, 2%) or on the interval (—~°, 0). 
This is true despite the fact that the general antiderivative of the function f(x) = 1/x*, 
x € 0, is 


if 
—-—+C, ifx<0 
X 


F(x) = I 
—-—+CQ ifx>0 
x 
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LS 1.5 


FIGURE 1 


The indefinite integral in Example 
is graphed in Figure 1 for several 
values of C. Here the value of C 

is the y-intercept. 


Figure 2 shows the graph of the inte- 
grand in Example 4. We know from 
Section 5.2 that the value of the inte- 
gral can be interpreted as a net area: 
the sum of the areas labeled with a 
plus sign minus the area labeled with 
a minus sign. 


FIGURE 2 


SECTION 5.4 Indefinite Integrals and the Net Change Theorem 411 


EXAMPLE 1 Find the general indefinite integral 
{ Cox — 2sec?x) dx 
SOLUTION Using our convention and Table 1, we have 


| (10x4 — 2 sec?x) dx = 10 | x‘dx 29 | sec?x dx 


x5 
Be eee 


=2x° — 2tanx+C 


You should check this answer by differentiating it. a 


cos 6 
sin’6 


EXAMPLE 2 Evaluate J dd. 


SOLUTION This indefinite integral isn’t immediately apparent from Table 1, so we use 
trigonometric identities to rewrite the function before integrating: 


cos 0 1 cos 0 
ie a j(Sy)(et) 


= | csc 6 cot 6dd = —csc 6 + C | 


EXAMPLE 3 Evaluate { (x3 — 6x) dx. 


3 
0 


SOLUTION Using FTC2 and Table 1, we have 
4 27 
ie 6x) dx = . 5s | 
0 4 


-34- 3-37) —(3-0* - 3-07) 


I 
Fain 
RIL 


0+ 0 = —6.75 


Compare this calculation with Example 5.2.3. Oo 


EXAMPLE 4 Find | : 


3 
(2 = 6X04 5] dx and interpret the result in terms of 
areas. o aed 


SOLUTION The Fundamental Theorem gives 


2 3 x4 x? . 
| 2x? = 6x =; dx =2 6— + 3tan 'x 
: +1 4 2 


0 


2 
= 5x — 3x7 +3 tan”'x]) 


= 5(2*) — 3(27) + 3 tan’! 2-0 


= —4+ 3tan'!2 
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This is the exact value of the integral. If a decimal approximation is desired, we can use 
a calculator to approximate tan”! 2. Doing so, we get 


2 3 
| (2 — 6x + ao} dx ~ —0.67855 | 
0 Db ia 1 


24 42 = 
EXAMPLE 5 Evaluate ( Pt Pyi 1, 


1 r 
SOLUTION First we need to write the integrand in a simpler form by carrying out the 
division: 
i’ w+rJt —1 
1 r 


dt = [° (2+ 1? —¢?)dt 


3/2 -1 7? 11° 
=24+5 f =a +3+ 4 
2 “Th, Bla 


I 


(2-94 3-992 + 5) —(2-14+9-19? +4) 


I 


18+ 18+5-2-%-1= 323 a 


The Net Change Theorem 


Part 2 of the Fundamental Theorem says that if f is continuous on [a, b], then 
[° £09 dx = FO) — Fla) 


where F is any antiderivative of f. This means that F’ = f, so the equation can be rewrit- 
ten as ; 
[' F'@) dx = Fb) — Fa) 


We know that F(x) represents the rate of change of y = F(x) with respect to x and 
F(b) — F(a) is the change in y when x changes from a to b. [Note that y could, for 
instance, increase, then decrease, then increase again. Although y might change in both 
directions, F(b) — F(a) represents the net change in y.] So we can reformulate FTC2 in 
words as follows. 


Net Change Theorem The integral of a rate of change is the net change: 


[Fe dx = F(b) — F(a) 


The principle expressed in the Net Change Theorem applies to all of the rates of 
change in the natural and social sciences that we discussed in Section 3.7. These applica- 
tions show that part of the power of mathematics is in its abstractness. A single abstract 
idea (in this case the integral) can have many different interpretations. Here are a few 
instances of how the Net Change Theorem can be applied. 


e If V(t) is the volume of water in a reservoir at time ft, then its derivative V’(t) is the 
rate at which water flows into the reservoir at time t. So 


ih V'(t) dt = V(t) — V(t) 


is the change in the amount of water in the reservoir between time f, and time h. 
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If [C](x) is the concentration of the product of a chemical reaction at time t, then the 
rate of reaction is the derivative d[C]/drt. So 


» dl[C 
(a= tele) - aw 
q dt 
is the change in the concentration of C from time f, to time hy. 
e If the mass of a rod measured from the left end to a point x is m(x), then the linear 
density is p(x) = m'(x). So 
[ew dx = m(b) — m(a) 


is the mass of the segment of the rod that lies between x = a and x = b. 
e If the rate of growth of a population is dn/dt, then 


a 
t re = n(b) — v(t) 


is the net change in population during the time period from 1, to bh. (The population 
increases when births happen and decreases when deaths occur. The net change takes 
into account both births and deaths.) 


e If C(x) is the cost of producing x units of a commodity, then the marginal cost is the 
derivative C'(x). So 


[°C ax = CO) — COn) 


is the increase in cost when production is increased from x, units to x, units. 


e If an object moves along a straight line with position function s(¢), then its velocity is 
v(t) = s‘(t), so 


[2] ) <0 dt = s(t) — s(t) 


is the net change of position, or displacement, of the object during the time period 
from ft; to f. In Section 5.1 we guessed that this was true for the case where the 
object moves in the positive direction, but now we have proved that it is always true. 


e If we want to calculate the distance the object travels during a time interval, we have 
to consider the intervals when v(t) = 0 (the object moves to the right) and also the 
intervals when v(t) < 0 (the object moves to the left). In both cases the distance is 
computed by integrating | v(t) |, the speed. Therefore 


[3] ("I v(t) | dt = total distance traveled 


DA Figure 3 shows how both displacement and distance traveled can be interpreted in 
terms of areas under a velocity curve. 


displacement = {° v(t)dt = A; — Ap + A3 


q 


distance = (" |u(t)|dt = A; + A, + A; 


e The acceleration of the object is a(t) = v'(1), so 
FIGURE 3 


| " a(t) dt = v(t) — v(t) 
t 
is the change in velocity from time f¢; to time h. 
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To integrate the absolute value of 
v(t), we use Property 5 of integrals 
from Section 5.2 to split the integral 
into two parts, one where v(t) < 0 
and one where v(t) = 0. 


FIGURE 4 


EXAMPLE6 A particle moves along a line so that its velocity at time f is 
v(t) = t? — t — 6 (measured in meters per second). 

(a) Find the displacement of the particle during the time period 1 < t < 4. 
(b) Find the distance traveled during this time period. 


SOLUTION 
(a) By Equation 2, the displacement is 


This means that the particle moved 4.5 m toward the left. 


(b) Note that v(t) = t? — t — 6 = (t — 3)(t + 2) and so v(t) < 0 on the interval [1, 3] 
and v(t) = 0 on [3, 4]. Thus, from Equation 3, the distance traveled is 


[le [ae = PL) ar + [oat 
=[\(-P +1+ Oar+ ((@—1- Oat 
ee | 
Ng Sg ae 


1 
=~ 10.17m a 
6 


EXAMPLE7 Figure 4 shows the power consumption in the city of San Francisco for 
a day in September (P is measured in megawatts; ¢ is measured in hours starting at 


midnight). Estimate the energy used on that day. 


ee 
0 3 6 9 12 15 18 21 t 
Pacific Gas & Electric 


SOLUTION Power is the rate of change of energy: P(t) = E(t). So, by the Net Change 


Theorem, 


[Po dt = EXO) dt = E(24) — E(0) 


is the total amount of energy used on that day. We approximate the value of the integral 
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using the Midpoint Rule with 12 subintervals and At = 2: 


[PO ae ~ [PU) + PB) + POS) +--+ + P21) + PQ23)] Ar 


= (440 + 400 + 420 + 620 + 790 + 840 + 850 
+ 840 + 810 + 690 + 670 + 550)(2) 


= 15,840 
The energy used was approximately 15,840 megawatt-hours. a 
A note on units How did we know what units to use for energy in Example 7? The integral | ° * P(t) dt 


is defined as the limit of sums of terms of the form P(7;*) At. Now P(t;*) is measured in 
megawatts and Ar is measured in hours, so their product is measured in megawatt-hours. 
The same is true of the limit. In general, the unit of measurement for ie f(x) dx is the 
product of the unit for f(x) and the unit for x. 


5.4 | Exercises 


1-4 Verify by differentiation that the formula is correct. A l+r\’ 
19. | (sin x + sinh x) dx 20. J dr 
J r 
1. [inxde=xinx—x+ G. 
21. | (2 + tan*@) dé 22. J sec t(sec t + tan ft) dt 


2. f tan?x dx = tan x —-x+C 


JI +x? 23. | 3 eset dt 


in 2 
2a, (28 a, 


3. | Lg = oT aie 
x21 + x? x 
r ; 2 4/2 -S 25-26 Find the general indefinite integral. Illustrate by graphing 
te | aya + bx dx 15h? (3bx — 2a)la + bx)" + C several members of the family on the same screen. 
. . a 25. | (cos x + 5x) dx 26. J (e* — 2x7) dx 
5-24 Find the general indefinite integral. J 
5. | Gx? + 4x+ Dd 6. | (542 d 
J ioe . yee J ( vx) . 27-54 Evaluate the definite integral. 
r — 1 3 
7. | (x + cos x) dx 8. i (a5 + +) dx 27. i (x? — 3) dx 28. \ (4x3 — 3x7 + 2x) dx 
J lx -2 1 
9. | (x? + 7x25) dx 10. [ yx dx 29. {* (81° — 61°?) dt 30. ["(5 + jw + 3") dw 
r 2.24 3.3 6 5 3.7, 2 fe 2 2( 1 4 
11 | (5 49x" + fx) dx 12. [ (w — 2u5 — uw +2) du 31. | (2x —3)(4x? + Idx 32, i ry 
; r3 (3x7 + 4x41 
13. | (w+ 4)(Qu + 1) du 14, [vee + 3t+ 2) dt 33. |" (ete) dx 34. { (1 — 1) dt 
J J x - 
- 1+ vx t 1 
15. (pam eer 16. i Pate dx 35. i ae Oe a 36, [2 dp 
J x xo 1 1 Ju ol+p 
17. i ew+ - dx 18. J (2 + 3*) dx 37. ies (4 sec”y) dy 38. i (Vt — 3cos t) dt 
Xx a/6 - 0 
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39. [' x(x + yx) dx 40. [a 
J0 1 y 
r2 { x 2 1 
41. | —-——]dx 42. | (5x — 5*) dx 
Jt 4D x Jo 
43. io (sinh x + coshx) dx 44. a (3e* — 4 sec x tan x) dx 
7/4 1 + cos’0 x/3 sin @ + sin @ tan? 
4g: { /4 = dé 46. { /3 sin cs an do 
0 cos°@ 0 sec“0 
r4 3 r10 2e* 
47. —d 48. Sma a 
\, ne " - sinh x + cosh x 
49. ie a 50 ee csc t cot t dt 
. J0 a/1 — r2 . J7/6 
yw3te-1 ‘i 
Ste | ae 52. |" |2x - I| dx 
53. lr, (x — 2|x|) dx 54. Nee | sin x| dx 
55. Use a graph to estimate the x-intercepts of the curve 


58. 


56. 
57. 


y = 1 — 2x — 5x*. Then use this information to estimate 
the area of the region that lies under the curve and above 
the x-axis. 


Repeat Exercise 55 for the curve y = (x* + 1)7) — x*. 


The area of the region that lies to the right of the y-axis and 
to the left of the parabola x = 2y — y’ (the shaded region in 
the figure) is given by the integral {5 (2y — y?) dy. (Turn 
your head clockwise and think of the region as lying below 
the curve x = 2y — y* from y = 0 to y = 2.) Find the area 
of the region. 


YA 


x=2y-y? 


1 


ay 


The boundaries of the shaded region are the y-axis, the line 
y = 1, and the curve y = 4/x. Find the area of this region by 
writing x as a function of y and integrating with respect to y 
(as in Exercise 57). 


y=l 


59. If w'(z) is the rate of growth of a child in pounds per year, 
what does |;° w’() dt represent? 


60. The current in a wire is defined as the derivative of the 
charge: /(t) = Q'(t). (See Example 3.7.3.) What does 
[?7(t) dt represent? 


61. If oil leaks from a tank at a rate of r(t) gallons per minute at 
time t, what does |} r(¢) dt represent? 


62. A honeybee population starts with 100 bees and increases at 
arate of n’(t) bees per week. What does 100 + Ie n'(t) dt 
represent? 


63. In Section 4.7 we defined the marginal revenue function 
R'(x) as the derivative of the revenue function R(x), where 
x is the number of units sold. What does [po R'(x) dx 
represent? 


64. If f(x) is the slope of a trail at a distance of x miles from the 
start of the trail, what does |? f(x) dx represent? 


65. If h(t) is a person’s heart rate in beats per minute t minutes 
into an exercise session, what does [°° h(t) dt represent? 


66. If the units for x are feet and the units for a(x) are pounds 
per foot, what are the units for da/dx? What units does 
iG a(x) dx have? 


67. If x is measured in meters and f(x) is measured in newtons, 
what are the units for ic f(x) dx? 


68. The graph shows the velocity (in m/s) of an electric autono- 
mous vehicle moving along a straight track. At tf = 0 the 
vehicle is at the charging station. 

(a) How far is the vehicle from the charging station when 
t = 2,4, 6, 8, 10, and 12? 

(b) At what times is the vehicle farthest from the charging 
station? 

(c) What is the total distance traveled by the vehicle? 


69-70 The velocity function (in m/s) is given for a particle 
moving along a line. Find (a) the displacement and (b) the 
distance traveled by the particle during the given time interval. 


69. v(t) = 3t-—5, OS t<3 
70. ot) = 1? —2t-3, 251454 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


71-72 The acceleration function (in m/s”) and the initial velocity 
are given for a particle moving along a line. Find (a) the velocity 
at time f and (b) the distance traveled during the given time 
interval. 


71, a(t) =t+4, v(0)=5, Ox<r<10 


72. a(t) =2t+3, v(0)=—-4, 0<1t<3 


73. The linear density of a rod of length 4 m is given by 
p(x) =9 + 2/x measured in kilograms per meter, where x 
is measured in meters from one end of the rod. Find the total 
mass of the rod. 


74. Water flows from the bottom of a storage tank at a rate of 
r(t) = 200 — 4r liters per minute, where 0 S t S 50. Find 
the amount of water that flows from the tank during the first 
10 minutes. 


75. The velocity of a car was read from its speedometer at 
10-second intervals and recorded in the table. Use the Mid- 
point Rule to estimate the distance traveled by the car. 


t (s) v (mi/h) t (s) v (mi/h) 
0 0 60 56 
10 38 70 53 
20 52 80 50 
30 58 90 47 
40 55 100 45 
50 51 


76. Suppose that a volcano is erupting and readings of the 
rate r(t) at which solid materials are spewed into the atmo- 
sphere are given in the table. The time ¢ is measured in 
seconds and the units for r(t) are tonnes (metric tons) per 
second. 


t 0 1 2 3 4 5 6 


r(t) | 2 | 10 | 24 | 36 | 46 | 54 | 60 


(a) Give upper and lower estimates for the total quantity 
Q(6) of erupted materials after six seconds. 
(b) Use the Midpoint Rule to estimate Q(6). 


77. The marginal cost of manufacturing x yards of a certain 
fabric is 


C'(x) = 3 — 0.01x + 0.000006? 


(in dollars per yard). Find the increase in cost if the produc- 
tion level is raised from 2000 yards to 4000 yards. 


78. Water flows into and out of a storage tank. A graph of the rate 
of change r(t) of the volume of water in the tank, in liters per 
day, is shown. If the amount of water in the tank at time t = 0 
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is 25,000 L, use the Midpoint Rule to estimate the amount of 
water in the tank four days later. 


79. The graph of a car’s acceleration a(t), measured in ft/s’, is 
shown. Use the Midpoint Rule to estimate the increase in 
the velocity of the car during the six-second time interval. 


a 
t 


0 2 4 6 t (seconds) 


80. Lake Lanier in Georgia, USA, is a reservoir created by 
Buford Dam on the Chattahoochee River. The table shows the 
rate of inflow of water, in cubic feet per second, as measured 
every morning at 7:30 Am by the US Army Corps of Engi- 
neers. Use the Midpoint Rule to estimate the amount of water 
that flowed into Lake Lanier from July 18th, 2013, at 7:30 Am 
to July 26th at 7:30 aM. 


Inflow rate 

Day (ft*/s) 
July 18 5275 
July 19 6401 
July 20 2554 
July 21 4249 
July 22 3016 
July 23 3821 
July 24 2462 
July 25 2628 
July 26 3003 


81. A bacteria population is 4000 at time t = 0 and its rate of 
growth is 1000 - 2‘ bacteria per hour after ¢ hours. What is the 
population after one hour? 


82. Shown is the graph of traffic on an Internet service provider’s 
T1 data line from midnight to 8:00 am. D is the data through- 
put, measured in megabits per second. Use the Midpoint Rule 
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to estimate the total amount of data transmitted during that Hampshire, Rhode Island, and Vermont) for October 22, 2010 
time period. (P is measured in gigawatts and ft is measured in hours starting 
at midnight). Use the fact that power is the rate of change of 
Dk energy to estimate the electric energy used on that day. 
: (T] 84. In 1992 the space shuttle Endeavour was launched on mis- 


sion STS-49 in order to install a new perigee kick motor in an 

Intelsat communications satellite. The table gives the velocity 

data for the shuttle between liftoff and the jettisoning of the 

0.4 solid rocket boosters. 

(a) Use a graphing calculator or computer to model these 
data by a third-degree polynomial. 

(b) Use the model in part (a) to estimate the height reached 
by the Endeavour, 125 seconds after liftoff. 


0 2 4 6 87 (hours) 
; : ee Velocity 
83. Shown is a graph of the electric power consumption in the went Time (s) (ft/s) 
New England states (Connecticut, Maine, Massachusetts, New 
Launch 0 0 
P Begin roll 10 185 
16 maneuver 
g End roll maneuver 15 319 
5 i Throttle to 89% 20 447 
as 12 Throttle to 67% 32 742 
10 Throttle to 104% 59 1325 
| Maximum dynamic 62 1445 
0 3 6 9 2 6 8 2 ¢ pressure 
Hours past midnight Solid rocket booster 125 4151 
; oo separation 
Source: US Energy Information Administration 


WRITING PROJECT | NEWTON, LEIBNIZ, AND THE INVENTION OF CALCULUS 


We sometimes read that the inventors of calculus were Sir Isaac Newton (1642—1727) and Gottfried 
Wilhelm Leibniz (1646-1716). But we know that the basic ideas behind integration were investi- 
gated 2500 years ago by ancient Greeks such as Eudoxus and Archimedes, and methods for finding 
tangents were pioneered by Pierre Fermat (1601-1665), Isaac Barrow (1630-1677), and others. 
Barrow—who taught at Cambridge and was a major influence on Newton—was the first to under- 
stand the inverse relationship between differentiation and integration. What Newton and Leibniz 
did was to use this relationship, in the form of the Fundamental Theorem of Calculus, in order to 
develop calculus into a systematic mathematical discipline. It is in this sense that both Newton and 
Leibniz are credited with the invention of calculus. 

Search the Internet to find out more about the contributions of these men, and consult one or 
more of the given references. Write an essay on one of the following three topics. You can include 
biographical details, but the main thrust of your report should be a description, in some detail, of 
their methods and notations. In particular, you should consult one of the source books, which give 
excerpts from the original publications of Newton and Leibniz, translated from Latin to English. 


e The Role of Newton in the Development of Calculus 


e The Role of Leibniz in the Development of Calculus 


e The Controversy between the Followers of Newton and Leibniz over Priority 
in the Invention of Calculus 
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5.5 | The Substitution Rule 


Because of the Fundamental Theorem, it’s important to be able to find antiderivatives. 
But our antidifferentiation formulas don’t tell us how to evaluate integrals such as 


[1] | 2x./1 + x? dx 


[4 To find this integral we use the problem-solving strategy of introducing something extra. 
Here the “something extra” is a new variable; we change from the variable x to a new 
variable u. 


@ Substitution: Indefinite Integrals 
Suppose that we let u be the quantity under the root sign in (1), u = 1 + x?. Then the 


Differentials were defined in differential of u is du = 2x dx. Notice that if the dx in the notation for an integral were 
Section 3.10. If u = f(x), then to be interpreted as a differential, then the differential 2x dx would occur in (1) and so, 
du = f(x) dx formally, without justifying our calculation, we could write 


[2] [ 2xVI 4x dx = | VF x? xe = | Vee 


= Fy3/? +C= (1 + xP +4+C 
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But now we can check that we have the correct answer by using the Chain Rule to dif- 
ferentiate the final function of Equation 2: 


d as 
= L3G + x2)? + C]= 3-30 + 23) 2x = Oxf + 


In general, this method works whenever we have an integral that we can write in the 
form | f(g(x)) g'(x) dx. Observe that if F’= f, then 


BI | FG) ga) dx = F(x) + € 
because, by the Chain Rule, 
<[F(g(a))] = Fg) 9°) 


If we make the “change of variable” or “‘substitution” u = g(x), then from Equation 3 
we have 


| Fe) 4'@) dx = F(g(x)) + C= Flu) + C= | F'(u) du 


or, writing F’ = f, we get 


[ £090) 910) dx = | fo) du 


Thus we have proved the following rule. 


[4] The Substitution Rule If u = g(x) is a differentiable function whose range is 
an interval J and f is continuous on /, then 


| Fg) ge) ax = | fw) du 


Notice that the Substitution Rule for integration was proved using the Chain Rule for 
differentiation. Notice also that if u = g(x), then du = g'(x) dx, so a way to remember 
the Substitution Rule is to think of dx and du in (4) as differentials. 

Thus the Substitution Rule says: it is permissible to operate with dx and du after 
integral signs as if they were differentials. 


EXAMPLE 1 Find | x3 cos(x* + 2) dx. 


SOLUTION We make the substitution vu = x* + 2 because its differential is 
du = 4x? dx, which, apart from the constant factor 4, occurs in the integral. Thus, using 


x> dx = } du and the Substitution Rule, we have 


I 


[ x? cos(x' + 2) dx | cos w -jdu= 1 | cos wdu 


=fsinu+C 
Check the answer by differentiating it. = fsin(xt + 2)+C 
Notice that at the final stage we had to return to the original variable x. a 
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The idea behind the Substitution Rule is to replace a relatively complicated integral 
by a simpler integral. This is accomplished by changing from the original variable x to 
a new variable u that is a function of x. Thus in Example | we replaced the integral 
| x3 cos(x* + 2) dx by the simpler integral } | cos u du. 

The main challenge in using the Substitution Rule is to think of an appropriate substi- 
tution. You should try to choose u to be some function in the integrand whose differential 
also occurs (except for a constant factor). This was the case in Example 1. If that is not 
possible, try choosing u to be some complicated part of the integrand (perhaps the inner 
function in a composite function). Finding the right substitution is a bit of an art. It’s not 
unusual to guess wrong; if your first guess doesn’t work, try another substitution. 


EXAMPLE 2 Evaluate | J2x + 1 dx. 


SOLUTION 1 Let u = 2x + 1. Then du = 2 dx, so dx = + du. Thus the Substitution 
Rule gives 


[v2xF Tae =| Ju -Sdu= 3 ul? du 


1 we? 1 
~ 2° 3/2 + C= 7uw?+C 


=3(2x+ 1)? +C 


SOLUTION 2 Another possible substitution is u = \/2x + 1. Then 


= dx 
J2x +1 


(Or observe that uw? = 2x + 1, so 2u du = 2 dx.) Therefore 


| v2x +Tax 


du so dx = J/2x + 1du=udu 


[es udu= {udu 


2 
a On aQr tty aC a 


EXAMPLE 3 Find { Fa * 
ee 


SOLUTION Let wu = 1 — 4x”. Then du = —8x dx, so xdx = —3 du and 
1 
= du = 3f u'”? du 


(gee) 
1 — 4x? ‘ Ju 
= -}(2Vu) + C= -fV1 — 4227 + € r 


The answer to Example 3 could be checked by differentiation, but instead let’s 
check it with a graph. In Figure | we have used a computer to graph both the integrand 


FIGURE 1 F f(x) = x/V1 — 4x? and its indefinite integral g(x) = —;V1 — 4x? (we take the case 
fi) = vipa C = 0). Notice that g(x) decreases when f(x) is negative, increases when f(x) is posi- 

? tive, and has its minimum value when f(x) = 0. So it seems reasonable, from the graphi- 
g(x) = | f(x) dx = iv 1 — 4x? cal evidence, that g is an antiderivative of f 
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CHAPTER 5 


Integrals 


EXAMPLE 4 Evaluate i e™ dx. 
SOLUTION If we let u = 5x, then du = 5 dx, so dx = t du. Therefore 


fetdx=5[ etdu=ter+ C= he*+C | 


NOTE With some experience, you might be able to evaluate integrals like those in 
Examples 1—4 without going to the trouble of making an explicit substitution. By 
recognizing the pattern in Equation 3, where the integrand on the left side is the product 
of the derivative of an outer function and the derivative of the inner function, we could 
work Example | as follows: 


[x cos(x* + 2) dx = J costx* +2)+x3dx= ra} cos(x* + 2) + (4x3) dx 


d 
= {| cos(x* + 2) + <, (x! + 2) dx = 4 sin(x* + 2) + C 
x 
Similarly, the solution to Example 4 could be written like this: 
d 
| xy al x — 1 sx 
fe’ dx =} Se° dx = $| ——(e%) dx = $e° +c 


The following example, however, is more complicated and so an explicit substitution is 
advisable. 


EXAMPLE5 Find | Jl + x? x5 dx. 


SOLUTION An appropriate substitution becomes more apparent if we factor x° as 
x? +x. Letu = 1 + x7. Then du = 2x dx, so xdx = 5 du. Also x? =u — 1,80 
x* = (u — 1): 


{vi Fx? xSdx = | /I + x2 x4-xdx 
=| vuu- 1y- ydu = 5) fu (u? — Qu + 1) du 
= 2f (u>/? — Qu? + uw?) du 
= $(3u7/? —2:. 245! + $43!) + C 
=4(1 +47)? — 21 + x)? + 1 + 79? + a 
EXAMPLE 6 Evaluate | tan x dx. 


SOLUTION First we write tangent in terms of sine and cosine: 


sin x 
J tan xdx = | dx 
COs x 


This suggests that we should substitute u = cos x, since then du = —sin x dx and so 
sin x dx = —du: 


{ tan xdx = | aa dx = -| ; du 


= —In|u| + C= —In|cosx| + C iat 
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This rule says that when using a sub- 
stitution in a definite integral, we 
must put everything in terms of the 
new variable u, not only x and dx but 
also the limits of integration. The new 
limits of integration are the values of 


u that correspond to x = aandx = b. 
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Notice that —In| cos x| = In(| cos x|~') = In(1/|cos x|) = In| sec x 
Example 6 can also be written as 


, so the result of 


[5] [ tan xdx = In|secx| + C 


@ Substitution: Definite Integrals 


When evaluating a definite integral by substitution, two methods are possible. One 
method is to evaluate the indefinite integral first and then use the Fundamental Theorem. 
For instance, using the result of Example 2, we have 


[' V2xe 4 Tax = | /2e 4 Tax], 


4 1 


= 52x + 1°], = 509)? - 30)” 
= 3027-1) =% 
Another method, which is usually preferable, is to change the limits of integration when 


the variable is changed. 


[6] The Substitution Rule for Definite Integrals If g’ is continuous on [a, b] 
and f is continuous on the range of u = g(x), then 


[Fg 9" ax = |" Fw) du 


PROOF Let F be an antiderivative of f Then, by (3), F(g(x)) is an antiderivative of 
(g(x) g(x), so by Part 2 of the Fundamental Theorem, we have 


[F(g@)) 9’) dx = Fg)? = F(g() — Flg@) 
But, applying FTC2 a second time, we also have 


© pu) du = Ff = Fg) ~ Fata) . 


EXAMPLE7 Evaluate i 2x + 1 dx using (6). 


SOLUTION Using the substitution from Solution 1 of Example 2, we have u = 2x + 1 
and dx = 5 du. To find the new limits of integration we note that 


when x = 0,u = 2(0) + 1 = 1 and when x = 4, u= 2(4) + 1=9 


Therefore * Jin = ldx=( bofa du 
0 1 2 


_ 1 (93/2 13/2) — *e | | 


Observe that when using (6) we do not return to the variable x after integrating. We 
simply evaluate the expression in u between the appropriate values of u. 
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2 dx 
Another way of writing the integral EXAMPLE 8 Evaluate : G— 50" 
given in Example 8 is * 
f 1 o SOLUTION Let u = 3 — 5x. Then du = —5 dx, so dx = —i du. When x = 1l,u = —2 
1 (3 — 5x)’ and when x = 2, u = —7. Thus 
ls dx _ a 1 1 ? A a 
1 (3 — 5x)? 5 J-2 uw? 5 uj. Su |-s 
1 1 1 1 
= +—}= = 
5 7 2 14 


Because the function f(x) = (Inx)/x EXAMPLE9 Evaluate " ue dx. 


in Example 9 is positive for x > 1, x 
the integral represents the area of SOLUTION We let u = In x because its differential du = (1/x) dx occurs in the 


MS Shededinee Onin rgure integral. When x = 1, uv = In 1 = 0; when x = e, u = Ine = 1. Thus 
YA 


2]! 
0.5 + fos f Bara flude= | me ‘- 
x 1 x 0 2 5 2 
H Symmetry 
> The next theorem uses the Substitution Rule for Definite Integrals (6) to simplify the 
0 e x : : : : 
1 calculation of integrals of functions that possess symmetry properties. 

FIGURE 2 


Integrals of Symmetric Functions Suppose f is continuous on [—a, a]. 


(a) If f is even [ f(—x) = f(x)], then (" f(x) dx = 2 {70 dx. 


(b) If f is odd [f(—x) = —f(x)], then ie f(x) dx = 0. 


PROOF We split the integral in two: 


[" fe) de = [° fad de + ["P@) de = -[" Fld de + [ F0d ax 


In the first integral on the far right side we make the substitution u = —x. Then 
du = —dx and when x = —a, u = a. Therefore 


=|" f) dx = |" f(—u) (du) = |" f(-w) du 
and so Equation 8 becomes 
[2] [* £0) dx = ["f-w du + |" fd ax 
(a) If f is even, then f(—u) = f(u) so Equation 9 gives 


(" fQ) dx = is fw) du + {'70) dx=2 {° f(x) dx 
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(b) If f is odd, then f(—u) = —f(u) and so Equation 9 gives 


y. 
[° fa) dx = -|" fw) du + |" fa) dx = 0 = 
—a 0 | ao Theorem 7 is illustrated by Figure 3. For the case where f is positive and even, part (a) 
a a says that the area under y = f(x) from —a to a is twice the area from 0 to a because of 
(a) Feven, I, Jae } ee symmetry. Recall that an integral ih f(x) dx can be expressed as the area above the 
x-axis and below y = f(x) minus the area below the axis and above the curve. So part (b) 
says the integral is 0 because the areas cancel. 
_ EXAMPLE 10 Because f(x) = x° + 1 satisfies f(—x) = f(x), it is even and so 
x 


ee (x5 + 1) dx = 2 |" (x° + 1) dx 


(b) f odd, E fejde=0 


1 2 128 284 
= atx? + x]) = 2(2% +2) =4 a 
FIGURE 3 
EXAMPLE 11 Because f(x) = (tan x)/(1 + x? + x*) satisfies f(—x) = —f(x), it is 
odd and so 
[' tan x jo=h “ 
- 1+x7+ x4 . 
5.5 | Exercises 
1-8 Evaluate the integral by making the given substitution. 9-54 Evaluate the indefinite integral. 
1, | cos2xdx, u=2x 9. fxvi ak 10. Jo — 3x)! dx 


2. [ xe ax, p= ax? 11. J Pear 12. f sine + cost dt 


3 [eve +Tax ee ee 13. { sin(a1/3) dt 14. | sec? 20 ao 
dx 
; 15. 16. | y°(4 — yd 
4. | sin0 cos 6 d0, u = sin 0 4x +7 for yyy 
r cos é g 
3 17. | —————d0 18. | ———d 
5. = dx, u=x'-—5 ewer (ear 2 
x = 5 


o 


19. | cos*@ sin@dé 20. le dr 
i 1 i 1 1 J 


x x x 5 et sin(1/x) 
Pre: 21. | (a2 22. se 

7. | Jt ah aaNet - at bx? t+1 

23. | ———- dx 24. | — Tr at 
J Bax + bx? 3t + 6f = 5 

8. [ zvz— Tae, u=z-1 (In x) 

25. | dx 26. | sin x sin(cos x) dx 
x 
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27. J sec’@ tan*@ d0 28. i xJx +2 dx 
29 | (: - a6 + a 
x. x 
30. | — = (a #0) 
31. fee + 3e")? dr 32. [eas 
mp aa 
35. joey 36. | ae Dace I 
37. J 5‘ sin(5’) dt 38. ee 
39. | cos(1 + 51) dr 40. | ost ay 


41. | /cot x csc*x dx 42. J dt 


2+ 
dt 
43. | sinh’x cosh x dx 44, | ——__ 
J J cos*f,/1 + tant 
r= sin 2x sin x 
45, | ———— 46, | ———_ 
1 + cos“x J 1+ cosx 
cos(In t 
47. { cot.x dx 48. [om a 
t 
dx x 
49. | — 50. dx 
IFS sin |x J Lee 
rp l+x 5 
51. | 7 dx 52. [x V2+x dx 
J1+x 


53. J x(2x + 5) dx 54. [ve + 1ldx 


F4 55-58 Evaluate the indefinite integral. Illustrate and check that 
your answer is reasonable by graphing both the function and its 
antiderivative (take C = 0). 


55. | x(x2 — 1 dx 56. | tan20 sec? d6 


57. J e°* sin x dx 58. J sin x cos‘*x dx 


59-80 Evaluate the definite integral. 


59. { cos(at/2) dt 60. { (3t — 1) dt 


61. |) JT + 7x dx 62. [7 cse*( 41) dt 


w/o sint 4 Re) + Vx 

63. | dt 64. i) is 
65. (°2 4 66: ("a 
el, —z dx | ae 


67. i (x? + x* tan x) dx 68. ha cos x sin(sin x) dx 
w/4 JO 


69 


13 dx a 
Fe —— 70. xJa* — x? dx 
(. (1 + 2x)? {, 


71, [eve +a2dx (a>0) 


1/3 . 
72. \ ; x‘ sin x dx 
—a/3 


7 


2 4 x 
73. XV X 1 dx 74. ——— _dx 
| \ V1 + 2x 


et =x 2 > 
2. | -—<= 76. | (x — Le dx 
[ x /In x {, * 
1e +1 4 1 
77. { ae dz 78 \ Pea ee 
1 dx ris x? 
79. [ ay a rete 


-4 81-82 Use a graph to give a rough estimate of the area of the 
region that lies under the given curve. Then find the exact area. 


81. y= V2x+1, OSx<1 


82. y = 2sinx — sin2x, OS x<7 


83. Evaluate i (x + 3)/4 — x? dx by writing it as a sum of 


two integrals and interpreting one of those integrals in terms 
of an area. 


84. Evaluate iF x4/1 — x4 dx by making a substitution and 
interpreting the resulting integral in terms of an area. 
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85. 


86. 


87 


88. 


89 


90. 


91. 


Which of the following areas are equal? Why? 


= sink 


y=e""* sin 2x 


v 


7 x 

2 

A model for the basal metabolism rate, in kcal/h, of a young 
man is R(t) = 85 — 0.18 cos(at/12), where t is the time in 
hours measured from 5:00 AM. What is the total basal metab- 
olism of this man, ea R(t) dt, over a 24-hour time period? 


An oil storage tank ruptures at time tf = 0 and oil leaks from 
the tank at a rate of r(t) = 100e °°" liters per minute. How 
much oil leaks out during the first hour? 


A bacteria population starts with 400 bacteria and grows at a 
rate of r(t) = (450.268)e"'”*°” bacteria per hour. How many 
bacteria will there be after three hours? 


Breathing is cyclic and a full respiratory cycle from the begin- 


ning of inhalation to the end of exhalation takes about 5 seconds. 


The maximum rate of air flow into the lungs is about 0.5 L/s. 
This explains, in part, why the function f(t) = + sin(27t/5) 
has often been used to model the rate of air flow into the lungs. 
Use this model to find the volume of inhaled air in the lungs 

at time f. 


The rate of growth of a fish population was modeled by the 
equation 
60,000e °°! 
G(t) = —————| 
0 (1 + 5e°%)? 


where f¢ is the number of years since 2000 and G is mea- 
sured in kilograms per year. If the biomass was 25,000 kg 
in the year 2000, what is the predicted biomass for the 
year 2020? 


Dialysis treatment removes urea and other waste products 
from a patient’s blood by diverting some of the bloodflow 
externally through a machine called a dialyzer. The rate at 
which urea is removed from the blood (in mg/min) is often 
well described by the equation 


r " 
u(t) = 5; Coe” 


where r is the rate of flow of blood through the dialyzer (in 
mL/min), V is the volume of the patient’s blood (in mL), and 
Co is the amount of urea in the blood (in mg) at time t = 0. 
Evaluate the integral {3° w(t) dt and interpret it. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


SECTION 5.5 The Substitution Rule 427 


Alabama Instruments Company has set up a production line 
to manufacture a new calculator. The rate of production of 
these calculators after t weeks is 


0 
| calculators /week 


(Notice that production approaches 5000 per week as time 
goes on, but the initial production is lower because of the 
workers’ unfamiliarity with the new techniques.) Find the 
number of calculators produced from the beginning of 

the third week to the end of the fourth week. 


If f is continuous and i f(x) dx = 10, find { f (2x) dx. 


If f is continuous and ie) dx = 4, find [" xf (x*) dx. 


If f is continuous on R, prove that 


[fea dx = [7 dx 


For the case where f(x) = 0 and 0 < a < b, drawa 
diagram to interpret this equation geometrically as an 
equality of areas. 


If f is continuous on R, prove that 


Mic + c)dx= [F09 dx 


For the case where f(x) = 0, draw a diagram to interpret 
this equation geometrically as an equality of areas. 


If a and b are positive numbers, show that 


heel xrdx = {"x*( x)“ dx 


J0 


If f is continuous on [0, 7], use the substitution u = a — x 
to show that 


(" xf (sin x) dx = = ("s(in x) dx 


Use Exercise 98 to evaluate the integral 


(" x sin x 


——— dx 
Jo 1 + cos*x 


(a) If f is continuous, prove that 
[°° Flos x) dx = ies f (sin x) dx 
0 o ° 
(b) Use part (a) to evaluate 


a/2 4 a/2 . 5 
{ cos*x dx and { sin’x dx 
0 0 
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428 


WEN review 


CONCEPT CHECK 


CHAPTER 5 Integrals 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) Write an expression for a Riemann sum of a function f 
Explain the meaning of the notation that you use. 
(b) If f(x) = 0, what is the geometric interpretation of a 
Riemann sum? Illustrate with a diagram. 
(c) If f(x) takes on both positive and negative values, what is 
the geometric interpretation of a Riemann sum? Illustrate 
with a diagram. 


2. (a) Write the definition of the definite integral of a continuous 

function from a to b. 

(b) What is the geometric interpretation of ik f(x) dx if f(x) = 0? 

(c) What is the geometric interpretation of i f(x) dx if f(x) 
takes on both positive and negative values? Illustrate with a 
diagram. 


3. State the Midpoint Rule. 


4. State both parts of the Fundamental Theorem of Calculus. 


TRUE-FALSE QUIZ 


. (a) State the Net Change Theorem. 


(b) If r(t) is the rate at which water flows into a reservoir, 
what does | i r(t) dt represent? 


. Suppose a particle moves back and forth along a straight line 


with velocity v(t), measured in feet per second, and accelera- 
tion a(t). 
(a) What is the meaning of la v(t) dt? 


(b) What is the meaning of i v(t) | dt? 


(c) What is the meaning of es a(t) dt? 


7. (a) Explain the meaning of the indefinite integral | f(x) dx. 


(b) What is the connection between the definite integral 
(° f(x) dx and the indefinite integral I f(x) dx? 


. Explain exactly what is meant by the statement that “differen- 


tiation and integration are inverse processes.” 


. State the Substitution Rule. In practice, how do you use it? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. If f and g are continuous on [a, b], then 


[°LA@) + glx = [Flay dx + [glx dx 


2. If f and g are continuous on [a, b], then 


[LA@)g@)] ax = ( [7 as) ( [99 ax) 


3. If f is continuous on [a, b], then 


| : 5f(x) dx =5 i “fO) dx 


4. If f is continuous on [a, b], then 
Cb rb 
| xf (x) dx = x | f(x) dx 


5. If f is continuous on [a, b] and f(x) = 0, then 
[ VFO) dx = ‘| ["70) ax 


6. { : f(x) dx = { : f(z) dz 


7. If f’ is continuous on [1, 3], then (ro dv = f (3) — fC). 


18. 


19. 


20. 


. If v(t) is the velocity at time ¢ of a particle moving along a 


line, then Po(2) dt is the distance traveled during the time 
perioda St<b. 


FC) LFF dx = SLFQ + C 


10. 


If f and g are differentiable and f(x) = g(x) fora <x <b, 
then f’(x) = g(x) fora<x <b. 


. If f and g are continuous and f(x) = g(x) fora < x S b, then 


i “f(x) dx = | ' g(x) dx 


5 5 

7 (ax? + bx + oe) dx =2[ (ax* + c) dx 
-5 0 

. All continuous functions have derivatives. 

. All continuous functions have antiderivatives. 
3 5 5 42 3 2 

. [eMdx= [eV dx + |e" dx 
0 0 5 


. If [5 f(x) dx = 0, then f(x) = Ofor0 <x <1. 


. If f is continuous on [a, b], then 


4( [°F ix) = f(a) 


ies (x — x*) dx represents the area under the curve y = x — x° 
from 0 to 2. 


iol 3 
le = 
If f has a discontinuity at 0, then [', f(x) dx does not exist. 
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EXERCISES 
1. Use the given graph of f to find the Riemann sum with six 7. The figure shows the graphs of f, f’, and |* f(t) dt. Identify 
subintervals. Take the sample points to be (a) left endpoints each graph, and explain your choices. 
and (b) midpoints. In each case draw a diagram and explain 
what the Riemann sum represents. YA ; 
YA Cc 
2 y= f(x) a 
a 
0 2 6 x 
8. Evaluate: 
ri d ae a a 
(a) | ne dx (b) ral aes dx 
2. (a) Evaluate the Riemann sum for F 
f@=x*-x O<x<2 (c) ce h een dt 
with four subintervals, taking the sample points to be 9. The graph of f consists of the three line segments shown. 
right endpoints. Explain, with the aid of a diagram, If g(x) = [* f(t) dt, find g(4) and g’(4) 
J0 ? = 


what the Riemann sum represents. 
(b) Use the definition of a definite integral (with right 
endpoints) to calculate the value of the integral 


ii (x? — x) dx 


(c) Use the Fundamental Theorem to check your answer to 
part (b). 

(d) Draw a diagram to explain the geometric meaning of 10. If f is the function in Exercise 9, find g"(4). 
the integral in part (b). 


11-42 Evaluate the integral, if it exists. 


3. Evaluat . 
sd 11. L (x? + 5x) dx 12. [, Bet thax 
1 -1 0 
{ (x + J1 — x?) dx 
; Lia es 13. [G=ae 14, | daa az 
by interpreting it in terms of areas. 0 0 
— 2n? 
4, Express 15. { vu = 20? 16. { (fu + 1)? du 
1 u 0 
lim > sin x; Ax ‘ 
n> ZY 17. ie y(y? + 1)? dy 18. [yvi + y3 dy 
as a definite integral on the interval [0, 7] and then evaluate 1 
the integral. 2 ae 
19. [ a, 20. [ sin(37r#) dt 
5. If |? f(x) dx = 10 and |? f(x) dx = 7, find |? f(x) dx. . 
: , : i P ri sinx 
-— _ 21. { v* cos(v*) dv 22. | 5 dx 
6. (a) Write |; (x + 2x°) dx as a limit of Riemann sums, tak- ? J1l+x 
ing the sample points to be right endpoints. Use a com- a4 titant ey gS] 
uter algebra system to evaluate the sum and to . tat 24. dz 
P 8 - -7/4 2 + cost J-2 Zz 
compute the limit. 
d 
(b) Use the Fundamental Theorem to check your answer 25. | : x ay 26. | ; x 
to part (a). x + 1 J x° +1 
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430 CHAPTER 5 _Integrals 


x2 csc*x 51-56 Find the derivative of the function. 
27. i Rarer dx 28. arr 
x? + 4x col x ye #7 
51. F(x) = | Taf" 52. F(x) = [' ve ¥ sinz dt 
0 x 
29. i sin mt cos mt dt 30. | sin x cos(cos x) dx 
e 53. g(x) = [* cos(?) at 54, g(x) = [— tit 
~ ev ; - g(x) =| cos . g(x) = —{ 
31. | dx 32. jn) ae 4 0 ook: ee 
Vk x 
x ef 3xt] . og 
33. { tanx In(cos x) dx 34. | -Re a 2 eo am iC ane ae 
Vl x 
° x3 
Aas | 1+ x* dx ae | sinh(1 + 4x) dx 57-58 Use Property 8 of integrals to estimate the value of the 
aie integral. 
r sec @ tan 7 
37. | aed dé 38. ( i (1 + tan t)* sect dt a 4 1 
sec J 2 : : 
57. i Vx? +3 dx 58. [ aa dx 
_ 2/3 i 
39. | x(1 xP dx 40. |e 
[ ( 59-62 Use the properties of integrals to verify the inequality. 
41. | |x? = 4| dx 42. | | vx — 1| dx 
J J 1 (* 77, 2 
° ° 59. [j x? cos xdx <= 60. | id <v2 
0 3 Ja/4 xX 2 
FS 43-44 Evaluate the indefinite integral. Iustrate and check that ' ; 
your answer is reasonable by graphing both the function and its 61. { e*cosxdx<e-1 62. { xsin ‘x dx < 1/4 
antiderivative (take C = 0). s a 
43, | —S* 4 a, | —g 
. V1 + sinx e 2 fet #1 . 63. Use the Midpoint Rule with n = 6 to approximate 
(3. 3 A 
\o sin(x°) dx. Round to four decimal places. 
45. Use a graph to give a rough estimate of the area of the 64. A particle moves along a line with velocity function 
region that lies under the curve y = xa/x, ,0 <x <4, Then v(t) = t? — t, where v is measured in meters per second. 
find the exact area. Find (a) the displacement and (b) the distance traveled by 


the particle during the time interval [0, 5]. 


46. Graph the function f(x) = cos*x sin x and use the graph to 
guess the value of the integral |;” f(x) dx. Then evaluate the 65 
integral to confirm your guess. 


. Let r(t) be the rate at which the world’s oil is consumed, 
where f is measured in years starting at ¢ = 0 on January 1, 


47. Find the area under the graph of y = x” + 5 and above the palate and r(t) is measured in barrels per year. What does 
x-axis, between x = 0 and x = 4. |i; 7) dt represent? 
48. Find the area under the graph of y = sin x and above the 66. A radar gun was used to record the speed of a runner at the 
x-axis, between x = 0 and x = 77/2. times given in the table. Use the Midpoint Rule to estimate 
49-50 The regions A, B, and C bounded by the graph of f and the the distance the runner covered during those 5 seconds. 
x-axis have areas 3, 2, and 1, respectively. Evaluate the integral. 
d t (s) v (m/s) 
3.0 10.51 
0 a 3:5 10.67 
4.0 10.76 
4.5 10.81 
5.0 10.81 
5 5 
49. (a) I * f(a) dx (b) i | FG) | dx 


50. (a) [r@) dx + [fe dx (b) in 2f (x) dx + i 6f (x) dx 


67. A population of honeybees increased at a rate of r(t) bees 
per week, where the graph of r is as shown. Use the 
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Midpoint Rule with six subintervals to estimate the increase 71. Estimate the value of the number c such that the area 
in the bee population during the first 24 weeks. under the curve y = sinh cx between x = 0 and x = 1 is 
equal to 1. 
;: 
12000 72. Suppose that the temperature in a long, thin rod placed along 


the x-axis is initially C/(2a) if |x| < a and Oif |x| > a. It 
can be shown that if the heat diffusivity of the rod is k, then 
the temperature of the rod at the point x at time ft is 


4000 T(x, 1) = 


Cc (’ ee)? / (Akt) du 


av/4arkt °° 


To find the temperature distribution that results from an ini- 
tial hot spot concentrated at the origin, we need to compute 
lim , +9 T(x, t). Use l’Hospital’s Rule to find this limit. 


0 4 8g 12 16 20 24 ~~ t(weeks) 


68. Let : : : 
73. If f is a continuous function such that 


—x— 1 if -3< 
. [*7@ at = - Ne* + [ef at 


Evaluate fe 3 f(x) dx by interpreting the integral as a differ- 


ence of areas, for all x, find an explicit formula for f(x). 
74. Suppose h is a function such that A(1) = —2, h’(1) = 2, 
h"(1) = 3, h(2) = 6, h'(2) = 5, h"(2) = 13, and h" is 


continuous everywhere. Evaluate |” h"(u) du. 


69. If f is continuous and ies f(x) dx = 6, evaluate 


("re sin 0) cos 6 d@ 
: 75. If f’ is continuous on [a, b], show that 


70. The Fresnel function $(x) = |” sin(77?) dt was introduced ; 
in Section 5.3. Fresnel also used the function 2 | , f(x) f') dx = [f() -— [F@]’ 
C(x) = | cos(dart?) de 76. Find 
. —L path 
in his theory of the diffraction of light waves. lim ah ¥ 1+ dt 
(a) On what intervals is C increasing? 
(b) On what intervals is C concave upward? 77. If f is continuous on [0, 1], prove that 
(c) Use a graph to solve the following equation correct to 
two decimal places: {7@) dx = Bic — x) dx 
0 0 
{ cos(5art”) dt = 0.7 78. Evaluate 
(d) Plot the graphs of C and S on the same screen. How are lim 1 ae _ {2 ‘ _ (3 . La f 2 3 
these graphs related? non n n n n 
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Problems Plus 


Review the Principles of Problem Solving 
following Chapter 1. 


Another approach is to use 
l’Hospital’s Rule. 


432 


Before you look at the solution of the following example, cover it up and first try to solve 
the problem yourself. 


x Sint 
EXAMPLE Evaluate lim ( a ha i) 
x>3\x—-—3 43 ¢ 
SOLUTION Let’s start by having a preliminary look at the ingredients of the function. 
What happens to the first factor, x/(x — 3), when x approaches 3? The numerator 
approaches 3 and the denominator approaches 0, so we have 
x x 


oo 37 d 
ae ee ae an ar 


—>-e as x—>3> 


The second factor approaches |} (sin #)/t dt, which is 0. It’s not clear what happens to 
the function as a whole. (One factor is becoming large while the other is becoming 
small.) So how do we proceed? 

One of the principles of problem solving is recognizing something familiar. Is there 
a part of the function that reminds us of something we’ve seen before? Well, the 
integral 


has x as its upper limit of integration and that type of integral occurs in Part 1 of the 
Fundamental Theorem of Calculus: 


< [Adar = Fo) 


This suggests that differentiation might be involved. 

Once we start thinking about differentiation, the denominator (x — 3) reminds us of 
something else that should be familiar: one of the forms of the definition of the deriv- 
ative in Chapter 2 is 

F(a) = lim iG ae 
x>a xa 


and with a = 3 this becomes 


F(x) — F(3) 
KE 3 


F'(3) = lim 


So what is the function F in our situation? Notice that if we define 


x sint 


F(x) = i dt 


3 


then F(3) = 0. What about the factor x in the numerator? That’s just a red herring, so 
let’s factor it out and put together the calculation: 


sme 7 
x sin t 3 Ot F(x) — FB 
lim {| — ees dt) = lim x + lim Siig oO) 
x3 a= 3 3 t x3 x33 x-3 x33 x—3 
in 3 
= 3F'(3) = 3 = = sin3 (FTC1) a 
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Problems 1. 
2. 


3. 
4. 


CS] 
mca 


5. 


6. 
7. 


8. 


9. 


If x sin 7x = t f(t) dt, where f is a continuous function, find f(4). 


Suppose f is continuous, f(0) = 0, f(1) = 1, f(x) > 0, and i f(x) dx = 5. Find the value 
of the integral |, f ~'(y) dy. 


If ii e” dx = k, find the value of | xe?" dx. 


(a) Graph several members of the family of functions f(x) = (2cx — x7)/c? for c > 0 and 
look at the regions enclosed by these curves and the x-axis. Make a conjecture about 
how the areas of these regions are related. 

(b) Prove your conjecture in part (a). 

(c) Take another look at the graphs in part (a) and use them to sketch the curve traced out 
by the vertices (highest points) of the family of functions. Can you guess what kind of 
curve this is? 

(d) Find an equation of the curve you sketched in part (c). 


If f(x) = dt, where g(x) = i [1 + sin(¢?)] dt, find f'(7/2). 


li 1 

0 Jl+ 
If f(x) = 5 x sin(¢) dr, find f(x). 

Evaluate lim,—o (1/x) fj (1 — tan 22)!/‘ dr. [Assume that the integrand is defined and con- 
tinuous at ¢t = 0; see Exercise 5.3.82.] 


The figure shows two regions in the first quadrant: A(¢) is the area under the curve 
y = sin(x’) from 0 to t, and B(#) is the area of the triangle with vertices O, P, and (t, 0). 
Find lim, [A(t)/B(t)]. 

to 


YA yA 
P(t, sin(t*)) 


oO 


Find the interval [a, b] for which the value of the integral |” (2 + x — x?) dx is a maximum. 


10,000 


10. Use an integral to estimate the sum > ali: ; 


11. 


12. 


i=l 
(a) Evaluate {5 [x] dx, where n is a positive integer. 


(b) Evaluate i [x] dx, where a and b are real numbers with 0 < a < b. 


2 


d * sin ———— 
i 4 
Find ae |, ({ Jl t+u i dt. 


13. Suppose the coefficients of the cubic polynomial P(x) = a + bx + cx? + dx? satisfy the 


14. 


equation 


a+~—+—+—=0 


AER 
2 3 #4 
Show that the equation P(x) = 0 has a solution between 0 and 1. Can you generalize this 
result for an nth-degree polynomial? 


A circular disk of radius r is used in an evaporator and is rotated in a vertical plane. If it is to 
be partially submerged in the liquid so as to maximize the exposed wetted area of the disk, 
show that the center of the disk should be positioned at a height r/./1 + 7? above the sur- 
face of the liquid. 


433 
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15. Prove that if f is continuous, then { S(w(x — u) du = [ ({ nAG) a) du. 


16. The figure shows a parabolic segment, that is, a portion of a parabola cut off by a chord AB. 
It also shows a point C on the parabola with the property that the tangent line at C is parallel 
to the chord AB. Archimedes proved that the area of the parabolic segment is ; times the area 
of the inscribed triangle ABC. Verify Archimedes’ result for the parabola y = 4 — x and 
the line y = x + 2. 


17. Given the point (a,b) in the first quadrant, find the downward-opening parabola that passes 
through the point (a,b) and the origin such that the area under the parabola is a minimum. 


18. The figure shows a region consisting of all points inside a square that are closer to the center 
than to the sides of the square. Find the area of the region. 


2 


19. Evaluate 


. 1 ! u 
tn (Ses * adn e mo a= 


20. For any number c, we let f.(x) be the smaller of the two numbers (x — c)* and (x — c — 2)”. 
Then we define g(c) = |) f.(x) dx. Find the maximum and minimum values of g(c) if 
2c 2. 
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de 


— 
— _Ss ® , 


_ 


Rotation is used in many manufacturing processes. The photo shows an artist throwing a clay pot on a rotating potter’s wheel. In 
Exercise 6.2.87 we explore the mathematics of designing a terra-cotta pot. 
Rock and Wasp / Shutterstock.com 


Applications of Integration 


IN THIS CHAPTER WE EXPLORE some of the applications of the definite integral by using it to 
compute areas between curves, volumes of solids, and the work done by a varying force. The com- 
mon theme is the following general method, which is similar to the one we used to find areas 
under curves: We break up a quantity Q into a large number of small parts. We next approximate 
each small part by a quantity of the form f(x;*) Ax and thus approximate Q by a Riemann sum. 
Then we take the limit and express Q as an integral. Finally we evaluate the integral using the 
Fundamental Theorem of Calculus or the Midpoint Rule. 
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6.1 


FIGURE 1 
S={@w,y)|a<x<b, 
g(x) Sy Sfx} 


FIGURE 2 


Areas Between Curves 


In Chapter 5 we defined and calculated areas of regions that lie under the graphs of func- 
tions. Here we use integrals to find areas of regions that lie between the graphs of two 
functions. 


B® Area Between Curves: Integrating With Respect to x 


Consider the region S$ shown in Figure | that lies between two curves y = f(x) and 
y = g(x) and between the vertical lines x = a and x = b, where f and g are continuous 
functions and f(x) = g(x) for all x in [a, b]. 

Just as we did for areas under curves in Section 5.1, we divide S into n strips of equal 
width and then we approximate the ith strip by a rectangle with base Ax and height 
f(x#) — g(x*). (See Figure 2. If we like, we could take all of the sample points to be 
right endpoints, in which case x** = x;.) The Riemann sum 


> Leet) — g(a] Ax 


is therefore an approximation to what we intuitively think of as the area of S. 


(a) Typical rectangle (b) Approximating rectangles 


This approximation appears to become better and better as n — ~. Therefore we 
define the area A of the region S as the limiting value of the sum of the areas of these 
approximating rectangles. 


io A= tim & LfC8) ~ g(a] Ax 


We recognize the limit in (1) as the definite integral of f — g. Therefore we have the 
following formula for area. 


[2] The area A of the region bounded by the curves y = f(x), y = g(x), and the lines 
x = a,x = b, where f and g are continuous and f(x) = g(x) for all x in [a, b], is 


A= | Lf) — g(Xlax 


Notice that in the special case where g(x) = 0, S is the region under the graph of f and 
our general definition of area (1) reduces to our previous definition (Definition 5.1.2). 
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yA 


0 x 
FIGURE 3 
b b 
A= [ fddx — { g(x)dx 
YA 
y=e x=1 
1 
y=x Ax 
t > 
0 1 x 
FIGURE 4 
yA 
Yr 
Yr YB 
YB Re 
} f > 
0 a b x 
FIGURE 5 
> 


FIGURE 6 
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In the case where both f and g are positive, you can see from Figure 3 why (2) is true: 


A = [area under y = f(x)] — [area under y = g(x)] 
= [re dx — [ g(x) dx = [’ [ f(x) — g(x)] dx 


EXAMPLE 1 Find the area of the region bounded above by y = e*, bounded below by 
y = x, and bounded on the sides by x = 0 and x = 1. 


SOLUTION The region is shown in Figure 4. The upper boundary curve is y = e* and 
the lower boundary curve is y = x. So we use the area formula (2) with f(x) = e’, 
g(x) = x,a = 0, andb = 1: 


1.5 a 


In Figure 4 we drew a typical approximating rectangle with width Ax as a reminder of 
the procedure by which the area is defined in (1). In general, when we set up an integral 
for an area, it’s helpful to sketch the region to identify the top curve y;, the bottom curve 
yg, and a typical approximating rectangle as in Figure 5. Then the area of a typical rect- 
angle is (yr — yg) Ax and the equation 


n b 
A= lim > (yr — ys) Ax =| (yr — ys) dx 
i=l . 


no 


summarizes the procedure of adding (in a limiting sense) the areas of all the typical 
rectangles. 


Notice that in Figure 5 the left-hand boundary reduces to a point, whereas in Figure 3 
the right-hand boundary reduces to a point. In the next example both of the side boundar- 
ies reduce to a point, so the first step is to find a and b. 


EXAMPLE 2 Find the area of the region enclosed by the parabolas y = x” and 
y = 2x -— x”, 


SOLUTION We first find the points of intersection of the parabolas by solving their 
equations simultaneously. This gives x° = 2x — x*, or 2x? — 2x = 0. Thus 
2x(x — 1) = 0, so x = 0 or 1. The points of intersection are (0, 0) and (1, 1). 

We see from Figure 6 that the top and bottom boundaries are 


yr = 2x - x? and ye = x? 


The area of a typical rectangle is 
(yr — yg) Ax = (2x — x? — x7) Ax = (2x — 2x7) Ax 


and the region lies between x = 0 and x = 1. So the total area is 


A=[" (2x — 2x7) dx = 2 |" (x — x?) dx 
0 0 


er x]! 1 1 1 
=9 =5 = : 
a lh a 3 
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Sometimes it’s difficult, or even impossible, to find the points of intersection of two 
curves exactly. As shown in the following example, we can use a graphing calculator or 
computer to find approximate values for the intersection points and then proceed as 
before. 


EXAMPLE 3 Find the approximate area of the region bounded by the curves 
y =x//x2 + Landy = x4 — x. 


SOLUTION If we were to try to find the exact intersection points, we would have to 
solve the equation 


This looks like a very difficult equation to solve exactly (in fact, it’s impossible), so 
instead we graph the two curves using a computer (see Figure 7). One intersection 
point is the origin, and we find that the other occurs when x ~ 1.18. So an approxima- 
tion to the area between the curves is 


1.18 ¥ 
Am | war Io 


To integrate the first term we use the substitution u = x? + 1. Then du = 2x dx, and 


FIGURE 7 when x = 1.18, we have u ~ 2.39; when x = 0, u = 1. So 
1 [239 du pie gg | 
A~35 I a i (x* — x) dx 
ae 3 a 1.18 
= ./u ces 
¥ | 5 2 | 
— (1.18)° (1.18)? 
= /2.39 — 1 + 
" 5 2 
= 0.785 a 
y If we are asked to find the area between the curves y = f(x) and y = g(x) where 
y= Q(x) f(x) = g(x) for some values of x but g(x) = f(x) for other values of x, then we split the 
(> given region S into several regions S), S2,... with areas A, Az, . . . as shown in Figure 8. 
We then define the area of the region S to be the sum of the areas of the smaller regions 
y= fix) Si, S2,..., that is, A = A; + A. + ---. Since 
0; a b ? 
| _ Jf) — g(x) when f(x) > g(x) 
| FO) — g@)| = - 
FIGURE 8 g(x) — f(x) when g(x) > f(a) 


we have the following expression for A. 


[3] The area between the curves y = f(x) and y = g(x) and between x = a and 
x = bis 


A= [']fQ) - g(a) [dx 
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When evaluating the integral in (3), however, we must still split it into integrals cor- 
responding to Aj, Ao,.... 


EXAMPLE 4 Find the area of the region bounded by the curves y = sin x, y = cos x, 
x = 0, and x = 7/2. 


SOLUTION The points of intersection occur when sin x = cos x, that is, when x = 77/4 
(since 0 S< x S 7/2). The region is sketched in Figure 9. 

Observe that cos x = sin x when 0 S x S 77/4 but sin x = cos x when 
a/4 < x < 7/2. Therefore the required area is 


A 


I 


a/2 . 
) |cos x — sinx|dx = Ai + Ap 
0 


Il 


7/4 1/2 
(" (cos x — sin x) dx + |" (sin x — cos x) dx 
J0 w/4 


FIGURE 9 
7/4 a, 
a [sin x + cos al, + [-cos x — sin a 
=(4+4-0-1)+(-0-14+ 4+) 
a 2 eae 
=2/2-2 
In this particular example we could have saved some work by noticing that the 
region is symmetric about x = 77/4 and so 
YA 


A=2A,= of (cos x — sin x) dx a 


® Area Between Curves: Integrating With Respect to y 

Some regions are best treated by regarding x as a function of y. If a region is bounded by 
curves with equations x = f(y), x = g(y), y = c, and y = d, where f and g are continu- 
ous and f(y) = g(y) for c < y < d (see Figure 10), then its area is 


0 x 
d 
A= [*LFQ) ~ go] ay 
FIGURE 10 F 
: If we write xz for the right boundary and x, for the left boundary, then, as Figure 11 
- illustrates, we have 
d 4+ 


A= i (xp na Xz) dy 


Here a typical approximating rectangle has dimensions xz — x, and Ay. 


EXAMPLE 5 Find the area enclosed by the line y = x — | and the parabola 
> y? =2x+ 6. 


SOLUTION By solving the two equations simultaneously we find that the points of 
FIGURE 11 intersection are (—1, —2) and (5, 4). We solve the equation of the parabola for x and 
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FIGURE 12 


YA 


y=-\2x+6 


FIGURE 13 


FIGURE 14 


FIGURE 15 


notice from Figure 12 that the left and right boundary curves are 
x= ty? -3 and Xr=ytl 


We must integrate between the appropriate y-values, y = —2 and y = 4. Thus 


= - (xr — x1) dy = y Ie +1)-(4y°- 3)| dy 


I 3 2 4 
= Z| sp Se ay 
2\ 3 2 9 


= -5(64) + 8+ 16-(F +2 - 8) =18 a 


NOTE We could have found the area in Example 5 by integrating with respect to x 
instead of y, but the calculation is much more involved. Because the bottom boundary 
consists of two different curves, it would have meant splitting the region in two and 
computing the areas labeled A; and A2 in Figure 13. The method we used in Example 5 
is much easier. 


EXAMPLE 6 Find the area of the region enclosed by the curves y = 1/x, y = x, and 
y= ix, using (a) x as the variable of integration and (b) y as the variable of integration. 


SOLUTION The region is graphed in Figure 14. 


(a) If we integrate with respect to x, we must split the region into two parts because the 
top boundary consists of two separate curves, as shown in Figure 15(a). We compute the 
area as 


A=A, + Ar = [G = +x) dx + F(z = ts] dx 


= [3x7], + [in x - Le] =In2 


(b) If we integrate with respect to y, we also need to divide the region into two parts 
because the right boundary consists of two separate curves, as shown in Figure 15(b). 
We compute the area as 


1 
amarante f(y) 
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v A(mi/h) 


0 2 4 6 8 10 12 14 16 ¢ 


(seconds) 


FIGURE 16 


FIGURE 17 
Measles pathogenesis curve 


Source: J. M. Heffernan et al., “An 
In-Host Model of Acute Infection: 
Measles as a Case Study,” Theoretical 
Population Biology 73 (2008): 134-47. 
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Areas Between Curves 


B® Applications 


EXAMPLE7 Figure 16 shows velocity curves for two cars, A and B, that start side by 
side and move along the same road. What does the area between the curves represent? 
Use the Midpoint Rule to estimate it. 


SOLUTION We know from Section 5.4 that the area under the velocity curve A repre- 
sents the distance traveled by car A during the first 16 seconds. Similarly, the area 
under curve B is the distance traveled by car B during that time period. So the area 
between these curves, which is the difference of the areas under the curves, is the 
distance between the cars after 16 seconds. We read the velocities from the graph and 
convert them to feet per second (1 mi/h = 325° ft/s). 


2 4 6 8 10 12 14 16 
34 54 67 76 84 89 92 95 


We use the Midpoint Rule with n = 4 intervals, so that At = 4. The midpoints of 
the intervals are ft; = 2, f = 6, 4; = 10, and t; = 14. We estimate the distance between 
the cars after 16 seconds as follows: 


(uy — vg) dt ~ At[13 + 23 + 28 + 29] 
0 
= 4(93) = 372 ft m 
EXAMPLE 8 Figure 17 is an example of a pathogenesis curve for a measles infection. 


It shows how the disease develops in an individual with no immunity after the measles 
virus spreads to the bloodstream from the respiratory tract. 


NA 
1500 + 
1000 + 
Number of 
infected cells 
per mL of 
blood plasma 
500 + 
Symptoms Pathogen 
appear is cleared 
0 -— > 
i 10-11 12 17-18 21 t (days) 
t t 
Pathogen Infectiousness Infectiousness 
enters plasma begins ends 


The patient becomes infectious to others once the concentration of infected cells 
becomes great enough and remains infectious until the immune system manages to 
prevent further transmission. However, symptoms don’t develop until the “amount of 
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infection” reaches a particular threshold. The amount of infection needed to develop 
symptoms depends on both the concentration of infected cells and time, and corresponds 
to the area under the pathogenesis curve until symptoms appear. (See Exercise 5.1.15.) 
(a) The pathogenesis curve in Figure 17 has been modeled by f(t) = —¢(t — 21)(t + 1). 
If infectiousness begins on day ¢; = 10 and ends on day t: = 18, what are the corre- 
sponding concentration levels of infected cells? 


NA (b) The level of infectiousness for an infected person is the area between N = f(t) and 
the line through the points P;(t), f(t:)) and Po(t2, f(t2)), measured in (cells/mL) + days. 
(See Figure 18.) Compute the level of infectiousness for this particular patient. 


f SOLUTION 

(a) Infectiousness begins when the concentration reaches f(10) = 1210 cells/mL and 
ends when the concentration reduces to f(18) = 1026 cells/mL. 

(b) The line through P; and P; has slope we = at = i = —23 and equation 

N — 1210 = —23(t- 10) <> N= —23t + 1440. The area between f and this 
line is 


> 


0 10 18 t 18 18 
(days) \. [ f(t) — (—231 + 1440)] dt = { (—1? + 2022 + 21t + 23¢ — 1440) dt 


FIGURE 18 


I 


"(—# + 2022 + 44 — 1440) dt 
10 


I 


t* te i ® 
—— + 20— + 44— — 14401 
4 3 2 


10 


= —6156 — (—80334) ~ 1877 


Thus the level of infectiousness for this patient is about 1877 (cells/mL) - days. a 


6.1 | Exercises 


1-4 5-6 Find the area of the shaded region. 
(a) Set up an integral for the area of the shaded region. 


5. A 
(b) Evaluate the integral to find the area. 


. y=x? yA 
3. YA 4. YA ee 3y=2x+ 16 
x=y'—4y 
(-3, 3) 
y=-2xt+8 
> 
x 
> 
x=2y-y? 0 x 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


7-10 Set up, but do not evaluate, an integral representing the area 
of the region enclosed by the given curves. 


y= 2 yo?!) x= 1 


8. y= Inx, y= In(@’), x=2 


9. y=2-—x, y=2x- x 


10.x=y', x=2-y? 


11-18 Sketch the region enclosed by the given curves. Decide 
whether to integrate with respect to x or y. Draw a typical 
approximating rectangle and label its height and width. Then 
find the area of the region. 


Wy=x°+2, y x-1, x=0, x=1 


12,.y=1+3%°, y=2-x%, x 1, x=0 
13. y=1/x, y=1/x?, x=2 
14. y= cosx, y=e"", x= 7/2 

15. y=(x-— 2), y=x 

16. y=x?— 4x, y= 2x 


2 


7x=1-y*, x=y?-1 


18. 4x + y°=12, x=y 


19-36 Sketch the region enclosed by the given curves and find its 
area. 


19. y=12—-x, y=x?-6 


20. y=x?, y=4x-2x 
21.x=2y?, x=4+y 
22. y vx-—1, x y=1 
23. y= 2x, y= hx 


24. y=x°, y=x 


25. y= vx, y= 4x, O<x<16 
26. y=cosx, y=2-—cosx, 0OSx<27 


27. y 


cosx, y=sin2x, 0<x< 7/2 
28. y=cosx, y=1-—cosx, 0SxS<7 
29. y=sec*x, y=8cosx, —7/3<x< 7/3 


30. y=x* — 3x2, y=x? 31. y=x*, y=2-|x| 


32 
32. y=x7, y= 


. WX 5 
33. y=sin—, y=x 


x +4 2 


34. y = 4 — 2coshx, y =} sinhx 
35. y=1/x, y=x, y= qx, x>0 


36. y = Fx’, y=2x", xty=3, x20 
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37. The graphs of two functions are shown with the areas of the 
regions between the curves indicated. 
(a) What is the total area between the curves for 0 < x = 5? 
(b) What is the value of [> [ f(x) — g(x)] dx? 


YA 


38-40 Sketch the region enclosed by the given curves and find its 
area. 


x x 
38. y= , y= , x20 
1+ x? V9 — x? 
us x x? 
OE gee eS a gs 

40. y In (In x)? 
x x 


41-42 Use calculus to find the area of the triangle with the given 
vertices. 


41. (0,0), (3,1), C, 2) 
42. (2,0), (0,2), (-1,1) 


43-44 Evaluate the integral and interpret it as the area of a 
region. Sketch the region. 


43. ("" |sinx — cos2x|dx 44. | 3° — 2*| dx 
JO =d 


45-48 Use a graph to find approximate x-coordinates of the 
points of intersection of the given curves. Then find (approxi- 
mately) the area of the region bounded by the curves. 


45. y=xsin(x’), y=x', x20 


x 5 
46. y G+? y=x-x, x20 


47. y= 3x? -—2x, y=xi-3x+4 
48. y= 1.37, y=2V/x 


49-52 Graph the region between the curves and compute the area 
correct to five decimal places. 


2 2 
49. y=>—__, y=x 


-, 50. y=e', i 
1+x* y 
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51. 


52. 


CHAPTER6 Applications of Integration 


y=tan2x, y= Vx 


y=cosx, y=x+2sin'x 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


Use a computer algebra system to find the exact area 
enclosed by the curves y = x° — 6x* + 4x and y = x. 


Sketch the region in the xy-plane defined by the inequalities 
x — 2y? =0,1 — x — |y| = O and find its area. 


Racing cars driven by Chris and Kelly are side by side at 
the start of a race. The table shows the velocities of each 
car (in miles per hour) during the first ten seconds of the 
race. Use the Midpoint Rule to estimate how much farther 
Kelly travels than Chris does during the first ten seconds. 


if Uc UK t Uc UK 
0 0 0 6 69 80 
1 20 22 7 715 86 
2 32 37 8 81 93 
3 46 52 9 86 98 
4 54 61 10 90 102 
5) 62 71 


The widths (in meters) of a kidney-shaped swimming pool 
were measured at 2-meter intervals as indicated in the fig- 
ure. Use the Midpoint Rule to estimate the area of the pool. 


A cross-section of an airplane wing is shown. Measure- 
ments of the thickness of the wing, in centimeters, at 
20-centimeter intervals are 5.8, 20.3, 26.7, 29.0, 27.6, 
27.3, 23.8, 20.5, 15.1, 8.7, and 2.8. Use the Midpoint Rule 
to estimate the area of the wing’s cross-section. 


kK 200 cm >| 


If the birth rate of a population is b(t) = 2200e°°™’ people 
per year and the death rate is d(t) = 1460e°"'* people per 
year, find the area between these curves for 0 < ¢ < 10. 
What does this area represent? 


In Example 8, we modeled a measles pathogenesis curve by 
a function f. A patient infected with the measles virus who 


61. 


62. 


FY 63. 


has some immunity to the virus has a pathogenesis curve 
that can be modeled by, for instance, g(t) = 0.9f (0). 

(a) If the same threshold concentration of the virus is 
required for infectiousness to begin as in Example 8, on 
what day does this occur? 

Let P; be the point on the graph of g where infectious- 
ness begins. It has been shown that infectiousness ends 
at a point P, on the graph of g where the line through 
P;, Ps has the same slope as the line through P), P in 
Example 8(b). On what day does infectiousness end? 
(c) Compute the level of infectiousness for this patient. 


(b) 


. The rates at which rain fell, in inches per hour, in two 


different locations ¢ hours after the start of a storm 

were modeled by f(t) = 0.73? — 2t7 + t + 0.6 and 

g(t) = 0.17t? — 0.5t + 1.1. Compute the area between the 
graphs for 0 S ¢ < 2 and interpret your result in this 
context. 


Two cars, A and B, start side by side and accelerate from 

rest. The figure shows the graphs of their velocity functions. 

(a) Which car is ahead after one minute? Explain. 

(b) What is the meaning of the area of the shaded region? 

(c) Which car is ahead after two minutes? Explain. 

(d) Estimate the time at which the cars are again side by 
side. 


D 


> 
0 1 2 t (min) 


The figure shows graphs of the marginal revenue function 
R’ and the marginal cost function C’ for a manufacturer. 
[Recall from Section 4.7 that R(x) and C(x) represent the 
revenue and cost when x units are manufactured. Assume 
that R and C are measured in thousands of dollars.] What 
is the meaning of the area of the shaded region? Use the 
Midpoint Rule to estimate the value of this quantity. 


The curve with equation y? = x?(x + 3) is called Tschirn- 
hausen’s cubic. If you graph this curve you will see that 
part of the curve forms a loop. Find the area enclosed by the 
loop. 
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64. 


65. 


66. 


67 


68. 


YA 


Find the area of the region bounded by the parabola y = x’, 
the tangent line to this parabola at (1, 1), and the x-axis. 


Find the number b such that the line y = b divides the region 
bounded by the curves y = x* and y = 4 into two regions 
with equal area. 


(a) Find the number a such that the line x = a bisects the 
area under the curve y = 1/x?, 1 <x <4. 

(b) Find the number b such that the line y = b bisects the 
area in part (a). 


Find the values of c such that the area of the region bounded 
by the parabolas y = x* — c? and y = c? — x? is 576. 


Suppose that 0 < c < 7/2. For what value of c is the area of 
the region enclosed by the curves y = cos x, y = cos(x — c), 
and x = 0 equal to the area of the region enclosed by the 
curves y = cos(x — c), x = 7, and y = 0? 
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69. The figure shows a horizontal line y = c intersecting the 
curve y = 8x — 27x°*. Find the number c such that the areas 
of the shaded regions are equal. 


at y = 8x— 27x? 


70. For what values of m do the line y = mx and the curve 
y = x/(x* + 1) enclose a region? Find the area of the 
region. 


APPLIED PROJECT | THE GINI INDEX 


How is it possible to measure the distribution of income among the inhabitants of a given 


(0.8, 0.485) 


(0.4, 0.114) 


f t t +—> 
| @2 04 @ 8 i & 
FIGURE 1 
Lorenz curve for the United States in 
2016 
YA 
i| 4 


country? One such measure is the Gini index, named after the Italian economist Corrado Gini, 
who first devised it in 1912. 

We first rank all households in a country by income and then we compute the percentage of 
households whose total income is a given percentage of the country’s total income. We define 
a Lorenz curve y = L(x) on the interval [0, 1] by plotting the point (2/100, b/100) on the 
curve if the bottom a% of households receive b% of the total income. For instance, in Figure 1 
the point (0.4, 0.114) is on the Lorenz curve for the United States in 2016 because the poorest 
40% of the population received just 11.4% of the total income. Likewise, the bottom 80% of 
the population received 48.5% of the total income, so the point (0.8, 0.485) lies on the Lorenz 
curve. (The Lorenz curve is named after the American economist Max Lorenz.) 

Figure 2 shows some typical Lorenz curves. They all pass through the points (0, 0) and 
(1, 1) and are concave upward. In the extreme case L(x) = x, society is perfectly egalitarian: 


the poorest a% of the population receives a% of the total income and so everybody receives 


Income 
fraction 


the same income. The area between a Lorenz curve y = L(x) and the line y = x measures how 
much the income distribution differs from absolute equality. The Gini index (sometimes 
called the Gini coefficient or the coefficient of inequality) is the area between the Lorenz 
curve and the line y = x (shaded in Figure 3) divided by the area under y = x. 


(1, 1) ye 


BY 


0 i > 
Population fraction x 
FIGURE 2 FIGURE 3 
(continued ) 
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1. (a) Show that the Gini index G is twice the area between the Lorenz curve and the line 
y = x, that is, 


G= a lee — JU(G9)]| @he 
0 
(b) What is the value of G for a perfectly egalitarian society (everybody has the same 


income)? What is the value of G for a perfectly totalitarian society (a single person 
receives all the income)? 


2. The following table (derived from data supplied by the US Census Bureau) shows values of 
the Lorenz function for income distribution in the United States for the year 2016. 


x 0.0 0.2 0.4 0.6 0.8 1.0 


L(x) 0.000 0.031 0.114 0.256 0.485 1.000 


(a) What percentage of the total US income was received by the richest 20% of the 
population in 2016? 
(b) Use a calculator or computer to fit a quadratic function to the data in the table. Graph 
the data points and the quadratic function. Is the quadratic model a reasonable fit? 
(c) Use the quadratic model for the Lorenz function to estimate the Gini index for the 
United States in 2016. 


3. The following table gives values for the Lorenz function in the years 1980, 1990, 2000, 
and 2010. Use the method of Problem 2 to estimate the Gini index for the United States 
for those years and compare with your answer to Problem 2(c). Do you notice a trend? 


a 0.0 0.2 0.4 0.6 0.8 1.0 


1980 0.000 0.042 0.144 0.312 0.559 1.000 


1990 0.000 0.038 0.134 0.293 0.533 1.000 


2000 0.000 0.036 0.125 0.273 0.503 1.000 


2010 0.000 0.033 0.118 0.264 0.498 1.000 


4. A power model often provides a more accurate fit than a quadratic model for a Lorenz 
function. Use a calculator or computer to fit a power function (y = ax“) to the data in 
Problem 2 and use it to estimate the Gini index for the United States in 2016. Compare 
with your answer to parts (b) and (c) of Problem 2. 


6.2 | Volumes 


In trying to find the volume of a solid we face the same type of problem as in finding 
areas. We have an intuitive idea of what volume means, but we must make this idea pre- 
cise by using calculus to give an exact definition of volume. 


Bi Definition of Volume 


We start with a simple type of solid called a cylinder (or, more precisely, a right cylin- 
der). As illustrated in Figure 1(a), a cylinder is bounded by a plane region B,, called the 


Copy’ 
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FIGURE 1 


FIGURE 2 
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base, and a congruent region B) in a parallel plane. The cylinder consists of all points on 
line segments that are perpendicular to the base and join B; to Bo. If the area of the base 
is A and the height of the cylinder (the distance from B; to B2) is h, then the volume V of 
the cylinder is defined as 


V=Ah 
In particular, if the base is a circle with radius r, then the cylinder is a circular cylinder 
with volume V = mr7h [see Figure 1(b)], and if the base is a rectangle with length / and 


width w, then the cylinder is a rectangular box (also called a rectangular parallelepiped ) 
with volume V = /wh [see Figure 1(c)]. 


| 
| 
By 


| h 
=| h 1. —e 
vw? “= =. | / w 
t B, | & _! =? / 
l 
(a) Cylinder V= Ah (b) Circular cylinder V = ar7h (c) Rectangular box V = /wh 


For a solid S$ that isn’t a cylinder we first “cut” S into pieces and approximate each 
piece by a cylinder. We estimate the volume of S by adding the volumes of the cylinders. 
We arrive at the exact volume of S through a limiting process in which the number of 
pieces becomes large. 

We start by intersecting S with a plane and obtaining a plane region that is called a 
cross-section of S. Let A(x) be the area of the cross-section of S in a plane P, perpendic- 
ular to the x-axis and passing through the point x, where a S x S b. (See Figure 2. Think 
of slicing S$ with a knife through x and computing the area of this slice.) The cross- 
sectional area A(x) will vary as x increases from a to b. 


» V 


Let’s divide S into n “slabs” of equal width Ax by using the planes P,,, P;,,... to slice 
the solid. (Think of slicing a loaf of bread.) If we choose sample points x7 in [x;-, x; ], 
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we can approximate the ith slab S; (the part of S that lies between the planes P,,_, and P,) 
by a cylinder with base area A(x7*) and “height” Ax. (See Figure 3.) 


Ya YA 
“yn Pe 
—_ >) 
— ee eo a 
> * * + 2 2 + > 
0 = gam Xp X3 X4 Xs Xs %7=b 3 
FIGURE 3 
The volume of this cylinder is A(x#*) Ax, so an approximation to our intuitive concep- 
tion of the volume of the ith slab S; is 
V(S;) = A(x*) Ax 
Adding the volumes of these slabs, we get an approximation to the total volume (that is, 
what we think of intuitively as the volume): 
V= Dd A(x*) Ax 
i=1 
This approximation appears to become better and better as n — ~. (Think of the slices 
as becoming thinner and thinner.) Therefore we define the volume as the limit of these 
sums as n — ©, But we recognize the limit of Riemann sums as a definite integral and so 
we have the following definition. 
It can be proved that this definition is Definition of Volume Let S be a solid that lies between x = a and x = b. If the 
independent of how S is situated with cross-sectional area of S in the plane P,, through x and perpendicular to the x-axis, 
respect to the x-axis. In other words, is A(x), where A is a continuous function, then the volume of S is 
no matter how we slice S with parallel , 
planes, we always get the same V= lim D A(x*) Ax = [’ A(x) dx 
answer for V. noo a 


When we use the volume formula V = ii A(x) dx, it is important to remember that 
A(x) is the area of a moving cross-section obtained by slicing through x perpendicular to 
the x-axis. 

Notice that, for a cylinder, the cross-sectional area is constant: A(x) = A for all x. 
So our definition of volume gives V = iN A dx = A(b — a); this agrees with the formula 
V=Ah. 


EXAMPLE 1 Show that the volume of a sphere of radius r is V = far’. 


SOLUTION If we place the sphere so that its center is at the origin, then the plane P, 
intersects the sphere in a circle whose radius (from the Pythagorean Theorem) is 
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YA y = yr? — x’. (See Figure 4.) So the cross-sectional area is 
A(x) = wy? = a(r* — x’) 


Using the definition of volume with a = —r and b = r, we have 


v= [Ac dx = {" 


a(r? — x7) dx 


= 27 { (r? — x?) dx (The integrand is even.) 
3. . 3 
= 27 pea = 27 _——s =tor || 
3. 6 a 
FIGURE 4 Figure 5 illustrates the definition of volume when the solid is a sphere with radius 


r = 1. From the result of Example 1, we know that the volume of the sphere is iT, 
which is approximately 4.18879. Here the slabs are circular cylinders, or disks, and the 
three parts of Figure 5 show the geometric interpretations of the Riemann sums 


> AG) Ax = > (1? — x?) Ax 
i=1 


i=1 


when n = 5, 10, and 20 if we choose the sample points x;* to be the midpoints x;. Notice 
that as we increase the number of approximating cylinders, the corresponding Riemann 
sums become closer to the true volume. 


7 \ yo n\ 


Wy aa? \\ \Y 
AAS’ Ss 


(a) Using 5 disks, V ~ 4.2726 (b) Using 10 disks, V ~ 4.2097 (c) Using 20 disks, V ~ 4.1940 


FIGURE 5 Approximating the volume of a sphere with radius | 


HM Volumes of Solids of Revolution 

If we revolve a region about a line, we obtain a solid of revolution. In the following 
examples we see that for such a solid, cross-sections perpendicular to the axis of rotation 
are circular. 


EXAMPLE 2 Find the volume of the solid obtained by rotating about the x-axis the 
region under the curve y = /x from 0 to 1. Illustrate the definition of volume by 
sketching a typical approximating cylinder. 


SOLUTION The region is shown in Figure 6(a) on the following page. If we rotate 
about the x-axis, we get the solid shown in Figure 6(b). When we slice through the 
point x, we get a disk with radius x . The area of this cross-section is 


A(x) = myx) = 1X 
radius 
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and the volume of the approximating cylinder (a disk with thickness Ax) is 
A(x) Ax = ax Ax 


The solid lies between x = O and x = 1, so its volume is 


Did we get a reasonable answer in 
Example 2? As a check on our work, 
let’s replace the given region bya 
square with base [0, 1] and height 1. 
If we rotate this square, we get a 
cylinder with radius 1, height 1, 

and volume 7: 1? + 1 = 7. Wecom- 
puted that the given solid has half 
this volume. That seems about 

right. 


= 
RY 


FIGURE 6 (a) (b) H 


EXAMPLE 3 Find the volume of the solid obtained by rotating the region bounded by 
y = x°, y = 8, and x = 0 about the y-axis. 


SOLUTION The region is shown in Figure 7(a) and the resulting solid is shown in 
Figure 7(b). Because the region is rotated about the y-axis, it makes sense to slice the 
solid perpendicular to the y-axis (obtaining circular cross-sections) and therefore to 
integrate with respect to y. If we slice at height y, we get a circular disk with radius x, 
where x = ¥/y. So the area of a cross-section through y is 


A(y) = a(x)” = my _ ay? 


radius radius 


FIGURE 7 
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and the volume of the approximating cylinder pictured in Figure 7(b) is 
A(y) Ay = ary? Ay 
Since the solid lies between y = 0 and y = 8, its volume is 


V= {° A(y) dy = { my dy = my] = = 


In the following examples we see that some solids of revolution have a hollow core 
surrounding the axis of revolution. 


EXAMPLE 4 The region ® enclosed by the curves y = x and y = x’ is rotated about 
the x-axis. Find the volume of the resulting solid. 


SOLUTION The curves y = x and y = x” intersect at the points (0, 0) and (1, 1). 

The region between them, the solid of rotation, and a cross-section perpendicular 

to the x-axis are shown in Figure 8. A cross-section in the plane P, has the shape of 

a washer (an annular ring) with inner radius x’ and outer radius x [see Figure 8(c)], so 
we find the cross-sectional area by subtracting the area of the inner circle from the area 
of the outer circle: 


A(x) = (x) - mx) =alx =x) 


outer inner 
radius radius 


Therefore we have 


v= { A(x) dx = i a(x? — x4) dx 


YA 


FIGURE 8 (a) (b) (c) r 


The next example shows that when a solid of revolution is created by rotating about 
an axis other than a coordinate axis, we must determine the radii of cross-sections 
carefully. 
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EXAMPLE 5 Find the volume of the solid obtained by rotating the region in Example 4 
about the line y = 2. 


SOLUTION The solid and a cross-section are shown in Figure 9. Again the cross- 
section is a washer, but this time the inner radius is 2 — x and the outer radius 
is2 — x. 


BY 
tad 
RY 


FIGURE 9 
The cross-sectional area is 


A(x) = m(2 — x”)? — w(2 — x)? 
ae 


—— 
outer inner 
radius radius 


and so the volume of S is 


v= i A(x) dx 


ian [(2 — x*)? — (2 — x) ]dx 


= aR (x4 — 5x? + 4x) dx 
0 


=n|—-5—+4 = = 
5 3 2], 15 


NOTE In general, we calculate the volume of a solid of revolution by using the basic 
defining formula 


v= ['4@) dx or v= iE A(y) dy 


and we find the cross-sectional area A(x) or A(y) in one of the following ways: 


e If the cross-section is a disk (as in Examples 1-3), we find the radius of the disk (in 


terms of x or y) and use 
A = m(radius)* 
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e If the cross-section is a washer (as in Examples 4 and 5), we find the inner radius rin 
and outer radius rou from a sketch (as in Figures 8, 9, and 10) and compute the area 
of the washer by subtracting the area of the inner disk from the area of the outer 
disk: 

A = (outer radius)” — a (inner radius)* 


Tout 


FIGURE 10 
The next example gives a further illustration of the procedure. 
EXAMPLE 6 Find the volume of the solid obtained by rotating the region in 
Example 4 about the line x = —1. 
SOLUTION Figure 11 shows a horizontal cross-section. It is a washer with inner radius 
1 + yand outer radius 1 + ./y, so the cross-sectional area is 
A(y) = (outer radius)” — a (inner radius)? 
=n(1+ Jy)? - wl + y? 
The volume is 
1 1 —)\ 5 2 
v=['Av)ay=a['[(L + vy) — 0 + 9? Jay 
3/2 2 3 |! 
1 oa 2 a4 y y 7 
= —-y-y)dy= = = = 
w\, Qvy —» ~y")ay abe 2 a) 2 
FIGURE 11 7 : 
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FIGURE 12 
Computer-generated picture 
of the solid in Example 7 


FIGURE 13 


@ Finding Volume Using Cross-Sectional Area 


We now find the volumes of solids that are not solids of revolution but whose cross- 
sections have areas that are readily computable. 


EXAMPLE 7 Figure 12 shows a solid with a circular base of radius 1. Parallel cross- 
sections perpendicular to the base are equilateral triangles. Find the volume of the solid. 


SOLUTION Let’s take the circle to be x* + y* = 1. The solid, its base, and a typical 
cross-section at a distance x from the origin are shown in Figure 13. 


(a) The solid (b) Its base (c) A cross-section 


Since B lies on the circle, we have y = 1 — x? and so the base of the triangle ABC 
is |AB| = 2y = 2/1 — x?. Since the triangle is equilateral, we see from Figure 13(c) 
that its height is /3 y = /3 ah 1 — x?. The cross-sectional area is therefore 


A(x) =4- 2,1 — x? - /3/1 — x2 =aoit — x?) 
and the volume of the solid is 


V= [/,A@) dx = [", V3 (1 — x?) dx 


=2{' ia -ar=23[x- | -S im 


0 


EXAMPLE 8 Find the volume of a pyramid whose base is a square with side L and 
whose height is h. 


SOLUTION We place the origin O at the vertex of the pyramid and the x-axis along its 
central axis as in Figure 14. Any plane P, that passes through x and is perpendicular to 


YA yA 
P 
h Mi L 
e > > 
O | Xx O | x 
I< h 
FIGURE 14 FIGURE 15 
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the x-axis intersects the pyramid in a square with side of length s, say. We can express s 
in terms of x by observing from the similar triangles in Figure 15 that 


x 872-8 


h L/2 L 


and so s = Lx/h. [Another method is to observe that the line OP has slope L/(2h) and 
so its equation is y = Lx/(2h).] Therefore the cross-sectional area is 


» DP 
V= { A(x) dx = yet a 
BP x3|"_ Lh 
“ae Sl. oe 7s 
h 0 
f NOTE We didn’t need to place the vertex of the pyramid at the origin in Example 8; we 
| did so merely to make the equations simple. If, instead, we had placed the center of the 
y_\4 base at the origin and the vertex on the positive y-axis, as in Figure 16, you can verify 
/ that we would have obtained the integral 
| =—_-_ 
4 ae Lh 
/ __ —_ > _ { hi 27, — 
y x Vv oh 2 (h ¥, ) dy 3 
FIGURE 16 


EXAMPLE9 A wedge is cut out of a circular cylinder of radius 4 by two planes. 
One plane is perpendicular to the axis of the cylinder. The other intersects the first 
at an angle of 30° along a diameter of the cylinder. Find the volume of the wedge. 


SOLUTION If we place the x-axis along the diameter where the planes meet, then 
the base of the solid is a semicircle with equation y = V16 — x27, -4< x <4. 
A cross-section perpendicular to the x-axis at a distance x from the origin is a 
triangle ABC, as shown in Figure 17, whose base is y = 16 — x? and whose 
height is |BC| = y tan 30° = ./16 — x?/,/3. So the cross-sectional area is 


eea=a-? if 
A(x) = 5/16 — x? - 16 — x2 


— 16 — x? 
2/3 


and the volume is 


4 r4 16 — x? 
V= [°,A@) dx = , ae 
1 pa 1 x |* 128 
= (16 — x*)dx = 6: | = 
4 fi i f3 a CY 
A y B 
FIGURE 17 For another method see Exercise 77. | 
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6.2 | Exercises 


1-4 A solid is obtained by revolving the shaded region about the 17. y =x°, y = 2x; about the y-axis 
specified line. 

(a) Sketch the solid and a typical disk or washer. 
(b) Set up an integral for the volume of the solid. 19. y=x°, y=. /x; about the x-axis 
(c) Evaluate the integral to find the volume of the solid. 


18. y=6-—x°, y=2; about the x-axis 


20. x =2—y*, x=y*; about the y-axis 


1. About the x-axis 2. About the x-axis 21. y=x2,x=y% abouty=1 
yA 22. y=x°, y= 1, x =2; about y = —3 
j2245 23. y= 1+ secx, y=3; abouty= 1 
24. y=sinx, y=cosx, 0<x< 7/4; abouty = —1 
2 25. y=x*, y=0, x= 1; aboutx=2 
; ~ 26. xy=1, y=0, x= 1, x =2; aboutx = —1 


27. x=y’?, x=1-—y?; aboutx =3 


28. y=x, y=0, x= 2, x= 4; aboutx = 1 


29-40 Refer to the figure and find the volume generated by 
rotating the given region about the specified line. 
yA 
C(O, 1) Bil, 1) 
y=dx- 
5-10 Set up, but do not evaluate, an integral for the volume of the 
solid obtained by rotating the region bounded by the given curves 
about the specified line. O A(l, 0) x 
5. y=Inx, y=0, x = 3; about the x-axis 
29. KR, about OA 30. KR, about OC 
6. x= /5 —y, y=0, x =0; about the y-axis 
31. KR, about AB 32. KR, about BC 
7. 8y =x’, y = Vx; about the y-axis 
33. KR. about OA 34. R, about OC 
8. y = (x — 2)°, y=x+ 10; about the x-axis 
35. KR, about AB 36. KR, about BC 
9. y=sinx, y=0,0<x<7; about y = —2 
. . 37. R3 about OA 38. KR; about OC 
10. y= /x, y=0, x =4; aboutx = 6 
a ae oe 39. ZR; about AB 40. RR; about BC 


11-28 Find the volume of the solid obtained by rotating the 
region bounded by the given curves about the specified line. 
Sketch the region, the solid, and a typical disk or washer. 


41-44 Set up an integral for the volume of the solid obtained by 
rotating the region bounded by the given curves about the speci- 
fied line. Then use a calculator or computer to evaluate the integral 


11. y=xt1, y=0,x=0, x= 2; about the x-axis correct to five decimal places. 

12. y= 1/x, y=0, x= 1, x = 4; about the x-axis 4. y=e, y=0, x 1l,x=1 

(3.9 1, = eS: eben tienda (a) About the x-axis (b) About y = —1 
14. y=e", y=0, x 1, x = 1; about the x-axis 42. ea 2<x i nen - 
15. x= 24/y, x =0, y=9; about the y-axis 43, x2 + 4y2=4 

16. 2x =y*, x =0, y =4; about the y-axis (a) About y = 2 (b) About x = 2 
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44. y=x7, x7 +y*=1, y20 


(a) About the x-axis (b) About the y-axis 


45-46 Use a graph to find approximate x-coordinates of the 
points of intersection of the given curves. Then use a calculator 
or computer to find (approximately) the volume of the solid 
obtained by rotating about the x-axis the region bounded by 
these curves. 


45. y = In(x° + 2), 
46. y=1+ xe, 


3 


y 3% 


y = arctan x? 


47-48 Use a computer algebra system to find the exact 
volume of the solid obtained by rotating the region bounded 
by the given curves about the specified line. 


47. y=sin’x, y=0,0<x<7; abouty=—1 


1—(x/2), 
> 


48. y=x, y=xe about y = 3 


49-54 Each integral represents the volume of a solid of 
revolution. Describe the solid. 


49. 7 i sin’x dx 50. 7 ia e* dx 
0 0 


51. 7| (x* — x°) dx 52. a. (1 — y’) dy 


53. 7 { y dy 


54. a (* [32 - 3 - vx )Jax 


55. A CAT scan produces equally spaced cross-sectional views 


of a human organ that provide information about the organ 
otherwise obtained only by surgery. Suppose that a CAT 
scan of a human liver shows cross-sections spaced 1.5 cm 


apart. The liver is 15 cm long and the cross-sectional areas, 


in square centimeters, are 0, 18, 58, 79, 94, 106, 117, 128, 


63, 39, and 0. Use the Midpoint Rule to estimate the volume 


of the liver. 


Suttha Burawonk / Shutterstock.com 


56. A log 10 m long is cut at 1-meter intervals and its cross- 
sectional areas A (at a distance x from the end of the log) 


(7) 
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are listed in the table. Use the Midpoint Rule with n = 5 to 
estimate the volume of the log. 


x (m) A (m’) x (m) A (m’) 
0 0.68 6 0.53 
1 0.65 7 0.55 
2 0.64 8 0.52 
3 0.61 9 0.50 
4 0.58 10 0.48 
5 0.59 


57. (a) If the region shown in the figure is rotated about the 
x-axis to form a solid, use the Midpoint Rule with 
n = 4 to estimate the volume of the solid. 


y 
4 


0 2 4 6 8 10 x 


(b) Estimate the volume if the region is rotated about the 
y-axis. Again use the Midpoint Rule with n = 4. 


58. (a) A model for the shape of a bird’s egg is obtained by 
rotating about the x-axis the region under the graph of 


f(x) = (ax? + bx? + ex + d)V1 — x? 
Use a computer algebra system to find the volume of 
such an egg. 
(b) For a red-throated loon, a 0.06, b = 0.04, c = 0.1, 


and d = 0.54. Graph f and find the volume of an egg of 
this species. 


59-74 Find the volume of the described solid S. 
59. A right circular cone with height / and base radius r 


60. A frustum of a right circular cone with height h, lower base 
radius R, and top radius r 
a T 


61. A cap of a sphere with radius r and height h 


<>! 
—_- 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


458 CHAPTER6 = Applications of Integration 


62. A frustum of a pyramid with square base of side b, square top 


of side a, and height h 


What happens if a = b? What happens if a = 0? 


63. A pyramid with height / and rectangular base with dimen- 
sions b and 2b 


64 


side a (a tetrahedron) 


65. A tetrahedron with three mutually perpendicular faces and 


three mutually perpendicular edges with lengths 3 cm, 4 cm, 


and 5 cm 


66. The base of S is a circular disk with radius r. Parallel cross- 


sections perpendicular to the base are squares. 


67. The base of S is an elliptical region with boundary curve 
9x* + 4y? = 36. Cross-sections perpendicular to the x-axis 


are isosceles right triangles with hypotenuse in the base. 


68. The base of S is the triangular region with vertices (0, 0), 
(1, 0), and (0, 1). Cross-sections perpendicular to the y-axis 


are equilateral triangles. 


69. 


The base of S is the same base as in Exercise 68, but cross- 
sections perpendicular to the x-axis are squares. 


70. The base of S is the region enclosed by the parabola 
y = 1 — x’ and the x-axis. Cross-sections perpendicular to 


the y-axis are squares. 


71. The base of S is the same base as in Exercise 70, but cross- 
sections perpendicular to the x-axis are isosceles triangles 


with height equal to the base. 


A pyramid with height / and base an equilateral triangle with 


72. The base of S is the region enclosed by y = 2 — x? and 
the x-axis. Cross-sections perpendicular to the y-axis are 
quarter-circles. 


73. The solid S is bounded by circles that are perpendicular 
to the x-axis, intersect the x-axis, and have centers on the 
parabola y = $(1 — x”), -l1<x <1. 


74. Cross-sections of the solid $ in planes perpendicular to the 
x-axis are circles with diameters extending from the curve 
y = 5y*x to the curve y = /x for0 <x < 4. 


75. (a) Set up an integral for the volume of a solid torus (the 
donut-shaped solid shown in the figure) with radii r 
and R. 
(b) By interpreting the integral as an area, find the volume of 
the torus. 
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76. The base of a solid S is a circular disk with radius r. Parallel 
cross-sections perpendicular to the base are isosceles triangles 
with height / and unequal side in the base. 

(a) Set up an integral for the volume of S. 
(b) By interpreting the integral as an area, find the volume 
of S. 


77. Solve Example 9 taking cross-sections to be parallel to the 
line of intersection of the two planes. 


78-79 Cavalieri’s Principle Cavalieri’s Principle states that if a 
family of parallel planes gives equal cross-sectional areas for two 
solids S; and S, then the volumes of S$, and S> are equal. 


78. (a) Prove Cavalieri’s Principle. 
(b) Use Cavalieri’s Principle to find the volume of the 
oblique cylinder shown in the figure. 


j 


h 


a x | 


79. Use Cavalieri’s Principle to show that the volume of a solid 
hemisphere of radius r is equal to the volume of a cylinder 
of radius r and height r with a cone removed, as shown in 
the figure. 


80. Find the volume common to two circular cylinders, each with 
radius r, if the axes of the cylinders intersect at right angles. 


81. Find the volume common to two spheres, each with radius r, 
if the center of each sphere lies on the surface of the other 
sphere. 


82. A bowl is shaped like a hemisphere with diameter 30 cm. A 
heavy ball with diameter 10 cm is placed in the bowl and 


83 


84. 


85 


86. 


87 
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water is poured into the bowl to a depth of / centimeters. 
Find the volume of water in the bowl. 


A hole of radius r is bored through the middle of a cylinder 
of radius R > r at right angles to the axis of the cylinder. 
Set up, but do not evaluate, an integral for the volume that 
is cut out. 


A hole of radius r is bored through the center of a sphere of 
radius R > r. Find the volume of the remaining portion of 
the sphere. 


Some of the pioneers of calculus, such as Kepler and Newton, 
were inspired by the problem of finding the volumes of wine 
barrels. (Kepler published a book Stereometria doliorum in 
1615 devoted to methods for finding the volumes of barrels.) 
They often approximated the shape of the sides by parabolas. 
(a) A barrel with height / and maximum radius R is con- 
structed by rotating about the x-axis the parabola 
y =R- cx’, ~h/2 < x < h/2, where c is a positive 
constant. Show that the radius of each end of the barrel is 
r = R — d, where d = ch*/4. 
(b) Show that the volume enclosed by the barrel is 


V = 47h(2R? + r? — 2d?) 


Suppose that a region % has area A and lies above the x-axis. 
When & is rotated about the x-axis, it sweeps out a solid with 
volume V;. When & is rotated about the line y = —k (where 
k is a positive number), it sweeps out a solid with volume V5. 
Express V> in terms of V, k, and A. 


A dilation of the plane with scaling factor c is a transforma- 
tion that maps the point (x, y) to the point (cx, cy). Applying 
a dilation to a region in the plane produces a geometrically 
similar shape. A manufacturer wants to produce a 5-liter 
(5000 cm*) terra-cotta pot whose shape is geometrically 
similar to the solid obtained by rotating the region R; shown 
in the figure about the y-axis. 

(a) Find the volume V; of the pot obtained by rotating the 
region KR. 

Show that applying a dilation with scaling factor c 
transforms the region %R, into the region R>. 

(c) Show that the volume V3 of the pot obtained by rotating 
the region R, is c*V,. 

Find the scaling factor c that produces a 5-liter pot. 


yA (cm) 


y=8c 


0 x (cm) 0 x (cm) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


460 CHAPTER6 = Applications of Integration 


6.3 


FIGURE 1 
A - 
é if a 4 "4 
x > aw 
a | 
| | 
| | 
| | BB 
| | 
4 = aa N 
( y 
_ _ 
FIGURE 2 


FIGURE 3 


Volumes by Cylindrical Shells 


Some volume problems are very difficult to handle by the methods of the preceding 
section. For instance, let’s consider the problem of finding the volume of the solid 
obtained by rotating about the y-axis the region bounded by y = 2x* — x? and y = 0. 
(See Figure 1.) If we slice perpendicular to the y-axis, we get a washer. But to compute 
the inner radius and the outer radius of the washer, we’d have to solve the cubic equation 
y = 2x* — x? for x in terms of y; that’s not easy. 


0 
qo 


@ The Method of Cylindrical Shells 


There is a method, called the method of cylindrical shells, that is easier to use in a case 
like the one shown in Figure 1. Figure 2 shows a cylindrical shell with inner radius 71, 
outer radius 72, and height h. Its volume V is calculated by subtracting the volume V, of 
the inner cylinder from the volume V3 of the outer cylinder: 


V=V.- Vi 


F 
= arsh— arih= a(rz — rp)h 


= 7(r2 + 1)(r — n)h 


+ 
= 27 fe 5 a h(rz — 11) 


If we let Ar = ry — r; (the thickness of the shell) and r = $(rp + r,) (the average radius 
of the shell), then this formula for the volume of a cylindrical shell becomes 


[1] V = 2mrh Ar 


and it can be remembered as 
V = [circumference] [height] [thickness] 
Now let S be the solid obtained by rotating about the y-axis the region bounded by 
y = f(x) [where f(x) = 0], y = 0,x = a, and x = b, where b > a = O. (See Figure 3.) 


YA 
y=f(x) 


RV 
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FIGURE 4 


FIGURE 5 
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We divide the interval [a, b] into n subintervals [x;-1, x;] of equal width Ax and let x; 
be the midpoint of the ith subinterval. If the rectangle with base [x;-1, x; ] and height f(x;) 
is rotated about the y-axis, then the result is a cylindrical shell with average radius x;, 
height f(x;), and thickness Ax. (See Figure 4.) So by Formula | its volume is 


Vi = (2rx,)[ f(%:)] Ax 


Q 
Ss 
#Y 


Therefore an approximation to the volume V of S is given by the sum of the volumes of 
these shells: 


n n 


V= > Vi= & 2x. f(z) Ax 


i=l i=1 


This approximation appears to become better as n — ©. But, from the definition of an 
integral, we know that 


iin Se fae = | ” Oarx f(x) dx 


no . 


Thus the following formula appears plausible: 


[2] The volume of the solid in Figure 3, obtained by rotating about the y-axis the 
region under the curve y = f(x) from a to J, is 


b 
v= Qax f(x) dx whereO Sa<b 


The argument using cylindrical shells makes Formula 2 seem reasonable, but later we 
will be able to prove it (see Exercise 7.1.81). 
The best way to remember Formula 2 is to think of a typical shell, cut and flattened as 
in Figure 5, with radius x, circumference 27rx, height f(x), and thickness Ax or dx: 
v=] Qmx) [f@)] ae 


circumference height thickness 


YA 


x 27x 
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This type of reasoning will be helpful in other situations, such as when we rotate 
regions about lines other than the y-axis. 


EXAMPLE 1 Find the volume of the solid obtained by rotating about the y-axis the 
region bounded by y = 2x” — x’ and y = 0. 
SOLUTION From the sketch in Figure 6 we see that a typical shell has radius x, circum- 
ference 27x, and height f(x) = 2x” — x*. So, by the shell method, the volume is 

V= [; (2arx) (2x* — x3) dx 


circumference height thickness 


= 97 ie (2x3 _ x‘) dx = an Lx _ 1s] 


FIGURE 6 
= 2n(8 - 2) =n 


It can be verified that the shell method gives the same answer as slicing. Oo 


Figure 7 shows a computer-generated 
picture of the solid whose volume we 
computed in Example 1. 


FIGURE 7 


NOTE Comparing the solution of Example 1 with the remarks at the beginning of this 
section, we see that the method of cylindrical shells is much easier than the washer 
method for this problem. We did not have to find the coordinates of the local maximum 
and we did not have to solve the equation of the curve for x in terms of y. However, in 
other examples the methods of the preceding section may be easier. 


EXAMPLE 2 Find the volume of the solid obtained by rotating about the y-axis the 
region between y = x and y = x’. 


yA SOLUTION The region and a typical shell are shown in Figure 8. We see that the shell 
has radius x, circumference 27rx, and height x — x7. So the volume is 


Shall V= {, (Qax)(x — x*)dx = 2m | (x? — x3) dx 
height = x — x? 


: a 3 4]! 
0 y x ae XxX _ Xx = 7 = 
ee 3 4|, 6 
FIGURE 8 As the following example shows, the shell method works just as well if we rotate a 
region about the x-axis. We simply have to draw a diagram to identify the radius and 


height of a shell. 
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EXAMPLE3 Use cylindrical shells to find the volume of the solid obtained by rotating 
about the x-axis the region under the curve y = x from 0 to 1. 


SOLUTION This problem was solved using disks in Example 6.2.2. To use shells we 
relabel the curve y = Vx (in the figure in that example) as x = y’ in Figure 9. For 
rotation about the x-axis we see that a typical shell has radius y, circumference 27ry, 
and height 1 — y’. So the volume is 


shell height = 1 — y” 


shell 
radius = y 


| ia D 4]! 
a -m| F-=] =3 


FIGURE 9 In this problem the disk method was simpler. a 


V=[" my\(l — y*) dy = 2m | (y — yay 


EXAMPLE 4 Find the volume of the solid obtained by rotating the region bounded by 
y =x — x’ and y = 0 about the line x = 2. 


SOLUTION Figure 10 shows the region and a cylindrical shell formed by rotation about 
the line x = 2. It has radius 2 — x, circumference 27r(2 — x), and height x — x’. 


BY 


FIGURE 10 


The volume of the given solid is 


V= a 2m(2 — x)\(x — x*) dx 


=27 (" (x3 — 3x? + 2x) dx 


@ Disks and Washers versus Cylindrical Shells 


When computing the volume of a solid of revolution, how do we know whether to use 
disks (or washers) or cylindrical shells? There are several considerations to take into 
account: Is the region more easily described by top and bottom boundary curves of the 
form y = f(x), or by left and right boundaries x = g(y)? Which choice is easier to work 
with? Are the limits of integration easier to find for one variable versus the other? Does 
the region require two separate integrals when using x as the variable but only one inte- 
gral in y? Are we able to evaluate the integral we set up with our choice of variable? 

If we decide that one variable is easier to work with than the other, then this dictates 
which method to use. Draw a sample rectangle in the region, corresponding to a cross- 
section of the solid. The thickness of the rectangle, either Ax or Ay, corresponds to the 
integration variable. If you imagine the rectangle revolving, it becomes either a disk 
(washer) or a shell. Sometimes either method works, as in the next example. 
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x=-1 Y4 


| 
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EXAMPLE 5 Figure 11 shows the region in the first quadrant bounded by the curves 
y =x’ and y = 2x. A solid is formed by rotating the region about the line x = —1. 
Find the volume of the solid using (a) x as the variable of integration and (b) y as the 
variable of integration. 


SOLUTION The solid is shown in Figure 12(a). 


(a) To find the volume using ~ as the variable of integration, we draw the sample rect- 
angle vertically, as in Figure 12(b). Rotating the region about the line x = —1 produces 
cylindrical shells, so the volume is 


-1 x v= { Q(x + 1)\(2x — x*)dx = 2a [ (x? + 2x — x3) dx 
FIGURE 11 x, xt]? 16m 
=27 ame 4 = 
3 4 |, 3 
(b) To find the volume using y as the variable of integration, we draw the sample rect- 
angle horizontally as in Figure 12(c). Rotating the region about the line produces 
washer-shaped cross-sections, so the volume is 
4 - 4 = 
V= | [a(vy + 1)? — (Sy + 1)" dy = [vy - ty?) ay 
4.3 13 _ lon 
= Tey er lg 
x=-1 YA x=-1 Yh 
<€ <5 imi »> <|s 
* ji 
\ \ “7 4 j 
\ / ? 
\ / 
\ / x 
\ / yur : — 
\ / . 
\ i 
ee | / 
‘é dn } > 
=1 0 2 * =] 
(a) (b) (c) 
FIGURE 12 a 
6.3 | Exercises 
1. Let S be the solid obtained by rotating the region shown in the 2. Let S be the solid obtained by rotating the region shown in the 


figure about the y-axis. Explain why it is awkward to use the 
washer method to find the volume V of S. Sketch a typical 
approximating shell. What are its circumference and height? 


Use shells to find V. 


y=x(x—-1)° 


figure about the y-axis. Sketch a typical cylindrical shell and 
find its circumference and height. Use shells to find the vol- 
ume of S. Is this method preferable to using washers? 


yA 


> 
x 


\a 
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3-4 A solid is obtained by rotating the shaded region about the 

specified line. 

(a) Set up an integral using the method of cylindrical shells for 
the volume of the solid. 

(b) Evaluate the integral to find the volume of the solid. 


3. About the y-axis 4. About the x-axis 


" yay 


y=2-x 
1 


5-8 Set up, but do not evaluate, an integral for the volume of the 
solid obtained by rotating the region bounded by the given curves 


about the specified line. 
5. y= Inx, y=0, x = 2; about the y-axis 


6. y=x*, y= 8, x =0; about the x-axis 


7. y=sin 'x, y= 7/2, x =0; about y = 3 


8. y=4x — x’, y=x; aboutx =7 


9-14 Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by the given curves 
about the y-axis. 


%y= Vx, y=0, x=4 


10. y=x°, y=0, x=1, x=2 


1. y=1/x, y=0, 


12. y=e", y=0, x=0, 


J5+x7, y 0, x=0, x=2 


13. y 


14, y=4x—-—x7, y=x 


15-20 Use the method of cylindrical shells to find the volume of 
the solid obtained by rotating the region bounded by the given 
curves about the x-axis. 


0, y=, y=3 
y=vx, x=0, y=2 
17. y=x??, y=8 x=0 


15. xy=1, x 
16. 


18. x 3y? + 12y -9, x=0 
19. x=1+(y-2), x=2 
20.x+y=4, x=y—-4y4+4 
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21-22 The region bounded by the given curves is rotated about the 
specified axis. Find the volume of the resulting solid using (a) x as 
the variable of integration and (b) y as the variable of integration. 


21. y=x?, y= 8x; about the y-axis 


22. y=x°, y= 4x’; about the x-axis 


23-24 A solid is obtained by rotating the shaded region about the 

specified axis. 

(a) Sketch the solid and a typical approximating cylindrical shell. 

(b) Use the method of cylindrical shells to set up an integral for 
the volume of the solid. 

(c) Evaluate the integral to find the volume. 


23. About x = —2 24. About y = —1 


yA y=4x-x° 


25-30 Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by the given curves 
about the specified axis. 


25. y=x?, y= 8, x =0; aboutx =3 
26. y= 4 - 2x, y=0, x =0; aboutx = -1 
27. y= 4x — x’, y=3; aboutx=1 


28. y = Vx, x =2y; aboutx =5 


29. x= 2y’, y20, x =2; abouty = 2 


30. x= 2y*, x =y? +1; abouty = —2 


31-36 

(a) Set up an integral for the volume of the solid obtained by 
rotating the region bounded by the given curve about the 
specified axis. 

(b) Use a calculator or computer to evaluate the integral correct to 
five decimal places. 

31. y= xe“, y=0, x = 2; about the y-axis 

32. y=tanx, y=0, x = 7/4; about x = 7/2 

33. y = cos*x, y = —cos*x, —7/2<x<77/2; aboutx=7 

34. y=x, y= 2x/(1 + x°); aboutx = -1 

35. x=vVsiny, 0OSy<7, x=0; abouty =4 


36. x° — y?=7, x= 4; abouty =5 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


466 CHAPTER6 = Applications of Integration 


37. Use the Midpoint Rule with n = 5 to estimate the volume 47. About the y-axis 48. About the x-axis 
obtained by rotating about the y-axis the region under the 


curvey=,/1+%x3,0Sx<1. 


38. If the region shown in the figure is rotated about the y-axis 
to form a solid, use the Midpoint Rule with n = 5 to esti- 
mate the volume of the solid. 


ya 


y=2-x 


yA 
4 ‘ . 
49. About the x-axis 50. About the y-axis 
yA yA 
2 ee y=4x-x 
y=vsin x _ 
> 
0 2 4 6 8 10 ¥ 
39-42 Each integral represents the volume of a solid. Describe 
. > 
the solid. 0 ao . 


39. { * Qarx dx 
0 51. About the line x = —2 52. About the line y = 3 


40. { 2ay Iny dy yA 


ay +2 
a1. 20 |’ "dy 


y 


42. { Qm(2 — x)(3* — 2") dx 


43-44 Use a graph to estimate the x-coordinates of the points of 


intersection of the given curves. Then use this information and 53-59 The region bounded by the given curves is rotated 
a calculator or computer to estimate the volume of the solid about the specified axis. Find the volume of the resulting solid 
obtained by rotating about the y-axis the region enclosed by by any method. 


these curves. 


53. y x* + 6x — 8, y= 0; about the y-axis 


43. y=x?-—2x, y= 


pea 54. y x* + 6x — 8, y= 0; about the x-axis 
Dr BF aes =9). cay’ 
(Maeaght go auees 55. y x 1, y= 2; about the x-axis 


56. y’-— x? =1, y=2; about the y-axis 


45-46 Use a computer algebra system to find the exact volume 57. x? + (y — 1)? = 1; about the y-axis 
of the solid obtained by rotating the region bounded by the given 


ey eee eee = 
curves about the specified line. 38.4— (ys), 24) abouty = 1 


45. y =sin’x, y= sin’x, O<x< 7; about x = 7/2 59. x=(y— 1), x-y=1; aboutx=—1 
46. y=x'sinx, y=0,0<x<7; aboutx=—1 : 
60. Let 7 be the triangular region with vertices (0, 0), (1, 0), 
and (1, 2), and let V be the volume of the solid generated 
47-52 A solid is obtained by rotating the shaded region about when T is rotated about the line x = a, where a > 1. 
the specified line. Express a in terms of V. 
Set int 1 usi thod to find the vol f 
(a) aed la A aa a aie 61-63 Use cylindrical shells to find the volume of the solid. 
(b) Evaluate the integral to find the volume of the solid. 61. A sphere of radius r 
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62. The solid torus of Exercise 6.2.75 radius r through the center of a sphere of radius R and 
express the answer in terms of h. 


| 


63. A right circular cone with height h and base radius r 


64. Suppose you make napkin rings by drilling holes with differ- 
ent diameters through two wooden balls (which also have dif- 
ferent diameters). You discover that both napkin rings have 
the same height /, as shown in the figure. 

(a) Guess which ring has more wood in it. 
(b) Check your guess: use cylindrical shells to compute the 
volume of a napkin ring created by drilling a hole with 


6.4 | Work 


The term work is used in everyday language to mean the total amount of effort required 
to perform a task. In physics it has a technical meaning that depends on the idea of a 
force. Intuitively, you can think of a force as describing a push or pull on an object—for 
example, a horizontal push of a book across a table or the downward pull of the earth’s 
gravity on a ball. In general, if an object moves along a straight line with position func- 
tion s(z), then the force F on the object (in the same direction) is given by Newton’s 
Second Law of Motion as the product of its mass m and its acceleration a: 


[1] F=ma= ae 


In the SI metric system, the mass is measured in kilograms (kg), the displacement in 
meters (m), the time in seconds (s), and the force in newtons (N = kg-m/s’). Thus 
a force of 1 N acting on a mass of | kg produces an acceleration of 1 m/s’. In the US 
Customary system the fundamental unit is chosen to be the unit of force, which is the 
pound. 

In the case of constant acceleration, the force F is also constant and the work done is 
defined to be the product of the force F and the distance d that the object moves: 


[2] W = Fd work = force X distance 


If F is measured in newtons and d in meters, then the unit for W is a newton-meter, which 
is called a joule (J). If F is measured in pounds and d in feet, then the unit for W is a 
foot-pound (ft-lb), which is about 1.36 J. 


EXAMPLE 1 


(a) How much work is done in lifting a 1.2-kg book off the floor to put it on a desk that 
is 0.7 m high? Use the fact that the acceleration due to gravity is g = 9.8 m/s’. 
(b) How much work is done in lifting a 20-lb weight 6 ft off the ground? 


SOLUTION 
(a) The force exerted is equal and opposite to that exerted by gravity, so Equation | 
gives 

F = mg = (1.2)(9.8) = 11.76N 


and then Equation 2 gives the work done as 


W = Fd = (11.76 N)(0.7 m) = 8.2J 
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ANNE 


> 
Frictionless 9 x 
surface 
(a) Natural position of spring 
f(x) = kx 
p> 
AAAAAAAY 
+ > 
0 x : 


(b) Stretched position of spring 


FIGURE 1 


Hooke’s Law 


(b) Here the force is given as F = 20 lb, so the work done is 
W = Fd = (20 lb)(6 ft) = 120 ft-lb 


Notice that in part (b), unlike part (a), we did not have to multiply by g because we 
were given the weight (which is a force) and not the mass of the object. a 


Equation 2 defines work as long as the force is constant, but what happens if the force 
is variable? Let’s suppose that the object moves along the x-axis in the positive direction, 
from x = ato x = b, and at each point x between a and b a force f(x) acts on the object, 
where f is a continuous function. We divide the interval [a, b] into n subintervals with 
endpoints xo, X1,...,%n and equal width Ax. We choose a sample point x* in the ith 
subinterval [x;-1, x; ]. Then the force at that point is f(x*). If n is large, then Ax is small, 
and since f is continuous, the values of f don’t change very much over the interval 
[x;-1, xi]. In other words, f is almost constant on the interval and so the work W; that is 
done in moving the particle from x;-; to x; is approximately given by Equation 2: 


W; = f(x?) Ax 


Thus we can approximate the total work by 


[3] W= > FG?) Ax 


It seems that this approximation becomes better as we make n larger. Therefore we define 
the work done in moving the object from a to b as the limit of this quantity as n > ~, 
Since the right side of (3) is a Riemann sum, we recognize its limit as being a definite 
integral and so 


4] W= lin > (GR de= Wie dx 


co . 
nO ja] 


EXAMPLE 2 When a particle is located a distance x feet from the origin, a force of 
x? + 2x pounds acts on it. How much work is done in moving it from x = 1 to x = 3? 


‘ 3 
w= fermen Z aa] ae 
1 3 


SOLUTION — 
{ 3 


The work done is 16 § ft-Ib. i 


In the next example we use a law from physics. Hooke’s Law states that the force 
required to maintain a spring stretched x units beyond its natural length is proportional 
to x: 


where k is a positive constant called the spring constant (see Figure 1). Hooke’s Law 
holds provided that x is not too large. 


EXAMPLE3 A force of 40 N is required to hold a spring that has been stretched from 
its natural length of 10 cm to a length of 15 cm. How much work is done in stretching 
the spring from 15 cm to 18 cm? 
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Oo 
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T 
ri 
100 | 
XV 
FIGURE 2 


If we had placed the origin at 
the bottom of the cable and the 
x-axis upward, we would have 
gotten 


W= aa 2(100 — x) dx 
0 


which gives the same answer. 
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SOLUTION According to Hooke’s Law, the force required to hold the spring stretched 
x meters beyond its natural length is f(x) = kx. When the spring is stretched from 10 cm 
to 15 cm, the amount stretched is 5 cm = 0.05 m. This means that f(0.05) = 40, so 


0.05k = 40 k = jx = 800 


Thus f(x) = 800x and the work done in stretching the spring from 15 cm to 18 cm is 


w= [°" g00xdx = 800 2 io 
~ te ia 2 


0.05 


= 400[(0.08)? — (0.05)?] = 1.56 J a 


EXAMPLE 4 A 200-Ib cable is 100 ft long and hangs vertically from the top of a tall 
building. 

(a) How much work is required to lift the cable to the top of the building? 

(b) How much work is required to pull up only 20 feet of the cable? 


SOLUTION 
(a) One method is to use an argument similar to the one that led to Definition 4. [For 
another method, see Exercise 14(b).] 

Let’s place the origin at the top of the building and the x-axis pointing downward as 
in Figure 2. We divide the cable into small parts with length Ax. If x# is a point in the 
ith such interval, then all points in the interval are lifted by approximately the same 
amount, namely x. The cable weighs 2 pounds per foot, so the weight of the ith part is 
(2 Ib/ft)(Ax ft) = 2 Ax lb. Thus the work done on the ith part, in foot-pounds, is 


(2Ax) + x® = 2x* Ax 


———) — 
force distance 


We get the total work done by adding all these approximations and letting the 
number of parts become large (so Ax 0): 


no - 


W = lim > 2x* Ax = ie 2x dx 
i=1 


= x?]" = 10,000 feb 


(b) The work required to move the top 20 ft of cable to the top of the building is 
computed in the same manner as part (a): 


20 
Wi = [° 2xdx = x7], = 400 felb 


Every part of the lower 80 ft of cable moves the same distance, namely 20 ft, so the 
work done is 


W> = lim 3 (20 oe as) = i 40 dx = 3200 ft-lb 
nO 54 —— SS" 20 
distance force 
(Alternatively, we can observe that the lower 80 ft of cable weighs 80 - 2 = 160 lb and 
moves uniformly 20 ft, so the work done is 160 + 20 = 3200 ft-lb.) 
The total work done is W; + W2 = 400 + 3200 = 3600 ft-lb. a 
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EXAMPLE 5 A tank has the shape of an inverted circular cone with height 10 m and 
base radius 4 m. It is filled with water to a height of 8 m. Find the work required to 
empty the tank by pumping all of the water to the top of the tank. (The density of water 
is 1000 kg/m*.) 


SOLUTION Let’s measure depths from the top of the tank by introducing a vertical 
coordinate line as in Figure 3. The water extends from a depth of 2 m to a depth 
of 10 m and so we divide the interval [2, 10] into n subintervals with endpoints 
Xo, X1,...,Xn and choose x* in the ith subinterval. This divides the water into n layers. 
The ith layer is approximated by a circular cylinder with radius r; and height Ax. We 
can compute 7; from similar triangles, using Figure 4, as follows: 

Vi 4 


2 * 
— ,=2(010 — xt 
10-x* 10 = Nea) 


Thus an approximation to the volume of the ith layer of water is 


ae 4a 
V; ~ mr? Ax = — (10 — x*)? Ax 
FIGURE 3 25 
and so its mass is 
4 m; = density < volume 
= 
4a #)2 *)2 
= 1000: og 0 — x7)? Ax = 1607(10 — x#*)? Ax 
10 The force required to raise this layer must overcome the force of gravity and so 
il F; = mg ~ (9.8)1607(10 — x#*)? Ax 
10 — x;* 
| : = 15687(10 — x*)? Ax 
= Each particle in the layer must travel a distance upward of approximately xj‘. The 
FIGURE 4 work W; done to raise this layer to the top is approximately the product of the force F; 
and the distance x*: 
W, = F,)x* ~ 1568ax*(10 — x¥)? Ax 
To find the total work done in emptying the entire tank, we add the contributions of 
each of the n layers and then take the limit as n — ©: 
n 10 
W = lim > 1568ax#(10 — x*)? Ax = [, 15687x(10 — x)* dx 
n> jy 
10 
10 2 3 2 20x : x = 
= 15682 |" (100x — 20x? + x*) dx = 15682] 50x? — [— + = 
2 
= 15687(2%%) =~ 3.4 x 10°5 a 
6.4 | Exercises 

1. How much work is done when a weight lifter lifts 200 kg the work done in moving the object from x = 1 ft 
from 1.5 m to 2.0 m above the ground? tox = 10 ft. 

2. Compute the work done in hoisting an 1100-Ib grand 4. A variable force of Ax newtons moves a particle along a 
piano from the ground up to the third floor, 35 feet above straight path when it is x meters from the origin. Calculate the 
the ground. work done in moving the particle from x = 4 tox = 16. 

3. A variable force of 5x? pounds moves an object along 5. Shown is the graph of a force function (in newtons) that 
a straight line when it is x feet from the origin. Calculate increases to its maximum value and then remains constant. 
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How much work is done by the force in moving an object a 
distance of 8 m? 


|| 
Li] i 
0 1 2 3 4 5 6 7 8 x(m) 


6. The table shows values of a force function f(x), where x is 
measured in meters and f(x) in newtons. Use the Midpoint 
Rule to estimate the work done by the force in moving an 
object from x = 4 to x = 20. 


By 4 6 8 | 10 | 12 | 14 | 16 | 18 | 20 


f(x) | 5 | 5.8 | 7.0 | 8.8 | 9.6 | 8.2 | 6.7 | 5.2 | 4.1 


7. A force of 10 Ib is required to hold a spring stretched 4 in. 
beyond its natural length. How much work is done in stretch- 
ing it from its natural length to 6 in. beyond its natural 
length? 


8. A spring has a natural length of 40 cm. If a 60-N force is 
required to keep the spring compressed 10 cm, how much 
work is done during this compression? How much work is 
required to compress the spring to a length of 25 cm? 


9. Suppose that 2 J of work is needed to stretch a spring from its 
natural length of 30 cm to a length of 42 cm. 
(a) How much work is needed to stretch the spring from 
35 cm to 40 cm? 
(b) How far beyond its natural length will a force of 30 N 
keep the spring stretched? 


10. If the work required to stretch a spring 1 ft beyond its natural 
length is 12 ft-lb, how much work is needed to stretch it 9 in. 
beyond its natural length? 


11. A spring has natural length 20 cm. Compare the work W, 
done in stretching the spring from 20 cm to 30 cm with the 
work W, done in stretching it from 30 cm to 40 cm. How are 
W, and W, related? 


12. If 6 J of work is needed to stretch a spring from 10 cm to 
12 cm and another 10 J is needed to stretch it from 12 cm 
to 14cm, what is the natural length of the spring? 


13-22 Show how to approximate the required work by a Riemann 
sum. Then express the work as an integral and evaluate it. 


13. A heavy rope, 50 ft long, weighs 0.5 Ib/ft and hangs over the 
edge of a building 120 ft high. 
(a) How much work is done in pulling the rope to the top of 
the building? 
(b) How much work is done in pulling half the rope to the 
top of the building? 


SECTION 6.4 Work 471 


14. A thick cable, 60 ft long and weighing 180 lb, hangs from a 
winch on a crane. Compute in two different ways the work 
done if the winch winds up 25 ft of the cable. 

(a) Follow the method of Example 4. 

(b) Write a function for the weight of the remaining cable 
after x feet has been wound up by the winch. Estimate 
the amount of work done when the winch pulls up 
Ax feet of cable. 


15. A cable that weighs 2 Ib/ft is used to lift 800 Ib of coal up a 
mine shaft 500 ft deep. Find the work done. 


16. A chain lying on the ground is 10 m long and its mass is 
80 kg. How much work is required to raise one end of the 
chain to a height of 6 m? 


17. A 10-ft chain weighs 25 lb and hangs from a ceiling. Find the 
work done in lifting the lower end of the chain to the ceiling 
so that it is level with the upper end. 


18. A 0.4-kg model rocket is loaded with 0.75 kg of rocket fuel. 
After launch, the rocket rises at a constant rate of 4 m/s but 
the rocket fuel is dissipated at a rate of 0.15 kg/s. Find the 
work done in propelling the rocket 20 m above the ground. 


19. A leaky 10-kg bucket is lifted from the ground to a height of 
12 m at a constant speed with a rope that weighs 0.8 kg/m. 
Initially the bucket contains 36 kg of water, but the water 
leaks at a constant rate and finishes draining just as the bucket 
reaches the 12-m level. How much work is done? 


20. A circular swimming pool has a diameter of 24 ft, the sides 
are 5 ft high, and the depth of the water is 4 ft. How much 
work is required to pump all of the water out over the side? 
(Use the fact that water weighs 62.5 lb/ft*.) 


21. An aquarium 2 m long, | m wide, and 1 m deep is full of 
water. Find the work needed to pump half of the water out of 
the aquarium. (Use the fact that the density of water is 
1000 kg /m?.) 


22. A spherical water tank, 24 ft in diameter, sits atop a 60-ft-tall 
tower. The tank is filled by a hose attached to the bottom of 
the sphere. If a 1.5-horsepower pump is used to deliver water 
up to the tank, how long will it take to fill the tank? (One 
horsepower = 550 ft-lb of work per second.) 


23-26 A tank is full of water. Find the work required to pump 
the water out of the spout. In Exercises 25 and 26 use the fact that 
water weighs 62.5 lb/ft’. 


23. k 3m} 24 
\ 


8m 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


472 


25. 
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. a 26. rn ot 
7 
= tae 
\ Ca | cr 
8 ft _ 
3 ft ion 
e-—-—4 | 


frustum of a cone 


28. 


29. 


30. 


. Suppose that for the tank in Exercise 23 the pump breaks 


down after 4.7 < 10° J of work has been done. What is 
the depth of the water remaining in the tank? 


Solve Exercise 24 if the tank is half full of oil that has a 
density of 900 kg/m’. 


When gas expands in a cylinder with radius r, the pressure 
at any given time is a function of the volume: P = P(V). 
The force exerted by the gas on the piston (see the figure) 
is the product of the pressure and the area: F = mr°P. 
Show that the work done by the gas when the volume 
expands from volume V, to volume V; is 


w= |" Pav 


els 


piston head 


In a steam engine the pressure P and volume V of steam sat- 
isfy the equation PV'* = k, where k is a constant. (This is true 
for adiabatic expansion, that is, expansion in which there is no 
heat transfer between the cylinder and its surroundings.) Use 
Exercise 29 to calculate the work done by the engine during a 
cycle when the steam starts at a pressure of 160 Ib/in* and a 
volume of 100 in’ and expands to a volume of 800 in’. 


31-33 Work-Energy Theorem The kinetic energy KE of an 
object of mass m moving with velocity v is defined as KE = $mv e 
If a force f(x) acts on the object, moving it along the x-axis from 
X, to X2, the Work-Energy Theorem states that the net work done is 
equal to the change in kinetic energy: + mov; = 5mv?, where v, is 
the velocity at x; and v is the velocity at x2. 


31. 


Let x = s(t) be the position function of the object at 

time ¢ and v(t), a(t) the velocity and acceleration functions. 
Prove the Work-Energy Theorem by first using the Substitu- 
tion Rule for Definite Integrals (5.5.6) to show that 


W= |" fa) dx = ["F(s() v0 at 


Then use Newton’s Second Law of Motion 
(force = mass X acceleration) and the substitution 
u = v(t) to evaluate the integral. 


32. 


33. 


How much work (in ft-lb) is required to hurl a 12-lb bowl- 
ing ball at 20 mi/h? (Note: Divide the weight in pounds by 
32 ft/s’, the acceleration due to gravity, to find the mass, 
measured in slugs.) 


Suppose that when launching an 800-kg roller coaster car 
an electromagnetic propulsion system exerts a force of 
(5.7x? + 1.5x) newtons on the car at a distance x meters 
along the track. Use Exercise 31 to find the speed of the car 
when it has traveled 60 meters. 


34. 


35. 


36. 


When a particle is located a distance x meters from the ori- 
gin, a force of cos(7x/3) newtons acts on it. How much 
work is done in moving the particle from x = 1 to x = 2? 
Interpret your answer by considering the work done from 
x = 1tox = 1.5 and from x = 1.5 tox = 2. 


(a) Newton’s Law of Gravitation states that two bodies 
with masses m, and mz attract each other with a force 


mm 


2 


r 


F=G 


where r is the distance between the bodies and G 
is the gravitational constant. If one of the bodies is 
fixed, find the work needed to move the other from 
r=ator=b. 

(b) Compute the work required to launch a 1000-kg 
satellite vertically to a height of 1000 km. You may 
assume that the earth’s mass is 5.98 X 10% kg 
and is concentrated at its center. Take the 
radius of the earth to be 6.37 X 10° mand 
G = 6.67 X 10°"! N-m?/keg? 


The Great Pyramid of King Khufu was built of limestone in 
Egypt over a 20-year time period from 2580 Bc to 2560 Bc. 
Its base is a square with side length 756 ft and its height 
when built was 481 ft. (It was the tallest man-made struc- 
ture in the world for more than 3800 years.) The density of 
the limestone is about 150 Ib/ft*. 
(a) Estimate the total work done in building the pyramid. 
(b) If each laborer worked 10 hours a day for 20 years, for 
340 days a year, and did 200 ft-Ib/h of work in lifting 
the limestone blocks into place, about how many 
laborers were needed to construct the pyramid? 


Vladimir Korostyshevskiy / Shutterstock.com 
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6.5 | Average Value of a Function 


It is easy to calculate the average value of finitely many numbers yj, yo, ... , Yn! 


Yt yo tees t yn 
JYavg = a 


TA But how do we compute the average temperature during a day if infinitely many tem- 
perature readings are possible? Figure | shows the graph of a temperature function T(0), 
where ¢ is measured in hours and T in °C, and a guess at the average temperature, Tiys. 

In general, let’s try to compute the average value of a function y = f(x),a <x <b. 
We start by dividing the interval [a, b] into n equal subintervals, each with length 
Ax = (b — a)/n. Then we choose points xj‘, .. . , x* in successive subintervals and cal- 
culate the average of the numbers f(x7‘),..., f(x#): 


FO) + ++ + fa") 
FIGURE 1 n 


(For example, if f represents a temperature function and n = 24, this means that we take 
temperature readings every hour and then average them.) Since Ax = (b — a)/n, we can 
write n = (b — a)/Ax and the average value becomes 


flat) +es347OR) 1 
b-a b= 
Ax 


—L flat) + +++ + faa] Ax 


= [fat Ar + + fla Ax] 


“3 f(x?) Ax 


b-a iz 


If we let n increase, we would be computing the average value of a large number of 
closely spaced values. (For example, we would be averaging temperature readings taken 
every minute or even every second.) The limiting value is 


n 


fin Ae hae > [’ f(x) dx 


n> b— @ jay 


by the definition of a definite integral. 
Therefore we define the average value of f on the interval [a, b] as 


For a positive function, we can think 
of this definition as saying 1 


b 
area eae Save = re f(x) dx 
width > average heig 


EXAMPLE 1 Find the average value of the function f(x) = 1 + x? on the 
interval [—1, 2]. 


SOLUTION With a = —1 and b = 2 we have 


fos = [° fla) dx = 


avg — 
b-a 


1 2 nad ei 
Freep Jd tax a i 2 @ 


If T(t) is the temperature at time t, we might wonder if there is a specific time when 
the temperature is the same as the average temperature. For the temperature function 
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graphed in Figure 1, we see that there are two such times—just before noon and just 
before midnight. In general, is there a number c at which the value of a function f is 
exactly equal to the average value of the function, that is, f(c) = fay? The following 
theorem says that this is true for continuous functions. 


The Mean Value Theorem for Integrals If f is continuous on [a, b], then there 
exists a number c in [a, b] such that 


AO) = foe = =— fF) x 


that is, [’ f(x) dx = f(b — a) 


The Mean Value Theorem for Integrals is a consequence of the Mean Value Theorem 
for derivatives and the Fundamental Theorem of Calculus. The proof is outlined in Exer- 
You can always chop off the top of a cise 28. a : . 
(two-dimensional) mountain at a cer- The geometric interpretation of the Mean Value Theorem for Integrals is that, for 
tain height (namely, fs) and use it to Positive functions f, there is a number c such that the rectangle with base [a, b] and 
fillin the valleys so that the mountain height f(c) has the same area as the region under the graph of f from a to b. (See 
becomes completely flat. Figure 2 and the more picturesque interpretation in the margin note.) 


FIGURE 2 


EXAMPLE 2 Since f(x) = 1 + x’ is continuous on the interval [—1, 2], the Mean 
Value Theorem for Integrals says there is a number c in[—1, 2] such that 


[), d+ 8) dx =s0L2 - (-0I 


In this particular case we can find c explicitly. From Example | we know that five = 2, 
so the value of c satisfies 


f(c) = fave = 2 


a Therefore 1+c?=2 Ne) c=1 
Javg 


So in this case there happen to be two numbers c = +1 in the interval [—1, 2] that 
work in the Mean Value Theorem for Integrals. a 


+1 1 2 


FIGURE 3 Examples | and 2 are illustrated by Figure 3. 


EXAMPLE 3 Show that the average velocity of a car over a time interval [t;, f | is the 
same as the average of its velocities during the trip. 


SOLUTION If s(t) is the displacement of the car at time ¢, then, by definition, the 


average velocity of the car over the interval is 


As _ s(t) — s(t) 
At h — ft 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 6.5 Average Value of a Function 475 


On the other hand, the average value of the velocity function on the interval is 


Vave 


_ S(t2) — s(t) 


1 to 
— |" oli) dt = = 


[s(t.) — s(ti)] 


J : [so dt 


27 41 


(by the Net Change Theorem) 


bh- ht 


= average velocity | 


6.5 | Exercises 

1-8 Find the average value of the function on the given interval. 

1. f(x) = 3x? + 8x, [-1,2] 

2. f(x) = vx, [0,4] 

3. g(x) =3cosx, [—7/2, 7/2] 

ell? 
4. f(z) = a [1, 4] 
9 
5. g(t) = 2 
g(t) = => [0,2] 
6. f(x) =, [-11 
(Oe il 
7. h(x) = cos*x sinx, [0, 7] 
I 
8. Aw) =, [1,5] 
u 

9-12 
(a) Find the average value of f on the given interval. 
(b) Find c in the given interval such that five = f(c). 
(c) Sketch the graph of f and a rectangle whose base is the given 


-fO= Ye, 
Ga=@ +1), 
. f(x) = 2 sinx — sin 2x, 


. f(x) = 2xe™, 


interval and whose area is the same as the area under the 
graph of f. 


[1, 3] 

[0, 2] 

[0, 77] 
[0, 2] 


14. 


. If f is continuous and iF f(x) dx = 8, show that f takes 


on the value 4 at least once on the interval [1, 3]. 


Find the numbers b such that the average value of 
f(x) = 2 + 6x — 3x? on the interval [0, b] is equal to 3. 


15. Find the average value of f on [0, 8]. 


16. The velocity graph of an accelerating car is shown. 


17. 


18. 


(a) Use the Midpoint Rule to estimate the average 
velocity of the car during the first 12 seconds. 

(b) At what time was the instantaneous velocity equal 
to the average velocity? 


vA (km/h) 


60 


40 


20 


12 t (seconds) 


In a certain city the temperature (in °F) ¢ hours after 
9 AM was modeled by the function 


i= 50-+ isin 
sin 12 


Find the average temperature during the period from 
9 AM to 9 PM. 


The figure shows graphs of the temperatures for a city on the 
East Coast and a city on the West Coast during a 24-hour 
period starting at midnight. Which city had the highest tem- 
perature that day? Find the average temperature during this 
time period for each city using the Midpoint Rule with 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


476 CHAPTER6 = Applications of Integration 


(b) What is the average temperature of the coffee during the 
first half hour? 


n = 12. Interpret your results; which city was “warmer” 
overall that day? 


Use the result of Exercise 5.5.89 to compute the average vol- 
ume of inhaled air in the lungs in one respiratory cycle. 


iE 
80 


(°F) 23. 


70 24. Ifa freely falling body starts from rest, then its displace- 
ment is given by s = Sgt’. Let the velocity after a time T 

60 be vr. Show that if we compute the average of the 

«6 velocities with respect to t we get vayy = 5 vr, but if we 
compute the average of the velocities with respect to s 

2 
40 we get Vayve = Z0r. 
Le fears 25. Use the diagram to show that if f is concave upward 


on [a, b], then 


19. The linear density in a rod 8 m long is 12//x + 1 kg/m, 
where x is measured in meters from one end of the rod. Find 
the average density of the rod. 


a+b 
fos > F(S 
20. The velocity v of blood that flows in a blood vessel with yA 
radius R and length / at a distance r from the central axis is f 


o) = Gy RE ) 


where P is the pressure difference between the ends of the 


21. 


vessel and 7 is the viscosity of the blood (see Example 3.7.7). 0 qa a+b 4 a 

Find the average velocity (with respect to r) over the interval 2 

0 <r SR. Compare the average velocity with the maximum 

velocity. 26-27 Let fae[a, b] denote the average value of f on the 


In Example 3.8.1 we modeled the world population 
in the second half of the 20th century by the equation 


interval [a, b]. 


26. Show that if a < c < b, then 


P(t) = 2560e°"'”!**", Use this equation to estimate the aver- 
age world population during this time period (1950-2000). 


C= a4 b= 
22. (a) A cup of coffee has temperature 95°C and takes foela, b] = ( b-—a ) fovela, €] + ( b-—a ) fovele, B] 
30 minutes to cool to 61°C in a room with temper- 
ature 20°C. Use Newton’s Law of Cooling (Sec- 

tion 3.8) to show that the temperature of the coffee 


after t minutes is 


T(t) = 20 + 75e* 


27. Show that if f is continuous, then lim,..+ favela, t] = f(a). 


28. Prove the Mean Value Theorem for Integrals by applying the 
Mean Value Theorem for derivatives (see Section 4.2) to the 


where k ~ 0.02. function F(x) = C f(t) dt. 


APPLIED PROJECT | CALCULUS AND BASEBALL 


In this project we explore three of the many applications of calculus to baseball. The physical 
interactions of the game, especially the collision of ball and bat, are quite complex and their 
models are discussed in detail in a book by Robert Adair, The Physics of Baseball, 3d ed. 
(New York, 2002). 


1. It may surprise you to learn that the collision of baseball and bat lasts only about a thou- 
sandth of a second. Here we calculate the average force on the bat during this collision by 
first computing the change in the ball’s momentum. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


APPLIED PROJECT Calculus and Baseball 477 


The momentum p of an object is the product of its mass m and its velocity v, that is, 
p = mv. Suppose an object, moving along a straight line, is acted on by a force F = F(t) 
that is a continuous function of time. 
(a) Show that the change in momentum over a time interval [fo, t; | is equal to the integral 


——>——-—-/) 

} of F from fo to t;; that is, show that 

i 

4 

fin) = jo)) = || 1) ah 
etlve< pln) ~ plto) = | Fl) 
6 
© e This integral is called the impulse of the force over the time interval. 
@ (b) A pitcher throws a 90-mi/h fastball to a batter, who hits a line drive directly back 


Batter sbox to the pitcher. The ball is in contact with the bat for 0.001 s and leaves the bat with 


velocity 110 mi/h. A baseball weighs 5 oz and, in US Customary units, its mass is 
measured in slugs: m = w/g, where g = 32 ft/s”. 
(i) Find the change in the ball’s momentum. 


An overhead view of the position of (ii) Find the average force on the bat. 


a baseball bat, shown every fiftieth 
of a second during a typical swing. 2. In this problem we calculate the work required for a pitcher to throw a 90-mi/h fastball by 
(Adapted from The Physics of Baseball) first considering kinetic energy. i 
The kinetic energy K of an object of mass m and velocity v is given by K = mv’. 
Suppose an object of mass m, moving in a straight line, is acted on by a force F = F(s) 
that depends on its position s. According to Newton’s Second Law 


F(s) dv 
s) =ma=m— 
dt 
where a and v denote the acceleration and velocity of the object. 
(a) Show that the work done in moving the object from a position so to a position 5; is 
equal to the change in the object’s kinetic energy; that is, show that 


W= i F(s) ds = 3mv?— $mv¢é 
So 
where vp = v(so) and v; = v(s;) are the velocities of the object at the positions so 


and s,. Hint: By the Chain Rule, 


dv dv ds dv 
ie an. a 


m 


(b) How many foot-pounds of work does it take to throw a baseball at a speed of 
90 mi/h? 


3. (a) An outfielder fields a baseball 280 ft away from home plate and throws it directly 
to the catcher with an initial velocity of 100 ft/s. Assume that the velocity v(t) of 
the ball after ¢ seconds satisfies the differential equation dv/dt = —jyv because of air 
resistance. How long does it take for the ball to reach home plate? (Ignore any verti- 
cal motion of the ball.) 

(b) The manager of the team wonders whether the ball will reach home plate sooner if it is 
relayed by an infielder. The shortstop can position himself directly between the out- 
fielder and home plate, catch the ball thrown by the outfielder, turn, and throw the ball 
to the catcher with an initial velocity of 105 ft/s. The manager clocks the relay time of 
the shortstop (catching, turning, throwing) at half a second. How far from home plate 
should the shortstop position himself to minimize the total time for the ball to reach 
home plate? Should the manager encourage a direct throw or a relayed throw? What if 
the shortstop can throw at 115 ft/s? 

(c) For what throwing velocity of the shortstop does a relayed throw take the same time as 
a direct throw? 
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APPLIED PROJECT WHERE TO SIT AT THE MOVIES 


A movie theater has a screen that is positioned 10 ft off the floor and is 25 ft high. The 

first row of seats is placed 9 ft from the screen and the rows are set 3 ft apart. The floor of 
the seating area is inclined at an angle of a = 20° above the horizontal and the distance up 
the incline that you sit is x. The theater has 21 rows of seats, so0 < x < 60. Suppose you 
decide that the best place to sit is in the row where the angle @ subtended by the screen at 
your eyes is a maximum. Let’s also suppose that your eyes are 4 ft above the floor, as shown 


in the figure. (In Exercise 4.7.84 we looked at a simpler version of this problem, where the 


—— floor is horizontal, but this project involves a more complicated situation and requires 


— technology.) 


25 ft =~ 1. Show that 


where 


and 


= (9 + xcosa)? + (31 — xsina)’ 


b? = (9+ xcosa)? + (x sina — 6)? 


2. Use a graph of @ as a function of x to estimate the value of x that maximizes 6. In which 
row should you sit? What is the viewing angle @ in this row? 


i 


Use a computer algebra system to differentiate @ and find a numerical value for the root of 


the equation d@/dx = 0. Does this value confirm your result in Problem 2? 


4. Use the graph of @ to estimate the average value of 0 on the interval 0 < x < 60. Then use 
a computer algebra system to compute the average value. Compare with the maximum and 


minimum values of 60. 


Wa review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) Draw two typical curves y = f(x) and y = g(x), where 
f(x) = g(x) for a = x < b. Show how to approximate 
the area between these curves by a Riemann sum and 
sketch the corresponding approximating rectangles. Then 
write an expression for the exact area. 

(b) Explain how the situation changes if the curves have 
equations x = f(y) and x = g(y), where f(y) = g(y) 
forc<y<d. 


2. Suppose that Sue runs faster than Kathy throughout a 
1500-meter race. What is the physical meaning of the area 
between their velocity curves for the first minute of the race? 


3. (a) Suppose S is a solid with known cross-sectional areas. 
Explain how to approximate the volume of S by a 
Riemann sum. Then write an expression for the exact 
volume. 


(b) If Sis a solid of revolution, how do you find the cross- 
sectional areas? 


4. (a) What is the volume of a cylindrical shell? 
(b) Explain how to use cylindrical shells to find the volume 
of a solid of revolution. 
(c) Why might you want to use the shell method instead of 
the disk or washer method? 


5. Suppose that you push a book across a 6-meter-long table by 
exerting a force f(x) at each point from x = 0 to x = 6. What 
does |¢ f(x) dx represent? If f(x) is measured in newtons, 
what are the units for the integral? 


6. (a) What is the average value of a function f on an 
interval [a, b]? 
(b) What does the Mean Value Theorem for Integrals say? 
What is its geometric interpretation? 
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TRUE-FALSE QUIZ 


CHAPTER6 Review 479 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. The area between the curves y = f(x) and y = g(x) for 
a<x<bisA = |?[ f(x) — g(x] dx. 


2. A cube is a solid of revolution. 


3. If the region bounded by the curves y = ./x and y =xis 
revolved about the x-axis, then the volume of the resulting 
solid is V = |, a(/x — x) dx. 


4-9 Let KR be the region shown. 


=k y= f(x) 


R 


0 | a b ; 


4. If R is revolved about the y-axis, then the volume of the 
resulting solid is V = [? 2arx f(x) dx. 


EXERCISES 


. If R is revolved about the x-axis, then the volume of the 


resulting solid is V = [? w[ f(x) dx. 


. If R is revolved about the x-axis, then vertical cross-sections 


perpendicular to the x-axis of the resulting solid are disks. 


. If R is revolved about the y-axis, then horizontal cross- 


sections of the resulting solid are cylindrical shells. 


. The volume of the solid obtained by revolving & about the 


line x = —2 is the same as the volume of the solid obtained 
by revolving & about the y-axis. 


. If R is the base of a solid S and cross-sections of S per- 


pendicular to the x-axis are squares, then the volume of S 
isV= ie [ f(x)}* dx. 


10. 


11. 


A cable hangs vertically from a winch located at the top of a 
tall building. The work required for the winch to pull up the 
top half of the cable is half of the work required to pull up 
the entire cable. 


If |; f(x) dx = 12, then the average value of f on [2, 5] 
is 4. 


1-6 Find the area of the region bounded by the given curves. 


ly=x’, y=8x-—x? 


0, x=y + 3y 
y =x? — 2x 


x=2 


. y = sin(ax/2), 


y= yx, =a 


a we wN 
= 
S 


7-11 Find the volume of the solid obtained by rotating the region 


bounded by the given curves about the specified axis. 

7. y = 2x, y=x*; about the x-axis 
8. x=1+ y?, y=x-— 3; about the y-axis 
9.x =0,x=9-—y*; aboutx = —-1 


10. y=x°+1, y=9-x*; abouty = —-1 


11. x? — y? =a’, x=ath (wherea > 0,h > 0); 
about the y-axis 


12-14 Set up, but do not evaluate, an integral for the volume of 
the solid obtained by rotating the region bounded by the given 
curves about the specified axis. 


12. y = tanx, y =x, x = 7/3; about the y-axis 


13. 
14. 


x| <a/2, y= 4 aboutx = 7/2 


= 2 
y = cos’x, 


y=Inx, y=0, x=4; aboutx = —-1 


15-16 The region bounded by the given curves is rotated about 
the specified axis. Find the volume of the solid using (a) x as the 
variable of integration and (b) y as the variable of integration. 


15 


16. 


y =x?, y= 3x7; aboutx = —1 


y= x, y=x?; about y = 3 


17. 


18. 


19. 


Find the volumes of the solids obtained by rotating the region 
bounded by the curves y = x and y = x* about the following 
lines. 

(a) The x-axis 


(b) The y-axis (c) y=2 


Let & be the region in the first quadrant bounded by the 
curves y = x* and y = 2x — x. Calculate the following 
quantities. 

(a) The area of R 

(b) The volume obtained by rotating R about the x-axis 
(c) The volume obtained by rotating about the y-axis 


Let & be the region bounded by the curves y = tan(x*), 
x = 1, and y = 0. Use the Midpoint Rule with n = 4 to 
estimate the following quantities. 

(a) The area of R 

(b) The volume obtained by rotating R about the x-axis 
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FY 20. 


CHAPTER6 Applications of Integration 


Let R be the region bounded by the curves y = | — x? and 

y =x° — x + 1. Estimate the following quantities. 

(a) The x-coordinates of the points of intersection of the 
curves 

(b) The area of R 

(c) The volume generated when & is rotated about the 
X-axis 

(d) The volume generated when & is rotated about the 
y-axis 


21-24 Each integral represents the volume of a solid. Describe 
the solid. 


21. 


22. 


23. 


24. 


i 27x cos x dx 
("" _ 

: 2a cos“x dx 

[" a(2 — sin x)? dx 
J0 


[27 (6 — y)(4y — y*) dy 


25. 


26. 


27. 


28. 


29. 


The base of a solid is a circular disk with radius 3. Find the 
volume of the solid if parallel cross-sections perpendicular 
to the base are isosceles right triangles with hypotenuse 
lying along the base. 


The base of a solid is the region bounded by the parabolas 
y =x’ and y = 2 — x*. Find the volume of the solid if the 
cross-sections perpendicular to the x-axis are squares with 
one side lying along the base. 


The height of a monument is 20 m. A horizontal cross- 
section at a distance x meters from the top is an equilateral 
triangle with side ix meters. Find the volume of the 
monument. 


(a) The base of a solid is a square with vertices located at 
(1, 0), (0, 1), (—1, 0), and (0, — 1). Each cross-section 
perpendicular to the x-axis is a semicircle. Find the 
volume of the solid. 

(b) Show that the volume of the solid of part (a) can be 
computed more simply by first cutting the solid and 
rearranging it to form a cone. 


A force of 30 N is required to maintain a spring stretched 
from its natural length of 12 cm to a length of 15 cm. How 
much work is done in stretching the spring from 12 cm 

to 20 cm? 


30. 


31. 


32. 


33. 


34. 


35. 


A 1600-Ib elevator is suspended by a 200-ft cable that weighs 
10 lb/ft. How much work is required to raise the elevator 
from the basement to the third floor, a distance of 30 ft? 


A tank full of water has the shape of a paraboloid of revolu- 

tion as shown in the figure; that is, its shape is obtained by 

rotating a parabola about a vertical axis. 

(a) If its height is 4 ft and the radius at the top is 4 ft, find 
the work required to pump the water out of the tank. 

(b) After 4000 ft-lb of work has been done, what is the 
depth of the water remaining in the tank? 


A steel tank has the shape of a circular cylinder oriented 
vertically with diameter 4 m and height 5 m. The tank is 
currently filled to a level of 3 m with cooking oil that has a 
density of 920 kg/m’. Compute the work required to pump 
the oil out through a 1-m spout at the top of the tank. 


Find the average value of the function f(t) = sect on the 
interval [0, 7/4]. 


(a) Find the average value of the function f(x) = 1/ a/x on 
the interval [1, 4]. 

(b) Find the value c guaranteed by the Mean Value 
Theorem for Integrals such that f,,, = f(c). 

(c) Sketch the graph of f on [1, 4] and a rectangle with 
base [1, 4] whose area is the same as the area under the 
graph of f. 


Let %, be the region bounded by y = x’, y = 0, and x = b, 

where b > 0. Let R2 be the region bounded by y = x’, 

x = 0, and y = Bb’. 

(a) Is there a value of b such that R, and R, have the same 
area? 

(b) Is there a value of b such that 2, sweeps out the same 
volume when rotated about the x-axis and the y-axis? 

(c) Is there a value of b such that R, and R2 sweep out the 
same volume when rotated about the x-axis? 

(d) Is there a value of b such that A, and RK, sweep out the 
same volume when rotated about the y-axis? 
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Problems Plus 


1. 


2. 
3. 


4. 


ay 


FIGURE FOR PROBLEM 3 


vl 


a 


FIGURE FOR PROBLEM 6 


A solid is generated by rotating about the x-axis the region under the curve y = f(x), where 
f is a positive function and x = 0. The volume generated by the part of the curve from 
x = 0tox = bis dD’ for all b > O. Find the function f. 


There is a line through the origin that divides the region bounded by the parabola 
y = x — x’ and the x-axis into two regions with equal area. What is the slope of that line? 


The figure shows a curve C with the property that, for every point P on the middle curve 
y = 2x’, the areas A and B are equal. Find an equation for C. 


A cylindrical glass of radius r and height L is filled with water and then tilted until the water 

remaining in the glass exactly covers its base. 

(a) Determine a way to “slice” the water into parallel rectangular cross-sections and then 
set up a definite integral for the volume of the water in the glass. 

(b) Determine a way to “slice” the water into parallel cross-sections that are trapezoids and 
then set up a definite integral for the volume of the water. 

(c) Find the volume of water in the glass by evaluating one of the integrals in part (a) or 
part (b). 

(d) Find the volume of the water in the glass from purely geometric considerations. 

(e) Suppose the glass is tilted until the water exactly covers half the base. In what direction 
can you “slice” the water into triangular cross-sections? Rectangular cross-sections? 
Cross-sections that are segments of circles? Find the volume of water in the glass. 


Water in an open bowl evaporates at a rate proportional to the area of the surface of the 
water. (This means that the rate of decrease of the volume is proportional to the area of the 
surface.) Show that the depth of the water decreases at a constant rate, regardless of the 
shape of the bowl. 


Archimedes’ Principle states that the buoyant force on an object partially or fully submerged 
in a fluid is equal to the weight of the fluid that the object displaces. Thus, for an object of 
density po floating partly submerged in a fluid of density p;, the buoyant force is given by 
F=pg ten A(y) dy, where g is the acceleration due to gravity and A(y) is the area of a typi- 
cal cross-section of the object (see the figure). The weight of the object is given by 


L-h 
W = pog [ A(y) dy 
(a) Show that the percentage of the volume of the object above the surface of the liquid is 


Pr 

(b) The density of ice is 917 kg/m? and the density of seawater is 1030 kg/m*. What per- 
centage of the volume of an iceberg is above water? 

(c) An ice cube floats in a glass filled to the brim with water. Does the water overflow when 
the ice melts? 

(d) A sphere of radius 0.4 m and having negligible weight is floating in a large freshwater 
lake. How much work is required to completely submerge the sphere? The density of the 
water is 1000 kg/m’. 
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7. 


9 


9. 


A sphere of radius 1 overlaps a smaller sphere of radius r in such a way that their inter- 
section is a circle of radius r. (In other words, they intersect in a great circle of the small 
sphere.) Find r so that the volume inside the small sphere and outside the large sphere is as 
large as possible. 


A paper drinking cup filled with water has the shape of a cone with height and semi- 
vertical angle 6. (See the figure.) A ball is placed carefully in the cup, thereby displacing 
some of the water and making it overflow. What is the radius of the ball that causes the 
greatest volume of water to spill out of the cup? 


A clepsydra, or water clock, is a glass container with a small hole in the bottom through 
which water can flow. The “clock” is calibrated for measuring time by placing markings on 
the container corresponding to water levels at equally spaced times. Let x = f(y) be continu- 
ous on the interval [0, b] and assume that the container is formed by rotating the graph of f 
about the y-axis. Let V denote the volume of water and h the height of the water level at 

time t. (See the figure.) 

(a) Determine V as a function of h. 

(b) Show that 


dv _ 


2 dh 
a TPO] a 


(c) Suppose that A is the area of the hole in the bottom of the container. It follows from 
Torricelli’s Law that the rate of change of the volume of the water is given by 


dv 
— =kAvh 
dt G 


where k is a negative constant. Determine a formula for the function f such that dh /dt is 
a constant C. What is the advantage in having dh/dt = C? 
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YA 10. A cylindrical container of radius r and height L is partially filled with a liquid whose volume 


is V. If the container is rotated about its axis of symmetry with constant angular speed w, 
then the container will induce a rotational motion in the liquid around the same axis. Even- 
| tually, the liquid will be rotating at the same angular speed as the container. The surface 


of the liquid will be convex, as indicated in the figure, because the centrifugal force on the 
liquid particles increases with the distance from the axis of the container. It can be shown 
| that the surface of the liquid is a paraboloid of revolution generated by rotating the parabola 


<—— , ——>| x yH=hr 


FIGURE FOR PROBLEM 10 . ; : : 
about the y-axis, where g is the acceleration due to gravity. 


(a) Determine / as a function of w. 

(b) At what angular speed will the surface of the liquid touch the bottom? At what speed 
will it spill over the top? 

(c) Suppose the radius of the container is 2 ft, the height is 7 ft, and the container and 
liquid are rotating at the same constant angular speed. The surface of the liquid is 5 ft 
below the top of the tank at the central axis and 4 ft below the top of the tank 1 ft out 
from the central axis. 

(i) Determine the angular speed of the container and the volume of the fluid. 
(ii) How far below the top of the tank is the liquid at the wall of the container? 


11. Suppose the graph of a cubic polynomial intersects the parabola y = x” when x = 0, 
x =a, and x = b, where 0 < a < b. If the two regions between the curves have the same 
area, how is b related to a? 


12. Suppose we are planning to make a taco from a round tortilla with diameter 8 inches by 
bending the tortilla so that it is shaped as if it is partially wrapped around a circular cylinder. 

We will fill the tortilla to the edge (but no more) with meat, cheese, and other ingredients. 

Our problem is to decide how to curve the tortilla in order to maximize the volume of food it 

can hold. 

(a) We start by placing a circular cylinder of radius r along a diameter of the tortilla and 
folding the tortilla around the cylinder. Let x represent the distance from the center of 
the tortilla to a point P on the diameter (see the figure). Show that the cross-sectional 
area of the filled taco in the plane through P perpendicular to the axis of the cylinder is 


2 
A(x) = r16 — x? 1? sol 16 =) 
r 


and write an expression for the volume of the filled taco. 
(b) Determine (approximately) the value of r that maximizes the volume of the taco. (Use a 
graphical approach.) 


‘a 
uy 


483 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


13. If the tangent at a point P on the curve y = x? intersects the curve again at Q, let A be the 
area of the region bounded by the curve and the line segment PQ. Let B be the area of the 
region defined in the same way starting with Q instead of P. What is the relationship 
between A and B? 


14. Let P(a, a’), a > 0, be any point on the part of the parabola y = x? in the first quadrant, and 
let R be the region bounded by the parabola and the normal line through P (See the figure.) 
Show that the area of R is smallest when a = 4. (See also Problem 11 in Problems Plus fol- 
lowing Chapter 4.) 


yA 
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The physical principles that govern the motion of a model rocket also apply to rockets that send spacecraft into earth orbit. In Exercise 7.1.74 
you will use an integral to calculate the fuel needed to send a rocket to a specified height above the earth. 


Ben Cooper / Science Faction / Getty Images; inset: Rasvan ILIESCU / Alamy Stock Photo 


Techniques of Integration 


BECAUSE OF THE FUNDAMENTAL THEOREM of Calculus, we can integrate a function if we know 
an antiderivative, that is, an indefinite integral. We summarize here the most important integrals 


that we have learned so far. 


[kdx=kx +c 


n+1 


4 


x 
Vea ae +C (n# —-1) 
1 
| —ax = In| x| aC 
x 
fetdr=e* +e 


J 
J 
J 
J 
J 


x 


Inb 


[ bax = 


sin x dx = —cosx + C 
cos x dx = sinx + C 
sec’xdx = tanx + C 
ese*x dx = —cotx + C 
sec x tanxdx = secx + C 


+C { csc x cot xdx = —ese x + C 


f tan xdx = In|sec x| +C 


{ cot x dx = In| sin 2| +C 


1 1 if x 
J 5 x dx tan + C 
XI a a 


+ C,a>0 


| J dx = sin7'( = 
[ sinh x dx =coshx + C 


cosh x dx = sinh x + C 


In this chapter we develop techniques for using these basic integration formulas to obtain indefi- 
nite integrals of more complicated functions. We learned the most important method of integration, 
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CHAPTER 7 Techniques of Integration 


7.1 


the Substitution Rule, in Section 5.5. The other general technique, integration by parts, 
is presented in Section 7.1. Then we learn methods that are special to particular classes 
of functions, such as trigonometric functions and rational functions. 

Integration is not as straightforward as differentiation; there are no rules that abso- 
lutely guarantee obtaining an indefinite integral of a function. Therefore we discuss a 
strategy for integration in Section 7.5. 


Integration by Parts 


Every differentiation rule has a corresponding integration rule. For instance, the Substi- 
tution Rule for integration corresponds to the Chain Rule for differentiation. The integra- 
tion rule that corresponds to the Product Rule for differentiation is called integration 
by parts. 


B® Integration by Parts: Indefinite Integrals 
The Product Rule states that if f and g are differentiable functions, then 


d 
ay Ag] = fod’) + 9) F'O) 
In the notation for indefinite integrals this equation becomes 


| L/@)9'@) + gQ)f'@]dx = FO) gl) 
or [0d q'@ dx + | gf") ax = FO) gla) 


We can rearrange this equation as 


fy [F0)9'@) dx = fadga) — | gs" ax 


Formula | is called the formula for integration by parts. It is perhaps easier to remem- 
ber in the following notation. Let u = f(x) and v = g(x). Then the differentials are 
du = f'(x) dx and dv = g'(x) dx, so, by the Substitution Rule, the formula for integra- 
tion by parts becomes 


[2] | udv = wo — | vdu 


EXAMPLE 1 Find | xsin x dx. 


SOLUTION USING FORMULA 1 Suppose we choose f(x) = x and g’(x) = sin x. Then 
f'(x) = 1 and g(x) = —cos x. (For g we can choose any antiderivative of g'.) Thus, 
using Formula 1, we have 


f(x) gla) — | glx) f'Q) dx 


I 


| x sin xdx 


= x(—cos x) {« cos x)dx = —xcos x + | cos x dx 


= -—xcosx + sinx + C 
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It is helpful to use the pattern: 


u= dv = 


du = v= 


It’s customary to write | 1 dx as | dx. 


Check the answer by differentiating it. 


SECTION 7.1 Integration by Parts 487 


It’s wise to check the answer by differentiating it. If we do so, we get x sin x, as 
expected. 


SOLUTION USING FORMULA 2 Let 


u=x dv = sin x dx 
Then du = dx v = —cos x 
and so 
u dv u D v du 
AF | eon 


[ xsinxdx =f x sin x dx = x (—cos x) \ cos x) dx 


= —x cos x + | cos x dx 


—xcosx + sinx + C || 


NOTE Our aim in using integration by parts is to obtain a simpler integral than the one 
we started with. Thus in Example | we started with | x sin x dx and expressed it in terms 
of the simpler integral | cos x dx. If we had instead chosen u = sin x and dv = x dx, then 
du = cos x dx and v = x*/2, so integration by parts gives 


2 
7 1 

x sin x dx = (sin x) = | x?cos x dx 
2 2 


Although this is true, | x*cos x dx is a more difficult integral than the one we started 
with. In general, when deciding on a choice for u and dv, we usually try to choose 
u = f(x) to be a function that becomes simpler when differentiated (or at least not more 
complicated) as long as dv = g'(x) dx can be readily integrated to give v. 


EXAMPLE 2 Evaluate J In x dx. 


SOLUTION Here we don’t have much choice for u and dv. Let 


u=IiInx dv = dx 
1 

Then du = — dx v=x 
x 


Integrating by parts, we get 


[inxdx=xInx Ez ! dx 


xInx — | dx 


xInx-x+C 


Integration by parts is effective in this example because the derivative of the 
function f(x) = In x is simpler than f. | 
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488 CHAPTER 7 Techniques of Integration 


An easier method, using complex 
numbers, is given in Exercise 50 in 
Appendix H. 


EXAMPLE 3 Find | #°e' at. 
SOLUTION Notice that e’ is unchanged when differentiated or integrated whereas ¢? 
becomes simpler when differentiated, so we choose 

u=?r? dv = e'dt 


Then du = 2tdt v 


I 


I 
% 


Integration by parts gives 
[3] i Pe'dt = te’ — a te’ dt 


The integral that we obtained, | te’ dt, is simpler than the original integral but is still not 
obvious. Therefore we use integration by parts a second time, this time with wu = f and 
dv = e' dt. Then du = dt, v = e’, and 


| te' dt = te’ — | e' dt 
=te’—e'+C 
Putting this in Equation 3, we get 
| Pet at = pei — >| te’ dt 
= fe! — 2(te’ — e' + C) 


= fe! — 2te' + 2e' + C; where C, = —2C a 


EXAMPLE 4 Evaluate | e* sin x dx. 


SOLUTION Neither e* nor sin x becomes simpler when differentiated, so let’s try 
choosing uv = e* and dv = sin x dx. (It turns out that, in this example, choosing 

u = sin x, dv = e* dx also works.) Then du = e* dx and v = —cos x, so integration 
by parts gives 


[4] | e*sin xdx = —e* cos x + | e*cos x dx 
The integral that we have obtained, | e* cos x dx, is no simpler than the original one, but 
at least it’s no more difficult. Having had success in the preceding example integrating 


by parts twice, we persevere and integrate by parts again. It is important that we again 
choose u = e*, so dv = cos x dx. Then du = e* dx, v = sin x, and 


[5] | e“cos x dx = e“sin x — | e*sin x dx 


At first glance, it appears as if we have accomplished nothing because we have arrived 
at | e* sin x dx, which is where we started. However, if we put the expression for 
| e*cos x dx from Equation 5 into Equation 4 we get 


[ e*sin x dx = —e*cos x + e*sin x — | e*sin x dx 
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Figure 1 illustrates Example 4 by show- 


ing the graphs of f(x) = e* sin x and 
F(x) = 5e*(sin x — cos x). As a visual 
check on our work, notice that 

f(x) = O when F has a maximum or 
minimum. 


12 


—4 


FIGURE 1 


Since tan-'x = 0 for x = O, the inte- 
gral in Example 5 can be interpreted 
as the area of the region shown in 
Figure 2. 


yA 


FIGURE 2 


SECTION 7.1 Integration by Parts 489 


This can be regarded as an equation to be solved for the unknown integral. Adding 
| e* sin x dx to both sides, we obtain 


2 | e*sin x dx = —e*cos x + e*sin x 
Dividing by 2 and adding the constant of integration, we get 
J e*sin x dx = Se*(sin x — cos x) + C | 


i Integration by Parts: Definite Integrals 


If we combine the formula for integration by parts with Part 2 of the Fundamental 
Theorem of Calculus, we can evaluate definite integrals by parts. Evaluating both sides 
of Formula | between a and b, assuming f’ and g’ are continuous, and using the Funda- 
mental Theorem, we obtain 


b b 
[5] ['fedg'@) ax = fod]. — |” gas" ax 
EXAMPLE 5 Calculate {, tan” 'x dx. 
SOLUTION Let 
u = tan 'x dv = dx 
Then du = S 5 v=xXx 
1+x 


So Formula 6 gives 


1 - = 1 1 x 
i tan xdx = xtan x =| yx dx 
0 : olt+x 


= 1+ tan! 1 — 0+ tan'0 — [a 
01+ x" 


7 1 x 
= { dx 
4 o 1+x? 


To evaluate this integral we use the substitution t = 1 + x? (since u has another mean- 
ing in this example). Then dt = 2x dx, so xdx = 5 dt. When x = 0, t = 1; when x = 1, 


t = 2; so 
1 x if? dt me 2 
{ ie” f F 4 tn [el], 
= 5(In2 — Inl) =51n2 
Therefore {; tan™!x d 2 i * 4 foe | 
xdx = ~ dx = 
0 4 o1+x- 4 2, 


®@ Reduction Formulas 


The preceding examples show that integration by parts often allows us to express one 
integral in terms of a simpler one. If the integrand contains a power of a function, we can 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


490 CHAPTER 7 Techniques of Integration 


sometimes use integration by parts to reduce the power. In this way we can find a reduc- 


tion formula as in the next example. 


EXAMPLE 6 Prove the reduction formula 


1 n= fs, 

Equation 7 is called a reduction for- J sin"x dx = ——cos x sin” ‘x + J sin” *x dx 
mula because the exponent n has tt 
been reduced ton-—1 and n= 2. where n= 2 is an integer. 

SOLUTION Let 

u = sin” |x dv = sin x dx 
Then du = (n — 1) sin" *x cos x dx v = —cosx 
and integration by parts gives 
J sin"x dx = —cos x sin” ‘x + (n — 1) J sin” °x cos*x dx 


Since cos*x = 1 — sin?x, we have 


| sin’x dx = —cos x sin” 'x + (n — 1) i sin” *x dx — (n — 1) i sin"x dx 


As in Example 4, we solve this equation for the desired integral by taking the last term 


on the right side to the left side. Thus we have 


n| sin’x dx = —cos x sin” ‘x + (n — 1) J sin” *x dx 


1 
or | sin"x dx = —— cos x sin” 'x + 


n 


n 


1 ned 
[ sin” x dx || 


The reduction formula (7) is useful because by using it repeatedly we could eventu- 
ally express | sin”x dx in terms of | sin x dx (if n is odd) or | (sin x)°dx = | dx (if n is 


even). 
7.1 | Exercises 
1-4 Evaluate the integral using integration by parts with the 9. J winw dw 10. | a dx 
indicated choices of u and dv. + 
1. [ xe? dx; = dae me 11. J 2 + 22) cos x dx 12. [ ? sin Br ar 
2. | vx nx dx; u = Inx, dv = x dx 13, | cos-'x dx 14. [in vx ax 


3. [ x08 4x dx: u =x, dv= cos 4x dx 15. [ fin rat 


F r 2 
4. | sin''xdx; u= sin''x, dv = dx 17. | tcsc't dt 


19. | (In x)? dx 
5-42 Evaluate the integral. . 


5. | te” dt 6. fren dy 21. | e* cos x dx 


7. | x sin 10x dx 8. \@ — x) cos wx dx 23. | e” sin 30 dé 


16. J tan”'(2y) dy 
18. i x cosh ax dx 
20. (= 

10° 


22. ‘ e*sin wx dx 


24. ie cos 20 dé 
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25. | ze? dz 26. | (aresin x)* dx 


27, [1 +x) e* dx 28. ("6 sin 30 do 
0 


rl 1 xe* 
29. i x 3*dx 30. { ce aia 


31, { y sinh y dy 32. i w’ In w dw 
sInR Qa iy 
33. dR 34. { ? sin 2t dt 
R 0 


35. (" x sin x cos x dx 36. ive arctan(1/x) dx 
d i 


M In x)” 
37. |" aM 38. |" aS 
e ae 
Pa /3 3 
39. | te sin x In(cos x) dx 40. [' —— dr 


41. [7 cos x sinh x dx 42. [{e* sine — s) ds 
0 0 


43-48 First make a substitution and then use integration by parts 
to evaluate the integral. 


43. [e dx 44. J cos(in x) dx 
4s. |\"_6° cos(6”) dé a6. |” e°'sin 2r dt 
Jvn/2 Jo 


in(1 
47. {xin + x) dx 48. (2 na) dx 
x 


49-52 Evaluate the indefinite integral. Illustrate, and check that 
your answer is reasonable, by graphing both the function and its 
antiderivative (take C = 0). 


49. [xe ax 50. ja In x dx 


51. | xOVJ1 + x? dx 


52. J x? sin 2x dx 


53. (a) Use the reduction formula in Example 6 to show that 


5 x sin 2x 
i sin‘x dx = — — 
2 4 


+C 


(b) Use part (a) and the reduction formula to evaluate 
{ sin’x dx. 


54. (a) Prove the reduction formula 


n—-1 


1 as 7 
| cos"x dx = — cos" |x sin x + f cos" 2x dx 
n 
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(b) Use part (a) to evaluate I cos°x dx. 
(c) Use parts (a) and (b) to evaluate f cos‘x dx. 


55. (a) Use the reduction formula in Example 6 to show that 


n 


where n = 2 is an integer. 


(b) Use part (a) to evaluate li ° 


(c) Use part (a) to show that, for odd powers of sine, 


: ra/2 + 
sin*x dx and i" sin°x dx. 


ae ee ee eee 
hg sin?"* "x dx é 


JO 3-5+7+-+++(2n+ 1) 


56. Prove that, for even powers of sine, 


3+5e0+Qn-1) a 


| 7? inet dx 
Jo A anh dee OH 2 


57-60 Use integration by parts to prove the reduction formula. 


57. | (In x)"dx = x(In x)" — n{ (In x)""!dx 


58. | x"e"ax =x"e*—n J x" let dx 


n-1 


t 
59. [ tan"x i =e [ tan” ?x dx (n # 1) 


n—-1 


t n-2 = 2 
60. | sect dx a ~ | sect 2x dx (n 4 1) 


n—-1 n— 


61. Use Exercise 57 to find I (In x)* dx. 
62. Use Exercise 58 to find I x*e* dx. 


63-64 Find the area of the region bounded by the given curves. 


x x 


63. y=x?Inx, y=4Inx 64 y=xe*, y=xe™ 


65-66 Use a graph to find approximate x-coordinates of the 
points of intersection of the given curves. Then find (approxi- 
mately) the area of the region bounded by the curves. 


65. y =arcsin($x), y=2— x? 


66. y=xIn(x +1), y=3x- x? 


67-70 Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by the curves about the 
given axis. 


67. y = cos(7x/2), y= 0, O0O<x <1; about the y-axis 


x 


68. y=e*, y=e%*, x=1; about the y-axis 


69. y=e*, y=0, x 1, x =0; aboutx = 1 


70. y=e*, x =0, y = 3; about the x-axis 
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71. Calculate the volume generated by rotating the region bounded 80. The Wallis Product Formula for 7 Let J, = hig sin’x dx. 
by the curves y = In x, y = 0, and x = 2 about each axis. (a) Show that ly+2 S hones S hn. 
(a) The y-axis (b) The x-axis (b) Use Exercise 56 to show that 

72. Calculate the average value of f(x) = x sec?x on the Tonga — 2n + 1 
interval [0, 7/4]. ln 2n+2 

73. The Fresnel function S(x) = |? sin(5 at?) dt was discussed in (c) Use parts (a) and (b) to show that 


Example 5.3.3 and is used extensively in the theory of optics. 


Find | S(x) dx. [Your answer will involve S(x).] 28D. tae < 


n+t2 ~~ Ln 


74. A Rocket Equation A rocket accelerates by burning its 
onboard fuel, so its mass decreases with time. Suppose the 
initial mass of the rocket at liftoff (including its fuel) is m, the 
fuel is consumed at rate r, and the exhaust gases are ejected . 2 2 4 4 6 6 2n 2n 
with constant velocity v. (relative to the rocket). A model for ret 3.35 5 7. p= Daaed 2 
the velocity of the rocket at time f is given by the equation 


and deduce that lim, lon+1/hn = 1. 
(d) Use part (c) and Exercises 55 and 56 to show that 


This formula is usually written as an infinite product: 
m—rt 
v(t) gt ve In aw 2 2 4 4 6 6 


2 1 3 3s: 2 7 


where g is the acceleration due to gravity and f is not too 


large. If g = 9.8 m/s”, m = 30,000 kg, r = 160 kg/s, and and is called the Wallis product. 
ve = 3000 m{s, find the height of the rocket (a) one minute (e) We construct rectangles as follows. Start with a square of 
after liftoff and (b) after it has consumed 6000 kg of fuel. area | and attach rectangles of area | alternately beside or 
on top of the previous rectangle (see the figure). Find the 
75. A particle that moves along a straight line has velocity limit of the ratios of width to height of these rectangles. 


v(t) = te‘ meters per second after t seconds. How far will 
it travel during the first t seconds? 


76. If f(0) = g(0) = Oand f” and g” are continuous, show that 


['F@9"@ dx = f@g'@ ~ fa@ga) + |" F"@)gla) dx 


77. Suppose that f(1) = 2, f(4) = 7, f’C) = 5, f'(4 = 3, 1 
and f” is continuous. Find the value of I, xf'"(x) dx. 


78. (a) Use integration by parts to show that 


| fe) Re = pe) = | ay (ade 81. We arrived at Formula 6.3.2, V = |” 27x f(x) dx, by using 


cylindrical shells, but now we can use integration by parts 
to prove it using the slicing method of Section 6.2, at least 
for the case where f is one-to-one and therefore has an 
inverse function g. Use the figure to show that 


(b) If f and g are inverse functions and f’ is continuous, 
prove that 


[/Fl2) ax = of) ~ afta) ~ ["" gly) ay 
: V = mb’*d — tac — ["a[g(y)P ay 
[Hint: Use part (a) and make the substitution y = f(x).] ee 


(c) In the case where f and g are positive functions and Make the substitution y = f(x) and then use integration by 
b> a> 0, draw a diagram to give a geometric interpre- parts on the resulting integral to prove that 
tation of part (b). ; 

(d) Use part (b) to evaluate f In x dx. V= { atx f(x) dx 


79. (a) Recall that the formula for integration by parts is obtained 
from the Product Rule. Use similar reasoning to obtain the 
following integration formula from the Quotient Rule. 


| sa Mt fd 


] 
(b) Use the formula in part (a) to evaluate i _ dx. 


2 
x 
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7.2 | Trigonometric Integrals 


In this section we use trigonometric identities to integrate certain combinations of trigo- 
nometric functions. 


Integrals of Powers of Sine and Cosine 


We begin by considering integrals in which the integrand is a power of sine, a power of 
cosine, or a product of these. 


EXAMPLE 1 Evaluate | cos°x dx. 


SOLUTION Simply substituting wu = cos x isn’t helpful, since then du = —sin x dx. In 
order to integrate powers of cosine, we would need an extra sin x factor. Similarly, a 
power of sine would require an extra cos x factor. Thus here we can separate one cosine 
factor and convert the remaining cos’x factor to an expression involving sine using the 
identity sin’x + cos’x = 1: 

cos*x = cos?x - cos x = (1 — sin*x) cos x 


We can then evaluate the integral by substituting wu = sin x, so du = cos x dx and 


| cos*x dx = J cos*x + cos x dx = J (1 — sin’x) cos x dx 


: ii) 
= sinx — zsin’x + C a 


In general, we try to write an integrand involving powers of sine and cosine in a form 
where we have only one sine factor (and the remainder of the expression in terms of 
cosine) or only one cosine factor (and the remainder of the expression in terms of sine). 
The identity sin’x + cos*x = 1 enables us to convert back and forth between even pow- 
ers of sine and cosine. 


EXAMPLE 2 Find J sin®x cos2x dx. 


SOLUTION We could convert cos*x to 1 — sin?x, but we would be left with an 
expression in terms of sin x with no extra cos x factor. Instead, we separate a single sine 
factor and rewrite the remaining sin*x factor in terms of cos x: 


. sin°x cos*x = (sin’x)* cos’x sin. x = (1 — cos*x)? cos*x sin x 
Figure 1 shows the graphs of the 


integrand sin*x cos*x in Example 2 Substituting u = cos x, we have du = —sin x dx and so 
and its indefinite integral (with 
C=O) Winches avimals i sin’x cos’x dx = | (sin’x)? cos*x sin x dx 
02 
= | (1 — cos*x)*cos7x sin x dx 
7 Pa ={a =2¥ pla) = fw out 2a hdu 
ue wo ou! 
=-(4{-2*i4)+c 
FIGURE 1 = —}cos*x + 2cos*x — Fcos’x + C ry 
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In the preceding examples, an odd power of sine or cosine enabled us to separate a 
single factor and convert the remaining even power. If the integrand contains even pow- 
ers of both sine and cosine, this strategy fails. In this case, we can take advantage of the 
following half-angle identities (see Equations 18b and 18a in Appendix D): 


sin?x = 5(1 — cos 2x) and cos*x = 3(1 + cos 2x) 


EXAMPLE 3 Evaluate (° sin?x dx. 


Example 3 shows that the area of the © SOLUTION If we write sin’x = 1 — cos*x, the integral is no simpler to evaluate. Using 
region shown in Figure 2 is 7/2. the half-angle formula for sin?x, however, we have 


1.5 


(° sin’x dx = 2{ (1 — cos 2x) dx 
0 0 


= [4( _ 5 sin 2x)" 


= }(4 — } sin 27) — $(0 — $ sin0) =40 


=0.5 


Notice that we mentally made the substitution uv = 2x when integrating cos 2x. Another 


FIGURE 2 method for evaluating this integral was given in Exercise 7.1.53. a 


EXAMPLE 4 Find | sin*x dx. 


SOLUTION We could evaluate this integral using the reduction formula for | sin’x dx 
(Equation 7.1.7) together with Example 3 (as in Exercise 7.1.53), but a better method is 
to write sin’¢y = (sin’x)? and use a half-angle formula: 
| sintx dx = ) (sin?x)? dx 
= | le — cos 2x)|? dx 
- ral [1 — 2cos 2x + cos*(2x) | dx 
Since cos?(2.x) occurs, we use the half-angle formula for cosine to write 
cos*(2x) = 5[1 + cos(2 + 2x)] = 4(1 + cos 4x) 


This gives 


J sintx dx = :| [1 — 2cos 2x + $(1 + cos 4x)| dx 


AIH 


[G = "2. COS: 2X +r 5 cos 4x) dx 
= 4(3x — sin2x + tsin 4x) + C a 


To summarize, we list guidelines to follow when evaluating integrals of the form 
| sin”x cos"x dx, where m > 0 and n = 0 are integers. 
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Strategy for Evaluating | sin” x cos"x dx 


(a) If the power of cosine is odd (n = 2k + 1), save one cosine factor and use 
cos’x = 1 — sin’x to express the remaining factors in terms of sine: 


J sin”x cos7**!y dx = | sin’x (cos*x)* cos x dx 
= | sin”x (1 — sin?x)‘cos x dx 


Then substitute u = sin x. See Example 1. 


(b) If the power of sine is odd (m = 2k + 1), save one sine factor and use 
sin’x = 1 — cosx to express the remaining factors in terms of cosine: 


i sin?**!y cos"x dx = J (sin?x)‘cos"x sin x dx 


= | (1 — cos?x)*cos"x sin x dx 


Then substitute u = cos x. See Example 2. 


[Note that if the powers of both sine and cosine are odd, either (a) or (b) can be 
used. ] 


(c) If the powers of both sine and cosine are even, use the half-angle identities 
sin’x = 4(1 — cos 2x) cos*x = 3(1 + cos 2x) 


See Examples 3 and 4. 
It is sometimes helpful to use the identity 


sin x cos x = + sin 2x 


@ Integrals of Powers of Secant and Tangent 


We use similar reasoning to evaluate integrals of the form | tan”x sec"x dx. Because 
(d/dx) tan x = sec*x, we can separate a sec*x factor and convert the remaining (even) 
power of secant to an expression involving tangent using the identity sec?x = 1 + tan*x. 
Or, since (d/dx) sec x = sec x tan x, we can separate a sec x tan x factor and convert the 
remaining (even) power of tangent to secant. 


EXAMPLE 5 Evaluate t tan°x sec*x dx. 


SOLUTION If we separate one sec’x factor, we can express the remaining sec”x factor 
in terms of tangent using the identity sec*x = 1 + tan?x. We can then evaluate the 
integral by substituting uw = tan x so that du = sec’x dx: 


i tan°x sec*x dx = { tan°x sec*x sec7x dx 
= tan°x (1 + tan?x) sec?x dx 


= fw’ 4g \au = {us + u®)du 


7 9 
u 
=e + C=Ftan’x + jtan’x + C a 
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EXAMPLE 6 Find | tan56 sec’6 dé. 


SOLUTION If we separate a sec’@ factor, as in the preceding example, we are left with 
a sec’@ factor, which isn’t easily converted to tangent. However, if we separate a 

sec 9 tan 0 factor, we can convert the remaining power of tangent to an expression 
involving only secant using the identity tan?@ = sec’@ — 1. We can then evaluate the 
integral by substituting u = sec 0, so du = sec 0 tan 6 dé: 


i tan°@ sec’@ d@ = i tan*@ sec°@ sec @ tan 6 dé 
= | (sec?@ — 1)*sec°@ sec @ tan 6 dO 


= | (u* — 1)? udu 


Il 


Jw — 2u® + u°)du 


£53" 26 
11 9 7 
= isec!'@ — §sec°9 + 4sec’0 + C ao 


The preceding examples demonstrate strategies for evaluating integrals of the form 
| tan’”x sec"x dx for two cases, which we summarize here. 


Strategy for Evaluating | tan”x sec"x dx 


(a) If the power of secant is even (n = 2k, k = 2), save a factor of sec*x and use 
sec’x = | + tan*x to express the remaining factors in terms of tan x: 


| tan’x sec**x dx = | tan”x (sec*x)*! sec*x dx 


= [ tan”x (1 + tan?x)*! sec*x dx 


Then substitute uw = tan x. See Example 5. 


(b) If the power of tangent is odd (m = 2k + 1), save a factor of sec x tan x and 
use tan’x = sec’x — 1 to express the remaining factors in terms of sec x: 


| tan***!y sec"x dx = | (tan*x)* sec" 'x sec x tan x dx 


a J (sec2x — 1) sec”™!x sec x tan x dx 


Then substitute u = sec x. See Example 6. 


For other cases, the guidelines are not as clear-cut. We may need to use identities, 
integration by parts, and occasionally a little ingenuity. We will sometimes need to be 
able to integrate tan x by using the formula established in (5.5.5): 


[ tan x dx = In| sec «| +C 
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Formula 1 was discovered by James 
Gregory in 1668. (See his biography in 
Section 3.4.) Gregory used this for- 
mula to solve a problem in construct- 
ing nautical tables. 


SECTION 7.2 Trigonometric Integrals 497 


We will also need the indefinite integral of secant: 


[1] | see xdx = In|sec x + tanx| + C 


We could verify Formula 1| by differentiating the right side, or as follows. First we multi- 
ply numerator and denominator by sec x + tan x: 


sec x + tan x 
| see xdx = | see xd 
sec x + tan x 


{ sec*x + sec x tan x 
sec x + tan x 


If we substitute u = sec x + tan x, then du = (sec x tan x + sec*x) dx, so the integral 
becomes | (1/u) du = In|u| + C. Thus we have 


| sec xdx = In| sec x + tan 2| oC 


EXAMPLE 7 Find | tan?x dx. 


SOLUTION Here only tan x occurs, so we use tan*x = sec?x — | to rewrite a tan’x 
factor in terms of sec*x: 


| tan*x dx = J tan x tan?x dx = | tan x (sec?x — 1) dx 


I 


| tan x sec*x dx — J tan x dx 
en ree 
= 5; tan’x — In|secx| + C 
In the first integral we mentally substituted u = tan x so that du = sec?x dx. B 
If an even power of tangent appears with an odd power of secant, it is helpful to 
express the integrand completely in terms of sec x. Powers of sec x may require integra- 


tion by parts, as shown in the following example. 


EXAMPLES Find | sec?x dx. 


SOLUTION Here we integrate by parts with 


u = sec x dv = sec’x dx 
du = sec x tan x dx v = tanx 
Then [ sec*x dx = sec x tan x — i sec x tan?x dx 


sec x tan x — J sec x (sec?x — 1) dx 


I 


sec x tan x — J sec*x dx + J sec x dx 
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Using Formula | and solving for the required integral, we get 


| sec’ dx = H(sec x tan x + In |sec x + tan x|) + C | 


Integrals such as the one in the preceding example may seem very special but they 
occur frequently in applications of integration, as we will see in Chapter 8. 
Finally, integrals of the form 


f cot "x csc"x dx 


can be found in a similar way by using the identity 1 + cot?x = csc’x. 


i Using Product Identities 


The following product identities are useful in evaluating certain trigonometric integrals. 


[2] To evaluate the integrals (a) | sin mx cos nx dx, (b) | sin mx sin nx dx, or 
(c) | cos mx cos nx dx, use the corresponding identity: 
These product identities are (a) sinA cos B = 5[sin(A — B) + sin(A + B)] 


discussed in Appendix D. 
(b) sinA sin B = S[cos(A — B) — cos(A + B)] 


(c) cos A cos B = S[cos(A — B) + cos(A + B)] 


EXAMPLE9 Evaluate i) sin 4x cos 5x dx. 


SOLUTION This integral could be evaluated using integration by parts, but it’s easier to 
use the identity in Equation 2(a) as follows: 


I 


J sin 4x cos 5x dx J S[sin(—x) + sin 9x] dx 


= a) (—sin x + sin 9x) dx 


= $(cos x — $cos 9x) 2C. a 
7.2 | Exercises 
1-56 Evaluate the integral. 11. ("" sin?x cos?x dx 12. (2 — sin 6)? do 
1. J sin*x cos*x dx 2. | cos®y sin*y dy 
13. | vcos @ sin’é dé 14. fa + 4/sin t) cos't dt 
3. ies cos°x sin’x dx 4. i sin’x dx 
15. | sin x sec*x dx 16. J csc*0 cos*0 dé 
5. | sin?(21) cos*(2t) dt 6. J cos*(e/2) sin’(t/2) dt : 
7 4 r 2 2 3 
7. { 12 cos?6 d0 8. { /4 sin?(20) d6 17. | cot x cos*x dx 18. | tan“x cos°x dx 
9. (" cos*(2r) dt 10. ( sin? cos*t dt 19. | sin?x sin 2x dx 20. { sin x cos(4x) dx 
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21. | tan x sec*x dx 22. | tan’@ sec’@ dé 
23. | tan2x dx 24. i (tan?x + tan*x) dx 
eer 6 a/4 6 6 
25. | tan*x sec’x dx 26. { sec°@ tan°@ dé 
d 0 
27. | tan*x sec x dx 28. { tan°x sec*x dx 
29. | tan*x sec®x dx 30. { 7 tant dt 
d 0 
31. | tan>x dx 32. | tan’x sec x dx 
> 1 — tan?x tan x sec” a 
33. | ——.—-d. 34. 
| secx i cos x 
cere | 
ra/4 SIN'X sin @ + tan@ 
35. d. 36. dé 
i, Coke aor ae cos*@ 
37. (": cot7x dx 38. { 7 cot*x dx 
J7/6 m/4 
7/2 5 3 a/2 
39. | ’ cot csc"h df 40. is csc*6 cot’@ de 
Ja/4 
41. | csc x dx 42. es esc*x dx 
d 7/6 
43. | sin 8x cos 5x dx 44. | sin 20 sin 60 d@ 
par /2 
45. | cos 5t cos 10t dt 46. | tcos*(t*) dt 
J0 


47. 48. | sec’y cos*(tan y) dy 


i sin’(1/t) F 


t? 


1/4 
1 — cos 46 dé 


0 


J 
J 
J 
| 


49. i V1 + cos 2x dx 50. 


51. | t sin’t dt 52.  xsee x tan x dx 
53. | x tan’x dx 54. | x sintx dx 

r dx 
55. { ——— 56. ae 

J cosx— 1 ye 


/4 57-60 Evaluate the indefinite integral. [Iustrate, and check that 
your answer is reasonable, by graphing both the integrand and its 
antiderivative (taking C = 0). 


57. | x sin*(x?) dx 58. | sin’x cos*x dx 


59. | sin 3x sin 6x dx 60. | sec*(4x) dx 
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61. If i tan°x sec x dx = I, express the value of 


i tan’x sec x dx in terms of J. 


62. (a) Prove the reduction formula 


‘ nn iy 
| tan’"x dx = robe | tan?""2x dx 


(b) Use this formula to find a tan®x dx. 


63. Find the average value of the function f(x) = sin?x cos*x 
on the interval [—7, 7]. 


64. Evaluate I sin x cos x dx by four methods: 
(a) the substitution wu = cos x 
(b) the substitution vu = sin x 
(c) the identity sin 2x = 2 sin x cos x 
(d) integration by parts 
Explain the different appearances of the answers. 


65-66 Find the area of the region bounded by the given curves. 
65. y=sin’x, y=sinx, 0<x<7 


66. y=tanx, y=tan*x, 0O<Sx<7/4 


67-68 Use a graph of the integrand to guess the value of the 
integral. Then use the methods of this section to prove that your 
guess is correct. 


67. i. cos*x dx 68. i sin 27rx cos 5arx dx 
0 0 


69-72 Find the volume obtained by rotating the region bounded 
by the curves about the given axis. 


69. y=sinx, y=0, 7/2 <x <7; about the x-axis 
70. y =sin’x, y=0, O0O<x <7; about the x-axis 
71. y=sinx, y=cosx, 0<x< 7/4; abouty=1 


72. y = secx, y=cosx, 0<x<7/3; abouty = —1 


73. A particle moves on a straight line with velocity function 
v(t) = sin wt cos*wt. Find its position function s = f(t) 
if f(0) = 0. 


74. Household electricity is supplied in the form of alternating 
current that varies from 155 V to —155 V with a frequency of 
60 cycles per second (Hz). The voltage is thus given by the 
equation 
E(t) = 155 sin(1207r1) 


where f¢ is the time in seconds. Voltmeters read the RMS 
(root-mean-square) voltage, which is the square root of the 
average value of [E(r)]° over one cycle. 
(a) Calculate the RMS voltage of household current. 
(b) Many electric stoves require an RMS voltage of 

220 V. Find the corresponding amplitude A needed 

for the voltage E(t) = A sin(120772). 
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75-77 Prove the formula, where m and n are positive integers. 78. A finite Fourier series is given by the sum 


N 


f(x) = Dd a,sin nx 


n=1 


Tv é 
75. i) sin mx cos nx dx = 0 
TT 


0 ifmAn 


a7 ifm=n 


tr, : =a,sinx + a2sin2x + +--+ + aysin Nx 
76. | sin mx snnede= | : ‘ = 
v7 


Use the result of Exercise 76 to show that the mth coefficient 
. dm» is given by the formula 
Pr 0 ifmAn 
77. | cos mx cos nx dx = 


J j = 1 7 ‘ 
a ifm=n adn = — i f(x) sin mx dx 
TT —T 


7.3 | Trigonometric Substitution 


In finding the area of a circle or an ellipse, an integral of the form i) Ja? — x? dx arises, 
where a > 0. If the integral were | x./a? — x? dx, the substitution w = a? — x? would 
be effective but, as it stands, {i Ja? — x? dx is more difficult. If we change the variable 
from x to @ by the substitution x = a sin 6, then the identity 1 — sin?@ = cos’@ allows 
us to eliminate the root sign because 


Va? — x? = Ja? = a®sin?@ = a1 — sin?@) = Ja?cos? = a|cos 6| 


Notice the difference between the substitution u = a* — x? (in which the new variable is 
a function of the old one) and the substitution x = a sin @ (the old variable is a function 
of the new one). 

In general, we can make a substitution of the form x = g(t) by using the Substitution 
Rule in reverse. To make our calculations simpler, we assume that g has an inverse func- 
tion; that is, g is one-to-one. In this case, if we replace u by x and x by fin the Substitution 
Rule (Equation 5.5.4), we obtain 


[£00 dx = | f(g) g'@ at 


This kind of substitution is called inverse substitution. 

We can make the inverse substitution x = a sin @ provided that it defines a one-to-one 
function. This can be accomplished by restricting @ to lie in the interval [—7/2, 7/2]. 

In the following table we list trigonometric substitutions that are effective for the 
given radical expressions because of the specified trigonometric identities. In each case 
the restriction on 0 is imposed to ensure that the function that defines the substitution is 
one-to-one. (These are the same intervals used in Section 1.5 in defining the inverse 
functions.) 


Table of Trigonometric Substitutions 


Expression Substitution Identity 
. 7 7 - 2 2 
Va? — x? asin@é, —-—=x@s5— 1 — sin°@ = cos“é 
2 2 
vi 7 2 2 
a* + x? a tan 6, rs <@a< = 1 + tan*@ = sec*0 
7 30 5 5 
Vx? — a* asec#, 0S0< a o7wsé< cs sec-9 — | = tan“é 
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SECTION 7.3 Trigonometric Substitution 501 


= 2 
EXAMPLE 1 Evaluate { a esa oy 
= 


SOLUTION Let x = 3 sin 6, where —7r/2 < 0 S 7/2. Then dx = 3 cos 0 dO and 


V9 — x? = /9 — 9sin’9 = /9cos?9 = 3|cos 0| = 3cosé 


(Note that cos 9 = 0 because —77/2 < 9 S 7/2.) Thus the Inverse Substitution Rule 


gives 
J aes dx = | 3608 8 3 cos @ 0 
Me 9 sin“@ 
2 
0 
=| = do = | cot? dé 


= | (csc6 — 1) dé 


=-cotd-éd+C 


Because this is an indefinite integral, we must return to the original variable x. This can 

3 be done either by using trigonometric identities to express cot 0 in terms of sin 0 = x/3 
x or by drawing a diagram, as in Figure 1, where 6 is interpreted as an angle of a right 
triangle. Since sin 9 = x/3, we label the opposite side and the hypotenuse as having 

lengths x and 3. Then the Pythagorean Theorem gives the length of the adjacent side as 


y= 9 — x?, so we can simply read the value of cot 6 from the figure: 
FIGURE 1 V9 — x? 
x cot 9 = ———— 
sin 0 = a x 


(Although 6 > 0 in the diagram, this expression for cot @ is valid even when 0 < 0.) 
Since sin 6 = x/3, we have 6 = sin’ '(x/3) and so 


= 2 = 2 
(2 dx = -cot@- 9+ C= v9 =x (4) +c P 
x 


EXAMPLE 2 Find the area enclosed by the ellipse 


x? y? 
@ om 
YA SOLUTION Solving the equation of the ellipse for y, we get 
(0, b) y? x @— x? — 
bt 1 a og or y=to va — 2 
(a, 0) 
> Because the ellipse is symmetric with respect to both axes, the total area A is four times 
the area in the first quadrant (see Figure 2). The part of the ellipse in the first quadrant 
is given by the function 
b 
y=—Vva’?- x? O<x<a 
a 
FIGURE 2 ‘ 
ey and so 7A = { — Ja? — x? dx 
aoe! @ 


To evaluate this integral we substitute x = a sin 0. Then dx = acos 0 dé. To change 
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the limits of integration we note that when x = 0, sin @ = 0, so 6 = 0; when x = a, 
sin 0 = 1,so 0 = 7/2. Also 


Ja? — x? = Ja? — a? sin’?@ = a? cos’?@ = a|cos 6| = acos 6 


since 0 S @ S 7/2. Therefore 
b pa b a/2 
A=4-[ Va = dx =4—| acos + acos 6 dé 
a J0 a 0 


= 4ab |" cos’ do = 4ab |" 3(1 + cos 26) ad 


1: a/2 T 
= 2abl6 + }sin 20)” = 2ab 5 + 0-0] = aab 


We have shown that the area of an ellipse with semiaxes a and b is mab. In particular, 
taking a = b = r, we have proved the famous formula that the area of a circle with 
radius r is mr? ag 


NOTE Because the integral in Example 2 was a definite integral, we changed the limits 
of integration and did not have to convert back to the original variable x. 


1 
EXAMPLE 3 Find | —______ fy 
x?4/x2 + 4 


SOLUTION Let x = 2 tan 0, —7/2 < 0 < m/2. Then dx = 2 sec’0 dO and 


Vx? +4 = J4(tan20 + 1) = 4 sec?9 = 2|sec | = 2 sec 8 


So we have 


2 sec?6 dé ~{ sec Da 
~ 4 


dx 
J x24/x2 + 4 J 4tan*0 + 2 sec 0 eT 
To evaluate this trigonometric integral we put everything in terms of sin 0 and cos 6: 


sec 0 1 cos’?@ ~—s cos 0 


tan’?@ cos@_ sin’@ sin’0 


Therefore, making the substitution vu = sin 0, we have 


~ | Oe a0 = (5 
is 2244 ~ 4) sin20 4) Ww 
=i d +C= z + C 
4 u 4 sin 0 
csc 0 
—— C 


We use Figure 3 to determine that csc @ = «/x? + 4/x and so 


FIGURE 3 (oR 
dx x? + 
= = ao St |, aig C | | 
tan 0 5 | x24) x? +4 4x 
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s if=2 


FIGURE 4 


x 
sec 9 = — 
a 


SECTION 7.3 Trigonometric Substitution 503 


x 
EXAMPLE 4 Find | —— dx. 

J Vx +4 
SOLUTION It would be possible to use the trigonometric substitution x = 2 tan @ here 


(as in Example 3). But the direct substitution u = x? + 4 is simpler, because then 
du = 2x dx and 


x 1 du 
= = Ju + C= V2 +4 + 
i aia as aE Ju+C=Ve8F44+C = 


NOTE Example 4 illustrates the fact that even when trigonometric substitutions are pos- 
sible, they may not give the easiest solution. You should look for a simpler method first. 


EXAMPLE 5 Evaluate J ES where a > 0. 
x-—a 


SOLUTION 1 We let x = asec 0, where 0 < 0 < w7/20ram < 6 < 37/2. Then 
dx = asec @ tan 6 d6 and 


Vx? — a? = Ja?(sec?@ — 1) = Ja? tan’?@ = a|tan@| = atand 
Therefore 

dx -;secme 

J [2 = @ a tan 0 


The triangle in Figure 4 gives tan 0 = ./x? — a?/a, so we have 


d0 = | sec 6d = In|sec @ + tan 6| ede 


x veo @ 
a a 


=Injx + /x? —a?|-Ina+C 


=In GC 


dx 
= 


Writing C; = C — Ina, we have 


on [ES 


SOLUTION 2 For x > 0 the hyperbolic substitution x = a cosh ¢ can also be used. 
Using the identity cosh*y — sinh?y = 1, we have 


higeiieae lec 


J x? — a? = VJa?(cosh2t — 1) = sa? sinh?t = a sinht 
Since dx = a sinh t dt, we obtain 


{ dx _ | a sinh t dt 
a/x2 — a? a sinh t 
Since cosh t = x/a, we have t = cosh '(x/a) and 
dx x 
[2] ——— = cosh !{—]+C 
Vx? — q2 a 


Although Formulas | and 2 look quite different, they are actually equivalent by 
Formula 3.11.4. es) 


=[dr=1+C 
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504 CHAPTER 7 Techniques of Integration 


NOTE As Example 5 illustrates, hyperbolic substitutions can be used in place of trigo- 
nometric substitutions and sometimes they lead to simpler answers. But we usually use 
trigonometric substitutions because trigonometric identities are more familiar than 
hyperbolic identities. 


3 
. 33/2 x 

As Example 6 shows, trigonometric EXAMPLE 6 Find (ax? + 2 dx. 

substitution is sometimes a good ° (4x ) 

. 2 2\n/2 7 = e ‘ 

idea when (x° + a°)"" occurs in SOLUTION First we note that (4x? + 9)°/? = (4x? + 9) so trigonometric 

an integral, where n is any integer. iB tnimon’ ; Miousk Jae +9 ; : f th , , 

The same is true when (a2 — x2)” substitution approptiate. t One a 1s not quite ons 0 the expressions 1n 

or (x? — a2)" occur. the table of trigonometric substitutions, it becomes one of them if we make the 
preliminary substitution u = 2x, which gives ./u? + 9. Then we substitute u = 3 tan @ 


or, equivalently, x = 3 tan 0, which gives dx = 3 sec’@ d@ and 


V4x2 +9 =./9tan?9 + 9 =3 sec Od 


When x = 0, tan 8 = 0, so 6 = 0; when x = 3,/3/2, tan 0 =/5, so 6 = 77/3. 


33/2 x? a3 7 tan0 as 
dx = { 2 
\ GPeQe I, steec9 2 
3 Me taro ai" sin’@ 0 
16 Jo sec @ 16 Jo cos’0 
3 (7/3 1 — cos’é 
= 16 i Sova 6 dé 
Now we substitute u = cos @ so that du = —sin 0 dO. When @ = 0, u = 1; when 
0 = 7/3, u = 4. Therefore 
33/2 ae _ #fel=e 
\, (4x? + 9)3/? a 16 I uw ae 


EXAMPLE 7 Evaluate dx. 


XxX 
J yo = 2a 


SOLUTION We can transform the integrand into a function for which trigonometric 
substitution is appropriate by first completing the square under the root sign: 


3-—2x-— x? =3 -— (x? + 2x) =34+1- (x? + 2x4 1) 


=4-—(x+ 1)? 


This suggests that we make the substitution u = x + 1. Then du = dx andx =u — 1, 
so 
w= 1 


| Se | 
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Figure 5 shows the graphs of the inte- | We now substitute u = 2 sin 0, giving du = 2 cos 6 d@ and \/4 — u* = 2cos 6, so 


grand in Example 7 and its indefinite 
integral (with C = 0). Which is which? 


SECTION 7.3 Trigonometric Substitution 


2sin@— 1 


3 See] 2 cos 6 


FIGURE 5 


= | sino - 1) do 


= —2cos9-8+C 


2 cos 6 dé 


== /4= 42 = sn(4) +:G 


505 


7.3 | Exercises 


1-4 (a) Determine an appropriate trigonometric substitution. 
(b) Apply the substitution to transform the integral into a trigo- 
nometric integral. Do not evaluate the integral. 


r x3 x? 
1. | ——_—_-d 2. | ——— dx 
V1 + x? * J V9 — x? 


x? x? 
3. Ss dx 4. Popes ~ ae? dx 


5-8 Evaluate the integral using the indicated trigonometric 
substitution. Sketch and label the associated right triangle. 


x3 
5. ) ——.dx x= sind 
[lS 
6. | —— x = 3tan@d 
V9 + x? 
a / 2 
7. pe ae x =3sec 0 
J x 
_ 2 
a ( @ x = /2sin0 
x 


9-36 Evaluate the integral. 
9. | x7/16 + x? dx 
x= 1 
11, | ——.—— dx 
I~ 


x? 
10. | —— dx 
= 


3 x 
12. ——— dx 
\, 36 — x? 


13. —— a>0 


dt 
; 14. | —— 
Jo (a + x)? J t/t? — 16 


15. i ae =. 


17. [oxvi — 4x? dx 


21. [’ x? Ja? — x2 dx 
23. (——e 
25. 
27. \ — 
29. _—— 
31. | x74/3 + 2x — x? dx 


33. | ve + 2x dx 


35. [xvi — x4 dx 


16. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


ie V4 — 9x? dx 


i /4. Ae r 


1 d. 


dt 


ei — 4x? dx 


{| « 
Jit e 


{" 
0 


x 


{ /x? + ldx 


i Vx — x2 dx 


Pore 


x? 


xr +1 


Perera — 2x +2) 


\e 


cos ¢t 


V1 + sin*t 


ard 
(9 — 25x73? 


dx 


dt 


= 4x2)3? dx 
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37. (a) Use trigonometric substitution to show that (b) Use the figure to give trigonometric interpretations 
of both terms on the right side of the equation in part (a). 


In(x a ie a?) am OF 


dx 
J dee eae 


(b) Use the hyperbolic substitution x = a sinh ¢ to show 


that 
dx ; x 
J sinh7! PG. 
ai x? + a? a - 
t 
These formulas are connected by Formula 3.11.3. 
38. Evaluate 46. The parabola y = 5x? divides the disk x? + y* < 8 into two 
[ Xe He parts. Find the areas of both parts. 
J ( x2 ae ay? ; ; 
47. A torus is generated by rotating the circle 
(a) by trigonometric substitution. x? + (y — R) = r’ about the x-axis. Find the volume 
(b) by the hyperbolic substitution x = a sinh t. enclosed by the torus. 
39. Find the average value of f(x) = Vx? — 1/x,1 <x <7. 48. A charged rod of length L produces an electric field at point 


40. Find the area of the region bounded by the hyperbola P(a, b) given by 


9x* — 4y? = 36 and the line x = 3. 
Ab 


41. Prove the formula A = 510 for the area of a sector of a EP) = [ , Amren(x? +b?” 
circle with radius r and central angle 6. [Hint: Assume ° 
0 < 6 < m/2 and place the center of the circle at the origin 
so it has the equation x? + y* = r?. Then A is the sum of 
the area of the triangle POQ and the area of the region POR 
in the figure. ] 


dx 


where A is the charge density per unit length on the rod and 
& 0 is the free space permittivity (see the figure). Evaluate the 
integral to determine an expression for the electric field E(P). 


= P 


G2 42. Evaluate the integral 49. Find the area of the crescent-shaped region (called a June) 


dx bounded by arcs of circles with radii r and R. (See the 
———— figure.) 
} xt /x? — 2 
Graph the integrand and its indefinite integral on the same pS N 
screen and check that your answer is reasonable. % 
43. Find the volume of the solid obtained by rotating 


about the x-axis the region enclosed by the curves 
y = 9/(x? + 9), y = 0, x = 0, and x = 3. 


44. Find the volume of the solid obtained by rotating 
about the line x = 1| the region under the curve 


y=xV1—-x,05x<1. 


. . a : 50. A water storage tank has the shape of a cylinder with diam- 
45. (a) Use trigonometric substitution to verify that 


eter 10 ft. It is mounted so that the circular cross-sections 


Coa pe eae ee Pe ee 1: ope are vertical. If the depth of the water is 7 ft, what percentage 
I, . iS gen Aa) = oh i of the total capacity is being used? 
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7.4 | Integration of Rational Functions by Partial Fractions 


In this section we show how to integrate any rational function (a ratio of polynomials) by 
expressing it as a sum of simpler fractions, called partial fractions, that we already know 
how to integrate. To illustrate the method, observe that by taking the fractions 2/(x — 1) 
and 1/(x + 2) toa common denominator we obtain 


2 lL 21 2¢42)-=-)) «+5 
= 1 #2 (x — 1)(x + 2) xrt+x-2 


If we now reverse the procedure, we see how to integrate the function on the right side of 


this equation: 
x+5 2 1 
J - ax = ( dx 
xe = 2 x= 1 x2 


=2In|x—-1|—-Injx+2]+C 


M@ The Method of Partial Fractions 

To see how the method of partial fractions works in general, let’s consider a rational 
function 

P(x) 

Q(x) 

where P and Q are polynomials. It’s possible to express f as a sum of simpler frac- 


tions provided that the degree of P is less than the degree of Q. Such a rational function 
is called proper. Recall that if 


f(x) = 


P(x) = ayx" + Gn-1x" | + +++ + ax + ao 


where a, ~ 0, then the degree of P is n and we write deg(P) = n. 

If f is improper, that is, deg(P) = deg(Q), then we must take the preliminary step of 
dividing Q into P (by long division) until a remainder R(x) is obtained such that 
deg(R) < deg(Q). The result is 


[1] f= 


Px) RQ) 
ot) °) * OG 


where S and R are also polynomials. 
As the following example illustrates, sometimes this preliminary step is all that is 


required. 
op 
EXAMPLE 1 Find { “—— dz. 
P= 
ot 2 SOLUTION Since the degree of the numerator is greater than the degree of the denomi- 
aa 1)x° ae nator, we first perform the long division. This enables us to write 
ioe al 
x cae A +x 5 2 
Fee | ——ar= EBRD dx 
> x= 1 Pao 
Xx 
25= 2 Pe Pe 
2 =3Z ty t2xt2injx- 1p +e 5 
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Another method for finding A, B, 
and C is given in the note after this 
example. 


If the denominator Q(x) in Equation | is factorable, then the next step is to factor Q(x) 
as far as possible. It can be shown that any polynomial Q can be factored as a product of 
linear factors (of the form ax + b) and irreducible quadratic factors (of the form 
ax? + bx + c, where b? — 4ac < 0). For instance, if O(x) = x* — 16, we could factor 
it as 


O(x) = (x* — 4)(x? + 4) = (x — 2)(x + 2)(x? + 4) 


The third step is to express the proper rational function R(x)/Q(x) (from Equation 1) 
as a sum of partial fractions of the form 


A Ax +B 
—_——- or _ 
(ax + b)! (ax? + bx + ec) 


A theorem in algebra guarantees that it is always possible to do this. We explain the 
details for the four cases that occur. 


CASEI The denominator Q(x) is a product of distinct linear factors. 
This means that we can write 


Q(x) = (aix + by)(aox + b2)+++(aex + dy) 


where no factor is repeated (and no factor is a constant multiple of another). In this case 
the partial fraction theorem states that there exist constants A), A2,..., Ax such that 


R(x) Al Ad Ak 
= + + +++ + ———_ 
Q(x) ax + by a2x + by ax + by 


[2] 


These constants can be determined as in the following example. 


te le = 
EXAMPLE 2 Evaluate {| ————-dx. 
2x° + 3x° — 2x 


SOLUTION Since the degree of the numerator is less than the degree of the denomi- 
nator, we don’t need to divide. We factor the denominator as 


2x? + 3x? — 2x = x(2x? + 3x — 2) = x(2x — 1)(x + 2) 


Since the denominator has three distinct linear factors, the partial fraction decomposi- 
tion of the integrand (2) has the form 
x?>+2x-1 A B C 
[3] =—+ + 
x(2x — 1)(x + 2) x x= I x2 


To determine the values of A, B, and C, we multiply both sides of this equation by the 
least common denominator, x(2x — 1)(x + 2), obtaining 


[4] x? + 2x — 1 = A(2x — 1)(x + 2) + Bx(x + 2) + Cx(2x - 1) 


Expanding the right side of Equation 4 and writing it in the standard form for poly- 
nomials, we get 


[5] x? + 2x —-1=(2A + B+ 2C)x*? + (3A + 2B —C)x — 2A 
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The polynomials on each side of Equation 5 are identical, so the coefficients of 
corresponding terms must be equal. The coefficient of x” on the right side, 
2A + B + 2C, must equal the coefficient of x? on the left side—namely, |. Likewise, 
the coefficients of x are equal and the constant terms are equal. This gives the following 
system of equations for A, B, and C: 


2A+ Bt+2C=1 


3A + 2B = C=2 


=2A =-—] 
Solving, we get A = 5, B= i, and C = —1 and so 
We could check our work by taking ate = ¥ 1d I I I 1 
the terms to a common denominator | z 5 dx = | ( + dx 
and adding them. 2x° + 3x" — 2x 2x S32x-1 10x72 


= 5In|x| + jiln|2x- 1] -—Gin|x+2/4+K 


In integrating the middle term we have made the mental substitution vu = 2x — 1, 
which gives du = 2 dx and dx = } du. | 


NOTE Wecan use an alternative method to find the coefficients A, B, and C in Example 2. 
Equation 4 is an identity; it is true for every value of x. Let’s choose values of x that 
simplify the equation. If we put x = 0 in Equation 4, then the second and third terms on 


the right side vanish and the equation then becomes —2A = —1, or A = 5. Likewise, 
x= + gives 5B/4 = and x = —2 gives 10C = —1,s0o B= ? and C= —ih. (You may 
object that Equation 3 is not valid for x = 0, 5, or —2, so why should Equation 4 be valid 


for those values? In fact, Equation 4 is true for all values of x, even x = 0, 7 and —2. See 
Exercise 75 for the reason.) 


EXAMPLE 3 Find | 


5 =, where a = 0. 
J x -a’ 


SOLUTION The method of partial fractions gives 


1 1 A B 


x“—a (x-—a\(xta) x-a xta 


and therefore 
A(x + a) + B(x — a) = 1 
Using the method of the preceding note, we put x = a in this equation and get 


A(2a) = 1,so A = 1/(2a). If we put x = —a, we get B(—2a) = 1, so B = —1/(2a). 
Thus 
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Since In x — In y = In(x/y), we can write the integral as 


[6] | dx sl In x= a i 
=o 2a xta 
(See Exercises 61-62 for ways of using Formula 6.) Oo 


CASE II Q(x) is a product of linear factors, some of which are repeated. 
Suppose the first linear factor (a;x + b,) is repeated r times; that is, (a;x + b,)" occurs 
in the factorization of Q(x). Then instead of the single term A;/(a:x + b,) in Equation 2, 
we would use 
Al Ad A, 
7 ——_ + ——_ +--+: — 
ax + by (ayx + b,)? (a,x + b)’ 


By way of illustration, we could write 


=e 1 AB c ,_ D_ ,_éE 
x(x — 1) x x x-1 (x-1? («- 1 


but we prefer to work out in detail a simpler example. 


4 45.2 
EXAMPLE 4 Find | = ee ae 
x 


3—y?7—yx4 1 


SOLUTION The first step is to divide. The result of long division is 


xt — 2x? + 4x41 4x 
- =x+ 1+; - 
y= ae op el y= 2 = eel 


The second step is to factor the denominator Q(x) = x* — x? — x + 1. Since 
Q(1) = 0, we know that x — 1 is a factor and we obtain 


PH—xPa-x tle(x—- YO? -Y)=H=O@- Ye Diet YD 
= (x — 1)°(x + 1) 
Since the linear factor x — 1 occurs twice, the partial fraction decomposition is 


4x _ A ie B " Cc 
(x-1-(x+ 1) x-1 (x-1% x41 


Multiplying by the least common denominator, (x — 1)?(x + 1), we get 
4x = A(x — 1)(x + 1) + B(x +: 1) + C(x - 17 
= (A+ Ca + R= 2C)et (-A + B+) 
Now we equate coefficients: 
A + C=0 
B-2C=4 
-A+B+ C=0 
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Solving, we obtain A = 1, B = 2, and C = —1,so 


xt — 2x? + 4x41 1 2 1 
| dx = x+t1t+ dx 
x 


+ 
weo-x-xt1 — 1 (x-1? x41 


a 2 
=e in |= 1 |= —_ = ln [ee | eK 
2 x= 


tv 
i) 


NOTE We could also determine the coefficients A, B, and C in Example 4 by following 
the method given after Example 2. Putting x = 1 in Equation 8 gives 4 = 2B, so B = 2 
and, likewise, putting x = —1 gives —4 = 4C, so C = —1. There is no value of x that 
makes the second and third terms on the right side of Equation 8 vanish, so we can’t find 
the value of A as easily. But we can choose a third value for x that still gives a useful 
relationship between A, B, and C. For instance x = 0 gives0 = —A +B+C,soA= 1. 


CASE III Q(x) contains irreducible quadratic factors, none of which is repeated. 
If Q(x) has the factor ax? + bx + c, where b* — 4ac < 0, then, in addition to the partial 
fractions in Equations 2 and 7, the expression for R(x)/Q(x) will have a term of the form 


Ax +B 
ax? + bx +c 


[9] 


where A and B are constants to be determined. For instance, the function given by 
f(x) = x/[(x — 2)(x? + 1)(x? + 4)] has a partial fraction decomposition of the form 


x _ A eS gE 
(x — 2)(x? + D(x? +4) x-2 x41 xv+4 


The term given in (9) can be integrated by completing the square (if necessary) and using 
the formula 


d. 1 
jata-ter(4)+e 
x a a 


Am 0 oe 
EXAMPLE 5 Evaluate | ~*~ dr. 
x” xX 


SOLUTION Since x? + 4x = x(x? + 4) can’t be factored further, we write 


2x7-x+4 =A Bx +C 
x(x? + 4) x x? +4 


Multiplying by x(x* + 4), we have 
2x7 —x+4= A(x? + 4) + (Bx + C)x 
=(A+ B)x?+ Cx +4A 
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Equating coefficients, we obtain 
A+B=2 c=-1 4A =4 
Therefore A = 1, B = 1, and C = —1 and so 


2x? —x+4 1 = 1 
| 5 dx = +5 dx 
x” + 4x x x +4 
In order to integrate the second term we split it into two parts: 


[aye-|aye foeye 


We make the substitution vu = x* + 4 in the first of these integrals so that du = 2x dx. 
We evaluate the second integral by means of Formula 10 with a = 2: 


Ie =a 4 1 x 1 
= ++ d: 
J x(x? + 4) ju \aqq" Per . 
= In|x| + 5In(x? + 4) — tan (x/2) + K a 
4x? — 3x +2 
EXAMPLE 6 Evaluate { “dx. 
4x° — 4x + 3 


SOLUTION Since the degree of the numerator is not less than the degree of the denomi- 
nator, we first divide and obtain 
Ag = 36 2 = x= 1 


i 1+ 7 
4x 4x +3 4x 4x + 3 


Notice that the quadratic 4x° — 4x + 3 is irreducible because its discriminant is 
b? — 4ac = —32 < 0. This means it can’t be factored, so we don’t need to use the 
partial fraction technique. 

To integrate the given function we complete the square in the denominator: 


4x? — 4x +3 = (2x - 17° +2 


This suggests that we make the substitution u = 2x — 1. Then du = 2 dx and 
x= 5(u + 1), so 


4x? — 3x + 2 -1 
RE lia 


4x? — 4x + 3 4x? — 4x +3 
_ 1 x(u+ 1) — 1 if #1 
—4 al rome. du=x+4 Zag ot 
1 u 1 1 
=x+4] Za 9 ue al Zo tt 
+ sIn(u? + 2 ae wo( . Je 
=x + gIn(u => + — 
‘ 4 2 /2 


I 
= 
+ 
col 
=e 
iS 
ae 
| 
aN 
ta 
+ 
co 
| 
i 
= 
a 
——~ 
NO 
= 
i] | 
ed 
+ 
io) 
| 
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It would be extremely tedious to work 
out by hand the numerical values of 
the coefficients in Example 7. Most 
computer algebra systems, however, 
can find the numerical values very 
quickly: 
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NOTE Example 6 illustrates the general procedure for integrating a partial fraction of 
the form 
Ax + B 


7 where b* — 4ac <0 
ax’ + bx + c¢ 


We complete the square in the denominator and then make a substitution that brings the 
integral into the form 


Cu + D u 1 
le 5 du =C | 5 du + D | ——, 7 du 
uut+a uut+a uut+a 


Then the first integral is a logarithm and the second is expressed in terms of tan™'. 


CASEIV Q(x) contains a repeated irreducible quadratic factor. 
If Q(x) has the factor (ax? + bx + c)’, where b* — 4ac < 0, then instead of the single 
partial fraction (9), the sum 


1] Aix + B, Adx + Bp A,X + B, 
ax? + bx +c (ax? + bx + cy (ax? + bx + c)’ 


occurs in the partial fraction decomposition of R(x)/Q(x). Each of the terms in (11) can 
be integrated by using a substitution or by first completing the square if necessary. 


EXAMPLE 7 Write out the form of the partial fraction decomposition of the function 


we+x?74+ 1 
x(x — 1)(x? + x + D(x? + 13% 


SOLUTION 
e+x?4+ 1 
x(x — 1)(x? + x + D(x? + 13° 


B re Cx + D g EF Gxt H | In+J 
x x-1l x4+x4+1 x7 +] (x? + 1) (x? + 1)? 


Laer oe Sa 
EXAMPLE 8 Evaluate | aa dx. 
XX ° 


SOLUTION The form of the partial fraction decomposition is 


1—x + 2x? -— x3 A Byte Cc Dx + E 


x(x? + 1)? TE PEt” Baie 
Multiplying by x(x? + 1), we have 
—x3 + 2x? — x + 1 = A(x? + 1)? + (Bx + C)x(x? + 1) + (Dx + E)x 
= A(x? + 2x7 + 1) + B(x? + x7) + C(x? + x) + Dx? + Ex 
=(A+ Bx? + C+ (2A 4+ B4 D)x?+(C+E)x +A 
If we equate coefficients, we get the system 


A+B=0 C=-1 2A+B+D=2 Ct+E=-1 A=1 
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In the second and fourth terms we made 
the mental substitution u = x? + 1. 


which has the solution A = 1, B 1,C 1, D = 1, and E = 0. Thus 
aaa | 1 eet « x d 
= — | dx 
x(x? + 1)? . x wt) (x? + 1)? 


d d xd 
=. [en lag aa 


1 
1 _ 
= In |x| — zIn(x? + 1) — tan 'x a? + 1) +K 


NOTE Example 8 worked out rather nicely because the coefficient E turned out to be 0. 
In general, we might get a term of the form 1/(x? + 1)*. One way to integrate such a 
term is to make the substitution x = tan @. Another method is to use the formula in 
Exercise 76. 

Partial fractions can sometimes be avoided when integrating a rational function. For 
instance, although the integral 

5 ate el | d 
J x(x? + 3) id 


could be evaluated by using the method of Case II, it’s much easier to observe that if 
u = x(x? + 3) =x? + 3x, then du = (3x7 + 3) dx and so 


(A ae = tin |x? + 3x | +C 
x(x? + 3) a 
Bi Rationalizing Substitutions 


Some nonrational functions can be changed into rational functions by means of appropri- 
ate substitutions. In particular, when an integrand contains an expression of the form 
~/9(x), then the substitution u = g(x) may be effective. Other instances appear in the 
exercises. 


EXAMPLE9 Evaluate 


ia 


SOLUTION Let u = /x + 4. Then u? = x + 4, sox = u? — 4and dx = 2u du. 
Therefore 


vx +4 - u = ue - 4 
i —— dx \ eer | > 2| 1g | ee 


We can evaluate this integral either by factoring u* — 4 as (u — 2)(u + 2) and using 
partial fractions or by using Formula 6 with a = 2: 


[2 a=2fa+s(/ 


4 
1 wea 2 

=2u+8- In + C 
2-2 ut+2 

2 


iC | 


gene =o 
=2/x+4+2In 
7 Jered £3 
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7.4 | Exercises 
1-6 Write out the form of the partial fraction decomposition of 31 x+4 d re x fF 
the function (as in Example 7). Do not determine the numerical . | x7 4+2x4+5 . : \ x? + 4x4 13 si 
values of the coefficients. : ; 
r 1 Pas Dee se Oe 
1 2x +5 33. | 3 dx 34. [= = = eo 
1. (a) —————_ (b) ——,.— J x 1 x? + 4x* + 3 
(x — 3)(x + 5) (x — 2)°(x* + 2) 
342 age 
x-6 I 35. |) ae 36. {ax 
Sa ID) a gt 0x + 4x° +3 x +1 
. 54 2 4 2 
Pee ca “5 vite 37. | cade 2 dx 38. ee ee = om dx 
. 3 _ 3x2 + 2x x(2x = 1)°(x? rs 3) x(x ) x x x 
Ney fc es 39 pe a 40 es ee 
: a pe eS - = 
xt 4 (3 — D(x? — 1) J (x 4x + 6) (x* + 2x + 2) 
5. (a) a e 41-56 Make a substitution t the integrand as a rational 
- (a I 7 5 = — - e a substitution to express the integrand as a rationa 
(xP — 2G + 2x0 + 1) a See function and then evaluate the integral. 
6 4 
6. (a) = Cee jes “io oo, (——# 
ss = ae I ce = 2Vx+34+x 
7-40 Evaluate the integral. 43. J dx 44," : —dx 
x + xXx 01+ yx 
oy ey ee 
"J @-D@+ 4) "J x? — ax 45. | ewe gy 46. | “ 
J e+ (1+ vx)? 
5x +1 y * 
9. |} ——— dx 10. \— eo 
2x + 1)(x-1 + 4)(2y — 1 1 
( ) (y )Qy ) 47. | ; dx [ Hint: Substitute u = ox. 
ri 2 1 x-4 vx ~ vx 
Jo 2x° + 3x +1 Jo x° — 5x + 6 { 1 4 
48. ys ax 
l l HM 
13. | ———~— dx 14. |) —————_ dx 
ees Peesncess . 1 Vl t+ x 
; 5 a 49. | Peary ae as 50. —;, & 
15. | dx 16. [at oe 
Jx- ay . 
e* sin x 
7 ii 4y? — Ty — 12 Ly 18 li 3x" + 6x +2 - as errs aa aaa 
“Sh yly + 2)(y — 3) * ‘at Be Bee 2 : bests re 
2 53. dt 54. | ————_~_——_d 
19. ih xi txt ee 20. [’ x(3 — 5x) » | tan?t + 3 tant + 2 J (e—2(e"= +) 
Jo (x + 1)?(x + 2) J2 (3x — 1)(x — 1)? j a 
x cosh t 
2 = 55. 56. | —.—___ at 
a. ft za, [BAA 2, pes Pacesrere 
= Ho SOS SE 
23 i 10 dx 24 { 3x° -—x+8 m 57-58 Use integration by parts, together with the techniques of 
“J (x - Dix? 4+ 9) : xe + 4x this section, to evaluate the integral. 
oxi'—4x+1 ox +4? +x-1 
i a J 57. | In(x? — x + 2) d 58. | xtan ‘xd 
a |. oo” aa j xe + x? - J incx x + 2) dx | xtan'x ax 
4x x? be + 1 
27. J pagetatt dx 28. Ge + 1)? dx 59. Use a graph of f(x) = 1/(x* — 2x — 3) to decide whether 
, ’ |, f(a) dx is positive or negative. Use the graph to give a 
p x t+ 4x + 3 x7 + 6x — 2 rough estimate of the value of the integral and then use partial 
29. | ——— Ps 30. > dx 
J ox + 5x7 +4 x" + 6x fractions to find the exact value. 
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60. Evaluate 
1 
} etk oe 
by considering several cases for the constant k. 


61-62 Evaluate the integral by completing the square and using 
Formula 6. 


r= dx r 2x+1 
61. | —= 62. | —_. dx 
eS 2h 4x° + 12x —7 


63. Weierstrass Substitution The German mathematician Karl 
Weierstrass (1815-1897) noticed that the substitution 
t = tan(x/2) will convert any rational function of sin x and 
cos x into an ordinary rational function of t. 
(a) If t = tan(x/2), —a7 < x < 7, sketch a right triangle or 
use trigonometric identities to show that 


cos — = ——— and sin — = 


and sin x = 


2 
(c) Show that dx = ——~ dt. 
1+t 


64-67 Use the substitution in Exercise 63 to transform the inte- 
grand into a rational function of ¢ and then evaluate the integral. 


d. 1 
64. | — 65. a 
1 — cosx 3 sinx — 4cosx 
P ar/2 1 rx/2 Sin 2x 
Z —_——— d : ae ES 
is 1 + sin x — cos x . 2+ cos x 


68-69 Find the area of the region under the given curve from | to 2. 


1 x +1 


68. y = ——_ ae 
eo eb 3x —x 


70. Find the volume of the resulting solid if the region under the 
curve 


1 


ee + Se ED 


from x = 0 to x = 1 is rotated about (a) the x-axis and (b) the 
y-axis. 


71. One method of slowing the growth of an insect population 
without using pesticides is to introduce into the population a 
number of sterile males that mate with fertile females but pro- 
duce no offspring. (The photo shows a screw-worm fly, the 
first pest effectively eliminated from a region by this method.) 
Let P represent the number of female insects in a population 
and S the number of sterile males introduced each generation. 
Let r be the per capita rate of production of females by 


females, provided their chosen mate is not sterile. Then the 
female population is related to time t by 

P+S 
t | dP 
Pl(r — 1)P — S] 


Suppose an insect population with 10,000 females grows at 
arate of r = 1.1 and 900 sterile males are added initially. 
Evaluate the integral to give an equation relating the female 
population to time. (Note that the resulting equation can’t 
be solved explicitly for P.) 


USDA 


72. Factor x* + 1 as a difference of squares by first adding and 
subtracting the same quantity. Use this factorization to evalu- 
ate { 1/(x* + 1) dx. 


73. (a) Use a computer algebra system to find the partial fraction 


decomposition of the function 


4x? — 27x? + 5x — 32 
30x*° — 13x4 + 50x* — 286x* — 299x — 70 


f(x) 


(b) Use part (a) to find f f(x) dx (by hand) and compare with 
the result of using the CAS to integrate f directly. 
Comment on any discrepancy. 


74. (a) Use a computer algebra system to find the partial fraction 


decomposition of the function 


12x° — 7x? — 13x? + 8 
100x°® — 80x° + 116x* — 80x* + 41x? — 20x + 4 


f(x) 


(b) Use part (a) to find | f(x) dx and graph f and its 
indefinite integral on the same screen. 
(c) Use the graph of f to discover the main features of the 


graph of | f(x) dx. 
75. Suppose that F, G, and Q are polynomials and 
F(x) _ G(x) 
Q(x) Q(x) 


for all x except when Q(x) = 0. Prove that F(x) = G(x) 
for all x. [Hint: Use continuity. ] 


76. (a) Use integration by parts to show that, for any positive 
integer n, 


| dx x 
(x? + a7)" 2a?(n — 1)(x? + a’)""! 


_  2n— 3 | dx 
Wea) sey 
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(b) Use part (a) to evaluate 78. If f is a quadratic function such that f(0) = 1 and 


r dx dx 
ee d on f(x) 
| (x? + 1) i | (x7 + 1) i x(x + 1)? ee 
77. Ifa ~ 0 and nis a positive integer, find the partial fraction 
decomposition of f(x) = 1/(x"(x — a)). [Hint: First find the 
coefficient of 1/(x — a). Then subtract the resulting term and 
simplify what is left.] 


is a rational function, find the value of f'(0). 


7.5 | Strategy for Integration 


As we have seen, integration is more challenging than differentiation. In finding the 
derivative of a function it is obvious which differentiation formula we should apply. But 
it may not be obvious which technique we should use to integrate a given function. 


@ Guidelines for Integration 


Until now individual techniques have been applied in each section. For instance, we usu- 
ally used substitution in Exercises 5.5, integration by parts in Exercises 7.1, and partial 
fractions in Exercises 7.4. But in this section we present a collection of miscellaneous 
integrals in random order and the main challenge is to recognize which technique or 
formula to use. No hard and fast rules can be given as to which method applies in a given 
situation, but we give some general guidelines that you may find useful. 

A prerequisite for applying a strategy is a knowledge of the basic integration formu- 
las. In the following table we have collected the integrals from our previous list together 
with several additional formulas that we have learned in this chapter. 


Table of Integration Formulas Constants of integration have been omitted. 
n+1 
1. [ x"dx = 


1 
(n ~ —1) 2. { —dx = In|x| 
x 


x 


4. J De alr 


n+ 1 


3. J e*dx = e* 


5. J sin x dx = —cos x 
7. J sec’x dx = tan x 


9, [ sec x tan x dx = sec x 


6. | cos x dx = sin x 
8. | csc*x dx = —cot x 


10. | csc x cot x dx = —csc x 


11. [ sec xdx = In| sec x +tanx| 12. J ese xdx = In| ese x — cot x 


13. | tan x dx = In| sec x| 14. J cot x dx = In| sin | 


15. J sinh x dx = cosh x 16. J cosh x dx = sinh x 


17. | an” 18. i) 


dx ey ee: 4 
= sin a 
fa? — x2 a)’ 
=In|x + Vx? + a? | 


dx 
* = 
eae 
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CHAPTER 7 Techniques of Integration 


Most of these formulas should be memorized. It is useful to know them all, but the 
ones marked with an asterisk need not be memorized since they are easily derived. For- 
mula 19 can be avoided by using partial fractions, and trigonometric substitutions can be 
used in place of Formula 20. 

Once you are armed with these basic integration formulas, if you don’t immediately 
see how to attack a given integral, you might try the following four-step strategy. 


1. Simplify the Integrand If Possible Sometimes the use of algebraic manipulation or 
trigonometric identities will simplify the integrand and make the method of 
integration obvious. Here are some examples: 


| ve. + ve) ax = | (Ve +2) de 


tnd  p sind, 
| — ig i ~~ 9 cos'8 a 


= | sine cos 6 d6 = 3 | sin 26 do 


| (sin x + cos x)?dx = | (sin’x + 2 sin x cos x + cos*x) dx 


=fa + 2 sin x cos x) dx 


2. Look for an Obvious Substitution Try to find some function u = g(x) in the integrand 
whose differential du = g'(x) dx also occurs, apart from a constant factor. For 
instance, in the integral 


we notice that if w = x* — 1, then du = 2x dx. Therefore we use the substitution 
u = x’ — | instead of the method of partial fractions. 


3. Classify the Integrand According to Its Form If Steps 1 and 2 have not led to the solution, 
then we take a look at the form of the integrand f(x). 


(a) Trigonometric functions. If f(x) is a product of powers of sin x and cos x, 
of tan x and sec x, or of cot x and csc x, then we use the substitutions recom- 
mended in Section 7.2. 


(b) Rational functions. If f is a rational function, we use the procedure of 
Section 7.4 involving partial fractions. 


(c) Integration by parts. If f(x) is a product of a power of x (or a polynomial) and 
a transcendental function (such as a trigonometric, exponential, or logarithmic 
function), then we try integration by parts, choosing u and dv according to the 
advice given in Section 7.1. If you look at the functions in Exercises 7.1, you 
will see that most of them are the type just described. 


(d) Radicals. Particular kinds of substitutions are recommended when certain 
radicals appear. 


(Gi) If Vx? + a2, /x? — a’, or Va? — x? occurs, we use a trigonometric 
substitution according to the table in Section 7.3. 

(ii) If /ax + b occurs, we use the rationalizing substitution u = ~/ax + b. 
More generally, this sometimes works for ~/g(x). 
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4. TryAgain If the first three steps have not produced the answer, remember that there 
are basically only two methods of integration: substitution and parts. 


(a) Try substitution. Even if no substitution is obvious (Step 2), some inspiration or 
ingenuity (or even desperation) may suggest an appropriate substitution. 


(b) Try parts. Although integration by parts is used most of the time on products of 
the form described in Step 3(c), it is sometimes effective on single functions. 
Looking at Section 7.1, we see that it works on tan” 'x, sin 'x, and In x, and 
these are all inverse functions. 


(c) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing the 
denominator or using trigonometric identities) may be useful in transforming the 
integral into an easier form. These manipulations may be more substantial than in 
Step | and may involve some ingenuity. Here is an example: 


dx il 1 + cos x 1 + cos x 
J ={ . dx = 5 ax 
1 — cos x l1—cosx 1+ cosx 1 — cos“x 


r | + cos x . COs Xx 
= | os dx = cse"x + > dx 
sin“x sin“x 


(d) Relate the problem to previous problems. When you have built up some 
experience in integration, you may be able to use a method on a given integral 
that is similar to a method you have already used on a previous integral. Or you 
may even be able to express the given integral in terms of a previous one. For 
instance, | tan’x sec x dx is a challenging integral, but if we make use of the 
identity tan’x = sec*x — 1, we can write 


f tan?x sec x dx = | sec*x dx — | sec x dx 


and if | sec*x dx has previously been evaluated (see Example 7.2.8), then that 
calculation can be used in the present problem. 

(e) Use several methods. Sometimes two or three methods are required to evaluate 
an integral. The evaluation could involve several successive substitutions of 
different types, or it might combine integration by parts with one or more 
substitutions. 


In the following examples we indicate a method of attack but do not fully work out 
the integral. 


tan°x 


EXAMPLE 1 | dx 


cos*x 


In Step 1 we rewrite the integral: 


tan*x 
J 5 dx = J tan*x sec*x dx 

cos’x 
The integral is now of the form i tan”x sec"x dx with m odd, so we can use the advice 
in Section 7.2. 

Alternatively, if in Step 1 we had written 


{ tan*x i { sin’x 1 i | sin*x i 


cos°*x cos*x cos*x cos°x 
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then we could have continued as follows with the substitution u = cos x: 


sin*x 1—cos’x . 1-w 
J — de = - sin x dx = | —;—(—du) 
cos°x cos°x u 
=) 
i du = | (uw u°) du | 


EXAMPLE 2 J sin Jx dx 


According to (ii) in Step 3(d), we substitute u = ee Then x = u*, so dx = 2u du and 


sin Ve dx =2 | wsinudu 


The integrand is now a product of u and the trigonometric function sin u so it can be 
integrated by parts. a 


w+ 
EXAMPLE 3 J FEET 
> OX IX 


No algebraic simplification or substitution is obvious, so Steps 1 and 2 don’t apply 
here. The integrand is a rational function so we apply the procedure of Section 7.4, 
remembering that the first step is to divide. a 


dx 
EXAMPLE 4 { ——— 
xv In x 
Here Step 2 is all that is needed. We substitute u = In x because its differential is 
du = dx/x, which occurs in the integral. Oo 


1 coed 
EXAMPLE 5 | nl * dx 
lx 
Although the rationalizing substitution 
‘| 1 =x 
“= 
1+x 


works here [(ii) in Step 3(d)], it leads to a very complicated rational function. An easier 
method is to do some algebraic manipulation [either as Step | or as Step 4(c)]. 


Multiplying numerator and denominator by 1 — x, we have 


1-x 


1-x 
i 7 dx =|5 a dx 
=| __ dx J 7 dx 
JI = x? af = x4 
=sin x + /1 —x? +C a 


BH Can We Integrate All Continuous Functions? 


The question arises: will our strategy for integration enable us to find the integral of 
every continuous function? For example, can we use it to evaluate | e* dx? The answer 
is no, at least not in terms of the functions that we are familiar with. 
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The functions that we have been dealing with in this book are called elementary 
functions. These are the polynomials, rational functions, power functions (x"), exponen- 
tial functions (b*), logarithmic functions, trigonometric and inverse trigonometric func- 
tions, hyperbolic and inverse hyperbolic functions, and all functions that can be obtained 
from these by the five operations of addition, subtraction, multiplication, division, and 
composition. For instance, the function 


2 
2) iT : 
fw= ‘ * + In(cosh x) — xe‘i"?* 


xe+2x-1 


is an elementary function. 

If f is an elementary function, then f’ is an elementary function but ( f(x) dx need not 
be an elementary function. Consider f(x) = e*”. Since f is continuous, its integral exists, 
and if we define the function F by 


F(x) = { edt 


then we know from Part 1 of the Fundamental Theorem of Calculus that 
F'(x) =e 


Thus f(x) = e*’ has an antiderivative F, but it has been proved that F is not an elemen- 
tary function. This means that no matter how hard we try, we will never succeed in evalu- 
ating f e* dx in terms of the functions we know. (In Chapter 11, however, we will see 
how to express (i e* dx as an infinite series.) The same can be said of the following 
integrals: 


i - dx | sin(x’) dx J cos(e*) dx 


1 sin x 
ial + 1dx —— dx | dx 
In x x 
In fact, the majority of elementary functions don’t have elementary antiderivatives. You 
may be assured, though, that the integrals in the following exercises are all elementary 
functions. 


7.5 | Exercises 


1-8 Three integrals are given that, although they look similar, 


Inx 
may require different techniques of integration. Evaluate the 3«@) | x ae (b) ) ints) 


integrals. 
‘ (c) [xinxde 
1. @) [ax (b) f iy 
Dea Ls 4. (a) | sin’x dx (b) [ sin’x dx 
1 
-) J 1 — x? eo (c) [ sin 2x dx 
3 1 1 - 1 
2. = Wide b ———- d. ess eee, ee ee, 
a) [xv x ) | = x $.@) (saa (b) \3=— 
f/x? — 1 1 
(c) | x - — dx (c) | ae ee dx 
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6. (a) | xcos x? dx (b) | xcos*x dx 35. | dx - 36. [ sin Jar dt 


(c) [< cos x dx ; 2 
, 37. | In(x + Vx? — 1) dx 38. [", Je‘ — 1| dx 


7. (a) [ xe" dx (b) | x e* dx 
. l+x 3 ef! 
, 39, | dx 40. | —-ax 
(c) (weds lx J) x? 
fe e = ga 
8. (a) [ever Tax (b) | —_ dx 41. {v3 2x — x? dx 42. ee ee 
7. = e- 
1 a) + si 
(©) [\s He a. tae 44, ne a 
d = —7/2 Cos x Tr COS X 
a/4 a/3 sin @ cot 8 
9-93 Evaluate the integral. a { tan’ sec*6 dé a6 os sec 0 do 
r = COSX 1 
. | ——— ; +1)? 7 
? | 1 — sinx ae um I ae al 47. echaeer 48. { sin 6x cos 3x dx 
sec’@ — sec 
m4 emesinx 
11. | Vy Iny dy 12. | ———dx r 3 1 
I ! Aae 49. | 6 tan°6 do 50. | ———dx 
J J xvx—1 
In(In y) . 
13. | dy 14. { Ox +)? dx 51. | —_ dx 52. [Vi + e* dx 
x 7 — 1)e* 
15. oan re dx 16. [ rsine cos t dt 53. | ; e ae 54. | (x = Je ae 
+ Vx 
2 x27+3x—-4 x3 55. | eel) dx 56. | we Jl=s dx 
r 1 2x — 3 
19, | ——- dx 20. | ———dx 1 1 
| x3 x2 = il J x3 + 3x 57. lS” 58. las 
r COS”°x 5 ° 1 dx 
21. d 22. | Ind + x’)d Se ee 
| cscx J a 1 a | x./4x2 +1 a an | x(x* + 1) 
3/2 5 - 
23. [x sec x tan x dx 24. { = =a 61. | x? sinh mx dx 62. | (x + sin x)? dx 
dx dx 
sa 2 63. —— == 64. — > 
25. {" rcos*r dr 26. pow: Iz ene 
e x In x 
27. fer"ax 28. (oa 65. [ve +cdx 66. C— 
Ire je 
r Inx r = dx dx 
29. | arctan./x dx 30. | esr a 67. | = 16 68. les 
: r do do 
31. {, (1 + Vx )8dx 32. | (1 + tan x)’ sec x dx 69. | Paros 70. | 1 eoee 
11+ 12¢ 1 3x2 +1 i | gk 
ee See Eee 71. | Vx e* dx 72: 
33. |) io coi cree are J J vn #1 
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73 


75. 


77. 


79. 


x + arcsin x 


81. 
1 — x? 
dx 
83. | 
xInx—-x 
85. | = dx 


87. 


ie . i 
| x sin’ x cos x dx 


— dx 


SECTION 7.6 Integration Using Tables and Technology 523 


74. { gem ee a9. | /1 — sinx dx 90, {a is 

7/4 SIN X COS X J / sin*x + cos*x 
76. | ee : ox x 

J x®+ 3x7 +2 a1. | dx 

1 x D215 

78. | sopra 92, | a 93. [”" /1 + sin 2040 

J 1+ 2e*—-e* : | (sin x + cos x)? . * Jo ia 
80 In(x + 1) d 

. J 2 a 94, We know that F(x) = [* e®‘dt is a continuous function b 
x JO y. 
FTC1, though it is not an elementary function. The functions 
4* + 10* 
82. (me [<a d | 1 d 
— dx an —— dx 
x Inx 

84. | x ax are not elementary either, but they can be expressed in terms 

J xe + 1 of F. Evaluate the following integrals in terms of F. 

1 + sinx (a) Sax (b) — 

86. | ———ax Ji x J2 Inx 

J 1 — sinx 

95. The functions y = e* and y= x?e*’ don’t have elementary 
88 i sec x cos 2x dx antiderivatives, but y = (2x? + 1)e*’ does. Evaluate 
* J sinx + sec x | (2x? + le" dx. 


7.6 | Integration Using Tables and Technology 


In this section we describe how to use tables and mathematical software to integrate 
functions that have elementary antiderivatives. You should bear in mind, though, 
that even the most powerful computer software can’t find explicit formulas for the 
antiderivatives of functions like e** or the other functions described at the end of 
Section 7.5. 


@ Tables of Integrals 


Tables of indefinite integrals are very useful when we are confronted by an integral 
that is difficult to evaluate by hand. In some cases, the results obtained are of a simpler 
form than those given by a computer. A relatively brief table of 120 integrals, catego- 
rized by form, is provided on Reference Pages 6-10 at the back of the book. More 
extensive tables, containing hundreds or thousands of entries, are available in separate 
publications or on the Internet. When using such tables, remember that integrals do 
not often occur in exactly the form listed. Usually we need to use the Substitution 
Rule or algebraic manipulation to transform a given integral into one of the forms in 
the table. 


EXAMPLE 1 The region bounded by the curves y = arctan x, y = 0, and x = 1 is 
rotated about the y-axis. Find the volume of the resulting solid. 


SOLUTION Using the method of cylindrical shells, we see that the volume is 


V= {, 27rx arctan x dx 
0 
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The Table of Integrals appears on 
Reference Pages 6-10 at the back 


of the book. 


Remember that when we make 
the substitution u = 2x (so 

x = u/2), we must also substitute 
du = 2 dx (so dx = du/2). 


85. | u" cos u du 


=u"sinu—n) u 


n 


“| sin u du 


In the section of the Table of Integrals titled Inverse Trigonometric Forms we locate 
Formula 92: 


74] 
J wtanw ae a oe 
2 2 


So the volume is 


1 4 x +) % x 
V=2n{ x tan” ‘x dx = 27r tan” ‘x 
0 2 2 


= a(x? + 1)tan7!x — x], = 7(2tan '1 — 1) 


a[2(a/4) — 1 =4ha?- 7 a 
2 

== 

V5 — 4x? 


SOLUTION If we look at the section of the table titled Forms Involving a? — u?, 
we see that the closest entry is Formula 34: 


ur Uu : a. Uu 
| du = Jva> — u? + —sin! +C 
<= 2 2 a 
This is not exactly what we have, but we will be able to use it if we first make the 
substitution u = 2x: 


EXAMPLE 2 Use the Table of Integrals to find J 


(u/2)*_ du _ 


| per | ol 
SS——— a= = ——— da 
5 — 4x? J5-w 2 84 /§—w 
Then we use Formula 34 with a= 5 Goa = 4/5); 


5 
5-—u? + =sin'! 


| 2 dx = —{ i unt (-t ye “lec 
V5 — 4x2 8) 5a 8\ 2 2 ae 


EXAMPLE3 Use the Table of Integrals to evaluate J x? sin x dx. 


SOLUTION If we look in the section called Trigonometric Forms, we see that none of 
the entries explicitly includes a u? factor. However, we can use the reduction formula in 
entry 84 with n = 3: 


| xsin x dx = —x*cosx + 3 | x*cos x dx 


We now need to evaluate ) x’ cos x dx. We can use the reduction formula in entry 85 
with n = 2, followed by Formula 82: 


| x2c0s x dx = x?sin x - 2 | xsin xdx 


= x’sin x — 2(sinx — x cos x) + K 
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Combining these results, we get 
| x°sin x dx = —x>cos x + 3x*sin x + 6xcos x — 6sinx + C 


where C = 3K. | 


EXAMPLE 4 Use the Table of Integrals to find | X/x? + 2x + 4 dx. 


SOLUTION Since the table gives forms involving Ja? + x2, Ja? — x?, and x? — a?, 
but not Vax? + bx + c, we first complete the square: 


x +2x+4=(x4 1743 


If we make the substitution vu = x + 1 (sox = u — 1), the integrand will involve the 
pattern Ja? + u?: 


[ve + 2x 44 dx = [ W— 1) Vu? +3 du 
= | ulut 3 du — | Vu? +3 du 


The first integral is evaluated using the substitution t = u? + 3: 


[uJu® 3 du =3f Vedr=}- 30? = 102 + 3” 


21; | a? + u? du : a? + u? For the second integral we use Formula 21 with a = af 3 
2 
+ Fin(u 4 a?+u?)+C | Wu? +3 du = > u2+3+3In(u + u2 +3) 
Therefore 


[xvx? 42x +S ax 


1 
= (x? + 2x + 49? - — 


(eres ee eas 
|| 


BH Integration Using Technology 


We have seen that the use of tables involves matching the form of the given integrand 
with the forms of the integrands in the tables. Computers are particularly good at match- 
ing patterns. And just as we used substitutions in conjunction with tables, a computer 
algebra system (CAS) or mathematical software with similar capabilities can perform 
substitutions that transform a given integral into one that occurs in its stored formulas. So 
it isn’t surprising that we have software that excels at integration. That doesn’t mean that 
integration by hand is an obsolete skill. We will see that a hand computation sometimes 
produces an indefinite integral in a form that is more convenient than a machine answer. 

To begin, let’s see what happens when we ask a computer to integrate the relatively 
simple function y = 1/(3x — 2). Using the substitution u = 3x — 2, an easy calcula- 
tion by hand gives 


u ail _ 
| ay = In| 3x 2| eC 
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This is equation 3.11.3. 


whereas some software packages return the answer 
¥In(3x — 2) 


The first thing to notice is that the constant of integration is missing. In other words, we 
were given a particular antiderivative, not the most general one. Therefore, when mak- 
ing use of a machine integration, we might have to add a constant. Second, the absolute 
value signs were not included in the machine answer. That is fine if our problem is con- 
cerned only with values of x greater than 5 But if we are interested in other values of x, 
then we need to insert the absolute value symbol. 

In the next example we reconsider the integral of Example 4, but this time we use 
technology to get an answer. 


EXAMPLE5 Use a computer to find J xx? + 2x + 4 dx. 


SOLUTION Different software may respond with different forms of the answer. One 
computer algebra system gives 


3 3 
F(x? + 2x + 4)? — 4(2x + 2) Vx? + 2x +4 - 3 sesinh (1 + x) 


This looks different from the answer we found in Example 4, but it is equivalent 
because the third term can be rewritten using the identity 


arcsinh x = In(x + /x?2 + 1) 
Thus 


aresinh “3 ( +x= in| Ba + x) + ¥3(1 + x)? + | 


=n—li txt JG +a 43] 


i 
= In — + Inf + 1 4+ Vx? + 2x4+ 4 
$y tile 1 + VRE IA) 


The resulting extra term a In( if 3) can be absorbed into the constant of integration. 
Another software package gives the answer 


5 x x? Stef Leek 
gig. x? + 2x +4 — > sinh 


3B 


Here the first two terms of the answer to Example 4 were combined into a single term 
by factoring. a 


EXAMPLE 6 Use a computer to evaluate J x(x? + 5)8 dx. 


SOLUTION A computer may give the answer 


ge ae 2 50g ea a ae ei Se So 


The software must have expanded (x* + 5)* using the Binomial Theorem and then 
integrated each term. 
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If we integrate by hand instead, using the substitution u = x* + 5, we get 
[xc + 5)8dx = ig (x? +5" +C 


For most purposes, this is a more convenient form of the answer. a 


EXAMPLE 7 Use acomputer to find ) sin°x cos*x dx. 
SOLUTION In Example 7.2.2 we found that 
[1] i sin®x cos’x dx = —} cos*x + 2 cos®x — 4.cos’x + C 


Depending on the software used, you may get the answer 
—4 sin*x cos*x — 4 sinx cos*x — 735 cos*x 
or you might get 


3 
—d cos x — 7g7 cos 3x + 735 COS 5x — zg cos 7x 


We suspect that there are trigonometric identities which show that these three 
answers are equivalent. In fact, you may be able to use the software to simplify its 
initial result, using trigonometric identities, to produce the same form of the answer 


as in Equation 1. a 
7.6 | Exercises 
1-6 Use the formula in the indicated entry of the Table of 9 } cos x d 10 { e* dx 
Integrals on Reference Pages 6—10 to evaluate the integral. * J sin’x — 9 “J 4-e 
Tr, Pe 2 
1. ib ‘ cos 5x cos 2x dx; entry 80 11. | Vv 9x = 4 dx 12. J Vv ie 3 iy 
J KX y 
1 
2. Vx — x? dx; entry 113 ear a 
\ - 13. | cos*0 do 14. J xJ2 + x¢ dx 


w 


r . 2 . 
. | xaresin(x*)dx; entry 87 - arctan V/x 
15. | — dx 
tan 6 ; ‘ 
4. | —— w; entry 57 
2+ cos @ | coth(1/y) d 
2 


16. ["#sinx dx 
0 


et 
17. ly 18. | —dt 
5 a y | /et p= 1 
dy; entry 26 


ry 

| Jaty 19. [yvo+4y—4y? dy 20, [a= 
vis = 5 

: J t i 


uw 


6 t; entry 41 ro. ig : in 20 
- 21. | sin*x cos x In(sin x) dx 22. | ee i 
2 V5 — sin@ 
7-34 Use the Table of Integrals on the Reference Pages to 23. | __sin26 do 24. { 2 x3/4x2 — x4 dx 
evaluate the integral. / s/cos*@ + 4 7 
7. i arctan 2x dx 8. { x7/4 — x? dx 25. | xee** dx 26. J x? arcsin(x*) dx 
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| 2) 
27. J cos*y dy 28. ee a 
J xInx 
cos !(x~7) dx 
29. ——— dx 30. a 
| x? | Jl = ex 


31 


33 


35. 


36. 


37. 


38. 


F | Ver — 1dx 32. | sin 26 arctan(sin 0) d@ 


sec’@ tan70 
34, i 


V9 — tan*0 


xt 
: | ————— he dé 
a x2, 
The region under the curve y = sin*x from 0 to 7 is rotated 


about the x-axis. Find the volume of the resulting solid. 


Find the volume of the solid obtained when the region under 
the curve y = arcsin x, x = 0, is rotated about the y-axis. 


Verify Formula 53 in the Table of Integrals (a) by differen- 
tiation and (b) by using the substitution t = a + bu. 


Verify Formula 31 (a) by differentiation and (b) by substi- 
tuting u = asin 0. 


39-46 Use a computer to evaluate the integral. Compare the 
answer with the result of using a table of integrals. If the 
answers are not the same, show that they are equivalent. 


39 


; J sec*x dx 40. J ese'x dx 


DISCOVERY PROJECT | PATTERNS IN INTEGRALS 


41 


43. 


45. 


- [eve + 4 dx 42. | 


J cos‘x dx 


| tan>x dx 


dx 
J e*(3e* + 2) 


44, fxvi — x? dx 


46. | 


1 
== dx 
V1 + ix 


(T] 47 


. (a) Use the table of integrals to evaluate F(x) = | f(x) dx, 


where 


What is the 


domain of f and F? 


(b) Use mathematical software to evaluate F(x). What 
is the domain of the function F that the software pro- 
duces? Is there a discrepancy between this domain and 


the domain 


of the function F that you found in part (a)? 


48. Machines sometimes need a helping hand from human 


beings. Try using a computer to evaluate 


fa + Inx)/1 + (x In x)? dx 


If it doesn’t return an answer, make a substitution that 
changes the integral into one that the machine can evaluate. 


In this project mathematical software is used to investigate indefinite integrals of families of 
functions. By observing the patterns that occur in the integrals of several members of the fam- 
ily, you will first guess, and then prove, a general formula for the integral of any member of 


the family. 


1. (a) Use a computer to evaluate the following integrals. 


: 1 
@) J Ga 


1 


(b) Based on the pattern of your responses in part (a), guess the value of the integral 


if a ~ b. What if a = b? 


2 1 

ci) J Gane 
: 1 
(iv) | (+ 2 dx 


1 
J Casa 


(c) Check your guess by using the software to evaluate the integral in part (b). Then prove 


it using partial fractions. 
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2. (a) Use a computer to evaluate the following integrals. 


(i) J sin x cos 2x dx (ii) J sin 3x cos 7x dx (iii) J sin 8x cos 3x dx 

(b) Based on the pattern of your responses in part (a), guess the value of the integral 
| sin ax cos bx dx 

(c) Check your guess with the computer. Then prove it using the techniques of 

Section 7.2. For what values of a and b is it valid? 

3. (a) Use a computer to evaluate the following integrals. 
(i) J In x dx (ii) J xInx dx (iii) J x7 In x dx 

(iv) ee In x dx (v) le In x dx 

(b) Based on the pattern of your responses in part (a), guess the value of 
J x" In x dx 

(c) Use integration by parts to prove the conjecture that you made in part (b). For what 


values of n is it valid? 


4. (a) Use a computer to evaluate the following integrals. 


(i) [ xe" dx (ii) [ee dx (iii) ee dx 


(iv) [ x'erax (v) [eras 


(b) Based on the pattern of your responses in part (a), guess the value of | x%e* dx. Then 
use the computer to check your guess. 

(c) Based on the patterns in parts (a) and (b), make a conjecture as to the value of the 
integral 


ee dx 


when n is a positive integer. 
(d) Use mathematical induction to prove the conjecture you made in part (c). 


7.7 | Approximate Integration 


There are two situations in which it is impossible to find the exact value of a definite 
integral. 

The first situation arises from the fact that in order to evaluate |” f(x) dx using the 
Fundamental Theorem of Calculus we need to know an antiderivative of f. Sometimes, 
however, it is difficult, or even impossible, to find an antiderivative (see Section 7.5). For 
example, it is impossible to evaluate the following integrals exactly: 


i e* dx i: J1 + x3 dx 


The second situation arises when the function is determined from a scientific experi- 
ment through instrument readings or collected data. There may be no formula for the 
function (see Example 5). 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


530 CHAPTER 7 Techniques of Integration 


yA In both cases we need to find approximate values of definite integrals. We already 
know one such method. Recall that the definite integral is defined as a limit of Riemann 
sums, so any Riemann sum could be used as an approximation to the integral: if we 
divide [a, b] into n subintervals of equal length Ax = (b — a)/n, then we have 


[769 de ~ D slat) x 


0 x x Xo X3 C : ke : : ‘ : ko: 
nk i i ae where x* is any point in the ith subinterval [x;-1, x;]. If x* is chosen to be the left end- 
(a) Left endpoint approximation point of the interval, then x* = x;-; and we have 
b n 
yA [1] [ f(x) dx = Ly = > f(xi-1) Ax 
wa i=l 
If f(x) = 0, then the integral represents an area and Equation | represents an approxima- 
tion of this area by the rectangles shown in Figure 1(a). If we choose x7 to be the right 
endpoint, then x* = x; and we have 
b n 
“Ol % | X,;  X, Xx [2] [ f(x) dx = R= » f (xi) Ax 
(b) Right endpoint approximation 
[See Figure 1(b).] The approximations L,, and R,, defined by Equations 1 and 2 are called 
FIGURE 1 the left endpoint approximation and right endpoint approximation, respectively. 
p pp g p pp P' y: 
al B® The Midpoint and Trapezoidal Rules 
In Section 5.2 we considered the case where x;* in the Riemann sum is chosen to be the 
| midpoint x; of the subinterval [x;-1, x;]. Figure 2 shows the midpoint approximation M,, 
for the area in Figure |. It appears that M, is a better approximation than either L,, or R,. 
| 
| 
Midpoint Rule 
0 x, Xo X3 X4 x b a = = 
| f(a) dx ~ My = Ax[ f(a) + f%) +--+ f@)] 
FIGURE 2 
Midpoint approximation b-a 


Ax 


n 


xi = 5 (xi + x;) = midpoint of [xi-1, x; | 


Another approximation, called the Trapezoidal Rule, results from averaging the 
approximations in Equations | and 2: 


n 


n n Ax 
~ | Se Ax + > fx) as| re E (f(xi-1) + res) | 


u 


: f(x) dx 


i=l 


= *[(re) + f(x1)) + (fer) + flea) + + + (FOr) + £Ce0))] 


Ax 
= > Lf Go) + 251) > 2f (2) + + 27a) + FG,)] 
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YA 
Trapezoidal Rule 
b Ax 
{ iaid=T, = > LG) + 2f a) + 2f(e) t <> + 2a) +f On)] 
where Ax = (b — a)/nand x; = a + i Ax. 
ul The reason for the name Trapezoidal Rule can be seen from Figure 3, which illustrates 
| i the case with f(x) = 0 and n = 4. The area of the trapezoid that lies above the ith sub- 


interval is 


FIGURE 3 ; ( fae +f) Ax 


Lie) 7a] 


Trapezoidal approximation 


2 2 


and if we add the areas of all these trapezoids, we get the right side of the Trapezoidal 
Rule. 


EXAMPLE 1 Use (a) the Trapezoidal Rule and (b) the Midpoint Rule with n = 5 to 
approximate the integral i (1/x) dx. 


SOLUTION 
(a) With n = 5,a = 1, and b = 2, we have Ax = (2 — 1)/5 = 0.2, and so the 
Trapezoidal Rule gives 


[ax =T;,= tf) + 2f(1.2) + 2f(1.4) + 2f(1.6) + 2f0.8) + f(Q2)] 


Ji 


i 2 2 2 > 21 
1 2 =0.1{—+——~+ ~ + 
I 12 t4 16. 18° 2 


FIGURE 4 


=~ 0.695635 


This approximation is illustrated in Figure 4. 


(b) The midpoints of the five subintervals are 1.1, 1.3, 1.5, 1.7, and 1.9, so the Mid- 
point Rule gives 


2 


i ~ ax ~ Ax[f(1.1) + f(1.3) + f(1.5) + f(1.7) + fC.9)] 


1/1 1 1 1 1 
= ~ +—+—+ 
5 (z 13 is: 17 -) 


= 0.691908 


1 2 


FIGURE 5 


This approximation is illustrated in Figure 5. a 


® Error Bounds for the Midpoint and Trapezoidal Rules 

In Example | we deliberately chose an integral whose value can be computed explicitly 
so that we can see how accurate the Trapezoidal and Midpoint Rules are. By the Funda- 
mental Theorem of Calculus, 


21 2 
|? —ax = nx], = n2 = 0.693147... 


Xx 
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rb 
| f(x) dx = approximation + error 


r2 1 
Approximations to —= ax 
vl Xx 


Corresponding errors 


It turns out that these observations 
are true in most cases. 


C 


FIGURE 6 


The error in using an approximation is defined to be the amount that needs to be added 
to the approximation to make it exact. From the values in Example | we see that the 
errors in the Trapezoidal and Midpoint Rule approximations for n = 5 are 


Er ~ —0.002488 and Ey ~ 0.001239 
In general, we have 
E;= [’ fix)dx-T, and = Ey= i) ” f(x) dx — M, 
The following tables show the results of calculations similar to those in Example 1, 


but for n = 5, 10, and 20 and for the left and right endpoint approximations as well as 
the Trapezoidal and Midpoint Rules. 


n i Oe R, IE. M,, 

5 0.745635 0.645635 0.695635 0.691908 
10 0.718771 0.668771 0.693771 0.692835 
20 0.705803 0.680803 0.693303 0.693069 
n ln, Ep Er Eu 

5 —0.052488 0.047512 —0.002488 0.001239 
10 —0.025624 0.024376 —0.000624 0.000312 
20 —0.012656 0.012344 —0.000156 0.000078 


We can make several observations from these tables: 


1. In all of the methods we get more accurate approximations when we increase the 
value of n. (But very large values of n result in so many arithmetic operations that 
we have to beware of accumulated round-off error.) 


2. The errors in the left and right endpoint approximations are opposite in sign and 
appear to decrease by a factor of about 2 when we double the value of n. 


3. The Trapezoidal and Midpoint Rules are much more accurate than the endpoint 
approximations. 


4. The errors in the Trapezoidal and Midpoint Rules are opposite in sign and appear 
to decrease by a factor of about 4 when we double the value of n. 


5. The size of the error in the Midpoint Rule is about half the size of the error in the 
Trapezoidal Rule. 


Figure 6 shows why we can usually expect the Midpoint Rule to be more accurate 
than the Trapezoidal Rule. The area of a typical rectangle in the Midpoint Rule is the 
same as the area of the trapezoid ABCD whose upper side is tangent to the graph at P. 
The area of this trapezoid is closer to the area under the graph than is the area of the 
trapezoid AQRD used in the Trapezoidal Rule. [The midpoint error (shaded red) is 
smaller than the trapezoidal error (shaded blue). ] 

These observations are corroborated in the following error estimates, which are 
proved in books on numerical analysis. Notice that Observation 4 corresponds to the n” 
in each denominator because (2n)* = 4n’. The fact that the estimates depend on the size 
of the second derivative is not surprising if you look at Figure 6, because f”(x) measures 
how much the graph is curved. [Recall that f”(x) measures how fast the slope of y = f(x) 
changes. ] 
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[3] Error Bounds Suppose | f”(x)| < K fora < x < b. If Ey and Ey are the 
errors in the Trapezoidal and Midpoint Rules, then 


K(b — a)? 
12n? 


K(b — a)? 


E;| S 
| Er| 24n? 


| Eu| = 


Let’s apply this error estimate to the Trapezoidal Rule approximation in Example 1. 
If f(x) = 1/x, then f(x) = —1/x? and f"(x) = 2/x*. Because 1 < x < 2, we have 
1/x < 1, so 


: 1 
K can be any number larger than all |Er| < = = 0.006667 
the values of | f”(x) |, but smaller val- 12(5) 150 
ues of K give better error bounds. 


Comparing this error estimate of 0.006667 with the actual error of about 0.002488, we 
see that it can happen that the actual error is substantially less than the upper bound for 
the error given by (3). 


EXAMPLE 2 How large should we take n in order to guarantee that the Trapezoidal 
and Midpoint Rule approximations for if (1/x) dx are accurate to within 0.0001? 


SOLUTION We saw in the preceding calculation that | f’(x) | < 2 for 1 < x < 2, so we 
can take K = 2,a = 1, and b = 2 in (3). Accuracy to within 0.0001 means that the size 
of the error should be less than 0.0001. Therefore we choose n so that 


2(1)° 
12n? 


< 0.0001 


Solving the inequality for n, we get 


ess 
12(0.0001) 


2 


It’s quite possible that a lower 1 
value for n would suffice, but 41 is and so n > —— ~ 40.8 
the smallest value for which the 0.0006 


error bound formula can guarantee 


accuracy to within 0.0001. Thus n = 41 will ensure the desired accuracy. 


For the same accuracy with the Midpoint Rule we choose n so that 


2(1)3 1 
oS 0.0001 and so —————— 
24n ./0.0012 


= 29 | 
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EXAMPLE 3 


(a) Use the Midpoint Rule with n = 10 to approximate the integral ( e* dx. 
(b) Give an upper bound for the error involved in this approximation. 


SOLUTION 
(a) Since a = 0, b = 1, andn = 10, the Midpoint Rule gives 


{ e“'dx ~ Ax[f(0.05) + (0.15) + --» + f(0.85) + £(0.95)] 


=0 1[ee°s + 9.0225 + @ 9.0625 + @ 01225 + @ 0:2025 + @9:3025 


42. 5625 Le 9025 
+ e+ 25 + @o6 + eo! 25 + e990 ] 


= 1.460393 
a Figure 7 illustrates this approximation. 

(b) Since f(x) = e*’, we have f'(x) = 2xe*’ and f"(x) = (2 + 4x7)e*’. Also, since 

FIGURE 7 0 <x < 1, we have x? < 1 andso 

0<f"(x) = (2 + 4x’)e” < 6e 

Error estimates give upper bounds Taking K = 6e,a = 0, b = 1, andn = 10 in the error estimate (3), we see that an 

for the error. They are theoretical, upper bound for the error is 

worst-case scenarios. The actual 

error in this case turns out to be 6e(1)? e 
lH Simpson's Rule 
Another rule for approximate integration results from using parabolas instead of straight 
line segments to approximate a curve. As before, we divide [a, b] into n subintervals 
of equal length h = Ax = (b — a)/n, but this time we assume that n is an even number. 
Then on each consecutive pair of intervals we approximate the curve y = f(x) = 0 
by a parabola as shown in Figure 8. If y; = f(x;), then P;(x;, y;) is the point on the curve 
lying above x;. A typical parabola passes through three consecutive points P;, Pi+1, 
and Pj+>. 

yA YA 


0 a=Xo xy Xy X3 x4 Xs X,=b z 
FIGURE 8 FIGURE 9 
To simplify our calculations, we first consider the case where xy = —h, x; = 0, and 


xX) = h. (See Figure 9.) We know that the equation of the parabola through Po, P;, and Pz 
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Here we have used Theorem 5.5.7. 
Notice that Ax? + Cis an even 
function and Bx is odd. 


Simpson 

Thomas Simpson was a weaver who 
taught himself mathematics and went 
on to become one of the best English 
mathematicians of the 18th century. 


What we call Simpson's Rule was actu- 
ally known to Cavalieri and Gregory in 
the 17th century, but Simpson popu- 
larized it in his book Mathematical Dis- 
sertations (1743). 
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is of the form y = Ax’ + Bx + C and so the area under the parabola from x = —h 
tox = his 


3 h 
" (Ax? + Bx + C) dx = 2 |" (Ax? + C) dx = |. = # cx| 


0 
hs h , 
=2 ag Te = 3 @Ah’ + 6C) 


But, since the parabola passes through Po(—h, yo), Pi(0, y1), and P2(h, y2), we have 
yo = A(—h) + B(—h) + C = Ah? — Bh+C 
yw=c 
yo = Ah? + Bh+C 


and therefore yo + 4y1 + yr. = 2AM? + 6C 


Thus we can rewrite the area under the parabola as 


h 
3 (0 + 4y, + yo) 
Now by shifting this parabola horizontally we do not change the area under it. This 


means that the area under the parabola through Po, P;, and P, from x = xo to x = x2 in 
Figure 8 is still 


h 
3 (0 + 4 + ya) 
Similarly, the area under the parabola through P2, P3, and P, from x = x2 to x = x4 is 
h 
3 (yo + 4y3 + ya) 
If we compute the areas under all the parabolas in this manner and add the results, we get 


b h h h 
f(x) dx = 3 (ye + 4y) + yr) + 3 + Ay F ya) ae 3 (Yn2 - Ayn + Yn) 


h 
| 3 (yo + Ay, + 2y. + 4y3 + 2yg + ++ + 2yy-r + AYn-1 + yn) 


Although we have derived this approximation for the case in which f(x) = 0, it is a 
reasonable approximation for any continuous function f and is called Simpson’s Rule 
after the English mathematician Thomas Simpson (1710-1761). Note the pattern of 
coefficients: 1, 4,2, 4,2,4,2,...,4,2,4, 1. 


Simpson’s Rule 


b Ax 
[£00 dx ~ S, = Lf lao) + 4 fla) + 22) + 47a) + 


+ 2f(%n-2) + 4 f(Xn-1) + f(x) 


where n is even and Ax = (b — a)/n. 
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CHAPTER 7 Techniques of Integration 


FIGURE 10 


EXAMPLE 4 Use Simpson’s Rule with n = 10 to approximate |? (1/x) dx. 
SOLUTION Putting f(x) = 1/x,n = 10, and Ax = 0.1 in Simpson’s Rule, we obtain 


[oar ~ Si 


I 


=r) + 4f(1.1) + 2f(1.2) + 4f (1.3) +--+ + 2F(1.8) + 40.9) + f£Q2)] 


01/1 4 2 4 2 4 2 4 2 4 1 
+ +—+——+——+ 


u 


0.693150 a 


Notice that, in Example 4, Simpson’s Rule gives us a much better approximation 
(Sio ~ 0.693150) to the true value of the integral (In 2 ~ 0.693147...) than does the 
Trapezoidal Rule (Ti) ~ 0.693771) or the Midpoint Rule (Mio ~ 0.692835). It turns out 
(see Exercise 50) that the approximations in Simpson’s Rule are weighted averages of 
those in the Trapezoidal and Midpoint Rules: 


Son = 5 Tn =? 2M, 


(Recall that Er and Ey usually have opposite signs and that | £y| is about half the 
size of | Er|.) 

In many applications of calculus we need to evaluate an integral even if no explicit 
formula is known for y as a function of x. A function may be given graphically or as a 
table of values of collected data. If there is evidence that the values are not changing 
rapidly, then Simpson’s Rule (or the Midpoint Rule or Trapezoidal Rule) can still be used 
to find an approximate value for (° y dx, the integral of y with respect to x. 


EXAMPLE 5 Figure 10 shows data traffic on the link from the United States to 
SWITCH, the Swiss academic and research network, during one full day. D() is the data 
throughput, measured in megabits per second (Mb/s). Use Simpson’s Rule to estimate 
the total amount of data transmitted on the link from midnight to noon on that day. 


Da 
8+ 


} + } ' ' ' — 
% 3 6 9 12 15 18 2 24 * hours) 


SOLUTION Because we want the units to be consistent and D(t) is measured in 
megabits per second, we convert the units for t from hours to seconds. If we let A(t) be 
the amount of data (in megabits) transmitted by time tf, where f is measured in seconds, 
then A’(t) = D(t). So, by the Net Change Theorem (see Section 5.4), the total amount 
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n M,, Sp 
4 | 0.69121989 | 0.69315453 
8 | 0.69266055 0.693 14765 
16 0.69302521 0.69314721 
n Ey Es 
4 0.00192729 | —0.00000735 
8 | 0.00048663 | —0.00000047 
16 0.00012197 | —0.00000003 
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of data transmitted by noon (when t = 12 X 60° = 43,200) is 


743,200 
D 


A(43,200) = | (1) dt 


0 


We estimate the values of D(t) at hourly intervals from the graph and compile them in 
the table. 


t (hours) t (seconds) D(t) t (hours) t (seconds) D(t) 
0 0 3.2 7 25,200 1.3 
1 3,600 2.7 8 28,800 2.8 
2 7,200 1.9 9 32,400 5.7 
3 10,800 1.7 10 36,000 7A 
4 14,400 1.3 11 39,600 OT 
5 18,000 1.0 12 43,200 79 
6 21,600 1 


Then we use Simpson’s Rule with n = 12 and At = 3600 to estimate the integral: 


43,200 


N 


\, A(t) dt D0 + 4D(3600) + 2D(7200) + --- + 4D(39,600) + D(43,200)] 


AP 132 + 42.7) + 2(1.9) + 4.7) + 201.3) + 4(1.0) 


N 


+ 2(1.1) + 4(1.3) + 2(2.8) + 4(5.7) + 2(7.1) + 4(7.7) + 7.9] 


143,880 


Thus the total amount of data transmitted from midnight to noon is about 
144,000 megabits, or 144 gigabits (18 gigabytes). | 


® Error Bound for Simpson's Rule 


The first table in the margin shows how Simpson’s Rule compares with the Midpoint 
Rule for the integral i (1/x) dx, whose value is about 0.69314718. The second table 
shows how the error Es in Simpson’s Rule decreases by a factor of about 16 when n is 
doubled. (In Exercises 27 and 28 you are asked to verify this for two additional inte- 
grals.) That is consistent with the appearance of n* in the denominator of the following 
error estimate for Simpson’s Rule. It is similar to the estimates given in (3) for the Trape- 
zoidal and Midpoint Rules, but it uses the fourth derivative of f 


[4] Error Bound for Simpson’s Rule Suppose that | f(x) | < K for 
a <= x S b. If Es is the error involved in using Simpson’s Rule, then 


EXAMPLE 6 How large should we take n in order to guarantee that the Simpson’s 
Rule approximation for {/ (1/x) dx is accurate to within 0.0001? 
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Many calculators and software applica- 
tions have a built-in algorithm that 
computes an approximation of a defi- 
nite integral. Some of these algorithms 
use Simpson's Rule; others use more 
sophisticated techniques such as adap- 
tive numerical integration. This means 
that if a function fluctuates much more 
on a certain part of the interval than it 
does elsewhere, then that part gets 
divided into more subintervals. This 
strategy reduces the number of calcu- 
lations required to achieve a prescribed 
accuracy. 


Figure 11 illustrates the calculation in 
Example 7. Notice that the parabolic 
arcs are so close to the graph of 

y = e* that they are practically indis- 
tinguishable from it. 


RY 


FIGURE 11 


CHAPTER 7 Techniques of Integration 


SOLUTION If f(x) = 1/x, then f(x) = 24/x°. Since x = 1, we have 1/x < 1 and so 


24 


x 


| fo| = <24 


Therefore we can take K = 24 in (4). Thus, for an error less than 0.0001, we should 
choose n so that 

24(1)° 

180n* 


< 0.0001 


24 


This oi 1. ee 
is gives “ 180(0.0001) 


1 
——————<—<—<—<—¥ 
4/0.00075 


and so 


Therefore n = 8 (n must be even) gives the desired accuracy. (Compare this with 
Example 2, where we obtained n = 41 for the Trapezoidal Rule and n = 29 for the 
Midpoint Rule.) | 


EXAMPLE 7 


(a) Use Simpson’s Rule with n = 10 to approximate the integral (B e* dx. 
(b) Estimate the error involved in this approximation. 


SOLUTION 
(a) If n = 10, then Ax = 0.1 and Simpson’s Rule gives 


i ev dx = =r) + 4f(0.1) + 2f(0.2) +--+ + 2f(0.8) + 4£(0.9) + f(1)] 


0.1 ; 
ea + 4e! 4+ 2094 4 4e0 4 79916 4 49025 4 79036 


I 


+ 40° + 26° + ge! + e'] 
= 1.462681 
(b) The fourth derivative of f(x) = e* is 
FO(x) = (12 + 48x? + 16x*)e™ 
and so, since 0 S x S 1, we have 


0 < f(x) < (12 + 48 + 16)e! = Te 


Therefore, putting K = 76e,a = 0, b = 1, andn = 10 in (4), we see that the error is at 
most 
76e(1)° 
——__;  0:000115 
180(10)* 


(Compare this with Example 3.) Thus, correct to three decimal places, we have 


{ edx ~ 1.463 : 
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7.7 | Exercises 


In these exercises, round your answers to six decimal places 
unless otherwise instructed. 


1. Let J = |} f(x) dx, where f is the function whose graph is 
shown. 
(a) Use the graph to find L2, Ro, and M>. 
(b) Are these underestimates or overestimates of [? 
(c) Use the graph to find 7. How does it compare with /? 
(d) For any value of n, list the numbers L,,, R,, M,, T,, and 
/ in increasing order. 


2. The left, right, Trapezoidal, and Midpoint Rule approxi- 
mations were used to estimate i. f(x) dx, where f is the 
function whose graph is shown. The estimates were 0.7811, 
0.8675, 0.8632, and 0.9540, and the same number of sub- 
intervals were used in each case. 

(a) Which rule produced which estimate? 
(b) Between which two approximations does the true value 
of i f(x) dx lie? 


YA 


0 


FY 3. Estimate i cos(x”) dx using (a) the Trapezoidal Rule and 


(b) the Midpoint Rule, each with n = 4. From a graph of 
the integrand, decide whether your answers are underesti- 
mates or overestimates. What can you conclude about the 
true value of the integral? 


FA 4. Draw the graph of f(x) = sin(5x’) in the viewing rectangle 


[0, 1] by [0, 0.5] and let J = |) f(x) dx. 

(a) Use the graph to decide whether L2, R2, M2, and T> 
underestimate or overestimate /. 

(b) For any value of n, list the numbers L,,, R,, M,, T,, and 
/ in increasing order. 

(c) Compute L;, Rs, Ms, and Ts. From the graph, which do 
you think gives the best estimate of /? 


5-6 Use (a) the Midpoint Rule and (b) Simpson’s Rule to approxi- 
mate the given integral with the specified value of n. Compare 


your results to the actual value to determine the error in each 
approximation. 


5. ie sinxdx, n=6 
(0) 
7-18 Use (a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule to approximate the given integral with the 


specified value of n. 


7. ' JI + x3 dx, n=4 8. * sin Jx dx, n=6 
0 1 


1 <7 
9. {ve —Idx, n=10 


10. fv —x?dx, n= 10 


11. 0 ert dy n=6 12. [° el dx, n=8 
sf J 
a | 
13. {vy cosydy, n=8 14. Pape n= 10 
ie 3 sint 
ee gree n=10 16. |'——dt, n=4 


17. {- ma + e*)dx, n=8 


18. i Jx+x2 dx, n=10 


19. (a) Find the approximations T; and Mg for the integral 
Jj cos(x?) dx. 
(b) Estimate the errors in the approximations of part (a). 
(c) How large do we have to choose n so that the approxi- 
mations 7, and M,, to the integral in part (a) are accurate 
to within 0.0001? 


20. (a) Find the approximations T,o and Mjo for ik e'/* dx. 
(b) Estimate the errors in the approximations of part (a). 
(c) How large do we have to choose n so that the approxi- 
mations 7, and M,, to the integral in part (a) are accurate 
to within 0.0001? 


21. (a) Find the approximations Tio, Mio, and Si for ie sin x dx 
and the corresponding errors Ey, Ey, and Es. 
(b) Compare the actual errors in part (a) with the error 
estimates given by (3) and (4). 
(c) How large do we have to choose n so that the approxi- 
mations T,, M,,, and S, to the integral in part (a) are 
accurate to within 0.00001? 


22. How large should 7 be to guarantee that the Simpson’s Rule 
approximation to iy e* dx is accurate to within 0.00001? 
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23. The trouble with the error estimates is that it is often very 
difficult to compute fourth derivatives and obtain a good 
upper bound K for | f(x) | by hand. But mathematical 


software has no problem computing f and graphing it, so 


we can easily find a value for K from a machine graph. 
This exercise deals with approximations to the integral 
l= (07 £00 dx, where f(x) = e°°*. In parts (b), (d), 
and (g), round your answers to 10 decimal places. 

(a) Use a graph to get a good upper bound for | f(x) |. 
(b) Use Mio to approximate /. 

(c) Use part (a) to estimate the error in part (b). 

(d) Use a calculator or computer to approximate /. 


(e) How does the actual error compare with the error esti- 


mate in part (c)? 
(f) Use a graph to get a good upper bound for | f(x) |. 
(g) Use Sio to approximate J. 
(h) Use part (f) to estimate the error in part (g). 
(i) How does the actual error compare with the error 
estimate in part (h)? 


(j) How large should n be to guarantee that the size of the 


error in using S, is less than 0.0001? 


24. Repeat Exercise 23 for the integral J = iz V4 — x3 dx. 


25-26 Find the approximations L,, R,, T,, and M, forn = 5, 
10, and 20. Then compute the corresponding errors E,, Er, Er, 


and Ey. (You may wish to use the sum command on a computer 
algebra system.) What observations can you make? In particular, 


what happens to the errors when n is doubled? 


1 
5 dx 


25. ik xe*dx 26. ee 


27-28 Find the approximations T,,, M,, and S,, for n = 6 and 


n = 12. Then compute the corresponding errors E7, Ey, and Es. 
(You may wish to use the sum command on a computer algebra 


system.) What observations can you make? In particular, what 
happens to the errors when n is doubled? 


27. [ x* dx 


4 1 
28. { lg 


29. Estimate the area under the graph in the figure by using 
(a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule, each with n = 6. 


30. The widths (in meters) of a kidney-shaped swimming pool 
were measured at 2-meter intervals as indicated in the fig- 
ure. Use Simpson’s Rule with n = 8 to estimate the area of 
the pool. 


31. (a) Use the Midpoint Rule and the given data to estimate 
the value of the integral |? f(x) dx. 


x Fx) x F(x) 
1.0 2.4 a5 4.0 
1.5 2.9 4.0 4.1 
2.0 3.3 4.5 3.9 
2.5 3.6 5.0 35 
3.0 3.8 


(b) If it is known that —2 < f"(x) < 3 for all x, estimate 
the error involved in the approximation in part (a). 


32. (a) A table of values of a function g is given. Use Simp- 
son’s Rule to estimate | “ g(x) dx. 


x g(x) x g(x) 
0.0 12.1 1.0 12.2 
0.2 11.6 1.2 12.6 
0.4 11.3 1.4 13.0 
0.6 11.1 1.6 13.2 
0.8 117 


(b) If —5 < g(x) < 2 for 0 < x < 1.6, estimate the error 
involved in the approximation in part (a). 


33. A graph of the temperature in Boston on a summer day is 
shown. Use Simpson’s Rule with n = 12 to estimate the 
average temperature on that day. 


TA (°F) 


ov 


| 
af 4 8 noon 4. 8 


34. A radar gun was used to record the speed of a runner during 
the first 5 seconds of a race (see the table). Use Simpson’s 
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Rule to estimate the distance the runner covered during those 


5 seconds. 

t (s) v (m/s) t(s) | v (m/s) 
0 0 3.0 10.51 
0.5 4.67 35 10.67 
1.0 7.34 4.0 10.76 
15 8.86 4.5 10.81 
2.0 9.73 5.0 10.81 
2.5 10.22 


35. The graph of the acceleration a(t) of a car, measured in ft/s’, 
is shown. Use Simpson’s Rule to estimate the increase in the 
velocity of the car during the 6-second time interval. 


ak 
12 


8 


4 


0 v 4 6 t(seconds) 

36. Water leaked from a tank at a rate of r(r) liters per hour, where 
the graph of 7 is as shown. Use Simpson’s Rule to estimate the 
total amount of water that leaked out during the first 6 hours. 


r 
4 


0 2 4 6 ~ (seconds) 

37. The table (provided by San Diego Gas and Electric) gives 
the power consumption P in megawatts in San Diego County 
from midnight to 6:00 AM on a day in December. Use 
Simpson’s Rule to estimate the energy used during that time 
period. (Use the fact that power is the derivative of energy.) 


t Ie t IP 


0:00 1814 3:30 1611 
0:30 1735 4:00 1621 
1:00 1686 4:30 1666 
1:30 1646 5:00 1745 
2:00 1637 5:30 1886 
2:30 1609 6:00 2052 
3:00 1604 


38. Shown is the graph of traffic on an Internet service provider’s 
T1 data line from midnight to 8:00 aM, where D is the data 
throughput, measured in megabits per second. Use Simpson’s 
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Rule to estimate the total amount of data transmitted during 
that time period. 


D 
0.8 


0.4 


0 2 4 6 8 7 (hours) 


39. Use Simpson’s Rule with n = 8 to estimate the volume of 
the solid obtained by rotating the region shown in the figure 
about (a) the x-axis and (b) the y-axis. 


40. The table shows values of a force function f(x), where x is 
measured in meters and f(x) in newtons. Use Simpson’s Rule 
to estimate the work done by the force in moving an object a 
distance of 18 m. 


EX, 0 3 6 9 12 | 15 18 


f(x) | 9.8 | 9.1 | 85 | 80 | 7.7 | 7.5 | 74 


41. The region bounded by the curve y = 1/(1 + e*), the 
x- and y-axes, and the line x = 10 is rotated about the 
x-axis. Use Simpson’s Rule with n = 10 to estimate the 
volume of the resulting solid. 


42. The figure shows a pendulum with length L that makes a 
maximum angle 6 with the vertical. Using Newton’s Second 
Law, it can be shown that the period T (the time for one com- 
plete swing) is given by 


a/2 
roast | dx 
9 Jo Jl —k* sin?x 


where k = sin( 40) and g is the acceleration due to gravity. 
If L = 1 mand 00 = 42°, use Simpson’s Rule with n = 10 to 
find the period. 


9 


oN 
Ne 


~ 
~ 


| 

| 

| 

| 

| 

| me 
Pie a eae 
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43. The intensity of light with wavelength A traveling through 46. Sketch the graph of a continuous function on [0, 2] for which 
a diffraction grating with N slits at an angle @ is given by the right endpoint approximation with n = 2 is more accurate 
1(@) = (N? sin’k)/k?, where k = (aNd sin @)/A and d is the than Simpson’s Rule. 


distance between adjacent slits. A helium-neon laser with 


47. If fi itive functi d f"(x) < Of < x S b, show that 
wavelength A = 632.8 X 10° m is emitting a narrow band ss asposinve Funcdion.and 7") wciia Ree 


of light, given by —10-° < @ < 10°, through a grating with TX [’ f(x) dx < M, 
10,000 slits spaced 10°“ m apart. Use the Midpoint Rule with . = 
n = 10 to estimate the total light intensity |'°°, (0) do 48. When Is Simpson’s Rule Exact? ; 
emerging from the grating. (a) Show that if f is a polynomial of degree 3 or lower, then 
Simpson’s Rule gives the exact value of | f(x) dx. 
44. Use the Trapezoidal Rule with n = 10 to approximate (b) Find the approximation S, for i, (x? — 6x? + 4x)dx and 
I 3” cos(arx) dx. Compare your result to the actual value. verify that S, is the exact value of the integral. 
Can you explain the discrepancy? (c) Use the error bound given in (4) to explain why the 


statement in part (a) must be true. 


45. Sketch the graph of a continuous function on [0, 2] for which i 
49. Show that (7, + M,) = Ton. 


the Trapezoidal Rule with n = 2 is more accurate than the 
Midpoint Rule. 50. Show that 57, + $M, = Son. 


7.8 | Improper Integrals 


In defining a definite integral (° f(x) dx we dealt with a function f defined on a finite 
interval [a, b] and we assumed that f does not have an infinite discontinuity (see Sec- 
tion 5.2). In this section we extend the concept of a definite integral to the case where the 
interval is infinite and also to the case where f has an infinite discontinuity in [a, b]. In 
either case the integral is called an improper integral. One of the most important applica- 
tions of this idea, probability distributions, will be studied in Section 8.5. 


i Type 1: Infinite Intervals 


Consider the unbounded region S that lies under the curve y = 1/x’, above the x-axis, 
and to the right of the line x = 1. You might think that, since S is infinite in extent, its 
area must be infinite, but let’s take a closer look. The area of the part of S$ that lies to the 
left of the line x = ¢ (shaded in Figure 1) is 


“i 1] 1 
A(t) = |G dx = a 


0 #|, 
FIGURE 1 Notice that A(t) < 1 no matter how large t is chosen. We also observe that 
: . 1 
lim A(t) = lim {| 1 — —}] = 1 
too too t 


The area of the shaded region approaches | as t — ~ (see Figure 2), so we say that the 
area of the infinite region S is equal to | and we write 


ai et 
[ax = lim [ae = 1 
1x tow Jl x 


y 


= 2 
area = 9 area = 3 


FIGURE 2 
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Using this example as a guide, we define the integral of f (not necessarily a positive 
function) over an infinite interval as the limit of integrals over finite intervals. 


[1] Definition of an Improper Integral of Type 1 


(a) If fe f(x) dx exists for every number t¢ = a, then 


[7-465 dx = tien [f(0) a 


provided this limit exists (as a finite number). 
(b) If ei (x) dx exists for every number t < b, then 


[£00 dx = im, | f0) ax 


provided this limit exists (as a finite number). 


The improper integrals |” f(x) dx and |”., f(x) dx are called convergent if the cor- 
responding limit exists and divergent if the limit does not exist. 


(c) If both [” f(x) dx and |", f(x) dx are convergent, then we define 


- f(x) dx = a fla dx+ wie) dx 


In part (c) any real number a can be used (see Exercise 88). 


Any of the improper integrals in Definition | can be interpreted as an area provided that 
f is a positive function. For instance, in case (a) if f(x) = 0 and the integral |” f(x) dx 
is convergent, then we define the area of the region S = {(x, y) |x =a,0<y <f(w} 
in Figure 3 to be 


A(S) = | f(x) dx 


roo 


This is appropriate because |, f(x) dx is the limit as t — © of the area under the graph of 
f from a to t. 


yA 


FIGURE 3 a 


EXAMPLE 1 Determine whether the integral |* (1/x) dx is convergent or divergent. 
SOLUTION According to part (a) of Definition 1, we have 


00 1 . t 1 t 
i) dx = lim dx = lim In |x|], 
1 x to 


x toa J1 


= lim (Int — In 1) = lim Int = » 


2 too 
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The limit does not exist as a finite number and so the improper integral i : (1/x) dx is 
divergent. | 


Let’s compare the result of Example | with the example given at the beginning of this 

section: 

x | ao | . 

{ —= dx converges { —dx diverges 

1x 1 x 
Geometrically, this says that although the curves y = 1/x* and y = 1/x look very similar 
for x > 0, the region under y = 1/x” to the right of x = 1 (the shaded region in Figure 4) 
has finite area whereas the corresponding region under y = 1/x (in Figure 5) has infinite 
area. Note that both 1/x” and 1/x approach 0 as x —> © but I/x? approaches 0 faster than 
1/x. The values of 1/x don’t decrease fast enough for its integral to have a finite value. 


infinite area 


finite area 


FIGURE 4 FIGURE 5 
im (1/x*) dx converges Is (1/x) dx diverges 


—% 


EXAMPLE 2 Evaluate |" xe"dx. 
SOLUTION Using part (b) of Definition 1, we have 
0 ; 0 
| xe*dx = lim | xe*dx 
00 t>-2% Jt 
We integrate by parts with u = x, dv = e* dx so that du = dx, v = e*: 
[ xe*dx = xe*|! = [: e* dx 


= -te’—l1+e' 


We know that e' — 0 as t > —%, and by I’ Hospital’s Rule we have 


. : t ‘ 
lim te’= lim — = lim 


t—>—00 t——00 e to -0 -—e! 


= lim (-e') =0 


t—>-0 


Therefore 


0 : 
i 20 dx = Win (tet = 1 +e) 


t—>-% 


=S=—)— 10 =—-1 Oo 
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EXAMPLE 3 Evaluate |” ax 


SOLUTION It’s convenient to choose a = 0 in Definition 1(c): 


o » | 
ies ref 5 a+ | ape 


We must now evaluate the integrals on the right side separately: 


co 1 t 
|= = lim — = lim tan- x], 
ojilt+ x? tt 1+ to 


; 7 7 
= lim (tan7't — tan7'0) = lim tan“'t = a 


ton too 


° — dx = im {°—* = lim tan x]! 
-» 1+ x? fae edi L + t= 
= lim (tan7'0 — tan7't) = 0 ( =) == 
I> -% 2 2 


Since both of these integrals are convergent, the given integral is convergent and 


oo 1 7 T 
i Skt =r Sa 
-» 1] +x 2 2 


Since 1/(1 + x”) > 0, the given improper integral can be interpreted as the area of the 
infinite region that lies under the curve y = 1/(1 + x”) and above the x-axis (see 
FIGURE 6 Figure 6). a 


EXAMPLE 4 For what values of p is the integral 
wo | 
{ ye 
convergent? 


SOLUTION We know from Example | that if p = 1, then the integral is divergent, so 
let’s assume that p # 1. Then 


too J] t—>~% =p + 


: 1 1 
= lim = 1 
ime | — p| t? 


If p > 1, then p — 1 > 0, soast—%™, t? '—> ~ and 1/t? ' — 0. Therefore 


(oo i t xt 
i — dx = lim |‘ x? dx = lim ——— 
1 x? 1 


[<a ! vel 
a 
1. XP pHi - 


and so the integral converges. 
If p < 1, then p — 1 < Oand so 


= t!-P > 0 as t—- a 


ff 


and the integral diverges. a 
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We summarize the result of Example 4 for future reference: 


o | 
[2] i , ax is convergent if p > 1 and divergent if p < 1. 
1 x 


@ Type 2: Discontinuous Integrands 


Suppose that f is a positive continuous function defined on a finite interval [a, b) but 
has a vertical asymptote at b. Let S be the unbounded region under the graph of f and 
above the x-axis between a and b. (For Type | integrals, the regions extended indefinitely 
in a horizontal direction. Here the region is infinite in a vertical direction.) The area of 
the part of S between a and f (the shaded region in Figure 7) is 


yA 


A(t) = |" f(x) dx 
FIGURE 7 : 

If it happens that A(‘) approaches a definite number A as tb, then we say that 
the area of the region S is A and we write 


[ f(x) dx = lim {' f(x) dx 


We use this equation to define an improper integral of Type 2 even when f is not a posi- 
tive function, no matter what type of discontinuity f has at b. 


Parts (b) and (c) of Definition 3 are 
illustrated in Figures 8 and 9 for [3] Definition of an Improper Integral of Type 2 
the case where f(x) = Oand f has 
vertical asymptotes at a and c, 
respectively. 


(a) If f is continuous on [a, b) and is discontinuous at b, then 


[F009 dx = Jim ff) ax 


YA 
if this limit exists (as a finite number). 
(b) If f is continuous on (a, b] and is discontinuous at a, then 
b F b 
{ f(x) dx = lim | f(x) dx 
a tat Jt 
> if this limit exists (as a finite number). 
0 Qt b x 


The improper integral ie f(x) dx is called convergent if the corresponding limit 
FIGURE 8 exists and divergent if the limit does not exist. 


(c) If f has a discontinuity at c, where a < c < b, and both { f(x) dx and 


*f |? f(x) dx are convergent, then we define 
b c b 
‘ f(x) dx = i f(x) dx + { f(x) dx 
. 5 1 
» EXAMPLES Find {’ ——— dx. 
0] a c bx 12 x —2 
FIGURE 9 SOLUTION We note first that the given integral is improper because f(x) = 1/./x — 2 


has the vertical asymptote x = 2. Since the infinite discontinuity occurs at the left 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 7.8 Improper Integrals 547 


YA endpoint of [2, 5], we use part (b) of Definition 3: 
d d —~ 
[? S& = Tim [= Jim ave -2]) 
2 fx—2 rortdr ey —Q tort j 
= lim 2(./3 -— Vt -2) =2v3 
t>2+ 
0 
Thus the given improper integral is convergent and, since the integrand is positive, we 
FIGURE 10 can interpret the value of the integral as the area of the shaded region in Figure 10. 


EXAMPLE 6 Determine whether sec x dx converges or diverges. 


SOLUTION Note that the given integral is improper because lim, (7/27 sec x = ™, 
Using part (a) of Definition 3 and Formula 14 from the Table of Integrals, we have 


a /2 ‘ t : i 
{ secxdx = lim | secxdx= lim In|secx + tanx 1 
0 t(n/2)- JO t(77/2)- 0 


= lim [In(sect + tant) — Inl] = 
t—>(a/2)— 


because sec tf — °% and tan t > as t — (27/2). Thus the given improper integral is 
divergent. Go 


dx 


EXAMPLE 7 Evaluate { : 


ox 


i if possible. 


SOLUTION Observe that the line x = 1| is a vertical asymptote of the integrand. Since 
it occurs in the middle of the interval [0, 3], we must use part (c) of Definition 3 with 


c=1: 
ee -( +f 


1 dx P t dx t 
where { = = lim aa = lim In |x ti}, 


= lim (In|t— 1| — In| 1|) = lim In(1 — 1) = —2% 
lim 


t>1— 


because 1 — t—> 0* ast > 1-. Thus |} dx/(x — 1) is divergent. This implies that 
[ dx/(x — 1) is divergent. [We do not need to evaluate ify dx/(x — 1).] o 


@ WARNING If we had not noticed the asymptote x = | in Example 7 and had instead 
confused the integral with an ordinary integral, then we might have erroneously calcu- 


lated { dx/(x — 1) as 


3 
In|x - 1|]’=m2- inl =in2 


This is wrong because the integral is improper and must be calculated in terms of limits. 

From now on, whenever you see the symbol ee (x) dx you must decide, by looking 
at the function f on [a, b], whether it is an ordinary definite integral or an improper 
integral. 
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FIGURE 11 


yA 


0 a 


FIGURE 12 


EXAMPLE 8 Evaluate { inx dx. 


SOLUTION We know that the function f(x) = In x has a vertical asymptote at 0 
because lim,— 9+ In x = —%. Thus the given integral is improper and we have 


[Inxax = lim (" Inxdx 
0 t>0+ Jt 


Now we integrate by parts with u = In x, dv = dx, du = dx/x, andv = x: 


1 — 


[nx dx = xin x], { dx 


=1Inl—tlnt-(-)=-tlnt-—1+t 
To find the limit of the first term we use I’ Hospital’s Rule: 


; . Int 1/t 
lim, tInt = lim, — = Ii = ji = 
iG ae 


Therefore { In x dx = lim (-thr-1+1t)=-0-1+0 1 
t>0+ 


Figure 11 shows the geometric interpretation of this result. The area of the shaded 
region above y = In x and below the x-axis is 1. a 


H A Comparison Test for Improper Integrals 


Sometimes it is impossible to find the exact value of an improper integral and yet it is 
important to know whether the integral is convergent or divergent. In such cases the fol- 
lowing theorem is useful. Although we state it for Type | integrals, a similar theorem is 
true for Type 2 integrals. 


Comparison Theorem Suppose that f and g are continuous functions with 
f(x) = g(x) = 0 for x = a. 


(a) If |* f(x) dx is convergent, then |* g(x) dx is convergent. 


(b) If |,” g(x) dx is divergent, then |” f(x) dx is divergent. 


We omit the proof of the Comparison Theorem, but Figure 12 makes it seem plau- 
sible. If the area under the top curve y = f(x) is finite, then so is the area under the 
bottom curve y = g(x). And if the area under y = g(x) is infinite, then so is the area 
under y = f(x). [Note that the reverse is not necessarily true: If |* g(x) dx is convergent, 
\% f(x) dx may or may not be convergent, and if |° f(x) dx is divergent, |* g(x) dx may or 
may not be divergent. ] 


EXAMPLE9 Show that i: e “dx is convergent. 


SOLUTION We can’t evaluate the integral directly because the antiderivative of e*’ is 
not an elementary function (as explained in Section 7.5). We write 


foal 1 i] 2 
i ev dx = { e'dx + i e “dx 
0 0 1 
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and observe that the first integral on the right-hand side is just an ordinary definite 
integral with a finite value. In the second integral we use the fact that for x = 1 we 
e *. (See Figure 13.) The integral of 


x 


have x* => x, so —x”? < —x and therefore e * < 


e “is easy to evaluate: 


I" e*dx = lim |‘ e*dx = lim (e"! — e“') =e"! 


toa J] to 


Therefore, taking f (x) = e* and g(x) = e*’ in the Comparison Theorem, we see that 


FIGURE 13 [e *“dx is convergent. It follows that foe e “dx is convergent also. B 
Table 1 ro : is 
ae In Example 9 we showed that | »¢ 4x is convergent without computing its value. In 
t ljen es Exercise 84 we indicate how to show that its value is approximately 0.8862. In probabil- 
1 0.7468241328 ity theory it is important to know the exact value of this improper integral, as we will 
) 0.8820813908 see in Section 8.5; using the methods of multivariable calculus it can be shown that the 
3 08862073483 exact value is 7 /2. Table 1 illustrates the definition of a convergent improper integral 
4 08862269118 by showing how the (computer-generated) values of i e *'dx approach Va, /2 as t 
5 08862269255 becomes large. In fact, these values converge quite quickly because e *° > 0 very rap- 
6 0.8862269255 aS hme 
Table 2 EXAMPLE 10 The integral ("- dx is divergent by the Comparison Theorem 
t breve kia 
2 0.8636306042 AMES gy» 
5 1.8276735512 a x 
10 2.5219648704 rao eT : 
100 48245541204 and | (1/x) dx is divergent by Example | [or by (2) with p = 1]. 
1000 7.1271392134 
10000 94297243064 Table 2 illustrates the divergence of the integral in Example 10. It appears that the 
: values are not approaching any fixed number. 


7.8 | Exercises 


1. Explain why each of the following integrals is improper. 


4 dx «2 ax 
(b) 5 
x=3 3 x°—4 


(a) 
(c) [" tan mx dx (d) [ oo dx 


2. Which of the following integrals are moe Why? 


(a) sec x dx (b) (ee pa 
3 ax ay [? dx 
© |e (d) rxtx 


3. Find the area under the curve y = 1/x* fromx = ltox=t 
and evaluate it for t = 10, 100, and 1000. Then find the total 
area under this curve for x = 1. 


4. (a) Graph the functions f(x) = 1/x'! and g(x) = 1/x°? in 
both the viewing rectangles [0, 10] by [0, 1] and [0, 100] 
by [0, 1]. 
(b) Find the areas under the graphs of f and g from x = 1 
to x = t and evaluate for t = 10, 100, 10%, 10°, 10", 
and 10°, 
(c) Find the total area under each curve for x = 1, if it exists. 


5-48 Determine whether the integral is convergent or divergent. 
Evaluate integrals that are convergent. 


5. [eae 6. i rE dx 
eX 
7. [oe 8. {@) dx 
x | Ea 1 
oF Weceter i 10. \ waa 
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p20 1 x 1 = > <y< (3 
11. | ee 12. ( ——a 51. S={(x,y) |x 21, 0Sy S 1/(x? + x} 
ue 2) sa 8 ei aca vie 0<y<xe™“} 
13. [" Gan 14. {- 4 E = dx FY 53 = {(x, y) | 0<x<7/2,0< = sec*x} 
Jae (x ; -0 4 — x? 
54. es | -2<x<0,0<y<1//x+2} 
ro x? +x +1 a 
15. (" ~—>—— dx 16. |” —~—ax 
= 55. (a x) = (sin*x)/x“, use a calculator or computer to make 
so Sa (a) If g(x) = (sin?x)/x? Icul p k 
= x 1 x2 a table of approximate values of {| g(x) dx for t = 2,5, 
ix? +x ble of approxi I ff; g(x) dx fe = 2,5 
17. |, ers a 18, | ax 10, 100, 1000, and 10,000. Does it appear that If g(x) dx 
is convergent? 
19 t ot de 20 ag a (b) Use the Comparison Theorem with f(x) = 1/x? to show 
* Jo= * Jee x? +1 that |/° g(x) dx is convergent. 


, eos (c) Illustrate part (b) by graphing f and g on the same screen 
21. [ cos 2t dt 22. i 5 dx for 1 < x < 10. Use your graph to explain intuitively 
” why |/° g(x) dx is convergent. 
23. { Pes dies 24. { sin@ e do 56. (a) If g(x) = (Vx = 1), use a calculator or computer to 
0 0 


25. | =a, 


2 


6 ( dv 
“Jo vp? + 20-3 


make a table of approximate values of |} g(x) dx for 
t = 5, 10, 100, 1000, and 10,000. Does it appear that 
{5 g(x) dx is convergent or divergent? 

(b) Use the Comparison Theorem with f(x) = 1/ a/x to 


ay: [’ we? de 28. [ yeas show that [> g(x) dx is divergent. 
=a 2 (c) Illustrate part (b) by graphing f and g on the same screen 
alse ne for 2 < x < 20. Use your graph to explain intuitively 
29. | ——adx 30. i de why |* g(x) dx is divergent. 
* ¥ Jo 
1 57-64 Use the Comparison Theorem to determine whether the 
31. | : ; Z dz 32. | is ——j dx integral is convergent or divergent. 
-» Zi +4 Je x(In x) 
x » | + sin?x 
ee. o d 57. | ———dx 58. —.— dx 
33. | e dy 34. eee lea |, e+ I Vx 
¥ 1 x + x/x 
Poe 1 % t 
a g 4 59. | dx 60. | o ax 
2s a J2 x — Inx e 
35. | —dx 36. | r= dx . 
ro x + 22+ 
ria. AX x a | = - sea [ 4 = va 
37. | 38. |) ——— dx St yixt = x St yat + x 
2 Vx +2 tie Ay? 
1 sec x 7 sin ay 
. 63. ow 64. at 
39. [° —dx 40. ('—= 
J-2 X 0 1 — x? 
ss I oa 65-68 Improper Integrals that Are Both Type 1 and Type 2 
41. | 7 dx 42. [ pHa dw The integral i f(x) dx is improper because the interval [a, ©) is 
~ infinite. If f has an infinite discontinuity at a, then the integral 
43 ("” tan20 d0 a4 [' dx is improper for a second reason. In this case we evaluate the inte- 
“Jo “Jo x? -x-2 gral by expressing it as a sum of improper integrals of Type 2 and 
Type | as follows: 
45 [’ rilnrd 46. ee add cea aad 
: rdr 7 ¢ e 
Jo /sin 0 i f(x) dx = f(x) dx + | f(x) dx c>a 
. 1/x 1/x 
47. le E —dx 48. { eed —dx Evaluate the given integral if it is convergent. 
w=) XS Oo x 


65. { “ dx 


66. ee dx 


49-54 Sketch the region and find its area (if the area is finite). 
49. S={(xXy) |x=1,0<y<e} 
50. S= {(x,y) |x <0, 0<y<e%} 


67. ———-d 68. ———- d 
| Vx (1 +x) * | xx? — 4 * 
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69-71 Find the values of p for which the integral converges and 
evaluate the integral for those values of p. 


11 eo 1 
69. {, oo 70. it einer 
C1 
71, | x? In x dx 
J0 
72. (a) Evaluate the integral ies x"e *dx forn = 0, 1, 2, and 3. 


73 


74 


75 


76. 


77 


78. 


(b) Guess the value of ie x"e *dx when n is an arbitrary 
positive integer. 
(c) Prove your guess using mathematical induction. 


The Cauchy principal value of the integral ) “ f(x) dx is 
defined by sid 


i‘ f(x) dx = lim { f(x) dx 
co tow J—t 
Show that i x dx diverges but the Cauchy principal value of 


this integral is 0. 


The average speed of molecules in an ideal gas is 


3/2 
ee af i pie MeYORT) dy 
Ja \2RT 0 


where M is the molecular weight of the gas, R is the gas con- 
stant, T is the gas temperature, and v is the molecular speed. 
Show that 


8RT 
7M 


v= 


We know from Example | that the region 
R={(x,y)| xe 1,0<y< 1/x} 


has infinite area. Show that by rotating 9% about the x-axis we 
obtain a solid (called Gabriel’s horn) with finite volume. 


Use the information and data in Exercise 6.4.35 to find the 
work required to propel a 1000-kg space vehicle out of the 
earth’s gravitational field. 


Find the escape velocity vo that is needed to propel a rocket of 
mass m out of the gravitational field of a planet with mass M 
and radius R. Use Newton’s Law of Gravitation (see Exer- 
cise 6.4.35) and the fact that the initial kinetic energy of smu, 
supplies the needed work. 


Astronomers use a technique called stellar stereography to 
determine the density of stars in a star cluster from the 
observed (two-dimensional) density that can be analyzed 
from a photograph. Suppose that in a spherical cluster of 
radius R the density of stars depends only on the distance r 
from the center of the cluster. If the perceived star density is 


79 


80. 


81 


82 
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given by y(s), where s is the observed planar distance from 
the center of the cluster, and x(r) is the actual density, it can 
be shown that 


y(s x(r) dr 


R 2r 
- (= 


If the actual density of stars in a cluster is x(r) = 5(R = 
find the perceived density y(s). 


n 


A manufacturer of lightbulbs wants to produce bulbs that 

last about 700 hours but, of course, some bulbs burn out 

faster than others. Let F(t) be the fraction of the company’s 

bulbs that burn out before t hours, so F(t) always lies 

between 0 and 1. 

(a) Make a rough sketch of what you think the graph of F 
might look like. 

(b) What is the meaning of the derivative r(t) = F'(t)? 

(c) What is the value of i r(t) dt? Why? 


As we saw in Section 3.8, a radioactive substance decays 
exponentially: The mass at time t is m(t) = m(O)e™, 
where m(0) is the initial mass and k is a negative constant. 
The mean life M of an atom in the substance is 


M=-k [" te dt 


For the radioactive carbon isotope, 4C_ used in radiocarbon 
dating, the value of k is —0.000121. Find the mean life of a 
4C atom. 


In a study of the spread of illicit drug use from an enthusiastic 
user to a population of N users, the authors model the number 
of expected new users by the equation 


= eN( — e 
y=| ois) ) oe at 


Jo k 


where c, k, and A are positive constants. Evaluate this integral 
to express y in terms of c, VN, k, and A. 


Source: F. Hoppensteadt et al., “Threshold Analysis of a Drug Use Epidemic 
Model,” Mathematical Biosciences 53 (1981): 79-87. 


Dialysis treatment removes urea and other waste products 
from a patient’s blood by diverting some of the bloodflow 
externally through a machine called a dialyzer. The rate at 
which urea is removed from the blood (in mg/min) is often 
well described by the equation 


r ; 
u(t) = 7 Coe!” 


where r is the rate of flow of blood through the dialyzer 

(in mL/min), V is the volume of the patient’s blood (in mL), 
and Cy is the amount of urea in the blood (in mg) at time 

t = 0. Evaluate the integral li u(t) and interpret it. 
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83. Determine how large the number a has to be so that 


4 
[ sax < 0.001 
ax + 1 


84. Estimate the numerical value of IF e*’ dx by writing it as the 
sum of ( e*’ dx and fF e *’ dx. Approximate the first integral 
by using Simpson’s Rule with n = 8 and show that the sec- 
ond integral is smaller than in e *“dx, which is less than 
0.0000001. 


85-87 The Laplace Transform If f(t) is continuous for t = 0, the 
Laplace transform of f is the function F defined by 


F(s) = ie f(t) edt 


and the domain of F is the set consisting of all numbers s for 
which the integral converges. 


85. Find the Laplace transform of each of the following 
functions. 


(a) f(t) =1 (b) f(x) =e’ (c) f(t) =t 


86. Show that if 0 < f(t) < Me“ for t = 0, where M and a are 
constants, then the Laplace transform F(s) exists for s > a. 


87. Suppose that 0 < f(t) < Me“ and 0 S f(t) S Ke“ for 
t => 0, where f’ is continuous. If the Laplace transform 
of f(t) is F(s) and the Laplace transform of f’(t) is G(s), 
show that 


sa 


G(s) = sF(s) — f(0) 


REVIEW 


CONCEPT CHECK 


88. 


89. 


90. 


91 


92 


93 


94. 


a: Af i, f(x) dx is convergent and a and b are real numbers, 
show that 


[" fed ax + [PO de =f? £0) dx + [P09 ax 


| Show that fg xe" dx = 4 [ped 


. Show that [* e*'dx = {, /—In y dy by interpreting the 
integrals as areas. 


. Find the value of the constant C for which the integral 


(a4): 
Bs 
0 xe>+4 x4+2 
converges. Evaluate the integral for this value of C. 


. Find the value of the constant C for which the integral 


in x Cc 
7 = dx 
“(4 ) 


converges. Evaluate the integral for this value of C. 


. Suppose f is continuous on [0, %) and lim,—-. f(x) = 1. Is it 
possible that [> f(x) dx is convergent? 


. Show that ifa > —1 andb >a + 1, then the following 
integral is convergent. 


Answers to the Concept Check are available at StewartCalculus.com. 


1. State the rule for integration by parts. In practice, how do you 
use it? 


2. How do you evaluate f sin”x cos"x dx if mis odd? What if n 
is odd? What if m and n are both even? 


3. If the expression ./a* — x? occurs in an integral, what sub- 
stitution might you try? What if a? + x? occurs? What if 
Vx? — a® occurs? 


4. What is the form of the partial fraction decomposition of a 
rational function P(x)/Q(x) if the degree of P is less than the 
degree of Q and Q(x) has only distinct linear factors? What if 
a linear factor is repeated? What if Q(x) has an irreducible 
quadratic factor (not repeated)? What if the quadratic factor is 
repeated? 


5. 


State the rules for approximating the definite integral 

{? f(x) dx with the Midpoint Rule, the Trapezoidal Rule, and 
Simpson’s Rule. Which would you expect to give the best 
estimate? How do you approximate the error for each rule? 


. Define the following improper integrals. 


@ [Pde &) | f@dx © | fds 


. Define the improper integral |” f(x) dx for each of the follow- 
ing cases. 
(a) f has an infinite discontinuity at a. 
(b) f has an infinite discontinuity at b. 
(c) f has an infinite discontinuity at c, where a << c <b. 


. State the Comparison Theorem for improper integrals. 
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Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. I tan” 'x dx can be evaluated using integration by parts. 


2; | x°e* dx can be evaluated by applying integration by parts 
five times. 


3. To evaluate J an appropriate trigonometric 


25 + x? 
substitution is x = 5 sin 0. 


4. To evaluate | 
9+ e* 


of the Table of Integrals to obtain In(e* + /9 + e*) te, 


x(x? + 4) : A B 
5. —>—— can be put in the form ——— + : 
x= 4 KD KH 2 
x? + . B C 
6. a can be put in the form + + ; 
x(x? — 4) x xt2 <x«-2 
feo 
+ > ~~ can be put in the form — : 
x°(x — 4) P x x-4 
x - 4 . A B 
8. — > can be put in the form — + — ‘ 
x(x? + 4) x x +4 
EXERCISES 


we can use the formula in entry 25 


4 Xx 1 
9 [a ax =F in 15 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


0 
1 : 
i a dx is convergent. 


If a f(x) dx is convergent, then i f(x) dx is convergent. 
The Midpoint Rule is always more accurate than the Trape- 
zoidal Rule. 


(a) Every elementary function has an elementary derivative. 
(b) Every elementary function has an elementary antiderivative. 


If f is continuous on [0, %) and | f(x) dx is convergent, then 
{§ f(x) dx is convergent. 


If f is a continuous, decreasing function on [1, %) and 
lim,» f(x) = 0, then ihe f(x) dx is convergent. 


If |” f(x) dx and |” g(x) dx are both convergent, then 
ihe [ f(x) + g(x)] dx is convergent. 


If |” f(x) dx and |” g(x) dx are both divergent, then 
fF LF) + g(@)] dx is divergent. 


If f(x) < g(x) and |} g(x) dx diverges, then |; f(x) dx also 
diverges. 


Note: Additional practice in techniques of integration is 
provided in Exercises 7.5. 


1-50 Evaluate the integral. 


2 (x + 1) 2 Bs : 
ae a eee 
3. | = dx 4. [7° tsin 2¢ at 

sec x 0 

dt oe 
oi ere aaee 6. [2 In x dx 
7 [= sin’@ cos’@ dé 8 — 


ae. } sin(In ¢) e a [ varies re 
J t o J+x 

11. | x (In x)? dx 12. | sin x cos x In(cos x) dx 
no 2-4] 2x 

13, (ax 14, | dx 
Ji x J t+e™ 


: 2 2, 
15. [ eax 16. (= dx 
c HAD, 
17. [2 tan7!x dx 18. ie + 2/(x + 1) dx 
x-1 sec°@ 
rar a Vaca 
x? + 8x —3 
21. | x cosh x dx 22. eae eraser 
F dx Qs 
23. | ——___. 24. dx 
Vx? — 4x J Je 


25 


27 


29. 


xt+1 d 
. | — — x 
9x? + 6x +5 


: i Vx? — 2x +2 dx 28. [ cos Jt dt 


26. [ tan’o sec*6 do 


30. [ etcos x dx 


dx 
\ Ter 
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xsin(,/1 + x?) dx 
31. | 7 dx 32. | Teer 


3x3 — x? + 6x —4 
ae | (x? + IG? + 2) dx 34, | xsinx cos x dx 
35. { i cos*x sin 2x dx 36. i wy 
ban | 
: a dx 
37. ——— d. 338, | ——_ 
laa 7 = 
into efex — 1 7/4 X SIN X 
39. { ~ ee 40. ii Suet 
ad ; 2 
i | (4 — x2)? dx 42. J (aresin x) dx 
J 1 — tané 
43. | ————d a, ( 
| Vx + 33/2 1 + tan@é 


45. i (cos x + sin x)? cos 2x dx 


46. [ x cos*(x?),/sin(x?) dx 


dé 


2x 
47. ("” xe 48 i ./tan 0 


d : 
(+292 Ja/4 sin 20 


dx 50. [ x sin(/1 + x?) dx 


—4 


1 


51-60 Evaluate the integral or show that it is divergent. 


{° In x de 


ee 


dx 52. 


51 (—_, 
“hh Qx + 1) 


« dx 6 y 
53. 54. ——- d 
2 xInx I /y—2 . 
55. [ita oe 
js [ a x eM, Sse x 
ie 1 dx 
57. { i dx 58. { SS oe 
-1 
= i . dx 60. (" = x a 
-~ Ay + 4x¥4+ 5 JI x" 


FS 61-62 Evaluate the indefinite integral. [ustrate, and check that 
your answer is reasonable, by graphing both the function and its 
antiderivative (take C = 0). 


61. [ in(x? + 2x + 2) dx 


x3 
62. | ——— dx 
J V¥xr7 +1 


F4 63. Graph the function f(x) = cos*x sin*x and use the graph to 
guess the value of the integral teow (x) dx. Then evaluate the 
integral to confirm your guess. 


64. 


(a) How would you evaluate | x*e~?* dx by hand? (Don’t 
actually carry out the integration.) 

(b) How would you evaluate | x°e~** dx using a table of 
integrals? (Don’t actually do it.) 

(c) Use a computer to evaluate | x°e~?* dx. 

(d) Graph the integrand and the indefinite integral on the 
same screen. 


65-68 Use the Table of Integrals on Reference Pages 6—10 to 
evaluate the integral. 


65. | var — 4x —3 dx 


66. { ese*t at 


68. { _ 


67. | cosx/4 + sin?x dx 
J V1 + 2sinx 


69. Verify Formula 33 in the Table of Integrals (a) by differen- 
tiation and (b) by using a trigonometric substitution. 


70. Verify Formula 62 in the Table of Integrals. 


71. Is it possible to find a number n such that fp x" dx is 
convergent? 


72. For what values of a is ii e““ cos x dx convergent? Evaluate 
the integral for those values of a. 


73-74 Use (a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule with n = 10 to approximate the given inte- 
gral. Round your answers to six decimal places. 


73. i: a dx 


74. [° Vx cos x dx 
Inx J 


75. Estimate the errors involved in Exercise 73, parts (a) 
and (b). How large should n be in each case to guarantee an 
error of less than 0.00001? 


76. Use Simpson’s Rule with n = 6 to estimate the area under 
the curve y = e*/x from x = 1 tox = 4. 


77. The speedometer reading (v) on a car was observed at 
1-minute intervals and recorded in the chart. Use Simpson’s 
Rule to estimate the distance traveled by the car. 


t(min) | v (mi/h) t(min) | v (mi/h) 
0 40 6 56 
1 42 7 57 
2 45 8 57 
3 49 9 55 
4 52 10 56 
5 54 
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78. 


79. 


80. 


81. 


82. 


A population of honeybees increased at a rate of r(t) bees 
per week, where the graph of r is as shown. Use Simpson’s 
Rule with six subintervals to estimate the increase in the bee 
population during the first 24 weeks. 


0 4 8 12 6 2 24 ¢ 
(weeks) 


(a) If f(x) = sin(sin x), use a computer algebra system to 
compute f(x) and then use a graph to find an upper 
bound for | f(x)]. 

(b) Use Simpson’s Rule with n = 10 to approximate 
fy f(x) dx and use part (a) to estimate the error. 

(c) How large should n be to guarantee that the size of the 
error in using S, is less than 0.00001? 


Suppose you are asked to estimate the volume of a football. 
You measure and find that a football is 28 cm long. You use 
a piece of string and measure the circumference at its widest 
point to be 53 cm. The circumference 7 cm from each end is 
45 cm. Use Simpson’s Rule to make your estimate. 


a 


bd 


| 28 cm ———>| 


Use the Comparison Theorem to determine whether the 
integral is convergent or divergent. 


o 2+ sinx 
(a) [72 a 


2 1 
b —_—__ dx 
Vx ” J V1+x4 


Find the area of the region bounded by the hyperbola 


y* — x? = | and the line y = 3. 


83. 


84. 


85. 


86 


87. 


88. 


89. 
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Find the area bounded by the curves y = cos x and 
y = cos*x between x = 0 and x = 7. 


Find the area of the region bounded by the curves 


y= 1/2 + Vx), y = 1/2 — Vx), and x = 1. 


The region under the curve y = cos*x, 0 < x < 7/2, is 
rotated about the x-axis. Find the volume of the resulting 
solid. 


The region in Exercise 85 is rotated about the y-axis. Find 
the volume of the resulting solid. 


If f’ is continuous on [0, 2) and lim,_... f(x) = 0, show that 


[, £'@ ax = FO) 


We can extend our definition of average value of a continu- 
ous function to an infinite interval by defining the average 
value of f on the interval [a, 2) to be 

1 
t— a 


fg = lim —— |" f(x) dx 

(a) Find the average value of y = tan’ 'x on the interval 
[0, ©). 

(b) If f(x) = 0 and i f(x) dx is divergent, show that the 
average value of f on the interval [a, ~) is lim... f(x), 
if this limit exists. 

(c) If [ f(x) dx is convergent, what is the average value of 
f on the interval [a, 2)? 

(d) Find the average value of y = sin x on the interval [0, ~). 


Use the substitution u = 1/x to show that 


x Inx 
= dx= 0 

ae es oe ae 

The magnitude of the repulsive force between two point 

charges with the same sign, one of size | and the other of 

size q, iS 


ee. 
Aaregr? 


where r is the distance between the charges and ép is a con- 
stant. The potential V at a point P due to the charge g is 
defined to be the work expended in bringing a unit charge to 
P from infinity along the straight line that joins g and P. 
Find a formula for V. 
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Problems Plus 


Cover up the solution to the example 
and try it yourself first. 


E23 You may wish to review the Principles of 
Problem Solving following Chapter 1. 


The computer-generated graphs in 
Figure 1 make it seem plausible that 
all of the integrals in the example 
have the same value. The graph 

of each integrand is labeled with the 
corresponding value of n. 


1 


Nig 


FIGURE 1 


556 


EXAMPLE 


(a) Prove that if f is a continuous function, then 


Wie dx = ['rl@ — x) dx 


(b) Use part (a) to show that 


line sin"x 7 
; x 
0  sin"x + cos"x 4 


for all positive numbers n. 


SOLUTION 
(a) At first sight, the given equation may appear somewhat baffling. How is it possible 
to connect the left side to the right side? Connections can often be made through one 
of the principles of problem solving: introduce something extra. Here the extra 
ingredient is a new variable. We often think of introducing a new variable when we 
use the Substitution Rule to integrate a specific function. But that technique is still 
useful in the present circumstance in which we have a general function f- 

Once we think of making a substitution, the form of the right side suggests that it 
should be u = a — x. Then du = —dx. When x = 0, u = a; when x = a, u = 0. So 


{° fla-xdx=- [ flu) du = {' fu) du 


But this integral on the right side is just another way of writing | > f(x) dx. So the given 
equation is proved. 


(b) If we let the given integral be / and apply part (a) with a = 77/2, we get 


sin"(a/2 — x) 


sin"(ar/2 — x) + cos"(a/2 — x) a 


a/2 sin"x a/2 
I= i <a dx = { 

0  sin"x + cos"x 0 
A well-known trigonometric identity tells us that sin(a7/2 — x) = cos x and 
cos(ar/2 — x) = sin x, so we get 


T= if cos"x 
0 cos"x + sin"x 


Notice that the two expressions for / are very similar. In fact, the integrands have the 
same denominator. This suggests that we should add the two expressions. If we do so, 
we get 


dx = ie ldx = a 


a/2 sin"x + cos"x 
21 = { - n n 
0  sin"x + cos"x 


Therefore J = 7/4. | 
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Problems -4 1. Three mathematics students have ordered a 14-inch pizza. Instead of slicing it in the tradi- 
tional way, they decide to slice it by parallel cuts, as shown in the figure. Being mathematics 
majors, they are able to determine where to slice so that each gets the same amount of pizza. 
Where are the cuts made? 


2. Evaluate the integral 


{=a 


The straightforward approach would be to start with partial fractions, but that would be 
brutal. Try a substitution. 


Evaluate {, (V1 — x7 — V1 — x3) dx. 


4. Suppose that f is a function that is continuous and increasing on [0, 1] such that f(0) = 0 
and f(1) = 1. Show that 


- 14 in | 3 


FIGURE FOR PROBLEM 1 


1 
[, Lf@) + 7-'@)] dx = 1 
5. If f is an even function, r > 0, and a > 0, show that 


i fe) dx = (7) dx 


-rl+a* 


1 1 
Hint: + 1, 
Tse Tee 


6. The centers of two disks with radius 1 are one unit apart. Find the area of the union of the 
two disks. 


7. An ellipse is cut out of a circle with radius a. The major axis of the ellipse coincides with a 
diameter of the circle and the minor axis has length 2b. Prove that the area of the remaining 
part of the circle is the same as the area of an ellipse with semiaxes a anda — b. 


8. A man initially standing at the point O walks along a pier pulling a rowboat by a rope of 
length L. The man keeps the rope straight and taut. The path followed by the boat is a curve 
called a tractrix and it has the property that the rope is always tangent to the curve (see the 
figure). 

(a) Show that if the path followed by the boat is the graph of the function y = f(x), then 


dy at bee ae 


dx x 


f') 


(b) Determine the function y = f(x). 


FIGURE FOR PROBLEM 8 9. A function f is defined by f(x) = Ne cos t cos(x — t) dt, 0 < x S 27. Find the minimum 
value of f. 


10. If n is a positive integer, prove that , (In x)"dx = (—1)"n!. 


11. Show that 


27"(n!)* 
(2n + 1)! 


i‘ (1 — x*)" dx 
Hint: Start by showing that if J, denotes the integral, then 


2k +2 
2k + 3 


Test = I; 
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yA 
y=| 2x] 
0 
FIGURE FOR PROBLEM 17 


558 


RY 


F/M 12. Suppose that f is a positive function such that f’ is continuous. 

(a) How is the graph of y = f(x) sin nx related to the graph of y = f(x)? What happens 
asn — 0°? 

(b) Make a guess as to the value of the limit 


lim : f(x) sin nx dx 
based on graphs of the integrand. 

(c) Using integration by parts, confirm the guess that you made in part (b). [Use the fact 
that, since f’ is continuous, there is a constant M such that | f’(x)| < M for 0 < x < 1.] 


13. If0 <a <b, find 


15 


16 


17 


18 


: i ; 1/t 
lim tL [bx + a(l — x)] ax} 


f4 14. Graph f(x) = sin(e*) and use the graph to estimate the value of f such that |‘*' f(x) dx is a 


maximum. Then find the exact value of t that maximizes this integral. 


oo x «6¥ 
Evaluate | ( -) dx. 
ee rae 3 


Evaluate i tan x dx. 


The circle with radius 1 shown in the figure touches the curve y = | 2x| twice. Find the area 
of the region that lies between the two curves. 


A rocket is fired straight up, burning fuel at the constant rate of b kilograms per second. Let 
v = v(t) be the velocity of the rocket at time f and suppose that the velocity u of the exhaust 
gas is constant. Let M = M(t) be the mass of the rocket at time f and note that M decreases 

as the fuel burns. If we neglect air resistance, it follows from Newton’s Second Law that 


dv 
F=M—~—ub 
dt " 
where the force F = —Mg. Thus 
fa] a 
= p= = 
dt q 


Let M, be the mass of the rocket without fuel, M> the initial mass of the fuel, 

and My = M, + M). Then, until the fuel runs out at time t = M,/b, the mass is 

M= Mo = bt. 

(a) Substitute M = My — bt into Equation | and solve the resulting equation for v. Use the 
initial condition v(0) = 0 to evaluate the constant. 

(b) Determine the velocity of the rocket at time t = M2/b. This is called the burnout 
velocity. 

(c) Determine the height of the rocket y = y(t) at the burnout time. 

(d) Find the height of the rocket at any time f. 
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The Gateway Arch in St. Louis, Missouri, stands 630 feet high and was completed in 1965. The arch was designed by the architect Eero 
Saarinen using an equation involving the hyperbolic cosine function. In Exercise 8.1.50 you are asked to compute the length of the curve 
that he used. 


iStock.com / gnagel 


Further Applications 
of Integration 


WE LOOKED AT SOME APPLICATIONS of integrals in Chapter 6: areas, volumes, work, and aver- 
age values. Here we explore some of the many other geometric applications of integration — the 
length of a curve, the area of a surface—as well as applications to physics, engineering, biology, 
economics, and statistics. For instance, we will investigate the center of gravity of a plate, the force 
exerted by water pressure on a dam, the flow of blood from the human heart, and the average time 
spent on hold during a customer support telephone call. 
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8.1 


FIGURE 1 


FIGURE 2 


FIGURE 3 


FIGURE 4 


CHAPTER 8 Further Applications of Integration 


Arc Length 


What do we mean by the length of a curve? We might think of fitting a piece of string to 
the curve in Figure | and then measuring the string against a ruler. But that might be dif- 
ficult to do with much accuracy if we have a complicated curve. We need a precise defini- 
tion for the length of an arc of a curve, in the same spirit as the definitions we developed 
for the concepts of area and volume. 


B® Arc Length of a Curve 


If a curve is a polygon, we can easily find its length; we just add the lengths of the line 
segments that form the polygon. (We can use the distance formula to find the distance 
between the endpoints of each segment.) We are going to define the length of a general 
curve by first approximating it by a polygonal path (a path consisting of connected line 
segments) and then taking a limit as the number of segments of the path is increased. 
This process is familiar for the case of a circle, where the circumference is the limit of 
lengths of inscribed polygons (see Figure 2). 

Now suppose that a curve C is defined by the equation y = f(x), where f is continu- 
ous and a S x < b. We obtain a polygonal approximation to C by dividing the interval 
[a, b] into n subintervals with endpoints xo, x1,..., x, and equal width Ax. If y; = f(x;), 
then the point P;(x;, y;) lies on C and the polygonal path with vertices Po, Pi,..., Ph, 
illustrated in Figure 3, is an approximation to C. 


The length L of C is approximately the length of this polygonal path and the approxi- 
mation gets better as we let n increase. (See Figure 4, where the arc of the curve between 
P;-; and P; has been magnified and approximations with successively smaller values of 
Ax are shown.) Therefore we define the length L of the curve C with equation y = f(x), 
a =x <b, as the limit of the lengths of these approximating polygonal paths (if the 
limit exists): 


[1] L= lim >|P,-1?|| 
i=1 


no . 


where | P;-;P;| is the distance between the points P;-; and P;. 

Notice that the procedure for defining arc length is very similar to the procedure we 
used for defining area and volume: We divided the curve into a large number of small 
parts. We then found the approximate lengths of the small parts and added them. Finally, 
we took the limit as n > ~, 

The definition of arc length given by Equation | is not very convenient for computa- 
tional purposes, but we can derive an integral formula for L in the case where f has a 
continuous derivative. [Such a function f is called smooth because a small change in x 
produces a small change in f’(x).] 
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SECTION 8.1 Arc Length 561 


If we let Ay; = y; — yj-1, then 


| Pi-Pi| = Gi — 1)? + (1 — yin)? = V(Ax? + (Ay)? 
By applying the Mean Value Theorem to f on the interval [x;-1, x;], we find that there is 
a number x;* between x;-; and x; such that 

FO) ~ feu) = f'(x#)(xi = Hea4) 
that is, Ay; = f'(x#*) Ax 
Thus we have 
|PsP,| = Ve + One = Va? + 17°) AP 

= /1+ [f/OQMP J(Ax? = V1 + [f'G*)P Ax (since Ax > 0) 

Therefore, by Definition 1, 


L= lim >|P-1P;| = lim > V1 + [f'Q?)]? Ax 
cia Ls ae 


We recognize this expression as being equal to 


[ VU+ TF OF ax 


by the definition of a definite integral. We know that this integral exists because the func- 


tion g(x) = V1 + [f'(x)F is continuous. Thus we have proved the following theorem: 


[2] The Arc Length Formula If f’ is continuous on [a, b], then the length of the 
curve y = f(x),a <x <b, is 


L= |’ JI + TF OF ax 


If we use Leibniz notation for derivatives, we can write the arc length formula as 
follows: 


[3] L=[ \i+ (4a 


EXAMPLE 1 Find the length of the arc of the semicubical parabola y* = x* between 
the points (1, 1) and (4, 8). (See Figure 5.) 


SOLUTION For the top half of the curve we have 


3/2 dy _ 31/2 


yx qe? 


and so the arc length formula gives 
4 dy Y 4. -—— 
L= 1+(—]d=| V¥1+? 
FIGURE 5 \ J (“) n= [VT Bx dy 
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As a check on our answer to 
Example], notice from Figure 5 
that the arc length ought to be 
slightly larger than the distance 
from (1, 1) to (4, 8), which is 


V58 =~ 7.615773 


According to our calculation in 
Example1, we have 


L = (80/10 — 13/13) 


=~ 7.633705 


Sure enough, this is a bit greater 
than the length of the line segment. 


Figure 6 shows the arc of the parab- 
ola whose length is computed in 
Example 2, together with polygonal 
approximations having n = | and 

n = 2 line segments, respectively. 
For n = | the approximate length is 
L, = J2, the diagonal of a square. 
The table shows the approximations 
L,, that we get by dividing [0, 1] into 
n equal subintervals. Notice that 
each time we double the number of 
sides of the polygonal approximation, 
we get closer to the exact length, 
which is 


v5. In(v5 + 2) 
4 


2 


= 1.478943 


FIGURE 6 


CHAPTER 8 Further Applications of Integration 


If we substitute uv = 1 + 3x, then du = 3 dx. When x = lru = B. when x = 4, u = 10. 


Therefore 
bak |" fet 


3/4 


= §[10°? — ()"] = 48010 - 13 V3) a 


10 


242 3/2] 
= 9° 34 |i3/4 


If a curve has the equation x = g(y), c < y <d, and g'(y) is continuous, then by 
interchanging the roles of x and y in Formula 2 or Equation 3, we obtain the following 
formula for its length: 


d 
c 


[4] L= | vI+TOF ay = | i+ (2) dy 


EXAMPLE 2 Find the length of the arc of the parabola y* = x from (0, 0) to (1, 1). 
SOLUTION Since x = y’, we have dx/dy = 2y, and Formula 4 gives 


1 d. 2 
L={ Vi+(#) dy = | J1 + 49? dy 
y 


We make the trigonometric substitution y = 5 tan 0, which gives dy = 5 sec’@ d@ and 
V1 + 4y2 = Fal + tan?0 = sec 6. When y = 0, tan 6 = 0, so 8 = 0; when y = 1, 
tan 0 = 2, so @ = tan '2 = a, say. Thus 


= |* «1 sec? =1(" gec3 
L [* sec 6 x sec’O dé 1 |" sec’9 do 


Il 


NIP 


- ;[sec @ tan + In|sec 6 + tan |] (from Example 7.2.8) 
= i(sec a tana + In|seca + tana) 


(We could have used the formula in entry 21 of the Table of Integrals.) Since tan a = 2, 
we have sec’a = 1 + tan’a = 5, so seca = 1/5 and 


Rel n In(./5 + 2) 


L= || 
2 4 
YA 
n IE 
1 1.414 
2 1.445 
4 1.464 
8 1.472 
16 1.476 
A 32 1.478 
64 1.479 
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Using a computer to evaluate the def- 
inite integral numerically, we get 
11320904. We see that the approxi- 
mation using Simpson’s Rule is accu- 
rate to four decimal places. 


SECTION 8.1 Arc Length 563 


Because of the presence of the square root sign in Formulas 2 and 4, the calculation 
of an arc length often leads to an integral that is very difficult or even impossible to evalu- 
ate explicitly. Thus we sometimes have to be content with finding an approximation to 
the length of a curve, as in the following example. 


EXAMPLE 3 

(a) Set up an integral for the length of the arc of the hyperbola xy = 1 from the 
point (1, 1) to the point (2, 5). 

(b) Use Simpson’s Rule with n = 10 to estimate the arc length. 


SOLUTION 
(a) We have 


— 1 —— 
a dx x? 


and so the arc length is 


2 dy 2 2 1 
L= | 1+{(—] dx= | 1+ —; dx 
1 dx 1 x 
(b) Using Simpson’s Rule (see Section 7.7) with a = 1, b = 2,n = 10, Ax = 0.1, and 


f(x) = V1 + 1/x*, we have 


7 1 
L={ 1+; dx 
1 X 


TA) + 4f(1.1) + 2f(1.2) + 4f(1.3) +--+ + 2f(1.8) + 4f0.9) + f(2)] 


N 


=~ 1.1321 a 


@ The Arc Length Function 


We will find it useful to have a function that measures the arc length of a curve from a par- 
ticular starting point to any other point on the curve. Thus if a smooth curve C has the 
equation y = f(x), a < x < b, let s(x) be the distance along C from the initial point 
Pola, f(a)) to the point Q(x, f(x)). Then s is a function, called the are length function, 
and, by Formula 2, 


[5] s(x) = |" V1 + [FOP at 
(We have replaced the variable of integration by f so that x does not have two meanings.) 


We can use Part | of the Fundamental Theorem of Calculus to differentiate Equation 5 
(since the integrand is continuous): 


G 4. OF = 1+ (2) 


Equation 6 shows that the rate of change of s with respect to x is always at least 1 and is 
equal to 1 when f'(x), the slope of the curve, is 0. The differential of arc length is 


2 
a= sfi+(2) dx 
x 
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564 CHAPTER 8 Further Applications of Integration 


and this equation is sometimes written in the symmetric form 


(ds)? = (dx) + (dy) 


The geometric interpretation of Equation 8 is shown in Figure 7. It can be used as a 
mnemonic device for remembering both of the Formulas 3 and 4. If we write L = | ds, 
then from Equation 8 either we can solve to get (7), which gives (3), or we can solve 
to get 


FIGURE 7 7 ee 
[9] ds = r 1+ (#) dy 
dy 


which gives (4). 


EXAMPLE 4 Find the arc length function for the curve y = x? — ¢ In x taking Po(1, 1) 
as the starting point. 


SOLUTION If f(x) = x? — ¢Inx, then 


1 
r = 2 Pages aia 
f'Q) = 2x - = 
1+([f()P=1+ (2 Ly 1 + 4x? oe 
x)? = x-=] = a 
8x 64x° 
= 4x? + —4+ —~=[2x4+ —] 
2 64 x 
1 ‘ 
V1 +[f'o)P = 2x + = (since x > 0) 
x 
Thus the arc length function is given by 
tI > =( (t)|? dt 
; + s(x) = [ VI + TPO! 
=a ° 2 1 ey) 1 ] i, 
FIGURE 8 a a eae Fe cael a 
Figure 8 shows the interpretation of 
the arc length function in Example 4. =x? + gin x= 1 
For instance, the arc length along the curve from (1, 1) to (3, f(3)) is 
pea In 3 
s3) = 3 + gin3 —1=8 + ~~ 8.1373 Oo 
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SECTION 8.1 Arc Length 565 


8.1 | Exercises 


1. Use the arc length formula (3) to find the length of the curve 17. y=In(secx), OSx< 7/4 
y =3 — 2x, —1 <x S 3. Check your answer by noting that 
the curve is a line segment and calculating its length by the 


distance formula. 19.x= ily (y-3), l<y<9 


20. y=3+4cosh2x, 0<x<1 


18. x =e? + fe, O<sys<l 


21. y=5x?-4finx, 1<x<2 
22. y = Vx — x? + sin (Vx) 


23. y=In(1 — x), O<x<} 


24.y=1-e%, 0<x<2 


2. Use the arc length formula to find the length of the curve 25-26 Find the length of the arc of the curve from point P to 
y = V4 — x*,0 S x S 2. Check your answer by noting that point Q. 
the curve is part of a circle. 25. y= 12, P(- 1, 2), o(1, 1) 
yA 26. x° =(y — 4)°, P(1,5), Q(8, 8) 


(0, 2) yay4—x? 
27-32 Graph the curve and visually estimate its length. Then 
compute the length, correct to four decimal places. 


0 (2,0) . 27.y=x°+x5, 1<xs2 
28. y=x+cosx, OSx<7/2 
3-8 Set up, but do not evaluate, an integral for the length of the 29. y= vx, 1<x<4 


curve. 


3 30. y=xtanx, OSx<1 
By=x, OSXS2 


31. y=xe*, 1lsxs2 


4 
5.y=x-Inx, 1<x<4 6x=y*+y, 0O<yS3 
‘ 32. y=In(x? + 4), -2<x<2 


7.x= siny, OSy<7/2 


33-34 Use Simpson’s Rule with n = 10 to estimate the arc length 
of the curve. Compare your answer with the value of the integral 
9 y= $x3/ > O<x<2 produced by a calculator or computer. 


9-24 Find the exact length of the curve. 


10. y=(x + 497, 0O<x<4 33. y=xsinx,0O<x<207 34 y=e",0<x<2 


Wey =F +227, O<x<1 


35. (a) Graph the curve y=xV/4—x, 0S x <4. 


12. 36y? = (x? — 495, 2<x<3, y2=0 (b) Compute the lengths of approximating polygonal paths 
; with n = 1, 2, and 4 segments. (Divide the interval into 
13. y= xt , 1=e=2 equal subintervals.) Illustrate by sketching the curve and 
: 3 4x these paths (as in Figure 6). 


(c) Set up an integral for the length of the curve. 


4 
4.+= yey — l<y<2 (d) Compute the length of the curve to four decimal places. 
8 ay" Compare with the approximations in part (b). 

15. y= + In(sin 2x), 7/8 <x< 7/6 36. Repeat Exercise 35 for the curve 
16. y= In(cosx), O<x<a/3 y=xt+sinx O0<x<27 
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39. 


40. 


41. 


42. 


43. 


44, 


45. 


CHAPTER 8 Further Applications of Integration 


. Use either a computer or a table of integrals to find the exact 


length of the arc of the curve y = e* that lies between the 
points (0, 1) and (2, e?). 


. Use either a computer or a table of integrals to find the exact 


length of the arc of the curve y = x*/? that lies between the 


points (0, 0) and (1, 1). If your software has trouble evaluat- 
ing the integral, make a substitution that changes the inte- 
gral into one that the software can evaluate. 


Find the length of the astroid x77 + y?/? = 1. 


YA 
1 


2B 4 yrs =| 


=1 


(a) Sketch the curve y* = x’. 

(b) Use Formulas 3 and 4 to set up two integrals for the arc 
length from (0, 0) to (1, 1). Observe that one of these is 
an improper integral and evaluate both of them. 

(c) Find the length of the arc of this curve from (—1, 1) 
to (8, 4). 


Find the arc length function for the curve y = 2x*/? with 
starting point Po(1, 2). 


(a) Find the arc length function for the curve y = In(sin x), 
0 <x < 7, with starting point (7/2, 0). 

(b) Graph both the curve and its arc length function on the 
same screen. Why is the arc length function negative 
when x is less than 7/2? 


Find the arc length function for the curve 

y = sin 'x + /1 — x? with starting point (0, 1). 

The arc length function for a curve y = f(x), where f is an 

increasing function, is s(x) = in J3t+ 5 dt. 

(a) If f has y-intercept 2, find an equation for f. 

(b) What point on the graph of f is 3 units along the curve 
from the y-intercept? State your answer rounded to 
3 decimal places. 


A hawk flying at 15 m/s at an altitude of 180 m acciden- 
tally drops its prey. The parabolic trajectory of the falling 
prey is described by the equation 


2 


= 180 —= 
a 45 
until it hits the ground, where y is its height above the 
ground and x is the horizontal distance traveled in meters. 
Calculate the distance traveled by the prey from the time it 
is dropped until the time it hits the ground. Express your 
answer correct to the nearest tenth of a meter. 


46. A steady wind blows a kite due west. The kite’s height 
above ground from horizontal position x = 0 to x = 80 ft 
is given by y = 150 — q(x — 50)’. Find the distance trav- 
eled by the kite. 


47. A manufacturer of corrugated metal roofing wants to produce 


panels that are 28 in. wide and 2 in. high by processing flat 
sheets of metal as shown in the figure. The profile of the roof- 
ing takes the shape of a sine wave. Verify that the sine curve 
has equation y = sin(zrx/7) and find the width w of a flat 
metal sheet that is needed to make a 28-inch panel. (Numeri- 
cally evaluate the integral correct to four significant digits.) 


tin 
|< 28 in >| f 


48-50 Catenary Curves A chain (or cable) of uniform density 
that is suspended between two points, as shown in the figure, 
hangs in the shape of a curve called a catenary with equation 
y = acosh(x/a). (See the Discovery Project following 
Section 12.2.) 

YA 


=z Zz 


0 : 


48. (a) Find the arc length of the catenary y = a cosh(x/a) on 
the interval [c, d]. 
(b) Show that on any interval [c, d], the ratio of the area 
under the catenary to its arc length is a. 


49. The figure shows a telephone wire hanging between two 
poles at x = —25 and x = 25. The wire hangs in the shape 
of a catenary described by the equation 


x 
y =c + acosh— 
a 


If the length of the wire between the two poles is 51 ft and 
the lowest point of the wire must be 20 ft above the ground, 
how high up on each pole should the wire be attached? 


yA 


> 
—25 0 25 x 
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50. The British physicist and architect Robert Hooke (1635— 


1703) was the first to observe that the ideal shape for a free 
standing arch is an inverted catenary. Hooke remarked, “As 
hangs the chain, so stands the arch.” The Gateway Arch in 
St. Louis is based on the shape of a catenary; the central 
curve of the arch is modeled by the equation 


y = 211.49 — 20.96 cosh 0.03291765x 


where x and y are measured in meters and |x| < 91.20. Set 


51. 


AY 52. 


SECTION 8.2 Area of a Surface of Revolution 567 


For the function f(x) = je" + e™, prove that the arc length 
on any interval has the same value as the area under the 
curve. 


The curves with equations x” + y" = 1,n = 4, 6,8,..., 
are called fat circles. Graph the curves with n = 2, 4, 6, 8, 
and 10 to see why. Set up an integral for the length L2; of 
the fat circle with n = 2k. Without attempting to evaluate 
this integral, state the value of lim,—. Lox. 


up an integral for the length of the arch and evaluate the 
integral numerically to estimate the length correct to the 
nearest meter. 


53. Find the length of the curve 


y= [Ve Tat l<x<4 


DISCOVERY PROJECT | ARC LENGTH CONTEST 


The curves shown are all examples of graphs of continuous functions f that have the following 
properties. 


1. f(0) = Oandf(1) = 0. 
2. f(x) = 0for0<xS1. 
3. The area under the graph of f from 0 to | is equal to 1. 


The lengths L of these curves, however, are all different. 


yA YA yA 


L= 3.249 L=2.919 L= 3.152 =~ 3213 


Try to discover formulas for two functions that satisfy the given conditions 1, 2, and 3. 
(Your graphs might be similar to the ones shown or could look quite different.) Then calculate 
the arc length of each graph. The winning entry will be the one with the smallest arc length. 


8.2 | Area of a Surface of Revolution 


A surface of revolution is formed when a curve is rotated about a line. Such a surface 
is the lateral boundary of a solid of revolution of the type discussed in Sections 6.2 
and 6.3. 

We want to define the area of a surface of revolution in such a way that it corresponds 
to our intuition. If the surface area is A, we can imagine that painting the surface would 
require the same amount of paint as does a flat region with area A. 

Let’s start with some simple surfaces. The lateral surface area of a circular cylinder 
with radius r and height h is taken to be A = 27rh because we can imagine cutting the 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


568 


circumference 271 


Co 


| 
h 
cut ~a 


| | 
| -- 


2ar 


FIGURE 1 


FIGURE 2 


FIGURE 3 


CHAPTER 8 Further Applications of Integration 


cylinder and unrolling it (as in Figure 1) to obtain a rectangle with dimensions 27r 
and h. 

Likewise, we can take a circular cone with base radius r and slant height /, cut it along 
the dashed line in Figure 2, and flatten it to form a sector of a circle with radius / and 
central angle @ = 2ar/I. We know that, in general, the area of a sector of a circle with 


radius / and angle 0 is 51°70 (see Exercise 7.3.41) and so in this case the area is 


2 
A=319= ar( =) = orl 


Therefore we define the lateral surface area of a cone to be A = rrl. 


What about more complicated surfaces of revolution? If we follow the strategy we 
used with arc length, we can approximate the original curve by a polygonal path. When 
this path is rotated about an axis, it creates a simpler surface whose surface area 
approximates the actual surface area. By taking a limit, we can determine the exact 
surface area. 

The approximating surface, then, consists of a number of bands, each formed by rota- 
ting a line segment about an axis. To find the surface area, each of these bands can be 
considered a portion of a circular cone, as shown in Figure 3. The area of the band (or 
frustum of a cone) with slant height / and upper and lower radii r; and r; is found by sub- 
tracting the areas of two cones: 


[1] A=arh +1) -— anh = a(n -— rh + rol] 
From similar triangles we have 
h_ itl 
ry r2 
which gives 
Tol; = ry + ril or (ro = rol => ril 


Putting this in Equation 1, we get A = m(rl + ml) or 


2 


where r = $(ry + rz) is the average radius of the band. 
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SECTION 8.2 Area of a Surface of Revolution 569 


Now we apply Formula 2 to our strategy. Consider the surface shown in Figure 4, 

which is obtained by rotating the curve y = f(x), a < x < b, about the x-axis, where 

f is positive and has a continuous derivative. In order to define its surface area, we 

~ divide the interval [a, b] into n subintervals with endpoints xo, x1,...,%, and equal 

width Ax, as we did in determining arc length. If y; = f(x;), then the point Pi(x;, yi) 

lies on the curve. The part of the surface between x;-; and x; is approximated by taking 

the line segment P;-;P; and rotating it about the x-axis. The result is a band with slant 

height / = | P;-,P;| and average radius r = + (yin1 + y;) so, by Formula 2, its surface 
area is 


yi-r + Yi 
2 


27 | Pi-1P; | 


As in the proof of Theorem 8.1.2, there is a number x;* between x;-, and x;, such that 


| Pi-1P;| = V1 LF tary Ae 


(b) Approximating band 


When Ax is small, we have y; = f(x;) ~ f(x*) and also y;-; = f(xi-1) ~ f(x#*), since f 
FIGURE 4 1s continuous. Therefore 


Yi-1 + Yi 
2 


0 | PP; | = 2af(x*) /1 + [F' GHP Ax 


and so an approximation to what we think of as the area of the complete surface of revo- 
lution is 


[3] > 2x JI + [f'GAP Ax 


This approximation appears to become better as n — ™ and, recognizing (3) as a Riemann 
sum for the function g(x) = 2af(x) le Lf'(x)]?, we have 


inn Sn GA SLOP Ax =|" 2af(x) V1 + [FOE dx 


N27 
Therefore, in the case where f is positive and has a continuous derivative, we define the 


surface area of the surface obtained by rotating the curve y = f(x), a < x S b, about 
the x-axis as 


al S= [2mf(x) V+ TF OP ax 


With the Leibniz notation for derivatives, this formula becomes 


b dy 2 
S=yj 2 1+ {[—)d 
[5] [ wry] (=z) a 
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CHAPTER 8 Further Applications of Integration 


If the curve is described as x = g(y), c < y Sd, then the formula for surface area 
becomes 


Gg s= 


Both formulas 5 and 6 can be summarized symbolically, using the notation for arc length 
given in Section 8.1, as 


S = | 2nyds 


For rotation about the y-axis we can use a similar procedure to obtain the following sym- 
bolic formula for surface area: 


S = | 2nxds 


where, as before (see Equations 8.1.7 and 8.1.9), we can use either 


dy 2 dx 2. 
ds = y/1 + |—] dx or ds = ,/1 + | —] dy 
dx dy 


NOTE Formulas 7 and 8 can be remembered by thinking of the integrand as the circum- 
ference of a circle traced out by the point (x, y) on the curve as it is rotated about the 
X-axis Or y-axis, respectively (see Figure 5). 


yA YA 
(x,y) 
a \-y ——.. 
a x = 
a 7 = guay) 
0 | | x 
f 
‘ } | 
circumference = 27ry circumference = 27x 
0 x 
Rotation about x-axis: Rotation about y-axis: 
radius radius 
S= [2m y ds S= [20 x ds 
FIGURE 5 circumference circumference 
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SECTION 8.2 Area of a Surface of Revolution 


YA EXAMPLE 1 The curve y = 4 — x2, —1 S x < 1, is an arc of the circle 
yaV4—x? x? + y? = 4. Find the area of the surface obtained by rotating this arc about the 
eel ieee x-axis. (The surface is a portion of a sphere of radius 2. See Figure 6.) 
\ 


; SOLUTION We have 


+ —-——} > dy iS 
il x ae = +(4 = x7) ut 2x) _ 


TX 


-— x2 


surface area is 


FIGURE 6 ; ay \2 
The portion of the sphere whose S= Qay T+ (2) dx 
surface area is computed in Example 1 - dx 


571 


and so, using Formula 7 with ds = V1 + (dy/dx)* dx (or, equivalently, Formula 5), the 


=I J4—-x dx = 4m |! 1 dx = 4x(2) = 80 r 
-1 J/4 — x2 -1 
EXAMPLE 2 The portion of the curve x = }y*/? between y = 0 and y = 3 is 
rotated about the x-axis (see Figure 7). Find the area of the resulting surface. 
SOLUTION Since x is given as a function of y, it is natural to use y as the vari- 
able of integration. By Formula 7 with ds = V1 + (dx/dy)’ dy (or Formula 6), the 
surface area is 
> 2 
=| 2ny \' + (=) dy = 20 [*yviI + (y'?? dy 
0 dy 0 . . 
= 2m | yvI + y dy 
Substituting vu = 1 + y, du = dy, and remembering to change the limits of integration, 
FIGURE 7 we have 
The surface of revolution whose area 
is computed in Example 2 _ a = 43/2 1/2 
S=27 { (u — 1)Ju du = 27 i) (u u'’*) du 
= In| 205? — 2u3?|' = Bar | 
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Figure 8 shows the surface of revolu- 
tion whose area is computed in 
Example 3. 


YA 
(2, 4) 
y=x" 
Se) 0,1) 
> 
0 1 2 x 


FIGURE 8 


As acheck on our answer to 
Example 3, notice from Figure 8 that 
the surface area should be close to 
that of a circular cylinder with the 
same height and radius halfway 
between the upper and lower radius 
of the surface: 27 (1.5)(3) = 28.27. 
We computed that the surface area 
was 


Z1VT7 — 54/5) = 30.85 


which seems reasonable. Alternatively, 
the surface area should be slightly 
larger than the area of a frustum of a 
cone with the same top and bottom 
edges. From Equation 2, this is 


2ar(1.5)(V10) ~ 29.80. 


CHAPTER 8 Further Applications of Integration 


EXAMPLE3 The arc of the parabola y = x? from (1, 1) to (2, 4) is rotated about the 
y-axis. Find the area of the resulting surface. 


SOLUTION 1 Considering y as a function of x, we have 


d 
and = 2x 


yrx 
. dx 


Formula 8 with ds = V1 + (dy/dx)* dx gives 


S = | 2nxds 


Substituting uw = 1 + 4x?, we have du = 8x dx. Remembering to change the limits of 
integration, we have 


S=2r(" Vu -bdu 
5 8 


I 


5 


® it iy Th. an]! 
— u’~ du = —)su 
4 i A E 


I 


@llWIT - 55) 


SOLUTION 2 Considering x as a function of y, we have 


d 1 
and f= 


dy 2fy 


By Formula 8 with ds = V1 + (dx/dy) dy, we have 


4 dx \ 
S= J 27x ds = { 2m7x 4/1 + (=) dy 
y 


1 
=e ft a + aya 2m [ivy thay 


ray 


I 


an |’ Vilay +) dy= |’ vay + T dy 


(where u = 1 + 4y) 


WT iy 
=a, ee 


I 


(as in Solution 1) 


@ lIvIT — 55) 
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SECTION 8.2 Area of a Surface of Revolution 573 


EXAMPLE 4 Set up an integral for the area of the surface generated by rotating the 
curve y = e*,0 < x < 1, about the x-axis. Then evaluate the integral numerically, 
correct to three decimal places. 


SOLUTION Using 


Another method: Use Formula 7 with 
x = Inyandds = J/1 + (dx/dy)? dy 
(or, equivalently, Formula 6). 


and 


and Formula 7 with ds = V1 + (dy/dx)? dx (or Formula 5), we have 


2 
S=['2ny \'+(2) dx = 2m |! eI +e? dx 
0 dx 0 


Using a calculator or computer, we get 


2a |" et /1 + e® dx ~ 22.943 : 
0 


8.2 | Exercises 


1-4 The given curve is rotated about the x-axis. Set up, but do not 
evaluate, an integral for the area of the resulting surface by inte- 
grating (a) with respect to x and (b) with respect to y. 


Ly=ik, 1<x<8 
2.x7° =e, l<x<e 
3.x =InQy+1),0O<yS<1 


4. y=tan'x,O<x<1 


5-8 The given curve is rotated about the y-axis. Set up, but do not 
evaluate, an integral for the area of the resulting surface by inte- 
grating (a) with respect to x and (b) with respect to y. 


5.xy=4, 1x8 


6 y=(x+1,0<x<2 
7y=1+sinx,0Sx< 7/2 
8 x=e",0OSys2 


9-16 Find the exact area of the surface obtained by rotating the 
curve about the x-axis. 


9y=x7,05x<2 10. y=V5—x,3 5x85 
Wey =xt+1,0<x<3 12 y=Vlt+e,0<x<1 
1 x ty 
13. y =cos(3x), O<x<7 Loe ea rr 
xX 


15. x = 3(y? + 27, lx y <2 
16.x=1+2y7,,1<y<2 


17-20 The given curve is rotated about the y-axis. Find the area 
of the resulting surface. 


17, y=4x??, O<x< 12 
18,77 +y%=1,0<y<1 
19. x= J/a?—-y?,0<ysa/2 


20. y= 4x —;Inx, 1<x<2 


21-26 Set up an integral for the area of the surface obtained by 
rotating the given curve about the specified axis. Then evaluate 
your integral numerically, correct to four decimal places. 


2 
x2 


21. y=e*, -1 SxS 1; x-axis 


22. xy=y*?-— 1, 1<y <3; x-axis 


23.x=yt+y, O<y<1; y-axis 


24. y=x + sinx, 0 <x S 27/3; y-axis 
25. ny=x-—y’, 1<y<4; xaxis 


26. x = cos*y, 0 < y S 7/2; y-axis 
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574 CHAPTER 8 Further Applications of Integration 


27-28 Find the exact area of the surface obtained by rotating 
the given curve about the x-axis. 


27. y= 1/x, |<x<2 


28. y= Vx? +1,05x%53 


29-30 Use a computer to find the exact area of the surface 
obtained by rotating the given curve about the y-axis. If your 
software has trouble evaluating the integral, express the surface 
area as an integral in the other variable. 

29. y=x°,0<y<l 


30. y=In(x + 1), OS x <1 


about the y-axis. If the dish is to have a 10-ft diameter and a 
maximum depth of 2 ft, find the value of a and the surface 
area of the dish. 


31-32 Use Simpson’s Rule with n = 10 to approximate the 
area of the surface obtained by rotating the given curve about 
the x-axis. Compare your answer with the value of the integral 
produced by a calculator or computer. 

31. y= pr, OS x =5 


32. y=xInx, l<x<2 


33. Gabriel’s Horn The surface formed by rotating the curve 
y = 1/x, x = 1, about the x-axis is known as Gabriel’s 
horn. Show that the surface area is infinite (although the 
enclosed volume is finite; see Exercise 7.8.75). 


yy 


“oy 


x 


34. If the infinite curve y = e“, x = 0, is rotated about the 
x-axis, find the area of the resulting surface. 


35. (a) Ifa > 0, find the area of the surface generated by 
rotating the loop of the curve 3ay* = x(a — x)? 
about the x-axis. 

(b) Find the surface area if the loop is rotated about the 
y-axis. 


36. A group of engineers are building a parabolic satellite dish 
whose shape will be formed by rotating the curve y = ax? 


Dabarti CGI / Shutterstock.com 


37. (a) The ellipse 


2 2 
24 Hn1 amp 


a 


is rotated about the x-axis to form a surface called an 
ellipsoid, or prolate spheroid. Find the surface area of 
this ellipsoid. 

(b) If the ellipse in part (a) is rotated about its minor axis 
(the y-axis), the resulting ellipsoid is called an oblate 
spheroid. Find the surface area of this ellipsoid. 


38. Find the surface area of the torus in Exercise 6.2.75. 


39. (a) If the curve y = f(x), a < x Sb, is rotated about the 
horizontal line y = c, where f(x) < c, find a formula 
for the area of the resulting surface. 

(b) Set up an integral to find the area of the surface generated 
by rotating the curve y = Vx, 0 <x <4, about the line 
y = 4. Then evaluate the integral numerically, correct to 
four decimal places. 


40. Set up an integral for the area of the surface obtained by 
rotating the curve y = x*, 1 < x < 2, about the given line. 
Then evaluate the integral numerically, correct to two deci- 


mal places. 
(a) x= —1 (b) x=4 
(c) y=} (d) y= 10 


41. Find the area of the surface obtained by rotating the circle 
x* + y? =r’ about the line y = r. 


42-43 Zone of aSphere A zone of a sphere is the portion of the 
sphere that lies between two parallel planes. 


42. Show that the surface area of a zone of a sphere is 
S = 27Rh, where R is the radius of the sphere and h is the 
distance between the planes. (Notice that § depends only on 
the distance between the planes and not on their location, 
provided that both planes intersect the sphere.) 
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43. Show that the surface area of a zone of a cylinder with the curve y = g(x), a < x < b. Express S, in terms of S; 
radius R and height h is the same as the surface area of the and L. 


zone of a sphere in Exercise 42. . ; = 
pee 45. Show that if we rotate the curve y = e? + e ~~? about the 


x-axis, the area of the resulting surface is the same value as 
44, Let L be the length of the curve y = f(x),a <x <b, the enclosed volume for any interval a < x <b. 
where f is positive and has a continuous derivative. Let S; 
be the surface area generated by rotating the curve about 
the x-axis. If c is a positive constant, define g(x) = f(x) +c 
and let S, be the corresponding surface area generated by S= (’ 2a| f(x)| V1 + LAP dx 


46. Formula 4 is valid only when f(x) = 0. Show that when f(x) is 
not necessarily positive, the formula for surface area becomes 


DISCOVERY PROJECT | ROTATING ON A SLANT 


We know how to find the volume of a solid of revolution obtained by rotating a region about a 
horizontal or vertical line (see Section 6.2). We also know how to find the surface area of a sur- 
face of revolution if we rotate a curve about a horizontal or vertical line (see Section 8.2). But 
what if we rotate about a slanted line, that is, a line that is neither horizontal nor vertical? In 
this project you are asked to discover formulas for the volume of a solid of revolution and for 
the area of a surface of revolution when the axis of rotation is a slanted line. 

Let C be the arc of the curve y = f(x) between the points P(p, f(p)) and Q(q, f(q)) and let 
R be the region bounded by C, by the line y = mx + b (which lies entirely below C), and by 
the perpendiculars to the line from P and Q. 


YA 


1. Show that the area of R is 


ae 
1+m? 


le [ f(x) — mx — b][1 + mf'(x)] dx 


[Hint: This formula can be verified by subtracting areas, but it will be helpful throughout the 
project to derive it by first approximating the area using rectangles perpendicular to the line, 
as shown in the following figure. Use the figure to help express Au in terms of Ax.] 


tangent to C 
at (x;, fl) 
‘\ 


(continued ) 
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yA (27, 277) 


8.3 


surface of fluid 


, 
i 4 


FIGURE 1 


The pressure exerted on a submerged 
object by a fluid changes with depth 
but is independent of the volume of 
fluid. A fish swimming 2 ft below the 
surface experiences the same water 
pressure whether in a small aquarium 
or an enormous lake. 


2. Find the area of the region shown in the figure at the left. 


3. Find a formula (similar to the one in Problem 1) for the volume of the solid obtained by 
rotating & about the line y = mx + b. 


4. Find the volume of the solid obtained by rotating the region of Problem 2 about the 
line y =x — 2. 

5. Find a formula for the area of the surface obtained by rotating C about the line 
y=mx + b. 


6. Use a computer to find the exact area of the surface obtained by rotating the curve y = is 5 
0 <x <4, about the line y = 5X. Then approximate your result to three decimal places. 


Applications to Physics and Engineering 


Among the many applications of integral calculus to physics and engineering, we con- 
sider two here: force due to water pressure and centers of mass. As with our previous 
applications to geometry (areas, volumes, and lengths) and to work, our strategy is to 
break up the physical quantity into a large number of small parts, approximate each small 
part, add the results (giving a Riemann sum), take the limit, and then evaluate the result- 
ing integral. 


@ Hydrostatic Pressure and Force 


Deep-sea divers know first-hand that water pressure increases as they dive deeper. This 
is because the weight of the water above them increases. 

In general, suppose that a thin horizontal plate with area A square meters is sub- 
merged in a fluid of density p kilograms per cubic meter at a depth d meters below the 
surface of the fluid as in Figure 1. The fluid directly above the plate (think of a column 
of liquid) has volume V = Ad, so its mass is m = pV = pAd. The force exerted by the 
fluid on the plate is therefore 


F = mg = pgAd 


where g is the acceleration due to gravity. The pressure P on the plate is defined to be the 
force per unit area: 
P= _ d 
A. PF 
The SI unit for measuring pressure is a newton per square meter, which is called a 
pascal (abbreviation: 1 N/m? = 1 Pa). Since this is a small unit, the kilopascal (kPa) is 


often used. For instance, because the density of water is p = 1000 kg/m’, the pressure at 
the bottom of a swimming pool 2 m deep is 


P = pgd = 1000 kg/m? X 9.8 m/s” X 2m 
= 19,600 Pa = 19.6 kPa 


When using US Customary units, we write P = pgd = dd, where 5 = pg is the 
weight density (as opposed to p, which is the mass density). For instance, the weight 
density of water is 5 = 62.5 lb/ft’, so the pressure at the bottom of a swimming pool 8 ft 
deep is P = 5d = 62.5 lb/ft* X 8 ft = 500 lb/ft’. 
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An important principle of fluid pressure is the experimentally verified fact that at any 
point in a liquid the pressure is the same in all directions. (A diver feels the same pres- 
sure on nose and both ears.) Thus the pressure in any direction at a depth d in a fluid with 
mass density p is given by 


[1] P = pgd = 6d 


This helps us determine the hydrostatic force (the force exerted by a fluid at rest) against 
a vertical plate or wall or dam. This is not a straightforward problem because the pres- 
sure is not constant but increases as the depth increases. 


EXAMPLE 1 A dam has the shape of the trapezoid shown in Figure 2. The height is 
20 m and the width is 50 m at the top and 30 m at the bottom. Find the force on the 
dam due to hydrostatic pressure if the water level is 4 m from the top of the dam. 


SOLUTION We first assign a coordinate system to the dam. One option is to choose a 
vertical x-axis with origin at the surface of the water and positive direction downward 
as in Figure 3(a). The depth of the water is 16 m, so we divide the interval [0, 16] into 
subintervals of equal length with endpoints x; and we choose x;* € [x;-1, x:]. The ith 
horizontal strip of the dam is approximated by a rectangle with height Ax and width wi, 
where, from similar triangles in Figure 3(b), 


a 10 16 — x} xi" 
fo ae ae 10) a= — 
16—x* 20 2 D 


and so w; = 2(15 + a) = 2(15 + 8 — 5x*) = 46 — x¥ 


If A; is the area of the ith strip, then 
A; ~ w; Ax = (46 — x#) Ax 


If Ax is small, then the pressure P; on the ith strip is almost constant and we can use 
Equation | to write 
P; ~ 1000gxi* 


The hydrostatic force F; acting on the ith strip is the product of the pressure and the 
area: 
F, = P;A; ~ 1000gxj*(46 — xj*) Ax 


Adding these forces and taking the limit as n — ©, we obtain the total hydrostatic force 
on the dam: 


F = lim >1000gx*(46 — x*) Ax = {° 1000gx(46 — x) dx 


oO 
n i=1 


3 ]I6 
1000(9.8) {° (46x — x?) dx = 9800] 23x? — — 
0 3 


0 


u 


4.43 x 10’N Oo 


In Example | we could have alternatively used the usual coordinate system with the 
origin centered at the bottom of the dam. The equation of the right edge of the dam is 
y = 2x — 30, so the width of a horizontal strip at position y;* is 2x;* = y;* + 30. The 
depth there is 16 — y,;* and so the force on the dam is given by 


F = 1000(9.8) [Po + 30)(16 — y) dy ~ 4.43 X 107N 
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FIGURE 4 


FIGURE 5 


EXAMPLE 2 Find the hydrostatic force on one end of a cylindrical drum with radius 
3 ft that is submerged in water 10 ft deep. 


SOLUTION In this example it is convenient to choose the axes as in Figure 4 so that 
the origin is placed at the center of the drum. Then the circle has a simple equation, 
x? + y? = 9. As in Example | we divide the circular region into horizontal strips 
of equal width. From the equation of the circle, we see that the length of a rectangle 
that approximates the ith strip is 2,/9 — (y;*)* and so the area of the ith strip is 
approximately 


A; = 2/9 - (yi)? Ay 


Because the weight density of water is 8 = 62.5 lb/ft’, the pressure on this strip (by 
Equation 1) is approximately 


5d; = 62.5(7 — yi*) 
and so the force (pressure X area) on the strip is approximately 


5d\A; = 62.5(7 — y#) 2./9 — (y#)? Ay 


The total force is obtained by adding the forces on all the strips and taking the limit: 


F 


lim > 62.5(7 — y*) 2/9 — (y*)? Ay 
i=1 


no 


125 |" (7 — y) V9 —y? dy 


I 


125 - 7° V9 —y? dy — 125 [°»v9 =y? dy 


The second integral is 0 because the integrand is an odd function (see Theorem 5.5.7). 
The first integral can be evaluated using the trigonometric substitution y = 3 sin 0, but 
it’s simpler to observe that it is the area of a semicircular disk with radius 3. Thus 


F = 875 i. V9 — y? dy = 875 - 4n (3)? 


_ 78750 


=~ 12,370 lb a 


H@ Moments and Centers of Mass 


Our main objective here is to find the point P on which a thin plate of any given shape 
balances horizontally as in Figure 5. This point is called the center of mass (or center of 
gravity) of the plate. 

We first consider the simpler situation illustrated in Figure 6, where two masses m, 
and mp, are attached to a rod of negligible mass on opposite sides of a fulcrum and at 
distances d, and d, from the fulcrum. The rod will balance if 


[2] md, => Mp Ay 


This is an experimental fact discovered by Archimedes and called the Law of the Lever. 
(Think of a lighter person balancing a heavier one on a seesaw by sitting farther away 
from the center.) 
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Now suppose that the rod lies along the x-axis with m, at x; and mz at x2 and the center 
of mass at x. If we compare Figures 6 and 7, we see that d) = x — x, and d) = x. — x 


and so Equation 2 gives 
mi (x _ x1) my(x2 = x) 


mx + moX MX, + M2X2 


[3] x 


The numbers m,x,; and mx, are called the moments of the masses m, and mp (with 
respect to the origin), and Equation 3 says that the center of mass x is obtained by adding 
the moments of the masses and dividing by the total mass m = m, + mo. 


MX, + m2X2 


m, + m 


In general, if we have a system of n particles with masses ™m, m2, ..., ™n located at 
the points x1, x2,..., X, on the x-axis, it can be shown similarly that the center of mass 
of the system is located at 


n n 
> Mm; X;j By Mj X;j 
i=1 _ i=l 


[4] x= 


m 


= Mi 
i=1 
where m = mm; is the total mass of the system, and the sum of the individual moments 


M= > MX; 
i=1 

is called the moment of the system about the origin. Then Equation 4 could be rewritten 
as mx = M, which says that if the total mass were considered as being concentrated at the 
center of mass x, then its moment would be the same as the moment of the system. 

Now we consider a system of n particles with masses m, 7, ..., ™, located at the 
points (x1, yi), (%2, yo)... (Xn, Yn) in the xy-plane as shown in Figure 8. By analogy with 
the one-dimensional case, we define the moment of the system about the y-axis to be 


[5] 


and the moment of the system about the x-axis as 


[6] 


Then M, measures the tendency of the system to rotate about the y-axis and M, measures 
the tendency to rotate about the x-axis. 

As in the one-dimensional case, the coordinates (x, y) of the center of mass are given 
in terms of the moments by the formulas 


M, 


n 
M, = > Mj X;i 


i=1 


M, = > Mj Yi 


i=1 


m 


x= 


<I 
I 
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Y* center of mass 
8 


FIGURE 9 


The centroid of a region & is deter- 
mined solely by the shape of the 
region. If a plate of uniform density 
occupies &, then its center of mass 
coincides with the centroid of R. If, 
however, the density is not uniform, 
then typically the center of mass is at 
a different location. We will examine 
this situation in Section 15.4. 


FIGURE 10 


CHAPTER 8 Further Applications of Integration 


where m = =m; is the total mass. Because mx = M, and my = M,, the center of mass 
(x, y) is the point where a single particle of mass m would have the same moments as the 
system. 


EXAMPLE 3 Find the moments and center of mass of the system of objects that have 
masses 3, 4, and 8 at the points (—1, 1), (2, —1), and (3, 2), respectively. 


SOLUTION We use Equations 5 and 6 to compute the moments: 
M, = 3(—1) + 4(2) + 8(3) = 29 
My = 3(1) + 4(-1) + 8Q) = 15 


Since m = 3 + 4 + 8 = 15, we use Equations 7 to obtain 


M&M _ iS 
im 15 om 15 
Thus the center of mass is at, 1). (See Figure 9.) 3) 


Next we consider a flat plate (called a Jamina) with uniform density p that occupies a 
region R of the plane. We wish to locate the center of mass of the plate, which is called 
the centroid of 2%. In doing so we use the following physical principles: the symmetry 
principle says that if % is symmetric about a line /, then the centroid of & lies on /. (If 
R is reflected about /, then R remains the same so its centroid remains fixed. But the only 
fixed points lie on /.) Thus the centroid of a rectangle is its center. Moments should be 
defined so that if the entire mass of a region is concentrated at the center of mass, then its 
moments remain unchanged. Also, the moment of the union of two nonoverlapping 
regions should be the sum of the moments of the individual regions. 

Suppose that the region & is of the type shown in Figure 10(a); that is, R lies between 
the lines x = a and x = b, above the x-axis, and beneath the graph of f/ where f is a 
continuous function. We divide the interval [a, b] into n subintervals with endpoints xo, 
X,...,X, and equal width Ax. We choose the sample point x;* to be the midpoint x; of 
the ith subinterval, that is, x; = (x:-1 + x;)/2. This determines the approximation to R by 
rectangles shown in Figure 10(b). The centroid of the ith approximating rectangle R; is 
its center C(X;j, I f(x))). Its area is f(x;) Ax, so its mass is density X area: 


pf (xi) Ax 


The moment of R; about the y-axis is the product of its mass and the distance from C; to 
the y-axis, which is x;. Thus 


M\(Ri) = [pf(x;) Ax] x; = pxif(x:) Ax 


Adding these moments, we obtain the moment of the polygonal approximation to %, and 
then by taking the limit as n — © we obtain the moment of & itself about the y-axis: 


M, = lim > px, f(x,) Ax = p [’ x f(x) dx 
nn i=1 a 


In a similar fashion we compute the moment of R; about the x-axis as the product of 
its mass and the distance from C; to the x-axis (which is half the height of R,): 


MAR:) = [pf(%:) Ax] 5 f(x) = p * 3L f(D P Ax 
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Again we add these moments and take the limit to obtain the moment of % about the 
X-axis: 


M, = tim Dp SLAG IP Ax = p [AL PoP ax 


Just as for systems of particles, the center of mass (x, y) of the plate is defined so that 
mx = My, and my = M,. But the mass of the plate is the product of its density and its 
area: 


b 
m= pA= p|. f(x) dx 
and so 


om el, foddx | xf) dx 
x 2 [70) dx [’ f(x) dx 


m, _), sf ds _ [alr ax 
p['royax Flay ax 


y= 


Notice the cancellation of the p’s. When density is constant, the location of the center of 
mass is independent of the density. 

In summary, the center of mass of the plate (or the centroid of %) with area A is 
located at the point (x, y), where 


< —_ Lope . 
r= ['xf@dx y= ["SL/G) Pax 


EXAMPLE 4 Find the center of mass of a semicircular plate of radius r with uniform 
density. 


SOLUTION In order to use (8) we place the semicircle as in Figure 11 so that 
f(x) = Vr? — x* anda = —r, b = r. Here there is no need to use the formula to 
calculate x because, by the symmetry principle, the center of mass must lie on the 
y-axis, so x = 0. The area of the semicircle is A = sur’, so 


y=—[" SywPas 
1 


FIGURE 11 => al (Jr? — x?) dx 


777 =F 
2 P72 4 é . : 
= 7) { (r? — x*) dx (since the integrand is even) 
ar J0 
2 3’ 
= ; ae x | 
Tr 3 |, 
_ 2 2r? _ 4r 
ur 3 307 
The center of mass is located at the point (0, 4r/(377)). | 
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Further Applications of Integration 


EXAMPLE 5 Find the centroid of the region in the first quadrant bounded by the 
curves y = cos x, y = 0, andx = 0. 
SOLUTION The area of the region is 
A= ee cos x dx = sin al =1 
0 0 


so Formulas 8 give 


a 1 1/2 = 1/2 
a { xf (x) dx = { x cos x dx 


: a/2 a/2, : i 
=x sin al = i sin x dx (by integration by parts) 
0 


= 1 m/2 1 2 4 a/2 
y=5 |, sLf(x)] dx =} cos*x dx 


FIGURE 12 


yA 


> Tr, a/2 
x = 5)" C+ cos 2x) dx = [x + 3 sin 2x] == 
The centroid is ($a — 1, $2) ~ (0.57, 0.39) and is shown in Figure 12. H 
toe) ) If the region R lies between two curves y = f(x) and y = g(x), where f(x) = g(x), as 


illustrated in Figure 13, then the same sort of argument that led to Formulas 8 can be used 
to show that the centroid of R is (x, y), where 


= ' ==" xLf) - glo] dx 
7 ag, b [9] 
—~_ / pry = ' 
FIGURE 13 y= [ HL@P - Lo?} ax 


(See Exercise 51.) 


EXAMPLE 6 Find the centroid of the region bounded by the line y = x and the 
parabola y = x2 


SOLUTION The region is sketched in Figure 14. We take f(x) = x, g(x) = x7, a = 0, 
and b = 1 in Formulas 9. First we note that the area of the region is 


FIGURE 14 


2 3 |! 
_ fi 7 _ x x _ i 
A [@ x7) dx 5 =| 
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This theorem is named after the 
Greek mathematician Pappus of 
Alexandria, who lived in the fourth 
century AD. 


FIGURE 15 
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Therefore 
=< [' alfa) - gad =p [' x24 
x= 7 9 TLL g(x oe » we — x) dx 
3 ria 
_ oe _ | x x 1 
=6|'G x°) dx | 5 =| 5 
F=f HESOP = [goP bax = 7 [$02 = x4) dx 
A Jo? é 0? , 
a4 xi x? "2 
3 5 |, 5 
The centroid is (5, 2), a 


lH Theorem of Pappus 


We end this section by showing a surprising connection between centroids and volumes 
of revolution. 


Theorem of Pappus Let % be a plane region that lies entirely on one side of a 


line / in the plane. If R is rotated about /, then the volume of the resulting solid is 
the product of the area A of R and the distance d traveled by the centroid of RK. 


PROOF We give the proof for the special case in which the region lies between 
y = f(x) and y = g(x) as in Figure 13 and the line / is the y-axis. Using the method of 
cylindrical shells (see Section 6.3), we have 


V= | 2mxt f(x) — g(x)] ax 


= 20 |’ xLf(x) — g(x)] ax 
= 2m(XA) (by Formulas 9) 
= (27x)A = Ad 


where d = 27rx is the distance traveled by the centroid during one rotation about the 
y-axis. a 


EXAMPLE7 A torus is formed by rotating a circle of radius r about a line in the plane 
of the circle that is a distance R (> r) from the center of the circle (see Figure 15). Find 
the volume of the torus. 


SOLUTION The circle has area A = mr’. By the symmetry principle, its centroid is its 
center and so the distance traveled by the centroid during a rotation is d = 277R. 
Therefore, by the Theorem of Pappus, the volume of the torus is 


V = Ad = (27 R)(tr’?) = 207r’R | 
The method of Example 7 should be compared with the method of Exercise 6.2.75. 
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8.3 | Exercises 


1. An aquarium 5 ft long, 2 ft wide, and 3 ft deep is full of 12. A vertical dam has a semicircular gate as shown in the figure. 
water. Find (a) the hydrostatic pressure on the bottom of the Find the hydrostatic force against the gate. 
aquarium, (b) the hydrostatic force on the bottom, and (c) the 
hydrostatic force on one end of the aquarium. | }2m 
2. A tank is 8 m long, 4 m wide, 2 m high, and contains kero- water level 
sene with density 820 kg/m* to a depth of 1.5 m. Find (a) the ao 
hydrostatic pressure on the bottom of the tank, (b) the hydro- | 
static force on the bottom, and (c) the hydrostatic force on 
one end of the tank. «>| 


3-11 A vertical plate is submerged (or partially submerged) in o— 


water and has the indicated shape. Explain how to approximate 
the hydrostatic force against one side of the plate by a Riemann 
sum. Then express the force as an integral and evaluate it. 


13. A tanker truck transports gasoline in a horizontal cylindrical 
tank with diameter 8 ft and length 40 ft. If the tank is full of 
gasoline with density 47 lb/ft*, compute the force exerted on 
one end of the tank. 


3 4. 


Patt 


5 ft 


10 ft 


Rihardzz / Shutterstock.com 


8. figure, contains vegetable oil with density 925 kg/m’. 

(a) Find the hydrostatic force on one end of the trough if it is 
completely full of oil. 

(b) Compute the force on one end if the trough is filled to a 
depth of 1.2 m. 


7 


: 3 ft 
8 ft 
ett 
5. aaa 6. 
4m 
14. A trough with a trapezoidal cross-section, as shown in the 
A " 
4m 


aaa 


9. 10. 
ia J 
3m 
I wi 6m 
15. A cube with 20-cm-long sides is sitting on the bottom of an 
aquarium in which the water is one meter deep. Find the 
hydrostatic force on (a) the top of the cube and (b) one of the 
11. 2a sides of the cube. 
h 16. A dam is inclined at an angle of 30° from the vertical and has 


the shape of an isosceles trapezoid 100 ft wide at the top and 

Pere 50 ft wide at the bottom and with a slant height of 70 ft. Find 
the hydrostatic force on the dam when the water level is at the 
top of the dam. 
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17. A swimming pool is 20 ft wide and 40 ft long and its bot- 
tom is an inclined plane, the shallow end having a depth of 
3 ft and the deep end, 9 ft. If the pool is full of water, find the 
hydrostatic force on (a) each of the four sides and (b) the bot- 
tom of the pool. 


18. Suppose that a plate is immersed vertically in a fluid with 
density p and the width of the plate is w(x) at a depth of 
x meters beneath the surface of the fluid. If the top of the 
plate is at depth a and the bottom is at depth b, show that the 
hydrostatic force on one side of the plate is 


F= [’ pgxw(x) dx 


19. A metal plate was found submerged vertically in seawater, 
which has density 64 Ib/ft*. Measurements of the width of the 
plate were taken at the indicated depths. Use the formula in 
Exercise 18 and Simpson’s Rule to estimate the force of the 
water against the plate. 


Depth (ft) 7.0 | 74 | 7.8 | 8.2 | 86 | 9.0 | 9.4 


Plate width (ft)} 1.2 | 1.8 | 2.9 | 3.8 | 3.6 | 4.2 | 4.4 


20. (a) Use the formula in Exercise 18 to show that 
F = (pgx)A 


where x is the x-coordinate of the centroid of the plate 
and A is its area. This equation shows that the hydrostatic 
force against a vertical plane region is the same as if the 
region were horizontal at the depth of the centroid of the 
region. 

(b) Use the result of part (a) to give another solution to 
Exercise 10. 


21-22 Point-masses m; are located on the x-axis as shown. Find 
the moment M of the system about the origin and the center of 
mass x. 


m,=6 m,=9 
21. 4} 
0 10 30 x 
m,=12 m,=15 m= 20 
22. cc cr cs 
—3 0 2 8 x 


23-24 The masses m; are located at the points P;. Find the 
moments M, and M, and the center of mass of the system. 


23. m, = 5, m2, = 8, m3 = 7; 
P,(3, 1), P2(0, 4), P3(—5, —2) 


24. mM, 4, My 3, M3 6, m4 33 
P,(6, 1), P2(3, -1), Ps(—2, 2), Pa(—2, —5) 
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25-28 Visually estimate the location of the centroid of the region 
shown. Then find the exact coordinates of the centroid. 


25. 26. vA 


27. ya 28. 


29-33 Find the centroid of the region bounded by the given 
curves. 


29. y=x7, x=y? 

30. y=2-—x7, y=x 

31. y=sin2x, y=sinx, 0O<Sx< 7/3 
32. y=x7, xt+y=2, y=0 
33.xt+y=2, x=y? 


34-35 Calculate the moments M, and M, and the center of mass 
of a lamina with the given density and shape. 


34. p=4 35. p=6 


36. Use Simpson’s Rule to estimate the centroid of the region 
shown. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


586 CHAPTER 8 Further Applications of Integration 


37. Find the centroid of the region bounded by the curves 
y =x? — xand y = x’ — 1. Sketch the region and plot the 
centroid to see if your answer is reasonable. 


- 38. Use a graph to find approximate x-coordinates of the points 


of intersection of the curves y = e* and y = 2 — x*. Then 
find (approximately) the centroid of the region bounded by 
these curves. 


39. Prove that the centroid of any triangle is located at the point 
of intersection of the medians. [Hints: Place the axes so that 
the vertices are (a, 0), (0, b), and (c, 0). Recall that a median 
is a line segment from a vertex to the midpoint of the oppo- 
site side. Recall also that the medians intersect at a point 
two-thirds of the way from each vertex (along the median) 
to the opposite side. ] 


40-41 Find the centroid of the region shown, not by integration, 
but by locating the centroids of the rectangles and triangles 
(from Exercise 39) and using additivity of moments. 


42. A rectangle & with sides a and b is divided into two parts 
R, and KR» by an arc of a parabola that has its vertex at one 
corner of % and passes through the opposite corner. Find 
the centroids of both R,; and Ro. 


YA 


Ry 


43. If x is the x-coordinate of the centroid of the region that 
lies under the graph of a continuous function f, where 
a <x <b, show that 


[ (cx + d) f(x) dx = (cx + d) | f(x) dx 


44-46 Use the Theorem of Pappus to find the volume of the 
given solid. 


44. A sphere of radius r (Use Example 4.) 


45. A cone with height h and base radius r 


46. The solid obtained by rotating the triangle with vertices 
(2, 3), (2, 5), and (5, 4) about the x-axis 


yA 


BY 


47. Centroid of aCurve The centroid of a curve can be found 
by a process similar to the one we used for finding the cen- 
troid of a region. If C is a curve with length L, then the cen- 
troid is (x, y) where ¥ = (1/L) | x ds and y = (1/L) | y ds. 
Here we assign appropriate limits of integration, and ds is as 
defined in Sections 8.1 and 8.2. (The centroid often doesn’t 
lie on the curve itself. If the curve were made of wire and 
placed on a weightless board, the centroid would be the bal- 
ance point on the board.) Find the centroid of the quarter- 
circle y= //16 — x?,0<x <4. 


48-49 The Second Theorem of Pappus The Second Theorem of 
Pappus is in the same spirit as Pappus’s Theorem discussed in 
this section, but for surface area rather than volume: let C be a 
curve that lies entirely on one side of a line / in the plane. If C 

is rotated about /, then the area of the resulting surface is the 
product of the arc length of C and the distance traveled by the 
centroid of C (see Exercise 47). 


48. (a) Prove the Second Theorem of Pappus for the case 
where C is given by y = f(x), f(x) = 0, and C is 
rotated about the x-axis. 

(b) Use the Second Theorem of Pappus to compute the 
surface area of the half-sphere obtained by rotating 
the curve from Exercise 47 about the x-axis. Does 
your answer agree with the one given by geometric 
formulas? 


49. Use the Second Theorem of Pappus to find the surface area 
of the torus in Example 7. 


50. Let & be the region that lies between the curves 


y=x"” y=x" O<sx<!l 


where m and n are integers with 0 Sn < m. 

(a) Sketch the region R. 

(b) Find the coordinates of the centroid of R. 

(c) Try to find values of m and n such that the centroid lies 
outside KR. 


51. Prove Formulas 9. 
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DISCOVERY PROJECT | COMPLEMENTARY COFFEE CUPS 


Suppose you have a choice of two coffee cups of the type shown, one that bends outward and 
one inward, and you notice that they have the same height and their shapes fit together snugly. 
You wonder which cup holds more coffee. Of course you could fill one cup with water and 
pour it into the other one but, being a calculus student, you decide on a more mathematical 
approach. Ignoring the handles, you observe that both cups are surfaces of revolution, so you 
can think of the coffee as a volume of revolution. 


yA x=k 
h 
i A, A, 
x= f(y) 
> 
Cup A Cup B u ise 
all> << 


1. Suppose the cups have height h, cup A is formed by rotating the curve x = f(y) about the 
y-axis, and cup B is formed by rotating the same curve about the line x = k. Find the value 
of k such that the two cups hold the same amount of coffee. 


2. What does your result from Problem | say about the areas A; and A» shown in the figure? 
3. Use Pappus’s Theorem to explain your result in Problems 1 and 2. 


4. Based on your own measurements and observations, suggest a value for h and an equation 
for x = f(y) and calculate the amount of coffee that each cup holds. 


8.4 | Applications to Economics and Biology 


In this section we consider some applications of integration to economics (consumer 
surplus) and biology (blood flow, cardiac output). Additional applications are described 
in the exercises. 


HH Consumer Surplus 


Recall from Section 4.7 that the demand function p(x) is the price that a company can 
charge in order to sell x units of a commodity. Usually, selling larger quantities requires 
lowering prices, so the demand function is a decreasing function. The graph of a typical 
demand function, called a demand curve, is shown in Figure 1. If X is the amount of the 
commodity that can currently be sold, then P = p(X) is the current selling price. 

At a given price, some consumers who buy a good would be willing to pay more; they 
benefit by not having to. The difference between what a consumer is willing to pay and 
what the consumer actually pays for a good is called the consumer surplus. By finding 


0 xX Xx the total consumer surplus among all purchasers of a good, economists can assess the 
overall benefit of a market to society. 

FIGURE 1 To determine the total consumer surplus, we look at the demand curve and divide the 

A typical demand curve interval [0, X] into n subintervals, each of length Ax = X/n, and let x;* = x; be the right 
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xy 


consumer 


ay 


FIGURE 3 


ay 


endpoint of the ith subinterval, as in Figure 2. According to the demand curve, x;-; units 
would be purchased at a price of p(x;-1) dollars per unit. To increase sales to x; units, the 
price would have to be lowered to p(x;) dollars. In this case, an additional Ax units would 
be sold (but no more). In general, the consumers who would have paid p(x;) dollars 
placed a high value on the product; they would have paid what it was worth to them. So 
in paying only P dollars they have saved an amount of 


(savings per unit)(number of units) = [p(x;) — P] Ax 


Considering similar groups of willing consumers for each of the subintervals and adding 
the savings, we get the total savings: 


© Eola) ~ Pax 


(This sum corresponds to the area enclosed by the rectangles in Figure 2.) If we let 
n — ©, this Riemann sum approaches the integral 


fi] ['[p@) - Plax 


which gives the total consumer surplus for the commodity. It represents the amount of 
money saved by consumers in purchasing the commodity at price PR corresponding to an 
amount demanded of X. Figure 3 shows the interpretation of the consumer surplus as the 
area under the demand curve and above the line p = P. 


EXAMPLE 1 The demand for a product, in dollars, is 


p = 1200 — 0.2x — 0.0001x? 
Find the consumer surplus when the sales level is 500. 
SOLUTION Since the number of products sold is X = 500, the corresponding price is 
P = 1200 — (0.2)(500) — (0.0001)(500)* = 1075 


Therefore, from Definition 1, the total consumer surplus is 


{ E(x) — Pl dx = { (1200 — 0.2x — 0.0001x2 — 1075) dx 


0 0 


500 
= { (125 — 0.2x — 0.0001x2) dx 


3\ 7500 
: x 
= 125x — 0.1x? cocoon (=) | 


0 


(0.0001)(500)? 
3 


= $33,333.33 a 


= (125)(500) — (0.1)(500)? 


H Blood Flow 


In Example 3.7.7 we discussed the law of laminar flow: 


= =H) 
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which gives the velocity v of blood that flows along a blood vessel with radius R and 
length / at a distance r from the central axis, where P is the pressure difference between 
the ends of the vessel and 7 is the viscosity of the blood. Now, in order to compute the 
rate of blood flow, or flux (volume per unit time), we consider smaller, equally spaced 
radii 1, r2,.... The approximate area of the ring (or washer) with inner radius 7;-; and 
outer radius 7; is 

2ar; Ar where Ar=7; — 7-1 


(See Figure 4.) If Ar is small, then the velocity is almost constant throughout this ring 
and can be approximated by v(7;). Thus the volume of blood per unit time that flows 
across the ring is approximately 


(2arr; Ar) v(r;) = 2ar; v(r;) Ar 


and the total volume of blood that flows across a cross-section per unit time is about 
> 2ar;v(r7;) Ar 
i=l 


This approximation is illustrated in Figure 5. Notice that the velocity (and hence the 
volume per unit time) increases toward the center of the blood vessel. The approximation 
gets better as n increases. When we take the limit we get the exact value of the flux (or 
discharge), which is the volume of blood that passes a cross-section per unit time: 


F = lim & 2a; v(r;) Ar = { 2arv(r) dr 


0 . 
mn i=1 


P 
{ 2ar ——(R? — r?)dr 
0 4yl 


T=R 
P | P 2 4 
—— ’ C= Gps ae 
nl ml 2 441, 


The resulting equation 
[2] = 


is called Poiseuille’s Law; it shows that the flux is proportional to the fourth power of the 
radius of the blood vessel. 


at PR* 
8yl 


B® Cardiac Output 


Figure 6 shows the human cardiovascular system. Blood returns from the body through 
the veins, enters the right atrium of the heart, and is pumped to the lungs through the 
pulmonary arteries for oxygenation. It then flows back into the left atrium through the 
pulmonary veins and then out to the rest of the body through the aorta. The cardiac out- 
put is the volume of blood pumped by the heart per unit time, that is, the rate of flow into 
the aorta. 

The dye dilution method is used to measure the cardiac output. Dye is injected into the 
right atrium and flows through the heart into the aorta. A probe inserted into the aorta mea- 
sures the concentration of the dye leaving the heart at equally spaced times over a time 
interval [0, 7] until the dye has cleared. Let c(t) be the concentration of the dye at time ¢. If 
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CHAPTER 8 


t c(t) t c(t) 
0 0 6 6.1 
1 0.4 7 4.0 
2 2.8 8 2.3 
3 6.5 9 1.1 
4 9.8 10 0 

5 8.9 

8.4 | Exercises 


1. The marginal cost function C’(x) was defined to be the 
derivative of the cost function. (See Sections 3.7 and 4.7.) 
The marginal cost of producing x gallons of orange 
juice is 


(measured in dollars per gallon). The fixed start-up cost is 
C(0) = $18,000. Use the Net Change Theorem to find the 
cost of producing the first 4000 gallons of juice. 


Further Applications of Integration 


we divide [0, 7'] into subintervals of equal length Az, then the amount of dye that flows past 
the measuring point during the subinterval from t = f;-; to f = tf; is approximately 


(concentration)(volume) = c(t;)(F At) 


where F is the rate of flow that we are trying to determine. Thus the total amount of dye 
is approximately 


DYclt)F At=F > c(t) At 
i=1 i=1 


and, letting n — ©, we find that the amount of dye is 
A=F { " c(t) dt 
0 
Thus the cardiac output is given by 


a P= 


A. 
{ c(t) dt 


where the amount of dye A is known and the integral can be approximated from the con- 
centration readings. 


EXAMPLE2 A 5-mg dose (called a bolus) of dye is injected into a patient’s right 
atrium. The concentration of the dye (in milligrams per liter) is measured in the aorta at 
one-second intervals as shown in the table. Estimate the cardiac output. 


SOLUTION Here A = 5, At = 1, and T = 10. We use Simpson’s Rule to approximate 
the integral of the concentration: 
ie c(t) dt ~ 1[0 + 4(0.4) + 2(2.8) + 4(6.5) + 209.8) + 4(8.9) 
+ 2(6.1) + 4(4.0) + 2(2.3) + 41.1) + 0] 
= 41.87 


Thus Formula 3 gives the cardiac output to be 


A _ 5 
{° et it 41-87 


~ 0.12 L/s = 7.2 L/min | 


2. A company estimates that the marginal revenue (in dollars per 
unit) realized by selling x units of a product is 48 — 0.0012x. 
Assuming the estimate is accurate, find the increase in rev- 
enue if sales increase from 5000 units to 10,000 units. 


C'(x) = 0.82 — 0.00003x + 0.000000003x? 3. A mining company estimates that the marginal cost of extract- 


ing x tons of copper ore from a mine is 0.6 + 0.008x, mea- 
sured in thousands of dollars per ton. Start-up costs are 
$100,000. What is the cost of extracting the first 50 tons of 
copper? What about the next 50 tons? 
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4. The demand function for a particular vacation package is 
p(x) = 2000 — 46./x. Find the consumer surplus when the 
sales level for the packages is 400. Illustrate by drawing the 
demand curve and identifying the consumer surplus as an 
area. 


5. The demand function for a manufacturer’s microwave oven 
is p(x) = 870e °*, where x is measured in thousands. Cal- 
culate the consumer surplus when the sales level for the 
ovens is 45,000. 


6. If a demand curve is modeled by p = 6 — (x/3500), find 
the consumer surplus when the selling price is $2.80. 


7. A concert-promoting company has been selling an average 
of 210 T-shirts at performances for $18 each. The company 
estimates that for each dollar that the price is lowered, an 
additional 30 shirts will be sold. Find the demand function 
for the shirts and calculate the consumer surplus if the shirts 
are sold for $15 each. 


8. A company modeled the demand curve for its product (in 
dollars) by the equation 


— 800,000e~ 
x + 20,000 


Use a graph to estimate the sales level when the selling 
price is $16. Then find (approximately) the consumer sur- 
plus for this sales level. 


9-11 Producer Surplus The supply function ps(x) for a 
commodity gives the relation between the selling price and the 
number of units that manufacturers will produce at that price. 
For a higher price, manufacturers will produce more units, so ps 
is an increasing function of x. Let X be the amount of the 
commodity currently produced and let P = ps(X) be the current 
price. Some producers would be willing to make and sell the 
commodity for a lower selling price and are therefore receiving 
more than their minimal price. The excess is called the producer 
surplus. An argument similar to that for consumer surplus shows 
that the surplus is given by the integral 


i [P — ps(x)] dx 


9. Calculate the producer surplus for the supply function 
ps(x) = 3 + 0.01x? at the sales level X = 10. Illustrate by 
drawing the supply curve and identifying the producer sur- 
plus as an area. 


10. If a supply curve is modeled by the equation 
p = 125 + 0.002.x°, find the producer surplus when the 
selling price is $625. 


11. A manufacturer estimates that the supply curve for its prod- 
uct (in dollars) is 


p = V30 + 0.01xe°! 


Find (approximately) the producer surplus when the selling 
price is $30. 
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12. Market Equilibrium In a purely competitive market, the 
price of a good is naturally driven to the value where the 
quantity demanded by consumers matches the quantity 
made by producers, and the market is said to be in equilib- 
rium. These values are the coordinates of the point of inter- 
section of the supply and demand curves. 

(a) Given the demand curve p = 50 — px and the supply 
curve p = 20 + px for a good, at what quantity and 
price is the market for the good in equilibrium? 

(b) Find the consumer surplus and the producer surplus 
when the market is in equilibrium. Illustrate by 
sketching the supply and demand curves and identifying 
the surpluses as areas. 


13-14 Total Surplus The sum of consumer surplus and 
producer surplus is called the total surplus; it is one measure 
economists use as an indicator of the economic health of a 
society. Total surplus is maximized when the market for a good 
is in equilibrium. 
13. (a) The demand function for an electronics company’s 
car stereos is p(x) = 228.4 — 18x and the supply func- 
tion is ps(x) = 27x + 57.4, where x is measured in 
thousands. At what quantity is the market for the stereos 
in equilibrium? 
(b) Compute the maximum total surplus for the stereos. 


14. A camera company estimates that the demand function for 
its new digital camera is p(x) = 312e °'* and the supply 
function is estimated to be ps(x) = 26e°**, where x is mea- 
sured in thousands. Compute the maximum total surplus. 


15. If the amount of capital that a company has at time ¢ is f(t), 
then the derivative, f’(1), is called the net investment flow. 
Suppose that the net investment flow is aft million dollars 
per year (where ¢ is measured in years). Find the increase in 
capital (the capital formation) from the fourth year to the 
eighth year. 


16. If revenue flows into a company at a rate of 
f(t) = 9000/1 + 2t, where tis measured in years and 
f(t) is measured in dollars per year, find the total revenue 


obtained in the first four years. 


17 


Future Value of Income If income is continuously collected 
at arate of f(t) dollars per year and will be invested at a 
constant interest rate r (compounded continuously) for a 
period of T years, then the future value of the income is 
given by FO et 


6 years for income received at a rate of f(t) = 8000e°’ 


’ dt. Compute the future value after 


dollars per year and invested at 6.2% interest. 


18. Present Value of Income The present value of an income 
stream is the amount that would need to be invested now to 
match the future value as described in Exercise 17 and is 
given by i f(t) e-” dt. Find the present value of the income 


stream in Exercise 17. 
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19. 


20. 


21. 


22. 


CHAPTER 8 Further Applications of Integration 


Pareto’s Law of Income states that the number of people with 23. A particular dye dilution method measures cardiac output 
incomes between x = a and x = bis N Ax * dx, where with 6 mg of dye. The dye concentrations, in mg/L, are mod- 
A and k are constants with A > 0 and k > 1. The average eled by c(t) = 20te °°", 0 < t < 10, where r is measured in 
income of these people is seconds. Find the cardiac output. 


= 1 po : 24. After a 5.5-mg injection of dye, the readings of dye concen- 
x= N [ Ax "dx tration, in mg/L, at two-second intervals are as shown in the 
table. Use Simpson’s Rule to estimate the cardiac output. 
Calculate x. 


A hot, wet summer is causing a mosquito population explo- t c(t) t c(t) 
sion in a lake resort area. The number of mosquitoes is 
increasing at an estimated rate of 2200 + 10e°*’ per week 0 0.0 10 4.3 
(where f is measured in weeks). By how much does the mos- 2 4.1 12 29 
quito population increase between the fifth and ninth weeks 4 8.9 14 1.2 
of summer? 6 8.5 16 0.2 
Use Poiseuille’s Law to calculate the rate of flow in a small 8 6.7 
human artery where we can take 7 = 0.027, R = 0.008 cm, 
1 = 2cm, and P = 4000 dynes/cm’. 25. The graph of the concentration function c(t) is shown 
High blood pressure results from constriction of the arteries. after a 7-mg injection of dye into an atrium of a heart. Use 
To maintain a normal flow rate (flux), the heart has to pump Simpson’s Rule to estimate the cardiac output. 
harder, thus increasing the blood pressure. Use Poiseuille’s 
Law to show that if Ro and Pp are normal values of the radius ya(mg/L) 
and pressure in an artery and the constricted values are R and 
P, then for the flux to remain constant, P and R are related by 6 
the equation 
P_(R\ : 
Po R 2 
Deduce that if the radius of an artery is reduced to three-fourths 
of its former value, then the pressure is more than tripled. 0 2 4 6 8 10 12 14 f(seconds) 


8.5 | Probability 


@ Probability Density Functions 


Calculus plays a role in the analysis of random behavior. Suppose we consider the 
cholesterol level of a person chosen at random from a certain age group, or the height of 
an adult female chosen at random, or the lifetime of a randomly chosen battery of a cer- 
tain type. Such quantities are called continuous random variables because their values 
actually range over an interval of real numbers, although they might be measured or 
recorded only to the nearest integer. We might want to know the probability that a blood 
cholesterol level is greater than 250, or the probability that the height of an adult female 
is between 60 and 70 inches, or the probability that the battery we are buying lasts 
between 100 and 200 hours. If X represents the lifetime of that type of battery, we denote 
this last probability as follows: 


P(100 < X < 200) 


According to the frequency interpretation of probability, this number is the long-run pro- 
portion of all batteries of the specified type whose lifetimes are between 100 and 200 hours. 
Since it represents a proportion, the probability naturally falls between 0 and 1. 
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Note that we always use intervals of 
values when working with probability 
density functions. We wouldn't, for 
instance, use a density function to 
find the probability that X equals a. 


FIGURE 1 
Probability density function for 
the height of an adult female 


SECTION 8.5 Probability 593 


Every continuous random variable X has a probability density function f This 
means that the probability that X lies between a and b is found by integrating f from a 
to b: 


[4] Pa<X<b)= [’ fx) dx 


For example, Figure 1 shows the graph of a model for the probability density function 
f for a random variable X defined to be the height in inches of an adult female in the 
United States (according to data from the National Health Survey). The probability that 
the height of a woman chosen at random from this population is between 60 and 70 inches 
is equal to the area under the graph of f from 60 to 70. 


YA 


area = probability that the 
height of a woman 
is between 60 and 
70 inches 


In general, the probability density function f of a random variable X satisfies the con- 
dition f(x) = 0 for all x. Because probabilities are measured on a scale from 0 to 1, it 
follows that 


[2] [f@) dx =1 


EXAMPLE 1 Let f(x) = 0.006x(10 — x) forO < x < 10 and f(x) = 0 for all other 
values of x. 

(a) Verify that f is a probability density function. 

(b) Find P(4 = X < 8). 


SOLUTION 
(a) For 0 < x < 10 we have 0.006x(10 — x) = 0, so f(x) = 0 for all x. We also need 
to check that Equation 2 is satisfied: 


[7 £0) dx = [" 0.006x(10 — 2) dx = 0.006 |." (lox — x?) dx 


= 0,006|5x? — £x°}” = 0.006(500 — 1%) = 1 


Therefore f is a probability density function. 
(b) The probability that X lies between 4 and 8 is 


P4<X<8)= : f(x) dx = 0.006 , (10x — x2) dx 


= 0.006[5x? — 4x°]} = 0.544 7 
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FIGURE 2 


An exponential density function 


YA 


baa, A 


| 
| 
| 
l 
0 toy Tt; 


FIGURE 3 


EXAMPLE 2 Phenomena such as waiting times and equipment failure times are 
commonly modeled by exponentially decreasing probability density functions. Find the 
exact form of such a function. 


SOLUTION Think of the random variable as being the time you wait on hold before a 
customer service agent answers your phone call. So instead of x, let’s use f to represent 
time, in minutes. If f is the probability density function and you call at time t = 0, 
then, from Definition 1, {5 f(t) dt represents the probability that an agent answers 
within the first two minutes and |? f(t) dt is the probability that your call is answered 
during the fifth minute. 

It’s clear that f(t) = 0 for t < 0 (the agent can’t answer before you place the call). 
For t > 0 we are told to use an exponentially decreasing function, that is, a function of 
the form f(t) = Ae“, where A and c are positive constants. Thus 


0 if +<0 
f= { ane 


if fr=0 


We use Equation 2 to determine the value of A: 


1=| sae= [PP fart [soar 


= Ae~ dt = lim |" Ae~*'dt 


xn J0 


A A ae 
= lim | = lim —(1 - e ™) 
x0 Cc 9 ree 
7 A 
c 


Therefore A/c = 1 and so A = c. Thus every exponential density function has the form 


r=" if t<0 


ce if t=0 
A typical graph is shown in Figure 2. | 


@ Average Values 


Suppose you’re waiting for a company to answer your phone call and you wonder how 
long, on average, you can expect to wait. Let f(z) be the corresponding density function, 
where ¢ is measured in minutes, and think of a sample of N people who have called this 
company. Most likely, none of them had to wait more than an hour, so let’s restrict our 
attention to the interval 0 < t < 60. Let’s divide that interval into n intervals of length Ar 
and endpoints 0, ti, t2, ..., tf: = 60. (Think of At as lasting a minute, or half a minute, or 
10 seconds, or even a second.) The probability that somebody’s call gets answered dur- 
ing the time period from ¢;-; to t; is the area under the curve y = f(t) from #_; to t;, which 
is approximately equal to f(t;) At. (This is the area of the approximating rectangle in 
Figure 3, where #; is the midpoint of the interval.) 

Since the long-run proportion of calls that get answered in the time period from ¢;- 
to 4, is f(t) At, we expect that, out of our sample of N callers, the number whose call 
was answered in that time period is approximately Nf(t,) At and the time that each 
waited is about ¢;. Therefore the total time they waited is the product of these numbers: 
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approximately #;[Nf(z;) At]. Adding over all such intervals, we get the approximate total 
of everybody’s waiting times: 


> Nis) At 


If we now divide by the number of callers N, we get the approximate average waiting 
time: 


> aft) At 


We recognize this as a Riemann sum for the function ¢f(¢). As the time interval shrinks 
(that is, At — 0 and n — ©), this Riemann sum approaches the integral 


° t f(t) dt 


This integral is called the mean waiting time. 
In general, the mean of any probability density function f is defined to be 


It is traditional to denote the mean by 
the Greek letter jz (mu). 


= [FQ dx 


The mean can be interpreted as the long-run average value of the random variable X. It 
can also be interpreted as a measure of centrality of the probability density function. 

The expression for the mean resembles an integral we have seen before. If & is the 
region that lies under the graph of f/ we know from Formula 8.3.8 that the x-coordinate 
of the centroid of % is 


t x f(x) dx 
x = =|" x f(x) dx = pw 
[fede 
FIGURE 4 
RR balances at a point on the line because of Equation 2. So a thin plate in the shape of % balances at a point on the vertical 
x=p line x = pw. (See Figure 4.) 


EXAMPLE 3 Find the mean of the exponential distribution of Example 2: 


10= | if <0 


ce if +20 
SOLUTION According to the definition of a mean, we have 
w= i tf(t) dt = { tce “dt 


To evaluate this integral we use integration by parts, with u = t and dv = ce “' dt, so 
du = dtandv = —-e“: 


I tce dt = lim |° tce~“'dt = lim (-e-4 + { oa) 
0 fo} 0 


1 0 x30 


= lim 


x0 


( 1 <) = a (The limit of the first term 


ee € _ Cc Cc is 0 by l’Hospital’s Rule.) 
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The mean is pp = 1/c, so we can rewrite the probability density function as 


0 if t<0 
t = 
FO fone if t=0 


EXAMPLE 4 Suppose the average waiting time for a customer’s call to be answered 
by a customer service agent is five minutes. 

(a) Find the probability that a call is answered during the first minute, assuming that 
an exponential distribution is appropriate. 

(b) Find the probability that a customer waits on hold for more than five minutes 
before the call is answered. 


SOLUTION 
(a) We are given that the mean of the exponential distribution is 4. = 5 min and so, 
from the result of Example 3, we know that the probability density function is 


0 if r<0 
flO = oe if r=0 


where f is measured in minutes. Thus the probability that a call is answered during the 
first minute is 


PO<T<1)= {r@ dt 


I 


| 0.2e dt = 0.2(-S)e"), 
0 


=1-e') = 0.1813 


So about 18% of customers’ calls are answered during the first minute. 


(b) The probability that a customer waits on hold more than five minutes is 


P(T>5)= { f(t) dt = i. 0.2e7"5 dt 


= lim 7 0.2e-/ dt = lim (e"! — e~*) 
1 

= — — 0 ~ 0.368 
e 


About 37% of customers wait on hold more than five minutes before their calls are 
answered. 


Notice the result of Example 4(b): even though the mean waiting time is 5 minutes, 
only 37% of callers wait more than 5 minutes. The reason is that some callers have to 
wait much longer (maybe 10 or 15 minutes), and this brings up the average. 

Another measure of centrality of a probability density function is the median. That is 
a number m such that half the callers have a waiting time less than m and the other callers 
have a waiting time longer than m. In general, the median of a probability density func- 
tion is the number m such that 


[f@) ax =} 


This means that half the area under the graph of f lies to the right of m. In Exercise 9 you 
are asked to show that the median waiting time for the company described in Example 4 
is approximately 3.5 minutes. 
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The standard deviation is denoted by 
the lowercase Greek letter o (sigma). 


YA 


0.02+ 


FIGURE 5 


Normal distributions 


FIGURE 6 


60 80 100 120 140 x 
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B® Normal Distributions 


Many important random phenomena—such as test scores on aptitude tests, heights and 
weights of individuals from a homogeneous population, annual rainfall in a given 
location—are modeled by a normal distribution. This means that the probability den- 
sity function of the random variable X is a member of the family of functions 


= ! —(x-p)?/Qa02) 
[3] iG) oa 

You can verify that the mean for this function is ju. The positive constant o is called 
the standard deviation; it measures how spread out the values of X are. From the bell- 
shaped graphs of members of the family in Figure 5, we see that for small values of o 
the values of X are clustered about the mean, whereas for larger values of o the values 
of X are more spread out. Statisticians have methods for using sets of data to estimate 
pando. 


a 


The factor 1/ (o/ 27 ) is needed to make f a probability density function. In fact, it 
can be verified using the methods of multivariable calculus (see Exercise 15.3.48) that 


is 1 eo #)2/Q202) Jy = | 
mace 0 27 


EXAMPLE 5 Intelligence Quotient (IQ) scores are distributed normally with mean 
100 and standard deviation 15. (Figure 6 shows the corresponding probability density 
function.) 

(a) What percentage of the population has an IQ score between 85 and 115? 

(b) What percentage of the population has an IQ above 140? 


SOLUTION 
(a) Since IQ scores are normally distributed, we use the probability density function 
given by Equation 3 with w = 100 and o = 15: 


P(85 =X < 115) =|" Pg (e-1009/215 gy 


8 15./2a 


Recall from Section 7.5 that the function y = e*’ doesn’t have an elementary anti- 
derivative, so we can’t evaluate the integral exactly. But we can use the numerical 
integration capability of a calculator or computer (or the Midpoint Rule or Simpson’s 
Rule) to estimate the integral. Doing so, we find that 


P(85 < X S 115) ~ 0.68 


So about 68% of the population has an IQ score between 85 and 115, that is, within one 
standard deviation of the mean. 
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(b) The probability that the IQ score of a person chosen at random is more than 140 is 


P(X > 140) = i 


% 1 


40 15./27 


~(x—100)2 
é (x—100) 1450 dy 


To avoid the improper integral we could approximate it by the integral from 140 to 200. 
(It’s quite safe to say that people with an IQ over 200 are extremely rare.) Then 


P(X > 140) = | 


200 1 


40 15.27 


e7 —100)?/450 dx ~ 0.0038 


Therefore about 0.4% of the population has an IQ score over 140. Go 


8.5 | Exercises 


. Let f(x) be the probability density function for the lifetime 


of a manufacturer’s highest quality car tire, where x is mea- 
sured in miles. Explain the meaning of each integral. 


co frnde a fe fe 


. Let f(t) be the probability density function for the time it 
takes you to drive to school, where ft is measured in minutes. 


Express the following probabilities as integrals. 

(a) The probability that you drive to school in less than 
15 minutes 

(b) The probability that it takes you more than half an hour 
to get to school 


. Let f(x) = 30x7(1 — x)? for0 < x < 1 and f(x) = 0 for 


all other values of x. 
(a) Verify that f is a probability density function. 
(b) Find P(X < 4). 


. The density function 


e x 


f(x) = a+e=p 


is an example of a logistic distribution. 

(a) Verify that f is a probability density function. 

(b) Find P(3 < X < 4). 

(c) Graph f. What does the mean appear to be? What about 
the median? 


. Let f(x) = c/(1 + x’). 


(a) For what value of c is f a probability density function? 
(b) For that value of c, find P(—1 < X < 1). 


. Let f(x) = k(3x — x?) if0 <x <3 and f(x) = Oifx <0 


orx > 3. 

(a) For what value of k is f a probability density function? 
(b) For that value of k, find P(X > 1). 

(c) Find the mean. 


. A spinner from a board game randomly indicates a real 


number between 0 and 10. The spinner is fair in the sense 
that it indicates a number in a given interval with the same 


10. 


11. 


probability as it indicates a number in any other interval of 
the same length. 
(a) Explain why the function 


fl”) 0.1 if O<x<10 
x) = 
0 ifx<0Oorx>10 


is a probability density function for the spinner’s values. 
(b) What does your intuition tell you about the value of the 
mean? Check your guess by evaluating an integral. 


. (a) Explain why the function whose graph is shown is a 


probability density function. 

(b) Use the graph to find the following probabilities: 
(i) P(X < 3) (ii) PB <X <8) 

(c) Calculate the mean. 


. Show that the median waiting time for a phone call to the 


company described in Example 4 is about 3.5 minutes. 


(a) A type of light bulb is labeled as having an average life- 
time of 1000 hours. It’s reasonable to model the prob- 
ability of failure of these bulbs by an exponential 
density function with mean w = 1000. Use this model 
to find the probability that a bulb 

(i) fails within the first 200 hours, 
(ii) burns for more than 800 hours. 
(b) What is the median lifetime of these light bulbs? 


An online retailer has determined that the average time for 

credit card transactions to be electronically approved is 

1.6 seconds. 

(a) Use an exponential density function to find the 
probability that a customer waits less than a second for 
credit card approval. 
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13 


14 


15 


16 


(b) Find the probability that a customer waits more than 
3 seconds. 

(c) What is the minimum approval time for the slowest 5% 
of transactions? 


The time between infection and the display of symptoms 

for streptococcal sore throat is a random variable whose 

probability density function can be approximated by 

foO= a te °° if 0 <r < 150 and f(t) = 0 otherwise 

(t measured in hours). 

(a) What is the probability that an infected patient will 
display symptoms within the first 48 hours? 

(b) What is the probability that an infected patient will not 
display symptoms until after 36 hours? 


Source: Adapted from P. Sartwell, “The Distribution of Incubation Periods of 
Infectious Disease,” American Journal of Epidemiology 141 (1995): 386-94. 


REM sleep is the phase of sleep when most active dreaming 
occurs. In a study, the amount of REM sleep during the first 
four hours of sleep was described by a random variable T 
with probability density function 


aut if 0O<1<40 
5 —iaot if 40<1<80 


otherwise 


f= 


where ¢ is measured in minutes. 

(a) What is the probability that the amount of REM sleep is 
between 30 and 60 minutes? 

(b) Find the mean amount of REM sleep. 


According to the National Health Survey, the heights of adult 

males in the United States are normally distributed with mean 

69.0 inches and standard deviation 2.8 inches. 

(a) What is the probability that an adult male chosen at 
random is between 65 inches and 73 inches tall? 

(b) What percentage of the adult male population is more 
than 6 feet tall? 


The “Garbage Project” at the University of Arizona reports 
that the amount of paper discarded by households per week is 
normally distributed with mean 9.4 Ib and standard deviation 
4.2 lb. What percentage of households throw out at least 10 Ib 
of paper a week? 


Boxes are labeled as containing 500 g of cereal. The machine 
filling the boxes produces weights that are normally distrib- 
uted with standard deviation 12 g. 

(a) If the target weight is 500 g, what is the probability that 
the machine produces a box with less than 480 g of 
cereal? 

(b) Suppose a law states that no more than 5% of a manu- 
facturer’s cereal boxes may contain less than the stated 
weight of 500 g. At what target weight should the manu- 
facturer set its filling machine? 


17. 


18. 


19. 


20. 


21. 
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The speeds of vehicles on a highway with speed limit 

100 km/h are normally distributed with mean 112 km/h and 

standard deviation 8 km/h. 

(a) What is the probability that a randomly chosen vehicle is 
traveling at a legal speed? 

(b) If police are instructed to ticket motorists driving 
125 km/h or more, what percentage of motorists are 
targeted? 


Show that the probability density function for a normally dis- 
tributed random variable has inflection points at x = w + o. 


For any normal distribution, find the probability that the 
random variable lies within two standard deviations of 
the mean. 


The standard deviation for a random variable with probability 
density function f and mean yp is defined by 


1/2 
oe ie (x = wf) ax| 


Find the standard deviation for an exponential density func- 
tion with mean p. 


The hydrogen atom is composed of one proton in the nucleus 
and one electron, which moves about the nucleus. In the 
quantum theory of atomic structure, it is assumed that the 
electron does not move in a well-defined orbit. Instead, it 
occupies a state known as an orbital, which may be thought 
of as a “cloud” of negative charge surrounding the nucleus. 
At the state of lowest energy, called the ground state, or 
1s-orbital, the shape of this cloud is assumed to be a sphere 
centered at the nucleus. This sphere is described in terms of 
the probability density function 


4 
= 2,—2r/ag 
r)= re 
pr) z 


where dy is the Bohr radius (ay ~ 5.59 X 107m). The 
integral 


4 
P(r) = | — 5767/4 ds 


2 
0a 


gives the probability that the electron will be found within the 
sphere of radius r meters centered at the nucleus. 

(a) Verify that p(r) is a probability density function. 

(b) Find lim,_... p(r). For what value of r does p(r) have its 
maximum value? 

Graph the density function. 

Find the probability that the electron will be within the 
sphere of radius 4a centered at the nucleus. 

Calculate the mean distance of the electron from the 
nucleus in the ground state of the hydrogen atom. 


(c) 
(d) 


(e) 
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OEM review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. 


(a) How is the length of a curve defined? 

(b) Write an expression for the length of a smooth curve 
given by y=f(x),a <x <b. 

(c) What if x is given as a function of y? 


. (a) Write an expression for the surface area of the surface 


obtained by rotating the curve y = f(x),a <x Sb, 
about the x-axis. 

(b) What if x is given as a function of y? 

(c) What if the curve is rotated about the y-axis? 


. Describe how we can find the hydrostatic force against a 


vertical wall submersed in a fluid. 


. (a) What is the physical significance of the center of mass of 


a thin plate? 

(b) If the plate lies between y = f(x) and y = 0, where 
a =x <b, write expressions for the coordinates of the 
center of mass. 


. What does the Theorem of Pappus say? 


TRUE-FALSE QUIZ 


10. 


. Given a demand function p(x), explain what is meant by the 


consumer surplus when the amount of a commodity currently 
available is X and the current selling price is P. Illustrate with 
a sketch. 


. (a) What is cardiac output? 


(b) Explain how the cardiac output can be measured by the 
dye dilution method. 


. What is a probability density function? What properties does 


such a function have? 


. Suppose f(x) is the probability density function for the 


weight of a female college student, where x is measured in 
pounds. 

(a) What is the meaning of the integral ne (x) dx? 

(b) Write an expression for the mean of this density function. 
(c) How can we find the median of this density function? 


What is a normal distribution? What is the significance of the 
standard deviation? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. 


The arc lengths of the curves y = f(x) and y = f(x) + c for 
a =x S bare equal. 


2. If the curve y = f(x), a < x S b, lies above the x-axis and if 


c > 0, then the areas of the surfaces obtained by revolving 
y = f(x) and y = f(x) + c about the x-axis are equal. 


. If f(x) S g(x) for a < x S b, then the arc length of the curve 


y = f(x) for a < x S bis less than or equal to the arc length 
of the curve y = g(x) fora<x <b. 


EXERCISES 


. The length of the curve y = x*,0 <x <1, is 


L=(jv1 + x dx. 


. If f is continuous, f(0) = 0, and f(3) = 4, then the arc 


length of the curve y = f(x) for 0 < x < 3 is at least 5. 


. The center of mass of a lamina of uniform density p depends 


only on the shape of the lamina and not on p. 


. Hydrostatic pressure on a dam depends only on the water 


level at the dam and not on the size of the reservoir created by 
the dam. 


. If f is a probability density function, then J - f(x)dx = 1. 


1-3 Find the length of the curve. 


1. 


y =4(x — 177, 


lsxx4 


2. y=2In(sin$x), 7/3<x<7 


3. 12x=4y? + 3y', 1l<ys<3 


. (a) Find the length of the curve 
1<x<2 
=—+—— <x< 
16 2x? 


(b) Find the area of the surface obtained by rotating the curve 
in part (a) about the y-axis. 
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5. Let C be the arc of the curve y = 2/(x + 1) from the point 
(0, 2) to (3, 5). Find a numerical approximation for each of 
the following, correct to four decimal places. 

(a) The length of C 

(b) The area of the surface obtained by rotating C about the 
X-axis 

(c) The area of the surface obtained by rotating C about the 
y-axis 


6. (a) The curve y = x’, 0 < x < 1, is rotated about the 
y-axis. Find the area of the resulting surface. 
(b) Find the area of the surface obtained by rotating the curve 
in part (a) about the x-axis. 


7. Use Simpson’s Rule with n = 10 to estimate the length of the 
sine curve y = sin x,0 < x S 7m. Round your answer to four 
decimal places. 


8. (a) Set up, but do not evaluate, an integral for the area of the 
surface obtained by rotating the sine curve in Exercise 7 
about the x-axis. 

(b) Evaluate your integral correct to four decimal places. 


9. Find the length of the curve 
y= [Ve — ldt 1<x<16 


10. Find the area of the surface obtained by rotating the curve in 
Exercise 9 about the y-axis. 


11. A gate in an irrigation canal is constructed in the form of a 
trapezoid 3 ft wide at the bottom, 5 ft wide at the top, and 
2 ft high. It is placed vertically in the canal so that the water 
just covers the gate. Find the hydrostatic force on one side of 
the gate. 


12. A trough is filled with water and its vertical ends have the 
shape of the parabolic region in the figure. Find the hydro- 
static force on one end of the trough. 


le 8 ft | _ 
4 ft 
| 


13-14 Find the centroid of the region shown. 


13. 
(4, 2) 
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15-16 Find the centroid of the region bounded by the given 
curves. 


15. y=5x, y= vx 


16. y=sinx, y=0, x=7/4, x= 37/4 


17. Find the volume obtained when the circle of radius 1 with 
center (1, 0) is rotated about the y-axis. 

18. Use the Theorem of Pappus and the fact that the volume of 
a sphere of radius r is $7rr* to find the centroid of the semi- 
circular region bounded by the curve y = Vr? — x? and 
the x-axis. 

19. The demand function for a commodity is given by 

p = 2000 — 0.1x — 0.01x? 


Find the consumer surplus when the sales level is 100. 


20. After a 6-mg injection of dye into an atrium of a heart, the 
readings of dye concentration at two-second intervals are as 
shown in the table. Use Simpson’s Rule to estimate the car- 
diac output. 


t c(t) t c(t) 
0 0 14 4.7 
2 1.9 16 3.3 
4 3.3 18 2.1 
6 5.1 20 1.1 
8 7.6 22 0.5 
10 TA 24 0) 
12 5.8 


21. (a) Explain why the function 


in if 0<% = 10 
fi) =4 20 10 


0) ifx<0Oorx>10 


is a probability density function. 
(b) Find P(X < 4). 
(c) Calculate the mean. Is the value what you would expect? 


22. Lengths of human pregnancies are normally distributed with 
mean 268 days and standard deviation 15 days. What percent- 
age of pregnancies last between 250 days and 280 days? 


23. The length of time spent waiting in line at a certain bank is 

modeled by an exponential density function with mean 

8 minutes. 

(a) What is the probability that a customer is served in the 
first 3 minutes? 

(b) What is the probability that a customer has to wait more 
than 10 minutes? 

(c) What is the median waiting time? 
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Problems Plus 


1. Find the area of the region S = {(x, y) |x 20, y <1, x*° + y? < 4y}. 
2. Find the centroid of the region enclosed by the loop of the curve y* = x7 — x*. 


3. Ifa sphere of radius r is sliced by a plane whose distance from the center of the sphere is d, 
then the sphere is divided into two pieces called segments of one base (see the first figure). 
The corresponding surfaces are called spherical zones of one base. 

(a) Determine the surface areas of the two spherical zones indicated in the first figure. 

(b) Determine the approximate area of the Arctic Ocean by assuming that it is approxi- 
mately circular in shape, with center at the North Pole and “circumference” at 75° north 
latitude. Use r = 3960 mi for the radius of the earth. 

(c) A sphere of radius r is inscribed in a right circular cylinder of radius r. Two planes per- 
pendicular to the central axis of the cylinder and a distance h apart cut off a spherical 
zone of two bases on the sphere (see the second figure). Show that the surface area of the 
spherical zone equals the surface area of the region that the two planes cut off on the 
cylinder. 

(d) The Torrid Zone is the region on the surface of the earth that is between the Tropic of 
Cancer (23.45° north latitude) and the Tropic of Capricorn (23.45° south latitude). What 
is the area of the Torrid Zone? 


4. (a) Show that an observer at height H above the north pole of a sphere of radius r can see a 
part of the sphere that has area 
Qar°-H 
r+H 


(b) Two spheres with radii r and R are placed so that the distance between their centers is d, 
where d > r + R. Where should a light be placed on the line joining the centers of the 
spheres in order to illuminate the largest total surface? 


5. Suppose that the density of seawater, p = p(z), varies with the depth z below the surface. 
(a) Show that the hydrostatic pressure is governed by the differential equation 


dP 


on plz)g 


where g is the acceleration due to gravity. Let Po and po be the pressure and density at 
z = 0. Express the pressure at depth z as an integral. 


(b) Suppose the density of seawater at depth z is given by p = poe*/”, where H is a positive 


constant. Find the total force, expressed as an integral, exerted on a vertical circular port- 
hole of radius r whose center is located at a distance L > r below the surface. 


P e) 6. The figure shows a semicircle with radius 1, horizontal diameter PQ, and tangent lines at P 
and Q. At what height above the diameter should the horizontal line be placed so as to mini- 
FIGURE FOR PROBLEM 6 mize the shaded area? 


7. Let P be a pyramid with a square base of side 2b and suppose that S is a sphere with its 
center on the base of P and S is tangent to all eight edges of P. Find the height of P. Then 
find the volume of the intersection of S and P. 
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8. Consider a flat metal plate to be placed vertically underwater with its top 2 m below the sur- 
face of the water. Determine a shape for the plate so that if the plate is divided into any num- 
ber of horizontal strips of equal height, the hydrostatic force on each strip is the same. 


10 


11 


12 


A uniform disk with radius 1 m is to be cut by a line so that the center of mass of the smaller 
piece lies halfway along a radius. How close to the center of the disk should the cut be 
made? (Express your answer correct to two decimal places.) 


A triangle with area 30 cm? is cut from a corner of a square with side 10 cm, as shown in the 
figure. If the centroid of the remaining region is 4 cm from the right side of the square, how 
far is it from the bottom of the square? 


10cm 


In a famous 18th-century problem, known as Buffon’s needle problem, a needle of length h 
is dropped onto a flat surface (for example, a table) on which parallel lines L units apart, 

L = h, have been drawn. The problem is to determine the probability that the needle will 
come to rest intersecting one of the lines. Assume that the lines run east-west, parallel to the 
x-axis in a rectangular coordinate system (as in the figure). Let y be the distance from the 
“southern” end of the needle to the nearest line to the north. (If the needle’s southern end lies 
on a line, let y = 0. If the needle happens to lie east-west, let the “western” end be the 
“southern” end.) Let 6 be the angle that the needle makes with a ray extending eastward 
from the southern end. Then 0 S y S Land 0 S @ S gz. Note that the needle intersects 

one of the lines only when y < / sin 0. The total set of possibilities for the needle can be 
identified with the rectangular region 0 < y < L, 0 S @ S 7, and the proportion of times 
that the needle intersects a line is the ratio 


area under y = hf sin 0 


area of rectangle 


This ratio is the probability that the needle intersects a line. Find the probability that the 
needle will intersect a line if h = L. What if h = 5L? 


If the needle in Problem 11 has length h > L, it’s possible for the needle to intersect more 

than one line. 

(a) If L = 4, find the probability that a needle of length 7 will intersect at least one line. 
[Hint: Proceed as in Problem 11. Define y as before; then the total set of possibilities 
for the needle can be identified with the same rectangular region 0 < y S L, 
0 < 6 S gw. What portion of the rectangle corresponds to the needle intersecting a line?] 

(b) If L = 4, find the probability that a needle of length 7 will intersect two lines. 

(c) If2L < h S 3L, find a general formula for the probability that the needle intersects 
three lines. 


13. Find the centroid of the region enclosed by the ellipse x7 + (x + y + 1? = 1. 
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Sea ice is an important part of the earth’s ecology. In Exercise 9.3.56 you are asked to derive a differential equation that models the 


thickness of sea ice as it changes over time. 
© Alexey Seafarer / Shutterstock.com 


Differential Equations 


PERHAPS THE MOST IMPORTANT of all the applications of calculus is to differential equations. 
When physical scientists or social scientists use calculus, more often than not it is to analyze a 
differential equation that has arisen in the process of modeling some phenomenon that they are 
studying. Although it is often impossible to find an explicit formula for the solution of a differ- 
ential equation, we will see that graphical and numerical approaches provide the needed 


information. 
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606 CHAPTER 9 Differential Equations 


9.1 


Now is a good time to read (or reread) 
the discussion of mathematical mod- 
eling in Section 1.2. 


anf 


FIGURE 1 
The family of solutions of dP/dt = kP 


Modeling with Differential Equations 


In describing the process of modeling in Chapter |, we talked about formulating a 
mathematical model of a real-world problem either through intuitive reasoning about 
the phenomenon or from a physical law based on evidence from experiments. The 
mathematical model often takes the form of a differential equation, that is, an equation 
that contains an unknown function and some of its derivatives. This is not surprising 
because in a real-world situation we often notice that changes occur and we want to 
predict future behavior on the basis of how current values change. We begin by examin- 
ing several examples of how differential equations arise when we model physical 
phenomena. 


B® Models for Population Growth 


One model for the growth of a population is based on the assumption that the population 
grows at a rate proportional to the size of the population. That is a reasonable assumption 
for a population of bacteria or animals under ideal conditions (unlimited environment, 
adequate nutrition, absence of predators, immunity from disease). 

Let’s identify and name the variables in this model: 


t= time (the independent variable) 
P = the number of individuals in the population (the dependent variable) 


The rate of growth of the population is the derivative dP/dt. So our assumption that 
the rate of growth of the population is proportional to the population size is written as the 
equation 


dP 


[1] oo 


where k is the proportionality constant. Equation | is our first model for population 
growth; it is a differential equation because it contains an unknown function P and its 
derivative dP/dt. 

Having formulated a model, let’s look at its consequences. If we rule out a population 
of 0, then P(t) > 0 for all t. So, if k > 0, then Equation 1 shows that P’(t) > 0 for all t. 
This means that the population is always increasing. In fact, as P(t) increases, 
Equation 1 shows that dP/dt becomes larger. In other words, the growth rate increases as 
the population increases. 

Let’s try to think of a solution of Equation 1. This equation asks us to find a function 
whose derivative is a constant multiple of itself. We know from Chapter 3 that exponen- 
tial functions have that property. In fact, if we let P(t) = Ce“, then 


P(t) = C(ke™) = k(Ce™') = kP(t) 


Thus any exponential function of the form P(t) = Ce“ is a solution of Equation 1. In 
Section 9.4, we will see that there is no other solution. 

Allowing C to vary through all the real numbers, we get the family of solutions 
P(t) = Ce“ whose graphs are shown in Figure 1. But populations have only positive 
values and so we are interested only in the solutions with C > 0. If we are concerned 
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FIGURE 2 
The family of solutions P(t) = Ce" 
with C > Oandt = 0 
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Solutions of the logistic equation 


d 


[= INNA 


m 


FIGURE 4 


equilibrium +0 


position 


Vx 


MMMM bt 


EW) 


ot 4 


SECTION 9.1 Modeling with Differential Equations 607 


only with values of ¢ greater than the initial time tf = 0, then Figure 2 shows the physi- 
cally meaningful solutions. Putting t = 0, we get P(0) = Ce“ = C, so the constant C 
turns out to be the initial population, P(0). 

Equation | is appropriate for modeling population growth under ideal conditions, but 
we have to recognize that a more realistic model must reflect the fact that a given envi- 
ronment has limited resources. Many populations start by increasing in an exponential 
manner, but the population levels off when it approaches its carrying capacity M (or 
decreases toward M if it ever exceeds M). For a model to take into account both trends, 
it should satisfy both of the following assumptions: 


dP 
e 4 =~ kP if Pissmall (Initially, the growth rate is proportional to P.) 


dP 
e ms <0 if P>M _ (P decreases if it ever exceeds M.) 


One way to incorporate both assumptions is to assume that the rate of population growth 
is proportional to both the population and the difference between the carrying capacity and 
the population. The corresponding differential equation is dP/dt = cP(M — P), where c 
is the proportionality constant, or equivalently, 


dP ( P 

[2] =kP\ 1 where k = cM 
dt M 

Notice that if P is small compared with M, then P/M is close to 0 and so dP/dt ~ kP. 

If P > M, then 1 — P/M is negative and so dP/dt < 0. 

Equation 2 is called the logistic differential equation and was proposed by the Dutch 
mathematical biologist Pierre-Frangois Verhulst in the 1840s as a model for world 
population growth. We will develop techniques that enable us to find explicit solutions of 
the logistic equation in Section 9.4, but for now we can deduce qualitative characteristics 
of the solutions directly from Equation 2. We first observe that the constant functions 
P(t) = 0 and P(t) = M are solutions because, in either case, one of the factors on the 
right side of Equation 2 is zero. (This certainly makes physical sense: if the population is 
ever either O or at the carrying capacity, it stays that way.) In general, constant solutions 
of a differential equation, like these two solutions, are called equilibrium solutions. 

If the initial population P(0) lies between 0 and M, then the right side of Equation 2 
is positive, so dP/dt > O and the population increases. But if the population exceeds the 
carrying capacity (P > M), then 1 — P/M is negative, so dP/dt < 0 and the population 
decreases. Notice that in either case, if the population approaches the carrying capacity 
(P — M), then dP/dt — 0, which means the population levels off. So we expect that the 
solutions of the logistic differential equation have graphs that look something like the 
ones in Figure 3. Notice that the graphs move away from the equilibrium solution P = 0 
and move toward the equilibrium solution P = M. 


@ A Model for the Motion of a Spring 


Let’s now look at an example of a model from the physical sciences. We consider the 
motion of an object with mass m at the end of a vertical spring (as in Figure 4). In Sec- 
tion 6.4 we discussed Hooke’s Law, which says that if the spring is stretched (or com- 
pressed) x units from its natural length, then it exerts a force that is proportional to x: 


restoring force = —kx 


where k is a positive constant (called the spring constant). If we ignore any external 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


608 


CHAPTER 9 Differential Equations 


resisting forces (due to air resistance or friction) then, by Newton’s Second Law (force 
equals mass times acceleration), we have 


d°x 
[3] m de = —kx 


This is an example of what is called a second-order differential equation because it 
involves second derivatives. Let’s see what we can guess about the form of the solution 
directly from the equation. We can rewrite Equation 3 in the form 


d°x k 


This says that the second derivative of x is proportional to x but has the opposite sign. We 
know two functions with this property, the sine and cosine functions. In fact, it turns out 
that all solutions of Equation 3 can be written as combinations of certain sine and cosine 
functions (see Exercise 16). This is not surprising; we expect the spring to oscillate about 
its equilibrium position and so it is natural to think that trigonometric functions are 
involved. 


BH General Differential Equations 


In general, a differential equation is an equation that contains an unknown function and 
one or more of its derivatives. The order of a differential equation is the order of the high- 
est derivative that occurs in the equation. Thus Equations | and 2 are first-order equations 
and Equation 3 is a second-order equation. In all three of those equations the independent 
variable is called ¢ and represents time, but in general the independent variable doesn’t 
have to represent time. For example, when we consider the differential equation 


[4] y! = xy 


it is understood that y is an unknown function of x. 

A function f is called a solution of a differential equation if the equation is satisfied 
when y = f(x) and its derivatives are substituted into the equation. Thus f is a solution 
of Equation 4 if 

FQ) = xf (x) 


for all values of x in some interval. 

When we are asked to solve a differential equation we are expected to find all possible 
solutions of the equation. We have already solved some particularly simple differential 
equations, namely, those of the form 


y' = fx) 
For instance, we know that the general solution of the differential equation 
=a 
is given by 
4 
y= z +C 


where C is an arbitrary constant. 

But, in general, solving a differential equation is not an easy matter. There is no sys- 
tematic technique that enables us to solve all differential equations. In Section 9.2, how- 
ever, we will see how to draw rough graphs of solutions even when we have no explicit 
formula. We will also learn how to find numerical approximations to solutions. 
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EXAMPLE 1 Determine whether the function y = x + 1/x is a solution of the given 
differential equation. 


(a) xy’ + y = 2x (b) xy” + 2y’ =0 

SOLUTION The first and second derivatives of y = x + 1/x (with respect to x) are 

y’ =1— 1/x* and y" = 2/x?. 

(a) Substituting the expressions for y and y’ into the left side of the differential equa- 


tion, we get 
, 1 1 
xy t+y=xtl—-——] + lxr— 
x x 
1 


Because 2x is equal to the right side of the differential equation, y = x + 1/xisa 
solution. 
(b) Substituting for y’ and y”, the left side becomes 


” - 2 1 
xy" + 2y’ =x a + 2 ne 


which is not equal to the right side of the differential equation. Thus y = x + 1/x is 
not a solution. a 


EXAMPLE 2 Show that every member of the family of functions 


. Lee 
a Tae 
is a solution of the differential equation y’ = $(y? — 1). 
SOLUTION We use the Quotient Rule to differentiate the expression for y: 


, (= ce')(ce') — (1 + ce')(~ce') 


(1 — ce'y 
Figure 5 shows graphs of seven mem- 
bers of the family in Example 2. The _ ce ee ce ere” _ 2ce! 
differential equation shows that if (1 — ce’) (l= «ey 


y ~ +1, then y’ = 0. That is borne 
out by the flatness of the graphs near _—‘ The right side of the differential equation becomes 


a al L(y? j= lee 1 
5 - ay 2 1 — ce’ 
i E +ce'P-(1- 1] 
5 5 2 el = ce!) 
ad Ace’ _ 2ce’ 
/) 2(1- ce’? (1 — ce’)? 
=5 


This shows that the left and right sides of the differential equation are equal. Therefore, 
FIGURE 5 for every value of c, the given function is a solution of the differential equation. a 
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When applying differential equations, we are usually not as interested in finding a 
family of solutions (the general solution) as we are in finding a solution that satisfies 
some additional requirement. In many physical problems we need to find the particular 
solution that satisfies a condition of the form y(to) = yo. This is called an initial condi- 
tion, and the problem of finding a solution of the differential equation that satisfies the 
initial condition is called an initial-value problem. 

Geometrically, when we impose an initial condition, we look at the family of solution 
curves and pick the one that passes through the point (to, yo). Physically, this corresponds 
to measuring the state of a system at time f and using the solution of the initial-value 
problem to predict the future behavior of the system. 


EXAMPLE 3 Find a solution of the differential equation y’ = 5(y? — 1) that satisfies 
the initial condition y(0) = 2. 


SOLUTION From Example 2 we know that for any value of c, the function 


_, eee 


a 1 — ce’ 


is a solution of this differential equation. Substituting the values t = 0 and y = 2, we get 


tee +e 


1 — ce° 


2 
1. =6 


Solving this equation for c, we get 2 — 2c = 1 + c, which gives c = 7 So the solution 


1+7e 3+e! 


fle —e! 
1 — ze 3 =e 


y= 


The graph of the solution is shown in Figure 6. The curve is the one member of the 


family of solution curves from Figure 5 that passes through the point (0, 2). a 


> 
(0, 2) of the initial-value problem is 
5 5 
=) 
FIGURE 6 
9.1 | Exercises 
1-5 Write a differential equation that models the given situation. 


In each case the stated rate of change is with respect to time f. 


1. 


The rate of change of the radius r of a tree trunk is inversely 
proportional to the radius. 


. The rate of change of the velocity v of a falling body is 


constant. 


. For acar with maximum velocity M, the rate of change of the 


velocity v of the car is proportional to the difference between 
M and v. 


. When an infectious disease is introduced into a city of fixed 


population N, the rate of change of the number y of infected 
individuals is proportional to the product of the number 

of infected individuals and the number of noninfected 
individuals. 


5 


. When an advertising campaign for a new product is intro- 
duced into a city of fixed population N, the rate of change of 
the number y of individuals who have heard about the product 
at time f is proportional to the number of individuals in the 
population who have not yet heard about the product. 


6- 


12 Determine whether the given function is a solution of the 


differential equation. 


6. y=sinx —cosx; y' +y=2sinx 
7.y=fertte*; y' + 2y=2e* 
8. y=tanx; y —-y?>=1 


9. 


10 


y=vx; xy'-y=0 


»y=VJ/1— x; yy’ —-x =0 
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11. y=x3; x?y” — 6y=0 
12. y=Inx; xy”—y' =0 


13-14 Show that the given function is a solution of the 
initial-value problem. 


d 
13. y tcost—t; t = y+ rsint, y(7) =0 
d 
14. y = 5e* + x; 2 2y = 1 — 2x, y(0) =5 
dx 


15. (a) For what values of r does the function y = e™ satisfy 
the differential equation 2y” + y’ — y= 0? 
(b) If 7; and 72 are the values of r that you found in part (a), 
show that every member of the family of functions 
y = ae" + be’ is also a solution. 


16. (a) For what values of k does the function y = cos kt sat- 
isfy the differential equation 4y" = —25y? 
(b) For those values of k, verify that every member of the 
family of functions y = A sin kt + Bcos kt is alsoa 
solution. 


17. Which of the following functions are solutions of the dif- 
ferential equation y” + y = sin x? 


(a) y = sinx (b) y =cosx 


(c) y= 5x sin x (d) y= —tx cos x 

18. (a) Show that every member of the family of functions 
y = (Inx + C)/x is a solution of the differential equa- 
tion x’y’ + xy = 1, 


(b) Illustrate part (a) by graphing several members of the 


family of solutions on a common screen. 

(c) Find a solution of the differential equation that satisfies 
the initial condition y(1) = 2. 

(d) Find a solution of the differential equation that satisfies 
the initial condition y(2) = 1. 


19. (a) What can you say about a solution of the equation 
y’ = —y? just by looking at the differential equation? 
(b) Verify that all members of the family y = 1/(x + C) 
are solutions of the equation in part (a). 
(c) Can you think of a solution of the differential equation 


y’ = —y’ that is not a member of the family in part (b)? 
(d) Find a solution of the initial-value problem 
y =-y y(0) = 0.5 


20. (a) What can you say about the graph of a solution of the 
equation y’ = xy? when x is close to 0? What if x is 
large? 

(b) Verify that all members of the family y = (c — x?)~ 
are solutions of the differential equation y’ = xy’. 


1/2 


(c) Graph several members of the family of solutions on 


a common screen. Do the graphs confirm what you 
predicted in part (a)? 
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(d) Find a solution of the initial-value problem 
y =ay y(0) =2 


21. A population is modeled by the differential equation 


dP P 
— = 1,2P| 1 —- —— 
dt ( a 


(a) For what values of P is the population increasing? 
(b) For what values of P is the population decreasing? 
(c) What are the equilibrium solutions? 


22. The Fitzhugh-Nagumo model for the electrical impulse in a 
neuron states that, in the absence of relaxation effects, the 
electrical potential in a neuron v(t) obeys the differential 
equation 


dv 
dt 


vie —- (1 +ajv+al] 


where a is a positive constant such that0 <a < 1. 

(a) For what values of v is v unchanging (that is, 
dv/dt = 0)? 

(b) For what values of v is v increasing? 

(c) For what values of v is v decreasing? 


23. Explain why the functions with the given graphs can’t be 
solutions of the differential equation 


24. The function with the given graph is a solution of one of the 
following differential equations. Decide which is the correct 
equation and justify your answer. 


A. y’=1+xy B. y’ = —2xy C. y’ =1—2xy 
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612 CHAPTER 9 Differential Equations 


25. Match the differential equations with the solution graphs 27. Psychologists interested in learning theory study learning 
labeled I-IV. Give reasons for your choices. curves. A learning curve is the graph of a function P(t), the 
(a) y =14+x24+y? (b) y) =xer performance of someone learning a skill as a function of the 
training time t. The derivative dP/dt represents the rate at 
(c) y= — (d) y'’ = sin(xy) cos(xy) which performance improves. 
Pte” (a) When do you think P increases most rapidly? What 


happens to dP/dt as t increases? Explain. 

(b) If M is the maximum level of performance of which 
the learner is capable, explain why the differential 
equation 


i) x dP oan 
Po k(M — P) k a positive constant 


oO 
RY 


is a reasonable model for learning. 
(c) Make a rough sketch of a possible solution of this 
differential equation. 


et 
> 


Ul yA IV : : : 
28. Von Bertalanffy’s equation states that the rate of growth in 


length of an individual fish is proportional to the difference 

between the current length L and the asymptotic length L.. 

(in centimeters). 

(a) Write a differential equation that expresses this idea. 

(b) Make a rough sketch of the graph of a solution of a 
typical initial-value problem for this differential 
equation. 


RY 
RY 


29. 


Differential equations have been used extensively in the study 
of drug dissolution for patients given oral medications. One 
such equation is the Weibull equation for the concentration 


26. Suppose you have just poured a cup of freshly brewed coffee 
with temperature 95°C in a room where the temperature 


is 20°C. : 
; ; c(t) of the drug: 
(a) When do you think the coffee cools most quickly? What 
happens to the rate of cooling as time goes by? Explain. de k 
(b) Newton’s Law of Cooling states that the rate of cooling nw OF (cy — ¢) 


of an object is proportional to the temperature difference 
between the object and its surroundings, provided that 


deh , : ; : where k and c, are positive constants and 0 < b < 1. Verify 
this difference is not too large. Write a differential 


equation that expresses Newton’s Law of Cooling for this ia 
particular situation. What is the initial condition? In view c(t) = c.(1 — ew) 
of your answer to part (a), do you think this differential 
equation is an appropriate model for cooling? is a solution of the Weibull equation for t > 0, where 
(c) Make a rough sketch of the graph of the solution of the a = k/(1 — b). What does the differential equation say about 
initial-value problem in part (b). how drug dissolution occurs? 


9.2 | Direction Fields and Euler’s Method 


Unfortunately, it’s impossible to solve most differential equations in the sense of obtain- 
ing an explicit formula for the solution. In this section we show that, despite the absence 
of an explicit solution, we can still learn a lot about the solution through a graphical 
approach (direction fields) or a numerical approach (Euler’s method). 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 9.2 Direction Fields and Euler's Method 613 


® Direction Fields 


YA Suppose we are asked to sketch the graph of the solution of the initial-value problem 


Slope at y=xty y(0) = 1 

(X25 Y2) is 

Xy+ Y2. We don’t know a formula for the solution, so how can we possibly sketch its graph? Let’s 
think about what the differential equation means. The equation y’ = x + y tells us 
that the slope at any point (x, y) on the graph (called the solution curve) is equal to the 


Slope at 


(x1, y;) is 
X,+ yy. 


7 * sum of the x- and y-coordinates of the point (see Figure 1). In particular, because the 

curve passes through the point (0, 1), its slope there must be 0 + 1 = 1. Soa small por- 

FIGURE 1 tion of the solution curve near the point (0, 1) looks like a short line segment through 
A solution of y’ = x + y (0, 1) with slope 1. (See Figure 2.) 


As a guide to sketching the rest of the curve, let’s draw short line segments at a num- 

ber of points (x, y) with slope x + y. The result is called a direction field and is shown in 

YA Figure 3. For instance, the line segment at the point (1, 2) has slope | + 2 = 3. The 

direction field allows us to visualize the general shape of the solution curves by indi- 
cating the direction in which the curves proceed at each point. 


Slope at (0, 1) 
0, 1) P 
menge isO+1=1. 


YA YA 

- See, Phe i i of Sf ft Ee a a 

2 Be PE PE EL | Nae y/ Pees 

i Sa eel ae ee ae ae | | MH es ke A 

FIGURE 2 Ve Ss LOE i ee a yi ill 
Beginning of the solution curve RO eer fh fo WA = ae Lok id 
through (0, 1) ver © ye ep? a x <a ee ot tat 
WYNN NOS SS SH Sd LY ADM ESS HS A 

eM A A ie eS A OA AOS SH ey 

We A PRE ig er NO AGE Ae ON SS ere 

Ne SUE Yo A OO Se Me UO A ay Re ie Sect 

Ne A Oe, See es a a A Se a 

FIGURE 3 FIGURE 4 
Direction field for y’ = x + y The solution curve through (0, 1) 


Now we can sketch the solution curve through the point (0, 1) by following the direc- 
tion field as in Figure 4. Notice that we have drawn the curve so that it is parallel to 
nearby line segments. 

In general, suppose we have a first-order differential equation of the form 


y' = F(2, y) 


where F(x, y) is some expression in x and y. The differential equation says that the slope 
of a solution curve at a point (x, y) on the curve is F(x, y). If we draw short line segments 
with slope F(x, y) at several points (x, y), the result is called a direction field (or slope 
field). These line segments indicate the direction in which a solution curve is heading, so 
the direction field helps us visualize the general shape of these curves. 


EXAMPLE 1 
(a) Sketch the direction field for the differential equation y’ = x7 + y? — 1. 
(b) Use part (a) to sketch the solution curve that passes through the origin. 
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FIGURE 7 


SOLUTION 
(a) We start by computing the slope at several points in the following table: 


de —2 —1 0 1 2 | —2 =i 0 1 2 
y 0 0 @ “0: | @-I\ -4 mEnea kh 
Y =a aye = il 3 0 -1 | 0 | 3 4 1 Oo; 144 


Now we draw short line segments with these slopes at these points. The result is the 
direction field shown in Figure 5. 


pe 
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a oe 
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enke. 


FIGURE 5 FIGURE 6 


(b) We start at the origin and move to the right in the direction of the line segment 
(which has slope —1). We continue to draw the solution curve so that it moves parallel 
to the nearby line segments. The resulting solution curve is shown in Figure 6. Return- 
ing to the origin, we draw the solution curve to the left as well. a 


The more line segments we draw in a direction field, the clearer the picture becomes. 
Of course, it’s tedious to compute slopes and draw line segments by hand for a huge 
number of points, but computers are well suited for this task. Figure 7 shows a more 
detailed, computer-drawn direction field for the differential equation in Example 1. It 
enables us to draw, with reasonable accuracy, the solution curves with y-intercepts —2, 
—1, 0, 1, and 2. 

Now let’s see how direction fields give insight into physical situations. The simple 
electric circuit shown in Figure 8 contains an electromotive force (usually a battery or 
generator) that produces a voltage of E(t) volts (V) and a current of /(t) amperes (A) at 
time ft. The circuit also contains a resistor with a resistance of R ohms ((Q) and an induc- 
tor with an inductance of L henries (H). 

Ohm’s Law gives the drop in voltage due to the resistor as R/. The voltage drop due 
to the inductor is L(di/dt). One of Kirchhoff’s laws says that the sum of the voltage drops 
is equal to the supplied voltage E(t). Thus we have 


1 
[1] Lo + RI= EW) 


which is a first-order differential equation that models the current / at time t. 
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R EXAMPLE 2 Suppose that in the simple circuit of Figure 8 the resistance is 12 (, the 
inductance is 4 H, and a battery gives a constant voltage of 60 V. 
(a) Draw a direction field for Equation | with these values. 
L (b) What can you say about the limiting value of the current? 
(c) Identify any equilibrium solutions. 
(d) If the switch is closed when t = 0 so the current starts with J(0) = 0, use the 


switch direction field to sketch the solution curve. 
FIGURE 8 SOLUTION 
(a) If we put L = 4, R = 12, and E(t) = 60 in Equation 1, we get 


dl dl 
4— + 12/= —= 15-3] 
v7 60 or a ee 


The direction field for this differential equation is shown in Figure 9. 
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FIGURE 9 


(b) It appears from the direction field that all solutions approach the value 5 A, that is, 
lim I(t) = 5 
too 


Recall that an equilibrium solution is (c) From the direction field we see that the constant function /(t) = 5 is an equi- 
aconstant solution (its graph isahor- librium solution. Indeed, we can verify this directly from the differential equation 
izontal line). dl/dt = 15 — 31. If (t) = 5, then the left side is di/dt = 0 and the right side is 

15 — 3(5) = 0. 

(d) We use the direction field to sketch the solution curve that passes through (0, 0), 

as shown in red in Figure 10. 
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FIGURE 10 
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solution curve 


FIGURE 11 


First Euler approximation 


Notice from Figure 9 that the line segments along any horizontal line are parallel. 
That is because the independent variable f does not occur on the right side of the equation 
I' = 15 — 3. In general, a differential equation of the form 


y' = f(y) 


in which the independent variable is missing from the right side, is called autonomous. 
For such an equation, the slopes corresponding to two different points with the same 
y-coordinate must be equal. This means that if we know one solution to an autonomous 
differential equation, then we can obtain infinitely many others just by shifting the graph 
of the known solution to the right or left. In Figure 10 we have shown the solutions that 
result from shifting the solution curve of Example 2 one and two time units (namely, 
seconds) to the right. They correspond to closing the switch when t = | ort = 2. 


® Euler’s Method 


The basic idea behind direction fields can be used to find numerical approximations to 
solutions of differential equations. We illustrate the method on the initial-value problem 
that we used to introduce direction fields: 


yuxty y(0) = 1 


The differential equation tells us that y'(0) = 0 + 1 = 1, so the solution curve has slope | 
at the point (0, 1). As a first approximation to the solution we could use the linear approxi- 
mation L(x) = x + 1. In other words, we could use the tangent line at (0, 1) as a rough 
approximation to the solution curve (see Figure 11). 


YA YA 
1 | 1 
j 1.5 
| > -—> 
o 0.5 i * 0} 0.25 1 * 
FIGURE 12 FIGURE 13 
Euler approximation with step size 0.5 Euler approximation with step size 0.25 


Euler’s idea was to improve on this approximation by proceeding only a short distance 
along this tangent line and then making a midcourse correction by changing direction as 
indicated by the direction field. Figure 12 shows what happens if we start out along the 
tangent line but stop when x = 0.5. (This horizontal distance traveled is called the step 
size.) Since L(0.5) = 1.5, we have y(0.5) ~ 1.5 and we take (0.5, 1.5) as the starting point 
for a new line segment. The differential equation tells us that y'(0.5) = 0.5 + 1.5 = 2,so 
we use the linear function 


y= 1.5 + 2(x — 0.5) = 2x + 0.5 


as an approximation to the solution for x > 0.5 (the purple segment in Figure 12). If we 
decrease the step size from 0.5 to 0.25, we get the better Euler approximation shown in 
Figure 13. 

In general, Euler’s method says to start at the point given by the initial value and pro- 
ceed in the direction indicated by the direction field. Stop after a short distance, look at 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 9.2 Direction Fields and Euler's Method 617 


the slope at the new location, and proceed in that direction. Keep stopping and changing 
direction according to the direction field. Euler’s method does not produce the exact 
solution to an initial-value problem—it gives approximations. But by decreasing the step 
(“41 1) size (and therefore increasing the number of midcourse corrections), we obtain succes- 
hF(Xo Yo) sively better approximations to the exact solution. (Compare Figures 11, 12, and 13.) 
For the general first-order initial-value problem y’ = F(x, y), y(xo) = yo, our aim is to 
find approximate values for the solution at equally spaced numbers xo, x1 = x0 + h, 
xX. =x, +h,..., where his the step size. The differential equation tells us that the slope 
at (xo, yo) is y’ = F(Xo, yo), so Figure 14 shows that the approximate value of the solu- 
> tion when x = x; is 


slope = F(X, Yo) 


0 Xp x, x 
yi = yo + AF (Xo, yo) 
FIGURE 14 
Similarly, y2 = yi + AF (x1, y1) 
In general, Yn = Yn-1 + AF (Xn-1, Yn-1) 


Euler’s Method Approximate values for the solution of the initial-value problem 
y’ = F(x, y), y(xo) = yo, with step size h, at x, = Xn-1 + h, are 


Yn = Yn-1 + NF (Xn-1, Yn-1) n= i, 2, 3 eaeee 


EXAMPLE3 Use Euler’s method with step size 0.1 to construct a table of approximate 
values for the solution of the initial-value problem 


yrxty y(0) = 1 
SOLUTION We are given that h = 0.1, x9 = 0, yo = 1, and F(x, y) = x + y. So we have 
yi = yo + hF(xo, yo) = 1 + 0.100 + 1) = 1.1 
yo = yy + hF(x, v1) = 1.1 + 0.10.1 + 1.1) = 1.22 
y3 = yo + hF (x2, yr) = 1.22 + 0.1(0.2 + 1.22) = 1.362 


This means that if y(x) is the exact solution, then y(0.3) ~ 1.362. 
Proceeding with similar calculations, we get the values in the table: 


Computer software that produces 
: : ‘ n Xn Yn n Xn Yn 

numerical approximations to solu- 

tions of differential equations uses 1 0.1 1.100000 6 0.6 1.943122 

methods that are refinements of 2 0.2 1.220000 7 0.7 2.197434 

Euler’s method. Although Euler’s 3 0.3 1.362000 8 0.8 2.487178 

method is simple and not as accurate, 4 0.4 1.528200 9 0.9 2.815895 

it is the basic idea on which the more 5 05 1.721020 10 1.0 3.187485 

accurate methods are based. | 


For a more accurate table of values in Example 3 we could decrease the step size. But 
for a large number of small steps the amount of computation is considerable and so we 
need to program a calculator or computer to carry out these calculations. The following 
table shows the results of applying Euler’s method with decreasing step size to the initial- 
value problem of Example 3. 
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Notice that the Euler estimates in the table below seem to be approaching limits, 
namely, the true values of y(0.5) and y(1). Figure 15 shows graphs of the Euler approxi- 
mations with step sizes 0.5, 0.25, 0.1, 0.05, 0.02, 0.01, and 0.005. They are approaching 
the exact solution curve as the step size / approaches 0. 


Euler estimate of | Euler estimate of a 
Step size y(0.5) y(1) 
0.500 1.500000 2.500000 
0.250 1.625000 2.882813 
0.100 1.721020 3.187485 
0.050 1.757789 3.306595 
0.020 1.781212 3.383176 
0.010 1.789264 3.409628 
0.005 1.793337 3.423034 
0.001 1.796619 3.433848 ; 
+ + = 
0 0.5 1 * 
FIGURE 15 Euler approximation approaching the exact solution 
Euler EXAMPLE 4 In Example 2 we discussed a simple electric circuit with resistance 
12 Q, inductance 4 H, and a battery with voltage 60 V. If the switch is closed when 
Leonhard Euler (1707-1783) was the =0 dstedith ‘Tait he tha tuigalsal bl 
leading mathematiclanerthe-rnid: t = 0, we modeled the current / at time f by the initial-value problem 
18th century and the most prolific 
mathematician of all time. He was dl 
born in Switzerland but spent most of dt = 15-31 1(0) = 0 
his career at the academies of science 
supported by Catherine the Great in . . oo, . ; 
St. Petersburg and Frederick the Great Estimate the current in the circuit half a second after the switch is closed. 
in Berlin. The collected works of Euler ; . = _ _ 
(etonounced Oiler fill abour 100 large SOLUTION We use Euler’s method with F(t, 7) = 15 — 31, to = 0, Io = 0, and step 
volumes. As the French physicist size h = 0.1 second: 
Arago said, “Euler calculated without 
apparent effort, as men breathe or as 1 =0+0105 -—3-0)=15 
eagles sustain themselves in the air.” 
Euler’s calculations and writings were _ ear a _ 
not diminished by raising 13 children h=15 + 0.105 — 3+ 1.5) = 2.55 
or being totally blind for the last 17 
years of his life. In fact, when blind, he I, = 2.55 + 0.1015 — 3 + 2.55) = 3.285 
dictated his discoveries to his helpers 
Sone ediedstievel vane I, = 3.285 + 0.1(15 — 3 + 3.285) = 3.7995 
imagination. His treatises on calculus 
and most other mathematical sub- 
jects became the standard for math- T= 3.7995 + O15 = 33,7995) = 4.15965 
ematics instruction and the equation 
e'” + 1 = Othat he discovered brings So the current after 0.5 Ss iS 
together the five most famous num- 
bers in all of mathematics. 1(0.5) ~ 4.16 A f 
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9.2 | Exercises 


1. A direction field for the differential equation y’ = x cos 7ry is 
shown. 


6. y’ =sinx siny 
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. eh hada ii NANA eee i 
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eS eee ee eee ee VV ANANNNE277777 J 
fe ee a0 eee ee — VV VV ANNAN 277777 
Nac Re, ee, SE es a aaa eee! 
ene ae sate eee aaa dd VAN Ww sy 7 / 
\ N N ‘ . ed ey . 4 4 4 LLLSPS SARA AL EELS LY Fey yy ey 
YAN AR SSP eA SL EET ISIS AIS ppd VVVVVVV\VYNNAN—~7 
VRS. R ARR AT yo Te GOGO GG UNG GUO GO: VAAL NSN 
re WU. MASS 
= = LIELIFALALASALLLLS = 
SA AAA TAY VRANSSS 
eee SG ee a as EERE VAN ANAS 


2. A direction field for the differential equation y’ 
is shown. 

(a) Sketch the graphs of the solutions that satisfy the given 
initial conditions. 


(i) y(0) = 1 (ii) y(0) = 0.2 


7. Use the direction field labeled I (above) to sketch the graphs 
of the solutions that satisfy the given initial conditions. 


(a) y(0) = 1 (b) y(0) = 2.5 (c) y(0) = 3.5 
8. Use the direction field labeled III (above) to sketch the graphs 


(iii) y(0) = 2 Gy yy) =3 of the solutions that satisfy the given initial conditions. 
(b) Find all the equilibrium solutions. (a) y(0) = 1 (b) y(0) = 2.5 (c) yO) = 3.5 
yA 9-10 Sketch a direction field for the differential equation. Then 
44 use it to sketch three solution curves. 
ooo eee 9. y'= hy 10. =x-y 41 
NN RAS ON 5 A ANY NE a 8 
Sect eiegece 
LPL EA ANS FLT LB Ff 11-14 Sketch the direction field of the differential equation. 
A FF FR ONS A FP FF A : < 
ee a Then use it to sketch a solution curve that passes through the 
Se ee ee oe ee given point. 
me A OS OS OAS Se OS OR On OS 2 
Ke AN Reo] N RN ONAN ray ' yy — 
\ \ \ \ \ 1) \ \ \ \ \ 11. y’ =y— 2x, (1,0) 12. y’ =xy—x’*, (0,1) 
he De Ee ENE SOU. Ue 13. y =ytxy, (0,1 14. y'=x+y’, (0,0 
' fae lame came ome mee Salt ae lume Same Sele Same’ 7 : _ ( ) . . ( ) 
Ae le ale ae Re | ea A i 
a7 a 0 7 Pa 15-16 Use a computer to draw a direction field for the given 
differential equation. Get a printout and sketch on it the solution 


3-6 Match the differential equation with its direction field 
(labeled I-IV). Give reasons for your answer. 


3B. yy =2-y 


4, y' =x(2-y) 


curve that passes through (0, 1). Compare your sketch to a 
computer-drawn solution curve. 


15. y' =x?y —4y? 16. y’ =cos(x + y) 
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CHAPTER 9 Differential Equations 


17. Use a computer to draw a direction field for the differential 


18. 


19. 


equation y’ = y* — 4y. Get a printout and sketch on it solu- 
tions that satisfy the initial condition y(0) = c for various 
values of c. For what values of c does lim,_... y(t) exist? 
What are the possible values for this limit? 


Make a rough sketch of a direction field for the autonomous 
differential equation y’ = f(y), where the graph of f is as 
shown. How does the limiting behavior of solutions depend 
on the value of y(0)? 


F(y)A 


(a) Use Euler’s method with each of the following step 
sizes to estimate the value of y(0.4), where y is the solu- 
tion of the initial-value problem y’ = y, y(0) = 1. 

G) h=04 (i) h = 0.2 (iii) h = 0.1 
We know that the exact solution of the initial-value 
problem in part (a) is y = e*. Draw, as accurately as you 
can, the graph of y = e*,0 < x < 0.4, together with the 
Euler approximations using the step sizes in part (a). 
(Your sketches should resemble Figures 11, 12, and 13.) 
Use your sketches to decide whether your estimates in 
part (a) are underestimates or overestimates. 

The error in Euler’s method is the difference between 
the exact value and the approximate value. Find the 
errors made in part (a) in using Euler’s method to 
estimate the true value of y(0.4), namely, e°*. What 
happens to the error each time the step size is halved? 


(b) 


(c) 


20. A direction field for a differential equation is shown. Draw, 


with a ruler, the graphs of the Euler approximations to the 
solution curve that passes through the origin. Use step sizes 
h = 1 andh = 0.5. Will the Euler estimates be under- 
estimates or overestimates? Explain. 


YA 


N 


=" 


SAS 
AAAS NA RAR AVAL 
WAANAASANAN SSAA 
WHNSANAN NAAN AAA 
SANA NACA VAAN A 
WAAR AER WANA AA A 
WAN ANASTASIA AANA 
SUVA N AANA CANS 


SVNANNASANAVAANAAA AA 
“Y 


So 


21 


22 


23 


27 


Use Euler’s method with step size 0.5 to compute the 
approximate y-values y;, y2, y3, and y, of the solution of the 
initial-value problem y’ = y — 2x, y(1) = 0. 


Use Euler’s method with step size 0.2 to estimate y(1), 
where y(x) is the solution of the initial-value problem 
y=xy- dy, yO) = 1 

Use Euler’s method with step size 0.1 to estimate y(0.5), 
where y(x) is the solution of the initial-value problem 

y' =yt xy, y0) = 1. 


(a) Use Euler’s method with step size 0.2 to estimate 
y(0.6), where y(x) is the solution of the initial-value 
problem y’ = cos(x + y), y(0) = 0. 

Repeat part (a) with step size 0.1. 


(b) 
(a) 


Program a calculator or computer to use Euler’s method 
to compute y(1), where y(x) is the solution of the 


initial-value problem 


d 
+ 3xy=6x7  y(0) =3 
dx 
(i) h=1 (ii) h=0.1 
(iii) h = 0.01 (iv) h = 0.001 


Verify that y = 2 + e™ is the exact solution of the 
differential equation. 

Find the errors in using Euler’s method to compute y(1) 
with the step sizes in part (a). What happens to the error 
when the step size is divided by 10? 


(b) 
(c) 


(a) 


Use Euler’s method with step size 0.01 to calculate 
y(2), where y is the solution of the initial-value problem 


y(0) = 1 


(b) Compare your answer to part (a) to the value of y(2) 
that appears on a computer-drawn solution curve. 


y =x3-y¥9 


The figure shows a circuit containing an electromotive 
force, a capacitor with a capacitance of C farads (F), and a 
resistor with a resistance of R ohms (Q). The voltage drop 
across the capacitor is Q/C, where Q is the charge (in cou- 
lombs, C), so in this case Kirchhoff’s Law gives 


r+ 2 = KK) 
Cc 
But J = dQ/dt, so we have 
dQ 1 
coo =5 
dt Cc Q ) 


Suppose the resistance is 5 Q, the capacitance is 0.05 F, and 

a battery gives a constant voltage of 60 V. 

(a) Draw a direction field for this differential equation. 

(b) What is the limiting value of the charge? 

(c) Is there an equilibrium solution? 

(d) If the initial charge is Q(0) = OC, use the direction 
field to sketch the solution curve. 

(e) If the initial charge is Q(0) = 0 C, use Euler’s method 
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with step size 0.1 to estimate the charge after half a 28. In Exercise 9.1.26 we considered a 95°C cup of coffee in a 


second. 


Cc 


9.3 


The technique for solving separable 
differential equations was first used 
by James Bernoulli (in 1690) in solving 
a problem about pendulums and by 
Leibniz (in a letter to Huygens in 
1691). John Bernoulli explained the 
general method in a paper published 
in 1694. 


20°C room. Suppose it is known that the coffee cools at a rate 

of 1°C per minute when its temperature is 70°C. 

(a) What does the differential equation become in this case? 

(b) Sketch a direction field and use it to sketch the solution 
curve for the initial-value problem. What is the limiting 
value of the temperature? 

(c) Use Euler’s method with step size h = 2 minutes to 
estimate the temperature of the coffee after 10 minutes. 


Separable Equations 


We have looked at first-order differential equations from a geometric point of view 
(direction fields) and from a numerical point of view (Euler’s method). What about the 
symbolic point of view? It would be nice to have an explicit formula for a solution of a 
differential equation. Unfortunately, that is not always possible. But in this section we 
examine a certain type of differential equation that can be solved explicitly. 


B® Separable Differential Equations 


A separable equation is a first-order differential equation in which the expression for 
dy/dx can be factored as a function of x times a function of y. In other words, it can be 
written in the form 


OY 
5 = 92/09) 


The name separable comes from the fact that the expression on the right side can be “sep- 
arated” into a function of x and a function of y. Equivalently, if f(y) # 0, we could write 


dy _ g(x) 
fil dx hy) 


where h(y) = 1/f(y). To solve this equation we rewrite it in the differential form 
h(y) dy = g(x) dx 


so that all y’s are on one side of the equation and all x’s are on the other side. Then we 
integrate both sides of the equation: 


[2] | AG) dy = | gd) ax 


Equation 2 defines y implicitly as a function of x. In some cases we may be able to solve 
for y in terms of x. 
We use the Chain Rule to justify this procedure: If h and g satisfy (2), then 


“ ( h(y) ‘») = “ ( g(x) ux) 


d d 

so a ( h(y) ay) = g(x) 
d 

and h(y) = = g(x) 


Thus Equation | is satisfied. 
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Figure 1 shows graphs of several 
members of the family of solutions of 
the differential equation in Example 1. 
The solution of the initial-value prob- 
lem in part (b) is shown in red. 


3 


FIGURE 1 


Some computer software can plot 
curves defined by implicit equations. 
Figure 2 shows the graphs of several 
members of the family of solutions of 


the differential equation in Example 2. 


As we look at the curves from left 
to right, the values of C are 3, 2, 1, 0, 
—1, —2,and —3. 


FIGURE 2 


CHAPTER 9 Differential Equations 


EXAMPLE 1 


d 
(a) Solve the differential equation = a 
dx y 


(b) Find the solution of this equation that satisfies the initial condition y(0) = 2. 


SOLUTION 
(a) We write the equation in terms of differentials and integrate both sides: 


y*dy = x? dx 
| ay = | x? dx 


sy =a + C 


where C is an arbitrary constant. (We could have used a constant C; on the left side and 
another constant C on the right side. But then we could combine these constants by 
writing C = Cz — C\.) 

Solving for y, we get 


y= Ye FIC 
We could leave the solution like this or we could write it in the form 
y=¥otrK 


where K = 3C. (Since C is an arbitrary constant, so is K.) 

(b) If we put x = 0 in the general solution in part (a), we get y(0) = Ed K .To 
satisfy the initial condition y(0) = 2, we must have */K =2and so K = 8. Thus the 
solution of the initial-value problem is 


y=se=e 5 


. ; _. dy 6x” 
EXAMPLE 2 Solve the differential equation = . 
dx 2y+cosy 


SOLUTION Writing the equation in differential form and integrating both sides, we 
have 


(2y + cos y)dy = 6x? dx 
J (2y + cos y)dy = J 6x? dx 
[3] y? + siny = 2x7 +C 


where C is a constant. Equation 3 gives the general solution implicitly. In this case it’s 
impossible to solve the equation to express y explicitly as a function of x. | 


EXAMPLE3 Solve the differential equation y’ = x*y. 


SOLUTION First we rewrite the equation using Leibniz notation: 
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It follows from a uniqueness theorem 
for solutions of differential equations 
like the equation in Example 3 that if 
two solutions agree at one x-value, 
then they must agree at all x-values. 
(Two solution curves are either identi- 
cal or never intersect.) Because y = 0 
is a solution of the differential equa- 
tion in Example 3, we know that all 
other solutions must have y(x) # 0 
for all x. 


Figure 3 shows a direction field for 
the differential equation in Example 3. 
Compare it with Figure 4, in which we 
use the equation y = Ae*”* to graph 
solutions for several values of A. If 
you use the direction field to sketch 
solution curves with y-intercepts 5, 2, 
1, —1, and —2, they will resemble the 
curves in Figure 4. 


switch 


FIGURE 5 


SECTION 9.3 Separable Equations 623 


We can easily verify that the constant function y = 0 is a solution of the given differ- 
ential equation. If y # 0, we can rewrite the equation in differential notation and 


integrate: 
dy 


je = | Pax 
y 
x3 


Injy|=Z +e 


| 
= x dx 


y #0 


This equation defines y implicitly as a function of x. But in this case we can solve 
explicitly for y as follows: 


ly| = ently = e(x/34e —< efer'3 


3, 
so p= tee" 


We can write the general solution in the form 


3/3 
yede 
: : CG Cc 
where A is an arbitrary constant (A = e*, or A = —e*, or A = 0). | 
YA 6 
| TR i Hie aR A” econ, Vien a og Ca fae? Fe 
PEELS Aare SF LF OE op 
Pat hd FS Ae Sap a FP ED 
ADALRAPASE SEA LEVI 
LILI LAS = See ef LD 
le i i ay as ere a dae ae a 
LFA OP em eh a ee SF fF 
A AP AF 2 2 
EY, eee eee 0 ee See a ee 
VN NNN SHS THK TSN NY 
TREKS eee RAH AN 
LCRA SS HS SRL AY VO 
TLAASSSSSeS ee ay OE 
bo Wk he SSS me NS NS 
Lote Vee NE Se Sn il L 
Le Yee i i i a Se a ee a 
—6 

FIGURE 3 FIGURE 4 


EXAMPLE 4 In Section 9.2 we modeled the current /(t) in the electric circuit shown 
in Figure 5 by the differential equation 


dl 
L— + RI= E(t) 
dt 


Find an expression for the current in a circuit where the resistance is 12 Q, the induc- 
tance is 4 H, a battery gives a constant voltage of 60 V, and the switch is turned on 
when ¢ = 0. What is the limiting value of the current? 


SOLUTION With L = 4, R = 12, and E(t) = 60, the equation becomes 


dI dI 
4—+ 12] = —=15-31 
oF 60 or 7 2 =3 
and the initial-value problem is 
ee 1(0) = 0 
dt 
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Figure 6 shows how the solution in 
Example 4 (the current) approaches 
its limiting value. Comparison with 


We recognize this equation as being separable, and we solve it as follows: 
dl 
—— =} dt ls = 364 0 
Jas-a Je ) 


—$in|15- 37) =14+C 


Figure 9.2.10 shows that we were able sien 
to draw a fairly accurate solution 3t| >< 
curve from the direction field. 


15 — 3. = tee = Ae! 


T=5 — jAe* 


Since /(0) = 0, we have 5 — 5A = 0,so A = 15 and the solution is 


I(t) =5 -— 5e* 
0 The limiting current, in amperes, is 
FIGURE 6 lim A(t) = lim (5 — 5e°"') = 5 — Slime * =5 -0=5 a 
to tm tom 
@ Orthogonal Trajectories 
An orthogonal trajectory of a family of curves is a curve that intersects each curve of 
the family orthogonally, that is, at right angles (see Figure 7). For instance, each mem- 
ber of the family y = mx of straight lines through the origin is an orthogonal trajectory 
of the family x” + y* = r? of concentric circles with center the origin (see Figure 8). We 
say that the two families are orthogonal trajectories of each other. 
Sieh EXAMPLE 5 Find the orthogonal trajectories of the family of curves x = ky’, where k 
trajectory is an arbitrary constant. 

FIGURE 7 SOLUTION The curves x = ky” form a family of parabolas whose axis of symmetry is 
the x-axis. The first step is to find a single differential equation that is satisfied by all 
members of the family. If we differentiate x = ky’, we get 

YA 
d d 1 
l=2y2 of 2=— 
dx dx 2ky 
This differential equation depends on k, but we need an equation that is valid for all 
x values of k simultaneously. To eliminate k we note that, from the equation of the given 
general parabola x = ky’, we have k = x/y? and so the differential equation can be 
written as 
dy 1 1 dy y 
= = or = 
dx 2ky D x dx 2x 
FIGURE 8 y> 


This means that the slope of the tangent line at any point (x, y) on one of the parabolas 
is y’ = y/(2x). On an orthogonal trajectory the slope of the tangent line must be the 
negative reciprocal of this slope. Therefore the orthogonal trajectories must satisfy the 
differential equation 

sec 


dx y 
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YA This differential equation is separable, and we solve it as follows: 


where C is an arbitrary positive constant. Thus the orthogonal trajectories are the 
family of ellipses given by Equation 4 and sketched in Figure 9. Oo 


FIGURE 9 Orthogonal trajectories occur in various branches of physics. For example, in an elec- 


trostatic field the lines of force are orthogonal to the lines of constant potential. Also, the 
streamlines in aerodynamics are orthogonal trajectories of the velocity-equipotential 
curves. 


@ Mixing Problems 


A typical mixing problem involves a tank of fixed capacity containing a thoroughly 
mixed solution of some substance, such as salt. A solution of a given concentration enters 
the tank at a fixed rate and the mixture, thoroughly stirred, leaves at a fixed rate, which 
may differ from the entering rate. If y(t) denotes the amount of substance in the tank at 
time ft, then y(t) is the rate at which the substance is being added minus the rate at which 
it is being removed. The mathematical description of this situation often leads to a first- 
order separable differential equation. We can use the same type of reasoning to model a 
variety of phenomena: chemical reactions, discharge of pollutants into a lake, injection 
of a drug into the bloodstream. 


EXAMPLE6 A tank contains 20 kg of salt dissolved in 5000 L of water. Brine that 
contains 0.03 kg of salt per liter of water enters the tank at a rate of 25 L/min. The 
solution is kept thoroughly mixed and drains from the tank at the same rate. How much 
salt will there be in the tank after half an hour? 


SOLUTION Let y(t) be the amount of salt (in kilograms) after t minutes. We are given 
that y(0) = 20 and we want to find y(30). We do this by finding a differential equation 
satisfied by y(t). Note that dy/dt is the rate of change of the amount of salt, so 


d 
[5] oa = (rate in) — (rate out) 


where (rate in) is the rate at which salt enters the tank and (rate out) is the rate at which 
salt leaves the tank. We have 


3 kg L kg 
rate in = { 0.03 25 — = 0.75 — 
L min min 


The tank always contains 5000 L of liquid, so the concentration at time t is y(t)/5000 
(measured in kilograms per liter). Since the brine flows out at a rate of 25 L/min, we 


have 
rate out = y(t) ke 25 = = y) kg 
5000 L min 200 min 
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Figure 10 shows the graph of the 
function y(t) of Example 6. Notice 
that, as time goes by, the amount of 
salt approaches 150 kg. 


YA 


100 + 


FIGURE 10 


9.3 | Exercises 


1-12 Solve the differential equation. 


Thus, from Equation 5, we get 


= y(t) _ 150 — y(t) 
dt 200 200 


Solving this separable differential equation, we obtain 


| dy _¢ dt 
150-y / 200 
in |150- yJ=——+C 
=ln = gfe. 
2 B06 
Since y(0) = 20, we have —In 130 = C, so 


t 
=n |150=y| "5 > i130 


Therefore |150 — y| = 130e7/ 


Since y(t) is continuous and y(0) = 20, and the right side is never 0, we deduce that 
150 — y(t) is always positive. Thus | 150 — y| = 150 — y and so 


y(t) = 150 — 130e7/ 
The amount of salt after 30 min is 


y(30) = 150 — 130e7*°/? = 38.1 kg a 


du 2t + sec?t 


17. 7 = 5 , u(O) = —-5 
d d a 7 
tary a : 
x x 
q 18, x + 3y*/e7 41 —~=0, y(0)=1 
dy dx 
3. = x/y 4. xy’ =y+3 
dx 19. xInx=y(1 + V3 + y2)y’, yO) =1 
Pa an? , — 
5. xyy =x +1 6. y' + xe? =0 ice. Bae 
20. — = , y(0) = -1 
, dy 2 dx y 
7. (e* — l)y’ = 2 + cosx 8. — = 2x(y*? + 1) ? 
dx 
dp 7 . dz ie 21. Find an equation of the curve that passes through the point 
9 dt so ced ee 1 10. dt ee (0, 2) and whose slope at (x, y) is x/y. 
d@—tsecO dH REV/L+R. 22. Find the function f such that f'(x) = xf(x) — x and 
11. —= 12. = 
dt Oe" dR In HH iO=2. 


13-20 Find the solution of the differential equation that satisfies 


the given initial condition. 


dy dP 
13. > = xe? =0 4 — 
dx Aes. IO) dt 
dA : 
15. —=Ab’cosbr, A(0) = b* 
dr 


16. x°y’ =ksecy, y(l)=7/6 


23. Solve the differential equation y’ = x + y by making the 
change of variable u = x + y. 


24. Solve the differential equation xy’ = y + xe?/* by making the 
change of variable v = y/x. 


25. (a) Solve the differential equation y’ = 2x/1 — y?. 
(b) Solve the initial-value problem y’ = 2x./1 — y?, 
y(0) = 0, and graph the solution. 
(c) Does the initial-value problem y’ = 2x./1 — y?, 
y(0) = 2, have a solution? Explain. 


= /Pt, P(1I)=2 
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26. Solve the differential equation ey’ + cos x = 0 and graph 
several members of the family of solutions. How does the 
solution curve change as the constant C varies? 


27. Solve the initial-value problem y’ = (sin x)/sin y, 
y(0) = 7/2, and graph the (implicitly defined) solution. 


FM 28. Solve the differential equation y’ = x./x? + 1/(ye”) and 


graph several members of the family of (implicitly defined) 
solutions. How does the solution curve change as the constant 
C varies? 


29-30 


(a) Use a computer to draw a direction field for the differential 
equation. Get a printout and use it to sketch some solution 
curves without solving the differential equation. 

(b) Solve the differential equation. 

(c) Graph several members of the family of solutions obtained 
in part (b). Compare with the curves from part (a). 


29. y' =y? 30. y’ = xy 


31-34 Find the orthogonal trajectories of the family of curves. 
Graph several members of each family on a common screen. 


31. 4° + 2y? =k? 32. y? = kx? 
33. y= £ 34 ao 
“- x sa xtk 


35-37 Integral Equations An integral equation is an equation 
that contains an unknown function y(x) and an integral that 
involves y(x). Solve the given integral equation. [Hint: Use an 
initial condition obtained from the integral equation.] 


35. y(x) = 24+ [ [t — ty(t)] at 


rx dt 


36. y(x) =2+ iF ty(t)’ 


37. yx) =4 + [ 2t/y(t) dt 


38. Find a function f such that f(3) = 2 and 
7+ Df) +[fH)?+1=0 t4#l1 


[Hint: Use the addition formula for tan(x + y) on Reference 
Page 2.] 


39. Solve the initial-value problem in Exercise 9.2.27 to find an 
expression for the charge at time r. Find the limiting value of 
the charge. 


40. In Exercise 9.2.28 we discussed a differential equation that 
models the temperature of a 95°C cup of coffee in a 20°C 
room. Solve the differential equation to find an expression for 
the temperature of the coffee at time ¢. 
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41. In Exercise 9.1.27 we formulated a model for learning in the 
form of the differential equation 
dP 
—_—=kM-—P 
an ) 
where P(t) measures the performance of someone learning a 
skill after a training time t, M is the maximum level of per- 
formance, and k is a positive constant. Solve this differential 
equation to find an expression for P(t). What is the limit of 
this expression? 


42. In an elementary chemical reaction, single molecules of 
two reactants A and B form a molecule of the product C: 
A + B-—C. The law of mass action states that the rate of 
reaction is proportional to the product of the concentrations 
of A and B: 
d{C] 


7 RAI) 


(See Example 3.7.4.) Thus, if the initial concentrations are 
[A] = a moles/L and [B] = b moles/L and we write x = [C], 
then we have 

dx 

dt 


k(a — x)(b — x) 


(a) Assuming that a # b, find x as a function of t. Use the 
fact that the initial concentration of C is 0. 

(b) Find x(t) assuming that a = b. How does this expres- 
sion for x(t) simplify if it is known that [C] = 4a after 
20 seconds? 


43. In contrast to the situation of Exercise 42, experiments show 
that the reaction H, + Br, — 2HBr satisfies the rate law 


d|HBr| 
dt 


- k{H2][Bro]'” 
and so for this reaction the differential equation becomes 


d ba 
=e = ab = 2)" 
dt 


where x = [HBr] and a and b are the initial concentrations of 

hydrogen and bromine. 

(a) Find x as a function of t in the case where a = b. Use the 
fact that x(0) = 0. 

(b) If a > b, find t as a function of x. 


[ Hint: In performing the integration, make the substitu- 
tion u = Vb — x.| 


44. A sphere with radius 1 m has temperature 15°C. It lies inside 
a concentric sphere with radius 2 m and temperature 25°C. 
The temperature T(r) at a distance r from the common center 
of the spheres satisfies the differential equation 


aT 2 dT 
4 = 
dr° r dr 


If we let S = dT/dr, then S satisfies a first-order differential 
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45 


46. 


47. 


48. 


49 


50. 


CHAPTER 9 Differential Equations 


equation. Solve it to find an expression for the temperature 
T(r) between the spheres. 


A glucose solution is administered intravenously into the 

bloodstream at a constant rate r. As the glucose is added, it is 

converted into other substances and removed from the blood- 
stream at a rate that is proportional to the concentration at 
that time. Thus a model for the concentration C = C(t) of the 
glucose solution in the bloodstream is 

dC 

ra r—kc 

where k is a positive constant. 

(a) Suppose that the concentration at time t = 0 is Cp. 
Determine the concentration at any time t by solving the 
differential equation. 

(b) Assuming that Cy < r/k, find lim,_... C(t) and interpret 
your answer. 


A certain small country has $10 billion in paper currency in 
circulation, and each day $50 million comes into the coun- 
try’s banks. The government decides to introduce new cur- 
rency by having the banks replace old bills with new ones 
whenever old currency comes into the banks. Let x = x(t) 
denote the amount of new currency in circulation at time f, 
with x(0) = 0. 

(a) Formulate a mathematical model in the form of an 
initial-value problem that represents the “flow” of the 
new currency into circulation. 

(b) Solve the initial-value problem found in part (a). 

(c) How long will it take for the new bills to account for 90% 
of the currency in circulation? 


A tank contains 1000 L of brine with 15 kg of dissolved salt. 
Pure water enters the tank at a rate of 10 L/min. The solution 
is kept thoroughly mixed and drains from the tank at the 
same rate. How much salt is in the tank (a) after t minutes 
and (b) after 20 minutes? 


The air in a room with volume 180 m? contains 0.15% carbon 
dioxide initially. Fresher air with only 0.05% carbon dioxide 
flows into the room at a rate of 2m*/min and the mixed air 
flows out at the same rate. Find the percentage of carbon 
dioxide in the room as a function of time. What happens in 
the long run? 


A vat with 500 gallons of beer contains 4% alcohol (by vol- 
ume). Beer with 6% alcohol is pumped into the vat at a rate 
of 5 gal/min and the mixture is pumped out at the same rate. 
What is the percentage of alcohol after an hour? 


A tank contains 1000 L of pure water. Brine that contains 
0.05 kg of salt per liter of water enters the tank at a rate of 

5 L/min. Brine that contains 0.04 kg of salt per liter of water 
enters the tank at a rate of 10 L/min. The solution is kept 
thoroughly mixed and drains from the tank at a rate of 

15 L/min. How much salt is in the tank (a) after t minutes 
and (b) after one hour? 


51. 


52. 


53 


54. 


Terminal Velocity When a raindrop falls, it increases in size 
and so its mass at time ¢ is a function of t, namely, m(t). The 
rate of growth of the mass is km(t) for some positive constant 
k. When we apply Newton’s Law of Motion to the raindrop, 
we get (mv)' = gm, where v is the velocity of the raindrop 
(directed downward) and g is the acceleration due to gravity. 
The terminal velocity of the raindrop is lim,—.. v(t). Find an 
expression for the terminal velocity in terms of g and k. 


An object of mass m is moving horizontally through a 
medium which resists the motion with a force that is a func- 
tion of the velocity; that is, 


d’s dv 


ey fo 


m 
where v = v(t) and s = s(t) represent the velocity and posi- 
tion of the object at time ¢, respectively. For example, think of 
a boat moving through the water. 

(a) Suppose that the resisting force is proportional to the 
velocity, that is, f(v) = —kv, k a positive constant. (This 
model is appropriate for small values of v.) Let v(0) = vo 
and s(0) = so be the initial values of v and s. Determine v 
and s at any time ft. What is the total distance that the 
object travels from time t = 0? 

(b) For larger values of v a better model is obtained by 
supposing that the resisting force is proportional to the 
square of the velocity, that is, f(v) = —kv*, k > 0. (This 
model was first proposed by Newton.) Let vo and so be the 
initial values of v and s. Determine v and s at any time f. 
What is the total distance that the object travels in this 
case? 


Allometric Growth In biology, allometric growth refers to 
relationships between sizes of parts of an organism (skull 
length and body length, for instance). If L;(t) and L(t) are 
the sizes of two organs in an organism of age f, then L, and L, 
satisfy an allometric law if their specific growth rates are 
proportional: 


1 dL, 1 dl, 
L, dt L, dt 


where k is a constant. 

(a) Use the allometric law to write a differential equation 
relating L,; and L, and solve it to express L; as a function 
of Lo. 

(b) Ina study of several species of unicellular algae, the 
proportionality constant in the allometric law relating B 
(cell biomass) and V (cell volume) was found to be 
k = 0.0794. Write B as a function of V. 


A model for tumor growth is given by the Gompertz 
equation 

Fe (Inb — InV)V 

a aha n 


where a and b are positive constants and V is the volume of 
the tumor measured in mm* 
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(a) Find a family of solutions for tumor volume as a func- 
tion of time. 

(b) Find the solution that has an initial tumor volume of 
V(0) = 1 mm*, 


Let A(t) be the area of a tissue culture at time ¢ and let M be 

the final area of the tissue when growth is complete. Most 

cell divisions occur on the periphery of the tissue and the 

number of cells on the periphery is proportional to VA(t). 

So a reasonable model for the growth of tissue is obtained 

by assuming that the rate of growth of the area is jointly 

proportional to VA(t) and M — A(t). 

(a) Formulate a differential equation and use it to show that 
the tissue grows fastest when A(t) = iM : 

(b) Solve the differential equation to find an expression for 
A(t). Use a computer to perform the integration. 


Sealce Many factors influence the formation and growth of 
sea ice. In this exercise we develop a simplified model that 
describes how the thickness of sea ice is affected over time 
by the temperatures of the air and ocean water. As we com- 
mented in Section 1.2, a good model simplifies reality 
enough to permit mathematical calculations but is accurate 
enough to provide valuable conclusions. 

Consider a column of air/ice/water as shown in the fig- 
ure. Let’s assume that the temperature T, (in °C) at the 
ice/air interface is constant (with 7, below the freezing 
point of the ocean water) and that the temperature 7, at 
the ice/water interface also remains constant (where T, is 
greater than the water’s freezing point). 


air 


Heat escapes 
through the ice 


J 


Thin layer 7” 
of water 

freezes as 

heat escapes 


ice 


water 


Energy transfers upward through the ice from the warmer 
seawater to the colder air in the form of heat Q, measured in 
joules (J). By Fourier’s law of heat conduction, the rate of 
heat transfer dQ/dt satisfies the differential equation 

dQ __kA 


—(T, — T,, 
dt h ( ) 
where k is a constant called the thermal conductivity of the 
ice, A is the (horizontal) cross-sectional area (in m7) of the 


column, and / is the ice thickness (in m). 


57 
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(a) The loss of a small amount of heat AQ from the 
seawater causes a thin layer of thickness AA of water at 
the ice/water interface to freeze. The mass density D 
(measured in kg/m*) of seawater varies with tempera- 
ture, but at the interface we can assume that the 
temperature is constant (near 0°C) and hence D is 
constant. Let L be the latent heat of seawater, defined 
as the amount of heat loss required to freeze 1 kg of 
the water. Show that Ah ~ (1/LAD)AQ and hence 


dh 1 


dQ LAD 


(b) 


Use the Chain Rule to write the differential equation 


re ae 
dt LDh’” ‘ 


and explain why this equation predicts the fact that thin 
ice grows more rapidly than thick ice, and thus a crack 
in ice tends to “heal” and the thickness of an ice field 
tends to become uniform over time. 

If the thickness of the ice at time t = 0 is A, finda 
model for the ice thickness at any time t by solving the 
differential equation in part (b). 


(c) 


Source: Adapted from M. Freiberger, “Maths and Climate Change: The 
Melting Arctic,” Plus (2008): http://plus.maths.org/content/maths-and- 
climate-change-melting-arctic. Accessed March 9, 2019. 


Escape Velocity According to Newton’s Law of Universal 
Gravitation, the gravitational force on an object of mass m 
that has been projected vertically upward from the earth’s 
surface 1s 


_mgR? 
(x + RP 


where x = x(t) is the object’s distance above the sur- 
face at time t, R is the earth’s radius, and g is the accel- 
eration due to gravity. Also, by Newton’s Second Law, 
F = ma = m(dv/dt) and so 


(a) Suppose a rocket is fired vertically upward with an 
initial velocity vo. Let h be the maximum height above 
the surface reached by the object. Show that 


[Hint: By the Chain Rule, m (dv/dt) = mv (dv/dx).] 

(b) Calculate v. = lim;—. vo. This limit is called the escape 
velocity for the earth. (Another method of finding 
escape velocity is given in Exercise 7.8.77.) 

(c) Use R = 3960 mi and g = 32 ft/s’ to calculate », in 
feet per second and in miles per second. 
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APPLIED PROJECT | HOW FAST DOES A TANK DRAIN? 


If water (or other liquid) drains from a tank, we expect that the flow will be greatest at first 
(when the water depth is greatest) and will gradually decrease as the water level decreases. But 
we need a more precise mathematical description of how the flow decreases in order to answer 
the kinds of questions that engineers ask: How long does it take for a tank to drain completely? 
How much water should a tank hold in order to guarantee a certain minimum water pressure 
for a sprinkler system? 

Let A(t) and V(t) be the height and volume of water in a tank at time f. If water drains 
through a hole with area a at the bottom of the tank, then Torricelli’s Law says that 


[1 OY = ~aV2gh 


where g is the acceleration due to gravity. So the rate at which water flows from the tank is 
proportional to the square root of the water height. 


1. (a) Suppose the tank is cylindrical with height 6 ft and radius 2 ft and the hole is circular 
with radius | inch. If we take g = 32 ft/s”, show that h satisfies the differential 
equation 


(b) Solve this equation to find the height of the water at time ft, assuming the tank is full at 
time t = 0. 
(c) How long will it take for the water to drain completely? 


Problem 2(b) is best done as a 2. Because of the rotation and viscosity of the liquid, the theoretical model given by Equa- 
classroom demonstration or as a tion | isn’t quite accurate. Instead, the model 


group project with three students dh 
in each group: a timekeeper to call [2] —=kfh 
out seconds, a bottle keeper to dt 
estimate the height every 10 sec- 
onds, and a recordkeeper to record 
these values. 


is often used and the constant k (which depends on the physical properties of the liquid) is 

determined from data concerning the draining of the tank. 

(a) Suppose that a hole is drilled in the side of a cylindrical bottle and the height h of the 
water (above the hole) decreases from 10 cm to 3 cm in 68 seconds. Use Equation 2 to 
find an expression for h(t). Evaluate h(t) for t = 10, 20, 30, 40, 50, 60. 

(b) Drill a 4-mm hole near the bottom of the cylindrical part of a two-liter plastic soft- 
drink bottle. Attach a strip of masking tape marked in centimeters from 0 to 10, with 0 
corresponding to the top of the hole. With one finger over the hole, fill the bottle with 
water to the 10-cm mark. Then take your finger off the hole and record the values of 
h(t) for t= 10, 20, 30, 40, 50, 60 seconds. (You will probably find that it takes 68 sec- 
onds for the level to decrease to h = 3 cm.) Compare your data with the values of h(t) 
from part (a). How well did the model predict the actual values? 


3. In many parts of the world, the water for sprinkler systems in large hotels and hospitals is 
supplied by gravity from cylindrical tanks on or near the roofs of the buildings. Suppose 
such a tank has radius 10 ft and the diameter of the outlet is 2.5 inches. An engineer has to 
guarantee that the water pressure at the tank outlet will be at least 2160 Ib/ft* for a period 
of 10 minutes. (When a fire happens, the electrical system might fail and it could take up 
to 10 minutes for the emergency generator and fire pump to be activated.) How tall should 
the engineer specify the tank to be in order to make such a guarantee? (Use the fact that 


© Richard Le Borne, Dept. Mathematics, : 3 a‘ 
Tennessee Technological University the water pressure at a depth of d feet is P = 62.5d lb/ft”. See Section 8.3.) 
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4. Not all water tanks are shaped like cylinders. Suppose a tank has cross-sectional area 
A(A) at height h. Then the volume of water up to height his V = {i A@w) du and so the 
Fundamental Theorem of Calculus gives dV/dh = A(h). It follows that 


dV adaV dh 
dt dh dt 


dh 
A(h 
(A) i 
and so Torricelli’s Law becomes 


dh 


—a/2gh 


(a) Suppose the tank has the shape of a sphere with radius 2 m and is initially half full of 
water. If the radius of the circular hole is 1 cm and we take g = 10 m/s’, show that h 
satisfies the differential equation 


ay Cle 
(4h — h*) cia —0.0001 20h 


(b) How long will it take for the water to drain completely? 


9.4 | Models for Population Growth 


In Section 9.1 we developed two differential equations that describe population growth. 
In this section we further investigate these equations and use the techniques of Sec- 
tion 9.3 to obtain explicit models for a population. 


® The Law of Natural Growth 


One of the models for population growth that we considered in Section 9.1 was based 
on the assumption that the population grows at a rate proportional to the size of the 
population: 

dP 

—=kP 

dt 
Is that a reasonable assumption? Suppose we have a population (of bacteria, for instance) 
with size P = 1000 and at a certain time it is growing at a rate of P’ = 300 bacteria per 
hour. Now let’s take another 1000 bacteria of the same type and put them with the first 
population. Each half of the combined population was previously growing at a rate of 
300 bacteria per hour. We would expect the total population of 2000 to increase at a rate 
of 600 bacteria per hour initially (provided there’s enough room and nutrition). So if we 
double the size, we double the growth rate. It seems reasonable that the growth rate 
should be proportional to the size. 

In general, if P(t) is the value of a quantity y at time ¢ and if the rate of change of P 

with respect to ¢ is proportional to its size P(t) at any time, then 


dP 
1] —=kP 
dt 


where k is a constant. Equation | is sometimes called the law of natural growth. If k is 
positive, then the population increases; if k is negative, it decreases. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


632 CHAPTER 9 Differential Equations 


Because Equation | is a separable differential equation, we can solve it by the meth- 
ods of Section 9.3: 


2a fea 


In| P| =kt+C 
| P| = ek* = eel 


P= Ae™ 


where A (= +e or 0) is an arbitrary constant. To see the significance of the constant A, 
we observe that 
P(0) = Ae*°=A 


Therefore A is the initial value of the function. 


[2] The solution of the initial-value problem 


Examples and exercises on the use dP 
of (2) are given in Section 3.8. dt = kP PO) = Py 


P(t) = Poe" 


Another way of writing Equation | is 


dP/dt 
jdt _ 
P 


which says that the relative growth rate (the growth rate divided by the population size; 
see Section 3.8) is constant. Then (2) says that a population with constant relative growth 
rate must grow exponentially. 

We can account for emigration (or “harvesting”) from a population by modifying 
Equation 1: if the rate of emigration is a constant m, then the rate of change of the popu- 
lation is modeled by the differential equation 


[3] —=kP-m 
dt 
See Exercise 17 for the solution and consequences of Equation 3. 


Bi The Logistic Model 


As we discussed in Section 9.1, a population often increases exponentially in its early 
stages but levels off eventually and approaches its carrying capacity because of limited 
resources. If P(t) is the size of the population at time t, we assume that 


dP aoe 
— = kP if P is small 
dt 


This says that the growth rate is initially close to being proportional to size. In other 
words, the relative growth rate is almost constant when the population is small. But we 
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also want to reflect the fact that the relative growth rate decreases as the population P 
increases and becomes negative if P ever exceeds its carrying capacity M, the maxi- 
mum population that the environment is capable of sustaining in the long run. The sim- 
plest expression for the relative growth rate that incorporates these assumptions is 


dPldt ( | 
=k 1 
P M 


Multiplying by P, we obtain the model for population growth known as the logistic dif- 
ferential equation, which we first saw in Section 9.1: 


[4] 2 = (1 -) 


Notice from Equation 4 that if P is small compared with M, then P/M is close to 0 and 
so dP/dt ~ kP. However, if P —> M (the population approaches its carrying capacity), 
then P/M — 1, so dP/dt — 0. We can deduce information about whether solutions 
increase or decrease directly from Equation 4. If the population P lies between 0 and M, 
then the right side of the equation is positive, so dP/dt > 0 and the population increases. 
But if the population exceeds the carrying capacity (P > M), then 1 — P/M is negative, 
so dP/dt < 0 and the population decreases. 

Let’s start our more detailed analysis of the logistic differential equation by looking 
at a direction field. 


EXAMPLE 1 Draw a direction field for the logistic equation with k = 0.08 and 
carrying capacity M = 1000. What can you deduce about the solutions? 


SOLUTION In this case the logistic differential equation is 


dP P 
— = 0.08P\ 1 — —— 
dt 1000 


A direction field for this equation is shown in Figure 1. We show only the first quadrant 
because negative populations aren’t meaningful and here we are interested only in what 
happens after t = 0. 
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FIGURE 1 
Direction field for the logistic 
equation in Example 1 
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FIGURE 2 
Solution curves for the logistic 
equation in Example 1 


The logistic equation is autonomous (dP/dt depends only on P, not on f), so the 
slopes are the same along any horizontal line. As expected, the slopes are positive for 


0 < P < 1000 and negative for P > 1000. 


The slopes are small when P is close to 0 or 1000 (the carrying capacity). Notice 
that the solutions move away from the equilibrium solution P = 0 and move toward the 


equilibrium solution P = 1000. 


In Figure 2 we use the direction field to sketch solution curves with initial popula- 
tions P(O) = 100, P(O) = 400, and P(O) = 1300. Notice that solution curves that start 
below P = 1000 are increasing and those that start above P = 1000 are decreasing. 
The slopes are greatest when P ~ 500 and therefore the solution curves that start below 
P = 1000 have inflection points when P ~ 500. In fact we can prove that all solution 
curves that start below P = 500 have an inflection point when P is exactly 500. (See 


Exercise 13.) 


\ 
S 
ie 


LANA Wy eee 


\ 
N 
S 
Se 
=— 
ei 
a 
Za 
a 
i 
es 
a 
— 


x 
\ 
“N 
St 
ca 
= 
oa 
Pa 
se 
rai 
yr 
or" 
—_— 
— 


VYSSH fe 


: 
StVAWAANY | | // 77-2 
SVAN eee 


4 


So 


The logistic equation (4) is separable and so we can solve 


method of Section 9.3. Since 


dP ( e) 
=kP\ 1 
dt M 
we have 


dP 
5| \ pam pm 7S 


To evaluate the integral on the left side, we write 


1 _—M 
PU — P/M) P(M — P) 


Using partial fractions (see Section 7.4), we get 


M 1 I 
=—+ 
P(M-P) P M-P 


This enables us to rewrite Equation 5: 


[ (E+ ata) er= [ea 


In| P| = h|M=P|H=e+ Cc 


SI VANNSAGA 7 2- 


PeY. 


it explicitly using the 
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M-—P 
In = —-kt—C 
P 
M—P = erkiH€ = 9-Conkt 
P 
M-—P 


[6] == Ae ™ 


where A = +e “© Solving Equation 6 for P, we get 


M yk pe = _——— 
P M 1+Ae™ 
_ M 
= ~ 1+ Ae* 


We find the value of A by putting ¢ = 0 in Equation 6. If t = 0, then P = P) (the initial 
population), so 
M-P 
Po 


2 = Ae =A 


Thus the solution to the logistic equation is 


M M — Po 
7 P(t) = ———_ h A = —— 
[7] () = where = 


Using the expression for P(t) in Equation 7, we see that 


lim P(t) = M 


tm 


which is to be expected. 


EXAMPLE 2 Write the solution of the initial-value problem 


aP = 0.08P i P(O) = 100 
; 1000 


dt 
and use it to find the population sizes P(40) and P(80). At what time does the popula- 
tion reach 900? 


SOLUTION The differential equation is a logistic equation with k = 0.08, carrying 
capacity M = 1000, and initial population Pp = 100. So Equation 7 gives the popula- 
tion at time f as 


1000 1000 — 100 
A) = rr where A = =9 
lp Ae 100 
1000 
Thus P(t) = 14 96-008 
So the population sizes when t = 40 and t = 80 are 
P(40) = a 731.6 P(80) = ee 985.3 
] + 0e 3? 7 1 + Oe 64 : 
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The population reaches 900 when 


1000 _ 
1 + 9e~ 008" = 900 
Compare the solution curve in Fig- 
ure 3 with the lowest solution curve Solving this equation for 7, we get 
we drew from the direction field in 608 10 
F 1+ 960" => 
Figure 2. 9 
~0.08 _ 1 
1000 en =e 


0.08¢ = Ing; = —In81 


p—— 1000 _ 0.08 
1+ Oe 9-088 


So the population reaches 900 when ft is approximately 55. As a check on our work, we 
graph the population curve in Figure 3 and observe that it intersects the line P = 900 
FIGURE 3 at t ~ 55. a 


0 


@ Comparison of the Natural Growth and Logistic Models 


In the 1930s the biologist G. F. Gause conducted an experiment with the protozoan Para- 
mecium and used a logistic equation to model his data. The table gives his daily count of 
the population of protozoa. He estimated the initial relative growth rate to be 0.7944 and 
the carrying capacity to be 64. 


t (days) 0 1 2 3 4 5 6 | 8 9 10 ia 12 13 14 15 16 


P (observed) 2 3 22 16 39 52 54 47 50 76 69 51 57 70 53 59 57 


EXAMPLE 3 Find the exponential and logistic models for Gause’s data. Compare the 
predicted values with the observed values and comment on the fit for each model. 


SOLUTION Given the relative growth rate k = 0.7944 and the initial population 
Po = 2, the exponential model is 


P(t) = Poe = 2974" 


Gause used the same value of k for his logistic model. [This is reasonable because 
Po = 2 is small compared with the carrying capacity (M = 64). The equation 


2 
=k{1 =k 
1=0 ( z;| 


shows that the value of k for the logistic model is very close to the value for the 
exponential model. ] 
Then the solution of the logistic equation, given in Equation 7, is 


M64 


1 dP 
Po dt 


P — 
() 1+ Ae*™ 1 + Ae 074" 
M-P 64 — 2 
where A= a= = 31 
Po 2 
64 
So P= 


1 + 31e 07944 
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We use these equations to calculate the predicted values (rounded to the nearest integer) 
and compare them in the following table. 


t (days) 0 1 2 3 4 =) 6 7 8 9 10 |} 11 12 | 13 14} 15 16 
P (observed) 2 3 22 | 16 | 39 | 52 | 54 | 47 | 50 | 76 | 69 | SI | 57 | 70 | 53 | 59 | 57 
P (logistic model) 2 4 9 17 | 28 | 40 | 51 ] 57 | 61 | 62 | 63 | 64 | 64 | 64 | 64 | 64 | 64 


P (exponential model) 2 4 


10 | 22 | 48 | 106 


FIGURE 4 
The exponential and logistic 
models for the Paramecium data 


Population 
Year (thousands) 
1960 94,092 
1965 98,883 
1970 104,345 
1975 111,573 
1980 116,807 
1985 120,754 
1990 123,537 
1995 125,327 
2000 126,776 
2005 127,715 
2010 127,579 
2015 126,920 


Source: U.S. Census Bureau / International 
Programs / International Data Base. Revised 
Sept. 18, 2018. Version data 18.0822. Code 
12.0321. 


FIGURE 5 
Logistic model for the 
population of Japan 


We observe from the table and from the graph in Figure 4 that for the first three or 
four days the exponential model gives results comparable to those of the more sophisti- 
cated logistic model. For t = 5, however, the exponential model is hopelessly inaccu- 
rate, but the logistic model fits the observations reasonably well. 


Pa 


P= 2¢-79441 ° 


Many countries that formerly experienced exponential growth are now finding that 
their rates of population growth are declining and the logistic model provides a better 
model. The table in the margin shows midyear values of the population of Japan, in thou- 
sands, from 1960 to 2015. Figure 5 shows these data points, using t = 0 to represent 
1960, together with a shifted logistic function (obtained from a calculator with the ability 
to fit a logistic function to data points by regression; see Exercise 15). At first the data 
points appear to be following an exponential curve but overall a logistic function pro- 
vides a much more accurate model. 


PA (thousands) 


130,000 + 
120,000 + 

T 37,419 

P=90,000 + ——2+= 

110,000 + au 1+ 6.56e°°!*" 
100,000 + 

Y 

+ + + + + +t > 
0 10 20 30 40 50 60 ¢ (years) 


Years since 1960 
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CHAPTER 9 Differential Equations 


® Other Models for Population Growth 


The Law of Natural Growth and the logistic differential equation are not the only equa- 
tions that have been proposed to model population growth. In Exercise 22 we look at the 
Gompertz growth function and in Exercises 23 and 24 we investigate seasonal-growth 
models. 

Two additional models are modifications of the logistic model. The differential 


equation 
dP P 
= kP\ 1 c 
dt M 


has been used to model populations that are subject to harvesting of one sort or another. 
(Think of a population of fish being caught at a constant rate.) This equation is explored 
in Exercises 19 and 20. 

For some species there is a minimum population level m below which the species 
tends to become extinct. (Adults may not be able to find suitable mates.) Such popula- 
tions have been modeled by the differential equation 


dP P m 
= kP\ 1 1 
dt ( Fy | 


where the extra factor, 1 — m/P, takes into account the consequences of a sparse popula- 
tion (see Exercise 21). 


Exercises 
1-2 A population grows according to the given logistic equation, PA 
where ¢ is measured in weeks. 0% SNS ANNAN ANNA SS 
(a) What is the carrying capacity? What is the value of k? eee ee ee ee ee 
(b) Write the solution of the equation. Be ce eee Re ee Are ey 
(c) What is the population after 10 weeks? ee ee ee 
a oe a ee the aoe isy one 
dt 1200 ]’ eee ee ee 
2,” = 0.02? — 0.0004P? P(O) = 40 | a an aaa 
ee - 2) 0 20 40 60 ¢ 
(c) Use the direction field to sketch solutions for initial 
3. Suppose that a population develops according to the logistic populations of 20, 40, 60, 80, 120, and 140. What do 


equation 


dP : 
7 7 0.05P — 0.0005P 


where f is measured in weeks. 

(a) What is the carrying capacity? What is the value of k? 

(b) A direction field for this equation is shown. Where 
are the slopes close to 0? Where are they largest? 
Which solutions are increasing? Which solutions are 
decreasing? 


(T)] 4. 


these solutions have in common? How do they differ? 
Which solutions have inflection points? At what popu- 
lation levels do they occur? 

(d) What are the equilibrium solutions? How are the other 
solutions related to these solutions? 


Suppose that a population grows according to a logistic 
model with carrying capacity 6000 and k = 0.0015 per year. 
(a) Write the logistic differential equation for these values. 
(b) Draw a direction field (either by hand or with a com- 
puter). What does it tell you about the solution curves? 
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(c) Use the direction field to sketch the solution curves for 
initial populations of 1000, 2000, 4000, and 8000. What 
can you say about the concavity of these curves? What is 
the significance of the inflection points? 

(d) Program a calculator or computer to use Euler’s method 
with step size h = 1 to estimate the population after 
50 years if the initial population is 1000. 

(e) If the initial population is 1000, write a formula for the 
population after ¢ years. Use it to find the population after 
50 years and compare with your estimate in part (d). 

(f) Graph the solution in part (e) and compare with the 
solution curve you sketched in part (c). 


. The Pacific halibut fishery has been modeled by the differen- 


tial equation 
dy ¥ 
dt sd ( M ) 


where y(t) is the biomass (the total mass of the members of 
the population) in kilograms at time ¢ (measured in years), 
the carrying capacity is estimated to be M = 8 X 10’ kg, and 
k = 0.71 per year. 
(a) If y(0) = 2 X 10’ kg, find the biomass a year later. 
(b) How long will it take for the biomass to reach 

4 X 10’kg? 


. Suppose a population P(t) satisfies 


dP , 
— =0.4P — 0.001P? 


P(0) = 50 
= (0) 


where ¢ is measured in years. 

(a) What is the carrying capacity? 

(b) What is P’(0)? 

(c) When will the population reach 50% of the carrying 
capacity? 


. Suppose a population grows according to a logistic model 
with initial population 1000 and carrying capacity 10,000. If 
the population grows to 2500 after one year, what will the 
population be after another three years? 


. The table gives the number of yeast cells in a new laboratory 
culture. 


Time (hours) | Yeast cells || Time (hours) | Yeast cells 
0) 18 10 509 
2 39 12 597 
4 80 14 640 
6 171 16 664 
8 336 18 672 


(a) Plot the data and use the plot to estimate the carrying 
capacity for the yeast population. 

(b) Use the data to estimate the initial relative growth rate. 

(c) Find both an exponential model and a logistic model for 
these data. 


10. 


11. 


12. 


13. 


SECTION 9.4 Models for Population Growth 639 


(d) For each model, compare the predicted values with the 
observed values, both in a table and with graphs. 
Comment on how well your models fit the data. 

(e) Use your logistic model to estimate the number of yeast 
cells after 7 hours. 


. The population of the world was about 6.1 billion in 2000. 


Birth rates around that time ranged from 35 to 40 million per 
year and death rates ranged from 15 to 20 million per year. 
Let’s assume that the carrying capacity for world population 
is 20 billion. 

(a) Write the logistic differential equation for these data. 
(Because the initial population is small compared to the 
carrying capacity, you can take k to be an estimate of 
the initial relative growth rate.) 

(b) Use the logistic model to estimate the world population 
in the year 2010 and compare with the actual population 
of 6.9 billion. 

(c) Use the logistic model to predict the world population in 
the years 2100 and 2500. 


(a) Assume that the carrying capacity for the US population 
is 800 million. Use it and the fact that the population was 
282 million in 2000 to formulate a logistic model for the 
US population. 

(b) Determine the value of k in your model by using the 
fact that the population in 2010 was 309 million. 

(c) Use your model to predict the US population in the 
years 2100 and 2200. 

(d) Use your model to predict the year in which the 
US population will exceed 500 million. 


One model for the spread of a rumor is that the rate of spread 

is proportional to the product of the fraction y of the popula- 

tion who have heard the rumor and the fraction who have not 

heard the rumor. 

(a) Write a differential equation that is satisfied by y. 

(b) Solve the differential equation. 

(c) A small town has 1000 inhabitants. At 8 am, 80 people 
have heard a rumor. By noon half the town has heard it. 
At what time will 90% of the population have heard the 
rumor? 


Biologists stocked a lake with 400 fish and estimated the 
carrying capacity (the maximal population for the fish of that 
species in that lake) to be 10,000. The number of fish tripled 
in the first year. 

(a) Assuming that the size of the fish population satisfies the 
logistic equation, find an expression for the size of the 
population after t years. 

(b) How long will it take for the population to increase 
to 5000? 


(a) Show that if P satisfies the logistic equation (4), then 


dP.» P 2P 
— = k*p| 1 1 
dt~ M M 


(b) Deduce that a population grows fastest when it reaches 
half its carrying capacity. 
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14 


(T]15. 


(T]} 16. 


CHAPTER 9 Differential Equations 


. For a fixed value of M (say M = 10), the family of logistic 


functions given by Equation 7 depends on the initial value 
Po and the proportionality constant k. Graph several mem- 
bers of this family. How does the graph change when Po 
varies? How does it change when k varies? 


A Shifted Logistic Model The table gives the midyear popu- 
lation P of Trinidad and Tobago, in thousands, from 1970 
to 2015. 


Population Population 
Year (thousands) Year (thousands) 
1970 955 1995 1264 
1975 1007 2000 1252 
1980 1091 2005 1237 
1985 1189 2010 1227 
1990 1255 2015 1222 


Source: US Census Bureau / International Programs / International Data 
Base. Revised Sept. 18, 2018. Version data 18.0822. Code 12.0321. 


(a) Make a scatter plot of these data. Choose t = 0 to 
correspond to the year 1970. 

(b) From the scatter plot, it appears that a logistic model 
might be appropriate if we first shift the data points 
downward (so that the initial P-values are closer 
to 0). Subtract 900 from each value of P. Then use a 
calculator or computer to obtain a logistic model for 
the shifted data. 

(c) Add 900 to your model from part (b) to obtain a shifted 
logistic model for the original data. Graph the model 
with the data points from part (a) and comment on the 
accuracy of the model. 

(d) If the model remains accurate, what do you predict for 
the future population of Trinidad and Tobago? 


The table gives the number of active Twitter users world- 
wide, semiannually from 2010 to 2016. 


Years since _| Twitter users Years since | Twitter users 
January 1, 2010} (millions) || January 1, 2010] (millions) 
0 30 3.5 232 
0.5 49 4.0 255 
1.0 68 4.5 284 
15 101 5.0 302 
2.0 138 5.5 307 
2S 167 6.0 310 
3.0 204 6.5 317 
Source: www.statistica.com/statistics/282087/number-of-monthly-active-twitter- 
users/. Accessed March 9, 2019. 


Use a calculator or computer to fit both an exponential func- 
tion and a logistic function to these data. Graph the data 
points and both functions, and comment on the accuracy of 
the models. 


17. 


18. 


(T]19. 


Consider a population P = P(t) with constant relative birth 
and death rates a and B, respectively, and a constant emi- 
gration rate m, where a, B, and m are positive constants. 
Assume that a > B. Then the rate of change of the popula- 
tion at time ¢ is modeled by the differential equation 


where k = a — B 


(a) Find the solution of this equation that satisfies the initial 
condition P(O) = Po. 

What condition on m will lead to an exponential 
expansion of the population? 

What condition on m will result in a constant popula- 
tion? A population decline? 

In 1847, the population of Ireland was about 8 million 
and the difference between the relative birth and death 
rates was 1.6% of the population. Because of the potato 
famine in the 1840s and 1850s, about 210,000 inhabi- 
tants per year emigrated from Ireland. Was the popu- 
lation expanding or declining at that time? 


(b) 
(c) 


(d) 


Doomsday Equation Let c be a positive number. A differ- 
ential equation of the form 


dy 


k l+c 
dt y 


where k is a positive constant, is called a doomsday equa- 

tion because the exponent in the expression ky'* is larger 

than the exponent | for natural growth. 

(a) Determine the solution that satisfies the initial condi- 
tion y(0) = yo. 

(b) Show that there is a finite time t = T (doomsday) such 
that lim,.7-y(t) = ©. 

(c) An especially prolific breed of rabbits has the growth 
term ky'°!. If 2 such rabbits breed initially and the 
warren has 16 rabbits after three months, then when is 
doomsday? 


Let’s modify the logistic differential equation of 
Example 1 as follows: 


aP = 0.08P ise = = 15 
dt . 1000 


(a) Suppose P(r) represents a fish population at time f, 
where ¢ is measured in weeks. Explain the meaning of 
the final term in the equation (— 15). 

Draw a direction field for this differential equation. 
What are the equilibrium solutions? 

Use the direction field to sketch several solution curves. 
Describe what happens to the fish population for 
various initial populations. 

Solve this differential equation explicitly, either by 
using partial fractions or with a computer. Use the 
initial populations 200 and 300. Graph the solutions and 
compare with your sketches in part (d). 


(b) 
(c) 
(d) 


(e) 
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20. 


21. 


22. 


Consider the differential equation 


& peel toa) 
ae 1000) © 


as a model for a fish population, where f is measured in 

weeks and c is a constant. 

(a) Draw direction fields for various values of c. 

(b) From your direction fields in part (a), determine the 
values of c for which there is at least one equilibrium 
solution. For what values of c does the fish population 
always die out? 

(c) Use the differential equation to prove what you 
discovered graphically in part (b). 

(d) What would you recommend for a limit to the weekly 
catch of this fish population? 


There is considerable evidence to support the theory that for 
some species there is a minimum population m such that the 
species will become extinct if the size of the population 
falls below m. This condition can be incorporated into the 
logistic equation by introducing the factor (1 — m/P). Thus 
the modified logistic model is given by the differential 
equation 

dP 


#—w(1-2)(1-4) 


(a) Use the differential equation to show that any solution 
is increasing if m < P < M and decreasing if 
0<P<m. 

For the case where k = 0.08, M = 1000, and m = 200, 
draw a direction field and use it to sketch several solu- 
tion curves. Describe what happens to the population 
for various initial populations. What are the equilibrium 
solutions? 

(c) Solve the differential equation explicitly, either by using 
partial fractions or with a computer. Use the initial 
population Po. 

Use the solution in part (c) to show that if Po < m, then 
the species will become extinct. [Hint: Show that the 
numerator in your expression for P(t) is 0 for some 
value of f.] 


(b) 


(d) 


The Gompertz Function Another model for a growth func- 
tion for a limited population is given by the Gompertz func- 
tion, which is a solution of the differential equation 


dP M 
—=cln|— ]P 
dt P 


9.5 | Linear Equations 


23. 


ae 


25. 
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where c is a constant and M is the carrying capacity. 

(a) Solve this differential equation. 

(b) Compute lim,_... P(t). 

(c) Graph the Gompertz function for M = 1000, Po = 100, 
and c = 0.05, and compare it with the logistic function 
in Example 2. What are the similarities? What are the 
differences? 

(d) We know from Exercise 13 that the logistic function 
grows fastest when P = M/2. Use the Gompertz differ- 
ential equation to show that the Gompertz function 
grows fastest when P = M/e. 


In a seasonal-growth model, a periodic function of time is 
introduced to account for seasonal variations in the rate of 
growth. Such variations could, for example, be caused by 
seasonal changes in the availability of food. 

(a) Find the solution of the seasonal-growth model 


dP 
— = kP cos(rt — ¢) 


P(O) = Po 
dt 


where k, r, and ¢ are positive constants. 

(b) By graphing the solution for several values of k, r, and 
¢, explain how the values of k, r, and @ affect the 
solution. What can you say about lim,_... P(t)? 


. Suppose we alter the differential equation in Exercise 23 as 


follows: 


dP 
— = kPcos*(rt — ¢) 


P(0) = P 
ii (0) = Po 


(a) Solve this differential equation with the help of a table 
of integrals or a computer. 

(b) Graph the solution for several values of k, r, and . 
How do the values of k, r, and @ affect the solution? 
What can you say about lim,_... P(t) in this case? 


Graphs of logistic functions (Figures 2 and 3) look suspi- 
ciously similar to the graph of the hyperbolic tangent 
function (Figure 3.11.3). Explain the similarity by show- 
ing that the logistic function given by Equation 7 can be 
written as 


P(t) =!mM[1 + tanh(L&(t — ©))| 


where c = (In A)/k. Thus the logistic function is really just 
a shifted hyperbolic tangent. 


In Section 9.3 we learned how to solve separable first-order differential equations. In this 
section we investigate a method for solving a class of differential equations that are not 


necessarily separable. 
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Linear Differential Equations 


A first-order linear differential equation is one that can be put into the form 


dy 
[1] =~ + Play = Q(x) 
dx 
where P and Q are continuous functions on a given interval. This type of equation occurs 
frequently in various sciences, as we will see. 


An example of a linear equation is xy’ + y = 2x because, for x 0, it can be written 
in the form 


1 
Pog ogy me 
[2] ar aa 


Notice that this differential equation is not separable because it’s impossible to factor the 
expression for y’ as a function of x times a function of y. But we can still solve the equa- 
tion xy’ + y = 2x by noticing, by the Product Rule, that 


xy! + y = (xy)! 
and so we can rewrite the equation as 
(xy)' = 2x 


If we now integrate both sides of this equation, we get 


7 Cc 
xy=x+C or yH=xt— 
x 


If we had been given the differential equation in the form of Equation 2, we would have 
had to take the preliminary step of multiplying each side of the equation by x. 

It turns out that every first-order linear differential equation can be solved in a similar 
fashion by multiplying both sides of Equation 1 by a suitable function /(x) called an 
integrating factor. We try to find / so that the left side of Equation 1, when multiplied by 
I(x), becomes the derivative of the product (x)y: 


[3] I(x)(y' + PQ)y) = (Z0)y)' 
If we can find such a function J, then Equation 1 becomes 


(I(x)y)' = I(x) Q(x) 


Integrating both sides, we would have 


I(x)y = | 109 O(x) dx + C 


so the solution would be 


1 
[4] yo) = Fy | 12) Qa) dx + c| 


To find such an J, we expand Equation 3 and cancel terms: 


I(x)y" + I(x) Py = (Hy)! = I'y + Idy' 


I(x) P(x) = I'(x) 
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This is a separable differential equation for /, which we solve as follows: 
dI 
| a | P(x) dx 
In | 7| = | P(x) dx 


T =. Ae! P(x) dx 


where A = +e°. We are looking for a particular integrating factor, not the most general 
one, so we take A = | and use 


[5] I(x) = e! P(x) dx 


Thus a formula for the general solution to Equation 1 is provided by Equation 4, where 
Tis given by Equation 5. Instead of memorizing this formula, however, we just remember 
the form of the integrating factor. 


To solve the linear differential equation y’ + P(x)y = Q(x), multiply both sides 


by the integrating factor J(x) = e!” and then integrate both sides. 


d 
EXAMPLE 1 Solve the differential equation = + 3x*y = 6x’. 
Re 


SOLUTION The given equation is linear since it has the form of Equation | with 
P(x) = 3x? and Q(x) = 6x*. An integrating factor is 

Figure 1 shows the graphs of several — ; 

members of the family of solutions in ieee =e 

Example 1. Notice that they all 


saplosch ae psc Multiplying both sides of the differential equation by e*’, we get 


d F 
ew ay + 3x7e"'y = 6x2e"" 
dx 


d : 
or ae (e*’y) = 6x7e" (Product Rule) 
Ix 


Integrating both sides, we have 


ey= i) 6x7e* dx = 2e° +C 
FIGURE 1 y=2+Ce* a 


EXAMPLE 2 Find the solution of the initial-value problem 
xy txy=1 x>0 yl) =2 


SOLUTION We must first divide both sides by the coefficient of y’ to put the differen- 
tial equation into the standard form given in Equation 1: 


~ 1 
[6] y+-y=za x>0 
x x 
The integrating factor is 


I(x) = el My dx = em =x 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


644 CHAPTER 9 __ Differential Equations 


Multiplication of Equation 6 by x gives 


f 1 ' 1 
ay ty= > or (xy) = 


The solution of the initial-value prob- — Then xy = | a? het e 
lem in Example 2 is shown in Figure 2. x 
Inx+C 
: and so y = —— 
x 
(1, 2) 
Since y(1) = 2, we have 
| Inl+C 
0 4 eee: 
1 
Therefore the solution to the initial-value problem is 
7 Inx +2 
—— 7 a 
FIGURE 2 x 
EXAMPLE3 Solve y’ + 2xy = 1. 
SOLUTION The given equation is in the standard form for a linear equation. Multiply- 
ing by the integrating factor 
e f2xdx er 
we get ev y' + 2xe*’y = e*” 
Even though the solutions of the dif- or (ey)! =r 
ferential equation in Example 3 are 
expressed in terms of an integral, Therefore evy= | e~ dx +C 
they can still be graphed by a com- 
puter (Figure 3). Recall from Section 7.5 that i) e* dx can’t be expressed in terms of elementary func- 


tions. Nonetheless, it’s a perfectly good function and we can leave the answer as 


,=e" | e dx + Ce™ 


Another way of writing the solution, using Part 1 of the Fundamental Theorem of 
Calculus, is 


y=e" { e’dt+ Ce* 


0 


FIGURE 3 (Any number can be chosen for the lower limit of integration.) H 


B® Application to Electric Circuits 


R In Section 9.2 we considered the simple electric circuit shown in Figure 4: an electro- 
motive force (usually a battery or generator) produces a voltage of E(t) volts (V) and a 
current of /(t) amperes (A) at time t. The circuit also contains a resistor with a resistance 

L ~ of R ohms (Q) and an inductor with an inductance of L henries (H). 
Ohm’s Law gives the drop in voltage due to the resistor as RI. The voltage drop due 
to the inductor is L(dI/dt). One of Kirchhoff’s laws says that the sum of the voltage drops 
switch is equal to the supplied voltage E(t). Thus we have 


FIGURE 4 dl 
L We + RI = E(t) 
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The differential equation in Example 4 
is both linear and separable, so an 
alternative method is to solve it as a 
separable equation (Example 9.3.4). 

If we replace the battery by a genera- 
tor, however, we get an equation 

that is linear but not separable 
(Example 5). 


Figure 5 shows how the current in 
Example 4 approaches its limiting 
value. 


6 


y=s 


0 2.5 


FIGURE 5 


Figure 6 shows the graph of the cur- 
rent when the battery is replaced by a 
generator. 


2 


—2 


FIGURE 6 
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which is a first-order linear differential equation. The solution gives the current J at 
time f. 


EXAMPLE 4 Suppose that in the simple circuit of Figure 4 the resistance is 12 Q and 
the inductance is 4 H. If a battery gives a constant voltage of 60 V and the switch is 
closed when t = 0 so the current starts with (0) = 0, find (a) J(t), (b) the current after 
1 second, and (c) the limiting value of the current. 


SOLUTION 
(a) If we put L = 4, R = 12, and E(t) = 60 in Equation 7, we obtain the initial-value 
problem 


dl 
4— + 121 = 60 I(0) = 0 
ae (0) 
dl 
—+37= 15 I(0) = 0 
or ht (0) 
Multiplying by the integrating factor e/?“ = e*', we get 


dl 
e*' — + 3e37 = 15e*" 
dt 
d 
ye Date 
eT = i 1Se"dt = 5e%7+C 


I(t) =5 + Ce™*! 
Since /(0) = 0, we have 5 + C = 0,so C = —5 and 
I(t) = 50 — e*) 
(b) After 1 second the current is 
10) =5(1 — e3) = 4.75 A 
(c) The limiting value of the current is given by 


lim /(t) = lim 5(1 — e *) =5 — Slime *=5 —-0=5 a 


t—0 t> 0 t> 0% 


EXAMPLE5 Suppose that the resistance and inductance remain as in Example 4 
but, instead of the battery, we use a generator that produces a variable voltage of 
E(t) = 60 sin 30¢ volts. Find I(t). 


SOLUTION This time the differential equation becomes 


dl . 
— + 3/ = 15 sin 30t 
dt 


dl . 
4 a + 127 = 60sin 30t or 


The same integrating factor e*" gives 


d dl 
We D = = + 3e°7 = 15e* sin 30¢ 
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Using the formula in entry 98 of the Table of Integrals (or a computer), we have 


e* 


el= J 15e*’ sin 30¢ dt = 15 oo sin 30f — 30cos 30) + C 


Le ~ (sin 30t — 10 cos 301) + Ce™*’ 
Since /(0) = 0, we get 


50 _ 
or 7 C=0 
so I(t) = 72z(sin 30¢ — 10 cos 301) + We | 
9.5 | Exercises 
1-4 Determine whether the differential equation is linear. If it is 25-26 Solve the differential equation and graph several members 
linear, then write it in the form of Equation 1. of the family of solutions. How does the solution curve change as 
ies? 
1. y' txJy =x? 2. y’ —x=ytanx C varies? 
: pe yet 4 dR P 7 25. xy’ + 2y=e 26. xy’ = x° + 2y 
ue = 7 i cosR =e 
dt dt 
27-29 Bernoulli Differential Equations A Bernoulli differential 
. . ; equation (named after James Bernoulli) is of the form 
5-16 Solve the differential equation. 
' ' x d 
5.y +y=1 6 y -—y=e < + Play = Ola)y" 
x 
7. y =x-y 8. 4x¢y + x*y’ = sintx 
: _ ae ; _ ie 27. Observe that, if m = 0 or 1, the Bernoulli equation is linear. 
se Mla dea WO day Fy = aye For other values of n, show that the substitution u = y'" 
11. xy’ — 2y=x7, x>0 12. y' — 3x?y =x? transforms the Bernoulli equation into the linear equation 
2 dy 2 du 
13. ¢ a ee ee t+>0 a tl mM P@)u = 1 = nO) 
x 
14. tInt dr fetes pat 28. Solve the differential equation xy’ + y = —xy’. 
; . ; re y? 
15. y’ + ycosx =x 16. y' + 2xy =x%e" 29. Solve the differential equation y’ + eo ee 
17-24 Solve the initial-value problem. 30. Solve the second-order equation xy” + 2y’ = 12x” by 
17. xy’ + y = 3x7, yl) =4 making the substitution u = y’. 
18. xy’ — 2y = 2x, y(2)=0 31. In the circuit shown in Figure 4, a battery supplies a constant 
Itage of 40 V, the inductance is 2 H, the resistance is 10 0 
19. x?y' + 2xy =1 1) =2 pee 
ce es am A and 1(0) = 0. 
dy 2 (a) Find I(t). 
20. # — + 3Py = t = 
7 3t’y = cost, y(m) =0 (b) Find the current after 0.1 seconds. 
du 32. In the circuit shown in Figure 4, a generator supplies a volt- 
21. ¢—— =r + 3u, t>0, u(2)=4 : ae 
dt ss ul) age of E(t) = 40 sin 60r volts, the inductance is | H, the 
f = = resistance is 20 0, and /(0) = 1A. 
22. xy’ +y=xInx, y(l)=0 (a) Find I(t). 
23. xy =y +x’ sinx, y(7) =0 (b) Find the current after 0.1 seconds. 
(c) Graph the current function. 
; dy 
24. (x* + 1) + 3x(y — 1) =0, y(0)=2 


dx 33. The figure shows a circuit containing an electromotive force, 
a capacitor with a capacitance of C farads (F), and a resistor 
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34 


35 


36. 


37 


with a resistance of R ohms (Q). The voltage drop across the 
capacitor is Q/C, where Q is the charge (in coulombs), so in 
this case Kirchhoff’s Law gives 


r+ 2= Hq 


But J = dQ/dt (see Example 3.7.3), so we have 


dQ 1 
R—+—2Q0=E(t 
dt Cc g ©) 
Suppose the resistance is 5 Q, the capacitance is 0.05 F, a 
battery gives a constant voltage of 60 V, and the initial charge 
is Q(0) = OC. Find the charge and the current at time f. 


C 


In the circuit of Exercise 33, R = 2.0, C = 0.01 F, 
Q(0) = 0, and E(t) = 10 sin 60r. Find the charge and the cur- 
rent at time f. 


Let P(t) be the performance level of someone learning a skill 
as a function of the training time t. The graph of P is called a 
learning curve. In Exercise 9.1.27 we proposed the differen- 
tial equation 

dP 

—=k[M — P(t 

5 7 MM ~ POO 
as a reasonable model for learning, where k is a positive con- 
stant. Solve it as a linear differential equation and use your 
solution to graph the learning curve. 


Two new workers were hired for an assembly line. Jim pro- 
cessed 25 units during the first hour and 45 units during the 
second hour. Mark processed 35 units during the first hour 
and 50 units the second hour. Using the model of Exercise 35 
and assuming that P(0) = 0, estimate the maximum number 
of units per hour that each worker is capable of processing. 


In Section 9.3 we looked at mixing problems in which the 
volume of fluid remained constant and saw that such prob- 
lems give rise to separable differentiable equations. (See 
Example 9.3.6.) If the rates of flow into and out of the system 
are different, then the volume is not constant and the resulting 
differential equation is linear but not separable. 

A tank contains 100 L of water. A solution with a salt con- 
centration of 0.4 kg/L is added at a rate of 5 L/min. The 
solution is kept mixed and is drained from the tank at a rate 
of 3 L/min. If y(t) is the amount of salt (in kilograms) after 
t minutes, show that y satisfies the differential equation 


dy 5 3y 
dt 100 + 2t 


38. 


39. 


40. 


41. 


42. 
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Solve this equation and find the concentration after 
20 minutes. 


A tank with a capacity of 400 L is full of a mixture of water 
and chlorine with a concentration of 0.05 g of chlorine per 
liter. In order to reduce the concentration of chlorine, fresh 
water is pumped into the tank at a rate of 4 L/s. The mixture 
is kept stirred and is pumped out at a rate of 10 L/s. Find the 
amount of chlorine in the tank as a function of time. 


An object with mass m is dropped from rest and we assume 
that the air resistance is proportional to the speed of the 
object. If s(t) is the distance dropped after t seconds, then the 
speed is v = s(t) and the acceleration is a = v(t). If g is 

the acceleration due to gravity, then the downward force on 
the object is mg — cv, where c is a positive constant, and 
Newton’s Second Law gives 


dv 
m— = mg — cv 


dt 


(a) Solve this as a linear equation to show that 


v= = em) 


my 
(b) What is the limiting velocity? 
(c) Find the distance the object has fallen after t seconds. 


If we ignore air resistance, we can conclude that heavier 
objects fall no faster than lighter objects. But if we take air 
resistance into account, our conclusion changes. Use the 
expression for the velocity of a falling object in Exercise 39(a) 
to find dv/dm and show that heavier objects do fall faster than 
lighter ones. 


(a) Show that the substitution z = 1/P transforms the 
logistic differential equation P’ = kP(1 — P/M) into 
the linear differential equation 


k 
z+kz=— 
M 
(b) Solve the linear differential equation in part (a) and 
thus obtain an expression for P(t). Compare with 
Equation 9.4.7. 


To account for seasonal variation in the logistic differential 
equation, we could allow k and M to be functions of t: 


dP P 


(a) Verify that the substitution z = 1/P transforms this 
equation into the linear equation 
dz k(t) 


dt pa) M(t) 


(b) Write an expression for the solution of the linear equa- 
tion in part (a) and use it to show that if the carrying 
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capacity M is constant, then 


CHAPTER 9 Differential Equations 


(c) If k is constant but M varies, show that 


M 
PO TF Me ae 1 kel 
z(t) =e™ ds + Ce" 
Deduce that if is k(t) dt = ~, then lim,... P(t) = M. 0 M(s) 
[This will be true if k(t) = ko + acos bt with ky > 0, 
which describes a positive intrinsic growth rate with a and use 1’ Hospital’s Rule to deduce that if M(t) has a 


periodic seasonal variation. ] 


APPLIED PROJECT 


In modeling force due to air resis- 
tance, various functions have been 
used, depending on the physical 
characteristics and speed of the 
ball. Here we use a linear model, 
—pv, but a quadratic model (—pv? 
on the way up and pv’ on the way 
down) is another possibility for 
higher speeds (see Exercise 9.3.52). 
For a golf ball, experiments have 
shown that a good model is —pu'* 
going up and p| v|'* coming down. 
But no matter which force function 
—f(v) is used [where f(v) > 0 for 
v > Oand f(v) < 0 for v < OJ, the 
answer to the question remains the 
same. See F. Brauer, “What Goes 
Up Must Come Down, Eventually,” 
American Mathematical Monthly 
108 (2001), pp. 437-40. 


limit as >, then P(t) has the same limit. 


WHICH IS FASTER, GOING UP OR COMING DOWN? 


Suppose you throw a ball into the air. Do you think it takes longer to reach its maximum 
height or to fall back to earth from its maximum height? We will solve the problem in this 
project, but before getting started, think about that situation and make a guess based on your 
physical intuition. 


1. A ball with mass m is projected vertically upward from the earth’s surface with a positive 
initial velocity vp. We assume the forces acting on the ball are the force of gravity and a 
retarding force of air resistance with direction opposite to the direction of motion and with 
magnitude p| v(t) |, where p is a positive constant and v(t) is the velocity of the ball at time 
t. In both the ascent and the descent, the total force acting on the ball is —pv — mg. [Dur- 
ing ascent, v(t) is positive and the resistance acts downward; during descent, v(t) is negative 
and the resistance acts upward.] So, by Newton’s Second Law, the equation of motion is 


mv' = —pv — mg 


Solve this linear differential equation to show that the velocity is 


v(t) (« + rm mg 
P P 


(Note that this differential equation is also separable.) 


2. Show that the height of the ball, until it hits the ground, is 


f 
2 yf Pp 


3. Let t, be the time that the ball takes to reach its maximum height. Show that 


m ( mg + pvo ) 
t, In 
P mg 
Find this time for a ball with mass 1 kg and initial velocity 20 m/s. Assume the air resis- 
tance is 7p of the speed. 


FAY 4. Let t be the time at which the ball falls back to earth. For the particular ball in Problem 3, 


estimate by using a graph of the height function y(t). Which is faster, going up or com- 
ing down? 


5. In general, it’s not easy to find f because it’s impossible to solve the equation y(t) = 0 
explicitly. We can, however, use an indirect method to determine whether ascent or descent 
is faster: we determine whether y(2t,) is positive or negative. Show that 


: i. 
y(2h) = aed (: === 2In-) 
p BG 
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where x = e?"/"". Then show that x > 1 and the function 
1 

fe) =2 = =S= Dias 
aE 


is increasing for x > 1. Use this result to decide whether y(2t,) is positive or negative. 
What can you conclude? Is ascent or descent faster? 


9.6 | Predator-Prey Systems 


We have looked at a variety of models for the growth of a single species that lives alone in 
an environment. In this section we consider more realistic models that take into account 
the interaction of two species in the same habitat. We will see that these models take the 
form of a pair of linked differential equations. 

We first consider the situation in which one species, called the prey, has an ample food 
supply and the second species, called the predators, feeds on the prey. Examples of prey 
and predators include rabbits and wolves in an isolated forest, food-fish and sharks, 
aphids and ladybugs, and bacteria and amoebas. Our model will have two dependent 
variables and both are functions of time. We let R() be the number of prey (using R for 
rabbits) and W(t) be the number of predators (with W for wolves) at time t. 

In the absence of predators, the ample food supply would support exponential growth 
of the prey, that is, 

dR a 
aE =kR where k is a positive constant 
In the absence of prey, we assume that the predator population would decline through 
mortality at a rate proportional to itself, that is, 


dW . oe 
a —rW where r is a positive constant 


With both species present, however, we assume that the principal cause of death among 
the prey is being eaten by a predator, and the birth and survival rates of the predators 
depend on their available food supply, namely, the prey. We also assume that the two 
species encounter each other at a rate that is proportional to both populations and is 
therefore proportional to the product RW. (The more there are of either population, the 
more encounters there are likely to be.) A system of two differential equations that incor- 
porates these assumptions is as follows: 


W represents the predators. dR _ dW 
— = kR- —=-rW+ 
R represents the prey. i dt a eee dt id 


where k, r, a, and b are positive constants. Notice that the term —aRW decreases the 
natural growth rate of the prey and the term bRW increases the natural growth rate of the 


predators. 
The Lotka-Volterra equations were The equations in (1) are known as the predator-prey equations, or the Lotka- 
proposed as a model to explain the Volterra equations. A solution of this system of equations is a pair of functions R(t) and 
variations in the shark and food-fish W() that describe the populations of prey and predators as functions of time. Because the 


populations in the Adriatic Sea by the system is coupled (R and W occur in both equations), we can’t solve one equation and 

Italian mathematician Vito Volterra then the other; we have to solve them simultaneously. Unfortunately, it is usually impos- 

eed a0). sible to find explicit formulas for R and W as functions of t. We can, however, use graphi- 
cal methods to analyze the equations. 
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CHAPTER 9 __ Differential Equations 


EXAMPLE 1 Suppose that populations of rabbits and wolves are described by the 
Lotka-Volterra equations (1) with k = 0.08, a = 0.001, r = 0.02, and b = 0.00002. 
The time f¢ is measured in months. 

(a) Find the constant solutions (called the equilibrium solutions) and interpret 

the answer. 

(b) Use the system of differential equations to find an expression for dW/dR. 

(c) Draw a direction field for the resulting differential equation in the RW-plane. Then 
use that direction field to sketch some solution curves. 

(d) Suppose that, at some point in time, there are 1000 rabbits and 40 wolves. Draw 
the corresponding solution curve and use it to describe the changes in both population 
levels. 

(e) Use part (d) to make sketches of R and W as functions of tf. 


SOLUTION 
(a) With the given values of k, a, r, and b, the Lotka-Volterra equations become 
dR 
— = 0.08R — 0.001RW 
dt 
dw 
ae = —0.02W + 0.00002RW 


Both R and W will be constant if both derivatives are 0, that is, 
R’ = R(0.08 — 0.001W) = 0 
W’' = W(—0.02 + 0.00002R) = 0 


One solution is given by R = 0 and W = 0. (This makes sense: If there are no rabbits or 
wolves, the populations are certainly not going to increase.) The other constant solution is 


0.08 
W001 
02 
pe 8 1000 
0.00002 


So the equilibrium populations consist of 80 wolves and 1000 rabbits. This means that 
1000 rabbits are just enough to support a constant wolf population of 80. There are 
neither too many wolves (which would result in fewer rabbits) nor too few wolves 
(which would result in more rabbits). 


(b) We use the Chain Rule to write 


dW _ dW dR 
dt dR dt. 
Solving for dW/dR gives 
dw 
dw dt _— —0.02W + 0.00002RW 
dR = dR 0.08R — 0.001RW 
dt 


(c) If we think of W as a function of R, we have the differential equation 


dW _ —0.02W + 0.00002RW 
dR 0.08R — 0.001RW 
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We draw the direction field for this differential equation in Figure | and we use it to 
sketch several solution curves in Figure 2. If we move along a solution curve, we 
observe how the relationship between R and W changes as time passes. Notice that the 
curves appear to be closed in the sense that if we travel along a curve, we always return 
to the same point. Notice also that the point (1000, 80) is inside all the solution curves. 
That point is called an equilibrium point because it corresponds to the equilibrium 
solution R = 1000, W = 80. 


WA WA 
O0t/l/4/47—--- 7-75-75 tS ee Rae Se SY Sy 150+ / ~~ Ss 
ls f44re--- et ~~ ~~~ N~~NNSN t} ~~ ~N 
(ie Aewe ee nes ee ON Re Se ee em l —s Ss AS 
[LA AS aS Sa ke se eR ROR SS ROR SS / ~N ~ . 
lL OA A oS Ss So SS eS ee ee RS RO eA f] SQ aN 
Litt fe = Se] aN NN NON NS RON ANS aie | SS, a 
OT (Pi ee ek ee ee OT 4 ‘i a 
ETE de Fe OR AN OR ON Re I ys S ‘ 
bw eS SH LO ED SO EPL Pe I ‘77 ine b 
LM SSS SS SS Sst A A A A A AOL OF \ ee ae 
VNNN™~ frre cCo er ee a a al od \ = ae a 
DOPE NG RG, as Rp See ner ew ces ee S07 \ = oe 
NN~ tee ee HH eH eH eH eH Ke Ke eH Ke Ke ee NN we ee Ke Ke Ke Ke Ke Ke ee 
ee ed Nw erect cc crc rrr rr rr crc ere 
Nw ee ee em em em em em er er ee er er eee Nw -— ee ee ee er er er er er er er ere ee 
+ + + + + +—> 
0 1000 2000 3000 R 0 1000 2000 3000 R 
FIGURE 1 FIGURE 2 
Direction field for the predator-prey system Phase portrait of the system 
When we represent solutions of a system of differential equations as in Figure 2, we 
refer to the RW-plane as the phase plane, and we call the solution curves phase 
trajectories. So a phase trajectory is a path traced out by solutions (R, W) as time goes 
by. A phase portrait consists of equilibrium points and typical phase trajectories, as 
shown in Figure 2. 
(d) Starting with 1000 rabbits and 40 wolves corresponds to drawing the solution curve 
through the point Po(1000, 40). Figure 3 shows this phase trajectory with the direction 
field removed. Starting at the point Po at time ¢t = 0 and letting ¢ increase, do we move 
Wa 
P, 
140+ 
120+ 
100 + 
80+ P, 
60+ 
40 + 
P, (1000, 40) 
20 7 
t t t t t t > 
. FIGURE 3 0 500 1000 1500 2000 2500 3000 R 
Phase trajectory through (1000, 40) 
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clockwise or counterclockwise around the phase trajectory? If we put R = 1000 and 
W = 40 in the first differential equation, we get 


dR 
aa 0.08(1000) — 0.001(1000)(40) = 80 — 40 = 40 


Since dR/dt > 0, we conclude that R is increasing at Py and so we move counter- 
clockwise around the phase trajectory. 

We see that at Po there aren’t enough wolves to maintain a balance between the 
populations, so the rabbit population increases. That results in more wolves and 
eventually there are so many wolves that the rabbits have a hard time avoiding them. So 
the number of rabbits begins to decline (at P;, where we estimate that R reaches its 
maximum population of about 2800). This means that at some later time the wolf 
population starts to decline (at P2, where R = 1000 and W ~ 140). But this benefits the 
rabbits, so their population later starts to increase (at P3, where W = 80 and R ~ 210). 
As a consequence, the wolf population eventually starts to increase as well. This 
happens when the populations return to their initial values of R = 1000 and W = 40, 
and the entire cycle begins again. 


(e) From the description in part (d) of how the rabbit and wolf populations rise and fall, 
we can sketch the graphs of R(t) and W(t). Suppose the points P:, P2, and P3 in Figure 3 
are reached at times ¢), f2, and f;3. Then we can sketch graphs of R and W as in Figure 4. 
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FIGURE 4 Graphs of the rabbit and wolf populations as functions of time 


To make the graphs easier to compare, we draw the graphs on the same axes but 
with different scales for R and W, as in Figure 5. Notice that the rabbits reach their 
maximum populations about a quarter of a cycle before the wolves. 


RA 
3000 + AW 
+120 
Number 2000 Number 
of of 
rabbits 4+g9 wolves 
1000 
40 
FIGURE 5 
Comparison of the rabbit 0 =? 7 
: tot t, 
and wolf populations ia 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 9.6 Predator-Prey Systems 653 


An important part of the modeling process, as we discussed in Section 1.2, is to inter- 
pret our mathematical conclusions as real-world predictions and to test the predictions 
against real data. The Hudson’s Bay Company, which started trading in animal furs in 
Canada in 1670, has kept records that date back to the 1840s. Figure 6 shows graphs of 
the number of pelts of the snowshoe hare and its predator, the Canada lynx, traded by the 
company over a 90-year period. You can see that the coupled oscillations in the hare and 
lynx populations predicted by the Lotka-Volterra model do actually occur and the period 
of these cycles is roughly 10 years. 


160 


120 + 


Thousands 80 + 16 Thousands 


of hares of lynx 
40 | a 3 
FIGURE 6 
Relative abundance of hare and lynx Se 
from Hudson’s Bay Company records 1850 1875 1900 1925 


Although the relatively simple Lotka-Volterra model has had some success in explain- 
ing and predicting coupled populations, more sophisticated models have also been pro- 
posed. One way to modify the Lotka-Volterra equations is to assume that, in the absence 
of predators, the prey grow according to a logistic model with carrying capacity M. Then 
the Lotka-Volterra equations (1) are replaced by the system of differential equations 


dR R dw 
— = kR\ 1 — —] — aRW — = —-rw+ bRW 
dt M dt 


This model is investigated in Exercises 11 and 12. 

Models have also been proposed to describe and predict population levels of two or 
more species that compete for the same resources or cooperate for mutual benefit. Such 
models are explored in Exercises 2—4. 


9.6 | Exercises 


1. For each predator-prey system, determine which of the vari- dx | _ ih 
ables, x or y, represents the prey population and which repre- oy dt Dea NTE oneny 
sents the predator population. Is the growth of the prey 
restricted just by the predators or by other factors as well? Do dy 


me = —0.015y + 0.00008xy 
the predators feed only on the prey or do they have additional dt 


food sources? Explain. 


dx 2. Each system of differential equations is a model for two spe- 
(a) — = —0.05x + 0.000Lxy 


dt cies that either compete for the same resources or cooperate 
for mutual benefit (flowering plants and insect pollinators, 

dy _ for instance). Decide whether each system describes com- 

—=0.ly — 0.005xy aa: : ‘ as 

dt petition or cooperation and explain why it is a reasonable 
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model. (Ask yourself what effect an increase in one species 
has on the growth rate of the other.) 


d. » 
(a) = = 0.12x — 0.0006x? + 0.00001xy 


dy 
— = 0.08x + 0.00004xy 
dt 
dx : 
(b) a 0.15x — 0.0002x° — 0.0006xy 
dy 5 
at = 0.2y — 0.00008y~ — 0.0002xy 


3. The system of differential equations 


dx F 

— = 0.5x — 0.004x° — 0.001xy 
dt 

dy : 

Gr 7 0-4Y = 0.001y? = 0.002:xy 


is a model for the populations of two species. 

(a) Does the model describe cooperation, or competition, 
or a predator-prey relationship? 

(b) Find the equilibrium solutions and explain their 
significance. 


4. Lynx eat snowshoe hares and snowshoe hares eat woody plants 
like willows. Suppose that, in the absence of hares, the willow 
population will grow exponentially and the lynx population 
will decay exponentially. In the absence of lynx and willow, 
the hare population will decay exponentially. If L(t), H(t), and 
W(t) represent the populations of these three species at time f, 
write a system of differential equations as a model for their 
dynamics. If the constants in your equation are all positive, 
explain why you have used plus or minus signs. 


5-6 A phase trajectory is shown for populations of rabbits (R) 

and foxes (F). 

(a) Describe how each population changes as time goes by. 

(b) Use your description to make a rough sketch of the graphs of 
R and F as functions of time. 


5. FA 
300 + 


200 + 


100 + 


0 400 800 1200 1600 2000 


ay 


160 + t=0 


120 7 


807 


40 + 


7-8 Graphs of populations of two species are shown. Use them to 
sketch the corresponding phase trajectory. 


species | 


species 2 


8. YA species | 


species 2 


9. In Example 1(b) we showed that the rabbit and wolf popula- 
tions satisfy the differential equation 


dW _ —0.02W + 0.00002RW 
dR 0.08R — 0.00LRW 
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10. 


11. 


(a) By solving this separable differential equation, show 
that 
RO p98 


0.00002R ,, 0.001W 
e é 


=. 


where C is a constant. 

(b) It is impossible to solve this equation for W as an 
explicit function of R (or vice versa). Use a computer to 
graph the implicitly defined solution curve that passes 


through the point (1000, 40) and compare with Figure 3. 


Populations of aphids and ladybugs are modeled by the 
equations 


dA 

— = 2A — 0.01AL 

dt 

dL 

a = —0.5L + 0.0001AL 


(a) Find the equilibrium solutions and explain their 
significance. 

(b) Find an expression for dL/dA. 

(c) The direction field for the differential equation in 
part (b) is shown. Use it to sketch a phase portrait. 
What do the phase trajectories have in common? 
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Oil a cipal eae eet eee) Stee ea, fees ie er ee ee ete a a 
Re ae Sg ey as Se eae et ei ie ae ee ee 
SSS SSS SSS SSS SSS SSS SSS SSS SSS 
0 5000 10000 15000 A 


(d) Suppose that at time tf = 0 there are 1000 aphids and 
200 ladybugs. Draw the corresponding phase trajectory 
and use it to describe how both populations change. 

(e) Use part (d) to make rough sketches of the aphid and 
ladybug populations as functions of t. How are the 
graphs related to each other? 


In Example 1 we used Lotka-Volterra equations to model 
populations of rabbits and wolves. Let’s modify those equa- 
tions as follows: 


dR 

4 = 0.08R(1 — 0.0002R) — 0.001RW 
d 

ae = —0.02W + 0.00002RW 


12. 
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(a) According to these equations, what happens to the 
rabbit population in the absence of wolves? 

(b) Find all the equilibrium solutions and explain their 
significance. 

(c) The figure shows the phase trajectory that starts at the 
point (1000, 40). Describe what eventually happens to 
the rabbit and wolf populations. 


70+ 


60 + 


50+ 


40+ 


ay 


800 1000 1200 1400 1600 


(d) Sketch graphs of the rabbit and wolf populations as 
functions of time. 


In Exercise 10 we modeled populations of aphids and 
ladybugs with a Lotka- Volterra system. Suppose we modify 
those equations as follows: 


dA 
We = 2A(1 — 0.0001A) — 0.01AL 
aL 


(a) In the absence of ladybugs, what does the model predict 
about the aphids? 

(b) Find the equilibrium solutions. 

(c) Find an expression for dL/dA. 

(d) Use a computer to draw a direction field for the 

differential equation in part (c). Then use the direction 

field to sketch a phase portrait. What do the phase 

trajectories have in common? 

Suppose that at time ¢ = 0 there are 1000 aphids and 

200 ladybugs. Draw the corresponding phase trajectory 

and use it to describe how both populations change. 

Use part (e) to make rough sketches of the aphid and 

ladybug populations as functions of t. How are the 

graphs related to each other? 


(e) 


(f) 
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OE review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a differential equation? 
(b) What is the order of a differential equation? 
(c) What is an initial condition? 


2. What can you say about the solutions of the equation 
y’ =x? + y? just by looking at the differential equation? 


3. What is a direction field for the differential equation 
y’ = F(x, y)? 


4. Explain how Euler’s method works. 


5. What is a separable differential equation? How do you solve 
it? 


6. What is a first-order linear differential equation? How do you 
solve it? 


TRUE-FALSE QUIZ 


- (a) Write a differential equation that expresses the law of 


natural growth. What does it say in terms of relative 
growth rate? 

(b) Under what circumstances is this an appropriate model 
for population growth? 

(c) What are the solutions of this equation? 


. (a) Write the logistic differential equation. 


(b) Under what circumstances is this an appropriate model 
for population growth? 


. (a) Write Lotka-Volterra equations to model populations of 


food-fish (F) and sharks (S). 
(b) What do these equations say about each population in the 
absence of the other? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. All solutions of the differential equation y’ = —1 — y* are 
decreasing functions. 


2. The function f(x) = (In x)/x is a solution of the differential 
equation x*y’ + xy = 1. 


3. The function y = 3e** — | is a solution of the initial-value 
problem y’ — 2y = 1, y(0) = 2. 


4. The equation y’ = x + yis separable. 


5. The equation y’ = 3y — 2x + 6xy — 1 is separable. 


EXERCISES 


. The equation e*y’ = y is linear. 
. The equation y’ + xy = e” is linear. 


. The solution curve of the differential equation 


(2x — y)y' =x + 2y 


that passes through the point (3, 1) has slope 1 at that point. 


. If y is the solution of the initial-value problem 


dy y 
-=2%(1-+ =1 
a ( :) y(0) 


then lim,;—. y = 5. 


1. (a) A direction field for the differential equation 
y’ = y(y — 2)(y — 4) is shown. Sketch the graphs of the 
solutions that satisfy the given initial conditions. 
(i) yO) = -03 Gi) y) =1 
(iii) yO) = 3 (iv) y(0) = 4.3 
(b) If the initial condition is y(0) = c, for what values of c is 
lim,_.~ y(t) finite? What are the equilibrium solutions? 
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2. (a) Sketch a direction field for the differential equation 9-11 Solve the initial-value problem. 
y’ = x/y. Then use it to sketch the four solutions that ~ 
satisfy the initial conditions y(0) = 1, y(0) = —1, 9. —+2tr=r, r(0)=5 
y(2) = 1, and y(—2) = 1, dt 
(b) Check your work in part (a) by solving the differential 10. (1 + cosx)y’ = (1 + e°)sinx, y(0) =0 
equation explicitly. What type of curve is each solution 
curve? 11. xy’ —y=xInx, y(l)=2 


3. (a) A direction field for the differential equation 
y’ = x* — y’ is shown. Sketch the solution of the 
initial-value problem 


12. Solve the initial-value problem y’ = 3x7e’, y(0) = 1, and 
graph the solution. 
yo=x?-y? y(0) = 1 13-14 Find the orthogonal trajectories of the family of curves. 


= ket — ykx 
Use your graph to estimate the value of y(0.3). Bayke ae or 


y 15. (a) Write the solution of the initial-value problem 
— \. 1. 1 \ 13 \ \ ,ov_oyvm 
# N\ \ \ 1 1 ¥ 1 \ \ XN 4 P 
€ — % \ \ \ } \ . \ — i. 
O.1P\1 P(O) = 100 
bbe ® Age oR anes FY (\- 4) 
! / i he \ \ A % \ 4 d 1 
or are ae ee and use it to find the population P when t = 20. 
oe tees i = ate = ze eee (b) When does the population reach 1200? 
t t t / 4_-_  - — 4 / 4 | I 
HS oan ee 16. (a) The population of the world was 6.08 billion in 2000 and 
a On = ae ae ae 7.35 billion in 2015. Find an exponential model for these 
De ok eS A Se EO? data and use the model to predict the world population 
b hue ee ae ee oe a in the year 2030 
Do oe ee ee kG (b) According to the model in part (a), in what year will the 
a ae ae ae ae world population exceed 10 billion? 
Orie at Sei PS ee (c) Use the data in part (a) to find a logistic model for the 
BR. th aR I A 


population. Assume a carrying capacity of 20 billion. 
Then use the logistic model to predict the population 
in 2030. Compare with your prediction from the expo- 
nential model. 

(d) According to the logistic model, in what year will the 
world population exceed 10 billion? Compare with your 
prediction in part (b). 


(b) Use Euler’s method with step size 0.1 to estimate y(0.3), 
where y(x) is the solution of the initial-value problem in 
part (a). Compare with your estimate from part (a). 

(c) On what lines are the centers of the horizontal line 
segments of the direction field in part (a) located? What 
happens when a solution curve crosses these lines? 17. The von Bertalanffy growth model is used to predict the 

length L(t) of a fish over a period of time. If L.. is the largest 

length for a species, then the hypothesis is that the rate of 
growth in length is proportional to L.. — L, the length yet to 
be achieved. 

y’ = 2xy? y(0) = 1 (a) Formulate and solve a differential equation to find an 
expression for L(t). 

(b) For the North Sea haddock it has been determined that 
L.. = 53 cm, L(0) = 10 cm, and the constant of propor- 
tionality is 0.2. What does the expression for L(t) become 
with these data? 


4. (a) Use Euler’s method with step size 0.2 to estimate 
y(0.4), where y(x) is the solution of the initial-value 
problem 


(b) Repeat part (a) with step size 0.1. 

(c) Find the exact solution of the differential equation and 
compare the value at 0.4 with the approximations in 
parts (a) and (b). 


5-8 Solve the differential equation. 18. A tank contains 100 L of pure water. Brine that contains 0.1 kg 
d of salt per liter enters the tank at a rate of 10 L/min. The solu- 
5. y' =xe*™* — y cosx 6. _ =l—-—t+x-t tion is kept thoroughly mixed and drains from the tank at the 
t 


same rate. How much salt is in the tank after 6 minutes? 


7. 2ye”’y' = 2x + 3yx 8. xy’ —y=2x3e* 19. One model for the spread of an epidemic is that the rate of 
spread is jointly proportional to the number of infected people 
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20. 


21 


22 
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and the number of uninfected people. In an isolated town of 
5000 inhabitants, 160 people have a disease at the beginning 
of the week and 1200 have it at the end of the week. How 
many days does it take for 80% of the population to become 
infected? 


The Brentano-Stevens Law in psychology models the way 
that a subject reacts to a stimulus. It states that if R represents 
the reaction to an amount S of stimulus, then the relative rates 
of increase are proportional: 


dR/dt dS/dt 
R S 


where k is a positive constant. Find R as a function of S. 


The transport of a substance across a capillary wall in lung 
physiology has been modeled by the differential equation 


dh R h 
dt V\k+h 
where /: is the hormone concentration in the bloodstream, 
t is time, R is the maximum transport rate, V is the volume 
of the capillary, and k is a positive constant that measures 
the affinity between the hormones and the enzymes that assist 


the process. Solve this differential equation to find a relation- 
ship between / and t. 


Populations of birds and insects are modeled by the equations 


dx 

— = 0.4x — 0.002xy 

dt . 

dy 

ae = —0.2y + 0.000008xy 


(a) Which of the variables, x or y, represents the bird 
population and which represents the insect population? 
Explain. 

(b) Find the equilibrium solutions and explain their 
significance. 

(c) Find an expression for dy/dx. 

(d) The direction field for the differential equation in part (c) 
is shown. Use it to sketch the phase trajectory correspond- 
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23 


24 


ing to initial populations of 100 birds and 40,000 insects. 
Then use the phase trajectory to describe how both 
populations change. 

(e) Use part (d) to make rough sketches of the bird and insect 
populations as functions of time. How are these graphs 
related to each other? 


Suppose the model of Exercise 22 is replaced by the 
equations 


dx 

=o 0.4x(1 — 0.000005x) — 0.002xy 
d 

hh = —0.2y + 0.000008xy 


(a) According to these equations, what happens to the insect 
population in the absence of birds? 

(b) Find the equilibrium solutions and explain their 
significance. 

(c) The figure shows the phase trajectory that starts with 
100 birds and 40,000 insects. Describe what eventually 
happens to the bird and insect populations. 
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(d) Sketch graphs of the bird and insect populations as 
functions of time. 


Brett weighs 85 kg and is on a diet of 2200 calories per day, 
of which 1200 are used automatically by basal metabolism. 
He spends about 15 cal/kg/day times his weight doing exer- 
cise. If 1 kg of fat contains 10,000 cal and we assume that the 
storage of calories in the form of fat is 100% efficient, formu- 
late a differential equation and solve it to find his weight as a 
function of time. Does his weight ultimately approach an 
equilibrium weight? 
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Problems Plus 


FIGURE FOR PROBLEM 9 
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Find all functions f such that f’ is continuous and 


[ f(x)? = 100 + { {LfOVP + Lf'OP} dt for all real x 


A student forgot the Product Rule for differentiation and made the mistake of thinking 

that ( fg)’ = f'g'. However, he was lucky and got the correct answer. The function f that he 
used was f(x) = e*’ and the domain of his problem was the interval (}, 0). What was the 
function g? 


Let f be a function with the property that f(0) = 1, f’(0) = 1, and f(a + b) = f(a) f(b) for 
all real numbers a and b. Show that f’(x) = f(x) for all x and deduce that f(x) = e*. 


Find all functions f that satisfy the equation 


00) 58) 


Find the curve y = f(x) such that f(x) = 0, f(0) = 0, f(1) = 1, and the area under the 
graph of f from 0 to x is proportional to the (n + 1)st power of f(x). 


A subtangent is a portion of the x-axis that lies directly beneath the segment of a tangent 
line from the point of contact to the x-axis. Find the curves that pass through the point (c, 1) 
and whose subtangents all have length c. 


A peach pie is taken out of the oven at 5:00 pm. At that time it is piping hot, 100°C. At 
5:10 pM its temperature is 80°C; at 5:20 pM it is 65°C. What is the temperature of the 
room? 


Snow began to fall during the morning of February 2 and continued steadily into the after- 
noon. At noon a snowplow began removing snow from a road at a constant rate. The plow 
traveled 6 km from noon to | pm but only 3 km from | pm to 2 pM. When did the snow 
begin to fall? [Hints: To get started, let t be the time measured in hours after noon; let x(t) 
be the distance traveled by the plow at time f; then the speed of the plow is dx/dt. Let b be 
the number of hours before noon that it began to snow. Find an expression for the height of 
the snow at time ¢. Then use the given information that the rate of removal R (in m*/h) is 
constant. ] 


A dog sees a rabbit running in a straight line across an open field and gives chase. In a rect- 
angular coordinate system (as shown in the figure), assume: 


(i) The rabbit is at the origin and the dog is at the point (L, 0) at the instant the dog 
first sees the rabbit. 


(i1) The rabbit runs up the y-axis and the dog always runs straight for the rabbit. 
(iii) The dog runs at the same speed as the rabbit. 
(a) Show that the dog’s path is the graph of the function y = f(x), where y satisfies the dif- 


ferential equation 
dad? d 2 
x s 1+ a 
dx dx 


(b) Determine the solution of the equation in part (a) that satisfies the initial conditions 
y = y’ = 0 when x = L. [Hint: Let z = dy/dx in the differential equation and solve the 
resulting first-order equation to find z; then integrate z to find y.] 

(c) Does the dog ever catch the rabbit? 
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10. (a) Suppose that the dog in Problem 9 runs twice as fast as the rabbit. Find a differential 
equation for the path of the dog. Then solve it to find the point where the dog catches the 
rabbit. 

(b) Suppose the dog runs half as fast as the rabbit. How close does the dog get to the 
rabbit? What are their positions when they are closest? 


11. A planning engineer for a new alum plant must present some estimates to his company 


12 


13 


14 


15 


regarding the capacity of a silo designed to store bauxite ore until it is processed into 

alum. The ore resembles pink talcum powder and is poured from a conveyor at the top of 

the silo. The silo is a cylinder 100 ft high with a radius of 200 ft. The conveyor carries ore 

at a rate of 60,0007 ft*/h and the ore maintains a conical shape whose radius is 1.5 times 

its height. 

(a) If, at a certain time f, the pile is 60 ft high, how long will it take for the pile to reach the 
top of the silo? 

(b) How much room will be left in the floor area of the silo when the pile is 60 ft high? How 
fast is the floor area of the pile growing at that height? 

(c) Suppose a loader starts removing the ore at the rate of 20,0007 ft*/h when the height of 
the pile reaches 90 ft. Suppose, also, that the pile continues to maintain its shape. How 
long will it take for the pile to reach the top of the silo under these conditions? 


Find the curve that passes through the point (3, 2) and has the property that if the tangent 
line is drawn at any point P on the curve, then the part of the tangent line that lies in the first 
quadrant is bisected at P. 


Recall that the normal line to a curve at a point P on the curve is the line that passes 
through P and is perpendicular to the tangent line at P. Find the curve that passes through 
the point (3, 2) and has the property that if the normal line is drawn at any point on the 
curve, then the y-intercept of the normal line is always 6. 


Find all curves with the property that if the normal line is drawn at any point P on the curve, 
then the part of the normal line between P and the x-axis is bisected by the y-axis. 


Find all curves with the property that if a line is drawn from the origin to any point (x, y) 
on the curve, and then a tangent is drawn to the curve at that point and extended to meet the 
x-axis, the result is an isosceles triangle with equal sides meeting at (x, y). 
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The photo shows comet Hale-Bopp as it passed the earth in 1997, due to return in 4380. One of the brightest comets of the past century, 
Hale-Bopp could be observed in the night sky by the naked eye for about 18 months. It was named after its discoverers Alan Hale and 
Thomas Bopp, who first observed it by telescope in 1995 (Hale in New Mexico and Bopp in Arizona). In Section 10.6 you will see how 
polar coordinates provide a convenient equation for the elliptical path of the comet’s orbit. 


Jeff Schneiderman / Moment Open / Getty Images 


Parametric Equations and 
Polar Coordinates 


SO FAR WE HAVE DESCRIBED plane curves by giving y as a function of x[y = f(x)] or x asa 
function of y [x = g(y)] or by giving a relation between x and y that defines y implicitly as a func- 
tion of x [,f(x, y) = 0]. In this chapter we discuss two new methods for describing curves. 

Some curves, such as the cycloid, are best handled when both x and y are given in terms of a 
third variable ¢ called a parameter [x = f(t), y = g(t)]. Other curves, such as the cardioid, have 
their most convenient description when we use a new coordinate system, called the polar coordi- 
nate system. 
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CHAPTER 10 Parametric Equations and Polar Coordinates 


10.1 


FIGURE 1 


Curves Defined by Parametric Equations 


Imagine that a particle moves along the curve C shown in Figure 1. It is impossible to 
describe C by an equation of the form y = f(x) because C fails the Vertical Line Test. 
But the x- and y-coordinates of the particle are functions of time ¢ and so we can write 
x = f(t) and y = g(t). Such a pair of equations is often a convenient way of describing a 
curve. 


® Parametric Equations 


Suppose that x and y are both given as functions of a third variable f, called a parameter, 
by the equations 


x=f(t) y=(t) 


which are called parametric equations. Each value of t determines a point (x, y), which 
we can plot in a coordinate plane. As ¢ varies, the point (x, y) = (f(2), g(t)) varies and 
traces out a curve called a parametric curve. The parameter ¢ does not necessarily rep- 
resent time and, in fact, we could use a letter other than ¢ for the parameter. But in many 
applications of parametric curves, t does denote time and in this case we can interpret 
(x, y) = (f(1), g(t) as the position of a moving object at time tf. 


EXAMPLE 1 Sketch and identify the curve defined by the parametric equations 
x=P-2t y=tt1 


SOLUTION Each value of ¢ gives a point on the curve, as shown in the table. For 
instance, if t = 1, then x = —1, y = 2 and so the corresponding point is (—1, 2). In Fig- 
ure 2 we plot the points (x, y) determined by several values of the parameter and we 
join them to produce a curve. 


t ae y 
=, 8 =i 
=1 3 0 
0 0 1 
it =1 2 
2 0 3 
3 3 4 
4 8 =) 


FIGURE 2 
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It is not always possible to eliminate 
the parameter from parametric equa- 
tions. There are many parametric 
curves that don’t have an equivalent 
representation as an equation in x 
and y. 


YA 
(8, 5) 
(0, 1) 
0 x 
FIGURE 3 
aw YA 
t=r= 
2 
N 
(cos ¢, sin ft) 
t=0 
t=7 i zs 
\e 0) * 
t=27 
p= 307 
FIGURE 4 
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A particle whose position at time f is given by the parametric equations moves along 
the curve in the direction of the arrows as ¢ increases. Notice that the consecutive points 
marked on the curve appear at equal time intervals but not at equal distances. That is 
because the particle slows down and then speeds up as f increases. 

It appears from Figure 2 that the curve traced out by the particle may be a parabola. 
In fact, from the second equation we obtain t = y — | and substitution into the first 
equation gives 


x=? -2t=(y- 1? -2%y-l=y?-4y4+3 


Since the equation x = y* — 4y + 3 is satisfied for all pairs of x- and y-values gener- 
ated by the parametric equations, every point (x, y) on the parametric curve must lie on 
the parabola x = y* — 4y + 3 and so the parametric curve coincides with at least part 
of this parabola. Because ¢ can be chosen to make y any real number, we know that the 
parametric curve is the entire parabola. Bo 


In Example | we found a Cartesian equation in x and y whose graph coincided with 
the curve represented by parametric equations. This process is called eliminating the 
parameter; it can be helpful in identifying the shape of the parametric curve, but we lose 
some information in the process. The equation in x and y describes the curve the particle 
travels along, whereas the parametric equations have additional advantages—they tell us 
where the particle is at any given fime and indicate the direction of motion. If you think 
of the graph of an equation in x and y as a road, then the parametric equations could track 
the motion of a car traveling along the road. 

No restriction was placed on the parameter f in Example |, so we assumed that f could 
be any real number (including negative numbers). But sometimes we restrict ¢ to lie ina 
particular interval. For instance, the parametric curve 


x=? —-2t y=tt+1 Ox<rs<4 


shown in Figure 3 is the part of the parabola in Example | that starts at the point (0, 1) 
and ends at the point (8, 5). The arrowhead indicates the direction in which the curve is 
traced as ¢ increases from 0 to 4. 

In general, the curve with parametric equations 


x=f(t) yg) astsb 


has initial point (f(a), g(a)) and terminal point (f(b), g(b)). 


EXAMPLE2 What curve is represented by the following parametric equations? 
x = cost y =sint O0O<t<27 


SOLUTION If we plot points, it appears that the curve is a circle. We can confirm this 
by eliminating the parameter rf. Observe that 


x? + y? = cos*t + sin’t = 1 


Because x* + y* = 1 is satisfied for all pairs of x- and y-values generated by the 
parametric equations, the point (x, y) moves along the unit circle x* + y” = 1. Notice 
that in this example the parameter ¢ can be interpreted as the angle (in radians) shown 
in Figure 4. As ¢ increases from 0 to 277, the point (x, y) = (cos f, sin ft) moves once 
around the circle in the counterclockwise direction starting from the point (1, 0). EB 
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FIGURE 5 
YA 
Ss 
0 x 
FIGURE 6 


x=h+rcost,y=k+rsint 


RY 


EXAMPLE3 What curve is represented by the given parametric equations? 
x = sin 2t y = cos 2t O0<t<27 
SOLUTION Again we have 
x? + y? = sin’ (2) + cos? (24) = 1 


so the parametric equations again represent the unit circle x? + y* = 1. Butast 
increases from 0 to 27r, the point (x, y) = (sin 2¢, cos 2?) starts at (0, 1) and moves 
twice around the circle in the clockwise direction as indicated in Figure 5. a 


EXAMPLE 4 Find parametric equations for the circle with center (h, k) and radius r. 


SOLUTION One way is to take the parametric equations of the unit circle in Example 2 
and multiply the expressions for x and y by r, giving x = rcos ft, y = r sin t. You can 
verify that these equations represent a circle with radius r and center the origin, traced 
counterclockwise. We now shift / units in the x-direction and k units in the y-direction 
and obtain parametric equations of the circle (Figure 6) with center (h, k) and radius r: 


x=h-+rcost y=k+rsint O0<t<27 a 


NOTE Examples 2 and 3 show that different parametric equations can represent the 
same curve. Thus we distinguish between a curve, which is a set of points, and a 
parametric curve, in which the points are traced out in a particular way. 


In the next example we use parametric equations to describe the motions of four dif- 
ferent particles traveling along the same curve but in different ways. 


EXAMPLE 5 Each of the following sets of parametric equations gives the position of a 
moving particle at time f. 


(a)x=r, y=t O21 y= —t 
Ox=7% yout (d)x=e*%, y=e' 
In each case, eliminating the parameter gives x = y*, so each particle moves along the 


cubic curve x = V3 however, the particles move in different ways, as illustrated in 
Figure 7. 


(a) The particle moves from left to right as f increases. 
(b) The particle moves from right to left as f increases. 


(c) The equations are defined only for t = 0. The particle starts at the origin (where 
t = O) and moves to the right as ¢ increases. 


(d) Here x > 0 and y > 0 for all t. The particle moves from right to left and 
approaches the point (1,1) as f increases (through negative values) toward 0. As ¢ fur- 
ther increases, the particle approaches, but does not reach, the origin. 


y x 
> > 
0 x 0 x 
(a)jx=f,y=t (b)x=-t, y=—-t ear? pavi (d)x=e%, y=e" 


FIGURE 7 
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FIGURE 8 
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EXAMPLE 6 Sketch the curve with parametric equations x = sin f, y = sin’t. 


SOLUTION Observe that y = (sin #)* = x? and so the point (x, y) moves on the 
parabola y = x’. But note also that, since -1 < sint < 1, we have —1 < x < 1, so 
the parametric equations represent only the part of the parabola for which —1 S x < 1. 
Since sin t is periodic, the point (x, y) = (sin f, sin’t) moves back and forth infinitely 
often along the parabola from (—1, 1) to (1, 1). (See Figure 8.) | 


EXAMPLE7 The curve represented by the parametric equations x = cos ft, y = sin 2t 
is shown in Figure 9. It is an example of a Lissajous figure (see Exercise 63). It is 
possible to eliminate the parameter, but the resulting equation (y* = 4x? — 4x*) isn’t 
very helpful. Another way to visualize the curve is to first draw graphs of x and y 
individually as functions of t, as shown in Figure 10. 


x= cos ¢t, y= sin 2t 


FIGURE 9 

3 
3 

=3 
FIGURE 11 


x=cost y=sin 2t 


FIGURE 10 


We see that as f increases from 0 to 7/2, x decreases from 1 to 0 while y starts at 0, 
increases to 1, and then returns to 0. Together these descriptions produce the portion of 
the parametric curve that we see in the first quadrant. If we proceed similarly, we get 
the complete curve. (See Exercises 31—33 for practice with this technique.) a 


§ Graphing Parametric Curves with Technology 


Most graphing software applications and graphing calculators can graph curves defined 
by parametric equations. In fact, it’s instructive to watch a parametric curve being 
drawn by a graphing calculator because the points are plotted in order as the corre- 
sponding parameter values increase. 

The next example shows that parametric equations can be used to produce the graph 
of a Cartesian equation where x is expressed as a function of y. (Some calculators, for 
instance, require y to be expressed as a function of x.) 


EXAMPLE 8 Use acalculator or computer to graph the curve x = y* — 3y’. 


SOLUTION If we let the parameter be t = y, then we have the equations 
x=t— 3 y=t 


Using these parametric equations to graph the curve, we obtain Figure 11. It would be 
possible to solve the given equation (x = y* — 3y’) for y as four functions of x and 
graph them individually, but the parametric equations provide a much easier method. 
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13 
0 13 
FIGURE 12 
x=t+ sin 5t 
y =t+ sin 6¢ 
FIGURE 15 


In general, to graph an equation of the form x = g(y), we can use the parametric 
equations 


x = g(t) yor 


In the same spirit, notice that curves with equations y = f(x) (the ones we are most 
familiar with—graphs of functions) can also be regarded as curves with parametric 
equations 


x=t y=f(t) 


Graphing software is particularly useful for sketching complicated parametric curves. 
For instance, the curves shown in Figures 12, 13, and 14 would be virtually impossible to 
produce by hand. 


4 
4 4 
-4 
FIGURE 13 FIGURE 14 
x = cost + cos 6f + 2 sin 3t x = 2.3 cos 10t + cos 23t 
y = sint + sin 6t + 2 cos 3¢ y = 2.3 sin 10t — sin 23t 


One of the most important uses of parametric curves is in computer-aided design 
(CAD). In the Discovery Project after Section 10.2 we will investigate special parametric 
curves, called Bézier curves, that are used extensively in manufacturing, especially in 
the automotive industry. These curves are also employed in specifying the shapes of let- 
ters and other symbols in PDF documents and laser printers. 


i The Cycloid 


EXAMPLE9 The curve traced out by a point P on the circumference of a circle as 
the circle rolls along a straight line is called a cycloid. (Think of the path traced out 
by a pebble stuck in a car tire; see Figure 15.) If the circle has radius r and rolls 
along the x-axis and if one position of P is the origin, find parametric equations for 
the cycloid. 


P. 
VO WYO NN 
> 


P 
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|< r —__>| 


FIGURE 16 


cycloid 


FIGURE 17 


FIGURE 18 
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SOLUTION We choose as parameter the angle of rotation 6 of the circle (9 = 0 when 
P is at the origin). Suppose the circle has rotated through @ radians. Because the circle 
has been in contact with the line, we see from Figure 16 that the distance it has rolled 
from the origin is 

| OT| = arc PT = r 


Therefore the center of the circle is C(r6, r). Let the coordinates of P be (x, y). Then 
from Figure 16 we see that 


x =|OT| — |PQ| =ré@—-rsin@ = r(@ — sind) 


y= |TC| — |OC| =r —rcos@ =r(1 — cos8) 


Therefore parametric equations of the cycloid are 
[1] x = r(@ — sin@) y =r(1 — cos6) gER 


One arch of the cycloid comes from one rotation of the circle and so is described by 

0 < 6 S 27. Although Equations | were derived from Figure 16, which illustrates the 
case where 0 < 6 < 7/2, it can be seen that these equations are still valid for other 
values of 6 (see Exercise 48). 

Although it is possible to eliminate the parameter 6 from Equations 1, the resulting 
Cartesian equation in x and y is very complicated [x = r cos’ '(1 — y/r) a. 2ry — y? 
gives just half of one arch] and not as convenient to work with as the parametric 
equations. a 


One of the first people to study the cycloid was Galileo; he proposed that bridges be 
built in the shape of cycloids and tried to find the area under one arch of a cycloid. Later 
this curve arose in connection with the brachistochrone problem: Find the curve along 
which a particle will slide in the shortest time (under the influence of gravity) from a 
point A to a lower point B not directly beneath A. The Swiss mathematician John 
Bernoulli, who posed this problem in 1696, showed that among all possible curves that 
join A to B, as in Figure 17, the particle will take the least time sliding from A to B if the 
curve is part of an inverted arch of a cycloid. 

The Dutch physicist Huygens had already shown by 1673 that the cycloid is also the 
solution to the tautochrone problem; that is, no matter where a particle P is placed on 
an inverted cycloid, it takes the same time to slide to the bottom (see Figure 18). Huygens 
proposed that pendulum clocks (which he invented) should swing in cycloidal arcs 
because then the pendulum would take the same time to make a complete oscillation 
whether it swings through a wide arc or a small arc. 


H Families of Parametric Curves 


EXAMPLE 10 Investigate the family of curves with parametric equations 
x=at cost y =atant + sint 
What do these curves have in common? How does the shape change as a increases? 


SOLUTION We use a graphing calculator (or computer) to produce the graphs for the 
cases a = —2, —1, —0.5, —0.2, 0, 0.5, 1, and 2 shown in Figure 19. Notice that all of 
these curves (except the case a = 0) have two branches, and both branches approach 
the vertical asymptote x = a as x approaches a from the left or right. 
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a=0 a=0.5 


QD 


FIGURE 19 

Members of the family x = a + cos f, 
y =a tant + sinf, all graphed in the 
viewing rectangle [—4, 4] by [—4, 4] 


When a < ~—1, both branches are smooth; but when a reaches —1, the right branch 
acquires a sharp point, called a cusp. For a between — 1 and 0 the cusp turns into a 
loop, which becomes larger as a approaches 0. When a = 0, both branches come 


together and form a circle (see Example 2). For a between 0 and 1, the left branch has a 
loop, which shrinks to become a cusp when a = 1. For a > 1, the branches become 
smooth again, and as a increases further, they become less curved. Notice that the 
curves with a positive are reflections about the y-axis of the corresponding curves with 


a negative. 


These curves are called conchoids of Nicomedes after the ancient Greek scholar 
Nicomedes. He called them conchoids because the shape of their outer branches 
resembles that of a conch shell or mussel shell. || 


10.1 | Exercises 


1-2 For the given parametric equations, find the points (x, y) 
corresponding to the parameter values tf = —2, —1, 0, 1, 2. 


Lx=ert+t y=3"! 


2.x=In(’? +1), y=t/(t+ 4) 


3-6 Sketch the curve by using the parametric equations to plot 
points. Indicate with an arrow the direction in which the curve is 
traced as f increases. 


3.x=1-?, y=2r-P, 1<t<2 


6. x=cos*?, y=1+cost, 0<t<7 


7-12 

(a) Sketch the curve by using the parametric equations to plot 
points. Indicate with an arrow the direction in which the curve 
is traced as f increases. 


(b) Eliminate the parameter to find a Cartesian equation of the 


curve. 

7.x=2t-1, y=5tt+1 

8 x=3t+2, y=2t+3 

9x=P-3, y=rt2, 3<1<3 

10. x=sint, y=1-—cost, 0OStS27 

11. x= Jt, y=1-t 

2x*=?, y=" 

13-22 

(a) Eliminate the parameter to find a Cartesian equation of the 
curve. 


(b) Sketch the curve and indicate with an arrow the direction in 
which the curve is traced as the parameter increases. 


13. x=3cost, y=3sint, 0OSt<7 
14. x =sin40, y=cos40, 0<0<7/2 
15. x=cos0, y=sec0, 0<0< 7/2 
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16. x =csct, y=cotr, 0<t<7 


17.x=e', y=e 


18 x=f+2, y=1/t, t>0 
19. x = Int, y= vi, t=1 
20.x=(|t|, y=|1-|el| 
21. x =sin’t, y= cos’t 
22. x =sinht, y=cosht 


23-24 The position of an object in circular motion is modeled by 
the given parametric equations, where ¢ is measured in seconds. 
How long does it take to complete one revolution? Is the motion 
clockwise or counterclockwise? 


23. x =Scost, y= —Ssint 


24 3 sin + 3 cos| ——t 
a X sin 4 ; y COS 4 


25-28 Describe the motion of a particle with position (x, y) as t 
varies in the given interval. 


25.x=5+2cosmt, y=3+2sin7t, 1s=t=<=2 


26.x=2+sint, y=1+3cost, a/2<t<27 
27.x=S5sint, y=2cost, -wst<5a 


28. x=sint, y=cost, -27<t<27 


29. Suppose a curve is given by the parametric equations 
x = f(t), y = g(t), where the range of f is [1, 4] and the 
range of g is [2, 3]. What can you say about the curve? 


30. Match each pair of graphs of equations x = f(t), y = g(t) in 
(a)—(d) with one of the parametric curves x = f(t), y = g(0) 
labeled I-IV. Give reasons for your choices. 


I 
y YA 
it pall 2 
> > 
1 t x 
(b) I 
x y YA 
2 Mg 2 g 2 
> 
It It x 
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(c) Ill 
XA YA y 
2 f g 2 1 


31-33 Use the graphs of x = f(t) and y = g(t) to sketch the 
parametric curve x = f(t), y = g(t). Indicate with arrows the 
direction in which the curve is traced as f increases. 


31. XA YA 
1+: 


=" 
1 


YA 


ta 
= 
, 
= 
t 


= 1? 1? 


33. YA 


b 
> 
= 
t 


0 1¢ 1 ¢ 


34. Match the parametric equations with the graphs labeled J-VI. 
Give reasons for your choices. 


4 


(a) x=t ) 
(b) x= 22-21, y=Vt 


() x=P-24, y=r-t 


t+1, y=t 


Qa 
w~ 
ca 
ll 


cos 5t, y = sin 2t 


t+sin4t, y=? + cos 3t 


ie} 

VY 

ca 
ll 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


670 CHAPTER 10 Parametric Equations and Polar Coordinates 


(f) x=t+sin2t, y=t+ sin3t FX 43-44 Usea graphing calculator or computer to reproduce the 
I U Ww picture. 
43. y 44, yh 
4+ 
2, abe 
> 
0 3 8 x 
IV Vv VI 
y y y 45. (a) Show that the points on all four of the given parametric 
curves satisfy the same Cartesian equation. 
@x=?, y= Gi) x=4 y=vi 
(iii) x = cos*t, y=cost (iv) x= 37%, y=3' 
“ (b) Sketch the graph of each curve in part (a) and explain 
= | =: how the curves differ from one another. 
x xX 
46-47 Compare the curves represented by the parametric 
35. Graph the curve x = y — 2 sin 7y. equations. How do they differ? 
4 36. Graph the curves y = x? — 4x and x = y* — 4y and find 46. (a) x=t, y=r? (b) x=cost, y= sec’t 
their points of intersection correct to one decimal place. (c) x=e'", y=e 
37. (a) Show that the parametric equations 47. (a) x=, y=P (bt) x=, y=t4 
= god = 2-2 
x=x,+ (x. —x,)t y=y+ (2 - yt (c) x , y=e" 


where 0) S t < 1, describe the line segment that joins 
the points Pi(x1, y:) and P2(x>, y2). 48 

(b) Find parametric equations to represent the line segment 
from (—2, 7) to (3, —1). 


Derive Equations | for the case 7/2 < 0 < 7. 


49. Let P be a point at a distance d from the center of a circle of 
radius r. The curve traced out by P as the circle rolls along a 


FX 38. Usea graphing calculator or computer and the result of straight line is called a trochoid. (Think of the motion of a 
Exercise 37(a) to draw the triangle with vertices A(1, 1), point on a spoke of a bicycle wheel.) The cycloid is the spe- 
B(4, 2), and C(1, 5). cial case of a trochoid with d = r. Using the same param- 


eter 6 as for the cycloid, and assuming the line is the x-axis 
and 6 = 0 when P is at one of its lowest points, show that 
parametric equations of the trochoid are 


39-40 Find parametric equations for the position of a particle 
moving along a circle as described. 


39. The particle travels clockwise around a circle centered at the _ ge _ d 

origin with radius 5 and completes a revolution in 477 seconds. x= 10 — dsind a 
40. The particle travels counterclockwise around a circle with Sketch the trochoid for the cases d < rand d > r. 
center (1, 3) and radius 1 and completes a revolution in 50. 


In the figure, the circle of radius a is stationary, and for 
three seconds. 


every 6, the point P is the midpoint of the segment OR. 
The curve traced out by P for 0 < 6 < ris called the 


41. Find parametric equations for the path of a particle that longbow curve. Find parametric equations for this curve. 
moves along the circle x” + (y — 1)* = 4 in the manner ee 
described. : 


2a R 


(a) Once around clockwise, starting at (2, 1) 
(b) Three times around counterclockwise, starting at (2, 1) 
(c) Halfway around counterclockwise, starting at (0, 3) 


FS 42. (a) Find parametric equations for the ellipse 
x*/a? + y*/b? = 1. [Hint: Modify the equations of the 
circle in Example 2.] 

(b) Use these parametric equations to graph the ellipse 
when a = 3 and b = 1, 2, 4, and 8. 

(c) How does the shape of the ellipse change as b varies? 
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51. If a and bare fixed numbers, find parametric equations for the method for constructing the edge of a cube whose volume 
curve that consists of all possible positions of the point P in is twice that of a given cube.) 
the figure, using the angle @ as the parameter. Then eliminate (b) Use the geometric description of the curve to draw a 
the parameter and identify the curve. rough sketch of the curve by hand. Check your work by 


using the parametric equations to graph the curve. 


YA 


RY 
Vv 


55-57 Intersection and Collision Suppose that the position of 
each of two particles is given by parametric equations. A collision 
point is a point where the particles are at the same place at the same 
time. If the particles pass through the same point but at different 
times, then the paths intersect but the particles don’t collide. 


52 


If a and b are fixed numbers, find parametric equations for the 

curve that consists of all possible positions of the point P in 

the figure, using the angle @ as the parameter. The line seg- 

ment AB is tangent to the larger circle. 

yA 55. The position of a red particle at time f is given by 
x=tt5 =~?+4t+6 

and the position of a blue particle is given by 


x=2t+ 1 y=2t+6 


Their paths are shown in the graph. 


YA 
ll 
53. A curve, called a witch of Maria Agnesi, consists of all pos- 
sible positions of the point P in the figure. Show that para- 
metric equations for this curve can be written as 
i 
x = 2a coté y = 2a sin’0 S 1 6 * 
Sketch the curve. (a) Verify that the paths of the particles intersect at the points 
“a (1, 6) and (6, 11). Is either of these points a collision 
y=2a ° C point? If so, at what time do the particles collide? 
(b) Suppose that the position of a green particle is given by 
Z| x=2t+4 y=2t+9 
' Show that this particle moves along the same path as the 
blue particle. Do the red and green particles collide? If 
so, at what point and at what time? 
VA 56. The position of one particle at time f is given by 
O x x = 3sint y =2cost O<t<27 


and the position of a second particle is given by 
54. (a) Find parametric equations for the set of all points P as 


shown in the figure such that | OP | = | AB|. (This curve a ee ae Ve = at 
is called the cissoid of Diocles after the Greek scholar (a) Graph the paths of both particles. At how many points do 
Diocles, who introduced the cissoid as a graphical the graphs intersect? 
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(b) Do the particles collide? If so, find the collision points. 
(c) Describe what happens if the path of the second particle 
is given by 
x =3+ cost y=1+sint Ox<rtsS 


57. Find the point at which the parametric curve intersects itself 
and the corresponding values of f. 


(a) x=1-, y=t-# 
YA 
> 
1x 
(b) x=2t- 2, y=r-? 
> 


CHAPTER 10 Parametric Equations and Polar Coordinates 


58. Ifa projectile is fired from the origin with an initial velocity 
of vp meters per second at an angle a above the horizontal 
and air resistance is assumed to be negligible, then its posi- 
tion after ¢ seconds is given by the parametric equations 


x = (v9 cos a)t y = (vo sin a)t — 5 gt? 


DISCOVERY PROJECT | 4 RUNNING CIRCLES AROUND CIRCLES 


YA 


cycloid are 


ae] 


64 


= (a= D) e088 + beos(“ 


where g is the acceleration due to gravity (9.8 m/s’). 

(a) If a gun is fired with a = 30° and vp = 500 m/s, when 
will the bullet hit the ground? How far from the gun will 
it hit the ground? What is the maximum height reached 
by the bullet? 

Use a graph to check your answers to part (a). Then 
graph the path of the projectile for several other values of 
the angle a to see where it hits the ground. Summarize 
your findings. 

Show that the path is parabolic by eliminating the 
parameter. 


(b) 


(c) 


Investigate the family of curves defined by the parametric 
equations x = ft’, y = f° — ct. How does the shape change as 
c increases? Illustrate by graphing several members of the 
family. 


The swallowtail catastrophe curves are defined by the 
parametric equations x = 2ct — 4t*, y ct? + 3rt 
Graph several of these curves. What features do the curves 
have in common? How do they change when c increases? 


Graph several members of the family of curves with para- 
metric equations x = tf + acost, y =f + asin t, where 

a > 0. How does the shape change as a increases? For what 
values of a does the curve have a loop? 


Graph several members of the family of curves 

x = sint + sinnt, y = cost + cos nt, where n is a positive 
integer. What features do the curves have in common? What 
happens as n increases? 


The curves with equations x = a sin nt, y = bcos t are called 
Lissajous figures. Investigate how these curves vary when a, 
b, and n vary. (Take n to be a positive integer.) 


Investigate the family of curves defined by the parametric 
equations x = cos ft, y = sint — sin ct, where c > 0. Start 
by letting c be a positive integer and see what happens to the 
shape as c increases. Then explore some of the possibilities 
that occur when c is a fraction. 


In this project we investigate families of curves, called hypocycloids and epicycloids, that are 
generated by the motion of a point on a circle that rolls inside or outside another circle. 


1. A hypocycloid is a curve traced out by a fixed point P on a circle C of radius b as C rolls 
on the inside of a circle with center O and radius a. Show that if the initial position of P is 
(a, 0) and the parameter @ is chosen as in the figure, then parametric equations of the hypo- 


= Boe, 
b 


y= (a= B)sing ~ bsin( 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


10.2 


If we think of the curve as being 
traced out by a moving particle, then 
dy/dt and dx/dt are the vertical and 
horizontal velocities of the particle 
and Formula 1 says that the slope of 
the tangent is the ratio of these 
velocities. 


SECTION 10.2. Calculus with Parametric Curves 673 


2. Use a graphing calculator or computer to draw the graphs of hypocycloids with a a positive 
integer and b = 1. How does the value of a affect the graph? Show that if we take a = 4, 
then the parametric equations of the hypocycloid reduce to 


x = 4cos*6 y = 4sin°0 
This curve is called a hypocycloid of four cusps, or an astroid. 


3. Now try b = 1 anda = n/d, a fraction where n and d have no common factor. First let 
n = | and try to determine graphically the effect of the denominator d on the shape of the 
graph. Then let n vary while keeping d constant. What happens when n = d + 1? 


4. What happens if b = 1 and a is irrational? Experiment with an irrational number like \/ Dy 
or e — 2. Take larger and larger values for 0 and speculate on what would happen if we 
were to graph the hypocycloid for all real values of 6. 


5. If the circle C rolls on the outside of the fixed circle, the curve traced out by P is called an 
epicycloid. Find parametric equations for the epicycloid. 


6. Investigate the possible shapes for epicycloids. Use methods similar to Problems 2—4. 


Calculus with Parametric Curves 


Having seen how to represent curves by parametric equations, we now apply the methods 
of calculus to these parametric curves. In particular, we solve problems involving tan- 
gents, areas, arc length, speed, and surface area. 


B® Tangents 


Suppose f and g are differentiable functions and we want to find the tangent line at a 
point on the parametric curve x = f(t), y = g(t), where y is also a differentiable function 
of x. Then the Chain Rule gives 


dy _ dy dx 


dt dx dt 


If dx/dt ¥ 0, we can solve for dy/dx: 


dy 
dy dt dx 
kis elie if “2G 
AJ dx dx ge 
dt 


Equation | (which you can remember by thinking of canceling the df’s) enables us to 
find the slope dy/dx of the tangent to a parametric curve without having to eliminate the 
parameter t. We see from (1) that the curve has a horizontal tangent when dy/dt = 0, 
provided that dx/dt 0, and it has a vertical tangent when dx/dt = 0, provided that 
dy/dt # 0. (if both dx/dt = 0 and dy/dt = 0, then we would need to use other methods 
to determine the slope of the tangent.) This information is useful for sketching paramet- 
ric curves. 
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d‘y 
Note that <> # 
@ Note tha a 


CHAPTER 10 


2. 


y=V3(x- 3) 


FIGURE 1 


Parametric Equations and Polar Coordinates 


As we have learned, it is also often useful to consider d*y/dx*. This can be found by 
replacing y by dy/dx in Equation 1: 


EXAMPLE 1 A curve C is defined by the parametric equations x = t?, y = f°? — 3t. 
(a) Show that C has two tangents at the point (3, 0) and find their equations. 
(b) Find the points on C where the tangent is horizontal or vertical. 


(c) Determine where the curve is concave upward or downward. 
(d) Sketch the curve. 


SOLUTION 

(a) Notice that x = 3 fort = +,/3 and, in both cases, y = ¢(t? — 3) = 0. Therefore 
the point (3, 0) on C arises from two values of the parameter, t = ale and t = —/3. 
This indicates that C crosses itself at (3, 0). Since 


dy ayfdt_ 31° =3 
dx dx/dt 2t 


the slope of the tangent when t = /3 is dy/dx = 6/(2,/3) = V3, and when t = —/3 
the slope is dy/dx = —6/ (oy3 ) = —,/ 3. Thus we have two different tangent lines at 
(3, 0) with equations 


y=V3(@-3) and y=-¥3 (3) 


(b) C has a horizontal tangent when dy/dx = 0, that is, when dy/dt = 0 and 

dx/dt # 0. Since dy/dt = 3t? — 3, this happens when f* = 1, that is, t = +1. The 
corresponding points on C are (1, —2) and (1, 2). C has a vertical tangent when 
dx/dt = 2t = 0, that is, t = 0. (Note that dy/dt # 0 there.) The corresponding point 
on C is (0, 0). 


(c) To determine concavity we calculate the second derivative: 


d [ dy d (317-3 6t? + 6 
d’y _dt\dx}_ dt 2t _ A. BR a3 


dx? dx dx 2t 4° 
dt dt 


Thus the curve is concave upward when t > 0 and concave downward when t < 0. 


(d) Using the information from parts (b) and (c), we sketch C in Figure 1. | 


EXAMPLE 2 

(a) Find the tangent to the cycloid x = r(@ — sin 6), y = r(1 — cos @) at the point 
where 0 = 77/3. (See Example 10.1.9.) 

(b) At what points is the tangent horizontal? When is it vertical? 
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SOLUTION 
(a) The slope of the tangent line is 


dy _dy/d0__—srsin@ ~—_—_—s sin 
dx  dx/d0 _r(1 — cos@) 1 — cos 0 


When 0 = 77/3, we have 


dy ____sin(w/3) af Bf 5 
dx 1 — cos(7/3) 1—- v3 


and 


NI 


Therefore the slope of the tangent is /3 and its equation is 


y-bai(v- 2s 2) ” fix-y=( 2-2] 


3 2 


The tangent is sketched in Figure 2. 


(371, 2r) 


FIGURE 2 


(b) The tangent is horizontal when dy/dx = 0, which occurs when sin 6 = 0 and 
1 — cos 6 ¥ 0, that is, 9 = (2n — 1)z, nan integer. The corresponding point on the 
cycloid is ((2n — 1)ar, 2r). 

When @ = 2n7, both dx/d6 and dy/d@ are 0. It appears from the graph that there 
are vertical tangents at those points. We can verify this by using |’ Hospital’s Rule as 


follows: 
: dy : sin 0 . cos @ 
in —= im mM —= im . = 
@—2n7r+ dx 6—>2n7+ 1 — cos@ 0—>2n7+ sin®@ 


A similar computation shows that dy/dx —> —° as 6 — 2nz7r’, so indeed there are 
vertical tangents when 0 = 2n7, that is, when x = 2n7rr. (See Figure 2.) || 


@ Areas 


We know that the area under a curve y = F(x) from a to bis A = ( F(x) dx, where 
F(x) = 0. If the curve is traced out once by the parametric equations x = f(¢) and 
y = g(t), a <t < B, then we can calculate an area formula by using the Substitution 
Rule for Definite Integrals as follows: 


The limits of integration for ¢ are 

found as usual with the Substitution _ {? _ [fé8 , a ' 

Rule. When x = a, ris either a or B. = [, aa [ at) f'(e) dt E f gf) | 
When x = b, tis the remaining value. 


EXAMPLE 3 Find the area under one arch of the cycloid 


x = r(@ — sin 8) y =r(1 — cos 6) 
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RY 


0 2Qar 


FIGURE 3 


The result of Example 3 says that the 
area under one arch of the cycloid is 
three times the area of the rolling 
circle that generates the cycloid (see 
Example 10.1.9). Galileo guessed this 
result but it was first proved by the 
French mathematician Roberval and 
the Italian mathematician Torricelli. 


FIGURE 4 


SOLUTION One arch of the cycloid (shown in Figure 3) is given by 0 < 6 S 27. Using 
the Substitution Rule with y = r(1 — cos 6) and dx = r(1 — cos 6) d@, we have 


2ar 2a 
A= i ydx = { r(1 — cos 6) r(1 — cos 6) dé 


Il 


- (" (1 — cos 6)? d@ = r* \ (1 — 2cos @ + cos*6) dé 


e (- [1 Se 5(1 + cos 20)| do 


Qa 
0 


= [39 —2sin0 + tsin 26] 
= r(3 : 27) = 30r | 


@ ArcLength 


We already know how to find the length L of a curve C given in the form y = F(x), 
a = x <b. Formula 8.1.3 says that if F’ is continuous, then 


a [ea 


Suppose that C can also be described by the parametric equations x = f(t) and y = g(), 
a <t<B, where dx/dt = f'(t) > 0. This means that C is traversed once, from left to 
right, as ¢ increases from @ to B and f(a) = a, f(B) = b. Putting Formula | into For- 
mula 2 and using the Substitution Rule, we obtain 


b 2 Bf Laan 
L={ 1+ (2 ar= | 14 (ala) ax x 
a dx a dx/dt} dt 


Since dx/dt > 0, we have 


B " dx dy i 
(3 al \ a dt . dt ae 
Even if C can’t be expressed in the form y = F(x), Formula 3 is still valid but we 
obtain it by polygonal approximations. We divide the parameter interval [a, 8] into n 
subintervals of equal width Ar. If fo, t1, b, . .. , tf, are the endpoints of these subintervals, 
then x; = f(t;) and y; = g(t;) are the coordinates of points P;(x;, y;) that lie on C and the 
polygonal path with vertices Po, Pi, ..., P, approximates C. (See Figure 4.) 


As in Section 8.1, we define the length L of C to be the limit of the lengths of these 
approximating polygonal paths as n — ~: 


L= lim s | Pi-1Pi| 
i=1 


no 3 


The Mean Value Theorem, when applied to f on the interval [1;-,, t;], gives a number f* 
in (¢;-, t;) such that 


fi) = 7G) =7 CG = t4) 
Let Ax; = x; — x;-; and Ay; = y; — y;-:. Then the preceding equation becomes 


Ax; = f'(t*) At 
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Similarly, when applied to g, the Mean Value Theorem gives a number #7** in (¢-1, f;) 


such that 
Ay; = g'(ti**) At 
Therefore 
| Pi-P:| = V(Ax)? + (Ay)? = VU) At? + [9 Ae? 
= VIP) + lg G*P At 
and so 
i] L= tim > VPC + GPF a 


The sum in (4) resembles a Riemann sum for the function y[ f’(1)|? + [g'(1)]? but it is 
not exactly a Riemann sum because 1; # #** in general. Nevertheless, if f’ and g’ are 
continuous, it can be shown that the limit in (4) is the same as if #;* and f** were equal, 
namely, 


L=|" FOF +VOF at 


Thus, using Leibniz notation, we have the following result, which has the same form as 
Formula 3. 


[5] Theorem If acurve C is described by the parametric equations x = f(t), 
y = g(t), a <t < B, where f' and gq’ are continuous on [a, B] and C is traversed 
exactly once as ¢ increases from a@ to B, then the length of C is 


Notice that the formula in Theorem 5 is consistent with the general formula L = i ds 
of Section 8.1, where 


6 ee (4) (2) a 


EXAMPLE 4 If we use the representation of the unit circle given in Example 10.1.2, 


x = cost y=sint O0O<t<27 


then dx/dt = —sin t and dy/dt = cos t, so Theorem 5 gives 


2a dx \” dy : tr —5>——- oe 
L= t dt = | vsin’t + cost dt = | dt = 27 
0 dt dt 0 0 


as expected. If, on the other hand, we use the representation given in Example 10.1.3, 


x = sin 2t y = cos 2t O0<t<27 


then dx/dt = 2 cos 21, dy/dt = —2 sin 2t, and the integral in Theorem 5 gives 


en dx : dy ; 2 Qa 
facie ay _ 7 — Pp 7 
[, V( *) + ( +) dt { 4/4 cos?(2t) + 4 sin?(20) dt = i: 2d=4n 
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@ Notice that the integral gives twice the arc length of the circle because as t increases 
from 0 to 27, the point (sin 2t, cos 2f) traverses the circle twice. In general, when 
finding the length of a curve C from a parametric representation, we have to be careful 
to ensure that C is traversed only once as f¢ increases from a@ to B. | 


EXAMPLE 5 Find the length of one arch of the cycloid x = r(@ — sin@), 
y =r(1 — cos@). 


SOLUTION From Example 3 we see that one arch is described by the parameter 
interval 0 < 0 S 27. Since 


— =r(l — cos6) and ver sin 0 
dé 


we have 


Qa 2 2 7 
jp | ax + ay dé = [ V/r(1 — cosé)? + r?sin2@ dé 
0 dé dé 0 


\ Vr-(1 — 2 cos@ + cos26 + sin26) dé 


The result of Example 5 says that the 
length of one arch of a cycloid is eight 
times the radius of the generating 
circle (see Figure 5). This was first = rf" J/2(1 — cos 6) dé 
proved in 1658 by Sir Christopher 0 

Wren, who later became the architect 


of St. Paul’s Cathedral in London. To evaluate this integral we use the identity sin’x = (1 — cos 2x) with @ = 2x, which 
gives 1 — cos 0 = 2 sin’(6/2). Since 0 < 6 < 277, we have 0 < 0/2 < mand so 
” L=8r sin(0/2) = 0. Therefore 


J2(1 — cos 6) = /4 sin2(6/2) = 2| sin(@/2)| = 2 sin(6/2) 


0 Inr x and so L=2r {" sin(@/2) dd = 2r|—2 cos(0/2)]." 
FIGURE 5 = 2r[2 + 2] = 8r a 
The arc length function and speed Recall that the arc length function (Formula 8.1.5) gives the length of a curve from an 


initial point to any other point on the curve. For a parametric curve C given by x = f(d), 
y = g(t), where f’ and g’ are continuous, we let s(t) be the arc length along C from an 
initial point (f(a), g(@)) to a point ( f (2), g(t) on C. By Theorem 5, the arc length func- 
tion s for parametric curves is 


s(t) = | , () " (2) di 


(We have replaced the variable of integration by u so that t does not have two meanings.) 

If parametric equations describe the position of a moving particle (with t representing 
time), then the speed of the particle at time f¢, v(¢), is the rate of change of distance trav- 
eled (arc length) with respect to time: s’(¢). By Equation 7 and Part 1 of the Fundamental 
Theorem of Calculus, we have 


v(t) =s'() = V(4) ‘ (2) 
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EXAMPLE 6 The position of a particle at time f is given by the parametric equations 
x = 2t + 3, y = 4t°, t= 0. Find the speed of the particle when it is at the point (5, 4). 


SOLUTION By Equation 8, the speed of the particle at any time ¢ is 
v(t) = VP + (81 = 21 + 167 


The particle is at the point (5, 4) when ¢ = 1, so its speed at that point is 
v(1) = 2,/17 = 8.25. (If distance is measured in meters and time in seconds, then 
the speed is approximately 8.25 m/s.) a 


®@ Surface Area 


In the same way as for arc length, we can adapt Formula 8.2.5 to obtain a formula for 
surface area. Suppose a curve C is given by the parametric equations x = f(t), y = g(t), 
a <t <8, where f/ g’ are continuous, g(t) = 0, and C is traversed exactly once as t 
increases from a to B. If C is rotated about the x-axis, then the area of the resulting sur- 
face is given by 


a fen GY 


The general symbolic formulas S$ = | 2try ds and S$ = ) 27x ds (Formulas 8.2.7 and 
8.2.8) are still valid, where ds is given by Formula 6. 


EXAMPLE7 Show that the surface area of a sphere of radius r is 47rr’. 
SOLUTION The sphere is obtained by rotating the semicircle 


x =rcost y=rsint O<t<7 


about the x-axis. Therefore, from Formula 9, we get 


S= ie 2ar sin t /(—r sin t)? + (rcos t)? dt 
=27 i r sin t./r2(sin2t + cost) dt = 2a i. rsint: rdt 


=20r° { sin t dt = 2mr?(—cos y| =4rr a 


10.2 | Exercises 


1-4 Find dx/dt, dy/dt, and dy/dx. 3. x=te', y=t+sint 
1x =204 34, y=4t— 52? 


4.x=1f+ sin(t? +2), y= tan(t? + 2) 


2 


2.x=t-Int, y=r-t 
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5-6 Find the slope of the tangent to the parametric curve at the 17.x=e', y=te™ 
indicated point. 


8% x=?4+1, y=e'-1 


5 x=? +24, y=2'- 2 
19. x 


t-—Int, y=r+ Int 


YA 


20. cost, y=sin2t, 0<t<7 


+ 
I 


21-24 Find the points on the curve where the tangent is 
horizontal or vertical. You may want to use a graph from a 
calculator or computer to check your work. 


(15, 2) = 2x=-3t, y=r?-3 


o 
bo 


22,.x=f-34, y=r-3f 
6.x=t+cosmt, y= -—t+ sinat 23. x =cos@, y= cos 30 


YA 24.x= erne. y= e088 


0 F425. Usea graph to estimate the coordinates of the rightmost 
x point on the curve x = t — f°, y = e’. Then use calculus to 
(3, -2) find the exact coordinates. 


FY 26. Usea graph to estimate the coordinates of the lowest point 


and the leftmost point on the curve x = f* — 24, y=r+ r7. 


Then find the exact coordinates. 


FX 27-28 Graph the curve in a viewing rectangle that displays all 
the important aspects of the curve. 


27,.x=-2P -—2¢, y=rr-t 


7-10 Find an equation of the tangent to the curve at the point 
corresponding to the given value of the parameter. 


7x=P4+1, y=r4+n t 1 


Vt, y=P-2n t=4 28. x=7f+ 4-8, y=20-1t 


8. x 


9. x=sin2t+ cost, y=cos2t—sint; t=7 


F429. Show that the curve x = cos f, y = sint cos t has two 
10.x=e'sinat, y=e"; t=0 tangents at (0, 0) and find their equations. Graph the curve. 


-4 30. Graph the curve x = —2 cost, y = sint + sin 2f to dis- 
cover where it crosses itself. Then find equations of both 
tangents at that point. 


11-12 Find an equation of the tangent to the curve at the given 
point by two methods: (a) without eliminating the parameter and 
(b) by first eliminating the parameter. 


1 3) 31 


WW. x=sint, y =cos’r; (4 3 (a) Find the slope of the tangent line to the trochoid 


x = 7rd — dsin 6, y =r — dcos 8 in terms of 0. (See 

12.x=Vti+4, y=1/t+4); (2,4) Exercise 10.1.49.) 

(b) Show that if d < r, then the trochoid does not have a 
vertical tangent. 


Ff 13-14 Find an equation of the tangent to the curve at the given 


point. Then graph the curve and the tangent. 32. (a) Find the slope of the tangent to the astroid x = acos*6, 

Box=?-t y=r+ttl: (3) y = asin*@ in terms of 0. (Astroids are explored in the 
: 5 Discovery Project following Section 10.1.) 

14.x=sinat, y=t +t; (0,2) (b) At what points is the tangent horizontal or vertical? 


(c) At what points does the tangent have slope 1 or —1? 


15-20 Find dy/dx and d*y/dx?. For which values of t is the 
curve concave upward? 


3 


33 


1 does 


At what point(s) on the curve x = 37? + l,y =f 
the tangent line have slope +? 


Bx=P+1, y=rvrrr : : 2 
34. Find equations of the tangents to the curve x = 3f° + 1, 


t y = 2r° + | that pass through the point (4, 3). 


16.x=24+1, y=t 
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35-36 Find the area enclosed by the given parametric curve and 
the x-axis. 


35.x=04+1, y=2-P 


» 

> 

0 x 

36. x =sint, y=sinfcost, 0<t< 7/2 
y 

> 

0 x 


37-38 Find the area enclosed by the given parametric curve and 
the y-axis. 


37. x = sin’t, 38. x 
y = cost y= 


t? — 2, 


4 


yA ya 


BY 


39. Use the parametric equations of an ellipse, x = a cos 6, 
y = bsin 6, 0 S @ S 27, to find the area that it encloses. 


40. Find the area of the region enclosed by the loop of the curve 


3 


x=1-?, y=t-t 


YA 
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41. Find the area under one arch of the trochoid of Exer- 
cise 10.1.49 for the case d < r. 


42. Let & be the region enclosed by the loop of the curve in 
Example 1. 
(a) Find the area of R. 
(b) If R is rotated about the x-axis, find the volume of the 
resulting solid. 
(c) Find the centroid of R. 


43-46 Set up an integral that represents the length of the 
part of the parametric curve shown in the graph. Then use a 
calculator (or computer) to find the length correct to four 
decimal places. 


43. x 


3? — 2, y=r —2t 


45. x=t-—2sint, 


y=1-2cost, 


BY 
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46. x=tcost, y=r-—S5sint then the position (in meters) of the projectile after t seconds is 
given by the parametric equations 


YA 


x = (vo cos a)t y = (vp sin a)t — sgt? 


where g = 9.8 m/s’ is the acceleration due to gravity. 
(a) Find the speed of the projectile when it hits the ground. 
(b) Find the speed of the projectile at its highest point. 


> 
x 62. Show that the total length of the ellipse x = a sin0, 
y=bcos#,a>b>0,is 
L=4a revi — e?sin26 d6 
where e¢ is the eccentricity of the ellipse (e = c/a, 
where c = a? — b* ). 
47-50 Find the exact length of the curve. 
> P 63. (a) Graph the epitrochoid with equations 
47.x=30, y=r-2, 0<1ts3 
. x = ll cost — 4cos(11t/2) 
48.x=e'-1t, y=4e", 0<1t<2 
= Il sint — 4sin(111/2 
49.x=tsint, y=fcost, 0Sr<1 y a sin(111/2) 


What parameter interval gives the complete curve? 
(b) Use a calculator or computer to find the approximate 
length of this curve. 


50. x = 3cost—cos3r, y=3sint—sin3t, OSt<7 


AS 51-52 Graph th d find its exact length. 
eRe niger gen perigee Fae 64. A curve called Cornu’s spiral is defined by the parametric 


51. x=e'cost, y=e'sint, 0OXt<7 equations 


52. x =cost + In(tan $t), y=sint, 7/4<t< 37/4 2= Cl) = i cos(mu“/2) du 


y = S(t) = i sin(aru2/2) du 


FY 53. Graph the curve x = sint + sin 1.5t, y = cos ¢ and find its 
length correct to four decimal places. 


where C and S are the Fresnel functions that were intro- 


54. Find the length of the loop of the curve x = 3t — 3 duced in Chapter 5. 
y = 322 (a) Graph this curve. What happens as t — © and as 
: t—> —«? 


55-56 Find the distance traveled by a particle with position 
(x, y) as t varies in the given time interval. Compare with the 
length of the curve. 


(b) Find the length of Cornu’s spiral from the origin to the 
point with parameter value ft. 


65-66 The curve shown in the figure is the astroid x = a cos*6, 
y = asin*6. (Astroids are explored in the Discovery Project 
cost, y=cost, 0<t<4a following Section 10.1.) 


55.x=sin*t, y=cos*t, 0<t<37 


u 

oe 

a 
ll 


YA 


57-60 The parametric equations give the position (in meters) of a 
a moving particle at time rt (in seconds). Find the speed of the 
particle at the indicated time or point. 


57.x=2t-—3, y=2¢—3t+6; t=5 


—a a x 
7 (7 
58. x 2+ Scos( 2), y 2+ 1in( 2) t=3 


59.x=e', y=te'; (ee) 
60.x=P4+1, y=rt+2P°4+1; (2,4) 


65. Find the area of the region enclosed by the astroid. 
61. A projectile is fired from the point (0, 0) with an initial veloc- 


ity of vp m/s at an angle a above the horizontal. (See Exer- 66. Find the perimeter of the astroid. 
cise 10.1.58.) If we assume that air resistance is negligible, 
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67-70 Set up an integral that represents the area of the surface 


obtained by rotating the given curve about the x-axis. Then use a 


calculator or computer to find the surface area correct to four 
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regarded as a measure of the rate of change of direction of the 
curve at P and will be studied in greater detail in Chapter 13. 


decimal places. YA 
67. x=tsint, y=tcost, 0<St<7/2 
68. x=sint, y=sin2t, 0<t<7/2 : 
69%x=t+e', y=e'’, OXt<l ob 

> 
70.x=P-Pf, y=tt+r, O<r<l : * 


71-73 Find the exact area of the surface obtained by rotating 


the given curve about the x-axis. 
7l.x=P, y=r, O<rts<l 


72.x=27+1/t, y=8 Vt, 1<t<3 


N 

- 

“ 
I 


acos*é, y=asin*¢, 0<0< 7/2 


79. 


For a parametric curve x = x(t), y = y(t), derive the 
formula 


__ 1-8 
[x2 + y pe 
where the dots indicate derivatives with respect to f, so 


x = dx/dt. [Hint: Use ¢ = tan-'(dy/dx) and Formula 2 to 
find d/dt. Then use the Chain Rule to find dé/ds.] 


74. Graph the curve 80. By regarding a curve y = f(x) as the parametric curve 
x = x, y = f(x) with parameter x, show that the formula in 
x = 2 cos@ — cos 26 Exercise 79 becomes 
= 2 sin@ — sin 20 
y | d?y/dx? | 
If this curve is rotated about the x-axis, find the exact area [1 + (dy / dx) }* 2 
of the resulting surface. (Use your graph to help find the 
correct parameter interval.) 81. Use the formula in Exercise 79 to find the curvature of the 
cycloid x = 6 — sin@, y = 1 — cos@ at the top of one of its 
75-76 Find the surface area generated by rotating the given arches. 
curve about the y-axis. 
3. £247, poor, o27=% 82. (a) Use the formula in Lepage 80 to find the curvature of 
the parabola y = x’ at the point (1, 1). 
76.x=e'-t, y=4 e?, O<t<1 (b) At what point does this parabola have maximum 
curvature? 
77. If f' is continuous and f'(t) ¥ 0 for a < t < b, show that 83. (a) enew bg the curvature at each point of a straight line 
the parametric curve x = f(t), y = g(t), a < t < b, can be Ise Ns : . 
put in the form y = F(x). [Hint: Show that f~' exists. ] (b) Show that the curvature at each point of a circle of 
radius ris k = 1/r. 
78. Use Formula 1 to derive Formula 9 from Formula 8.2.5 for 
the case in which the curve can be represented in the form 84. A cow is tied to a silo with radius r by a rope just long 


y=F(x),a<x<b. 


79-83 Curvature The curvature at a point P of a curve is 
defined as 


where ¢ is the angle of inclination of the tangent line at P, as 
shown in the figure. Thus the curvature is the absolute value of 
the rate of change of @ with respect to arc length. It can be 


enough to reach the opposite side of the silo. Find the graz- 
ing area available for the cow. 
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85. A string is wound around a circle and then unwound while yA 
being held taut. The curve traced by the point P at the end of 
the string is called the involute of the circle. If the circle has 
radius r and center O and the initial position of P is (r, 0), and YD 


vu 


if the parameter @ is chosen as in the figure, show that para- 
metric equations of the involute are 


BY 


x = r(cosé + 6 sin@) 


y = r(sin@ — 0 cos@) 


DISCOVERY PROJECT / BEZIER CURVES 


Bézier curves are used in computer-aided design (CAD) and are named after the French math- 
ematician Pierre Bézier (1910-1999), who worked in the automotive industry. A cubic Bézier 
curve is determined by four control points, Po(xo, yo), Pi(x1, yi), P2(x2, y2), and P3(x3, y3), and 
is defined by the parametric equations 


x =x(1 — A? + 3xt(1 — 2? + 3xot7(1 — 2) + x32? 


y— yoll 9) Src a) as yot (le yar 


where 0 S t S 1. Notice that when t = 0 we have (x, y) = (xo, yo) and when t = | we have 
(x, y) = (%3, y3), so the curve starts at Po and ends at P3. 


1. Graph the Bézier curve with control points Po(4, 1), Pi(28, 48), P2(50, 42), and P3(40, 5). 
Then, on the same screen, graph the line segments PoP), P;P2, and P2P3. (Exercise 10.1.37 
shows how to do this.) Notice that the middle control points P; and P don’t lie on the 


curve; the curve starts at Po, heads toward P; and P2 without reaching them, and ends at P3. 


2. From the graph in Problem 1, it appears that the tangent at Pp passes through P, and the 
tangent at P3 passes through P3. Prove it. 


3. Try to produce a Bézier curve with a loop by changing the second control point in 
Problem 1. 


4. Some laser printers use Bézier curves to represent letters and other symbols. Experiment 
with control points until you find a Bézier curve that gives a reasonable representation of 
the letter C. 


oy 


More complicated shapes can be represented by piecing together two or more Bézier 
curves. Suppose the first Bézier curve has control points Po, Pi, P2, P; and the second one 
has control points P3, P4, Ps, Ps. If we want these two pieces to join together smoothly, 
then the tangents at P; should match and so the points P2, P3, and P, all have to lie on this 
common tangent line. Using this principle, find control points for a pair of Bézier curves 
that represent the letter S. 


10.3 | Polar Coordinates 


A coordinate system represents a point in the plane by an ordered pair of numbers called 
coordinates. Usually we use Cartesian coordinates, which are directed distances from 
two perpendicular axes. Here we describe a coordinate system introduced by Newton, 
called the polar coordinate system, which is more convenient for many purposes. 
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oa? 


polar axis 


FIGURE 1 
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BH The Polar Coordinate System 


We choose a point in the plane that is called the pole (or origin) and is labeled O. Then 
we draw a ray (half-line) starting at O called the polar axis. This axis is usually drawn 
horizontally to the right and corresponds to the positive x-axis in Cartesian coordinates. 

If P is any other point in the plane, let r be the distance from O to P and let @ be the 
angle (usually measured in radians) between the polar axis and the line OP as in Fig- 


x ure |. Then the point P is represented by the ordered pair (r, 0) and r, 6 are called polar 


coordinates of P We use the convention that an angle is positive if measured in the 
counterclockwise direction from the polar axis and negative in the clockwise direction. 
If P = O, then r = 0 and we agree that (0, @) represents the pole for any value of 6. 


(r, 8) We extend the meaning of polar coordinates (r, 0) to the case in which r is negative 


by agreeing that, as in Figure 2, the points (—r, 0) and (r, 8) lie on the same line through 
O and at the same distance | r| from O, but on opposite sides of O. If r > 0, the point 
>  (r,@) lies in the same quadrant as 6; if r < 0, it lies in the quadrant on the opposite side 


(1, 8) 


FIGURE 2 


(a) 
FIGURE 3 


(1.37) 


FIGURE 4 


of the pole. Notice that (—r, 6) represents the same point as (r, 8 + 77). 


EXAMPLE 1 Plot the points whose polar coordinates are given. 
(a) (1, 57/4) (b) (2, 377) (c) (2, —27/3) (d) (—3, 32/4) 


SOLUTION The points are plotted in Figure 3. In part (d) the point (—3, 37/4) is 
located three units from the pole in the fourth quadrant because the angle 377/4 is in 


the second quadrant and r = —3 is negative. 
3a 
307 \ “4 
Dy, a O 
ener oO Qa ™% 
"7 7 
% 
% 
2,22 
( 3 ) (-3 EL SS 
(b) (c) (d) a 


In the Cartesian coordinate system every point has only one representation, but in the 
polar coordinate system each point has many representations. For instance, the point 
(1, 57/4) in Example 1(a) could be written as (1, —32r/4) or (1, 1377/4) or (—1, 77/4). 
(See Figure 4.) 


In fact, since a complete counterclockwise rotation is given by an angle 277, the point 
represented by polar coordinates (r, @) is also represented by 


(r, 0 + 2n7) and (—r, 0 + (2n + 1)77) 


where v7 is any integer. 
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O 


FIGURE 5 


CHAPTER 10 Parametric Equations and Polar Coordinates 


P(r, 0) = P(x, y) 


B® Relationship between Polar and Cartesian Coordinates 


The connection between polar and Cartesian coordinates can be seen from Figure 5, in 
which the pole corresponds to the origin and the polar axis coincides with the positive 
x-axis. If the point P has Cartesian coordinates (x, y) and polar coordinates (r, 6), then, 
from the figure, we have cos @ = x/r and sin @ = y/r. So to find the Cartesian coordi- 
nates (x, y) when the polar coordinates (7, 0) are known, we use the equations 


[1] x =rcos 6 y=rsin8é 


To find polar coordinates (r, 8) when the Cartesian coordinates (x, y) are known, we 
use the equations 


2 9 y 
[2] P=7?t+y? tang = — 
Xx 


which can be deduced from Equations | or simply read from Figure 5. 

Although Equations 1 and 2 were deduced from Figure 5, which illustrates the case 
where r > 0 and 0 < 6 < 7/2, these equations are valid for all values of r and 6. (See 
the general definition of sin @ and cos 6 in Appendix D.) 


EXAMPLE 2 Convert the point (2, 7/3) from polar to Cartesian coordinates. 
SOLUTION Since r = 2 and @ = 7/3, Equations 1 give 


=I 


7 
x = rcos@ = 2cos 3 =2 


1 
2 
3 = 
y=rsin@ =2sin—=2- v = 3 
3 2 
Therefore the point is (, aS ) in Cartesian coordinates. o 


EXAMPLE3 Represent the point with Cartesian coordinates (1, —1) in terms of polar 
coordinates. 


SOLUTION If we choose r to be positive, then Equations 2 give 
r=Jet+y? =J/2 + (1? = v2 


imo=2= <1 


x 
Since the point (1, —1) lies in the fourth quadrant, we can choose @ = —7/4 or 
0 = 77/4. Thus one possible answer is (\/2, — 7/4); another is (\/2, 77/4). | 


NOTE Equations 2 do not uniquely determine 6 when x and y are given because, as 0 
increases through the interval 0 <= @ < 277, each value of tan @ occurs twice. Therefore, 
in converting from Cartesian to polar coordinates, it’s not good enough just to find r and 
@ that satisfy Equations 2. As in Example 3, we must choose @ so that the point (7, 0) lies 
in the correct quadrant. 
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FIGURE 6 


FIGURE 7 


RY 


FIGURE 8 
Table of values and 
graph of r = 2 cos@ 
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@ Polar Curves 


The graph of a polar equation r = f(6), or more generally F(r, 0) = 0, consists of all 
points P that have at least one polar representation (r, ) whose coordinates satisfy the 
equation. 


EXAMPLE4 What curve is represented by the polar equation r = 2? 


SOLUTION The curve consists of all points (7, 8) with r = 2. Since r represents the 
distance from the point to the pole, the curve r = 2 represents the circle with center O 
and radius 2. In general, the equation r = a represents a circle with center O and 

radius | a|. (See Figure 6.) z 


EXAMPLE 5 Sketch the polar curve 6 = 1. 


SOLUTION This curve consists of all points (r, @) such that the polar angle 0 is 

1 radian. It is the straight line that passes through O and makes an angle of | radian 
with the polar axis (see Figure 7). Notice that the points (r, 1) on the line with r > 0 
are in the first quadrant, whereas those with r < 0 are in the third quadrant. Oo 


EXAMPLE 6 
(a) Sketch the curve with polar equation r = 2 cos 6. 
(b) Find a Cartesian equation for this curve. 


SOLUTION 

(a) In Figure 8 we find the values of r for some convenient values of 6 and plot the 
corresponding points (r, @). Then we join these points to sketch the curve, which 
appears to be a circle. We have used only values of 6 between 0 and 77, because if we 
let 0 increase beyond 77, we obtain the same points again. 


0 r =2cos 0 
0 2 
1/6 3 
7/4 4/2 
a/3 1 
a/2 0 ~ 
21/3 = 
37/4 —/2 
51/6 —/3 
7 =2 


(b) To convert the given equation to a Cartesian equation we use Equations | and 2. 
From x = r cos @ we have cos @ = x/r, so the equation r = 2 cos 6 becomes r = 2x/r, 
which gives 


zw=P=x+y? or x+y? —-2x=0 
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Completing the square, we obtain 
(x-1? +y=1 


which is an equation of a circle with center (1, 0) and radius 1. | 


Figure 9 shows a geometric illustra- 
tion that the circle in Example 6 has 
the equation r = 2 cos@. The angle 
OPQ is aright angle (why?) and so 


r/2 = cos0. 
FIGURE 9 
Th EXAMPLE7 Sketch the curve r = | + siné. 
9. 4: 
SOLUTION Instead of plotting points as in Example 6, we first sketch the graph of 
1 r = 1 + sin@ in Cartesian coordinates in Figure 10 by shifting the sine curve up one 
unit. This enables us to read at a glance the values of r that correspond to increasing 
7 t ; o> values of 0. For instance, we see that as @ increases from 0 to 7/2, r (the distance 
7 e a 27 8 from O) increases from | to 2 (see the corresponding green arrows in Figures 10 and 
11), so we sketch the corresponding part of the polar curve in Figure 1 1(a). As @ 
FIGURE 10 increases from 7/2 to 7, Figure 10 shows that r decreases from 2 to 1, so we sketch 


the next part of the curve as in Figure 11(b). As 6 increases from 7 to 37/2, r 
decreases from | to 0 as shown in part (c). Finally, as 6 increases from 37/2 to 27, r 
increases from 0 to | as shown in part (d). If we let 6 increase beyond 277 or decrease 
beyond 0, we would simply retrace this path. Putting together the parts of the curve 
from Figure 1 1(a)—(d), we sketch the complete curve in part (e). It is called a cardioid 
because it’s shaped like a heart. 


r = 14+ sin@ in Cartesian 
coordinates, 0 < 6 < 27 


g=8 
2 
| > oO > > > 
O 0=7 0=27 
30 30 
g= > g= os 
(a) (b) (c) (d) (e) 
FIGURE 11 Stages in sketching the cardioid r = 1 + sin@ | 


EXAMPLE 8 Sketch the curve r = cos 20. 


SOLUTION As in Example 7, we first sketch r = cos 20,0 < @ S 27, in Cartesian 
coordinates in Figure 12. As @ increases from 0 to 7/4, Figure 12 shows that r 
decreases from | to 0 and so we draw the corresponding portion of the polar curve in 
Figure 13 (indicated by @). As 6 increases from 77/4 to 7/2, r decreases from 0 to —1. 
This means that the distance from O increases from 0 to 1, but instead of being in the 
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first quadrant this portion of the polar curve (indicated by @) lies on the opposite side 
of the pole in the third quadrant. The remainder of the curve is drawn in a similar 
fashion, with the arrows and numbers indicating the order in which the portions are 
traced out. The resulting curve has four loops and is called a four-leaved rose. 


FIGURE 12 FIGURE 13 


r = cos 26 in Cartesian coordinates Four-leaved rose r = cos 20 || 


BH Symmetry 


When we sketch polar curves it is sometimes helpful to take advantage of symmetry. The 
following three rules are explained by Figure 14. 


(a) If a polar equation is unchanged when @ is replaced by —6, the curve is symmetric 
about the polar axis. 


(b) If the equation is unchanged when r is replaced by —r, or when @ is replaced by 
0 + 7, the curve is symmetric about the pole. (This means that the curve remains 
unchanged if we rotate it through 180° about the origin.) 


(c) If the equation is unchanged when @ is replaced by 7 — 0, the curve is symmetric 
about the vertical line 9 = 7/2. 


(r, 7 — 0) (r, 0) 


(-r, 8) 


(r,-8) 
(a) (b) (c) 
FIGURE 14 


The curves sketched in Examples 6 and 8 are symmetric about the polar axis, since 
cos(—@) = cos @. The curves in Examples 7 and 8 are symmetric about 86 = 77/2 because 
sin(zr — 0) = sin 6 and cos[2(a — 6)] = cos 20. The four-leaved rose is also symmet- 
ric about the pole. We could have used these symmetry properties in sketching the curves. 
For instance, in Example 6 we need only have plotted points for 0 < @ S 7/2 and then 
reflected about the polar axis to obtain the complete circle. 
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B® Graphing Polar Curves with Technology 

Although it’s useful to be able to sketch simple polar curves by hand, we need to use a 
graphing calculator or computer when we are faced with a curve as complicated as the 
ones shown in Figures 15 and 16. 


1 2 
1 | 2 2 
= = 
FIGURE 15 FIGURE 16 
r = sin3(2.50) + cos3(2.50) r = sin?(30/2) + cos?(20/3) 


EXAMPLE 9 Graph the curve r = sin(80/5). 


SOLUTION First we need to determine the domain for 0. So we ask ourselves: how 
many complete rotations are required until the curve starts to repeat itself? If the 
answer is n, then 


8(0 + 2n7) . { 80 16n7 _ 80 
n = sin at = sin 
5 5 a 5 
and so we require that 16n7/5 be an even multiple of 7. This will first occur when 


n = 5. Therefore we will graph the entire curve if we specify that 0 < 6 < 107. 
Figure 17 shows the resulting curve. Notice that this curve has 16 loops. Oo 


EXAMPLE 10 Investigate the family of polar curves given by r = 1 + c sin. 
FIGURE 17 How does the shape change as c changes? (These curves are called limagons, after a 
r = sin(80/5) French word for snail, because of the shape of the curves for certain values of c.) 


SOLUTION Figure 18 shows computer-drawn graphs for various values of c. (Note that 
we obtain the complete graph for 0 < @ < 27.) For c > 1 there is a loop that decreases 


¢s c=1.7 c=1 c=0.7 c=0.5 c=0.2 


D () 


0 c=-0.2 c=—-0.5 c=—0.8 c==1 


FIGURE 18 Members of the family of limagons r = 1 + c sin@ 
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in size as c decreases. When c = | the loop disappears and the curve becomes the 
cardioid that we sketched in Example 7. For c between | and } the cardioid’s cusp is 


In Exercise 55 you are asked to prove smoothed out and becomes a “dimple.” When c decreases from 5 to 0, the limagon is 
analytically what we have discovered shaped like an oval. This oval becomes more circular as c — 0, and when c = 0 the 


from the graphs in Figure 18. 


curve is just the circle r = 1. 

The remaining parts of Figure 18 show that as c becomes negative, the shapes 
change in reverse order. In fact, these curves are reflections about the horizontal axis of 
the corresponding curves with positive c. a 


Limagons arise in the study of planetary motion. In particular, the trajectory of Mars, 
as viewed from the planet Earth, has been modeled by a limacon with a loop, as in the 
parts of Figure 18 with |c| > 1. 


Table 1 gives a summary of some common polar curves. 


Table 1 Common Polar Curves 


Circles and Spiral 


Hh ; ; ; ; 


r=a r=asin 0 r=acos 0 r=ao 
circle circle circle spiral 

Limacons 
r=at+ bsin@g 
r=atxbcosé 
(a > 0, b > 0) > 
Orientation depends on - = = 
the trigonometric func- 
tion (sine or cosine) and a<b a=b a>b a=2b 
the sign of b limagon with cardioid dimpled convex 

inner loop limagon limagon 
Roses 
r= asinnd 
r = acos no a ee > 3 
n-leaved if n is odd 
2n-leaved if n is even 

r=acos 20 r=acos 30 r=acos 40 r=acos 50 
four-leaved rose three-leaved rose eight-leaved rose five-leaved rose 
Lemniscates 
Figure-eight-shaped 
> > 
=a’ sin 20 =a’ cos 20 
lemniscate lemniscate 
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10.3 | Exercises 


1-2 Plot the point whose polar coordinates are given. Then find 
two other pairs of polar coordinates of this point, one with r > 0 
and one with r < 0. 


1. (a) (1, 7/4) 
2. (a) (2, 57/6) 


(b) (—2, 37/2) (c) (3, —7/3) 


(b) (1, —277/3) (c) (1, 57/4) 


3-4 Plot the point whose polar coordinates are given. Then find 
the Cartesian coordinates of the point. 


3. (a) (2,37/2) —(b) (V2, 27/4) 


(b) (—2, 37/4) 


(c) (-1, —7/6) 


4. (a) (4, 42/3) (c) (—3, —7/3) 


5-6 The Cartesian coordinates of a point are given. 

(i) Find polar coordinates (7, @) of the point, where r > 0 
and 0 < @ < 27. 

(ii) Find polar coordinates (r, @) of the point, where r < 0 
and 0 S 6 < 27. 


5. (a) (—4,4) 


6. (a) (V3, -1) 


(b) (3, 3/3) 


(b) (—6, 0) 


7-12 Sketch the region in the plane consisting of points whose 
polar coordinates satisfy the given conditions. 


71<rs<3 


10.3<r<5, 2n/3 <0 < 40/3 
11.2<r<4, 37/4<0<77/4 


12. r>0, 7<0<5n/2 


13. Find the distance between the points with polar coordinates 
(4, 47/3) and (6, 57/3). 


14. Find a formula for the distance between the points with polar 
coordinates (71, 0;) and (r2, @2). 


15-20 Identify the curve by finding a Cartesian equation for the 
curve. 


15.7 =5 16. r= 4secé 
17. r=5cosd 18. 0= 7/3 


19. r°cos 20 = 1 20. r°sin20 = 1 


21-26 Find a polar equation for the curve represented by the 
given Cartesian equation. 


2.x +y=7 22, x=-1 
23. 7H 4/3a 24. y = —2x? 


25. x7 + y? = 4y 26. x°-—y?=4 


27-28 For each of the described curves, decide if the curve would 
be more easily given by a polar equation or a Cartesian equation. 
Then write an equation for the curve. 


27. (a) A line through the origin that makes an angle of 77/6 with 
the positive x-axis 
(b) A vertical line through the point (3, 3) 


28. (a) A circle with radius 5 and center (2, 3) 
(b) A circle centered at the origin with radius 4 


29-32 The figure shows a graph of r as a function of @ in Cartesian 
coordinates. Use it to sketch the corresponding polar curve. 


29. + 
2 


30. ra 


31. ra 


Sv 
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Sv 


33-50 Sketch the curve with the given polar equation by 
first sketching the graph of r as a function of 6 in Cartesian 


coordinates. 

33. r= —2sin0 34. r= 1-— cosd 

35. r = 2(1 + cos@) 36. r= 1+ 2cos0 

37. r=0,020 38. r= 0°, -207 S027 
39. r = 3 cos 30 40. r= —sin 50 

41. r = 2cos 40 42. r =2sin 60 

43. r= 1+ 3cos0é 44. r=1+5sin0 

45. r° = 9 sin 20 46. r? = cos 40 

47. r=2 + sin36 48. r°0=1 

49. r = sin(0/2) 50. r = cos(0/3) 

51. Show that the polar curve r = 4 + 2 sec (called a con- 


52. 


53. 


54. 


55. 


56. 


choid) has the line x = 2 as a vertical asymptote by showing 
that lim,_.+..x = 2. Use this fact to help sketch the conchoid. 


Show that the curve r = 2 — csc 8 (a conchoid) has the 
line y = —1 as a horizontal asymptote by showing that 
lim,.+. y = —1. Use this fact to help sketch the conchoid. 


Show that the curve r = sin @ tan @ (called a cissoid of 
Diocles) has the line x = 1| as a vertical asymptote. Show also 
that the curve lies entirely within the vertical strip 0 < x < 1. 
Use these facts to help sketch the cissoid. 


Sketch the curve (x? + y*)* = 4x’y’. 


(a) In Example 10 the graphs suggest that the limacgon 
r = 1 +c sin@ has an inner loop when | c| > 1. Prove 
that this is true, and find the values of 6 that correspond 
to the inner loop. 

(b) From Figure 18 it appears that the limacon loses its 
dimple when c = 3. Prove this. 


Match the polar equations with the graphs labeled I-IX. Give 
reasons for your choices. 


(a) r = cos 30 
(c) r = cos(@/2) 


(b) r=n0, 1<60<60 
(d) r =cos(6/3) 
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(e) r = sec(0/3) 
(s) r=02, 0X0 < 80 
G) r=2 + cos(30/2) 


(f) r= sec 0 
(h) r= 2 +cos 30 


I ll Il 
IV Vv VI 
> > ) > 
Vil Vil IX 
> > e) > 
57. Show that the polar equation r = a sin@ + b cos 6, where 
ab # O, represents a circle. Find its center and radius. 
58. Show that the curves r = a sin@ and r = a cos@ intersect at 


right angles. 


59-64 Graph the polar curve. Choose a parameter interval that 
produces the entire curve. 


59. 


60. 


61. 


62. 


63. 


64. 


r= 1+ 2sin(0/2) (nephroid of Freeth) 
r= /1-—0.8sin?0  (hippopede) 


r= e*"* — 2cos(40) (butterfly curve) 
r=|tan@|'*! (valentine curve) 
r=1+cos”’@ (Pac-Man curve) 

r= 2 + cos(90/4) 


65. 


66. 


How are the graphs of r = 1 + sin(@ — 7/6) and 

r= 1+ sin(@ — 7/3) related to the graph of r = 1 + sin@? 
In general, how is the graph of r = f(@ — aq) related to the 
graph of r = f(@)? 


Use a graph to estimate the y-coordinate of the highest 
points on the curve r = sin 20. Then use calculus to find 
the exact value. 
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68. Investigate the family of polar curves r = 1 + cos"@, where 


DISCOVERY PROJECT | / FAMILIES OF POLAR CURVES 


10.4 


py» 


FIGURE 1 


F4 67. Investigate the family of curves with polar equations nis a positive integer. How does the shape change as n 
r = 1 + ccos6, where c is a real number. How does the increases? What happens as n becomes large? Explain the 
shape change as c changes? 


shape for large n by considering the graph of r as a function 
of 6 in Cartesian coordinates. 


In this project you will discover the interesting and beautiful shapes that members of families 
of polar curves can take. You will also see how the shape of the curve changes when you vary 
the constants. 


1. (a) Investigate the family of curves defined by the polar equations r = sin n6, where n is a 
positive integer. How is the number of loops related to n? 


(b) What happens if the equation in part (a) is replaced by r = | sin n0|? 


2. A family of curves is given by the equations r = 1 + c sin n@, where c is a real number 
and nis a positive integer. How does the graph change as n increases? How does it change 
as c changes? Illustrate by graphing enough members of the family to support your 
conclusions. 


3. A family of curves has polar equations 


a 1 —acos@ 


p= 
1 + acosé 


Investigate how the graph changes as the number a changes. In particular, you should 
identify the transitional values of a for which the basic shape of the curve changes. 


4. The astronomer Giovanni Cassini (1625-1712) studied the family of curves with polar 
equations 
flO CarCOS 0 eG a nCee—a( 


where a and c are positive real numbers. These curves are called the ovals of Cassini 
even though they are oval shaped only for certain values of a and c. (Cassini thought that 
these curves might represent planetary orbits better than Kepler’s ellipses.) Investigate the 
variety of shapes that these curves may have. In particular, how are a and c related to each 
other when the curve splits into two parts? 


Calculus in Polar Coordinates 


In this section we apply the methods of calculus to find areas, arc lengths, and tangents 
involving polar curves. 


®@ Area 


To develop the formula for the area of a region whose boundary is given by a polar equa- 
tion, we need to use the formula for the area of a sector of a circle: 


[1] A= $770 


where, as in Figure 1, r is the radius and @ is the radian measure of the central angle. 
Formula | follows from the fact that the area of a sector is proportional to its central 
angle: A = (0/2m)mr? = 4r70. (See also Exercise 7.3.41.) 
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Let & be the region, illustrated in Figure 2, bounded by the polar curve r = f(@) and 
by the rays 6 = a and 6 = b, where f is a positive continuous function and where 
0 < b—a S27. We divide the interval [a, b] into subintervals with endpoints 00, 01, 
O>,..., 0, and equal width A@. The rays 0 = 6; then divide & into n smaller regions with 
central angle A@ = 0; — 0;-,. If we choose 6;* in the ith subinterval [6;-;, 0;], then the 
area AA; of the ith region is approximated by the area of the sector of a circle with central 
angle A@ and radius f(0;*). (See Figure 3.) 

Thus from Formula | we have 


AA; ~ 5[ f(6*)) 40 


and so an approximation to the total area A of R is 


BI A~ > I/O"? Ao 


It appears from Figure 3 that the approximation in (2) improves as n — ~. But the sums 
in (2) are Riemann sums for the function g(@) = Lf), so 


FIGURE 3 n : 
lim > 3107) P Ao = |" 31,f(0)P a9 
ar | a 
It therefore appears plausible (and can in fact be proved) that the formula for the area A 
of the polar region & is 
b 
5] A= |" 310) Pao 
Formula 3 is often written as 
ol A= |" }r? do 
with the understanding that r = f(@). Note the similarity between Formulas | and 4. 
When we apply Formula 3 or 4, it is helpful to think of the area as being swept out by 
a rotating ray through O that starts with angle a and ends with angle b. 
EXAMPLE 1 Find the area enclosed by one loop of the four-leaved rose r = cos 20. 
SOLUTION The curve r = cos 20 was sketched in Example 10.3.8. Notice from Fig- 
r=cos 20 


0= r ure 4 that the region enclosed by the right loop is swept out by a ray that rotates from 
6 = —7/4 to 6 = 7/4. Therefore Formula 4 gives 


Because the region is symmetric about the polar axis @ = 0, we can write 


a _ 1 m/4 2 
o=-5 A =2-3("" cos?20 d6 
he 1 Fy 1 
FIGURE 4 = x(1 + cos 40) do [because cos*u = 3(1 + cos 2u)] 
a/4 — 
= AG + 7 sin 40)” 8 a 
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FIGURE 5 


FIGURE 6 


CHAPTER 10 Parametric Equations and Polar Coordinates 


EXAMPLE 2 Find the area of the region that lies inside the circle r = 3 sin@ and 
outside the cardioid r = | + sin@. 


SOLUTION The cardioid (see Example 10.3.7) and the circle are sketched in Fig- 

ure 5 and the desired region is shaded. The values of a and b in Formula 4 are deter- 
mined by finding the points of intersection of the two curves. They intersect when 
3sin@ = 1 + sin@. This gives sin@ = 5, so 6 = 7/6, 57/6. The desired area can be 
found by subtracting the area inside the cardioid between 6 = 77/6 and 0 = 57/6 from 
the area inside the circle from 77/6 to 57/6. Thus 


5a, 


A=3['"" GsinoP ag — 5 [°"" (1 + sind)*db 


Since the region is symmetric about the vertical axis 9 = 77/2, we can write 


Tr, 


A= 2] [rosin do — rf" + 2sin0 + sin?0) | 


= ius (8 sin?@ — 1 — 2 sin0) do 


= - (3 — 4cos 20 — 2 sin@) dé [because sin’@ = $(1 — cos 20)] 
ar/2 
= 30 — 2sin 20 + 2cosé], = 7 | 


Example 2 illustrates the procedure for finding the area of the region bounded by 
two polar curves. In general, let R be a region, as illustrated in Figure 6, that is 
bounded by curves with polar equations r = f(@), r = g(@), 0 = a, and 0 = b, where 
f(0) = g(0) = 0 and 0 < b — a S 2t. The area A of & is found by subtracting the 
area inside r = g(0) from the area inside r = f(0), so using Formula 3 we have 


A= "aL f0) Pde — | 390) Fa 


I 


=+f" (LAO)P — [g(9)P) ao 


CAUTION The fact that a single point has many representations in polar coordinates 
sometimes makes it difficult to find all the points of intersection of two polar curves. 
For instance, it is obvious from Figure 5 that the circle and the cardioid have three points 
of intersection; however, in Example 2 we solved the equations r = 3 sin@ and 
r = 1 + sin@ and found only two such points, (3, a/ 6) and (3, 5a/ 6). The origin is also 
a point of intersection, but we can’t find it by solving the equations of the curves because 
the origin has no single representation in polar coordinates that satisfies both equations. 
Notice that, when represented as (0, 0) or (0, 77), the origin satisfies r = 3 sin and so it 
lies on the circle; when represented as (0, 37/2), it satisfies r = 1 + sin@ and so it lies 
on the cardioid. Think of two points moving along the curves as the parameter value 0 
increases from 0 to 277. On one curve the origin is reached at 9 = 0 and 6 = 7m; on the 
other curve it is reached at 9 = 32r/2. The points don’t collide at the origin because they 
reach the origin at different times, but the curves intersect there nonetheless. (See also 
Exercises 10.1.55—57.) 

Thus, to find all points of intersection of two polar curves, it is recommended that you 
draw the graphs of both curves. It is especially convenient to use a graphing calculator or 
computer to help with this task. 
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EXAMPLE 3 Find all points of intersection of the curves r = cos 26 and r = 4. 


SOLUTION If we solve the equations r = cos 26 and r = 5 simultaneously, we get 
cos 20 = 5 and, therefore, 20 = 7/3, 57/3, 77/3, 1177/3. Thus the values of 0 
between 0 and 27 that satisfy both equations are 6 = 77/6, 57/6, 7277/6, 1177/6. We 

> have found four points of intersection: (3, 77/6), (4, 57/6), (3, 77/6), and (5, 1177/6). 

However, you can see from Figure 7 that the curves have four other points of 

intersection—namely, (5, 77/3), (3, 27/3), (5, 47r/3), and (3, 5727/3). These can be found 
using symmetry or by noticing that another equation of the circle is r = —5 and then 
solving the equations r = cos 26 and r = -5 simultaneously. a 


Said @ Arc Length 


Recall from Section 10.3 that rectangular coordinates (x, y) and polar coordinates (r, 0) 
are related by the equations x = rcos 6, y = rsin 0. Regarding 6 as a parameter allows 
us to write parametric equations for a polar curve r = f(@) as follows. 


Parametric equations for [5] x = rcos @ = f(@) cos @ y =rsin0@ = f(@) sind 
a polar curve 
To find the length of a polar curve r = f(0), a < 0 S b, we start with Equations 5 
and differentiate with respect to 0 (using the Product Rule): 


d. d. d d. 
7 = a cos@ — r sin@ aan = Sind + rcos@ 


Then, using cos’@ + sin’@ = 1, we have 


2 2 2 
ax + oO cos’6 — a cos 6 sin@ + r?sin70 
dé dé dé dé 


dr 2 — dr ., 2 2 
+ {| —] sin°é + 2r — sin @cos@ + r- cos-0 
dé dé 


I 
oo 
= |= 
Qin 
ee 

ivy 

+ 

a. 

nN 


Assuming that f’ is continuous, we can use Theorem 10.2.5 to write the arc length as 


-[V(S) (3) 


Therefore the length of a curve with polar equation r = f(0),a < 0 < b, is 


“ =f ye+(S) @ 
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FIGURE 8 
r=1+sin@ 


EXAMPLE 4 Find the length of the cardioid r = 1 + siné. 


SOLUTION The cardioid is shown in Figure 8. (We sketched it in Example 10.3.7.) Its 
full length is given by the parameter interval 0 < @ < 277, so Formula 6 gives 


QT 2 ‘ip vn 
L =| afr? + (<) do = |" J ¥ sin 6 + cos" do = |" J2 + 2sin@ ao 
0 


We could evaluate this integral by multiplying and dividing the integrand by 
V2 — 2 sin @, or we could use mathematical software. In any event, we find that the 
length of the cardioid is L = 8. a 


H Tangents 


To find a tangent line to a polar curve r = f(0), we again regard 6 as a parameter and 
write parametric equations for the curve following Equations 5: 


x =rcosé = f(0) cosé y =rsin@ = f(@) sind 


Then, using the method for finding the slope of a parametric curve (Equation 10.2.1) and 
the Product Rule, we have 


dy dr. 
d 0 0 sin@ + rcos@ 
yo _ 
dx dx dr . 
cos@ — rsin@ 


dé dé 


We locate horizontal tangents by finding the points where dy/d@ = 0 (provided that 
dx/d@ # 0). Likewise, we locate vertical tangents at the points where dx/d@ = 0 (pro- 
vided that dy/d@ # 0). 
Notice that if we are looking for tangent lines at the pole, then r = 0 and Equation 7 
simplifies to 
dy dr 


Sek (ose 
io " d0 


For instance, in Example 10.3.8 we found that r = cos 20 = 0 when 0 = 77/4 or 3277/4. 
This means that the lines 6 = 7/4 and 6 = 37/4 (or y = x and y = —x) are tangent 
lines to r = cos 26 at the origin. 


EXAMPLE 5 


(a) For the cardioid r = 1 + sin 6 of Example 4, find the slope of the tangent line 
when 6 = 77/3. 
(b) Find the points on the cardioid where the tangent line is horizontal or vertical. 


SOLUTION Using Equation 7 with r = 1 + sin, we have 


dr 
— sin@ + rcosé 


dy _ d0 _ cos@sin@ + (1 + sin @) cos @ 
dx dr ; cos @cos@ — (1 + sin @) sin@ 
—  cos@ — rsin@é 
do 
cosO(1+2sin@) cos (1 + 2sin@) 


1—2sin?@—sin@ (1+ sin@)(1 — 2 sin@) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 10.4 Calculus in Polar Coordinates 699 


(a) The slope of the tangent at the point where 0 = 77/3 is 


dy _ _ cos(ar/3)[1 + 2 sin(a/3)] _ $(1 + V3) 
dx |o=n/s [1 + sin(ar/3)][1 — 2 sin(/3)] (1 + -Y3/2)(1 — 3) 


(b) Observe that 


d 3 7 11 
Gp 7 CSO (1 + 2 sind) = 0 when 9 =, a a - 
d. 3 5 

a (1 + sina)\(1 —2sind)=0 when 9= ail Bie 


Therefore there are horizontal tangents at the points (2, 7/2), (4, 77/6), (4, 1177/6) 
and vertical tangents at (3, 2/6) and (3, 57/6). When @ = 37/2, both dy/d0 and 
dx/d@ are 0, so we must be careful. Using |’ Hospital’s Rule, we have 


. dy : 1+2sin0 : cos @ 
lim —= im = ———— lim ———— 
0—>(31/2)- dx 6 (37/2)- | — 2 sind / \e—G7/2)- 1 + sind 
1 . cosé 1 . —sin@ - 


im = = im 
3 0>(3n/2)-1 + sind 3 0—(7/2)- cos0 


(3.75) [(7e) B t jo ae 
i 2 symmetry, im —=- 
ee - 90/2) dx 
FIGURE 9 
Tangent lines forr = 1 + sin @ Thus there is a vertical tangent line at the pole (see Figure 9). a 
NOTE Instead of having to remember Equation 7, we could employ the method used to 
derive it. For instance, in Example 5 we could have written parametric equations for the 
curve as 
x =rcos@ = (1 + sin@) cos@ = cos@ + + sin 20 
y = rsin@ = (1 + sin@) sin@ = sin@ + sin’0 
Then we have 
dy _ dy/d0 _ cos8+2sin@cos@ __cos@ + sin 20 
dx — dx/d0 —sin 0 + cos 20 —sin@ + cos 20 
which is equivalent to our previous expression. 
10.4 | Exercises 
1-4 Find the area of the region that is bounded by the given curve 3. r=sind+cosé, 0<057 
and lies in the specified sector. 
1.r=/20, 0<0<7/2 4.r=1/0, 7/2<0<27 


2.r=e, 37/4 <0 < 30/2 
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5-8 Find the area of the shaded region. 29-34 Find the area of the region that lies inside both curves. 
5. 6. 29. r=3sin0, r=3cos0 


30. r=1+cosé, r=1-—cosé 
> 31. r=sin20, r=cos20 
32. r=3+2cosé, r=3+4+2sin@ 


33. 7? =2sin20, r=1 


r°=sin 20 r=2+cos6 
34. r=asiné, r=bcosé, a>0, b>0 
7 8. 
35. Find the area inside the larger loop and outside the smaller 
= loop of the limagon r = 5 + cosé@. 
36. Find the area between a large loop and the enclosed small 
. loop of the curve r = 1 + 2 cos3@. 
etn eaie r=\ing, 1<6<20 37-42 Find all points of intersection of the given curves. 

37. r=sindé, r=1-— sind 

9-12 Sketch the curve and find the area that it encloses. 38. r= 1+cosé, r=1-— sind 

9. r=4cosé 10. r= 2+ 2cos0é 30. r=2sin20, r= 1 
11. r=3 — 2si 12. r=2si 
sme “a " one 40. r= cos@, r= sin20 

13-16 Graph the curve and find the area that it encloses. 41, r° =2cos20, r=1 

13. r= 2+ sin 40 14. r= 3 — 2cos 40 42. r? = sin20, 1? =cos26 

15. r= 4/1 + cos?(50) 16. r=1+5sin60 
43-46 Find the area of the shaded region. 

17-21 Find the area of the region enclosed by one loop of 43. r=3+2cos0 

the curve. 

17. r = 4 cos 30 18. r° = 4cos 20 

19. r= sin 40 20. r = 2 sin 50 


21. r= 1+ 2sin @ (inner loop) 


22. Find the area enclosed by the loop of the strophoid 
r = 2 cos@ — secé. 


23-28 Find the area of the region that lies inside the first curve 
and outside the second curve. 


23. r=4sin0, r=2 44, 2=/3 sin 26 
r?=\/3 sin 


24. r=1-—siné, r=1 

25. r? =8cos20, r=2 

26. r= 1+ cosé, r=2-—cosé 
27. r=3cos0é, r=1+cosé 


28. r= 3sin0, r=2-—sin@ r=\/2 cos 0 
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45. r=1+cosé 53-54 Find the exact length of the portion of the curve shown 
in blue. 
53. 
r=3+3 sind 
(|) > 
46. 
r=1-2sin0 54. r=6+2 


/4 55-56 Find the exact length of the curve. Use a graph to 
determine the parameter interval. 


F447. The points of intersection of the cardioid r = 1 + sin@ and 
the spiral loop r = 20, —7/2 < @ S 7/2, can’t be found 


exactly. Use a graph to find the approximate values of 6 at 55. r = cos*(0/4) 56. r= cos*(6/2) 
which the curves intersect. Then use these values to estimate 
the area that lies inside both curves. 57-58 Set up, but do not evaluate, an integral to find the length 


ee . of the portion of the curve shown in blue. 
48. When recording live performances, sound engineers often 


use a microphone with a cardioid pickup pattern because it 57. r = cos(6/5) 
suppresses noise from the audience. Suppose the microphone 
is placed 4 m from the front of the stage (as in the figure) 
and the boundary of the optimal pickup region is given by 
the cardioid r = 8 + 8 sin@, where r is measured in meters > 
and the microphone is at the pole. The musicians want to 
know the area they will have on stage within the optimal 
pickup range of the microphone. Answer their question. 
58. 
stage 
microphone 59-62 Use a calculator or computer to find the length of the 
audience 


curve correct to four decimal places. If necessary, graph the 
curve to determine the parameter interval. 
49-52 Find the exact length of the polar curve. 


49.r=2cosé, 0<0<a 50. r=e"?, 0<0<7/2 


59. One loop of the curve r = cos 20 
60. r=tand, 7/6<0 < 7/3 
51.r=0°, 0<S$0<20 52. r= 2(1 + cos@) 61. r = sin(6 sin@) 62. r= sin(0/4) 
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63-68 Find the slope of the tangent line to the given polar curve 
at the point specified by the value of 6. 


74. (a) 


63. r=2cos0, 0= 7/3 64. r=2+sin30, 0=7/4 re 
65.r= 1/0, 0=T7 
66. r= sind + 2cos0#, 06= 7/2 (c) 
67. r=cos20, 0= 7/4 
68. r=1+2cosé, 0=7/3 
69-72 Find the points on the given curve where the tangent line 75. (a) 
is horizontal or vertical. 
69. r = sind 70. r=1-—siné 
71. r= 1+ cosé 72. r=e? 
73. Let P be any point (except the origin) on the curve r = f(@). 
If w is the angle between the tangent line at P and the radial 
line OP, show that 
t ———— 
= Bide 
[Hint: Observe that y =  — 6 in the figure.] (b) 
76. (a) 
(b) 


10.5 


Conic Sections 


Use Exercise 73 to show that the angle between the tan- 
gent line and the radial line is ys = 7/4 at every point on 
the curve r = e’. 


(b) Illustrate part (a) by graphing the curve and the tangent 


lines at the points where 6 = 0 and 7/2. 

Prove that any polar curve r = f(@) with the property that 
the angle ys between the radial line and the tangent line is a 
constant must be of the form r = Ce**, where C and k are 
constants. 


Use Formula 10.2.9 to show that the area of the surface 
generated by rotating the polar curve 

r=f(0) ax0<b 
(where f’ is continuous and 0 < a < b S 7) about the 
polar axis is 


S = |’ 2nrsino jr4 (=) do 


Use the formula in part (a) to find the surface area 
generated by rotating the lemniscate r* = cos 26 about 
the polar axis. 


Find a formula for the area of the surface generated by 
rotating the polar curve r = f(0),a < 0 < b (where f’ is 
continuous and 0 < a < b S 7), about the line 9 = 77/2. 
Find the surface area generated by rotating the lemniscate 
r? = cos 26 about the line 9 = 77/2. 


In this section we give geometric definitions of parabolas, ellipses, and hyperbolas and 
derive their standard equations. They are called conic sections, or conics, because they 
result from intersecting a cone with a plane as shown in Figure 1. 


ellipse 


FIGURE 1 


Conics 


parabola 


hyperbola 
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®@ Parabolas 


axis parabola \ A parabola is the set of points in a plane that are equidistant from a fixed point F (called 
fee the focus) and a fixed line (called the directrix). This definition is illustrated by Figure 2. 
\IE Notice that the point halfway between the focus and the directrix lies on the parabola; it 


is called the vertex. The line through the focus perpendicular to the directrix is called the 
axis of the parabola. 

In the 16th century Galileo showed that the path of a projectile that is shot into the air 
at an angle to the ground is a parabola. Since then, parabolic shapes have been used in 
designing automobile headlights, reflecting telescopes, and suspension bridges. (See 
FIGURE 2 Problem 22 in Problems Plus following Chapter 3 for the reflection property of parabolas 
that makes them so useful.) 

We obtain a particularly simple equation for a parabola if we place its vertex at the 
origin O and its directrix parallel to the x-axis as in Figure 3. If the focus is the point 
(0, p), then the directrix has the equation y = —p. If P(x, y) is any point on the parabola, 
then the distance from P to the focus is 


vertex directrix 


: |PF| = JP FO =o 
xX 
<= and the distance from P to the directrix is | y + p|. (Figure 3 illustrates the case where 
y=-p p > 0.) The defining property of a parabola is that these distances are equal: 
Faunce x? + (y— p) =|y + p| 


We get an equivalent equation by squaring and simplifying: 


a+ iy—py =|pe oP ep. 
x? + y? — Qpy + p? = y? + 2py + p? 


x’ = 4py 


[1] An equation of the parabola with focus (0, p) and directrix y = —p is 


x’ = Apy 


If we write a = 1/(4p), then the standard equation of a parabola (1) becomes y = ax? 
It opens upward if p > 0 and downward if p < 0 [see Figure 4, parts (a) and (b)]. The 
graph is symmetric with respect to the y-axis because (1) is unchanged when x is replaced 


by —x. 
YA YA YA Ya 
y=—p 
# (0, p) — 
0 (p, 9) (p, 9) 
> > ° > e > 
0 x x 0 x 0 x 
y=—p 70>) x=—p x=—p 
(a) x? = 4py, p > 0 (b) x° = 4py, p<0 (c) y? = 4px, p > 0 (d) y* = 4px, p<0 


FIGURE 4 
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If we interchange x and y in (1), we obtain the following. 


[2] An equation of the parabola with focus (p, 0) and directrix x = —p is 


y’ = 4px 


(Interchanging x and y amounts to reflecting about the diagonal line y = x.) The parab- 
ola opens to the right if p > 0 and to the left if p < 0 [see Figure 4, parts (c) and (d)]. In 
both cases the graph is symmetric with respect to the x-axis, which is the axis of the 
parabola. 


BY 


EXAMPLE 1 Find the focus and directrix of the parabola y* + 10x = 0 and sketch 
the graph. 


SOLUTION If we write the equation as y> = — 10x and compare it with Equation 2, we 
see that 4p = —10, so p = —3. Thus the focus is (p, 0) = (—3, 0) and the directrix is 
FIGURE 5 x= 3. The sketch is shown in Figure 5. Oo 


Bi Ellipses 


P An ellipse is the set of points in a plane the sum of whose distances from two fixed points 
a F and F> is a constant (see Figure 6). These two fixed points are called the foci (plural 
of focus). One of Kepler’s laws is that the orbits of the planets in the solar system are 
ellipses with the sun at one focus. 

In order to obtain the simplest equation for an ellipse, we place the foci on the x-axis 
FIGURE 6 at the points (—c, 0) and (c, 0) as in Figure 7 so that the origin is halfway between the 
foci. Let the sum of the distances from a point on the ellipse to the foci be 2a > 0. Then 

P(x, y) is a point on the ellipse when 


| PF; | + | PF> | = 2a 
that is, Jato? ty +VJa@- 0? + y? =2a 
ot jg=ar et =~ deere 


Squaring both sides, we have 


BY 


FIGURE 7 
P is on the ellipse when 


w= Dex +c? + 97 = Aa? — dala + 6) + y? +x? + Dex +c? + y? 


which simplifies to av(x + cP + y? =a? + cx 
We square again: 


a(x? + 2cx + ce? + y?) = a* + 2a’ex + 7x? 


which becomes (a? — c?)x? + a’y*? = a(a? — c’) 


From triangle F\F>,P in Figure 7 we can see that 2c < 2a, so c <a and therefore 
a’ — c? > 0. For convenience, let b? = a? — c*. Then the equation of the ellipse 
becomes b’x* + a’y* = a’b’ or, if both sides are divided by a*b’, 


- y? 
[3] ap 
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Since b* = a? — c* < a’, it follows that b < a. The x-intercepts are found by setting 


y = 0. Then x*/a? = 1, or x* = a’, so x = +a. The corresponding points (a, 0) and 
(—a, 0) are called the vertices of the ellipse and the line segment joining the vertices is 
called the major axis. To find the y-intercepts we set x = 0 and obtain y? = b’, so 
y = +b. The line segment joining (0, b) and (0, —b) is the minor axis. Equation 3 is 
unchanged if x is replaced by —x or y is replaced by —y, so the ellipse is symmetric 
about both axes. Notice that if the foci coincide, then c = 0, so a = b and the ellipse 
becomes a circle with radius r = a = b. 
We summarize this discussion as follows (see also Figure 8). 


FIGURE 8 
2 2 
<~+2-=1a>b 


a b? 


[4] The ellipse 


a=b>0 


2, 


has foci (+c, 0), where c* = a” — b’, and vertices (a, 0). 


(—b, 0) If the foci of an ellipse are located on the y-axis at (0, +c), then we can find its equa- 


x tion by interchanging x and y in (4). (See Figure 9.) 


[5] The ellipse 


2 


ye 


= =) a=b>0 
FIGURE9 
fo ve =Laes has foci (0, +c), where c? = a? — b’, and vertices (0, +a). 
b? a , 
iy EXAMPLE 2 Sketch the graph of 9x? + 16y? = 144 and locate the foci. 
SOLUTION Divide both sides of the equation by 144: 
2 2 
Be Ges 
16 9 


The equation is now in the standard form for an ellipse, so we have a* = 16, b* = 9, 

a = 4, and b = 3. The x-intercepts are +4 and the y-intercepts are +3. Also, 

c? = a? — b? =7,s0c = V7 and the foci are (+/7, 0). The graph is sketched in 
Figure 10. | 


EXAMPLE 3 Find an equation of the ellipse with foci (0, +2) and vertices (0, +3). 


FIGURE 10 
9x? + 16y? = 144 SOLUTION Using the notation of (5), we have c = 2 and a = 3. Then we obtain 
b* =a’ — c> = 9 — 4 = 5, so an equation of the ellipse is 
2 2 
a + one, = | 
5 9 
Another way of writing the equation is 9x? + Sy? = 45. a 


Like parabolas, ellipses have an interesting reflection property that has practical con- 
sequences. If a source of light or sound is placed at one focus of a surface with elliptical 
cross-sections, then all the light or sound is reflected off the surface to the other focus 
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(see Exercise 67). This principle is used in Jithotripsy, a treatment for kidney stones. 
A reflector with elliptical cross-section is placed in such a way that the kidney stone is 
at one focus. High-intensity sound waves generated at the other focus are reflected to 
the stone and destroy it without damaging surrounding tissue. The patient is spared the 
trauma of surgery and recovers within a few days. 


@ Hyperbolas 


A hyperbola is the set of all points in a plane the difference of whose distances from 
two fixed points F; and F> (the foci) is a constant. This definition is illustrated in Fig- 
ure 11. 

Hyperbolas occur frequently as graphs of equations in chemistry, physics, biology, 
and economics (Boyle’s Law, Ohm’s Law, supply and demand curves). A particularly 
significant application of hyperbolas was found in the long-range navigation systems 
developed in World Wars I and II (see Exercise 53). 

Notice that the definition of a hyperbola is similar to that of an ellipse; the only 
FIGURE 11 P is on the hyperbola change is that the sum of distances has become a difference of distances. In fact, the 
when | PF,| — | PF:| = +2a. derivation of the equation of a hyperbola is also similar to the one given earlier for an 
ellipse. It is left as Exercise 54 to show that when the foci are on the x-axis at (+c, 0) 
and the difference of distances is |PF,| — |PF2| = +2a, then the equation of the 
hyperbola is 


x 


2 
yy. 
[6] za 


a 


where c” = a’ + b’. Notice that the x-intercepts are again +a and the points (a, 0) and 
(—a, 0) are the vertices of the hyperbola. But if we put x = 0 in Equation 6 we get 
y* = —b’, which is impossible, so there is no y-intercept. The hyperbola is symmetric 
with respect to both axes. 
To analyze the hyperbola further, we look at Equation 6 and obtain 
2 2 
a =1+ a >1 


This shows that x? > a’, so |x| = x? = a. Therefore we have x > a or x < —a. This 
means that the hyperbola consists of two parts, called its branches. 

When we draw a hyperbola it is useful to first draw its asymptotes, which are the 
dashed lines y = (b/a)x and y = —(b/a)x shown in Figure 12. Both branches of the 
hyperbola approach the asymptotes; that is, they come arbitrarily close to the asymp- 
totes. (See Exercise 4.5.77, where these lines are shown to be slant asymptotes.) 


The hyperbola 
yp 


x2 
oe 
a 
x? y? 
er ee 
ab has foci (+c, 0), where c? = a? + b’, vertices (+a, 0), and asymptotes 


y = +(d/a)x. 
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If the foci of a hyperbola are on the y-axis, then by reversing the roles of x and y we 
obtain the following information, which is illustrated in Figure 13. 


The hyperbola 


a 
a 


x2 
2 b? 


has foci (0, +c), where c* = a” + b?, vertices (0, +a), and asymptotes 


FIGURE 13 y = X(a/b)x. 
y? x? 

4 

a: b? 


EXAMPLE 4 Find the foci and asymptotes of the hyperbola 9x* — 16y* = 144 and 
sketch its graph. 


SOLUTION If we divide both sides of the equation by 144, it becomes 


2 2 
a 
16 9 
which is of the form given in (7) with a = 4 and b = 3. Since c* = 16 + 9 = 25, the 
foci are (+5, 0). The asymptotes are the lines y = ix and y = —#x, The graph is 
shown in Figure 14. a 
FIGURE 14 EXAMPLE 5 Find the foci and equation of the hyperbola with vertices (0, +1) and 
9x? — l6y? = 144 asymptote y = 2x. 


SOLUTION From (8) and the given information, we see that a = 1 and a/b = 2. Thus 
b = a/2 = sand c? = a? + b* = 3. The foci are (0, +./5/2) and the equation of the 
hyperbola is 


y? — 4x7 = 1 on 


B® Shifted Conics 


As discussed in Appendix C, we shift conics by taking the standard equations (1), (2), 
(4), (5), (7), and (8) and replacing x and y by x — hand y — k. 


EXAMPLE 6 Find an equation of the ellipse with foci (2, —2), (4, —2) and vertices 
(l, =2),13.= 2); 


SOLUTION The major axis is the line segment that joins the vertices (1, —2), (5, —2) 
and has length 4, so a = 2. The distance between the foci is 2, so c = 1. Thus 

b* = a’ — c* = 3. Since the center of the ellipse is (3, —2), we replace x and y in (4) 
by x — 3 and y + 2 to obtain 


Ce aC ae 
4 3 


1 


as the equation of the ellipse. a 
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7 
FIGURE 15 
9x? — 4y? — 72x + 8y + 176 


10.5 | Exercises 


EXAMPLE 7 Sketch the conic 9x” — 4y* — 72x + 8y + 176 = O and find its foci. 
SOLUTION We complete the squares as follows: 


A(y* — 2y) — 9(x? — 8x) = 176 
A(y? — 2y + 1) — (x? — 8x + 16) = 176 + 4 — 144 
4(y — 1)? — 9(x — 4)? = 36 


(y-1? @-4P | 
9 4 


1 


This is in the form (8) except that x and y are replaced by x — 4 and y — 1. Thus 
a’ = 9, b> = 4, and c? = 13. The hyperbola is shifted four units to the right and one 
unit upward. The foci are (4, 1+ ./13 ) and (4, 1-— /13 ) and the vertices are (4, 4) 


and (4, —2). The asymptotes are y — 1 = +3(x — 4). The hyperbola is sketched in 
Figure 15. 


1-8 Find the vertex, focus, and directrix of the parabola and 13. 1° + 3y°=9 
sketch its graph. 
14. x° = 4 — 2y? 
1. x? = 8y 2. 9x = y? - 
3. 5x + 3y? =0 4. x + 12y =(0 15. 4x? + 25y* = S0y = 75 
5. (y + 1) = 16( — 3) 16. 9x? — 54x + y? + 2y + 46=0 
6. (x — 3 = B(y + 1) 
17-18 Find an equation of the ellipse. Then find its foci. 
7. y?>+6y+2x+1=0 
17. y 18. 
8. 2x? — 16x — 3y + 38 
9-10 Find an equation of the parabola. Then find the focus and 
directrix. > 
9. 10. 


19-24 Find the vertices, foci, and asymptotes of the hyperbola 


and sketch its graph. 
2 2 2 2 
1% 2-24 20. ---2 =1 
11-16 Find the vertices and foci of the ellipse and sketch 25 9 3664 
its graph. 
, . ' 21. x? — y? = 100 
un, +2 = 12, +2 =1 
16 «25 3 22. y? — 16x? = 16 
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23. x°-y?+2y=2 39. Ellipse, foci(+2,0), vertices (+5, 0) 


24. 9y? — 4x* — 36y — 8x =4 40. Ellipse, foci (0, 4479 ), vertices (0, +2) 


' : : 41. Ellipse, foci (0, 2), (0, 6), vertices (0, 0), (0, 8) 
25-26 Find an equation for the hyperbola. Then find the foci and 


asymptotes. 42. Ellipse, foci (0, —1), (8, —1), vertex (9, —1) 
25. y 43. Ellipse, center(—1,4), vertex (—1,0), focus (—1, 6) 
44. Ellipse, foci(+4,0), passing through (—4, 1.8) 
Ce ,| 45. Hyperbola, vertices (+3,0), foci (+5, 0) 
ie 46. Hyperbola, vertices (0, +2), foci (0, +5) 
47. Hyperbola, vertices (—3, —4), (—3, 6), 
foci (—3, —7), (—3, 9) 
26. y 48. Hyperbola, vertices (—1, 2), (7,2), foci (—2, 2), (8, 2) 
4 49. Hyperbola, vertices (+3,0), asymptotes y = +2x 
7 1 > 50. Hyperbola, foci (2, 0), (2, 8), 
asymptotes y = 3 + 5x andy = 5 — bx 


51. The point in a lunar orbit nearest the surface of the moon is 
called perilune and the point farthest from the surface is 
called apolune. The Apollo 11 spacecraft was placed in an 
elliptical lunar orbit with perilune altitude 110 km and apo- 
lune altitude 314 km (above the moon). Find an equation of 
this ellipse if the radius of the moon is 1728 km and the cen- 
ter of the moon is at one focus. 


27-32 Identify the type of conic section whose equation is given 
and find the vertices and foci. 


27. 4x° =y? +4 28. 4x7 =y+4 


29. x° = 4y — 2y? 
52. A cross-section of a parabolic reflector is shown in the figure. 


The bulb is located at the focus and the opening at the focus 


31. 3x° — 6x — 2y= 1 is 10 cm. 
(a) Find an equation of the parabola. 


30. y—-2=x°- 2x 


32. x? — 2x + 2y?- 8y +7=0 
the vertex. 


33-50 Find an equation for the conic that satisfies the given C 
conditions. 


33. Parabola, vertex (0,0), focus (1, 0) 
34. Parabola, focus (0,0), directrix y = 6 
35. Parabola, focus (—4,0), directrix x = 2 


36. Parabola, focus (2,—1), vertex (2, 3) 


D 
37. Parabola, vertex (3, —1), horizontal axis, 


passing through (—15, 2) 
53. The LORAN (LOng RAnge Navigation) radio navigation 
38. Parabola, vertical axis, system was widely used until the 1990s when it was super- 
passing through (0, 4), (1, 3), and (—2, —6) seded by the GPS system. In the LORAN system, two radio 
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stations located at A and B transmit simultaneous signals to a 60. Show that if an ellipse and a hyperbola have the same foci, 
ship or an aircraft located at P. The onboard computer converts then their tangent lines at each point of intersection are 

the time difference in receiving these signals into a distance perpendicular. 

difference | PA| — | PB|, and this, according to the definition 

of a hyperbola, locates the ship or aircraft on one branch 61. Use parametric equations and Simpson’s Rule with n = 8 to 
of a hyperbola (see the figure). Suppose that station B is estimate the circumference of the ellipse 9x? + 4y* = 36. 


located 400 mi due east of station A on a coastline. A ship 

received the signal from station B 1200 microseconds (js) 

before it received the signal from station A. 

(a) Assuming that radio signals travel at a speed of 980 ft/s, 
find an equation of the hyperbola on which the ship lies. 

(b) If the ship is due north of B, how far off the coastline is 
the ship? 


62. The dwarf planet Pluto travels in an elliptical orbit around 
the sun (at one focus). The length of the major axis 
is 1.18 X 10'° km and the length of the minor axis is 
1.14 X 10'°km. Use Simpson’s Rule with n = 10 to estimate 
the distance traveled by the planet during one complete orbit 
around the sun. 


63. Find the area of the region enclosed by the hyperbola 
x’/a*? — y*/b? = 1 and the vertical line through a focus. 


64. (a) If an ellipse is rotated about its major axis, find the vol- 
ume of the resulting solid. 
(b) If it is rotated about its minor axis, find the resulting 
volume. 


65. Find the centroid of the region enclosed by the x-axis and the 
top half of the ellipse 9x7 + 4y* = 36. 


66. (a) Calculate the surface area of the ellipsoid that is gener- 
ated by rotating an ellipse about its major axis. 
(b) What is the surface area if the ellipse is rotated about its 


54. Use the definition of a hyperbola to derive Equation 6 for a minor axis? 


hyperbola with foci (+c, 0) and vertices (+a, 0). 

67-68 Reflection Properties of Conic Sections We saw the 
reflection property of parabolas in Problem 22 of Problems Plus 
following Chapter 3. Here we investigate the reflection properties 
of ellipses and hyperbolas. 


55. Show that the function defined by the upper branch of the 
hyperbola y?/a* — x?/b* = 1 is concave upward. 


56. Find an equation for the ellipse with foci (1, 1) and (—1, —1) 


and major axis of length 4. 67. Let P(x1, y:) be a point on the ellipse x*/a* + y?/b? = 1 
with foci F; and F, and let a and B be the angles between the 
57. Determine the type of curve represented by the equation lines PF, PF> and the ellipse as shown in the figure. Prove 
that a = B. This explains how whispering galleries and litho- 
x 4 y? =i tripsy work. Sound coming from one focus is reflected and 
k k- 16 passes through the other focus. [Hint: Use the formula in 
Problem 21 in Problems Plus following Chapter 3 to show 
in each of the following cases: that tan a = tan B.] 
(a) k> 16 (b) O0<k< 16 (c) k<0 
(d) Show that all the curves in parts (a) and (b) have the same iu 


foci, no matter what the value of k is. 


58. (a) Show that the equation of the tangent line to the parabola 
y* = 4px at the point (xo, yo) can be written as 


yoy = 2p(x + xo) 


(b) What is the x-intercept of this tangent line? Use this fact 
to draw the tangent line. 


59. Show that the tangent lines to the parabola x” = 4py drawn 68. Let P(x, yi) be a point on the hyperbola x?/a* — y*/b? = 1 
from any point on the directrix are perpendicular. with foci F; and F> and let a and B be the angles between 
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the lines PF, PF and the hyperbola as shown in the figure. 69. The graph shows two red circles with centers (—1, 0) and 
Prove that a = B. This shows that light aimed at a focus F2 of (1, 0) and radii 3 and 5, respectively. Consider the collection 
a hyperbolic mirror is reflected toward the other focus F. of all circles tangent to both of these circles. (Some of these 


are shown in blue.) Show that the centers of all such circles 
lie on an ellipse with foci (+1, 0). Find an equation of this 
ellipse. 


YA 


10.6 | Conic Sections in Polar Coordinates 


In Section 10.5 we defined the parabola in terms of a focus and directrix, but we defined 
the ellipse and hyperbola in terms of two foci. In this section we give a more unified 
treatment of all three types of conic sections in terms of a focus and directrix. 


B® A Unified Description of Conics 


If we place the focus at the origin, then a conic section has a simple polar equation, 
which provides a convenient description of the motion of planets, satellites, and 
comets. 


[1] Theorem Let F be a fixed point (called the focus) and / be a fixed line 
(called the directrix) in a plane. Let e be a fixed positive number (called the 
eccentricity). The set of all points P in the plane such that 


ioe 


[P| * 


(that is, the ratio of the distance from F to the distance from / is the constant e) 
is a conic section. The conic 1s 


(a) anellipse ife < 1 
(b) a parabola if e = 1 
(c) ahyperbola if e > 1 
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PROOF Notice that if the eccentricity is e = 1, then | PF | = | P/| and so the given 
condition simply becomes the definition of a parabola as given in Section 10.5. 

Let us place the focus F at the origin and the directrix parallel to the y-axis and 
d units to the right. Thus the directrix has equation x = d and is perpendicular to the 
polar axis. If the point P has polar coordinates (r, 6), we see from Figure 1| that 


] (directrix) | PF | =r | Pl| =d-—rcos@ 
Thus the condition | PF |/| P/| = e, or | PF| = e| P/|, becomes 
x=d 
[2] r = e(d — rcos0) 
x If we square both sides of this polar equation and convert to rectangular coordinates, 
we get 


x? + y? = e(d — x) = e(d? — 2dx + x*) 


or (1 — e*)x* + 2de*x + y? = e’d’ 


After completing the square, we have 


FIGURE 1 
A . S| 2 7 y? go 
x = 2 
l-e? l-e (-ey 


If e < 1, we recognize Equation 3 as the equation of an ellipse. In fact, it is of the form 


(ea hy yt 


1 
a’ b? 
where 
[a] h= ed 1 ed’ pe ed? 
1-e . (1 — ey 1-e 
In Section 10.5 we found that the foci of an ellipse are at a distance c from the center, 
where 
5 etd? 
[5] Cao = >= (i — ey 
2 
d 
This shows that c= = 3 =—-h 
—e 


and confirms that the focus as defined in Theorem | means the same as the focus 
defined in Section 10.5. It also follows from Equations 4 and 5 that the eccentricity is 
given by 


Cc 
eS 
a 


If e > 1, then 1 — e? < O and we see that Equation 3 represents a hyperbola. Just as 
we did before, we could rewrite Equation 3 in the form 


(x — hy’ y? _ 


pe k 
a” b? 
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and see that 


c 
e=— where c? =a’? +b? oO 


® Polar Equations of Conics 


In Figure 1, the focus of the conic section is located at the origin and the directrix has 
equation x = d. By solving Equation 2 for r, we see that the polar equation of this conic 
can be written as 


ed 
r= ——___ 
1 + ecosé 
If the directrix is chosen to be to the left of the focus as x = —d, or if the directrix is 


chosen to be parallel to the polar axis as y = +d, then the polar equation of the conic is 
given by the following theorem, which is illustrated by Figure 2. (See Exercises 27-29.) 


YA YA 
YA YA 
x=d x=—-d y=d directrix 
directrix directrix 
¢ > 
+p > Pe > F x 
F x F x . > 
F x 
y=-d directrix 
7 ed a ed _ ed i ed 
cakes EPETy| hr pe ceed l= TS ene r= TS ine 


FIGURE 2 Polar equations of conics 


[6] Theorem A polar equation of the form 


ed ed 


r= or r= > 
1+esin@ 


~ 1+ ecosé 


represents a conic section with eccentricity e. The conic is an ellipse if e < 1, 
a parabola if e = 1, or a hyperbola if e > 1. 


EXAMPLE 1 Find a polar equation for a parabola that has its focus at the origin and 
whose directrix is the line y = —6. 


SOLUTION Using Theorem 6 with e = | and d = 6, and using part (d) of Figure 2, we 
see that the equation of the parabola is 
6 
t= ae 
1 — siné 


EXAMPLE 2 A conic is given by the polar equation 


10 


r= ————_ 
3 — 2 cos0é 


Find the eccentricity, identify the conic, locate the directrix, and sketch the conic. 
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714 
6 r 
0 10 
a, || 
2, 3 
7 2 
FIGURE 3 
307 10 10 
2 3 "3 = 2c0s0 
6 iP 
0 6 
T 
— 2 
2 
7 6 FIGURE 4 
12 
a oe = — 
2 2+ 4sin0 


SOLUTION Dividing numerator and denominator by 3, we write the equation as 


10 
r= —_+— 
1 $ cos 0 
From Theorem 6 we see that this represents an ellipse with e = z. Since ed = a 
we have 
10 10 
ges = =5 
C 3 
and so the directrix has Cartesian equation x = —5. We find the values for r when 


6 = 0, 77/2, 7, and 3727/2, as shown in the table. The ellipse is sketched in Figure 3. 


ee 10. 
L=—=5 Y= 3-2 cosd 
(directrix) , / 


12 
2+ 4siné 


EXAMPLE 3 Sketch the conic r = 


SOLUTION Writing the equation in the form 


6 
r= ——_ 
1+ 2 sind 


we see that the eccentricity is e = 2 and the equation therefore represents a hyperbola. 
Since ed = 6, we have d = 3 and the directrix has equation y = 3. We find the values 
for r when @ = 0, 77/2, a, and 3277/2 as shown in the table. The vertices occur when 

6 = a/2 and 37/2, so they are (2, 77/2) and (—6, 37/2) = (6, 77/2). The x-intercepts 
occur when @ = 0, 7; in both cases r = 6. For additional accuracy we draw the 
asymptotes. Note that r—> +e when 1 + 2 sin@ ~0* orO° and 1 + 2 sind =0 
when sin@ = —5. Thus the asymptotes are parallel to the rays @ = 77/6 and 

6 = 1177/6. The hyperbola is sketched in Figure 4. 


(2, z) See, | a = ‘ e 
2 = ad y = 3 (directrix) 
a a 


(6, 7) 0 ne (6, 0) 


focus 


When rotating conic sections, we find it much more convenient to use polar equations 
than Cartesian equations. We just use the fact (see Exercise 10.3.65) that the graph of 
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r = f(@ — a) is the graph of r = f(@) rotated counterclockwise about the origin through 
an angle a. 


EXAMPLE 4 If the ellipse of Example 2 is rotated through an angle 77/4 about the 


: origin, find a polar equation and graph the resulting ellipse. 


= 10 
3 —2 cos(@— 77/4) 


SOLUTION We get the equation of the rotated ellipse by replacing 6 with @ — 7/4 in 
the equation given in Example 2. So the new equation is 


5 15 10 
p= 
_— 3 — 2cos(@ — 7/4) 
= We use this equation to graph the rotated ellipse in Figure 5. Notice that the ellipse has 
FIGURE 5 been rotated about its left focus. | 
In Figure 6 we use a computer to sketch a number of conics to demonstrate the effect 
of varying the eccentricity e. Notice that when e is close to 0 the ellipse is nearly circular, 
whereas it becomes more elongated as e — 1°. When e = 1, of course, the conic is a 
parabola. 
e=0.1 e=0.5 e= 0.68 e=0.86 e= 0.96 
e=1 e=1.1 e=14 e= 
FIGURE 6 


B® Kepler's Laws 


In 1609 the German mathematician and astronomer Johannes Kepler, on the basis of huge 
amounts of astronomical data, published the following three laws of planetary motion. 


Kepler’s Laws 


1. A planet revolves around the sun in an elliptical orbit with the sun at one focus. 


2. The line joining the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period of revolution of a planet is proportional to the cube of 
the length of the major axis of its orbit. 
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Although Kepler formulated his laws in terms of the motion of planets around the 
sun, they apply equally well to the motion of moons, comets, satellites, and other 
bodies that orbit subject to a single gravitational force. In Section 13.4 we will show 
how to deduce Kepler’s Laws from Newton’s Laws. Here we use Kepler’s First Law, 
together with the polar equation of an ellipse, to calculate quantities of interest in 
astronomy. 

For purposes of astronomical calculations, it’s useful to express the equation of an 
ellipse in terms of its eccentricity e and its semimajor axis a. We can write the distance d 
from the focus to the directrix in terms of a if we use (4): 


; ed? sate a(1 — e”) 
: eee ae = ee cee 
(1 -— e’)? a d e x e 


a 
So ed = a(1 — e?). If the directrix is x = d, then the polar equation is 


ed _ al =e’) 
1 + ecos@é 1 + ecos@é 


r= 


The polar equation of an ellipse with focus at the origin, semimajor axis a, 
eccentricity e, and directrix x = d can be written in the form 


. oh e’) 
1 + ecos@ 


r 


The positions of a planet that are closest to and farthest from the sun are called its 
perihelion and aphelion, respectively, and correspond to the vertices of the ellipse (see 
Figure 7). The distances from the sun to the perihelion and aphelion are called the 
perihelion distance and aphelion distance, respectively. In Figure | the sun is at the 
focus F, so at perihelion we have 0 = 0 and, from Equation 7, 


\ sun 


aphelion perihelion 


a(1 — e’) _ da =e) + e) ge 8 


a 1 Seco lt+e 


FIGURE 7 _ 
Similarly, at aphelion @ = 7 andr = a(1 + e). 


The perihelion distance from a planet to the sun is a(1 — e) and the aphelion 


distance is a(1 + e). 


EXAMPLE 5 


(a) Find an approximate polar equation for the elliptical orbit of the earth around the 
sun (at one focus) given that the eccentricity is about 0.017 and the length of the major 
axis is about 2.99 X 10° km. 

(b) Find the distance from the earth to the sun at perihelion and at aphelion. 
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SECTION 10.6 Conic Sections in Polar Coordinates 717 


SOLUTION 
(a) The length of the major axis is 2a = 2.99 X 108, soa = 1.495 X 10°. We are 
given that e = 0.017 and so, from Equation 7, an equation of the earth’s orbit around 
the sun is 

a(l—e*) — (1.495 x 10*)[1 — (0.017)7] 

1 + ecosé 1 + 0.017 cos 6 


or, approximately, 
_ 149 x 108 
"1 + 0.017 cos0 


(b) From (8), the perihelion distance from the earth to the sun is 
a(l — e) = (1.495 x 108)(1 — 0.017) ~ 1.47 X 108 km 
and the aphelion distance is 


a(1 + e) ~ (1.495 X 10°)(1 + 0.017) ~ 1.52 X 10°km r] 


10.6 | Exercises 


1-8 Write a polar equation of a conic with the focus at the origin I YA Il yA 
and the given data. 


1. Parabola, directrix x = 2 


2. Ellipse, eccentricity 5, directrix y = 6 > > 
> 


3. Hyperbola, eccentricity 2, directrix y = —4 


4. Hyperbola, eccentricity 3, directrix x = —3 
5. Ellipse, eccentricity 2 vertex (2, 77) ll 
6. Ellipse, eccentricity 0.6, directrix r = 4 cscé 


7. Parabola, vertex (3, 77/2) 


8. Hyperbola, eccentricity 2, directrix r = —2 sec@ 


9-14 Match the polar equations with the graphs labeled I-VI. 
Give reasons for your answer. 


Vv YA VI YA 
a 10. ee eee a 
1 — siné 1 + 2cos0 x 
12 12 
11. r= ——— 12. r= ————_ > 
8 — 7cos @ 4+ 3sin0 x 
5 3 
13. , = —————_ 14. r= ————_ 
2+ 3sin@ 2 —2cos 0 
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15-22 (a) Find the eccentricity, (b) identify the conic, (c) give 
an equation of the directrix, and (d) sketch the conic. 


4 1 
15. r= ——_——_ 16. r= 
5 — 4sin0 2+ sind 
2 
7r= : 18 r= s 
3 + 3 sind 2—4cosdé 
1 
19. r= z 20. r= : 
6 + 2 cosé 3 — 3 sind 
3 4 
21. r = ————_ 22. r= —————_ 
4 — 8 cos 2+ 3cos@ 
FS 23. (a) Find the eccentricity and directrix of the conic 


27. 


26. 


r = 1/(1 — 2 sin@) and graph the conic and its 
directrix. 

(b) If this conic is rotated counterclockwise about the ori- 
gin through an angle 37r/4, write the resulting equation 
and graph its curve. 


. Graph the conic 


4 


= 5 + 6cos@ 


and its directrix. Also graph the conic obtained by rotating 
this curve about the origin through an angle 7/3. 


. Graph the conics 


e 
r= ——_—_ 

1 — ecosdé 
with e = 0.4, 0.6, 0.8, and 1.0 on a common screen. How 
does the value of e affect the shape of the curve? 


(a) Graph the conics 


ed 


eee 
1+ esin@é 


for e = 1| and various values of d. How does the value 
of d affect the shape of the conic? 

(b) Graph these conics for d = 1 and various values of e. 
How does the value of e affect the shape of the conic? 


Show that a conic with focus at the origin, eccentricity e, 
and directrix x = —d has polar equation 
ed 
r= —__. 
1 — e cosé 


28. 


29 


30. 


31 


32 


33 


34. 


35 


36. 


37 


Show that a conic with focus at the origin, eccentricity e, 
and directrix y = d has polar equation 
ed 


f= 
1+ esiné 


Show that a conic with focus at the origin, eccentricity e, 


and directrix y = —d has polar equation 
ed 
f= ——— a 
1 — e siné 


Show that the parabolas r = c/(1 + cos@) and 
r = d/(1 — cos@) intersect at right angles. 


The orbit of Mars around the sun is an ellipse with eccen- 
tricity 0.093 and semimajor axis 2.28 X 10° km. Finda 
polar equation for the orbit. 


Jupiter’s orbit has eccentricity 0.048 and the length of the 
major axis is 1.56 X 10° km. Find a polar equation for the 
orbit. 


The orbit of Halley’s comet, last seen in 1986 and due to 
return in 2061, is an ellipse with eccentricity 0.97 and one 
focus at the sun. The length of its major axis is 36.18 AU. 
[An astronomical unit (AU) is the mean distance between 
the earth and the sun, about 93 million miles.] Find a polar 
equation for the orbit of Halley’s comet. What is the maxi- 
mum distance from the comet to the sun? 


Comet Hale-Bopp, discovered in 1995, has an elliptical 
orbit with eccentricity 0.9951. The length of the orbit’s 
major axis is 356.5 AU. Find a polar equation for the orbit 
of this comet. How close to the sun does it come? 


© Dean Ketelsen 


The planet Mercury travels in an elliptical orbit with eccen- 
tricity 0.206. Its minimum distance from the sun is 
4.6 X 10’ km. Find its maximum distance from the sun. 


The distance from the dwarf planet Pluto to the sun is 
4.43 X 10° km at perihelion and 7.37 X 10° km at 
aphelion. Find the eccentricity of Pluto’s orbit. 


Using the data from Exercise 35, find the distance traveled 
by the planet Mercury during one complete orbit around the 
sun. (Evaluate the resulting definite integral numerically, 
using a calculator or computer, or use Simpson’s Rule.) 
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Gr Review 


CONCEPT CHECK 


CHAPTER 10 Review 719 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a parametric curve? 
(b) How do you sketch a parametric curve? 


2. (a) How do you find the slope of a tangent to a parametric 
curve? 
(b) How do you find the area under a parametric curve? 


3. Write an expression for each of the following: 
(a) The length of a parametric curve 
(b) The area of the surface obtained by rotating a parametric 
curve about the x-axis 
(c) The speed of a particle traveling along a parametric curve 


4. (a) Use a diagram to explain the meaning of the polar coordi- 
nates (r, 0) of a point. 
(b) Write equations that express the Cartesian coordinates 
(x, y) of a point in terms of the polar coordinates. 
(c) What equations would you use to find the polar coordi- 
nates of a point if you knew the Cartesian coordinates? 


5. (a) How do you find the area of a region bounded by a polar 
curve? 
(b) How do you find the length of a polar curve? 


TRUE-FALSE QUIZ 


(c) How do you find the slope of a tangent line to a polar 
curve? 


. (a) Give a geometric definition of a parabola. 
(b) Write an equation of a parabola with focus (0, p) and 
directrix y = —p. What if the focus is (p, 0) and the 
directrix is x = —p? 


- (a) Give a definition of an ellipse in terms of foci. 
(b) Write an equation for the ellipse with foci (+c, 0) and 
vertices (a, 0). 


. (a) Give a definition of a hyperbola in terms of foci. 
(b) Write an equation for the hyperbola with foci (+c, 0) and 
vertices (a, 0). 
(c) Write equations for the asymptotes of the hyperbola in 
part (b). 


. (a) What is the eccentricity of a conic section? 
(b) What can you say about the eccentricity if the conic 
section is an ellipse? A hyperbola? A parabola? 
(c) Write a polar equation for a conic section with eccen- 
tricity e and directrix x = d. What if the directrix is 
x d?y=d?y d? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. If the parametric curve x = f(t), y = g(t) satisfies g’(1) = 0, 
then it has a horizontal tangent when t = 1. 


2. If x = f(t) and y = g(t) are twice differentiable, then 


d*y _ d*y/dt? 
dx? d°x/dt? 


3. The length of the curve x = f(t), y = g(t),a <t<b,is 
PVEFOP + [y'OF at 


4. If the position of a particle at time ¢ is given by the parametric 
equations x = 3f + 1, y = 2r? + 1, then the speed of the 
particle at time t = 3 is the value of dy/dx when t = 3. 


11 


. If a point is represented by (x, y) in Cartesian coordinates 
(where x # 0) and (r, @) in polar coordinates, then 
6 = tan '(y/x). 


. The polar curves 
r= 1-— sin 20 r=sin20—- 1 
have the same graph. 


. The equations r = 2, x* + y? = 4, and x = 2 sin 31, 
y = 2 cos 3t (0 St S 277) all have the same graph. 


. The parametric equations x = 1’, y = r* have the same graph 
ax=P,y=1° 


. The graph of y* = 2y + 3x is a parabola. 


. A tangent line to a parabola intersects the parabola only 
once. 


. A hyperbola never intersects its directrix. 
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CHAPTER 10 Parametric Equations and Polar Coordinates 


EXERCISES 


1-5 Sketch the parametric curve and eliminate the parameter to 
find a Cartesian equation of the curve. 


1. 


wee ee 


x=2cos#, y=1+siné 


x=cos#, y=sec#, 0<60< 7/2 


9. 


10. 


. Describe the motion of a particle with position (x, y), where 


x = 2+ 4cos wtand y = —3 + 4sin wt, as f increases 
from 0 to 4. 


. Write three different sets of parametric equations for the 


curve y = x. 


. Use the graphs of x = f(t) and y = g(t) to sketch the para- 


metric curve x = f(t), y = g(t). Indicate with arrows the 
direction in which the curve is traced as ¢ increases. 


(a) Plot the point with polar coordinates (4, 27/3). Then 
find its Cartesian coordinates. 

(b) The Cartesian coordinates of a point are (—3, 3). Find 
two sets of polar coordinates for the point. 


Sketch the region consisting of points whose polar coor- 
dinates satisfy 1 < r < 2 and 7/6 S 0 S 57/6. 


11-18 Sketch the polar curve. 


11. 
13. 
15. 


17. 


r=1+ sin@ 12. r= sin 40 
r = cos 30 14. r=3 + cos 30 
r= 1+ cos20 16. r= 2 cos(0/2) 
3 3 
r= ——— 18. r= ————_ 
1+ 2sin@ 2 —2cosé 


19-20 Find a polar equation for the curve represented by the 
given Cartesian equation. 


19. 


xty=2 20. x*+y?=2 


21. 


The curve with polar equation r = (sin @)/6 is called a 
cochleoid. Use a graph of r as a function of 6 in Cartesian 
coordinates to sketch the cochleoid by hand. Then graph it 
with a calculator or computer to check your sketch. 


22. The figure shows a graph of r as a function of 6 in Cartesian 
coordinates. Use it to sketch the corresponding polar curve. 


23-26 Find the slope of the tangent line to the given curve at 
the point corresponding to the specified value of the parameter. 


23.x=Int, y=1+#; t=1 
24.x=4+6¢+1, y=2t-27; ¢ 1 


25.r=e°; 0=7 


26. r= 3+ cos30; @= 7/2 


27-28 Find dy/dx and d’y/dx’. 


27.x=t+sint, y=t-—cost 


28.x=14+7, y=r-# 


29. Use a graph to estimate the coordinates of the lowest point 
on the curve x = tf? — 3f,y = 2? +14 1. Then use calcu- 


lus to find the exact coordinates. 


30. Find the area enclosed by the loop of the curve in 


Exercise 29. 


31. At what points does the curve 


x = 2a cost — a cos 2t y = 2a sint — a sin 2t 


have vertical or horizontal tangents? Use this information to 
help sketch the curve. 


32 


Find the area enclosed by the curve in Exercise 31. 
33. Find the area enclosed by the curve r? = 9 cos 50. 


34. Find the area enclosed by the inner loop of the curve 
r=1-3 sing. 


35 


Find the points of intersection of the curves r = 2 and 
r=4cosé. 


36. 


Find the points of intersection of the curves r = cot @ and 
r= 2 cosé. 


37. Find the area of the region that lies inside both of the circles 
r = 2 sin@ andr = sin@ + cosé. 


38. Find the area of the region that lies inside the curve 
r = 2 + cos 20 but outside the curve r = 2 + sin @. 
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39-42 Find the length of the curve. 


39.x=3r, y=2r, 0O<r<2 
40.x=2+3t, y=cosh3r, 0St<1 
41.r=1/0, 7<0520 
42. r= sin°(0/3), 0O<0<7 
43. The position (in meters) of a particle at time f seconds is 
given by the parametric equations 
x =5(t? + 3) y=5-58 
(a) Find the speed of the particle at the point (6, —4). 
(b) What is the average speed of the particle for 0 < t < 8? 
44. (a) Find the exact length of the portion of the curve shown 


in blue. 
(b) Find the area of the shaded region. 


r= 2 cos*(6/2) 


45-46 Find the area of the surface obtained by rotating the 
given curve about the x-axis. 


45. + 


hide i 1 
ee y= to, 
7 4 Dt 
46. 


x=2+3t, y=cosh3t, 0St<1 


47. 


The curves defined by the parametric equations 


t(t? — c) 
r+ 


tr—e 
r+i 


are called strophoids (from a Greek word meaning “to turn 
or twist’). Investigate how these curves vary as c varies. 


48. 


A family of curves has polar equations r* = | sin 20| where 


a is a positive number. Investigate how the curves change as 
a changes. 


49-52 Find the foci and vertices and sketch the graph. 


pe aes) ee 50. 4x? — y? = 16 
ae 8 . y 


51. 6y2 + x — 36y + 55 =0 
l6oy 


52. 25x? + 4y? + 50x 59 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


61. 


62. 


CHAPTER 10 Review 721 


Find an equation of the ellipse with foci (+4, 0) and 
vertices (+5, 0). 


Find an equation of the parabola with focus (2, 1) and 
directrix x = —4. 


Find an equation of the hyperbola with foci (0, +4) and 
asymptotes y = +3x. 


Find an equation of the ellipse with foci (3, +2) and major 
axis with length 8. 


Find an equation for the ellipse that shares a vertex and a 
focus with the parabola x? + y = 100 and that has its other 
focus at the origin. 


Show that if m is any real number, then there are exactly 
two lines of slope m that are tangent to the ellipse 
x*/a? + y*/b* = | and their equations are 


y=mx + Jam? + b? 


Find a polar equation for the ellipse with focus at the origin, 
eccentricity 3, and directrix with equation r = 4 sec 0. 


. Graph the ellipse r = 2/(4 — 3 cos@) and its directrix. 


Also graph the ellipse obtained by rotation about the origin 
through an angle 27/3. 


Show that the angles between the polar axis and the 
asymptotes of the hyperbola r = ed/(1 — e cos@),e > 1, 
are given by cos '(+1/e). 


A curve called the folium of Descartes is defined by the 
parametric equations 
3t 3 
x 
1+er ae 


(a) Show that if (a, b) lies on the curve, then so does (b, a); 
that is, the curve is symmetric with respect to the line 

y = x. Where does the curve intersect this line? 

Find the points on the curve where the tangent lines are 
horizontal or vertical. 

Show that the line y = —x — 1 is a slant asymptote. 
Sketch the curve. 

Show that a Cartesian equation of this curve is 

x? + y3 = 3xy. 

(f) Show that the polar equation can be written in the form 


(b) 


(c) 
(d) 
(e) 


_ 3sec@ tand 
1 + tan*0 


(g) Find the area enclosed by the loop of this curve. 

(h) Show that the area of the loop is the same as the area 
that lies between the asymptote and the infinite 
branches of the curve. (Use a computer algebra system 
to evaluate the integral.) 
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Problems Plus 


1. 


2. 


FIGURE FOR PROBLEM 1 A3 


Q 
Q 
_" 


S 


FIGURE FOR PROBLEM 4 


The outer circle in the figure has radius 1 and the centers of the interior circular arcs lie on 
the outer circle. Find the area of the shaded region. 


(a) Find the highest and lowest points on the curve x* + y* = x7 + y’. 

(b) Sketch the curve. (Notice that it is symmetric with respect to both axes and both of the 
lines y = +x, so it suffices to consider y = x = 0 initially.) 

(c) Use polar coordinates and a computer algebra system to find the area enclosed by the 
curve. 


What is the smallest viewing rectangle that contains every member of the family of polar 
curves r= 1 + c sin@, where 0 S c S 1? Illustrate your answer by graphing several mem- 
bers of the family in this viewing rectangle. 


Four bugs are placed at the four corners of a square with side length a. The bugs crawl 

counterclockwise at the same speed and each bug crawls directly toward the next bug at all 

times. They approach the center of the square along spiral paths. 

(a) Find a polar equation of a bug’s path assuming the pole is at the center of the square. (Use 
the fact that the line joining one bug to the next is tangent to the bug’s path.) 

(b) Find the distance traveled by a bug by the time it meets the other bugs at the center. 


Show that any tangent line to a hyperbola touches the hyperbola halfway between the points 
of intersection of the tangent and the asymptotes. 


A circle C of radius 2r has its center at the origin. A circle of radius r rolls without slipping in 
the counterclockwise direction around C. A point P is located on a fixed radius of the rolling 
circle at a distance b from its center, 0 < b < r. [See parts (i) and (ii) of the figure below. ] 
Let L be the line from the center of C to the center of the rolling circle and let 6 be the angle 
that L makes with the positive x-axis. 

(a) Using @ as a parameter, show that parametric equations of the path traced out by P are 


x = bcos 30 + 3rcos@ y = bsin 36 + 3rsiné 


Note: If b = 0, the path is a circle of radius 3r; if b = r, the path is an epicycloid. The 
path traced out by P for 0 < b < ris called an epitrochoid. 

(b) Graph the curve for various values of b between 0 and r. 

(c) Show that an equilateral triangle can be inscribed in the epitrochoid and that its centroid 
is on the circle of radius b centered at the origin. 
Note: This is the principle of the Wankel rotary engine. When the equilateral triangle 
rotates with its vertices on the epitrochoid, its centroid sweeps out a circle whose center is 
at the center of the curve. 

(d) In most rotary engines the sides of the equilateral triangles are replaced by arcs of circles 
centered at the opposite vertices as in part (ii1) of the figure. (Then the diameter of the 
rotor is constant.) Show that the rotor will fit in the epitrochoid if b < (2 — J3 )r. 


YA 


Os 


722 


ay 
BY 


Po 


(ii) (iii) 
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Astronomers gather information about distant celestial objects from the electromagnetic radiation that these objects emit. In the 


project following Section 11.11 you are asked to compare the radiation emitted by different stars, including Betelgeuse (the largest of 
the observable stars), Sirius, and our own Sun. 


Antares StarExplorer / Shutterstock.com 


Sequences, Series, and 
Power Series 


IN ALL OF THE PREVIOUS CHAPTERS we studied functions that are defined on an interval. In this 
chapter we start by studying sequences of numbers. A sequence can be viewed as a function whose 
domain is a set of natural numbers. We then consider infinite series (the sum of the numbers in a 
sequence). Isaac Newton represented functions defined on an interval as sums of infinite series, in 
part because such series are readily integrated and differentiated. In Section 11.10 we will see that 
his idea allows us to integrate functions that we have previously been unable to find antiderivatives 
for, such as e*. Many of the functions that arise in mathematical physics and chemistry—such as 
Bessel functions—are defined as sums of series, so it is important to be familiar with the basic 
concepts of convergence of infinite sequences and series. 

Physicists also use series in another way, as we will see in Section 11.11. In studying fields as 
diverse as optics, special relativity, electromagnetism, and cosmology, they analyze phenomena by 
replacing a function with the first few terms in the series that represents that function. 
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CHAPTER 11 Sequences, Series, and Power Series 


11.1 


FIGURE 1 
At the nth stage the man 
walks a distance 1/2”. 


Sequences 


Many concepts in calculus involve lists of numbers that result from applying a process in 
stages. For example, if we use Newton’s method (Section 4.8) to approximate the zero of 
a function, we generate a list or sequence of numbers. If we compute average rates of 
change of a function over smaller and smaller intervals in order to approximate an instan- 
taneous rate of change (as in Section 2.7), we also generate a sequence of numbers. 

In the fifth century Bc the Greek philosopher Zeno of Elea posed four problems, now 
known as Zeno’s paradoxes, that were intended to challenge some of the ideas concern- 
ing space and time that were held in his day. In one of his paradoxes, Zeno argued that a 
man standing in a room could never walk to a wall because he would first have to walk 
half the distance to the wall, then half the remaining distance, and then again half of what 
still remains, continuing in this way indefinitely (see Figure 1). The distances that the 
man walks at each stage form a sequence: 


Nile 
a 
XQ 


B® Infinite Sequences 


An infinite sequence, or just a sequence, can be thought of as a list of numbers written 
in a definite order: 
a1, A2, 43, A4, .--, An,.-- 


The number a is called the first term, a2 is the second term, and in general a, is the nth 
term. We will deal exclusively with infinite sequences and so each term a, will have a 
SUCCESSOF Ay+1. 

Notice that for every positive integer n there is a corresponding number a, and so a 
sequence can be defined as a function f whose domain is the set of positive integers. But 
we usually write a, instead of the function notation f(n) for the value of the function at 
the number n. 


NOTATION The sequence {a), d2, a3, .. .} is also denoted by 
{an} or {an}n=1 


Unless otherwise stated, we assume that 7 starts at 1. 


EXAMPLE 1 Some sequences can be defined by giving a formula for the nth term. 


(a) At the beginning of the section we described a sequence of distances walked by a 
man in a room. The following are three equivalent descriptions of this sequence: 


fie 1 bia @ 4 1 
z on 9 2’ 4° 8’ 16’ 32’°°°? ar’ 


In the third description we have written out the first few terms of the sequence: 
a, = 1/2', ay = 1/2’, and so on. 
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SECTION 11.1 Sequences 725 


(b) The definition { ie i } indicates that the formula for the nth term is 


n=2 


n 
n 


n+ 1 


an = and we start the sequence with n = 2: 


(c) The sequence {,/3, V/4, af 5 6, a + can be described by {Jn + 2}*, if we 
start with n = 1. Equivalently, we could start with n = 3 and write {Jn ee or 


dn = Jn,n => 3. 


as (n +1) |" 
(d) The definition j (—1)" a a generates the sequence 
n=0 


1 2:3 4 5 
1” 3°9° 27°81" 


Here the first term corresponds to n = 0 and the (—1)" factor in the definition creates 
terms that alternate between positive and negative. a 


EXAMPLE 2 Find a formula for the general term a,, of the sequence 


3 4 5 6 7 
5° 25° 125° 625° 3125" 


assuming that the pattern of the first few terms continues. 
SOLUTION We are given that 
3 4 a) 6 7 


ay = az = a3. = a4 


5 25 5 125 625 


as = > 
3125 
Notice that the numerators of these fractions start with 3 and increase by 1 whenever 
we go to the next term. The second term has numerator 4, the third term has numer- 
ator 5; in general, the nth term will have numerator n + 2. The denominators are the 
powers of 5, so a, has denominator 5". The signs of the terms are alternately positive 
and negative, so we need to multiply by a power of —1, as in Example 1(d). Here we 
want a; to be positive and so we use (— 1)” ' or (—1)"*'. Therefore 
n+2 


an = ( ease 5" a 


EXAMPLE3 Here are some sequences that don’t have a simple defining equation. 


(a) The sequence {p,}, where p, is the population of the world as of January 1 in the 
year n. 


(b) If we let a, be the digit in the nth decimal place of the number e, then {a,} is a 
sequence whose first few terms are 


{7, 1, 8, 2, 8, 1,8,2,8,4,5,..4 
(c) The Fibonacci sequence {f,,} is defined recursively by the conditions 


fi=l h=l Sa =Sn-1 + fr-2 n=3 
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Each term is the sum of the two preceding terms. The first few terms are 
11, 2,.3,9. 313, 2hyact 


This sequence arose when the 13th-century Italian mathematician known as Fibonacci 
solved a problem concerning the breeding of rabbits (see Exercise 89). | 


The Limit of a Sequence 


ay A sequence can be pictured either by plotting its terms on a number line or by plotting its 
graph. Figures 2 and 3 illustrate these representations for the sequence 


: n | f1234 
oe n+ Cr ae 


Since a sequence {a,};=1 is a function whose domain is the set of positive integers, its 


Nie 


d,A graph consists of discrete points with coordinates 
(1, a1) (2, a2) (3, a3) ae (n, an) 
rT et Se ee eee From Figure 2 or Figure 3 it appears that the terms of the sequence a, = n/(n + 1) 
e” ee are approaching | as n becomes large. In fact, the difference 
78 
n 1 
-++-+-++ = 1 = 
01234567 e n+1 n+1 
FIGURE3 can be made as small as we like by taking n sufficiently large. We indicate this by writing 
. n 
lim = 
non + | 
In general, the notation lim a, = L 
no 
means that the terms of the sequence {a,,} approach L as n becomes large. Notice that the 
following definition of the limit of a sequence is very similar to the definition of a limit 
of a function at infinity given in Section 2.6. 
[1] Intuitive Definition of a Limit of aSequence A sequence {a,} has the 
limit L and we write 
lim a, = L or a,—>Lasn—->o 
no 
if we can make the terms a, as close to L as we like by taking n sufficiently large. 
If lim,» ad, exists, we say the sequence converges (or is convergent). Otherwise, 
we say the sequence diverges (or is divergent). 
Figure 4 illustrates Definition | by showing the graphs of two convergent sequences 
that have the limit L. 
ayk anh 
FIGURE 4 L : oe = —— oF? 
Graphs of two con- ’ . 
vergent sequences ae 7 ara 7 
with lim a, = L 0) 1234 n 0) 1234 n 
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A more precise version of Definition 1 is as follows. 


[2] Precise Definition of a Limit of a Sequence A sequence {a,} has the 


limit L and we write 
Compare this definition with lim a, = L or 
Definition 2.6.7. , ee oe 
if for every ¢ > 0 there is a corresponding integer N such that 


d,—>Lasn-© 


if n>N then |a,—Li]<e 


Definition 2 is illustrated by Figure 5, in which the terms a1, d2, a3, ... are plotted on 


a number line. No matter how small an interval (L — e, L + &) is chosen, there exists an 
N such that all terms of the sequence from ay+; onward must lie in that interval. 


a ag a, as a4 a; 


ay 430 A ag N+1 4n+2 
t 2 2 2 2 (-—_} 2 2 2 2 2 > 
Le 


L-e L 


FIGURE 5 


Another illustration of Definition 2 is given in Figure 6. The points on the graph of 
{a,} must lie between the horizontal lines y= L + ¢ and y=L—e if n>N. This 
picture must be valid no matter how small ¢ is chosen, but usually a smaller ¢ requires a 


larger N. 


YA 
ay y=Lte 


3 4 N 


mete 
N 


FIGURE 6 
A sequence diverges if its terms do not approach a single number. Figure 7 illustrates 


two different ways in which a sequence can diverge. 


a,A anh ° 


av 
Oo 

= 

N 

w 

koe 


av 


FIGURE 7 
Graphs of two divergent sequences (a) (b) 


The sequence graphed in Figure 7(a) diverges because it oscillates between two dif- 
ferent numbers and does not approach a single value as n—>~. In the graph in part (b), 
d, increases without bound as n becomes larger. We write lim,» a, = © to indicate the 
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particular way that this sequence diverges, and we say that the sequence diverges to ™. 
The following precise definition is similar to Definition 2.6.9. 


[3] Precise Definition of an Infinite Limit The notation lim,_... a, = %° means 
that for every positive number M there is an integer N such that 


if n>wN then dn > M 


An analogous definition applies for lim,,—... a, = —®. 


BH Properties of Convergent Sequences 


If you compare Definition 2 with Definition 2.6.7, you will see that the only difference 
between lim, ... a, = L and lim,—.. f(x) = L is that n is required to be an integer. Thus 
we have the following theorem, which is illustrated by Figure 8. 


[4] Theorem If lim,—.. f(x) = Land f(n) = a, when nis an integer, then 
lim, + a, = L. 


YA 


BY 


et 
wt 
us 
At 


FIGURE 8 


For instance, since we know that lim,_... (1/x") = 0 when r > 0 (Theorem 2.6.5), it 
follows from Theorem 4 that 


ee ‘ 
[5] lim — = 0 if r>0 
no 


The Limit Laws given in Section 2.3 also hold for the limits of sequences and their 
proofs are similar. 


Limit Laws for Sequences Suppose that {a,} and {b,} are convergent sequences 
and c is a constant. Then 


Sum Law lim (a, + b,) = lim a, + lim b, 


no 


Difference Law lim (dn _ bn) = lim an — lim by 
n>2 n> 


no 


Constant Multiple Law lim ca, = c lim a, 


no no 


Product Law lim (anbn) = lim dn* lim b, 


no 


lim a, 


no 


Quotient Law 


= fares 
nin oe 


no 
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Power Law 


Squeeze Theorem for 
Sequences 


FIGURE 9 
The sequence {b,,} is squeezed 
between the sequences {a,,} and {c,,}. 


In general, for any constant c 


limc=c 


no 


This shows that the guess we made 
earlier from Figures 2 and 3 was 
correct. 
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Another useful property of sequences is the following Power Law, which you are 
asked to prove in Exercise 94. 


lim a? = [ Jima)" if p> 0 and a, >0 


no 


The Squeeze Theorem can also be adapted for sequences as follows (see Figure 9). 


Ifa, <b, Sc, forn = no and lim a, = limc, = L, then lim b, = 
no 


no 


no 


A 
° 
e Ch 
e ae 
eo 
by, ak 2 eer d 
. Seg tt Prernrs 
e re acme 8 
6 
‘ 
: 
an 
‘ 
> 
0 n 


Another useful fact about limits of sequences is given by the following theorem; the 
proof is left as Exercise 93. 


If lim|a,| = 0, then lim a, = 0. 
no no 


EXAMPLE 4 Find lim aT 

no yn 
SOLUTION The method is similar to the one we used in Section 2.6: divide numerator 
and denominator by the highest power of 7 that occurs in the denominator and then use 
the Limit Laws for Sequences. 


; n 1 dd 
lim = lim = 
no n+ I n> . . 1 
1 i tree lim 1 + lim — 
n noo no n 
1 
ea | 
1+0 


I 
a 


Here we used Equation 5 with r 


EXAMPLE 5 Is the sequence a, = convergent or divergent? 


a 
10+ n 
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SOLUTION As in Example 4, we divide numerator and denominator by n: 


lim ————- = _ lim : = 0 
bi /10 +n n=O 10 al 
n? n 


since the numerator is constant and the denominator (which is positive) approaches 0. 
So {a,} is divergent. | 


EXAMPLE 6 Calculate lim 22. 


no 


SOLUTION Notice that both numerator and denominator approach infinity as n > , 
We can’t apply |’ Hospital’s Rule directly because it applies not to sequences but to 
functions of a real variable. However, we can apply |’ Hospital’s Rule to the related 
function f(x) = (In x)/x and obtain 


hi = li =0 
ote ese. 4 
Therefore, by Theorem 4, we have 
. Inn 
lim —=0 | 
no n 
nA EXAMPLE 7 Determine whether the sequence a, = (—1)” is convergent or divergent. 
1+ ° . . SOLUTION If we write out the terms of the sequence, we obtain 
ppp pp {-1,1,-1,1,-1,1,-1,...} 
0} 12 3 4 is 
-1+ . . . The graph of this sequence is shown in Figure 10. Since the terms oscillate between 1 
and —| infinitely often, a, does not approach any number. Thus lim, _... (— 1)” does not 
exist; that is, the sequence {(—1)"} is divergent. | 


n 


EXAMPLE 8 Evaluate lim 


if it exists. 


a,A n—0o n 
1 obs 
SOLUTION We first calculate the limit of the absolute value: 
° =)" 1 
ey lim cae Fe lim —=0 
‘ e e e e ss. n—-o n noo n 
. Therefore, by Theorem 6, 
= n 
lim CD =0 
noo n 
—-l[+e 
The sequence is graphed in Figure 11. a 
—1 n 
FIGURE 11 The sequence { i } The following theorem says that if we apply a continuous function to the terms of a 


convergent sequence, the result is also convergent. The proof is given in Appendix F. 


Theorem If lim a, = L and the function f is continuous at L, then 
no 


jim fan) =f 
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no 


EXAMPLE9 Find lim sin—. 
n 


SOLUTION Because the sine function is continuous at 0, Theorem 7 enables us to write 


2. aT . i 7 ‘ 
lim sin— = sin( lim ~) =sin0=0 Ba 


no n no WL 


EXAMPLE 10 Discuss the convergence of the sequence a, = n!/n", where 
m= 1+2+3e- en, 


SOLUTION Both numerator and denominator approach infinity as n — © but here we 
have no corresponding function for use with |’ Hospital’s Rule (x! is not defined when x 
is not an integer). Let’s write out a few terms to get a feeling for what happens to a, as 
n gets large: 


1 1*2 Be aaa) 
a= a, = = 
= Dek = S55 a8 
1:2+3e-s.0n 
ay, = 
a, A It appears from these expressions and the graph in Figure 12 that the terms are decreas- 
1; ¢ ing and perhaps approach 0. To confirm this, observe from Equation 8 that 
. (232) 
an = 
n\n nes en 
Be ee ~ Notice that the expression in parentheses is at most 1 because the numerator is less 
: than (or equal to) the denominator. So 
FIGURE 12 The sequence {n!/n"} 0<a4,= Ee 
n 


We know that 1/n — 0 as n — ©. Therefore a,, — 0 as n — © by the Squeeze Theorem. 
|_| 


EXAMPLE 11 For what values of r is the sequence {r”} convergent? 


SOLUTION We know from Section 2.6 and the graphs of the exponential functions in 
Section 1.4 that lim,_... b* = © for b > 1 and lim,_...b* = 0 for0 <b < 1. 
Therefore, putting b = r and using Theorem 4, we have 


: o ifr>1 
lim r” = : 
nx 0 if O<r<l 


It is obvious that 


lim 1"= 1 and lim 0” = 0 


no no 


If -1 <r <0, then0 < |r| < 1, so 


lim |r”| = lim |r|" =0 


no no 
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and therefore lim,,—.. r” = 0 by Theorem 6. If r < —1, then {r”} diverges as in 
Example 7. Figure 13 shows the graphs for various values of r. (The case r = —1 is 
shown in Figure 10.) 


anA anA 
perl . 
. a -1<r<0 
° 1 
° + ed * 7 ~ — > 
. r=] O; : n 
17 : e e e e e e é 
a i «6 . 7 ae : 
n a oe 
FIGURE 13 : O<r<l take 
The sequence a, = r" . |_| 
The results of Example 11 are summarized for future use as follows. 
[9] The sequence {r”} is convergent if —1 <r < 1 and divergent for all other 
values of r. 
0 if -l<r<l 
1 ifr=1 
® Monotonic and Bounded Sequences 
Sequences for which the terms always increase (or always decrease) play a special role 
in the study of sequences. 
Definition A sequence {a,} is called increasing if a, < dn+1 for alln = 1, 
that is, a) < a) < a3 <---.Itis called decreasing if a, > an+; for alln = 1. 
A sequence is called monotonic if it is either increasing or decreasing. 
3 : ‘ 
EXAMPLE 12 The sequence aaa decreasing because 
n 
In Example 12, 3/(n + 6) is smaller 3 3 3 
than 3/(n + 5) because its denomina- An = a = = Ant+1 
tor is larger. n+5 nt+6 (n+1)+5 
for alln = 1. Oo 


EXAMPLE 13 Show that the sequence a, = aa is decreasing. 
n 
SOLUTION 1 We must show that a, > d,+1, that is, 


n m n+1 
w+ (n+1)?4+1 
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This inequality is equivalent to the one we get by cross-multiplication: 


n ™ nt+1 
wm+io (n+1)?4+1 


—& A(nt+ 1)? 4+ 1 >t Di’? + 1 


SS W4+2nW4+2n>Wt+nrtntil 
= wtn>l 


Since n = 1, we know that the inequality n? + n > 1 is true. Therefore a, > ay+; and 
so {a,} is decreasing. 


Xx 


SOLUTION 2 Consider the function f(x) = Sal 
x 


2 = ee 1-—x 2 
(x? + 1)? (x? + 1)? 


Thus f is decreasing on (1, ©) and so f(n) > f(n + 1). Therefore {a,,} is decreasing. Ml 


0 whenever x? > 1 


F'@) = 


[11] Definition A sequence {a,} is bounded above if there is a number M 
such that 
foralln = 1 


A sequence is bounded below if there is a number m such that 


m<a, foralln = 1 


If a sequence is bounded above and below, then it is called a bounded sequence. 


For instance, the sequence a, = n is bounded below (a, > 0) but not above. The 
sequence a, = n/(n + 1) is bounded because 0 < a, < 1 for all n. 

We know that not every bounded sequence is convergent [for instance, the sequence 
ad, = (—1)" satisfies —1 < a, < 1 but is divergent from Example 7] and not every mono- 
tonic sequence is convergent (a, = n—> ©). But if a sequence is both bounded and 
monotonic, then it must be convergent. This fact is proved as Theorem 12, but intuitively 
you can understand why it is true by looking at Figure 14. If {a,} is increasing and a, < M 
for all n, then the terms are forced to crowd together and approach some number L. 


a,’ 

ML 

L eocvoaoveve® 

0 +—_+++ = 
FIGURE 14 aa A 


[12] Monotonic Sequence Theorem Every bounded, monotonic sequence is 
convergent. 


In particular, a sequence that is increasing and bounded above converges, and a 
sequence that is decreasing and bounded below converges. 
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Mathematical induction is often used 
in dealing with recursive sequences. 
See Principles of Problem Solving 
following Chapter 1 for a discussion 
of the Principle of Mathematical 
Induction. 


The proof of Theorem 12 is based on the Completeness Axiom for the set R of real 
numbers, which says that if S is a nonempty set of real numbers that has an upper bound 
M (x SM for all x in S), then S has a least upper bound b. (This means that b is an 
upper bound for S, but if M is any other upper bound, then b < M.) The Completeness 
Axiom is an expression of the fact that there is no gap or hole in the real number line. 


PROOF OF THEOREM 12 Suppose {a,} is an increasing sequence. Since {a,,} is 
bounded, the set S = {a, | n = 1} has an upper bound. By the Completeness Axiom it 
has a least upper bound L. Given ¢ > 0, L — € is not an upper bound for S (since L is 
the /east upper bound). Therefore 


ayn>L-e for some integer NV 


But the sequence is increasing so a, = dy for every n > N. Thus ifn > N, we have 


a,>L= 6s 
Ne) 0OxL-a,<e 
since a, < L. Thus 
|L —a,|<e whenever n >N 
so lim, ++ d, = L. 
A similar proof (using the greatest lower bound) holds if {a,,} is decreasing. | 


EXAMPLE 14 Investigate the sequence {a,,} defined by the recurrence relation 
ai=2  ansi = 5 (a, + 6) for n= 1,2,3,... 


SOLUTION We begin by computing the first several terms: 


a, =2 an =5(2+ 6) =4 a; =5(4+ 6) =5 
as =5(5 + 6) = 5.5 as = 5.75 ds = 5.875 
ay = 5.9375 ds = 5.96875 ay = 5.984375 


These initial terms suggest that the sequence is increasing and the terms are approach- 
ing 6. To confirm that the sequence is increasing, we use mathematical induction to 
show that a,+; > a, for alln = 1. This is true for n = 1 because a. = 4 > a,. If we 
assume that it is true for n = k, then we have 


Ak+1 > Ak 
so Ani + 6 > a, + 6 
and 5 (Gist + 6) > 5 (ak + 6) 
Thus A+. > Anti 


We have deduced that a,+; > a, is true forn = k + 1. Therefore the inequality is true 
for all n by induction. 

Next we verify that {a,,} is bounded by showing that a, < 6 for all n. (Since the 
sequence is increasing, we already know that it has a lower bound: a, = a, = 2 for 
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A proof of this fact is requested in 
Exercise 76. 


11. 


1 | EXERCISES 


1. (a) What is a sequence? 
(b) What does it mean to say that lim,—. a, = 8? 
(c) What does it mean to say that lim,—. a, = ©? 


2. (a) What is a convergent sequence? Give two examples. 
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all n.) We know that a; < 6, so the assertion is true for = 1. Suppose it is true for 


n =k. Then 


sO 


and 


Thus 


ar <6 
a,+6<12 
5(ax + 6) < 3(12) = 6 


A+ <6 


This shows, by mathematical induction, that a, < 6 for all n. 

Since the sequence {a,} is increasing and bounded, Theorem 12 guarantees that it 
has a limit. The theorem doesn’t tell us what the value of the limit is. But now that we 
know L = lim,,—-. da, exists, we can use the given recurrence relation to write 


liman+1 = lim 5(a, + 6) = $( tim ad, + 6) =35(L + 6) 


Since a, — L, it follows that a,+; —> L too (asn — ”,n + 1 — ~ also). So we have 


Solving this equation for L, we get L = 6, as we predicted. 


L=35(L+ 6) 


(b) What is a divergent sequence? Give two examples. 


3-16 List the first five terms of the sequence. 


3. 


15. 


16. 


a,=n-1 
42" + nh, 
_ (-1)""! 

n n2 
an = COS NTT 
a, = 

"(n+ 1)! 
a= i, 
a, = 6, ant = 
a= 2. An+1 
aq, = 2: ana>= 1 


ant = 2a +1 


an 


n 


4. a, = 


o 


n 
n 


8. a, = 


1 
3" +1 


24 eal 
oe i n=3 


(—1)" 
4” 


10. a, = 1+ (-1)" 


12. a, = 


2n+ 1 
nit+ 1 


17-22 Find a formula for the general term a, of the sequence, 
assuming that the pattern of the first few terms continues. 


ds Af 1 1 
W7 Aoo ee Ges 
18. {4,-1,3,-%.a---} 
4 8 16 
19. {—3, 2,-, 8, -38,...} 
20. {5, 8, 11, 14, 17,...} 
21. {4,-3,3,-%,2...} 


23.1.6 1,010) 1.0: 


23-26 Calculate, to four decimal places, the first ten terms of the 
sequence and use them to plot the graph of the sequence by hand. 
Does the sequence appear to have a limit? If so, calculate it. If not, 
explain why. 


3n (=1)" 
23. a, = ———— 24. a,=2+ 
1+ 6n n 
n 10" 
25. a, = 1 + (-}) 26. a,=1 + —, 


27-62 Determine whether the sequence converges or diverges. 
If it converges, find the limit. 


a) 


27. an = 28. a, = 5J/n + 2 


n+2 
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4 2 4 Dy 
6.220 28 Se aL 
2n>+ 1 2n+ 1 
n* 
31. a, = = 32. a, =2 + (0.86)” 
n> —2n 
ade 
33. a, = 3"7" 34.4, = _3vn 
Jn +2 
igh qn 
35. an =e !¥ 36. dn = 
1+9" 
1+ 4n? nt 
37. a, = ——— 38. a, = cos 
l+n- n+1 
n 
39. a, = ——_- 40. a, = e?"/"*?) 
Jni + 4n 
(-1)" (-1)"*!n 
41. a, = 42. a, = ———— 
2/n- nt+Jn 
(2n — 1)! Inn 
43. ) ———_ 44, 
(2n + 1)! In(2n) 
. tan'n 
45. {sinn} 46. a, = 
n 
47. {n’e~"} 48. a, = In(n + 1) — Inn 
eG 50. a, = 2 
oF 
51. a, =n sin(1/n) 52. a, =2°-"cosnt 
2 n 7 
53. a, =\1+— 54. a, =n" 
n 
55. a, = In(2n* + 1) — In(n? + 1) 
1 2 
56. a, = (In n) 
n 
57. a, = arctan(In n) 
58. a, =n n+l /j/n+3 
59. {0, 1,0,0,1,0,0,0,1,...} 
60. is a-oym siege} 
! _2jn 
61. a, = nde 62. a, = (3) 
2” n! 


63-69 Use a graph of the sequence to decide whether the 


sequence is convergent or divergent. If the sequence is conver- 
gent, guess the value of the limit from the graph and then prove 


your guess. 
n sinn 
63. a, = (-1)" 64. a, = 
n+l 
65. a, = arctan = ;) 66. a, = V3" + 5” 
ne 


n’ cosn 
67.°4,.= = ar 

Lorn 

123254 3. Op — 1 
68. a, ues 

n!} 

1 . . eee 2 — 1 

Ce oe) 
(2n)" 

70. (a) Determine whether the sequence defined as follows is 


71. 


72. 


73. 


74. 


75. 
76. 


77. 


convergent or divergent: 


a=1 Gnt1 = 4 — Gh forn = 1 


(b) What happens if the first term is a; = 2? 


If $1000 is invested at 6% interest, compounded annually, 
then after n years the investment is worth a, = 1000(1.06)” 
dollars. 

(a) Find the first five terms of the sequence {a,,}. 

(b) Is the sequence convergent or divergent? Explain. 


If you deposit $100 at the end of every month into an 
account that pays 3% interest per year compounded 
monthly, the amount of interest accumulated after n months 
is given by the sequence 


1.0025" — 
I, = 100( M2" —* _ , 
0.0025 


(a) Find the first six terms of the sequence. 
(b) How much interest will you have earned after two years? 


A fish farmer has 5000 catfish in his pond. The number of 
catfish increases by 8% per month and the farmer harvests 
300 catfish per month. 

(a) Show that the catfish population P, after n months is 


given recursively by 
P, = 1.08P,-; — 300 Py = 5000 


(b) Find the number of catfish in the pond after six months. 


Find the first 40 terms of the sequence defined by 
_ Sdn if a, is an even number 
— 3a, + 1 if a, is an odd number 


and a, = 11. Do the same if a; = 25. Make a conjecture 
about this type of sequence. 


For what values of r is the sequence {nr”} convergent? 
(a) If {a,,} is convergent, show that 

lim ay+1 = lim a, 
(b) A sequence {a,,} is defined by a, = 1 and 


Gn41 = I/(1 + a,) forn = 1. Assuming that {a,} is 
convergent, find its limit. 


Suppose you know that {a,} is a decreasing sequence and 
all its terms lie between the numbers 5 and 8. Explain why 
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the sequence has a limit. What can you say about the value 
of the limit? 


78-84 Determine whether the sequence is increasing, decreas- 
ing, or not monotonic. Is the sequence bounded? 


78. 


79. 


81. 


83. 


an = cosn 
1 l-n 
a= 80. a, = 
2n + 3 2+n 
=)" 
an = n(—1)" 82. a,=2+ cr 


n 


Gy, = 3 — 2ne™" 84. a, =n? — 3n+3 


85. 


86. 


87. 


88. 


89. 


90. 


Find the limit of the sequence 
{ v2, V2/2, V2v2,/2, .. | 


A sequence {a,} is given by a, = V2, Gnv1 = J2 + ay. 
(a) By induction or otherwise, show that {a,,} is increasing 
and bounded above by 3. Apply the Monotonic 
Sequence Theorem to show that lim,,—.. a, exists. 
(b) Find lim, —. dy. 
Show that the sequence defined by 
1 


an+1 = 3 
an 


a=l 


is increasing and a, < 3 for all n. Deduce that {a,,} is con- 
vergent and find its limit. 


Show that the sequence defined by 


a, =2 Ant+1 = 


3 — an 
satisfies 0 < a, < 2 and is decreasing. Deduce that the 
sequence is convergent and find its limit. 


(a) Fibonacci posed the following problem: 


Suppose that rabbits live forever and that every 
month each pair produces a new pair which becomes 
productive at age 2 months. If we start with one new- 
born pair, how many pairs of rabbits will we have in 
the nth month? 


Show that the answer is f,, where { f,} is the Fibonacci 
sequence defined in Example 3(c). 

(b) Let a, = fr+i/f, and show that a,-1 = 1 + 1/ay-2. 
Assuming that {a,,} is convergent, find its limit. 


(a) Let a, = a, a) = f(a), a3 = f(a) = f(f(@),.-.; 
Gn+1 = f (dn), where f is a continuous function. If 
lim, d, = L, show that f(L) = L. 

(b) Illustrate part (a) by taking f(x) = cos x, a = 1, and 
estimating the value of L to five decimal places. 


. (a) Use a graph to guess the value of the limit 


92. 


93. 


94. 


95. 


96. 


97. 


98. 
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(b) Use a graph of the sequence in part (a) to find the 
smallest values of N that correspond to « = 0.1 and 
eé = 0.001 in Definition 2. 


Use Definition 2 directly to prove that lim, —.r" = 0 
when |r| < 1. 


Prove Theorem 6. 
[Hint: Use either Definition 2 or the Squeeze Theorem. ] 


Use Theorem 7 to prove the Power Law: 


lim a? = [ im an)? ifp > Oanda, > 0 


n>o n> 


Prove that if lim,,... a4, = O and {b,} is bounded, then 
lim, (a,b,) = 0. 

Let a, = (1 + I/n)". 

(a) Show that if 0 < a < b, then 


prt! = q''! 


b-a 


< (n+ 1)b" 

(b) Deduce that b"[(n + l)a — nb] < a1. 

(c) Usea = 1+ 1/(n + 1) andb = 1 + 1/nin part (b) to 
show that {a,,} is increasing. 

(d) Use a = 1 and b = 1 + 1/(2n) in part (b) to show 
that a2, < 4. 

(e) Use parts (c) and (d) to show that a, < 4 for all n. 

(f) Use Theorem 12 to show that lim,... (1 + 1/n)” exists. 
(The limit is e. See Equation 3.6.6.) 


Let a and b be positive numbers with a > b. Let a, be their 
arithmetic mean and b, their geometric mean: 


at+b 


b, = Jab 


a, 


Repeat this process so that, in general, 


an aE by, 
2 


an+1 = 


Divi = Vanbn 


(a) Use mathematical induction to show that 
An > Anvi > Davi > dn 


(b) Deduce that both {a,} and {b,,} are convergent. 

(c) Show that lim,,... a, = lim,,.. b,. Gauss called the 
common value of these limits the arithmetic-geometric 
mean of the numbers a and b. 


(a) Show that if lim,—. do, = Land lim, do+; = L, 
then {a,,} is convergent and lim, dn = L. 
(b) Ifa; = 1 and 


Qn4. = 1 + 
1l+a, 


find the first eight terms of the sequence {a,,}. Then use 
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part (a) to show that lim,—.« ad, = ,/2. This gives the positive constants that depend on the species and its environ- 
continued fraction expansion ment. Suppose that the population in year 0 is po > 0. 
(a) Show that if {p,} is convergent, then the only possible 
Wa Sha ! values for its limit are 0 and b — a. 
6.4 1 (b) Show that pr+1 < (b/a) pn. 
2+:--- (c) Use part (b) to show that if a > b, then lim, —... p, = 0; 
in other words, the population dies out. 

99. The size of an undisturbed fish population has been modeled (d) Now assume that a < b. Show that if po < b — a, then 

by the formula {pn} is increasing and 0 < p, < b — a. Also show that 

ee bpn if po > b — a, then {p,} is decreasing and p, > b — a. 

at Pr Deduce that if a < b, then lim, —.. p, = b — a. 


where p, is the fish population after n years and a and b are 


DISCOVERY PROJECT LOGISTIC SEQUENCES 


A sequence that arises in ecology as a model for population growth is defined by the logistic 
difference equation 
Pnt+i = kp, (1 = Pn) 


where p, measures the size of the population of the nth generation of a single species. To keep 
the numbers manageable, we take p, to be a fraction of the maximal size of the population, so 
0 <p, S 1. Notice that the form of this equation is similar to the logistic differential equation 
in Section 9.4. The discrete model—with sequences instead of continuous functions—is pref- 
erable for modeling insect populations, where mating and death occur in a periodic fashion. 

An ecologist is interested in predicting the size of the population as time goes on, and asks 
these questions: Will it stabilize at a limiting value? Will it change in a cyclical fashion? Or 
will it exhibit random behavior? 

Write a program to compute the first n terms of this sequence starting with an initial popu- 
lation po, where 0 < po < 1. Use this program to do the following. 


1. Calculate 20 or 30 terms of the sequence for po = 5 and for two values of k such that 
1 < k < 3. Graph each sequence. Do the sequences appear to converge? Repeat for a dif- 
ferent value of po between 0 and 1. Does the limit depend on the choice of po? Does it 
depend on the choice of k? 


2. Calculate terms of the sequence for a value of k between 3 and 3.4 and plot them. What do 
you notice about the behavior of the terms? 


3. Experiment with values of k between 3.4 and 3.5. What happens to the terms? 


4. For values of k between 3.6 and 4, compute and plot at least 100 terms and comment on 
the behavior of the sequence. What happens if you change po by 0.001? This type of 
behavior is called chaotic and is exhibited by insect populations under certain conditions. 


11.2 | Series 


Recall from Section 11.1 that Zeno, in one of his paradoxes, observed that in order for a 
man standing in a room to walk to a wall, he would first have to walk half the distance to 
the wall, then half the remaining distance (; of the total), and then again half of what still 
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FIGURE 1 
At the nth stage, the man has 
walked a total distance of 

1 1 1 1 


2 4 8 2" 


With the help of computers, research- 
ers have found decimal approxima- 
tions for ar accurate to tens of trillions 
of decimal places. 
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remains (4), and so on (see Figure 1). Because this process can always be continued, 
Zeno argued that the man can never reach the wall. 


A 
2 - em 
2 4 an 


Of course, we know that the man can actually reach the wall, so this suggests that 
perhaps the total distance the man walks can be expressed as the sum of infinitely many 
smaller distances as follows: 


a oe ce | I 
l=-+—+ 24+ te + 4-- 
2 4 8 16 bg 


Zeno was arguing that it doesn’t make sense to add infinitely many numbers together. 
But there are other situations in which we implicitly use infinite sums. For instance, in 
decimal notation, the value of 7r is 


T = 3.14159 26535 89793 23846 26433 83279 50288 ... 


The convention behind our decimal notation is that this number can be written as the 
infinite sum 


1 4 1 > 9 2 6 > 


=3+—+ + + + + +— + 
. 10. 10? 10? 10 10° 10° 10’ ~~ 108 


ase 


We can’t literally add an infinite number of terms, but the more terms we add, the closer 
we get to the actual value of 7. 


Bi Infinite Series 


If we try to add the terms of an infinite sequence {a,},-, we get an expression of the form 
[1] atatat---ta,t::- 


which is called an infinite series (or just a series) and is denoted by the symbol 


a or Da, 
n=1 
In general, does it make sense to talk about the sum of infinitely many numbers? For 
example, it would be impossible to find a finite sum for the series 


1+24+34+44¢5++:-¢nt-:: 


because if we start adding the terms, then we get cumulative sums that grow increasingly 
larger. 
However, consider the series of distances from Zeno’s paradox: 
1 1 1 1 1 1 1 


+—+—+——4+—~+—4--- H+ 
2 4 8 16 32 = 64 es 


aacia 
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If we start adding the terms, and we keep track of the subtotals as we go, we get 5 ; (the 
n Sum of first n terms 4 15 31 63 : 
sum of the first two terms), g (first three terms), 7¢, 33, gq, and so on. The table in the mar- 
1 0.50000000 gin shows that as we add more and more terms, these partial sums become closer and 
2 0.75000000 closer to 1. In fact, you can verify that the nth partial sum is given by 
3 0.87500000 . 
4 0.93750000 cies! 1 u 
5 0.96875000 2" 2" 
: negara and we can see that by adding sufficiently many terms of the series (making n sufficiently 
7 Reet large), the partial sums can be made as close to | as we like. So it seems reasonable to 
_ oahienoaes say that the sum of this infinite series is 1 and to write 
15 0.99996948 
20 0.99999905 =. L 1 1 1 1 1 
25 0.99999997 2p an ee ek 


We use a similar idea to determine whether or not a general series 2a, has a sum. We 
consider the partial sums 
S; = a, 


S$. =a, +a 


83 =a; +a.+ a3 


S4 =a, + a + a3; + a4 
and, in general, 


n 
S=a,t+a,t+a,t---+a,= > 4; 
i=1 


These partial sums form a new sequence {s,}, which may or may not have a limit. If 
lim,» S» exists (as a finite number), then we call it the sum of the infinite series Day. 


[2] Definition Given a series 2% a, = a; + ao + a3 +--+, let s, denote its 
nth partial sum: 


n 


5S = DS a;=a,t+at--- +a, 
i=l 


If the sequence {s,} is convergent and lim,—-. s, = s exists as a real number, then 
the series 2a, is called convergent and we write 


Gy tidy tees Fay te Da=s 


n=1 


The number s is called the sum of the series. 


If the sequence {s,,} is divergent, then the series is called divergent. 


Compare with the improper integral 


roo oft Thus the sum of a series is the limit of the sequence of partial sums. So when we write 
| f(x) dx = lim | £0) dx 
J too J 


Di-1 Gn = S, We mean that by adding sufficiently many terms of the series we can get as 


To find this integral we integrate close as we like to the number s. Notice that 

from 1 tor and then let t > ~. Fora 

series, we sum from | ton and then — oo 
letn > 2 an = lim & ai 


co . 
n=1 Rae =) 
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Notice that the terms cancel in pairs. 
This is an example of a telescoping 
sum: because of all the cancellations, 
the sum collapses (like a pirate’s col- 
lapsing telescope) into just two terms. 


Figure 2 illustrates Example 2 by show- 
ing the graphs of the sequence of 
terms a, = 1/[n(n + 1)] and the 
sequence {s,} of partial sums. Notice 
that a, — Oands, — 1. See Exer- 
cises 82 and 83 for two geometric 
interpretations of Example 2. 


FIGURE 2 
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EXAMPLE 1 Suppose we know that the sum of the first n terms of the series 27;=) a, is 


2n 


Sk do Fees a, = 
a 3n +5 


Then the sum of the series is the limit of the sequence {s,,}: 


= : : 2n : 2 
> a, = lim s, = lim = lim — | 
n=1 2 n> 3n + 5 no 3 

3. 


In Example | we were given an expression for the sum of the first n terms. In the fol- 
lowing example we will find an expression for the nth partial sum. 


= 1 
EXAMPLE 2 Show that the series 5) ———— 
nai Wn + 1) 
SOLUTION We use the definition of a convergent series and compute the partial sums. 


z 1 1 1 1 1 
Se et et et 
= i@i + 1) 1:2 2:3 3-4 n(n + 1) 


is convergent, and find its sum. 


Sn = 


We can simplify this expression if we use the partial fraction decomposition 
1 il 1 
i@i + 1) i i+] 
(see Section 7.4). Thus we have 


oe ; s(4 = 


“isi = i it+1 


-(-d) +s d eG) 


1 
Spo 
nt+1 
; . 1 
and so lim s, = lim { 1 =1-0=1 
ne no n+1 


Therefore the given series is convergent and 


00 


n=1 n(n + 1) 7 
A 
Ty eeesseeeee 
a {Sib 
“$, {a,} 
Oe ee cccccecccvey 
0 n 
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@ Sum of a Geometric Series 
An important example of an infinite series is the geometric series 


oo 


atartart+ar+-:-+t+ar"!+---= Sar"! a#O0 


n=1 


Each term is obtained from the preceding one by multiplying it by the common ratio r. 
(The series that arises from Zeno’s paradox is the special case where a = 5 and r = oe 


Figure 3 provides a geometric demon- If r= 1, thens, =atat+-+-+a=na— +, Since lim, —. 5, doesn’t exist, 
stration of the formula for the sum of the geometric series diverges in this case. 
a geometric series. If the triangles are If r ~ 1, we have 
constructed as shown and s is the S=atartar+-:-:+ar"! 
sum of the series, then, by similar 
triangles, and rs, = ar +ar? +++++ ar"! +r" 
Ss a a 
a Bae je lor Subtracting these equations, we get 


Sn — VS) = a — ar” 


a(1 — r”) 


l-r 


[3] 5, = 


If -—1 <r< 1, we know from (11.1.9) that r" > 0 as n — &, so 


; . ad—r") a a . h a 
lim s, = lim = ‘lim r” = 
nm nox |—r 1l-r l-—r_ n>x l-r 


Thus when |r| < 1 the geometric series is convergent and its sum is a/(1 — r). 

Ifr < —1orr > 1, the sequence {r”} is divergent by (11.1.9) and so, by Equation 3, 
lim,,—.~ 5, does not exist. Therefore the geometric series diverges in those cases. We sum- 
marize these results as follows. 


[4| The geometric series 


FIGURE 3 
Sar"! =atartart+-::: 
n=1 

In words: the sum of a convergent is convergent if |r| < 1 and its sum is 

geometric series is 


first term —— | r| <i] 
1 — common ratio r 


If |r| = 1, the geometric series is divergent. 


EXAMPLE 3 Find the sum of the geometric series 


10 20 40 
2a ig ae 


SOLUTION The first term is a = 5 and the common ratio is r = —}. Since 
|r| =} <1, the series is convergent by (4) and its sum is 
5 5 
== 3 a 


1 (-3) 


wn 
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= 


Sn 


5.000000 
1.666667 
3.888889 
2.407407 
3.395062 
2.736626 
3.175583 
2.882945 
3.078037 
2.947975 


OMANI NDUN FWY 


= 
So 


Another way to identify a and ris to 
write out the first few terms: 


4+ 24 E4... 
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What do we really mean when we say that the sum of the series in Example 3 is 3? Of 
course, we can’t literally add an infinite number of terms, one by one. But, according to 
Definition 2, the total sum is the limit of the sequence of partial sums. So, by taking the 
sum of sufficiently many terms, we can get as close as we like to the number 3. The table 
shows the first 10 partial sums s, and the graph in Figure 4 shows how the sequence of 
partial sums approaches 3. 


Sy A 
37 "tata te eetece 
{—> 
0 20 7 
FIGURE 4 


EXAMPLE 4 Is the series >) 2°"3'~" convergent or divergent? 


n=1 
SOLUTION Let’s rewrite the nth term of the series in the form ar”!: 


0 


[) oo 4" oo ae 
> 22ngl-n = > (27)73-@—-) = = = = 4(4) 1 


n-1 
n=1 n=1 3 


We recognize this series as a geometric series with a = 4 andr = i Since r > 1, the 
series diverges by (4). Bi 


EXAMPLE 5 A drug is administered to a patient at the same time every day. Suppose 
the concentration of the drug is C, (measured in mg/mL) after the injection on the nth 
day. Before the injection the next day, only 30% of the drug remains in the bloodstream 
and the daily dose raises the concentration by 0.2 mg/mL. 


(a) Find the concentration just after the third injection. 
(b) What is the concentration just after the nth dose? 
(c) What is the limiting concentration? 


SOLUTION 

(a) Just before the daily dose of medication is administered, the concentration is 
reduced to 30% of the preceding day’s concentration, that is, 0.3C,,. With the new dose, 
the concentration is increased by 0.2 mg/mL and so 


Civ) = 0.2 + 0.3C, 
Starting with Cy) = 0 and putting n = 0, 1, 2 into this equation, we get 
C; = 0.2 + 0.3C) = 0.2 
C, = 0.2 + 0.3C; = 0.2 + 0.2(0.3) = 0.26 
C3 = 0.2 + 0.3C, = 0.2 + 0.2(0.3) + 0.2(0.3)* = 0.278 


The concentration after three days is 0.278 mg/mL. 
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(b) After the nth dose the concentration is 
C, = 0.2 + 0.2(0.3) + 0.2(0.3)? + +++ + 0.2(0.3)"! 
This is a finite geometric series with a = 0.2 and r = 0.3, so by Formula 3 we have 


_ 02 = Osa) 2 


=o = [1 — (0.3)"] mg/mL 


Gi 
(c) Because 0.3 < 1, we know that lim,,_... (0.3)” = 0. So the limiting concentration is 


2 2 2 
lim Cy = lim [1 ~ (0.3)"] => (1 ~ 0) = > mg/mL | 


no 


EXAMPLE 6 Write the number 2.317 = 2.3171717. . . as a ratio of integers. 
SOLUTION 


A3VINVIV co S23 2 Sy + free 


After the first term we have a geometric series with a = 17/10* and r = 1/107. 
Therefore 


231) = 2.3 + —— = 23 +o 


EXAMPLE 7 Find the sum of the series >) x", where |x| < 1. 


n=0 
SOLUTION Notice that this series starts with n = 0 and so the first term is x° = 1. 
(With series, we adopt the convention that x° = 1 even when x = 0.) Thus 


SMxem=Ltxtxvtxtaxtte-- 
n=0 


This is a geometric series with a = 1 and r = x. Since |r| = |x| < 1, it converges 
and (4) gives 


[5] Si o 


@ Test for Divergence 


Recall that a series is divergent if its sequence of partial sums is a divergent sequence. 


EXAMPLE 8 Show that the harmonic series 


is divergent. 
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SOLUTION For this particular series it’s convenient to consider the partial sums 59, sa, 
Sg, S16, 532, ... and show that they become large. 


n=1t+ 4 


ss=1+35+ 


a 
oo 
— 
+ 
Nie 
+ 
rN, a, a, 
Uo] 
+ 
Ale 
—, — 
+ 
— 
orien 
+ 
al 
+ 
xe 
+ 
Oo} 
—, 


AI 
+ 
Ale 
+ 
ool 
+ 
ool— 
+ 
ool 
+ 
col 


Se =1t5+ 


I 
— 
+ 

Nie 


Similarly, 532 > 1 + 3, Sea > 1 + g and in general 


n 
The method used in Example 8 for soo 1+ 2 


showing that the harmonic series 
diverges was developed by the French ‘This shows that sx > % as n — © and so {s,} is divergent. Therefore the harmonic 


scholar Nicole Oresme (1323-1382). series diverges. a 


e) 


[6] Theorem If the series >) a, is convergent, then lim a, = 0. 


ioe) 
n=1 a 


PROOF Lets, = a, + a) +--+ + a,. Then a, = s, — 5,-1. Since & a, is convergent, 
the sequence {s,,} is convergent. Let lim,_... s, = s. Sincen — 1—> “asn—%&, we 
also have lim,,.~ s,—-; = s. Therefore 


lim a, = lim(s, — Sp-1) = lim s, — lim s,-1 = s — s =0 a 
n—oo no 


no no 


NOTE With any series } a, we associate two sequences: the sequence {s,,} of its partial 
sums and the sequence {a,,} of its terms. If } a, is convergent, then the limit of the sequence 
{s,} is s (the sum of the series) and, as Theorem 6 asserts, the limit of the sequence {a,} 
is 0. 


@ WARNING The converse of Theorem 6 is not true in general. If lim, ... a, = 0, we can- 
not conclude that > a, is convergent. Observe that for the harmonic series > 1/n we have 
a, = 1/n > 0 as n — ©, but we showed in Example 8 that } 1/n is divergent. 


Test for Divergence If lim a, does not exist or if lim a, # 0, then the 


no 
oo 


series >) a, is divergent. 


n=1 
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The Test for Divergence follows from Theorem 6 because, if the series is not diver- 
gent, then it is convergent, and so lim, —~ a, = 0. 


oo 2 
EXAMPLE 9 Show that the series >) —— diverges. 
n=1 sn° +4 
SOLUTION 
a eee eG 
a «=a ed see beeape Ss 
So the series diverges by the Test for Divergence. oH 


NOTE If we find that lim,—. a, # 0, we know that Xa, is divergent. If we find that 
lim,» an = 0, this fact tells us nothing about the convergence or divergence of =). 
Remember the warning given after Theorem 6: if lim,—. a, = 0, the series 2a, might 
converge or it might diverge. 


BH Properties of Convergent Series 


The following properties of convergent series follow from the corresponding Limit Laws 
for Sequences in Section 11.1. 


Theorem If >a, and +b, are convergent series, then so are the series = ca, 
(where c is a constant), =(a, + b,), and =(a, — b,), and 


(i) y Can = C y Qn 


n=1 n=1 


(ii) p> (an = b,) — = an + = b, 
n=1 


n=1 n=1 


(iii) y (an _ bn) _ > an — s by 


n=1 n=1 n=1 


We prove part (11); the other parts are left as exercises. 


PROOF OF PART (ii) Let 


n ~ 
in = Dd ai s= Da, t= dd t= Db, 
i=1 


n=1 i=1 n=1 


The nth partial sum for the series > (a, + bn) is 


n 


Un, = Ss (a; + bi) 


i=l 
and, using Equation 5.2.10, we have 


lim u, = lim > (a; + b) = lim | Sa; + Dd b; 
i=l i=1 


no n> ja no 


=lim Sat lim > 3D; 


n> j=] n> j=] 


=lms, + limt,=s+t 


no no 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 11.2 Series 747 


Therefore = (a, + b,) is convergent and its sum is 


YS (ar +b) =s+t=dYa,+ db, 


n=1 n=1 n=1 


= ee 
n(n + 1) oF 


n=1 


EXAMPLE 10 Find the sum of the series ©) 


SOLUTION The series > 1/2” is a geometric series with a = 5 and r = 5, so 


00 1 5 
= —*+—_= | 
23 1-3 


In Example 2 we found that 


= 1 
a aaap! 


n 


So, by Theorem 8, the given series is convergent and 
- 3 1 = 1 ~ 1 
+ =3 + 
» nin+1) 2” » n(n + 1) » 2" 
=3-1+1=4 a 


NOTE A finite number of terms doesn’t affect the convergence or divergence of a series. 
For instance, suppose that we were able to show that the series 


x n 
n=4 n + 1 
is convergent. Since 
ia n 1 2 3 = n 
+ = Het t+ e+ ; 
n=1 + 1 2. 9 28 n=4 +1 


it follows that the entire series ©7_,; n/(n*? + 1) is convergent. Similarly, if it is known 


that the series ;;-+1 @, converges, then the full series 


wo N wo 
3422 at De 


n=1 n=1 n=N+1 


is also convergent. 


11.2 | Exercises 
5-10 Calculate the first eight terms of the sequence of partial sums 


1. (a) What is the difference between a sequence and a series? 
correct to four decimal places. Does it appear that the series is 


(b) What is a convergent series? What is a divergent series? 
i ? 

2. Explain what it means to say that 27-1 a, = 5. convergent or divergent? 
3-4 Calculate the sum of the series > ;;=1 a, whose partial sums > = és : 
are given. n= 1 n=l Mn 

n= 1 
3. s, = 2 — 3(0.8)" 4. 8, = —— 7 & 
4n° +1 7. > sinn 8. S(-L'n 
n=1 n=1 
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= ik 2“ (-1)""! 33-50 Determine whether the series is convergent or divergent. 
= nt + n2 10, = n! If it is convergent, find its sum. 
33 1 1 1 1, ,; 
11-14 Find at least 10 partial sums of the series. Graph both the “3 6 9 ea 
sequence of terms and the sequence of partial sums on the same 
screen. Does it appear that the series is convergent or divergent? 34. l 2,34 5 6 Pines 
If it is convergent, find the sum. If it is divergent, explain why. 2 3 4 5 6 =7 
= 6 c 
11. > ji 12. > cosn 35. 2 4 f 8 f 16 } 32 He sie 
nt (~3) nl 5 Oe OR 685 S195 
o ”1 wo 7 n+l 
13. > —— 4 Do ae ee ee eee ore oe 
ie "3° 9° 37 Bl Baa 729. 
2n S 2 n =; ke 
A r= : 37. 38. Eee res 
15. Leta an + 1 ae = Poot 
(a) Determine whether {a,,} is convergent. . . 
(b) Determine whether >;_; a, is convergent. 39. > 3"t!4- 40. > [(—0.2)" + (0.6)"""] 
n=1 n=1 
16. (a) Explain the difference between 
i] 1 a mn + 4" 
a 7 41. > arn aaa, 42. > —_@ = 
> ai and > aj n=1 4+e n=1 e 
i=l jel 
(b) Explain the difference between 43. (sin 100)* 44. > a 
k=1 mil + (3) 
> ai and > aj os io 89 és 
= = 45. > nf St Tq ) 46. > (/2)* 
17-22 Determine whether the series is convergent or divergent = " = 
by expressing s,, as a telescoping sum (as in Example 2). If it is x 2 (3 2 
convergent, find its sum. 47. > arctan n 48. > 5" + - 
n=1 n=1 


w3(5-1) 1 3(+-—_) 
‘milan t2 on St\ vn Vn +1 rh) a a 50. > — 
n=1 e” n(n ale 1) n=1 n 


is 3 = n 
19. ee 20. 1 
> n(n + 3) 2 ea 
= = 1 51. Let x = 0.99999 .... 
1/n _ 1/(n+1) 
a > (e 7 ) o >» n—n (a) Do you think that x < 1 orx = 1? 


(b) Sum a geometric series to find the value of x. 
(c) How many decimal representations does the number 1 


23-32 Determine whether the geometric series is convergent or 


: Ss : have? 
civetp ent TE tas comyergent, sine as eum (d) Which numbers have more than one decimal 
23.3-4+%-G+... 24.44+3+97+72+.--. representation? 
25. 10-2 + 0.4 — 0.08 + --- 52. A sequence of terms is defined by 
26. 2+ 0.5 + 0.125 + 0.03125 + --- aH an = (6 — nar 
= ae) 
27. > 12(0.73)""! 28. > 7 Calculate Yn=1 dn. 
n=1 n=1 
2. (34 2 3ntl 53-58 Express the number as a ratio of integers. 
29. > ——— 30. > - = 
nm U4 sap: (= 2) 53. 0.8 = 0.8888... 
3 - oo 54. 0.46 = 0.46464646 
31. S eal 32. ¥ = . 0. i . 
n=1 n=1 


55. 2.516 = 2.516516516... 
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56. 10.135 = 10.135353535... 


57. 1.234567 58. 5.71358 


59-66 Find the values of x for which the series converges. Find 
the sum of the series for those values of x. 


59. >) (-5)"'x" 60. > (x +2)" 
n=1 n=1 
= (,— 9)" 
61. > ee 62. > (—4)"(x — 5)" 
n=0 3 n=0 
oO hd na n 
63. > — 64. > — 
n=0 X n=0 2 
65. Se™ 66. > —— 
n=0 n=0 3 


67-68 Use the partial fraction command on a computer algebra 


system to find a convenient expression for the partial sum, and 
then use this expression to find the sum of the series. Check your 
answer by using the CAS to sum the series directly. 

* 3n?+3n+ 1 


= 1 
67. aaa 68. a SST Ter 
» (n? + n)3 » n>? — 5n? + 4n 


69. If the nth partial sum of a series Y7=; dy is 


n-1 
n+1 


Sn = 


find a, and >; dn. 


70. If the nth partial sum of a series j= ad, is Ss, = 3 — n2™", 
find a, and >; dn. 


71. A doctor prescribes a 100-mg antibiotic tablet to be taken 
every eight hours. It is known that the body eliminates 75% 
of the drug in eight hours. 

(a) How much of the drug is in the body just after the 
second tablet is taken? After the third tablet? 

(b) If Q,, is the quantity of the antibiotic in the body just 
after the nth tablet is taken, find an equation that 
expresses Q,+; in terms of Q,. 

(c) What quantity of the antibiotic remains in the body in 
the long run? 


72. A patient is injected with a drug every 12 hours. Immedi- 
ately before each injection the concentration of the drug has 
been reduced by 90% and the new dose increases the con- 
centration by 1.5 mg/L. 

(a) What is the concentration after three doses? 

(b) If C,, is the concentration after the nth dose, find a 
formula for C,, as a function of n. 

(c) What is the limiting value of the concentration? 


SECTION 11.2 Series 749 


73. A patient takes 150 mg of a drug at the same time every 
day. It is known that the body eliminates 95% of the drug in 
24 hours. 
(a) What quantity of the drug is in the body after the third 
tablet? After the nth tablet? 
(b) What quantity of the drug remains in the body in the 
long run? 


74. After injection of a dose D of insulin, the concentration of 
insulin in a patient’s system decays exponentially and so it 
can be written as De “’, where ¢ represents time in hours 
and a is a positive constant. 

(a) If a dose D is injected every T hours, write an expres- 
sion for the sum of the residual concentrations just 
before the (m + 1)st injection. 

(b) Determine the limiting pre-injection concentration. 

(c) If the concentration of insulin must always remain at or 
above a critical value C, determine a minimal dosage D 
in terms of C, a, and T. 


75. When money is spent on goods and services, those who 
receive the money also spend some of it. The people receiv- 
ing some of the twice-spent money will spend some of that, 
and so on. Economists call this chain reaction the multiplier 
effect. In a hypothetical isolated community, the local gov- 
ernment begins the process by spending D dollars. Suppose 
that each recipient of spent money spends 100c% and saves 
100s % of the money that he or she receives. The values c 
and s are called the marginal propensity to consume and the 
marginal propensity to save and, of course,c + s = 1. 

(a) Let S, be the total spending that has been generated 
after n transactions. Find an equation for S,,. 

(b) Show that lim,_... S, = kD, where k = 1/s. The number 
k is called the multiplier. What is the multiplier if the 
marginal propensity to consume is 80%? 


Note: The federal government uses this principle to justify 
deficit spending. Banks use this principle to justify lending a 
large percentage of the money that they receive in deposits. 


76. 


A certain ball has the property that each time it falls from a 

height h onto a hard, level surface, it rebounds to a height 

rh, where 0 < r < 1. Suppose that the ball is dropped from 

an initial height of H meters. 

(a) Assuming that the ball continues to bounce indefinitely, 
find the total distance that it travels. 

(b) Calculate the total time that the ball travels. (Use the 
fact that the ball falls }gt? meters in t seconds.) 

(c) Suppose that each time the ball strikes the surface with 
velocity v it rebounds with velocity —kv, where 
0 <k < 1. How long will it take for the ball to come 
to rest? 


77. Find the value of cif ©) (1 + ce)" = 2. 


n=2 


78. Find the value of c such that 5) e”* = 10. 


n=0 
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79-81 The Harmonic Series Diverges In Example 8 we proved 
that the harmonic series diverges. Here we outline additional 
methods of proving this fact. In each case, assume that the series 
converges with sum S, and show that this assumption leads to a 
contradiction. 


143) +4) + Gea) 


79. S 


1 1 
5) T 


( 
| 


1 DY gs Mf de x el 5 
2 4° 4) \6o° 6) 
80. S 1 1 l { 1 | 1 i 1 i I J 1 | 
e T 2 T 3 T 4 T 5 T 6 T a T 
1 1 1 3 3 8 
t t tees > 14 t t bose 1+%8S 
(; 9 x) 3 6 9 
: ; 1 il 2 
Hint: First show that + > 
n-1 n+1 n 
81. el tU/2)+(1/3)+- »-+(1/n) = e! 7 e/2 7 el/3 - , el/n 


lor iersd-te 


Hint: First show that e* > 1 + x. 


82. 


Graph the curves y = x",0 < x < 1, forn = 0, 1, 2, 


3, 4,...0nacommon screen. By finding the areas between 
successive curves, give a geometric demonstration of the 
fact, shown in Example 2, that 
s 1 
> ——= 1 
ra n(n + 1) 

83. The figure shows two circles C and D of radius | that touch 
at P. The line T is a common tangent line; C, is the circle 
that touches C, D, and T; C> is the circle that touches C, D, 
and C); C; is the circle that touches C, D, and C2. This pro- 
cedure can be continued indefinitely and produces an infi- 
nite sequence of circles {C,,}. Find an expression for the 
diameter of C,, and thus provide another geometric demon- 
stration of Example 2. 


T 


84. A right triangle ABC is given with ZA = @ and |AC| = b. 
CD is drawn perpendicular to AB, DE is drawn perpendicu- 


lar to BC, EF L AB, and this process is continued indefi- 
nitely, as shown in the figure. Find the total length of all the 
perpendiculars 


|CD| + |DE| +|EF|+|FG| +--- 


in terms of b and 0. 


85. What is wrong with the following calculation? 


86. 


87. 


88. 
89. 


90. 


91. 


92. 


93. 


0=0+0+0+--- 
ag-)p+0-)+0-1)4 
L=—14+1—1 I 
1+ (-1+1)+(-1+1)+(-1+41)4 
L+0+.0+0 1 


(Guido Ubaldus thought that this proved the existence of 
God because “something has been created out of nothing.”) 


Suppose that > 71 dn (an # 0) is known to be a convergent 
series. Prove that }7_, 1/a, is a divergent series. 


(a) Prove part (i) of Theorem 8. 
(b) Prove part (iii) of Theorem 8. 


If +a, is divergent and c ¥ 0, show that > ca, is divergent. 


If Ya, is convergent and > b, is divergent, show that the 
series >(a, + b,) is divergent. [Hint: Argue by 
contradiction. ] 


If Sa, and Yb, are both divergent, is = (a, + b,) neces- 
sarily divergent? 


Suppose that a series Xa, has positive terms and its partial 
sums 5, satisfy the inequality s, < 1000 for all n. Explain 
why >a, must be convergent. 


The Fibonacci sequence was defined in Section 11.1 by the 
equations 


fi 1, i 1, tn tn-1 t Sn-2 n=3 

Show that each of the following statements is true. 
1 1 1 

(a) = 

Sn-ifnt1— fn-afn fn fr 

a 1 a 4 
b =1 c) —— =2 
( ) »» prt n+1 ¢ > Sno fntt 


The Cantor set, named after the German mathematician 
Georg Cantor (1845-1918), is constructed as follows. We 
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start with the closed interval [0, 1] and remove the open inter- 
val (3, 2). That leaves the two intervals [o, x and B 1| and 


we remove the open middle third of each. Four intervals 
remain and again we remove the open middle third of each of 


SECTION 11.3 The Integral Test and Estimates of Sums 751 


and a2 and use a calculator to guess the limit of the 
sequence. 

(b) Find lim,—.. a, in terms of a; and a2 by expressing 
Qn+1 — a, in terms of a2 — a; and summing a series. 


them. We continue this procedure indefinitely, at each step 

removing the open middle third of every interval that remains 

from the preceding step. The Cantor set consists of the num- 
bers that remain in [0, 1] after all those intervals have been 
removed. 

(a) Show that the total length of all the intervals that are 
removed is 1. Despite that, the Cantor set contains 
infinitely many numbers. Give examples of some 
numbers in the Cantor set. 

(b) The Sierpinski carpet is a two-dimensional counterpart 
of the Cantor set. It is constructed by removing the center 
one-ninth of a square of side 1, then removing the centers 
of the eight smaller remaining squares, and so on. (The 
figure shows the first three steps of the construction.) 
Show that the sum of the areas of the removed squares 
is 1. This implies that the Sierpinski carpet has area 0. 


95. Consider the series 27; n/(n + 1)!. 
(a) Find the partial sums 5), 52, 53, and s4. Do you recognize the 
denominators? Use the pattern to guess a formula for s,,. 
(b) Use mathematical induction to prove your guess. 
(c) Show that the given infinite series is convergent, and find 
its sum. 


96. The figure shows infinitely many circles approaching the ver- 
tices of an equilateral triangle, each circle touching other 
circles and sides of the triangle. If the triangle has sides of 
length 1, find the total area occupied by the circles. 


94. (a) A sequence {a,} is defined recursively by the equation 
An = $ (dnt + G,-2) forn = 3, where a, and a2 can be 
any real numbers. Experiment with various values of a; 


11.3 | The Integral Test and Estimates of Sums 


In general, it is difficult to find the exact sum of a series. We were able to accomplish this 
for geometric series and for some telescoping series because in each of those cases we 
could find a simple formula for the nth partial sum s,,. But usually it isn’t easy to discover 
such a formula. Therefore, in the next few sections, we develop several tests that enable 
us to determine whether a series is convergent or divergent without explicitly finding its 
sum. (In some cases, however, our methods will enable us to find good estimates of the 
sum.) Our first test involves improper integrals. 


i The Integral Test 


We begin by investigating the series whose terms are the reciprocals of the squares of the 
positive integers: 


= 1 1 
Yoaeatataotostot 

n 
There’s no simple formula for the sum s, of the first n terms, but the computer-generated 
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sgl xara 
fa 
5 1.4636 
10 1.5498 
50 1.6251 
100 1.6350 
500 1.6429 
1000 1.6439 
5000 1.6447 
a 
n o » i 
5 3.2317 
10 5.0210 
50 12.7524 
100 18.5896 
500 43.2834 
1000 61.8010 
5000 139.9681 
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table of approximate values given in the margin suggests that the partial sums are 
approaching a number near 1.64 as n — ~ and so it looks as if the series is convergent. 

We can confirm this impression with a geometric argument. Figure | shows the curve 
y = 1/x* and rectangles that lie below the curve. The base of each rectangle is an interval 
of length 1; the height is equal to the value of the function y = 1/x” at the right endpoint 
of the interval. 


So the sum of the areas of the rectangles is 


1 1 1 1 1 = ll 


t+—s>+ate-= DS 


++ 
ie ae oe ae =e, 


If we exclude the first rectangle, the total area of the remaining rectangles is smaller 
than the area under the curve y = 1/x? for x = 1, which is the value of the integral 
it (1/x?) dx. In Section 7.8 we discovered that this improper integral is convergent and 
has value 1. So the picture shows that all the partial sums are less than 


: +" ee 


= 
1- 1x 


Thus the partial sums are bounded. We also know that the partial sums are increasing 
(because all the terms are positive). Therefore the partial sums converge (by the Mono- 
tonic Sequence Theorem) and so the series is convergent. The sum of the series (the 
limit of the partial sums) is also less than 2: 


=. 1 1 1 1 1 
2 Se ae Par oe ee 
n=1 1 


[The exact sum of this series was found by the Swiss mathematician Leonhard Euler 
(1707-1783) to be 77/6, but the proof of this fact is quite difficult. (See Problem 6 in the 
Problems Plus following Chapter 15.)] 

Now let’s look at the series 


a. 1 I 1 1 


of @ 2 Ga 


The table of values of s, suggests that the partial sums aren’t approaching a finite num- 
ber, so we suspect that the given series may be divergent. Again we use a picture for 
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confirmation. Figure 2 shows the curve y = 1/,/x, but this time we use rectangles whose 
tops lie above the curve. 


FIGURE 2 


The base of each rectangle is an interval of length 1. The height is equal to the value 
of the function y = 1/,/x at the left endpoint of the interval. So the sum of the areas of 
all the rectangles is 


1 1 1 1 1 | 


Ao GB 4 ae 


This total area is greater than the area under the curve y = 1/ Vx for x = 1, which is 
equal to the integral {, (1/ Vi ) dx. But we know from Example 7.8.4 that this improper 
integral is divergent. In other words, the area under the curve is infinite. So the sum of 
the series must be infinite; that is, the series is divergent. 

The same sort of geometric reasoning that we used for these two series can be used to 
prove the following test. (The proof is given at the end of this section.) 


The Integral Test Suppose f is a continuous, positive, decreasing function on 
[1, 26) and let a, = f(n). Then the series >7_, a, is convergent if and only if the 
improper integral IP f(x) dx is convergent. In other words: 


(i) If . f(x) dx is convergent, then > a, is convergent. 


n=1 


Gi) If I" f(x) dx is divergent, then >) a, is divergent. 


n=1 


NOTE When we use the Integral Test, it is not necessary to start the series or the integral 
at n = 1. For instance, in testing the series 


: ~ 1 
> ae we use [, G=3F" 


Also, it is not necessary that f be always decreasing. What is important is that f be 
ultimately decreasing, that is, decreasing for x larger than some number N. Then > j= dn 
is convergent, so X;=1 a, is convergent (see the note at the end of Section 11.2). 
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= 1 
In order to use the Integral Test we EXAMPLE 1 Test the series >) ———— for convergence or divergence. 


need to be able to evaluate [7 f(x) dx min + I 

and therefore we have to be able to 

find an antiderivative of f. Frequently SOLUTION The function f(x) = 1/(x? + 1) is continuous, positive, and decreasing on 
this is difficult or impossible, so inthe __[1, ©) so we use the Integral Test: 

next three sections we develop other 


tests for convergence. % 1 : : -1_ | 
2 i ; dx = lim |’ dx = lim tan x] 
1x t+) too Jl x 1 tx 
: 4 T T T T 
= lim | tan ‘t = = 
a 4 2 4 4 


Thus [ 1/(x? + 1) dx is a convergent integral and so, by the Integral Test, the series 
> 1/(n? + 1) is convergent. o 


EXAMPLE 2 For what values of p is the series >) — convergent? 
n=1 
SOLUTION If p < 0, then lim,_... (1/n”) = ~. If p = 0, then lim, (1/n”) = 1. 
In either case lim,_... (1/n’) # 0, so the given series diverges by the Test for Diver- 
gence (11.2.7). 
If p > 0, then the function f(x) = 1/x’ is clearly continuous, positive, and decreas- 
ing on [1, 2). We found in Section 7.8 [see (7.8.2)] that 


» | 
I —, dx converges if p > 1 and diverges if p = 1 
x 


It follows from the Integral Test that the series } 1/n” converges if p > 1 and 
diverges if 0 < p < 1. (For p = 1, this series is the harmonic series discussed in 
Example 11.2.8.) fe) 


The series in Example 2 is called the p-series. It is important in the rest of this chapter, 
so we summarize the results of Example 2 for future reference as follows. 


= i 
[1] The p-series }) —, is convergent if p > | and divergent if p < 1. 
n 


n=1 


EXAMPLE 3 


(a) The series 
We can think of the convergence of a - 1 1 1 1 1 
series of positive terms as depending » ne re o 3 + 33 + 43 a ae 


on how “rapidly” the terms of the 
series approach zero. For any p-series_—_ is convergent because it is a p-series with p = 3 > 1. 


(with p > 0) the terms a, = 1/n” : 
tend toward zero, but they do so (b) The series 


more rapidly for larger values of p. y _— y 1 1+ 1 i 1 4 ! ra 
n=1 11 i n=1 in ae a /4 
is divergent because it is a p-series with p = 5 <1 a 
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@ NOTE We should not infer from the Integral Test that the sum of the series is equal to the 
value of the integral. In fact, 


| ¢ o | 
2 ay = a whereas I sdx=1 


Therefore, in general, 


Sue wie) dx 


n=1 


ne | 
EXAMPLE 4 Determine whether the series >) = converges or diverges. 
n 


n=1 
SOLUTION The function f(x) = (In x)/x is positive and continuous for x > 1 because 
the logarithm function is continuous. But it is not obvious whether or not f is decreas- 
ing, so we compute its derivative: 


f'@) z 


_ Aaja = Ine _ 1 = Ine 
Om x 


Thus f’(x) < 0 when In x > 1, that is, when x > e. It follows that f is decreasing 
when x > e and so we can apply the Integral Test: 


» Inx ; In x (In x) 
I dx = lim dx =1 
1 xe tooJl xX to2 0% 2 ; 
Int)? 
aig 
t—% ” 


Since this improper integral is divergent, the series > (In n)/n is also divergent by the 
Integral Test. Bo 


@ Estimating the Sum of a Series 


Suppose we have been able to use the Integral Test to show that a series 2a, is conver- 
gent and we now want to find an approximation to the sum s of the series. Of course, any 
partial sum s, is an approximation to s because lim,_... 5, = s. But how good is such an 
approximation? To find out, we need to estimate the size of the remainder 


yA a — 
2 R, = S ~ Sp = An+1 a Gn+2 + An+3 apie 


The remainder R,, is the error made when s,, the sum of the first n terms, is used as an 
approximation to the total sum. 

We use the same notation and ideas as in the Integral Test, assuming that f is decreas- 
ing on [n,). Comparing the areas of the rectangles with the area under y = f (x) for 
x = nin Figure 3, we see that 


oo 


Ri = Gn+i a Ansa + sha <| f(x) dx 


a 


FIGURE 3 
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YA fe) Similarly, we see from Figure 4 that 
y=fx 


R, = An+1 + Gn+2 fees S { f(x) dx 
n+l 


So we have proved the following error estimate. 
Anti | An+o 


[2] Remainder Estimate for the Integral Test Suppose f(k) = a;, where f isa 
FIGURE 4 continuous, positive, decreasing function for x = n and > a, is convergent. If 
R, = s — S,, then 


Fa) de < B.S | f) dx 


EXAMPLE 5 


(a) Approximate the sum of the series = 1/n* by using the sum of the first 10 terms. 
Estimate the error involved in this approximation. 
(b) How many terms are required to ensure that the sum is accurate to within 0.0005? 


SOLUTION In both parts (a) and (b) we need to know if) dx. With f(x) = 1/x°, 
which satisfies the conditions of the Integral Test, we have 


r 1 fy Va i i tg cd 1 
x = lim > | = lm = 
n x3 t>% 2x? é t>0 2t? 2n? Qn? 


(a) Approximating the sum of the series by the 10th partial sum, we have 


Ses ee 
= n S10 he 23 3 10° 


=~ 1.1975 


According to the remainder estimate in (2), we have 


en ee cee 
= fi * 910)? 200 


So the size of the error is at most 0.005. 


(b) Accuracy to within 0.0005 means that we have to find a value of n such that 
R, = 0.0005. Since 


ao | 1 
R, = : ye — or 
we want 7 < 0.0005 
n 


Solving this inequality, we get 


1 
2 > — = 1000 > /1000 ~ 31.6 
" ~ 0.001 eo” 
We need 32 terms to ensure accuracy to within 0.0005. H 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Although Euler was able to calculate 
the exact sum of the p-series for 

Pp = 2, nobody has been able to 

find the exact sum for p = 3. In 
Example 6, however, we show 

how to estimate this sum. 


FIGURE 5 


SECTION 11.3 The Integral Test and Estimates of Sums 757 


If we add s, to each side of the inequalities in (2), we get 


[3] 


Sn {" f(x) dx Ss Ss, + ic dx 
n+1 n 


because s, + R, = s. The inequalities in (3) give a lower bound and an upper bound 
for s. They provide a more accurate approximation to the sum of the series than the par- 


tial sum s,, does. 


EXAMPLE 6 Use (3) with n = 10 to estimate the sum of the series 5) — 
n=1 I 


1 
a 


1 


SOLUTION The inequalities in (3) become 


et o | 
Sig + dx = s Ss t+ — dx 
ll x x 


From Example 5 we know that 


sO 


[ 1 F 1 
age 
n x? Qn? 

1 ie Gee! 
AY =s hae 
"211 210) 


Using sip ~ 1.197532, we get 


1.201664 S s S 1.202532 


If we approximate s by the midpoint of this interval, then the error is at most half the 
length of the interval. So 


py 


= 1.2021 with error < 0.0005 B 


~ 1 
73 


n=1 11 


If we compare Example 6 with Example 5, we see that the improved estimate in (3) 
can be much better than the estimate s ~ s,. To make the error smaller than 0.0005 we 
had to use 32 terms in Example 5 but only 10 terms in Example 6. 


g Proof of the Integral Test 


We have already seen the basic idea behind the proof of the Integral Test in Figures 1 and 
2 for the series © 1/n? and = 1/,/n. For the general series = a, look at Figures 5 and 6. 
The area of the first shaded rectangle in Figure 5 is the value of f at the right endpoint of 
[1, 2], that is, f(2) = a2. So, comparing the areas of the shaded rectangles with the area 
under y = f(x) from | to n, we see that 


[4] 


a2 tay t+ +an< |" f(a) dx 
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Sequences, Series, and Power Series 


(Notice that this inequality depends on the fact that f is decreasing.) Likewise, Figure 6 
shows that 


[5] 


(i) If \ f(x) dx is convergent, then (4) gives 


{"70) dx Sa, t+a,t---+a,-1 


FIGURE 6 yas ["£0) de = [" fo) ax 


since f(x) = 0. Therefore 


n 
Sn = A) at pS aj 


i=2 


<a, + wie) dx = M, say 


Since s, < M for all n, the sequence {s,} is bounded above. Also 


Sn+1 = Sn + An+1 2 Sn 


since dn+; = f(n + 1) = O. Thus {s,} is an increasing bounded sequence and so it is 
convergent by the Monotonic Sequence Theorem (11.1.12). This means that Ya, is 
convergent. 

(ii) If i. f(x) dx is divergent, then [ i f(x) dx > © as n — & because f(x) 
(5) gives 


= 0. But 


n-1 


["F09 dx = > aj) = S,-1 
i=l 


and so s,-1 —> ©. This implies that s, — © and so Xa, diverges. || 


11.3 | Exercises 


1. Draw a picture to show that as : 3 
P i= 8. 3 ne 
ae n=2 a 1 n=1 
Pies <fs z ax & 1 7 oe 
n=2 9. 10. 
= n(n n)? 2 lta” 


What can you conclude about the series? 


2. Suppose f is a continuous positive decreasing function for 11-28 Determine whether the series is convergent or divergent. 


x = | anda, = f(n). By drawing a picture, rank the follow- 


| 0 
ing three quantities in increasing order: Ny > 12, n°” 
n=1 NV~ n=3 
6 5 6 
[°F@) ax Sa > ai 13. 14 : : : U fe Sn 
: ist i=2 8 27 64 125 
3-10 Use the Integral Test to determine whether the series is 14 1 1 iit. 
convergent or divergent. "5°77 9° | 130° 
=o ——— 1 1 1 1 1 
3... n* 4 1 15. be aes 
n=1 n=1 3 7 1 1 15 19 
> 2 > 1 16 1 J I i I 1 1 J 1 1 
5. 6. ———— ° T T T T in) eis 
mi On ID 1 Ga — 1)* 2)% 3/3 Aad 54/5 
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vn +4 % Jn Use Euler’s result to find the sum of the series. 

17. 18. 

2 n = 14+ n? 954 7 ! 

2 a : ; (a) x ii, (b) > (k — 2) 
19. 20. =e 

2 nt+aA 2 n+2n+2 

7 : . 38. (a) Find the partial sum 5,9 of the series ©7_, 1/n*. Estimate 
21. > fe 2. > 3n74 the error in using so as an approximation to the sum 

min’ +4 nn — 2n of the series. 

= 1 ph (b) Use (3) with n = 10 to give an improved estimate of the 
23. > 24. > — sum. 

eae ina oa (c) Compare your estimate in part (b) with the exact value 

ae og given in Exercise 37. 
25. = ke 26. = ke“ (d) Find a value of 7 so that s, is within 0.00001 of the sum. 


a 39. (a) Use the sum of the first 10 terms to estimate the sum of 
27. > => 28. = the series }¥_, 1/n?. How good is this estimate? 

fen eee (b) Improve this estimate using (3) with n = 10. 
(c) Compare your estimate in part (b) with the exact value 


29-30 Explain why the Integral Test can’t be used to determine given in Exercise 36. 
whether the series is convergent. (d) Find a value of n that will ensure that the error in the 

= ss 5 approximation s ~ s, is less than 0.001. 

cos 71 cos*n 
‘ = oa 2 . Find the sum of the series &,—,; ne ~" correct to four decima! 
29. > i ae: 2 an 40. Find th f the series 5%, ne?" four decimal 
places. 

31-34 Find the values of p for which the series is convergent. 41. Estimate 2;=: (2n + 1)° correct to five decimal places. 

% 1 » 1 42. How many terms of the series > 72 1/[n(In n)*] would you 
31. »» n(in n)? 32. »» ninn [Inn n)]? need to add to find its sum to within 0.01? 

x “ Inn 43. Show that if we want to approximate the sum of the series 
33. Sn(l +n’)? 34. 7 >*_, n- |! so that the error is less than 5 in the ninth decimal 

n=1 n=1 Nl 


o!1301 


place, then we need to add more than 1 terms! 


44, (a) Show that the series 27, (In n)*/n’ is convergent. 
(b) Find an upper bound for the error in the approxima- 
Caan | tion s = S,. 


35-37 The Riemann Zeta Function The function ¢ defined by 


o(s) = > Ww (c) What is the smallest value of n such that this upper bound 
is less than 0.05? 
where s is a complex number, is called the Riemann zeta function. (d) Find s, for this value of n. 
35. For which real numbers x is ¢(x) defined? 45. (a) Use (4) to show that ifs, is the nth partial sum of the 


harmonic series, then 
36. Leonhard Euler was able to calculate the exact sum of the 


p-series with p = 2: S,S1lt+inn 


oy 5? (b) The harmonic series diverges, but very slowly. Use 
c(22)=> 7 = 6 part (a) to show that the sum of the first million terms is 
ae less than 15 and the sum of the first billion terms is less 
Use this fact to find the sum of each series. than 22. 
> 1 b s 1 46. Use the following steps to show that the sequence 
(a) n=2 nr ( ) n=3 (n a 1 | 
i 1-4 + tees Inn 
e 1 2 3 n 
() De — 
nat (2n) has a limit. (The value of the limit is denoted by y and is 
37. Euler also found the sum of the p-series with p = 4: called Euler’s constant.) 
(a) Draw a picture like Figure 6 with f(x) = 1/x and 
c(4) = > ol, _ iia interpret f,, as an area [or use (5)] to show that ¢, > 0 for 
min* 90 all n. 
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(b) Interpret 47. Find all positive values of b for which the series =~, b""" 
1 converges. 
ty — tos; = [In(u + 1) — Inn] — 
n+l 48. Find all values of c for which the following series 

as a difference of areas to show that t, — t,+; > 0. There- CONVETEES: 

fore {t,} is a decreasing sequence. xo 
(c) Use the Monotonic Sequence Theorem to show that {7,} s (< = ! 

is convergent. aa ef) n+1 


11.4 | The Comparison Tests 


In the comparison tests the idea is to compare a given series with a series that is known to 
be convergent or divergent. If two series have only positive terms, we can compare cor- 
responding terms directly to see which are larger (the Direct Comparison Test) or we can 
investigate the limit of the ratios of corresponding terms (the Limit Comparison Test). 


B® The Direct Comparison Test 


Let’s consider the two series 
> a and > 7 
mat 2 ed 


The second series };=) 1/2” is a geometric series with a = 5 and r = 5 and is therefore 
convergent. Since these series are so similar, we may have the feeling that the first series 
must converge also. In fact, it does. The inequality 


1 1 


SS 
2" + 1 2" 


shows that the series = 1/(2” + 1) has smaller terms than those of the geometric series 
> 1/2” and therefore all its partial sums are also smaller than 1 (the sum of the geometric 
series). This means that its partial sums form a bounded increasing sequence, which is 
convergent. It also follows that the sum of the series is less than the sum of the geometric 
series: 
: 1 
> — <1 
vi 2 +1 
Similar reasoning can be used to prove the following test, which applies only to series 

whose terms are positive. The first part says that if we have a series whose terms are 
smaller than those of a known convergent series, then our series is also convergent. The 


second part says that if we start with a series whose terms are /arger than those of a 
known divergent series, then it too is divergent. 


The Direct Comparison Test Suppose that >a, and > b, are series with positive 
terms. 


Gi) If 2b, is convergent and a, < b, for all n, then Xa, is also convergent. 


(ii) If Yb, is divergent and a, = b, for all n, then Xa, is also divergent. 
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It is important to keep in mind the 
distinction between a sequence and a 
series. A sequence is a list of num- 
bers, whereas a series is asum. With 
every series > ad, there are two associ- 
ated sequences: the sequence {a,} of 
terms and the sequence {s,} of partial 
sums. 


Standard series for use 
with the comparison tests 
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PROOF 
(i) Let ss = >a; tn = > Bi t= Db, 
i=1 i 


Since both series have positive terms, the sequences {s,} and {1,} are increasing 
(Sn+1 = Sn + An+1 = Sn). AlSO t, > ft, 80 t, < t for all n. Since a; < b;, we have $s, S th. 
Thus s, < ¢ for all n. This means that {s,} is increasing and bounded above and there- 
fore converges by the Monotonic Sequence Theorem. Thus = a, converges. 

(ii) If {b, is divergent, then ¢, — © (since {z,} is increasing). But a; = b; $0 $, = th. 
Thus s, — ©. Therefore > a, diverges. a 


In using the Direct Comparison Test we must, of course, have some known series > b, 
for the purpose of comparison. Most of the time we use one of these series: 


e A p-series [> 1/n” converges if p > 1 and diverges if p < 1; see (11.3.1)] 


n-1 


e A geometric series [> ar” ' converges if |r| < 1 and diverges if |r| = 1; 


see (11.2.4)| 


= 5 
EXAMPLE 1 Determine whether the series } 


—,————— converges or diverges. 
& 2n? + 4n + 3 e 8 


SOLUTION For large n the dominant term in the denominator is 2n”, so we compare the 
given series with the series = 5/(2n”). Observe that 


5 5 
2 arn 
2n° + 4n + 3 2n 


because the left side has a bigger denominator. (In the notation of the Direct Comparison 
Test, a, is the left side and b, is the right side.) We know that 


is convergent because it’s a constant times a p-series with p = 2 > 1. Therefore 


= 5 
w= 2n? + 4n + 3 


is convergent by part (i) of the Direct Comparison Test. a 


NOTE Although the condition a, < b, or a, = b, in the Direct Comparison Test is given 
for all n, we need verify only that it holds for n = N, where N is some fixed integer, 
because the convergence of a series is not affected by a finite number of terms. This is 
illustrated in the next example. 


~ Ink 
EXAMPLE 2 Test the series >) =e for convergence or divergence. 


k=1 
SOLUTION We used the Integral Test to test this series in Example 11.3.4, but we can 
also test it by comparing it with the harmonic series. Observe that Ink > | fork = 3 
and so 
Ink 


SS 


1 
= k2>3 
k k 
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Exercises 48 and 49 deal with the 
casesc = Oandc =~. 


CHAPTER 11 Sequences, Series, and Power Series 


We know that = 1/k is divergent (p-series with p = 1). Thus the given series is 
divergent by the Direct Comparison Test. | 


Hi Limit Comparison Test 


The Direct Comparison Test is conclusive only if the terms of the series being tested are 
smaller than those of a convergent series or larger than those of a divergent series. If the 
terms are larger than the terms of a convergent series or smaller than those of a divergent 
series, then the Direct Comparison Test doesn’t apply. Consider, for instance, the series 


= 1 
» 27 — 1 


The inequality 


is useless as far as the Direct Comparison Test is concerned because 2b, = =(3)" is 
convergent and a, > b,. Nonetheless, we have the feeling that > 1/(2” — 1) ought to be 
convergent because it is very similar to the convergent geometric series © ( 5)". In such 
cases the following test can be used. 


The Limit Comparison Test Suppose that } a, and & b, are series with positive 
terms. If 


where c is a finite number and c > 0, then either both series converge or both 
diverge. 


PROOF Let mand M be positive numbers such that m < c < M. Because a,,/D, is 
close to c for large n, there is an integer N such that 


a 
m<—<M when n > N 

bn 
and so mMbyn < an < Mb, when n > N 


If Xb, converges, so does 2 Mb,. Thus Xa, converges by part (i) of the Direct Com- 
parison Test. If 2b, diverges, so does 2 mb, and part (ii) of the Direct Comparison Test 
shows that 2a, diverges. | | 


— 1 
EXAMPLE 3 Test the series >) a7 for convergence or divergence. 
n=1 = 


SOLUTION We use the Limit Comparison Test with 


= 1 ies 1 
an 4] n 2" 
and obtain 
x hy — Va"- 1) . 2” . 1 
lim = lim = lim = lim =1>0 
n>e2 bh, n>% 1/2” noo 2” — | ne | 1/2” 
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Since this limit exists and > 1/2” is a convergent geometric series, the given series 
converges by the Limit Comparison Test. a 


+ 3n 


2 9 2 
EXAMPLE 4 Determine whether the series >) oe converges or diverges. 
n=1 +n 


SOLUTION The dominant part of the numerator is 2n? and the dominant part of the 
denominator is /n> = n‘/2. This suggests taking 


_ 2n? + 3n _ 2n*_ 2 
an JS =e i n> ni? 
a ., 2 +3n xn? an? + 373? 
lim = lim ——: = jim EEG 
n> hb, n=? 0 «f5 +n 2 Bea 2/5 cata 
pa 
: n 2+ 0 
lim 1 
n> 5 2V0+1 
2y/—zt1 
n 


Since = b, = 2> 1/n'’ is divergent (p-series with p = 4 < 1), the given series 
diverges by the Limit Comparison Test. a 


Notice that in testing many series we find a suitable comparison series = b,, by keeping 
only the highest powers in the numerator and denominator. 


BH Estimating Sums 


If we have used the Direct Comparison Test to show that a series 2 a,, converges by com- 
parison with a series 2 b,, then we may be able to estimate the sum 2a, by comparing 
remainders. As in Section 11.3, we consider the remainder 


R, =S ~ Sp = An+1 + Gn+2 a eee 
For the comparison series = b,, we consider the corresponding remainder 
T, => he = Dn+i oF Dn+2 ee 


Since a, < b, for alln, we have R, S T,,. If 2b, is a p-series, we can estimate its remain- 
der T,, as in Section 11.3. If 2b, is a geometric series, then T,, is the sum of a geometric 
series and we can sum it exactly (see Exercises 43 and 44). In either case we know that 
R,, is smaller than T,,. 


EXAMPLE 5 Use the sum of the first 100 terms to approximate the sum of the series 
¥ 1/(n* + 1). Estimate the error involved in this approximation. 


SOLUTION Since 
1 2 1 
n+ nr 
the given series is convergent by the Direct Comparison Test. The remainder T,, for the 
comparison series = 1/n* was estimated in Example 11.3.5 using the Remainder Esti- 
mate for the Integral Test. There we found that 


0 


il 
T= | syde= 55 
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Therefore the remainder R,, for the given series satisfies 


ie Ss Le Ss a 
2n? 
With n = 100 we have 
Rio <= = ==: 0.00005 
2100) 
Using a calculator or a computer, we find that 
Ee 1 100 
= = 0.6864538 
awe re 
with error less than 0.00005. a 
11.4 | Exercises 
1. Suppose Ya, and > b, are series with positive terms and > b, 6. Which of the following inequalities can be used to show that 
is known to be convergent. Se-in/(n? + 1) diverges? 
(a) Ifa, > b, for all n, what can you say about > a,? Why? " 1 a 1 
(b) If a, < b, for all n, what can you say about > a,? Why? (a) 25 (b) <=- 
w+ w+ti n+l on 


2. Suppose Ya, and > b, are series with positive terms and > D, 
is known to be divergent. (c) n 1 
(a) Ifa, > b, for all n, what can you say about 2a,? Why? n+ 2n 
(b) If a, < b, for all n, what can you say about + a,? Why? 


: : 7-40 Determine whether the series converges or diverges. 
3. (a) Use the Direct Comparison Test to show that the first Si er 8 


series converges by comparing it to the second series. < 1 = 1 
ra 3. § —— 
oo n oo 1 n=1 11 n=2 Jn = 1 
py m+5 > re 
n=2 n=2 90 nt 1 - 20 i= 1 
(b) Use the Limit Comparison Test to show that that the first "9 nn “2+ 
series converges by comparing it to the second series. 
ia) g” ~o 6" 
a n = ll 11. =. ke 12. 
; Se > 3 + 10" > 5"- 1] 
n=2 5 n=2 1 
4. (a) Use the Direct Comparison Test to show that the first 13 > 1 14 > k sin’k 
series diverges by comparing it to the second series. * =o Inn “GE 1+kh 
_n+tn “1 2 3 e 
as eS 5 __vk (2k - DK =) 
n=2 N 2 n=2 nN 15. 16. 2 2 
int JO + 4k +3 ir (Kk + INK? + 4) 
(b) Use the Limit Comparison Test to show that that the first 
ee ns ; 4 x 1 
series diverges by comparing it to the second series. 7.5 a n 13. ¥ 
Bt Ad Na | n=1 e n=1 ¥/3n* + 1 
7349 a 
n=2n +2 n=2n oo qntl aa | 
: _— oe 19. > 20. > —| 
5. Which of the following inequalities can be used to show that n=1 3" — 2 nn" 
dxein/(n? + 1) converges? 
= 1 as 2 
n 1 n 1 21. > — 22. > —— 
(a) nw | 2 we 4+] (b) nw +] S a n=1 n2 +1 n=1 Jn +2 
n 1 come / a eel 2wtnti 
c Sao 23. 24. a a 
(©) m+ rw Qntn 2 n+ n 
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= Vit = ae 2 
7 yea ee 26. > 
n=1 2H n=3 (n + 1) 
~ 5S+2n “nt 3" 
27. —_—_— 28. —_— 
= (1 +n’)? » n+ 2" 
Sj e"+i1 sl 1 
29. ——— 30. —— 
> ne" + 1 ay ee 
1, yo oo 
n=1 no n=1 ne 
% 1 2) oe el/n 
33. S(1+—]} e 34. > 
n=1 n n=1 NN 
2 4 2 al 
5. — 36. SS 
n=1 n!} n=1 1 
— . {1 ee ae 
37. > sin{ — 38. > sir’ 
n=1 n n=1 n 
“1 1 a 1 
39. >») = fan — 40. > —T+1/n 
n=1 1 n n=1 


41-44 Use the sum of the first 10 terms to approximate the sum 
of the series. Estimate the error. 


% 1 oe el/n 
41. > ——~ 42. 
> 5 + n n=1 n* 
43 > 5 "cos’n 44 > gos 
: n=1 : n=1 3 + 4" 


45. The meaning of the decimal representation of a number 
0.didzd3... (where the digit d; is one of the numbers 0, 1, 
2,...,9) is that 

d dp d; dy 


didyd3dy... 
Cees 10 10? : 


Show that this series converges for all choices of di, do, .... 


46. For what values of p does the series > 7-2 1/(n’ In n) 
converge? 


47. Show that 
= 1 


4 (In n)™ Inn 
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48. 


49. 


50. 


51. 


52. 


53. 


54 


55. 


diverges. [Hint: Use Formula 1.5.10 (x” = e”'*) and the fact 
that Inx < Vx for x = 1] 


(a) Suppose that >a, and +b, are series with positive terms 
and +b, is convergent. Prove that if 
an 


lim =0 
no Dn 


then >a, is also convergent. 
(b) Use part (a) to show that the series converges. 


(i) > Et (ii) 3(1 _ cos] 
n 


3 
n=1 N n=1 


(a) Suppose that >a, and > b, are series with positive terms 
and »b,, is divergent. Prove that if 


then >a, is also divergent. 
(b) Use part (a) to show that the series diverges. 
eee UL . wa Inn 
co i a. 2 
n=2 INN n=1 NL 
Give an example of a pair of series Xa, and = b, with positive 


terms where lim,,_. (a,/b,) = 0 and = b, diverges, but a, 
converges. (Compare with Exercise 48.) 


Show that if a, > O and lim, —. na, # 0, then Ya, is 
divergent. 


Show that if a, > 0 and Sa, is convergent, then ¥In(1 + a,) 
is convergent. 


If +a, is a convergent series with positive terms, is it true that 
~sin(a,) is also convergent? 


Prove that if a, = 0 and Sa, converges, then >a; also 
converges. 


Let a, and Xb, be series with positive terms. Is each of the 
following statements true or false? If the statement is false, 
give an example that disproves the statement. 
(a) If Ya, and Yb, are divergent, then >a, b, is divergent. 
(b) If Ya, converges and Xb, diverges, then >a, b, 

diverges. 
(c) If Xa, and +b, are convergent, then > a,b, is convergent. 


11.5 | Alternating Series and Absolute Convergence 


The convergence tests that we have looked at so far apply only to series with positive 
terms. In this section and the next we learn how to deal with series whose terms are not 
necessarily positive. Of particular importance are alternating series, whose terms alter- 


nate in sign. 
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B Alternating Series 


An alternating series is a series whose terms are alternately positive and negative. Here 
are two examples: 


1 t,2. 4 = 1 
1 + + tees 1 
2 3 4 5 6 > | ) n 
1.2 3,4 5.6 = n 
+ + + = 1" 
2 3 4 5 6 =7 > | ) +1 


We see from these examples that the nth term of an alternating series is of the form 
Gn = (-1)""'D, or an = (—1)"bn 


where b, is a positive number. (In fact, by = |an|.) 
The following test says that if the terms of an alternating series decrease toward 0 in 
absolute value, then the series converges. 


Alternating Series Test If the alternating series 


> (-1)"'b, = b) — bo + b3 — bg + 5 — DG +e 


n=1 


satisfies the conditions 
Gi) Pasi < dD, for alln 


(ii) limb, = 0 


then the series is convergent. 


Before giving the proof let’s look at Figure 1, which gives a picture of the idea behind 
the proof. We first plot s; = b; on a number line. To find s, we subtract b2, so s» is to the 
left of s;. Then to find s; we add bs, so 53 is to the right of s. But, since b; < by, 53 is to 
the left of s;. Continuing in this manner, we see that the partial sums oscillate back and 
forth. Since b, — 0, the successive steps are becoming smaller and smaller. The even 
partial sums 52, 54, S6,... are increasing and the odd partial sums 5), 53, 55,... are 
decreasing. Thus it seems plausible that both are converging to some number s, which is 
the sum of the series. Therefore we consider the even and odd partial sums separately in 
the following proof. 


FE 
S 


FIGURE 1 0 Sy Sy 56 


Ss 53 Sy 
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PROOF OF THE ALTERNATING SERIES TEST We first consider the even partial sums: 


5 =b-h=0 since b> S b, 
S4 = 8. + (b3 — by) = 8 since by < b; 
In general Son = Son—-2 + (Bon — ban) & Son—2 since bo, S bon-| 
Thus 0S SS 54S 56 St S Sy S-ss 
But we can also write 
Son = Dy (dy b3) (bs bs) ue (Don-2 bon-1) Don 


Every term in parentheses is positive, so 52, < b; for all n. Therefore the sequence {s2, } 
of even partial sums is increasing and bounded above. It is therefore convergent by the 
Monotonic Sequence Theorem. Let’s call its limit s, that is, 


lim 52, = s 


no 


Now we compute the limit of the odd partial sums: 


lim S2n+1 = lim (San =F bon+1) 


no no 


= lim S2n + lim Dont 


iss peau 
=s+0 [by condition (ii)] 
=5 

Figure 2 illustrates Example 1 by Since both the even and odd partial sums converge to s, we have lim, += 5, = s 

showing the graphs of the terms [see Exercise 11.1.98(a)] and so the series is convergent. | 


a, = (—1)""'/nand the partial sums 
sn. Notice how the values of s, zig- 
zag across the limiting value, which 
appears to be about 0.7. In fact, it 


EXAMPLE 1 The alternating harmonic series 


oc — 4 \n-1 
can be proved that the exact sum of 1 ! + u ! >> (-)) 
the series is In 2 ~ 0.693 (see 2 3 4 ml Oo 
Exercise 50). 
satisfies the conditions 
A 
ik i: od 
(i) Dust < bn because = =——<— 
ie {s,} nt+1 n 
Lgaeeen atone anaes (ii) lim b, = lim — = 0 
te n—0 noe FL 
(ane ia so the series is convergent by the Alternating Series Test. H 
0 pee eee RRR TTT OD . oo a | "3 ; . 
ge EXAMPLE 2 The series >) ee is alternating, but 
° n=1 n— 
i. 3 3 3 
lim b, = lim ——— = lim - 
no no 4n _— 1 no 4 
FIGURE 2 n 
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Instead of verifying condition (i) of 
the Alternating Series Test by com- 
puting a derivative, we could verify 
that b,41 < b, directly by using 

the technique of Solution 1in 
Example 11.1.13. 


You can see geometrically why 
the Alternating Series Estimation 
Theorem is true by looking at 
Figure 1. Notice that s — s4 < bs, 
|s — s5| < bs, and so on. Notice 
also that s lies between any two 
consecutive partial sums. 


Sequences, Series, and Power Series 


so condition (ii) is not satisfied. Thus the Alternating Series Test doesn’t apply. Instead, 
we look at the limit of the mth term of the series: 


_ (-1)"3n 
lim a, = lim ———— 
no no 4n — 1 
This limit does not exist, so the series diverges by the Test for Divergence. Es) 


EXAMPLE 3 Test the series >) (—1)"*! a. for convergence or divergence. 
n=1 
SOLUTION The given series is alternating so we try to verify conditions (i) and (ii) of 
the Alternating Series Test. 
Condition (i): Unlike the situation in Example 1, it is not obvious that the sequence 
given by b, = n’/(n* + 1) is decreasing. However, if we consider the related function 
f(x) = x7/(x3 + 1), we find that 


x(2 — x) 


Cae: 


Since we are considering only positive x, we see that f(x) < 0 if 2 — x* < 0, that is, 
x > x/2. Thus f is decreasing on the interval (x/2,, »). This means that f(n + 1) < f(n) 
and therefore b,+; < b, when n = 2. (The inequality b. < b; can be verified directly 
but all that really matters is that the sequence {b,} is eventually decreasing.) 

Condition (ii) is readily verified: 


; : . 1/n 
lim b, = lim — = lim 7=0 
n—>00 n> QQ” 1 noel + I/n’ 
Thus the given series is convergent by the Alternating Series Test. a 


@ Estimating Sums of Alternating Series 


A partial sum s, of any convergent series can be used as an approximation to the total 
sum s, but this is not of much use unless we can estimate the accuracy of the approxima- 
tion. The error involved in using s ~ s, is the remainder R, = s — s,. The next theorem 
says that for series that satisfy the conditions of the Alternating Series Test, the size of 
the error is smaller than b,;, which is the absolute value of the first neglected term. 


Alternating Series Estimation Theorem If s = =(—1)""'b,, where b, > 0, is 
the sum of an alternating series that satisfies 


(i) Dist < bn and 


(ii) lim b, = 0 


| Rn | > | s ~ a S Dyas 


PROOF We know from the proof of the Alternating Series Test that s lies between 
any two consecutive partial sums s, and s,+1. (There we showed that s is larger than all 
the even partial sums. A similar argument shows that s is smaller than all the odd 
sums.) It follows that 


Is — Sn] S| Sn41 — Sn] = Davi a 
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20 — |)" 


By definition, 0! = 1. EXAMPLE 4 Find the sum of the series >) 


n=0 n. 


correct to three decimal places. 


SOLUTION We first observe that the series is convergent by the Alternating Series Test 


because 


i 1 1 
i. tea = < 
Oo mee) a 


_ by, 


1 1 1 
(ii) O<—<—-—>0 so b,=——0asn—>© 
n! n n! 


To get a feel for how many terms we need to use in our approximation, let’s write out 
the first few terms of the series: 


| oe ce re er | 
s= + + + foes 
O! i! 2! 3! 4! 5S! 6 7! 


= Ped 1 1, 1 ae 
1 l+5-6+u7- p+ m7 0+ 


Notice that by = st < sg = 0.0002 
and ss=1—1+3-—E+ 4G - Dot a ~ 0.368056 
In Section 11.10 we will prove that By the Alternating Series Estimation Theorem we know that 


e* = DF x"/n! for all x, so what we 
have obtained in Example 4 is actually |s — 86] < br < 0.0002 
an approximation to the numbere™'. ‘This error of less than 0.0002 does not affect the third decimal place, so we have 


s ~ 0.368 correct to three decimal places. a 


@ NOTE The rule that the error (in using s, to approximate s) is smaller than the first 
neglected term is, in general, valid only for alternating series that satisfy the conditions 
of the Alternating Series Estimation Theorem. The rule does not apply to other types of 
series. 


@ Absolute Convergence and Conditional Convergence 


Given any series 2 a,, we can consider the corresponding series 


[o} 


> |an| = |ai| + |a2| + Jas] +--- 


n=1 


whose terms are the absolute values of the terms of the original series. 


We have discussed convergence tests 
for series with positive terms and for 
alternating series. But what if the signs absolute values > | a,,| is convergent. 
of the terms switch back and forth 
irregularly? We will see in Example 7 
that the idea of absolute convergence Notice that if 2a, is a series with positive terms, then |a,| = a, and so absolute con- 
sometimes helps in such cases. vergence is the same as convergence in this case. 


[1] Definition A series Sa, is called absolutely convergent if the series of 


EXAMPLE 5 The alternating series 


* (-1)""! 1 1 1 
> ( ) =] + +... 
n=1 nn 


22 32 42 
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is absolutely convergent because 


at a 1 1 1 1 
= =1+5+5+5+-:: 
= n = n a 7 CU 
is a convergent p-series (p = 2). | 


[2] Definition A series Sa, is called conditionally convergent if it is conver- 


gent but not absolutely convergent; that is, if © a, converges but la, diverges. 


EXAMPLE6 We know from Example | that the alternating harmonic series 


(-1)"" 1 1 1 
=1 + +... 
n 4. a 


x 
> 
n=1 


is convergent, but it is not absolutely convergent because the corresponding series of 
absolute values is 


1)! = 1 1 1 1 
=>), —=1+2—4+—-+-—+--- 
n n=1 Nl 2 3 4 


ze 


which is the harmonic series (p-series with p = 1) and is therefore divergent. Thus the 
alternating harmonic series is conditionally convergent. a 


Example 6 shows that it is possible for a series to be convergent but not absolutely 


convergent. However, the following theorem states that absolute convergence implies 
convergence. 


You can think of absolute conver- [3] Theorem If a series Xa, is absolutely convergent, then it is convergent. 
gence as a stronger type of conver- 


gence. An absolutely convergent 


series, like the one in Example 5, PROOF Observe that the inequality 

will converge regardless of the 

signs of its terms, whereas the series 0<a,+ | an | = 2\a,| 

in Example 6 will not converge if 

we change all of its negative terms is true because | a,,| is either a, or —a,. If Ya, is absolutely convergent, then >| a,| is 
to positive. 


convergent, so 2| a, | is convergent. Therefore, by the Direct Comparison Test, 
¥ (an + | an|) is convergent. Then 


> an = > (an + | ae |) = >, | an | 


is the difference of two convergent series and is therefore convergent. a 


EXAMPLE 7 Determine whether the series 


yo cos2 | cos3 
7 n 1 92 3B? 


is convergent or divergent. 
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Figure 3 shows the graphs of the 
terms a, and partial sums s, of the 
series in Example 7. Notice that 
the series is not alternating but 
has positive and negative terms. 


A 
ost” 
ts 
{a,} 
a a ae a eee eee ee 
0 ° n 
FIGURE 3 
f {a,} 
0.5 + iv * es «© @ @ 
0 n 
=75 4 a ee a ae ee ee 
FIGURE 4 


The terms of {a,} are alternately 
close to 0.5 and —0.5. 
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SOLUTION This series has both positive and negative terms, but it is not alternating. 
(The first term is positive, the next three are negative, and the following three are 
positive: the signs change irregularly.) We can apply the Direct Comparison Test to the 
series of absolute values 


cosn| _ < |cosn| 


n=1 n n=1 n 
Since |cos n| < 1 for all n, we have 


| cos n| 1 
a 


n n 


2 


We know that > 1/n’ is convergent (p-series with p = 2) and therefore >| cos n |/n? is 
convergent by the Direct Comparison Test. Thus the given series = (cos n)/n? is 
absolutely convergent and therefore convergent by Theorem 3. a 


EXAMPLE 8 Determine whether the series is absolutely convergent, conditionally 
convergent, or divergent. 


aes S (= " : n 
b =)" 

(a) >» n ( ) > Jn (c) > ) 2n + 1 

SOLUTION 

(a) Because the series 
=|) Sd 
> 3 => = ag. 
n=1 n n=1 


converges (p-series with p = 3), the given series is absolutely convergent. 


(b) We first test for absolute convergence. The series 


(=1") =. > 1 

Vn | mi Yn 
diverges ( p-series with p = 5), so the given series is not absolutely convergent. The 
given series converges by the Alternating Series Test (b+; < b, and lim,—- b, = 0). 
Since the series converges but is not absolutely convergent, it is conditionally 
convergent. 


co 


x 


n=1 


(c) This series is alternating but 


li n= li 1)" 
ae ims ) 2n+ 1 


does not exist (see Figure 4), so the series diverges by the Test for Divergence. o 


® Rearrangements 


The question of whether a given convergent series is absolutely convergent or condi- 
tionally convergent has a bearing on the question of whether infinite sums behave like 
finite sums. 

If we rearrange the order of the terms in a finite sum, then of course the value of the 
sum remains unchanged. But this is not always the case for an infinite series. By a rear- 
rangement of an infinite series Xa, we mean a series obtained by simply changing the 
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order of the terms. For instance, a rearrangement of >a, could start as follows: 
a, + dz + a5 + a3 + a4 + A15 + a6 + a7 + do +--- 
It turns out that 


if Xa, is an absolutely convergent series with sum s, 
then any rearrangement of 2a, has the same sum s. 


However, any conditionally convergent series can be rearranged to give a different sum. 
To illustrate this fact let’s consider the alternating harmonic series from Example 1. In 
Exercise 50 you are asked to show that 


a L-p4b-b4 dba b- pain 


If we multiply this series by 5, we get 


fee _1 
po gt eS ees HZ 
Adding these zeros does not affect Inserting zeros between the terms of this series, we have 
the sum of the series; each term in : , ; j ‘ 
the sequence of partial sums is [5] OrgtO-_gtOrer O—gros = 72 


repeated, but the limit is the same. 


Now we add the series in Equations 4 and 5 using Theorem 11.2.8: 
[6] 1+4-$4444-44...=31n2 


Notice that the series in (6) contains the same terms as in (4) but rearranged so that one 
negative term occurs after each pair of positive terms. The sums of these series, however, 
are different. In fact, Riemann proved that 


if Xa, is a conditionally convergent series and r is any real number what- 
soever, then there is a rearrangement of 2a, that has a sum equal to r. 


A proof of this fact is outlined in Exercise 52. 


11.5 | Exercises 


1. (a) What is an alternating series? @ - ~ Jn 
(b) Under what conditions does an alternating series 9. x (—I"e 10. x (-1) mn +3 
converge? 
(c) If these conditions are satisfied, what can you say = wt. as tl 
about the remainder after n terms? ah py (-1) 344 > (-1) Qn 
n=1 n n=1 
2-20 Test the series for convergence or divergence. ws _ 
ae a ee ee 13. > (-1)"'e?" 14. > (-1)""! arctan n 
e 3 50 7 9° 11 ar n=1 n=1 
3. a $+ 74 * sin(n + 4 “ ncosn 
15. > sin(n + 5) 16. > eae 
Poe. i , 4 a mo Lt Vln m1 2 
“In3) Ind Ind) In6~ In7 7 - m ” 
2 (—4)" 2 (—4)"! 17. > (-1)" sin — 18. > (—1)"cos — 
5. > lens cee 6. > os n=1 n n=1 n 
a=t 3 On n=0 s/n + 1 ms 7 i 
: n 
. ee 4 2 19. > euler 20. > (-1)"(vn + 1- yn) 
7. > (-1)" a eae 8. > (-1)" —————_ n=1 n=1 
= 2n+1 = n+nt+1 
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21. (a) What does it mean for a series to be absolutely 41-44 Approximate the sum of the series correct to four 
convergent? decimal places. 
(b) What does it mean for a series to be conditionally oe atl 
als (-) 
convergent? 41. > 42. > —— 
n=1 (2n)! n=1 n 


(c) If the series of positive terms };= b, converges, then 
what can you say about the series >;-; (—1)"b,,? 


. n —2n = (-1)""! 
22-34 Determine whether the series is absolutely convergent, 43. 2 (—1)"ne a4, a 4" 
conditionally convergent, or divergent. 
22 > (=1)" 23. pela foe ae yb 45. . aa 50th partial sum 550 of the alternating series 
ne n=1 Vn? Yr (—1)""/n an overestimate or an underestimate of the 
ei total sum? Explain. 
= (4) 
24. ie 5 al wee 25. x Sa kf 46-48 For what values of p is each series convergent? 
3 cor 
= =n = (-1)" a rr 
26. =a 27. an = 
> n+) = n+l 
“ (-1)" (Inn)? n)? 
oo . oo . 47. 48. 1) n-1 
28. sinn 2. > | oom > or y (= 
n=1 2” n=1 n 
30 S (- yr 34 > (-1)" 49. Show that the series © (—1)""'b,,, where b, = 1/n if n is odd 


= wea = Inn and b,, = 1/n? if n is even, is divergent. Why does the Alter- 
nating Series Test not apply? 


a 7 n cos nar 

32. 2 (-1) Wer oa 33. 2 3n +2 50. Use the following steps to show that 
cd =] n wx (-1)"! _ 
n=2 1 In n n=1 


Let h,, and s, be the partial sums of the harmonic and alter- 
nating harmonic series. 

(a) Show that s2, = ho, — hy. 

(b) From Exercise 11.3.46 we have 


FS 35-36 Graph both the sequence of terms and the sequence of 
partial sums on the same screen. Use the graph to make a rough 
estimate of the sum of the series. Then use the Alternating 
Series Estimation Theorem to estimate the sum correct to four 


: h, — 1 
decimal places. hae a8. ee 
~ (—0.8)" and therefore 
35. > 36. Sci ve 
a = ho, — In(2n) > y as n—> © 
37-40 Show that the series is convergent. How many terms of Use these facts together with part (a) to show that 
the series do we need to add in order to find the sum to the Son > In2 asn > %, 


indicated accuracy? ; : ; 
51. Given any series > a,, we define a series > a; whose terms 


37. > Ey (| error | < 0.00005) are all the positive terms of a, and a series 2a; whose 
n=l n terms are all the negative terms of 2 a,. To be specific, we let 
= (=3)" an + | an| an — | an| 
38. > ({ error] < 0.0005) a le a a 
n=1 n 


Notice that if a, > 0, then aj = a, and a; = 0, whereas if 
adn < 0, then a, = a, anda} = 0. 
(a) If Xa, is absolutely convergent, show that both of the 


S 1\ : 8 _ 
40. y (-+) (| ar 2 0.00005) series Ya, and Ya; are convergent. 


oo —| n-1 
39. > ae (| error | < 0.0005) 


(b) If Xa, is conditionally convergent, show that both of 
the series Ya; and 2a; are divergent. 
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52. Prove that if Xa, is a conditionally convergent series and 
r is any real number, then there is a rearrangement of a, 


53. Suppose the series a, is conditionally convergent. 
(a) Prove that the series = na, is divergent. 


whose sum is r. [Hints: Use the notation of Exercise 51. 

Take just enough positive terms a; so that their sum is greater 
than r. Then add just enough negative terms a; so that the 
cumulative sum is less than r. Continue in this manner and 
use Theorem 11.2.6.] 


(b) Conditional convergence of >a, is not enough to 
determine whether > na, is convergent. Show this by 
giving an example of a conditionally convergent series 
such that } na, converges and an example where = na, 
diverges. 


11.6 | The Ratio and Root Tests 


One way to determine how quickly the terms of a series are decreasing (or increasing) is 
to calculate the ratios of consecutive terms. For a geometric series Lar" ' we have 
| @n+1/an| = |r| for all n, and the series converges if |r| < 1. The Ratio Test tells us that 
for any series, if the ratios | a,+1/a,| approach a number less than 1 as n > ~, then the 
series converges. The proofs of both the Ratio Test and the Root Test involve comparing 
a series with a geometric series. 


Hi The Ratio Test 


The following test is very useful in determining whether a given series is absolutely 
convergent. 


The Ratio Test 


oo 


= L < 1, then the series », a, 1s absolutely convergent 


n=1 


(i) If lim | 2% 


no 


an 
(and therefore convergent). 


oo 


oo, then the series > Ay 1S 


n=1 


‘ An+1 
=L> lor lim “l= 


00 
ne an 


An+1 


(ii) If lim 


an 


divergent. 


(ii) If lim | 


no 


= |, the Ratio Test is inconclusive; that is, no conclusion 


an 


can be drawn about the convergence or divergence of 2 a,. 


PROOF 
(i) The idea is to compare the given series with a convergent geometric series. Since 
L < 1, we can choose a number r such that L < r < 1. Since 


An+1 


lim =L L<r 


an 


the ratio | An+1/An | will eventually be less than r; that is, there exists an integer V 
such that 


An+1 


<r whenever n = N 


an 


or, equivalently, 


H] 
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Estimating Sums 

In the preceding three sections we 
used various methods for estimating 
the sum of a series—the method 
depended on which test was used to 
prove convergence. What about series 
for which the Ratio Test works? There 
are two possibilities: If the series hap- 
pens to be an alternating series, as in 
Example 1, then it is best to use the 
methods of Section 11.5. If the terms 
are all positive, then use the special 
methods explained in Exercise 42. 


SECTION 11.6 The Ratio and Root Tests 


Putting n successively equal to N, N + 1,N + 2,...in (1), we obtain 


and, in general, 


[2] 


Now the series 


| ave1| <|an|r 


| an+2| < |ansi|r < |ay|r? 


| an+3| < |an+2|r < |ay|r? 


Javea] < lay r! 


forallk = 1 


> |ay|r* = |ay|r + |ay|r? + Jay|[ret+--- 
k=1 


is convergent because it is a geometric series with O < r < 1. So the inequality (2), 


together with the Direct Comparison Test, shows that the series 


D> lan] = Dd lanen| = |aner| + lane2| + lawes| + --- 
k=l 


775 


is also convergent. It follows that the series Y7-; | a, | is convergent. (Recall that a finite 
number of terms doesn’t affect convergence.) Therefore 2a, is absolutely convergent. 


(ii) Tf |an+1/an|— L > 1 or | dn+i1/an|— %, then the ratio | an+1/an| will eventually 
be greater than 1; that is, there exists an integer N such that 


Gn+1 


an 


>1 


whenever n = N 


This means that | a,+1| > |a,| whenever n > N and so 


lim a, ~ 0 


n> 


Therefore Xa, diverges by the Test for Divergence. 


EXAMPLE 1 Test the series }) (—1)" 


n=1 


3 


na 
3 for absolute convergence. 


SOLUTION We use the Ratio Test with a, = (—1)"n°/3": 


(=1"(n +1)? 


An+1 ntl _ (n + 1)? 3" 
An (-1)"n? antl n> 
3” 
1f{n+1)\3 1 1\3 1 
= = 1+ a 
3 n 3 n 3 


Thus, by the Ratio Test, the given series is absolutely convergent. 
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The Ratio Test is usually conclusive 
if the nth term of the series contains 
an exponential or a factorial, as 

in Examples 1 and 2. The test will 
always fail for p-series, as in 
Example 3. 


EXAMPLE 2 Test the convergence of the series >) -. 
n=1 Ne 
SOLUTION Since the terms a, = n"/n! are positive, we don’t need the absolute value 


signs. 


Ani (nt 1"! on! _atiIn+t" a! 


An (n+ 1)! n” (n+ 1) n! n" 
(2 : ) ( ) 
= =| 1+ >e as n> 7% 
n n 
(see Equation 3.6.6). Since e > 1, the given series is divergent by the Ratio Test. a 


NOTE Although the Ratio Test works in Example 2, an easier method is to use the Test 
for Divergence. Since 


it follows that a, does not approach 0 as n — ©. Therefore the given series is divergent 
by the Test for Divergence. 


EXAMPLE 3 Part (iii) of the Ratio Test says that if lim,—». | dn+i1/a,| = 1, then the test 
gives no information. For instance, let’s apply the Ratio Test to each of the following 
series: 


ee ol ome | 
SS tea 
n=1 nN n=1 11 
In the first series a, = 1/n and 
Qn | _ W(nt+1) on 4 be cyte 
An I/n nt+1 


In the second series a, = 1/n* and 


An+1 1/(n + 1)? n ? 
a = 1/n? ~ n+1 m read 


In both cases the Ratio Test fails to determine whether the series converges or diverges, 
so we must try another test. Here the first series is the harmonic series, which we know 
diverges; the second series is a p-series with p > 1, so it converges. a 


@ The Root Test 


The following test is convenient to apply when nth powers occur. Its proof is similar to 
the proof of the Ratio Test and is left as Exercise 45. 
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The Root Test . 
i) If lim+¥ | an | = L < 1,then the series y da, is absolutely convergent 


n=1 


(and therefore convergent). 


(i) If lim ¥/Ja,| = L > 1 or lim +/Ja,| = ©, then the series ) a, is 
nao no 


n=1 


divergent. 


(iii) If lim 4/ |a,| = 1, the Root Test is inconclusive. 
n—0o 


IF Witt 0 |an| = |, then part (iii) of the Root Test says that the test gives no infor- 
mation. The series >a, could converge or diverge. (If L = 1 in the Ratio Test, don’t try 
the Root Test because L will again be 1. And if L = 1 in the Root Test, don’t try the Ratio 
Test because it will fail too.) 


= (2n+3)\" 
EXAMPLE 4 Test the convergence of the series >) (#43) : 
n 


n=1 


SOLUTION 


Thus the given series is absolutely convergent (and therefore convergent) by the Root 
Test. a 


EXAMPLE 5 Determine whether the series >) ( 5 i converges or diverges. 
n 


n=1 


SOLUTION Here it seems natural to apply the Root Test: 


Vian] = . —>1 as n—>% 


n+ 1 


Since this limit is 1, the Root Test is inconclusive. However, using Equation 3.6.6 we 
see that 


n\" 1 1 
an = = > as n> 
nt+1 n+1\" e 
n 
Since this limit is different from zero, the series diverges by the Test for Divergence. 


Example 5 serves as a reminder that when testing a series for convergence or diver- 
gence it is often helpful to apply the Test for Divergence before attempting other tests. 
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11.6 | Exercises 


1. What can you say about the series >a, in each of the follow- 


ing cases? 
an 
(a) lim —'|=8 
non an 
. an 
(b) lim | | =0.8 
n> an 
. an 
(c) lim a) =] 
no an 
2. Suppose that for the series Da, we have lim,— | dn/dn+1| = 2. 


What is lim, | dn+1/an|? Does the series converge? 


3-20 Use the Ratio Test to determine whether the series is 
convergent or divergent. 


n=1 5" a 
oo 2 3” bd — (=3)" | 3)" 
5. =1)"" 6. 
2D" a > Ont Di 
nl oo ¥. 
72 >+— 8 > ke 
k=1 k! k=1 


x 10" x 
9. at 10. D5 


‘(n+ 14 100" 
2 nt" oo 1 10 
11. a 12. SESE 
2 (-3)""! 27 mG 
Zao 14.5 at 
n=1 n!} n=1 
=n! 100" “= (2n)! 
15. —_—— 16. 
» n!} n=1 (n!)? 
2! 3! 4! 
17. 1 t AE eta 
I*3 i3<5 Al 33 DF 
n! 
f 1 n-1 1 
i) 1-4.3-*5 (2n — 1) 
18 2 ; 2:5 ; 2228 2-5-8: 11 
"35 3+5 0 3+5+7  3+5+7+9 
a 2 A “(2 
19. 5 : Gn 
n=1 n!} 
= 2"n! 
20. 1)" 
> CD 28211 (3n + 2) 


21-26 Use the Root Test to determine whether the series is 
convergent or divergent. 


a 3(54 try > fa 


n=1 2n? 1 n=1 n 
2 (-1)"! = ( —2n \" 
23. ——-. 24. 
> (In n)" 2 nt+1 
oo 1 n2 
23. > (: + ) 26. (arctan n)” 
n=1 n n=0 


27-34 Use any test to determine whether the series is absolutely 
convergent, conditionally convergent, or divergent. 


“ (-1)"Inn Sf Lan \ 
27. 
> n & > 2+ 3n 
(—9)" 90 n52" 
29. 30. 
2 10" 2 39" 


ap, Metan/at sin(n7r/6) 


n=1 LtnJn 


31. > (2 ) 
n=2 nn 


00 


> (—1)” arctan n 


n 


33. 


aa, 5 0 


———— | Hint: Inx < yx. 
are [Hint nx vx.] 


35. The terms of a series are defined recursively by the equations 


5n + 1 
a,=2 An+1 a ee 


Determine whether > a,, converges or diverges. 
36. A series >a, is defined by the equations 


2+ cosn 
a=1 == a, 


vn 
Determine whether >a, converges or diverges. 


37-38 Let {b,} be a sequence of positive numbers that converges 
to 5. Determine whether the given series is absolutely convergent. 
5 (vin! 


38. > 


“ bi cos ni 
37. a ae 
> n=1 1 "by bo 2b3- -b, 


n=1 n 


39. For which of the following series is the Ratio Test inconclu- 
sive (that is, it fails to give a definite answer)? 
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40. For which positive integers k is the following series 
convergent? 


41. (a) Show that 7) x"/n! converges for all x. 
(b) Deduce that lim,—...x"/n! = 0 for all x. 


42. Let a, be a series with positive terms and let r, = dn+i/dn- 


Suppose that lim, 7, = L < 1, so Xa, converges by the 


Ratio Test. As usual, we let R,, be the remainder after n terms, 


that is, 


Rn = Anti + Ans. + Ant3 +++ 


(a) If {r,} is a decreasing sequence and r+; < 1, show, by 


summing a geometric series, that 


An+1 
Rn Ss 
L= Tn+1 


(b) If {r,} is an increasing sequence, show that 


a 
R, = ntl 


— 1-L 
43. (a) Find the partial sum s; of the series Df, 1/(n2”). Use 


Exercise 42 to estimate the error in using ss as an approxi- 


mation to the sum of the series. 


SECTION 11.7 Strategy for Testing Series 779 


(b) Find a value of 1 so that s, is within 0.00005 of the 
sum. Use this value of n to approximate the sum of 
the series. 


Use the sum of the first 10 terms to approximate the sum of 
the series 


SZ 


pay 2” 
Use Exercise 42 to estimate the error. 


Prove the Root Test. [Hint for part (i): Take any number r 
such that L < r < 1 and use the fact that there is an integer NV 
such that ~/| a,| <r whenever n = N.] 


Around 1910, the Indian mathematician Srinivasa Ramanujan 
discovered the formula 


1 2V2 & (4n)!(1103 + 26390n) 


py 


9801 n=0 (n!)*396"" 


William Gosper used this series in 1985 to compute the first 

17 million digits of 7. 

(a) Verify that the series is convergent. 

(b) How many correct decimal places of 7 do you get if you 
use just the first term of the series? What if you use two 
terms? 


11.7 | Strategy for Testing Series 


We now have several ways of testing a series for convergence or divergence; the problem 
is to decide which test to use on which series. In this respect, testing series is similar 
to integrating functions. Again, there are no hard and fast rules about which test to apply 
to a given series, but you may find the following advice of some use. 

It is not wise to apply a list of the tests in a specific order until one finally works. That 
would be a waste of time and effort. Instead, as with integration, the main strategy is to 
classify the series according to its form. 


1. Test for Divergence If you can see that lim,,_... a, may be different from 0, then 
apply the Test for Divergence. 


2. p-Series If the series is of the form = 1/n’, then it is a p-series, which we know 
to be convergent if p > 1 and divergent if p < 1. 


3. Geometric Series If the series has the form Sar”! or Sar", then it is a geometric 
series, which converges if |r| < 1 and diverges if |r| = 1. Some preliminary 
algebraic manipulation may be required to bring the series into this form. 


4. Comparison Tests If the series has a form that is similar to a p-series or a 
geometric series, then one of the comparison tests should be considered. In 
particular, if a, is a rational function or an algebraic function of n (involving 
roots of polynomials), then the series should be compared with a p-series. 
Notice that most of the series in Exercises 11.4 have this form. (The value of p 
should be chosen as in Section 11.4 by keeping only the highest powers of n in 
the numerator and denominator.) The comparison tests apply only to series with 
positive terms, but if 2a, has some negative terms, then we can apply a 
comparison test to | a,| and test for absolute convergence. 
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5. Alternating Series Test If the series is of the form = (—1)""'b, or =(—1)"b,, 
then the Alternating Series Test is an obvious possibility. Note that if 2D, 
converges, then the given series is absolutely convergent and therefore convergent. 


6. Ratio Test Series that involve factorials or other products (including a constant 
raised to the nth power) are often conveniently tested using the Ratio Test. Bear 
in mind that | a@n+1/an|—> 1 as n — © for all p-series and therefore all rational or 
algebraic functions of n. Thus the Ratio Test should not be used for such series. 


7. Root Test If a, is of the form (b,)", then the Root Test may be useful. 


8. Integral Test If a, = f(n), where IF f(x) dx is easily evaluated, then the Integral 
Test is effective (assuming the hypotheses of this test are satisfied). 


In the following examples we don’t work out all the details but simply indicate which 
tests should be used. 


EXAMPLE1 » 
n=1 2n+ 1 


Since a, > 5 ~ 0 asn— %, we should use the Test for Divergence. | 


: aes & 
EXAMPLE2 SV +! 
nat 313 + 4n? + 2 


Since a, is an algebraic function of n, we compare the given series with a p-series. The 
comparison series for the Limit Comparison Test is > b,, where 


Vn n3/2 1 


3n3 3n3 3n3/2 


EXAMPLE3 > ne~” 


n=1 


Since the integral [i xe’ dx is easily evaluated, we use the Integral Test. The Ratio 
Test also works. a 


n 


EXAMPLE 4 2(- 1) are 


Since the series is alternating, we use the Alternating Series Test. We can also observe 
that =| a,| converges (compare to = 1/n*) so the given series converges absolutely and 
hence converges. a 


k 


EXAMPLES > 2 
ata 


Since the series involves k!, we use the Ratio Test. ial 


= 1 
EXAMPLE 6 2 aa ae 


Since the series is closely related to the geometric series > 1/3”, we use the Direct 
Comparison Test or the Limit Comparison Test. Oo 
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11.7 | Exercises 


1-8 Two similar-looking series are given. Test each one for 2 One ~ sin 2n 
convergence or divergence. on = an! a. = 14+ 2" 
eS i hed 1 2 Ayk-1gktl eo 4 
1.@ >> by 2S Oe a a svt 
n=l 2 ant” en = kk 2 wen 
& (-1)" ~ 1 oo 
2. (a) SS aR (b) 2 aR 25. 5 1-3+5eeeee (2n — 1) 
n=1 n=1 . n=1 2, 5 : 8 : (3n = 1) 
3. (a) > 6) >> Ga ay 
n=1 3” n=1 1 26. > 
F 1 1 n=2 Jn = 1 
“nat 2 n+ 
4. (a) 2 (yy. D1)" _ Inn = fk -1 
n=1 n n=1 n 27. > (-1) _—— 28. > i = 
a ive + 1) 
n n 
5. (a) 2 (b) 3(44,] 5.1 
min +1 ie a 29. > (—1)" cos(1/n’) 30. >) ———— 
- 1 n=l k=1 2 + sink 
nn 
6. (a) 2 — (b) i : ‘ 
n= 7 a=10 WINN 31. > tan(1/n) 32. > nsin(1/n) 
n=1 n=1 
ss 1 = {1 1 
7. (a) > (b) 3(i+4) = 4—- 8 
an+tn! saa ih n! 33. S cos n 3. (-1)"n 
Ea oo n=1 Jn n=1 n 
8. (a) > — (bo) > — : 
n=1 Jn? +1 n=1 n/n? 1 35 > n! 36 n+l 
. n=1 e” , n=1 a 
9-48 Test the series for convergence or divergence. = kink = el 
oe ecg 7. aa 38. 2 
a vee 10. + 
n=1 sae n=1 1 +1 oo (-1)" 00 ; Vi 
39. > ——— 40. > (-1)i—>— 
20 Pee | we n— n—1 coshn j=l J+5 
11. > (-1)"=—— 12. > (=)? ——— 
nl nt+1 n=l n+ I 2 5k = (n!)" 
: _ ; a, > az ak 42. | 
e” ae =1 3° +4 =a on” 
1. > 14, > ———— = os 
n=1 n n=1 el =F n)*" x ( A y x l 
‘ ‘“ ’ 43. > 4. > ———— 
1 7 2 
15. > 16. > (-1)""! ae qat Vt I r=1 n + ncosn 
n=2 ny/ In n n=1 4 ow iT 1 
re) 2n oe 45. > “1+l/n 46. > Ax A\Inn 
17, 5 (-)"= 18. Se” nai ni => (Inn) 
0 (2n)! n=l a é 
1 47. > (4/2 - 1)" 48. > (3/2 — 1) 


n=1 N 


2f, 4 : 
19. > (+ ) 20. > 


11.8 | Power Series 


So far we have studied series of numbers: »a,. Here we consider series, called power 
series, in which each term includes a power of the variable x: 2 c,x". 


Hi Power Series 
A power series is a series of the form 


re 
3 
[1] DY cnx" = co + 1x + x? + 3x a 
n=0 
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Trigonometric Series 

A power series is a series in which 
each term is a power function. A 
trigonometric series 


> (a, cos nx + b, sin nx) 
n=0 


is a series whose terms are trigono- 
metric functions. This type of series 
is discussed on the website 


www.StewartCalculus.com 


Click on Additional Topics and then 
on Fourier Series. 


Sequences, Series, and Power Series 


where x is a variable and the c,,’s are constants called the coefficients of the series. For each 
number that we substitute for x, the series (1) is a series of constants that we can test for 
convergence or divergence. A power series may converge for some values of x and 
diverge for other values of x. The sum of the series is a function 


f (x) =cC + CiXx a Cox? fieee H Cyr” he eit 


whose domain is the set of all x for which the series converges. Notice that f resembles 
a polynomial. The only difference is that f has infinitely many terms. 
For instance, if we take c, = 1 for all n, the power series becomes the geometric series 


[2] SMxtH=Ltxtar tee tutte. 
n=0 


which converges when —1 < x < 1 and diverges when |x| = 1. (See Equation 11.2.5.) 
In fact if we put x = 5 in the geometric series (2) we get the convergent series 


am ie a | 1 
> = SP ae a ae os 
n=0 2 2 4 8 16 


but if we put x = 2 in (2) we get the divergent series 


0 


> 27=14+24+44+8+16+--- 


n=0 


More generally, a series of the form 


oo 


[3] > cnx — a)" = co + e(x — a) + x(x — a) +++ 
n=0 

is called a power series in (x — a) or a power series centered at a or a power series 
about a. Notice that in writing out the term corresponding to n = 0 in Equations | and 3 
we have adopted the convention that (x — a)° = 1 even when x = a. Notice also that 
when x = a, all of the terms are 0 for n = 1 and so the power series (3) always converges 
when x = a. 

To determine the values of x for which a power series converges, we normally use the 
Ratio (or Root) Test. 


= n 


EXAMPLE 1 For what values of x does the series 5) ici 
n 


n=1 


converge? 


SOLUTION If we let a,, denote the nth term of the series, as usual, then 
dn = (x — 3)"/n, and 


ani _ (x — 3) ; n 
An n+1 (x — 3)” 
a pla— 31 > [x 3] as n—> 00 
je 
n 


By the Ratio Test, the given series is absolutely convergent, and therefore convergent, 
when |x — 3| < 1 and divergent when |x — 3| > 1. Now 


jee sll <s: -lea= 3221 << Bees 


so the series converges when 2 < x < 4 and diverges when x < 2 or x > 4. 
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The Ratio Test gives no information when |x — 3| = 1 so we must consider x = 2 
and x = 4 separately. If we put x = 4 in the series, it becomes > 1/n, the harmonic 
series, which is divergent. If x = 2, the series is = (—1)"/n, which converges by the 
Alternating Series Test. Thus the given power series converges for 2 < x < 4. Bo 


EXAMPLE 2 For what values of x is the series }) n!x” convergent? 
n=0 


SOLUTION Again we use the Ratio Test. Let a, = n!x". If x ~ 0, we have 


Notice that 
‘ Qn+1 z (n + 1)!x""! a 
(n + 1)! =(n + In(n — 1) +--+ +3 +221 lim = lim - = lim (n + 1)|x| = 
no] dy n>% n!x nm 
=(n + 1)n! 
By the Ratio Test, the series diverges whenx # 0. Thus the given series converges only 
when x = 0. Oo 
EXAMPLE 3 For what values of x does the series >) a yi converge? 
n=0 Nn): 
SOLUTION Here a, = x"/(2n)! and, as n> %, 
An+1 | xn! (2n)! (2n)! ii 
= . = re 
an [2(n + 1)]! x” (2n + 2)! 
7 (2n)! = |x| 
| x| >0< 1 
(2n)!(2n + 1)(2n + 2) (2n + 1)(2n + 2) 
for all x. Thus, by the Ratio Test, the given series converges for all values of x. o 


Bf Interval of Convergence 


For the power series that we have looked at so far, the set of values of x for which the 
series is convergent has always turned out to be an interval [a finite interval for the geo- 
metric series and the series in Example 1, the infinite interval (—°, %) in Example 3, and 
a collapsed interval [0,0] = {0} in Example 2]. The following theorem, proved in 
Appendix F, says that this is true in general. 


oo 


[4] Theorem For a power series > c,(x — a)", there are only three possibilities: 
n=0 


(1) The series converges only when x = a. 
(ii) The series converges for all x. 


(iii) There is a positive number R such that the series converges if |x — a| < R 
and diverges if |x — a| > R. 


The number R in case (iii) is called the radius of convergence of the power series. By 
convention, the radius of convergence is R = 0 in case (1) and R = © in case (ii). The 
interval of convergence of a power series is the interval that consists of all values of x 
for which the series converges. In case (i) the interval consists of just a single point a. 
In case (ii) the interval is (—%°, °%). In case (iii) note that the inequality | x —a | < Rcan 
be rewritten as a — R<x<a+tR. When x is an endpoint of the interval, that is, 
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x =a = R, anything can happen—the series might converge at one or both endpoints or 
it might diverge at both endpoints. Thus in case (iii) there are four possibilities for the 
interval of convergence: 


(a — R,a + R) (a— R,a+ R] [a — R,a + R) la—R,a+R| 


The situation is illustrated in Figure 1. 


convergence for |x—a|<R 


S$ $$ > 
a—R a a+R 
FIGURE 1 {_________ divergence for |x —a|>R 3 


We summarize here the radius and interval of convergence for each of the examples 
already considered in this section. 


Series Radius of convergence | Interval of convergence 

Geometric series > x" R=1 (-1, 1) 
n=0 
= (= 3)" 

Example | > ae R=1 [2, 4) 
n=1 n 

Example 2 > nlx" R=0 {0} 
n=0 
coo x" 

Example 3 > R= (—2, 2) 
n=0 (2n)! 


NOTE In general, the Ratio Test (or sometimes the Root Test) should be used to 
determine the radius of convergence R. The Ratio and Root Tests always fail when x is 
an endpoint of the interval of convergence, so the endpoints must be checked with some 
other test. 


EXAMPLE 4 Find the radius of convergence and interval of convergence of the series 


= (=3)"x" 


SOLUTION Let a, = (—3)"x"/x/n + 1. Then 


An+1 (—3)"tlynt! Jn + 1 3 n + 1 
= : = i“ 
An Jn +2 (—3)"x" n+2 
1+ 
oe |x] > 3|x| asn—>o 
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By the Ratio Test, the given series converges if 3|x| < 1 and diverges if 3|x| > 1. 
Thus it converges if |x| < } and diverges if |x| > 3. This means that the radius of 
convergence is R = 7 

We know the series converges in the interval (- }, +), but we must now test for con- 


vergence at the endpoints of this interval. If x = = the series becomes 
ee a a ern ine ae are 
n=0 Jn + 1 n=0 n+ 1 JI ae Bo a 

which diverges (It is a p-series with p <1 ) Ifx = 5, the series is 


which converges by the Alternating Series Test. Therefore the given power series con- 
verges when -4 < x <j, so the interval of convergence is (-4, 1]. a 


EXAMPLE 5 Find the radius of convergence and interval of convergence of the series 


ee. n(x + 2)” 


‘ ~ 3ntl 
n= 


SOLUTION Ifa, = n(x + 2)"/3"*!, then 


Gn+1 | (n + I(x as aye" antl 
An But? n(x + 2)” 
1 | x + 2| | x + 2| 
=(1+ > as no 
n 3 3 


Using the Ratio Test, we see that the series converges if |x + 2|/3 < 1 and it diverges 
if |x + 2|/3 > 1. So it converges if |x + 2| < 3 and diverges if |x + 2| > 3. Thus 
the radius of convergence is R = 3. 

The inequality |x + 2| < 3 can be written as —5 < x < 1, so we test the series at 


the endpoints —5 and 1. When x = —5, the series is 
ee aa 
> grt PD ( 1) n 
n=0 n=0 


which diverges by the Test for Divergence [(— 1)" doesn’t converge to 0]. When 
x = 1, the series is 


which also diverges by the Test for Divergence. Thus the series converges only when 
—5 <x < 1,s0 the interval of convergence is (—5, 1). | 
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Exercises 


1. What is a power series? 


2. (a) What is the radius of convergence of a power series? 
How do you find it? 
(b) What is the interval of convergence of a power series? 
How do you find it? 


3-36 Find the radius of convergence and interval of convergence 
of the power series. 


3. 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


30. 


31. 


4gn 
n= 1 + 


(—1)"4" 


dn 


n 


2 pe — 9)", 
~ b" 

= hn — a)", 
n=2 INN 

y n\(2x — 1)” 


n=1 


10. 


12. 


14. 


16. 


18. 


20. 


22. 


24. 


26. 
28. 
b>0 
b>0 
32. 


> 0" n2x" 


n=1 


r2 ninn 


n 


2 
nox 


e232 Oy) 


m1 2°4° 


33 


35 


36. 


x2" 


—— 34. > 


n=2 n(in n) 


n 


= x 
er eer 


2 1°3+5¢++++(Qn—1) 


37 


38. 


39. 


40. 


43 


44 


45 


46. 


If >; c,4" is convergent, can we conclude that each of the 
following series is convergent? 


(ay 2 el=2)" (b) > c,(-4)" 
n=0 n=0 
Suppose that S7=0 cnx” converges when x = —4 and diverges 


when x = 6. What can be said about the convergence or 
divergence of the following series? 


(a) > ca 


n=0 


(b) D c,8" 


n=0 


@ > (-1)",9" 


n=0 


(c) s éx(=3)? 


n=0 


If k is a positive integer, find the radius of convergence of 
the series 


Let p and q be real numbers with p < gq. Find a power 
series whose interval of convergence is 


(b) (p, g] (d) [p,q] 


Is it possible to find a power series whose interval of 
convergence is [0, 2)? Explain. 


(a) (p,q) (c) Lp, 9g) 


Graph the first several partial sums s,(x) of the series 

Yr-0 x", together with the sum function f(x) = 1/(1 — x), on 
a common screen. On what interval do these partial sums 
appear to be converging to f(x)? 


Show that if lim,,_... af | Ci | = c, where c ¥ O, then the radius 
of convergence of the power series }c,x" is R = 1/c. 


Suppose that the power series > c,(x — a)" satisfies c, 4 0 
for all n. Show that if lim, | cn/¢n+1| exists, then it is equal 
to the radius of convergence of the power series. 


Suppose the series } c,x" has radius of convergence 2 and the 
series > d,,x" has radius of convergence 3. What is the radius 
of convergence of the series > (c, + d,)x"? 


Suppose that the radius of convergence of the power series 
crx" is R. What is the radius of convergence of the power 
series Sc,x7"? 
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11.9 | Representations of Functions as Power Series 


In this section we learn how to represent some familiar functions as sums of power 
series. You might wonder why we would ever want to express a known function as a sum 
of infinitely many terms. We will see later that this strategy is useful for integrating func- 
tions that don’t have elementary antiderivatives and for approximating functions by 
polynomials. (Scientists do this to simplify the expressions they deal with; computer 
scientists do this to evaluate functions on calculators and computers.) 


H Representations of Functions using Geometric Series 


We will obtain power series representations for several functions by manipulating geo- 
metric series. We start with an equation that we have seen before. 


00 


=ltxtxrtx? te. =x" je) <1 
= ¥ n=0 


L] 


We first encountered this equation in Example 11.2.7, where we obtained it by observing 
that the series is a geometric series with a = | and r = x. Here our point of view is dif- 
ferent: we now regard Equation 1| as expressing the function f(x) = 1/(1 — x) asa sum 
of a power series. We say that S79 x", |x| <1, is a power series representation of 
1/(1 — x) on the interval (—1, 1). 

A geometric illustration of Equation | is shown in Figure |. Because the sum of a 
series is the limit of the sequence of partial sums, we have 


= lim s,(x) 
1=<x n> 


where 


S(X) = lLtxt xr tee +x" 


is the nth partial sum. Notice that as n increases, s,(x) becomes a better approximation 
to f(x) for -I<x< 1. 


FIGURE 1 
and some 


fle) = — 


of its partial sums 


The power series (1) that represents the function f(x) = 1/(1 — x) can be used to 
obtain power series representations of many other functions, as we see in the following 
examples. 
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It’s legitimate to move x* across the 
sigma sign because it doesn’t depend 
onn. [Use Theorem 11.2.8(i) with 
c=x] 


EXAMPLE1 Express 1/(1 + x”) as the sum of a power series and find the interval of 
convergence. 


SOLUTION Replacing x by —x? in Equation 1, we have 


=> (H1)x™ = 1 - x txt x8 + x8 -.-. 
n=0 


Because this is a geometric series, it converges when | —x*| < 1, that is, x7 < 1, or 

| x| < 1. Therefore the interval of convergence is (—1, 1). (Of course, we could have 
determined the radius of convergence by applying the Ratio Test, but that much work is 
unnecessary here.) | 


EXAMPLE 2 Find a power series representation for 1/(x + 2). 


SOLUTION In order to put this function in the form of the left side of Equation 1, we 
first factor a 2 from the denominator: 


1 > ( ‘) _> ae 


2 n=0 2 n=0 ane 


This series converges when | =x/ 2| < 1, that is, x| < 2. So the interval of conver- 
gence is (—2, 2). a 


EXAMPLE 3 Find a power series representation of x*/(x + 2). 


SOLUTION Since this function is just x* times the function in Example 2, all we have 
to do is to multiply that series by x’: 


3 x _4)n x n 
x _ x3 . 1 — x3 > ( 1) yr = >, ( 1) n+3 
x + 2 x+ p) = grt p= ont 
= x3 = txt + ix5 = ix® ae 


Another way of writing this series is as follows: 


x3 7 5 (-1)""! 


x+2 n=3 or2 


n 


As in Example 2, the interval of convergence is (—2, 2). a 


i Differentiation and Integration of Power Series 


The sum of a power series is a function f(x) = >7~0 c,(x — a)” whose domain is the 
interval of convergence of the series. We would like to be able to differentiate and inte- 
grate such functions, and the following theorem (which we won’t prove) says that we 
can do so by differentiating or integrating each individual term in the series, just as we 
would for a polynomial. This is called term-by-term differentiation and integration. 
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In part (i), the sum starts atn = 1 
because the derivative of co, the con- 
stant term of f, is 0. 


In part (ii), | co dx = cox + Cris 
written as co(x — a) + C, where 
C=C, + aco, so all the terms of 
the series have the same form. 


The idea of differentiating a power 
series term by term is the basis for a 
powerful method for solving differen- 
tial equations. In Exercises 37-40 you 
will see how a function expressed as a 
power series can be a solution to a 
differential equation. 
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[2] Theorem If the power series c,(x — a)" has radius of convergence 
R > O, then the function f defined by 


oo 


f(x) =co + cx — a) + cx — a) +...= > CAX — a)" 


n=0 


is differentiable (and therefore continuous) on the interval (a — R, a + R) and 


oo 


(i) f(x) = c, + 20e(x — a) + 30,(x — a)? + --- = DS ne,(x — a"! 


n=1 


Gi) ff) de= C+ oe a) tr M 4 BOO 4... 


x- aj"! 


Sy awk 
=Ct+ 0 — 
de n+ 1 


The radii of convergence of the power series in Equations (i) and (ii) are both R. 


NOTE 1 Equations (1) and (ii) in Theorem 2 can be rewritten in the form 


(iii) 4\5 Cn(x or = y - [e(e =a)” ] 


X | n=0 n=0 d 


(iv) i b C(x — or ac = > J cal — a)"dx 


n=0 


We know that, for finite sums, the derivative of a sum is the sum of the derivatives and 
the integral of a sum is the sum of the integrals. Equations (iii) and (iv) assert that the 
same is true for infinite sums, provided we are dealing with power series. (For other 
types of series of functions the situation is not as simple; see Exercise 44.) 


NOTE 2 Although Theorem 2 says that the radius of convergence remains the same 
when a power series is differentiated or integrated, this does not mean that the interval of 
convergence remains the same. It may happen that the original series converges at an 
endpoint, whereas the differentiated series diverges there. (See Exercise 45.) 


EXAMPLE 4 Express 1/(1 — x)’ as a power series by differentiating Equation 1. What 
is the radius of convergence? 


SOLUTION We start with 


SHSltxt xt te. = Dx" 
1 =x n=0 


Differentiating each side, we get 


1 = - 
Gage Pete ee 2 me : 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


790 CHAPTER 11 Sequences, Series, and Power Series 


The power series for tan’ 'x obtained 
in Example 6 is called Gregory’s series 
after the Scottish mathematician 

James Gregory (1638-1675), who had 


anticipated some of Newton’s discov- 


eries. We have shown that Gregory’s 
series is valid when —1 < x < 1, but 
it turns out (although it isn’t easy to 

prove) that it is also valid when 

x = +1. Notice that when x = | the 
series becomes 


re a ae 
4 3° 
This beautiful result is known as the 


Leibniz formula for 7. 


If we wish, we can replace n by n + | and write the answer as 


According to Theorem 2, the radius of convergence of the differentiated series is the 
same as the radius of convergence of the original series, namely, R = 1. Go 


EXAMPLE 5 Find a power series representation for In(1 + x) and its radius of 
convergence. 


SOLUTION We notice that the derivative of this function is 1/(1 + x). From Equation 1 
we have 


1 1 ; : 
= =l—-x+x7-x'et+.-: |x| <1 
l+x 1 — (—x) 


Integrating both sides of this equation, we get 


1 
In(l + x) = [ ——ar= | (1 xtx2?—-x3 4+...) dx 


=x : +-.-+C 


n 


=Y(-yr' {+e |xl<1 
n=1 n 


To determine the value of C we put x = 0 in this equation and obtain In(1 + 0) = C. 
Thus C = 0 and 


x? x? x? 00 x” 
In(1 + x) = of tees a) ii = | 
n( xX) =x 5 3 4 2 (=1) i || 
The radius of convergence is the same as for the original series: R = 1. a 


EXAMPLE 6 Find a power series representation for f(x) = tan’ 'x. 


SOLUTION We observe that f'(x) = 1/(1 + x’) and find the required series by inte- 
grating the power series for 1/(1 + x*) found in Example 1. 


1 
tan“'x = | —— pdx = | (1 xt xt— x8 ++.) dx 
x 


3 
x x! 


ee eee + 
ae RC 


To find C we put x = 0 and obtain C = tan '0 = 0. Therefore 


7 x3 x x7 
tan x =x + Ste. es 
3 5 7 
00 2nt+1 
— 1 n 
> ( ) 2n+ 1 


Since the radius of convergence of the series for 1/(1 + x’) is 1, the radius of conver- 
gence of this series for tan ‘x is also 1. a 
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This example demonstrates one way 
in which power series representations 
are useful. Integrating 1/(1 + x’) by 
hand is incredibly difficult. Different 
computer algebra systems return dif- 
ferent forms of the answer, but they 
are all extremely complicated. The 
infinite series answer that we obtain 
in Example 7(a) is actually much eas- 
ier to deal with than the finite answer 
provided by a computer. 
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EXAMPLE 7 

(a) Evaluate | [1/(1 + x’)]dx as a power series. 

(b) Use part (a) to approximate i [1/(1 + x")]dx correct to within 107” 
SOLUTION 


(a) The first step is to express the integrand, 1/(1 + x’), as the sum of a power series. 
As in Example 1, we start with Equation | and replace x by —x’: 


1 = (2) 


1 + x! - 1 —_ (—x’) n=0 


= (-)I'"=1-x74+x4—-... 


n=0 


Now we integrate term by term: 


1 x ~ Tn+1 
d = 1)” in =CtHt — 1)? ———_ 
live Px ee A ra 
x8 xh x22 
=Ctx + +... 
8 15 22 


This series converges for | —x’| < 1, that is, for |x| <1. 


(b) In applying the Fundamental Theorem of Calculus, it doesn’t matter which 
antiderivative we use, so let’s use the antiderivative from part (a) with C = 0: 


1 1 a 1 1 in 4 (=1)) 
a G3 AS (In + 1)2"4! 


This infinite series is the exact value of the definite integral, but since it is an alter- 
nating series, we can approximate the sum using the Alternating Series Estimation 
Theorem. If we stop adding after the term with n = 3, the error is smaller than the term 
with n = 4: 


4 _ eae ig 
29.22 
So we have 
{ ee ee | 9,49951374 : 
a eee a Te he ii 


® Functions Defined by Power Series 


Some of the most important functions in the sciences are defined by power series and are 
not expressible in terms of elementary functions (as described in Section 7.5). Many of 
these arise naturally as solutions of differential equations. One such class of functions is the 
Bessel functions, named after the German astronomer Friedrich Bessel (1784-1846). 
These functions first arose when Bessel solved Kepler’s equation for describing planetary 
motion. Since that time, Bessel functions have been applied in many different physical situ- 
ations, including the temperature distribution in a circular plate and the shape of a vibrating 
drumhead. Bessel functions appear in the next example as well as in Exercises 39 and 40. 
Other examples of functions defined by power series are given in Exercises 38 and 41. 
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A computer-generated model, 
involving Bessel functions and 
cosine functions, of a vibrating 
drumhead. 


FIGURE 2 


Partial sums of the Bessel function Jp 


FIGURE 3 


Sequences, Series, and Power Series 


EXAMPLE 8 The Bessel function of order 0 is defined by 


o) (- 1)" x2" 
Jo(x) = > = 
0(x) = gen (n!)? 

(a) Find the domain of Jo. 


(b) Find the derivative of Jo. 
SOLUTION 
(a) Let a, = (—1)"x?"/[2?" (n!)?]. Then 


(H—1)rt hr) gn (n!)? 
VOT (yn + DIP (—1)"x?" 


An+1 


an 


xen t2 gen (n!)? 


gente (n + 1)? (n!)? x2" 


2 


x 
“aie for all x 


Thus, by the Ratio Test, the given series converges for all values of x. In other words, 
the domain of the Bessel function Jo is (—2, ©) = R. 


(b) By Theorem 2, Jo is differentiable for all x and its derivative is found by term-by- 
term differentiation as follows: 


nay = 2 ED 8S Cnt 


= dx g2n (n!)? aa n2n (n!)? 


Recall that the sum of a series is equal to the limit of the sequence of partial sums. So 
when we define the Bessel function in Example 8 as the sum of a series we mean that, for 
every real number x, 


; n (- 1)'x” 
Jo(x) = lim s,,(x) where s(x) = > Aaa 
no imo 2” (i!) 
The first few partial sums are 
So(x) =1 
2 
x 
s(x) = 1 —- a 
x2 4 
=]-—+— 
sal) 4° 64 
x? x4 xo 
=] + 
sala) 4° 64 2304 
2 4 6 8 


s4(x) = 1 ae + 
4 64 2304 147,456 
Figure 2 shows the graphs of these partial sums, which are polynomials. They are all 


approximations to the function Jo, but the approximations become better when more 
terms are included. Figure 3 shows a more complete graph of the Bessel function. 
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11.9 | Exercises 


1. If the radius of convergence of the power series Y;=0 C,x" 
is 10, what is the radius of convergence of the series 
Dre ne, x" 1? Why? 


2. Suppose you know that the series }"=o b,x" converges for 
|x| < 2. What can you say about the following series? Why? 


b 


Le ntl 
nt+1 


00 
py 
n=0 


3-12 Find a power series representation for the function and 
determine the interval of convergence. 


3. fe) = 7 4. fa) =~ 
5 
5. f(a = = 6. [= 5 ae 
7. fx) == 8. f(x) == 
9. f) =a 10. f@)=sa 7 
1. fx) == 12. f@) =a a>0 


13-14 Express the function as the sum of a power series by first 
using partial fractions. Find the interval of convergence. 


2x —4 2X3 


B. f@) == Az sf = SO 
fe) x7 -— 4x43 F(x) x + 3x42 


15. (a) Use differentiation to find a power series representation for 


1 


f(x) = a+y 


What is the radius of convergence? 
(b) Use part (a) to find a power series for 


1 


f(x) = a+. 


(c) Use part (b) to find a power series for 


x 


nas 
16. (a) Use Equation | to find a power series representation for 
f(x) = In(Q — x). What is the radius of convergence? 
(b) Use part (a) to find a power series for f(x) = x In(1 — x). 
(c) By putting x = 5 in your result from part (a), express In 2 
as the sum of an infinite series. 


17-22 Find a power series representation for the function and 
determine the radius of convergence. 


17. f(x) =a i. fd i) 
19. f(x) -7s 20. f(x) =. 


21. f(x) = In(5 — x) 22. f(x) =x? tan '(x*) 


23-26 Find a power series representation for f, and graph f and 
several partial sums s,(x) on the same screen. What happens as n 
increases? 


2 


23. f(x) = a 24. f(x) =In(1 + x’) 
25. f(x) = (4 u :) 26. f(x) = tan (2x) 


27-30 Evaluate the indefinite integral as a power series. What is 
the radius of convergence? 


27. | rat 28. { rar 


t -1 
30. i a 


29. i x7 In(1 + x) dx 
x 


31-34 Use a power series to approximate the definite integral to 
six decimal places. 


0.3 Xe 
31, i ia < dx 


32. (° arctan Ae 
0 2 


2 
34. i Fae 


33. {xin + x’) dx faa 
x 


35. Use the result of Example 6 to compute arctan 0.2 correct to 
five decimal places. 


36. Use the result of Example 5 to compute In 1.1 correct to four 
decimal places. 


37. (a) Show that the function 


od n 


fo => 


n=0 n! 


is a solution of the differential equation 


f'(x) =f) 
(b) Show that f(x) = e*. 
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A(x) 


CHAPTER 11 Sequences, Series, and Power Series 


38. Show that the function 


(=n 
fl) = aaa (2n)! 


is a solution of the differential equation 
Ff") + f(x) = 0 


39. (a) Show that Jo (the Bessel function of order 0 given in 
Example 8) satisfies the differential equation 


x7 Jo'(x) 


(b) Evaluate i Jo(x) dx correct to three decimal places. 


+ x Ji(x) + x7Jo(x) = 0 


40. The Bessel function of order | is defined by 


AQ) = 5 


Sy ni(n + 1)!22"* 


(a) Find the domain of J;. 
(b) Show that J; satisfies the differential equation 


x7 (x) + xd (x) + (x? — I(x) = 0 
(c) Show that Jo(x) = —Ji(x). 
41. The function A defined by 
x x ad 


239 DISS 26 24325762829 


is called an Airy function after the English mathematician 

and astronomer Sir George Airy (1801-1892). 

(a) Find the domain of the Airy function. 

(b) Graph the first several partial sums on a common 
screen. 

(c) Use a computer algebra system that has built-in Airy 
functions to graph A on the same screen as the partial 
sums in part (b) and observe how the partial sums 
approximate A. 


42. If f(x) = So cnx", where cy+4 = Cn for all n = 0, find the 
interval of convergence of the series and a formula for f(x). 


43. A function f is defined by 


f@=1+2x4 x74 


that is, its coefficients are c2, = 1 and c2,+; = 2 for all 
n = (0. Find the interval of convergence of the series and 
find an explicit formula for f(x). 


44, Let f,(x) = (sin nx)/n?. Show that the series > f,(x) con- 
verges for all values of x but the series of derivatives > f,(x) 
diverges when x = 2n7r, n an integer. For what values of x 
does the series © f(x) converge? 


45. Let 


n 


f(x) = 


n=| Ne 


Find the intervals of convergence for f, f’, and f”. 


i 4 t t isn. 


46. 


47. 


48. 


49. 


50. 


51. 


(a) Starting with the geometric series >; x", find the sum 
of the series 


ey 
> nx"! 


n=1 


|x| <1 


(b) Find the sum of each of the io series. 


(i) Snx", |x| <1 (ii) > a 
n=1 n=1 


(c) Find the sum of each of the following series. 


(i) > n(n — 1)x", 


|x| <1 


(iii) = =a 


n=1 2" 


If f(x) = 1/(1 — x), find a power series representation for 
h(x) = xf'(x) + x°f"(x) and determine the radius of con- 
vergence. Use this to show that 


=6 


iMs 


v 
Lo 
Use the power series representation of f(x) = 1/(1 — x) 
and the fact that 9801 = 99? to show that 1/9801 is a 


repeating decimal that contains every two digit number in 
order, except for 98, as shown. 


1 
—— = 0; 10203... 
9801 0.00 0 03 


96 97 99 


a ] 

100° 

Use the power series for tan 'x to prove the following 
expression for 7 as the sum of an infinite series: 


weaves CU 


rao (2n + 1)3” 


[ Hint: Consider x = 


(a) By completing the square, show that 


(” dx T 
3/3 


(b) By factoring x* + 1 as a sum of cubes, rewrite the inte- 
gral in part (a). Then express 1/(x* + 1) as the sum of a 
power series and use it to prove the following formula 


a 
3n+1  3n+2 


Use the Ratio Test to show that if the series X=» c,x" has 
radius of convergence R, then each of the series 


Jo x? -—x4+1 


for 7: 


3v3 5 (=1)" 


4 n=0 8" 


xt 


és 
SX nex"! and > Cy ———— 


n=1 n=0 n+1 


also has radius of convergence R. 
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11.10 | Taylor and Maclaurin Series 


In Section 11.9 we were able to find power series representations for a certain restricted 
class of functions, namely, those that can be obtained from geometric series. Here we 
investigate more general problems: Which functions have power series representations? 
How can we find such representations? We will see that some of the most important func- 
tions in calculus, such as e* and sin x, can be represented as power series. 


& Definitions of Taylor Series and Maclaurin Series 


We start by supposing that f is a function that can be represented by a power series 
ft) fe H=o tae=— a) + a= al? + ae) paG@= a) t+ |[x=el <r 


Let’s try to determine what the coefficients c,, must be in terms of f. To begin, notice that 
if we put x = a in Equation 1, then all terms after the first one are 0 and we get 


f(a) = co 
By Theorem 11.9.2, we can differentiate the series in Equation | term by term: 
[2] f(x) = ec) + 2e(x — a) + 30ex(x — a)? + 4ey(x — a + --- lx al <R 
and substitution of x = a in Equation 2 gives 
f ‘(a) = C\ 
Now we differentiate both sides of Equation 2 and obtain 
[3] f(x) = 2c. + 2+ 3ex(x — a) + 3+ 4ea(x — a)? +--- |x -—a|<R 
Again we put x = a in Equation 3. The result is 
EG) = 26. 
Let’s apply the procedure one more time. Differentiation of the series in Equation 3 gives 
a) Pl 2 3g 2 3 dela = a) 324 Sole = a) ss jem a] 
and substitution of x = a in Equation 4 gives 
f"(@ = 2+ 3c3 = 3!c3 


By now you can see the pattern. If we continue to differentiate and substitute x = a, we 
obtain 


f(a) =2+3°4-> sone, = nlc, 


Solving this equation for the nth coefficient cn, we get 


f(a 
pee iC 


n! 


This formula remains valid even for n = 0 if we adopt the conventions that 0! = | and 
f° =f. Thus we have proved the following theorem. 
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Taylor and Maclaurin 


The Taylor series is named after the 
English mathematician Brook Taylor 
(1685-1731) and the Maclaurin series 
is named in honor of the Scottish 
mathematician Colin Maclaurin 
(1698-1746) despite the fact that the 
Maclaurin series is really just a special 
case of the Taylor series. But the idea 
of representing particular functions 
as sums of power series goes back to 
Newton, and the general Taylor series 
was known to the Scottish mathe- 
matician James Gregory in 1668 and 
to the Swiss mathematician John 
Bernoulli in the 1690s. Taylor was 
apparently unaware of the work of 
Gregory and Bernoulli when he pub- 
lished his discoveries on series in 1715 
in his book Methodus incrementorum 
directa et inversa. Maclaurin series are 
named after Colin Maclaurin because 
he popularized them in his calculus 
textbook Treatise of Fluxions published 
in 1742. 


Sequences, Series, and Power Series 


[5| Theorem If f has a power series representation (expansion) at a, that is, if 


oa) 


f(x) _ bs Cle — a)" 


n=0 


lea] eR 


then its coefficients are given by the formula 


— f"@ 


Substituting this formula for c, back into the series, we see that if f has a power series 
expansion at a, then it must be of the following form. 


, £@ 


ry (x -—aypit--- 


(x -— a? + oe 


The series in Equation 6 is called the Taylor series of the function f at a (or about 
a or centered at a). For the special case a = 0 the Taylor series becomes 


x2 


This case arises frequently enough that it is given the special name Maclaurin series. 


NOTE 1 When we find a Taylor series for a function f, there is no guarantee that the 
sum of the Taylor series is equal to f. Theorem 5 says that if f has a power series 
representation about a, then that power series must be the Taylor series of f. There exist 
functions that are not equal to the sum of their Taylor series, such as the function given 
in Exercise 96. 


NOTE 2 The power series representation at a of a function is unique, regardless of 
how it is found, because Theorem 5 states that if f has a power series representation 
f(x) = Xc,(x — a)", then c, must be f(a)/n!. Thus all the power series representa- 
tions we developed in Section 11.9 are in fact the Taylor series of the functions they 
represent. 


EXAMPLE 1 We know from Equation 11.9.1 that the function f(x) = 1/(1 — x) hasa 
power Series representation 


1 . 2 3 
=Sx"=1Lltxtvrtxrt.-- 
L=% n=0 


Fe fae | 
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According to Theorem 5, this series must be the Maclaurin series of f with coefficients 
Cn given by f(0)/n!. To confirm this, we compute 


1 
FQ) = T= f(0) = 1 
x 
(Q) = — (0) =1 
cia | 
” 1 a 2 ” — : 
PG) = Gy f'(0) =1-2 
m 1-2: 3 m _ . - 
PO) = Gop FO) = 1-23 
and, in general, 
(ls) a n! = 
PO=_. a OS 
Thus 
f"O) nl F 
" n! n! 
and, from Equation 7, 
; = > £r") x= > x" | 
l1-x j= a! n=0 


EXAMPLE 2 For the function f(x) = e*, find the Maclaurin series and its radius of 
convergence. 


SOLUTION If f(x) = e’, then f(x) = e*, so f(0) = e° = 1 for all n. Therefore the 
Taylor series for f at 0 (that is, the Maclaurin series) is 


2 f”O = x" x x”. Og? 
©) x=) —=1+—4+—4+—+--. 
no. =n! no nn! 1! 2! 3! 


To find the radius of convergence we let a, = x"/n!. Then 


An+1 xe n! | x| 
— . — >O0<1 
An (n+ 1)! x” n+1 


so, by the Ratio Test, the series converges for all x and the radius of convergence 
isR =, a 


® When Is a Function Represented by Its Taylor Series? 


From Theorem 5 and Example 2 we can conclude that if we know that e* has a power 
series representation at 0, then this power series must be its Maclaurin series 


bd n 
x 
C= > a 
n=0 n! 
So how can we determine whether e* does have a power series representation? 
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Let’s investigate the more general question: under what circumstances is a function 
equal to the sum of its Taylor series? In other words, if f has derivatives of all orders, 
when is it true that 


n) 
sf, 


n=0 


F(x) = a)" 
As with any convergent series, this means that f(x) is the limit of the sequence of partial 
sums. In the case of the Taylor series, the partial sums are 


(i) 
“2 ea 


£@) 


” ert Lig gn Eig gpa z (e— a)" 


Notice that 7, is a polynomial of degree n called the nth-degree Taylor polynomial of 
f at a. For instance, for the exponential function f(x) = e’, the result of Example 2 shows 
that the Taylor polynomials at 0 (or Maclaurin polynomials) with n = 1, 2, and 3 are 


x? x? x? 
Ti(x) =1+x Tx) = 1 +x + 5 Py) =1+txt ot ay 
The graphs of the exponential function and these three Taylor polynomials are drawn in 
Figure 1. 
In general, f(x) is the sum of its Taylor series if 
y = T(x) f(x) = lim T,(x) 
If we let = 


FIGURE 1 
R,(x) = f(x) aa T(x) so that f(x) — T,(x) ate R,(x) 
As n increases, T,(x) appears to 


approach e* in Figure 1. This suggests then R,(x) is called the remainder of the Taylor series. If we can somehow show that 
that e* is equal to the sum of its lim, —. R,(x) = 0, then it follows that 


anil lim Ty(x) = lim [ f(a) — Ri(x)] =f) — lim R,(a) =f) 


We have therefore proved the following theorem. 


Theorem If f(x) = T,(x) + R,(x), where T, is the nth-degree Taylor polyno- 
mial of f at a, and if 


lim R,(x) = 0 


for |x — a| < R, then f is equal to the sum of its Taylor series on the interval 
| x = a| <R. 


In trying to show that lim,,—.. R,(x) = 0 for a specific function f, we usually use the 
following theorem. 


[9] Taylor’s Inequality If | f"*?(x)| < M for |x — a| < d, then the remainder 
R,(x) of the Taylor series satisfies the inequality 


M 
| Ra) | Ss =—_ —— |: end for |x -—a| <d 
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Formulas for the 

Taylor Remainder Term 

As alternatives to Taylor’s Inequality, 
we have the following formulas for 
the remainder term. If f"*” 
uous on an interval J and x € J, then 


R(x) = — |" (x — £)"f"*)(t) dt 


This is called the integral form of the 
remainder term. Another formula, 
called Lagrange’s form of the remain- 
der term, states that there is a num- 
ber z between x and a such that 
f°%°D 


———(x-a 


~ m+ D! yu 


R,(x) 


This version is an extension of the 
Mean Value Theorem (which is the 
casen = 0). 

Proofs of these formulas, together 
with discussions of how to use them 
to solve the examples of Sections 
11.10 and 11.11, are given on the 
website 


www.StewartCalculus.com 


Click on Additional Topics and then on 
Formulas for the Remainder Term in 
Taylor series. 


is contin- 
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PROOF We first prove Taylor’s Inequality for 2 = 1. Assume that | f”(x) | < M. In 
particular, we have f"(x) < M, so for a <x <a + d we have 


(ro dt < ['™ dt 


An antiderivative of f” is f’, so by Part 2 of the Fundamental Theorem of Calculus, we 


have 
fa -f@<Max-a or f(y) S f(a + Mx - a) 


Thus " fit) dt < {' [f(a + M(t — a)] dt 


(sa) 


fx) — fla <f(a(x — a) + M ; 


fla) = fla) = flax = a) < F(x - a 


But Ri(x) = f(x) — Ti(x) = f(x) — fla) — f'(a\(x — a). So 


M 
Rix) < > (x — a)? 
2 
A similar argument, using f"(x) = —M, shows that 


R(x) = x = a)? 


So |Ri(x)| < [~~ al 


M 
2 
Although we have assumed that x > a, similar calculations show that this inequality is 

also true for x < a. 
This proves Taylor’s Inequality for the case where n = 1. The result for any n is 


proved in a similar way by integrating n + 1| times. (See Exercise 95 for the case 
n= 2.) a 


NOTE In Section 11.11 we will explore the use of Taylor’s Inequality in approximating 
functions. Our immediate use of it is in conjunction with Theorem 8. 


When we apply Theorems 8 and 9 it is often helpful to make use of the following fact. 


n 


lim —=0 


lim — 


for every real number x 


This is true because we know from Example 2 that the series > x"/n! converges for all x 
and so its nth term approaches 0. 
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With the help of computers, research- 
ers have now accurately computed 
the value of e to trillions of decimal 
places. 


EXAMPLE 3 Prove that e* is equal to the sum of its Maclaurin series. 


SOLUTION If f(x) = e’, then f*"(x) = e’ for all n. If d is any positive number and 
|x| < d, then | f*”(x) | = e* < e”. So Taylor’s Inequality, with a = 0 and M = e’, 
says that 


d 


é 
| R(x) | = a= 


a for |x| <d 
Notice that the same constant M = e“ works for every value of n. But, from Equa- 


tion 10, we have 
d 
e x 
lim |x |"*' = e4 lim Je. =0 
ne (n + 1)! n>» (n + 1)! 


n+l 


It follows from the Squeeze Theorem that lim,,—.. | R,(x) | = (0 and therefore 
lim,,—..R,(x) = 0 for all values of x. By Theorem 8, e* is equal to the sum of its 
Maclaurin series, that is, 


& 


for all x 
n! ii} 


i aS 
n=0 


In particular, if we put x = | in Equation 11, we obtain the following expression for 
the number e as a sum of an infinite series: 


ak 1 1 


[12] e=>—=1+—+ ee 


no 1! 1! 2! 3! 


EXAMPLE 4 Find the Taylor series for f(x) = e* ata = 2. 


SOLUTION We have f(2) = e? and so, putting a = 2 in the definition of a Taylor 
series (6), we get 


0 (n) % 2 
SY Ge Se 


n=0 n! n=0 n! 


Again it can be verified, as in Example 2, that the radius of convergence is R = ©. As 
in Example 3 we can verify that lim,,_... R,(x) = 0, so 


e=S Gao alls la 
[13] > 


We have two power series expansions for e*, the Maclaurin series in Equation 11 and 
the Taylor series in Equation 13. The first is better if we are interested in values of x near 
0 and the second is better if x is near 2. 


B® Taylor Series of Important Functions 


In Examples 2 and 4 we developed power series representations of the function e*, and 
in Section 11.9 we found power series representations for several other functions, includ- 
ing In(1 + x) and tan”'x. We now find representations for some additional important 
functions, including sin x and cos x. 
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EXAMPLE 5 Find the Maclaurin series for sin x and prove that it represents sin x for 
all x. 


SOLUTION We arrange our computation in two columns: 


f(x) = sin x f(0) =0 
Figure 2 shows the graph of sin x ; , 
together with its Taylor (or Maclaurin) f'(x) = cos x f'0) = 1 
| ial 
Penner fx) = —sin x £0) =0 
T(x) =X 
: f(x) = —cos x f"(0) = -1 
x 
T: ‘i = ae eS 
a 3! fC) = sin x fO) =0 
Ts(x) =x — a + aa Since the derivatives repeat in a cycle of four, we can write the Maclaurin series as 
31S! follows: 
Notice that, as n increases, T,,(x) f'(0) 7) 4, F'O)..4 
becomes a better approximation to HO) Tn a ac 7 ee 
sin x. 
x3 x? x! 2% 2nt+1 
= - fs i 
3 StOT 2( On + DI! 


Since f"'(x) is +sin x or cos x, we know that | f'"*?(x) | < 1 for all x. So we can 
take M = 1 in Taylor’s Inequality: 


M | aa _ lar 
n+ 1)! 


| Rix) | Ss ( 


By Equation 10 the right side of this inequality approaches 0 as n — ™, so 
| R(x) | > 0 by the Squeeze Theorem. It follows that R,(x) > 0 as n — ©, so sin x is 
FIGURE 2 equal to the sum of its Maclaurin series by Theorem 8. | 


We state the result of Example 5 for future reference. 


ntl 


1)" for all 
lO 


EXAMPLE 6 Find the Maclaurin series for cos x. 


SOLUTION We could proceed directly as in Example 5, but it’s easier to use Theorem 
11.9.2 to differentiate the Maclaurin series for sin x given by Equation 15: 


d Gun d xe 2 x x? n 
cos x = sin x) = tae 
e dx a dx ‘i ! ! 


2 a 
3x2 5x* 7x8 x7 xt x6 


3! 5! 7 21° 4!) 
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The Maclaurin series for e*, sin x, and Theorem 11.9.2 tells us that the differentiated series for sin x converges to the deriva- 
cos x that we found in Examples 3, 5, tive of sin x, namely cos x, and the radius of convergence remains unchanged, so the 
and 6 were discovered, using different series converges for all x. | 
methods, by Newton. These equa- 

tions are remarkable because they say 

we know everything about each of We state the result of Example 6 for future reference. 


these functions if we know all its 


derivatives at the single number 0. 
5 eee a a 
Ce ay et. 
a 
x 
= =)" for all 
2D" opi _ 


EXAMPLE7 Represent f(x) = sin x as the sum of its Taylor series centered at 77/3. 


SOLUTION Arranging our work in columns, we have 


f(x) = sin x (2) -~ 
i | i ee 
f'(x) = cos x (2) 5 
n”" = * ” T = 3 
We have obtained two different PO) = =sine f (=) — es 


series representations for sin x, the 

Maclaurin series in Example 5 and the 

Taylor series in Example 7. It is best to Wii Roem mi T\ 1 
use the Maclaurin series for values of FG) = —cos x - 3) 2 
x near 0 and the Taylor series for x 

near 77/3. Notice that the third Taylor 


polynomial 73 in Figure 3 is a good and this pattern repeats indefinitely. Therefore the Taylor series at 77/3 is 

approximation to sin x near 7/3 but 

not as accurate near 0. Compare it 

with the third Maclaurin polynomial fp nf 7 m{| 7 

a au f f . Sf 
3 in Figure 2, where the opposite is 7 3 g) 7 3 7 

t f x + x Si + 
TUS 3 1! 3 2! 3 3! 3 


yA 


We 1 7 nl a \? 1 a \3 
= + x x x +... 
2 2-1! 3 2:2! 3 2:3! 3 


The proof that this series represents sin x for all x is very similar to that in Example 5. 
[Just replace x by x — 7/3 in (14).] We can write the series in sigma notation if we 
separate the terms that contain /3: 


sin x = > SUELE =)" + > a (: zy" | 


FIGURE 3 <% 2(2n)! 3 < 2(2n + 1)! 
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EXAMPLE 8 Find the Maclaurin series for f(x) = (1 + x)‘, where k is any real number. 
SOLUTION We start by computing derivatives: 


f(a) = (1 +)! f(0) = 1 
f(a) = K+ sO) =k 
f(x) = Kk DO + f"0) = Kk ~ 1) 
sma) = kk — Wk - NO +9 f"(O) = k(k — 1) — 2) 


FO) = kk - Ye (Kon t DL 40" FOO =HR- 1 Hn + D 


Therefore the Maclaurin series of f(x) = (1 + x)* is 


n 


0 ‘n) oo = a as 
S a ey MRD ett) 


n=0 n=0 n ! 


This series is called the binomial series. Notice that if k is a nonnegative integer, then 
the terms are eventually 0 and so the series is finite. For other values of k none of the 
terms is 0 and so we can investigate the convergence of the series by using the Ratio 
Test. If the nth term is a, then 


Ga | [ke Ie hen Dem ae nl 

An (n + 1)! kk —1)---(k—-n + Ix" 
k 
j-— 

leah) 8 |x| |x| as n> 

n+1 1 
—— 
nN 


Thus, by the Ratio Test, the binomial series converges if |x| < 1 and diverges 
if |x| > 1. Oo 


The traditional notation for the coefficients in the binomial series is 


(*) - ean ean 


n n!} 


and these numbers are called the binomial coefficients. 

The following theorem states that (1 + x)‘ is equal to the sum of its Maclaurin series. 
It is possible to prove this by showing that the remainder term R,(x) approaches 0, but 
that turns out to be quite difficult. The proof outlined in Exercise 97 is much easier. 


The Binomial Series If k is any real number and |x| < 1, then 


ato S (teeters oe MES VES) ax nee 


2! 3! 


n=0 


Although the binomial series always converges when |x| < 1, the question of whether 
or not it converges at the endpoints, +1, depends on the value of k. It turns out that the 
series converges at 1 if —1 < k < Oandat both endpoints ifk = 0. Notice that if k is a pos- 
itive integer and n > k, then the expression for («) contains a factor (k — k), so (hha 0 
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for n > k. This means that the series terminates and reduces to the ordinary Binomial 
Theorem when k is a positive integer. (See Reference Page 1.) 


EXAMPLE9 For the function f(x) = 


, find the Maclaurin series and its 
radius of convergence. v4 —x 


SOLUTION We rewrite f(x) in a form where we can use the binomial series: 


1 _ 1 _ 1 at \ x \-1/ 
V4—x x x - 4 
441 -— 2g ee 


Using the binomial series with k = —} and with x replaced by —x/4, we have 


par 3('- 8) -280)4) 
~2f 15 (2)(—2) + (2) 5 Cacc (_2y 


1 1 Led 5 ese 3 1-+3+5+++++(2n—- 1) 
— 1 4 xt ae, 5 » a x ee 
2 8 218° 318° n's" 
We know from (17) that this series converges when | —x/4| < 1, that is, |x] < 4, so 
the radius of convergence is R = 4. a 


For future reference we collect in the following table some important Maclaurin series 
that we have derived in this section and in Section 11.9. 


Table 1 so 
Important Maclaurin Series =Sx"=1ltextvrrtxtee: 
and Their Radii of n=0 
Convergence 


2n+1 


1 = — 1)? ———— = 
a a "Ont DI 


x2" 


“Ga 


1) 


2nt+1 


tan lx = 1)" = 
ce ae ere 


xX 


x n 


ind +2) = S(-1' =x 


n=1 n 


, Ke-DE-2) 4, 
3! 
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® New Taylor Series from Old 


As we observed in Note 2, if a function has a power series representation at a, then the 
series is uniquely determined. That is, no matter how a power series representation for a 
function f is obtained, it must be the Taylor series of f. So, we can obtain new Taylor 
series representations by manipulating series from Table 1, rather than using the coeffi- 
cient formula given in Theorem 5. 

As we saw in the examples of Section 11.9, we can replace x in a given Taylor series 
by an expression of the form cx”, we can multiply (or divide) the series by such an 
expression, and we can differentiate or integrate term by term (Theorem 11.9.2). It can 
be shown that we can also obtain new Taylor series by adding, subtracting, multiplying, 
or dividing Taylor series. 


EXAMPLE 10 Find the Maclaurin series for (a) f(x) = x cos x and 
(b) f(x) = In + 3x”). 

SOLUTION 

(a) We multiply the Maclaurin series for cos x (see Table 1) by x: 


x2" x2ntl 


reosx =x > ( 1)" (On! x y= (On! for all x 


(b) Replacing x by 3x7 in the Maclaurin series for In(1 + x) gives 


In(l + 3x2) = Sy"! Bs Yes (-p 322 


n=1 n=1 


We know from Table 1 that this series converges for | 3x?| < 1, that is |x| < 1/3, so 
the radius of convergence is R = 1/ af. 3. | 


"x n 
EXAMPLE 11 Find the function represented by the power series s (-1)" . 


n=0 


SOLUTION By writing 


oo By” ~% (—2x)" 
> ( 1)" = 
n=0 n! n=0 n! 
we see that this series is obtained by replacing x with —2x in the series for e* (in 
Table 1). Thus the series represents the function e ~. a 


1 1 1 1 
EXAMPLE 12 Find the sum of the series > + pr 
I+ 2 222° 32 4-2 


SOLUTION With sigma notation we can write the given series as 


lyr 
eee 


n=1 n=1 


Then from Table | we see that this series matches the entry for In(1 + x) with x = 5. So 


= 1 


Sey 


——— = In(1 + $) = In3 rT 
Sey =n +) =n} 

One reason that Taylor series are important is that they enable us to integrate functions 
that we couldn’t previously handle. In fact, in the introduction to this chapter we men- 
tioned that Newton often integrated functions by first expressing them as power series and 
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806 CHAPTER 11 


We can take C = Oin the 
antiderivative in part (a). 


The limit in Example 14 could also be 
computed using I’Hospital’s Rule. 


Sequences, Series, and Power Series 


x 


then integrating the series term by term. The function f(x) = e*’ can’t be integrated by 
techniques discussed so far because its antiderivative is not an elementary function (see 
Section 7.5). In the following example we use Newton’s idea to integrate this function. 


EXAMPLE 13 


(a) Evaluate | e*’ dx as an infinite series. 
(b) Evaluate \, e * dx correct to within an error of 0.001. 


SOLUTION 

(a) First we find the Maclaurin series for f(x) = ge, Although it’s possible to use the 
direct method, let’s find it by simply replacing x with —x? in the series for e* given in 
Table 1. Thus, for all values of x, 


: o} (—x?)" oc x2" x? x4 x? 
Pe = 1 =1 é aa Ss 
. > n! > ee 2! 3! 
Now we integrate term by term: 
2 4 6 2n 
oo pes | Same ns ae Se ae bh 
Je dx J if 2! 3! rf 
x3 x? x! 2n+1 
=o a oe be oe (ae ht 
a TS ae (“D" Gre Dal 


x 


. . ea . —x2 
This series converges for all x because the original series for e “" converges for all x. 


(b) The Fundamental Theorem of Calculus gives 


i x? x x! x 
—x? qd = + + Perr 
|, "48> | -ao Seg 9a ow ; 


1 1 1 1 a 1 1 1 L 
=] a GG rae oT oe | 3 + I9 gx + a6 ~ 0.7475 


The Alternating Series Estimation Theorem shows that the error involved in this 
approximation is less than 


1 1 
——— = —— < 0.001 Oo 
11-5! 1320 oe 


Taylor series can also be used to evaluate limits, as illustrated in the next example. 
(Some mathematical software computes limits in this way.) 


ie eee 


x? 


EXAMPLE 14 Evaluate lim “ 


SOLUTION Using the Maclaurin series for e* from Table 1, we see that the Maclaurin 
series for (e* — 1 — x)/x7 is 


a 2, 3 
oe ed Cee 
x 1! 2! 3! 


1 [x xe xt 1 x x? 
= 3 +—4+—4.-.-)=—4+—4—4.--. 
x \ 2! 3! 4! ! ! 
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Thus 
c= 1=% . 1 x x? 
lim 5 = lim + + 
x0 x x0 \ 2! 3)! 4! 
=—> +0 +0 + =— 
because power series are continuous functions. H 


BH Multiplication and Division of Power Series 


If power series are added or subtracted, they behave like polynomials (Theorem 11.2.8 
shows this). In fact, as the following example illustrates, they can also be multiplied and 
divided like polynomials. We find only the first few terms because the calculations for 
the later terms become tedious and the initial terms are the most important ones. 


EXAMPLE 15 Find the first three nonzero terms in the Maclaurin series for (a) e* sin x 
and (b) tan x. 


SOLUTION 
(a) Using the Maclaurin series for e* and sin x in Table 1, we have 


x2 x3 3 


x x 
1! 2! 3! 3! 


e“sinx =| 1+ 


We multiply these expressions, collecting like terms just as for polynomials: 


w 


l+x4+ 5x? +x +. 
x x = ex? ate 
Xr xretoxitixtt- 
173 1,4 _ 
F — 6x 6x 
x+ x? 4+ ix? =F 
Thus esinx=xtx?+4x3 4+... 
3 
(b) Using the Maclaurin series in Table 1, we have 
x? x 
sin x 3! 3! 
tan x = — 5 r 
cos x x x 
te SS 
oh] Al 
We use a procedure like long division: 
toe = ax + 
1\2 tA 133 1,5 _ 
= 5X0 EF 54x we s)ix gx + pox 
x= 5x3 + qx = 
13 145 
3% 30 * 
13 14s 
3% 6 * 
Ax? 3 
_ 13 2. 5 
Thus tanx =X + 3x7 + EX? Tees a 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


808 CHAPTER 11 Sequences, Series, and Power Series 


Although we have not attempted to justify the formal manipulations that were used in 
Example 15, they are legitimate. There is a theorem which states that if both f(x) = cnx" 
and g(x) = 2b,x" converge for |x| < R and the series are multiplied as if they were 
polynomials, then the resulting series also converges for |x| < Rand represents f(x) g(x). 
For division we require by ¥ 0; the resulting series converges for sufficiently small | x |. 


11.10 | Exercises 


Sr-o b,(x — 5)" for all x, write a formula for bs. 


1. If f(x) = 
2. The graph of f is shown. 


YA 


(a) Explain why the series 1.1 + 0.7x? + 2.2x* + ---is not 
the Maclaurin series of f. 
(b) Explain why the series 


1.6 — 0.8(x — 1) + 04% — 1)? — O.1(x — 1)? + -+- 


is not the Taylor series of f centered at 1. 
(c) Explain why the series 


2.8 + 0.5(x — 2) + 1.5(x — 2 — O.1(x — 2 + --- 
is not the Taylor series of f centered at 2. 


3. If f(0) = (n + 1)! forn = 0, 1, 2,..., find the Maclaurin 
series for f and its radius of convergence. 


4. Find the Taylor series for f centered at 4 if 


(=1)"n! 


POO = ar + 1) 


What is the radius of convergence of the Taylor series? 


5-10 Use the definition of a Taylor series to find the first four 


nonzero terms of the series for f(x) centered at the given value of a. 


1 
1L+x’ 


5. f(x) =xe*, a=0 6. f(x) = a=2 


7. fix) = ve, a=8 
9. f(x) =sinx, a= 7/6 


8 f(x) =Inx, a=1 
10. f(x) =cos*x, a=0 


11-20 Find the Maclaurin series for f(x) using the definition of a 
Maclaurin series. [Assume that f has a power series expansion. 
Do not show that R,,(x) — 0.] Also find the associated radius of 
convergence. 


11. f(x) = (1 - x)? 12. f(x) =n + x) 


13. f(x) = cos x 14. f(x) =e 
15. f(x) =2x4-3x7+3 16. f(x) = sin 3x 
17. f(x) = 2" 18, f(x) =xcosx 
19, f(x) = sinh x 20. f(x) = cosh x 


21-30 Find the Taylor series for f(x) centered at the given value 
of a. [Assume that f has a power series expansion. Do not show 
that R,,(x) — 0.] Also find the associated radius of convergence. 


21. f(x) =x° + 2x3 +x, a=2 


22. f(x) =x° —x*+2, a 2 


23. f(x) =Inx, a=2 24. f(x) =1/x, a= -3 
25. f(x) =e", a=3 26. f(x) =1/x*, a=1 
27. f(x) =sinx, a=T7 28. f(x) =cosx, a= 7/2 


29. f(x)=sin2x, a=m 30. f(x) =Vx, a= 16 


31. Prove that the series obtained in Exercise 13 represents cos x 
for all x. 


32. Prove that the series obtained in Exercise 27 represents sin x 
for all x. 


33. Prove that the series obtained in Exercise 19 represents sinh x 
for all x. 


34. Prove that the series obtained in Exercise 20 represents cosh x 
for all x. 


35-38 Use the binomial series to expand the given function as a 
power series. State the radius of convergence. 


35. Vl—-—x 36. V8 +x 


1 
38. (1 — x)*4 


37. ——, 
(2 + x)? 


39-48 Use a Maclaurin series in Table | to obtain the Maclaurin 


series for the given function. 
39. f(x) = arctan(x*) 40. f(x) = sin(ax/4) 


41. f(x) =xcos 2x 42. f(x) =e* — e* 


43. f(x) = x cos(5x’) 44, f(x) =x? In(1 + x°) 
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45. f(x) = — : 


x 


47. f(x) = sin’x [ Hint: Use sin2x = 5(1 — cos 2x), 


46. f(x) = 


x—sinx . 
ae Ee 0) 
48. f(x) = x 


if x=0 


49. Use the definitions 


e-—e° e*+e* 
cosh x = ————— 
2 2 


sinh x = 


and the Maclaurin series for e* to show that 


20 x2 
aes ee. 
eo) Se > (Qn + 1)! 
oc x2" 
(b) cosh x = >» On! 


50. Use the formula 


-1 1 La x 
tanh ‘x In 
2 1% 


and the Maclaurin series for In(1 + x) to show that 


l<x<l 


% -2n+1 


tanh!x = }} ———_ 
2 2n+1 


51-54 Find the Maclaurin series of f (by any method) and the 


associated radius of convergence. Graph f and its first few 
Taylor polynomials on the same screen. What do you notice 
about the relationship between these polynomials and f? 


51. f(x) = cos(x’) 52. f(x) =In(Q + x’) 
53. f(x) =xe* 54. f(x) = tan '(x°) 


55. Use the Maclaurin series for cos x to compute cos 5° correct 
to five decimal places. 


56. Use the Maclaurin series for e* to calculate 1/ Ve correct to 
five decimal places. 


57. (a) Use the binomial series to expand 1//1 — x?. 
(b) Use part (a) to find the Maclaurin series for sin” !x. 


58. (a) Expand 1/</1 + x as a power series. 
(b) Use part (a) to estimate 1/¥/1.1 correct to three decimal 
places. 


59-62 Evaluate the indefinite integral as an infinite series. 


59. 1+ x? dx 
Jv 


60. [ x?sin(@2?) dx 


ae | 
61. —— dx 62. { arctan(x*) dx 
x 
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63-66 Use series to approximate the definite integral to within 
the indicated accuracy. 


63. ge x*arctanx dx (four decimal places) 
64. { sin(x*) dx (four decimal places) 


65. - V1 + x4 dx (lerror| <5 x 10°) 


66. [Pend (Jerror| < 0.001) 


67-71 Use series to evaluate the limit. 


. x—In(l +x) . 1 — cosx 
67. lim —~—_—_ 68. lim ————— 
x>0 x x701+x-e’* 
_ sinx — x + 3x3 
69. lim F 
x0 x 
Jl+x -1-3 
70. lim 4 ae 
x0 i ams 
— x8 = 3x + 3tan!x 
71. lim 5 
x0 x 


72. Use the series in Example 15(b) to evaluate 


tan x — x 


lim 5 


x0 x 


We found this limit in Example 4.4.4 using 1’ Hospital’s 
Rule three times. Which method do you prefer? 


73-78 Use multiplication or division of power series to find the 
first three nonzero terms in the Maclaurin series for each function. 


73. y=e™* cosx 74. y = sec x 


75. y= 


; 76. y=e*ln(1 + x) 
sin x 


77. y = (arctan x)? 78. y =e" sin’x 


79-82 Find the function represented by the given power series. 


w xf" wo x" 
79. S(-1)" — 80. > (-1)"!— 
n=0 n! n=1 n 
cd nt cs 2n+1 
81. 1)" 82. 1)" 
> ) P1(2n + 1) 2 ) 2127 + 1)! 


83-90 Find the sum of the series. 


co (-1)" 0 (-1)"'0" 
83. a 84. ra a 
= n! > 6°"(2n)! 
oo 3" 2% 3" 
85. > (-1)"! — 86. > 
n=1 n 5" n=0 S"n! 
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ay > (yg 96. (a) Show that the function defined by 
. = 4" 10n + 1)! er 
ev if x 
In2)? (In 2)? f(x) -{ ee 
eee 0 ifx=0 
2! 3! 
9 7 81 is not equal to its Maclaurin series. 


89. 3 4 t t foes AY (b) Graph the function in part (a) and comment on its 


2! 3! 4! behavior near the origin. 
90. ! i l ! ek 97. Use the following steps to prove Theorem 17. 
122. B22" S-2? F=2? (a) Let g(x) = S%_o(*)x". Differentiate this series to show that 
one . yy kg) 
91. Show that if p is an nth-degree polynomial, then g(x) = 7 oo -l<x<l 
x 
_ oy PP) 2 
P(x + 1) = > 7 (b) Let A(x) = (1 + x) *g(x) and show that h'(x) = 0. 


(c) Deduce that g(x) = (1 + x)‘. 


92. Use the Maclaurin series for f(x) = x/(1 + x’) to find 98. In Exercise 10.2.62 it was shown that the length of the ellipse 


f°(0) ‘ 
, x =a sin@, y = b cos@, where a > b > 0, is 
93. Use the Maclaurin series for f(x) = x sin(x’) to find f°"(0). 
Ct 
94. If f(x) = (1 + x°), what is f(0)? L=4a { V1 —e?sin’6 do 


95. Prove Taylor’s Inequality for n = 2, that is, prove that if 

| f(x) | <M for |x — a| <d, then where e = «/a* — b?/a is the eccentricity of the ellipse. 
, Expand the integrand as a binomial series and use the 
result of Exercise 7.1.56 to express L as a series in powers of 


M 
RAx)} S |x - al or|x—a| =< Be : 
(x) >. d 6 
6 the eccentricity up to the term in e”. 


DISCOVERY PROJECT AN ELUSIVE LIMIT 


This project deals with the function 


sin(tan x) — tan(sin x) 


f(x) 


arcsin(arctan x) — arctan(arcsin x) 


1. Use a computer algebra system to evaluate f(x) for x = 1, 0.1, 0.01, 0.001, and 0.0001. 
(A calculator may not provide accurate values.) Does it appear that f has a limit 
asx—0? 


2. Use the CAS to graph f near x = 0. Does it appear that f has a limit as x > 0? 


3. Try to evaluate lim,— f(x) with l’Hospital’s Rule, using the CAS to find derivatives 
of the numerator and denominator. What do you discover? How many applications of 
l’Hospital’s Rule are required? 


4. Evaluate lim,—o f(x) by using the CAS to find sufficiently many terms in the Taylor series 
of the numerator and denominator. 


5. Use the limit command on the CAS to find lim, f(x) directly. (Most computer 
algebra systems use the method of Problem 4 to compute limits.) 


6. In view of the answers to Problems 4 and 5, how do you explain the results of 
Problems | and 2? 
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WRITING PROJECT | HOW NEWTON DISCOVERED THE BINOMIAL SERIES 


The Binomial Theorem, which gives the expansion of (a + b)*, was known to Chinese 
mathematicians many centuries before the time of Newton for the case where the exponent k 
is a positive integer. In 1665, when he was 22, Newton was the first to discover the infinite 
series expansion of (a + b)* when k is a fractional exponent (positive or negative). He didn’t 
publish his discovery, but he stated it and gave examples of how to use it in a letter (now 
called the epistola prior) dated June 13, 1676, that he sent to Henry Oldenburg, secretary of 
the Royal Society of London, to transmit to Leibniz. When Leibniz replied, he asked how 
Newton had discovered the binomial series. Newton wrote a second letter, the epistola 
posterior of October 24, 1676, in which he explained in great detail how he arrived at his 
discovery by a very indirect route. He was investigating the areas under the curves 
y=(1- x)" from 0 to x for n = 0, 1, 2, 3, 4,.... These are easy to calculate if is 
even. By observing patterns and interpolating, Newton was able to guess the answers for 
odd values of n. Then he realized he could get the same answers by expressing (1 — x7)" 
as an infinite series. 

Write an essay on Newton’s discovery of the binomial series. Start by giving the state- 
ment of the binomial series in Newton’s notation (see the epistola prior on page 285 of [4] 
or page 402 of [2]). Explain why Newton’s version is equivalent to Theorem 11.10.17. Then 
read Newton’s epistola posterior (page 287 in [4] or page 404 in [2]) and explain the pat- 
terns that Newton discovered in the areas under the curves y = (1 — x7)". Show how he 
was able to guess the areas under the remaining curves and how he verified his answers. 
Finally, explain how these discoveries led to the binomial series. The books by Edwards [1] 
and Katz [3] contain commentaries on Newton’s letters. 


1. C. H. Edwards, Jr., The Historical Development of the Calculus (New York: Springer- 
Verlag, 1979), pp. 178-87. 


2. Jahn Fauvel and Jeremy Gray, eds., The History of Mathematics: A Reader (Basingstoke, 
UK: MacMillan Education, 1987). 


3. Victor Katz, A History of Mathematics: An Introduction, 3rd ed. (Boston: Addison- 
Wesley, 2009), pp. 543-82. 


4. D. J. Struik, ed., A Source Book in Mathematics, 1200-1800 (Cambridge, MA: Harvard 
University Press, 1969). 


11.11 | Applications of Taylor Polynomials 


In this section we explore two types of applications of Taylor polynomials. First we look 
at how they are used to approximate functions—computer scientists employ them 
because polynomials are the simplest of functions. Then we investigate how physicists 
and engineers use them in such fields as relativity, optics, blackbody radiation, electric 
dipoles, the velocity of water waves, and building highways across a desert. 


® Approximating Functions by Polynomials 


Suppose that f(x) is equal to the sum of its Taylor series at a: 


00 (n) 
fa) = > HP & - a" 


n=0 
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In Section 11.10 we introduced the notation 7,,(x) for the nth partial sum of this series 
and called it the nth-degree Taylor polynomial of f at a. Thus 


n (i) 
12) = TP (way 
“a "aq (n) 
= f(a) + fe (x — a) + i ) (x — a? tere + LO ig - a)" 


Since f is the sum of its Taylor series, we know that T,(x) — f(x) as n ~ ~ and so T,, 
can be used as an approximation to f: f(x) ~ T,(x). 
Notice that the first-degree Taylor polynomial 


T(x) = fla) + fax — a) 


is the same as the linearization of f at a that we discussed in Section 3.10. Notice also 
that 7; and its derivative have the same values at a that f and f’ have. In general, it can 
be shown that the derivatives of T,, at a agree with those of f up to and including deriva- 
tives of order n. 
> To illustrate these ideas let’s take another look at the graphs of y = e* and its first 
few Taylor polynomials, as shown in Figure 1. The graph of 7; is the tangent line to 
y = e* at (0, 1); this tangent line is the best linear approximation to e* near (0, 1). The 
graph of T> is the parabola y = 1 + x + x/2, and the graph of 7; is the cubic curve 
FIGURE 1 y=1+.x 4+ x?/2 + x°/6, which is a closer fit to the exponential curve y = e* than 7». 
The next Taylor polynomial 7; would be an even better approximation, and so on. 

The values in the table give a numerical demonstration of the convergence of the Tay- 
v= 02 = 30 lor polynomials T,,(x) to the function y = e*. We see that when x = 0.2 the convergence 
is very rapid, but when x = 3 it is somewhat slower. In fact, the farther x is from 0, the 
more slowly T,(x) converges to e*. 

When using a Taylor polynomial 7, to approximate a function f, we have to ask the 
questions: How good an approximation is it? How large should we take n to be in order 
to achieve a desired accuracy? To answer these questions we need to look at the absolute 
value of the remainder: 


T(x) 1.220000 | 8.500000 
T(x) 1.221400 | 16.375000 
T(x) 1.221403 | 19.412500 
T(x) 1.221403 | 20.009152 
Tio(x) | 1.221403 | 20.079665 


e* 1.221403 20.085537 


| R(x) | = | f(x) ~ T(x) | 


There are three possible methods for estimating the size of the error: 


1. We can use a calculator or computer to graph | R,(x) | = | f(x) — T,(x) | and 
thereby estimate the error. 


2. If the series happens to be an alternating series, we can use the Alternating Series 
Estimation Theorem. 


3. In all cases we can use Taylor’s Inequality (Theorem 11.10.9), which says that if 
| f°"? (x) | < M, then 


_M 
G+ i Ix 


| Ru(x) | < 


aa 


EXAMPLE 1 


(a) Approximate the function f(x) = Res by a Taylor polynomial of degree 2 at a = 8. 
(b) How accurate is this approximation when 7 S x S 9? 
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FIGURE 2 


0.0003 


7 


0 


FIGURE 3 
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SOLUTION 
(a) f(x) = Ye = x'? f8) = 


fia) = 5x? f'8) = 13 
f(a) = —9x 58 f"(8) = waa 
fra) = x8 

Thus the second-degree Taylor polynomial is 


f'(8) f"(8) 
Ti aa ey 


=2+h( 8) aay (X 8) 


T(x) = f(8) + 


(x — 8) 


The desired approximation is 


x =~ T(x) =2+ 5 (x 8) xag (X 8)? 


(b) The Taylor series is not alternating when x < 8, so we can’t use the Alternating 
Series Estimation Theorem in this example. But we can use Taylor’s Inequality with 
n=2anda=8: 


M 
[Ra(x) |< Sx — 8° 


where | f(x) | < M. Because x > 7, we have x*/? = 7° and so 


10 1 _ 10 
7 x83 O07 78 


f"x) = < 0.0021 


Therefore we can take M = 0.0021. Also7 =x <9,so -—1 Sx — 8 1 and 
|x — 8| < 1. Then Taylor’s Inequality gives 
0.0021 p= 0.0021 


| Ro(x)| S 31 


< 0.0004 
Thus, if 7 < x < 9, the approximation in part (a) is accurate to within 0.0004. a 


Let’s check the calculation in Example | graphically. Figure 2 shows that the graphs 
of y = </x and y = T;(x) are very close to each other when x is near 8. Figure 3 shows 
the graph of | Ro(x) | computed from the expression 


| Ra) | = | — Tox) | 


We see from the graph that 
| Ro(x) | < 0.0003 


when 7 < x < 9. Thus the error estimate from graphical methods is slightly better than 
the error estimate from Taylor’s Inequality in this case. 


EXAMPLE 2 
(a) What is the maximum error possible in using the approximation 
Ho KP 
sin x = x — — + — 
3! 5! 


when —0.3 S x < 0.3? Use this approximation to find sin 12° correct to six decimal 
places. 
(b) For what values of x is this approximation accurate to within 0.00005? 
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SOLUTION 
(a) Notice that the Maclaurin series 


x 
sin x =x ot: af sh Sok 
3! oS! 7 


is alternating for all nonzero values of x, and the successive terms decrease in size 


because | x | < 1, so we can use the Alternating Series Estimation Theorem. The error 
in approximating sin x by the first three terms of its Maclaurin series is at most 


x! 


7! 


|x| 


~ 5040 


If —0.3 < x < 0.3, then |x| < 0.3, so the error is smaller than 


(0.3)’ 


=~43 x 10% 
5040 


To find sin 12° we first convert to radian measure: 


. _ [120 : 7 
sin 12° = sin = sin 
( 180 ( 15 


we ™)1 (7) x o20701160 
15 15) 3! 15) 5! 


Thus, correct to six decimal places, sin 12° ~ 0.207912. 
(b) The error will be smaller than 0.00005 if 


[z|’ 


5040 


< 0.00005 


43x 10° 


Solving this inequality for x, we get 


|x|?< 0.252 or = |x| < (0.252)! = 0.821 


So the given approximation is accurate to within 0.00005 when |x| < 0.82. | 
03 What if we use Taylor’s Inequality to solve Example 2? Since f‘(x) = —cos x, we 
have | f‘?(x)| < 1 and so 
1 
FIGURE 4 | Rox) | < 5-2 
0.00006 


So we get the same estimates as with the Alternating Series Estimation Theorem. 
What about graphical methods? Figure 4 shows the graph of 


| Re(x) | = | sin x (x rad + oat || 


and we see from it that | Re(x) | < 4.3 X 10-8 when |x| < 0.3. This is the same estimate 
that we obtained in Example 2. For part (b) we want | Re(x) | < 0.00005, so we graph 
both y = | Ro(x)| and y = 0.00005 in Figure 5. From the coordinates of the right inter- 
section point we find that the inequality is satisfied when |x| < 0.82. Again this is the 
FIGURE 5 same estimate that we obtained in the solution to Example 2. 
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If we had been asked to approximate sin 72° instead of sin 12° in Example 2, it would 
have been wise to use the Taylor polynomials at a = 77/3 (instead of a = 0) because 
they are better approximations to sin x for values of x close to 77/3. Notice that 72° is 
close to 60° (or 77/3 radians) and the derivatives of sin x are easy to compute at 77/3. 

Figure 6 shows the graphs of the Maclaurin polynomial approximations 


3 


Ti(x) =x T3(x) = x — a 
x x x? x x! 
Px) =*— ar + oy TAX) = — apt ep ay 


to the sine curve. You can see that as n increases, T,,(x) is a good approximation to sin x 
on a larger and larger interval. 


T, 


FIGURE 6 


One use of the type of calculation done in Examples | and 2 occurs in calculators and 
computers. For instance, when you press the sin or e* key on your calculator, or when a 
computer programmer uses a subroutine for a trigonometric or exponential or Bessel 
function, in many machines a polynomial approximation is calculated. The polynomial 
is often a Taylor polynomial that has been modified so that the error is spread more 
evenly throughout an interval. 


BH Applications to Physics 


Taylor polynomials are also used frequently in physics. In order to gain insight into an 
equation, a physicist often simplifies a function by considering only the first two or three 
terms in its Taylor series. In other words, the physicist uses a Taylor polynomial as an 
approximation to the function. Taylor’s Inequality can then be used to gauge the accu- 
racy of the approximation. The following example shows one way in which this idea is 
used in special relativity. 


EXAMPLE 3 In Einstein’s theory of special relativity the mass m of an object moving 
with velocity v is 
mo 


V1 — v?/c? 


where mp is the mass of the object when at rest and c is the speed of light. The kinetic 
energy k of the object is the difference between its total energy and its energy at rest: 


m= 


K = mc? — moc? 


(a) Show that when v is very small compared with c, this expression for K agrees 
with classical Newtonian physics: K = $mov?. 
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(b) Use Taylor’s Inequality to estimate the difference in these expressions for K 
when |v| < 100 m/s. 


SOLUTION 
(a) Using the expressions given for K and m, we get 


2 2\-1/2 
moc v 
K = mc? — mc? = i 2 Te noc! = me (1 _ =) = | 
afl Sor yer c 


The upper curve in Figure 7 is the With x = —v’/c?, the Maclaurin series for (1 + x)~”? is most easily computed as a 
graph of the expression for the kinetic | binomial series with k = —}. (Notice that |x| < 1 because v < c.) Therefore we have 
energy K of an object with velocity v 

in special relativity. The lower curve 

shows the function used for K in clas- -1/2 


l+x?=1-5x4 + + 
sical Newtonian physics. When v is ( ») 2% 2) - 3! ” 
much smaller than the speed of light, 
the curves are practically identical. =|- tx 4 3x? = ax Ue rene 

KA 
d K 2 pe ee 1 
an = Moc” 5 ; eee — 
: 2c 8ct 16 ¢9 


If v is much smaller than c, then all terms after the first are very small when compared 
with the first term. If we omit them, we get 


K 1 2 1 2 
= moc’| ——] =5smov 
FIGURE 7 mG ey ee 


(b) If x = —v7/c?, f(x) = moc?[(1 + x)~'/? — 1], and M is a number such that 
| f"(x) | < M, then we can use Taylor’s Inequality to write 


We have f"(x) = 3moc?(1 + x)~*” and we are given that |v| < 100 m/s, so 


3moc? 3moc? 


A(L — v2/c?)3?2 > 4(1 — 1002/c?)9” 


| f"G) | = (=M) 


Thus, with c = 3 X 10° m/s, 


1 3moc* 100* 
2 41 — 1007/c?)? ct 


|Ri(x)| < < (4.17 X 107!) 


So when |v| < 100 m/s, the magnitude of the error in using the Newtonian expression 
for kinetic energy is at most (4.2 X 10° '°)mo. a 
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Another application to physics occurs in optics. Figure 8 depicts a wave from the 
point source S meeting a spherical interface of radius R centered at C. The ray SA is 
refracted toward P. 


n n y 
FIGURE 8 . gf 


Refraction at a spherical interface — 


Using Fermat’s principle that light travels so as to minimize the time taken, one can 
derive the equation 


7 n\ . ny 1 [ ms; N1So 
£, £; R ¢; £, 


where 7 and nz are indexes of refraction and €,, €;, 5, and s; are the distances indicated 
in Figure 8. By the Law of Cosines, applied to triangles ACS and ACP, we have 


— /p2 i 
Here we use the identity [2] fo = VR? + (s, + R)’ — 2R(s. + R) cos 


cos( — 6) = —cos @ €; = JR? + (s; — R)? + 2R(s; — R) cos bd 


Because Equation | is cumbersome to work with, Gauss, in 1841, simplified it by using 
the linear approximation cos @ ~ | for small values of @. (This amounts to using the 
Taylor polynomial of degree 1.) Then Equation | becomes the following simpler equa- 
tion [as you are asked to show in Exercise 34(a)]: 


n\ 2 
+ — 


The resulting optical theory is known as Gaussian optics, or first-order optics, and has 
become the basic theoretical tool used to design lenses. 

A more accurate theory is obtained by approximating cos ¢ by its Taylor polynomial 
of degree 3 (which is the same as the Taylor polynomial of degree 2). This takes into 
account rays for which @ is not so small, that is, rays that strike the surface at greater 
distances h above the axis. In Exercise 34(b) you are asked to use this approximation to 
derive the more accurate equation 


ny No Ny — ny 5| ™ 1 1 \? nm [ 1 1 \? 
[4] += +h + 
So Si R 250 \So  R 25: \R Si 
The resulting optical theory is known as third-order optics. 


Other applications of Taylor polynomials to physics and engineering are explored in 
Exercises 32, 33, 35, 36, 37, and 38, and in the Applied Project following this section. 
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11.11 | Exercises 


1. (a) Find the Taylor polynomials up to degree 5 for 
f(x) = sin x centered at a = 0. Graph f and these 
polynomials on a common screen. 

(b) Evaluate f and these polynomials at x = 7/4, 7/2, 
and 7. 


(c) Comment on how the Taylor polynomials converge 


to f(x). 


2. (a) Find the Taylor polynomials up to degree 3 for 
f(x) = tan x centered at a = 0. Graph f and these 
polynomials on a common screen. 

(b) Evaluate f and these polynomials at x = 7/6, 7/4, 
and 7/3. 
(c) Comment on how the Taylor polynomials converge 


to f(x). 
3-10 Find the Taylor polynomial 7;(x) for the function f 


23. 


24. 


25. 


26. 


Use the information from Exercise 5 to estimate cos 80° 
correct to five decimal places. 


Use the information from Exercise 16 to estimate sin 38° 
correct to five decimal places. 


Use Taylor’s Inequality to determine the number of terms of 
the Maclaurin series for e* that should be used to estimate 
e°' to within 0.00001. 


How many terms of the Maclaurin series for In(1_ + x) do 
you need to use to estimate In 1.4 to within 0.001? 


FS 27-29 Use the Alternating Series Estimation Theorem or 


Taylor’s Inequality to estimate the range of values of x for which 
the given approximation is accurate to within the stated error. 
Check your answer graphically. 


x3 


centered at the number a. Graph f and 7; on the same screen. 27. sinx ~ x — = (| error| < 0.01) 
3. f(x) =e*, a=1 4. f(x) =sinx, a= 7/6 2 xt 
5. f(x) =cosx, a=a/2 6. f(x) =e"sinx, a=0 28. cos x ~ 1 — rt + mA (| error | < 0.005) 
7. f(x) =Inx, a=1 8. f(x) =xcosx, a=0 xe 49 
ae _ 29. arctan x = x — — + — (| error| < 0.05) 
9. f(x) =xe*", a=0 10. f(x) =tan'x, a=1 3 5 
11-12 Use a computer algebra system to find the Taylor poly- 30. Suppose you know that 


nomials 7, centered at a for n = 2, 3, 4, 5. Then graph these 
polynomials and f on the same screen. 


11. f(x) =cotx, a= 7/4 


12. f(x) = V1 + x2, a=0 


13-22 
(a) Approximate f by a Taylor polynomial with degree n at the 
number a. 
(b) Use Taylor’s Inequality to estimate the accuracy of the approx- 
imation f(x) ~ T,(x) when x lies in the given interval. 
FS (c) Check your result in part (b) by graphing | R,,(x) |. 


13. f(x) =1/x, a=1, n=2, 075x513 
14. fix) =x 7, a=4, n=2, 35<x<45 


15. f(x) =x", a=1, n=3, 08 <x<12 

16. f(x) =sinx, a=7/6, n=4, 0Sx< 7/3 

17. f(x) =secx, a=0, n=2, —-0.2<x<0.2 
18. f(x) =In(. + 2x), a=1, n=3, 055x115 
19. f(x) =e", a=0, n=3 
20. f(x) =xInx, a=1, n=3, 055x515 


° 
In 
4 

IN 
° 


21. f(x) =xsinx, a=0, n=4, -1<x<1 


22. f(x) =sinh2x, a=0, n=5, -l<x<1 


31. 


32. 


(—1)"n! 


IO = 3 +1) 


and the Taylor series of f centered at 4 converges to f(x) 
for all x in the interval of convergence. Show that the fifth- 
degree Taylor polynomial approximates f(5) with error less 
than 0.0002. 


A car is moving with speed 20 m/s and acceleration 

2 m/s’ at a given instant. Using a second-degree Taylor 
polynomial, estimate how far the car moves in the next sec- 
ond. Would it be reasonable to use this polynomial to esti- 
mate the distance traveled during the next minute? 


The resistivity p of a conducting wire is the reciprocal of the 
conductivity and is measured in units of ohm-meters ((Q-m). 
The resistivity of a given metal depends on the temperature 
according to the equation 


p(t) = poet?) 

where f is the temperature in °C. There are tables that list 

the values of a@ (called the temperature coefficient) and p29 

(the resistivity at 20°C) for various metals. Except at very 

low temperatures, the resistivity varies almost linearly with 

temperature and so it is common to approximate the expres- 

sion for p(t) by its first- or second-degree Taylor polynomial 

att = 20. 

(a) Find expressions for these linear and quadratic 
approximations. 
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am (b) For copper, the tables give a = 0.0039/°C and 


po = 1.7 X 10-8 O-m. Graph the resistivity of copper 
and the linear and quadratic approximations for 
—250°C = t < 1000°C. 


A (c) For what values of ¢ does the linear approximation agree 


with the exponential expression to within one percent? 


33. An electric dipole consists of two electric charges of equal 
magnitude and opposite sign. If the charges are gq and —q 
and are located at a distance d from each other, then the 
electric field E at the point P in the figure is 


By expanding this expression for E as a series in powers of 
d/D, show that E is approximately proportional to 1/D* 
when P is far away from the dipole. 


q -4q 
P ————— eee ee ° 
Is D —— d—| 


34. (a) Derive Equation 3 for Gaussian optics from Equation 1 
by approximating cos @ in Equation 2 by its first-degree 
Taylor polynomial. 

(b) Show that if cos ¢ is replaced by its third-degree Taylor 
polynomial in Equation 2, then Equation | becomes 
Equation 4 for third-order optics. [Hint: Use the first 
two terms in the binomial series for €;! and €;!. Also, 


use @ ~ sin d.] 
35. If a water wave with length L moves with velocity v across a 
body of water with depth d, as shown in the figure, then 
> gb 2ard 


tanh 
20 L 


(a) If the water is deep, show that v ~ /gL/(27). 

(b) If the water is shallow, use the Maclaurin series for 
tanh to show that v ~ ¥/ gd. . (Thus in shallow water 
the velocity of a wave tends to be independent of the 
length of the wave.) 

(c) Use the Alternating Series Estimation Theorem to show 
that if L > 10d, then the estimate v* ~ gd is accurate to 
within 0.014gL. 


Vv 


-&——_,, 


36. A uniformly charged disk has radius R and surface charge 
density o as in the figure. The electric potential V at a point 
P at a distance d along the perpendicular central axis of the 
disk is 


V = 2k.o(VJd? + R? — d) 


SECTION 11.11 Applications of Taylor Polynomials 819 


where k, is a constant (called Coulomb’s constant). Show that 


k.R? 
Vz a for large d 


°P 


37. If a surveyor measures differences in elevation when mak- 
ing plans for a highway across a desert, corrections must be 
made for the curvature of the earth. 

(a) If R is the radius of the earth and L is the length of the 
highway, show that the correction is 


C=R sec(L/R) — R 


(b) Use a Taylor polynomial to show that 


(c) Compare the corrections given by the formulas in 
parts (a) and (b) for a highway that is 100 km long. 
(Take the radius of the earth to be 6370 km.) 


38. The period of a pendulum with length L that makes a maxi- 
mum angle 4 with the vertical is 


past \ bad 
9 JO /1 — k* sin2x 


where k = sin(+0o) and g is the acceleration due to gravity. 

(In Exercise 7.7.42 we approximated this integral using 

Simpson’s Rule.) 

(a) Expand the integrand as a binomial series and use the 
result of Exercise 7.1.56 to show that 


ia ik 23 123252 
ra ae] l+ sR + a5 ht aa kot 
F 2 re PAG? 


If 0 is not too large, the approximation T ~ 2nJ/L/q, 
obtained by using only the first term in the series, is 
often used. A better approximation is obtained by using 
two terms: 


T= amy Et + 7k?) 
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Sequences, Series, and Power Series 


(b) Notice that all the terms in the series after the first one 
have coefficients that are at most }. Use this fact to 


tial approximation x; we obtained successive approximations 


X2, X3,..., where 


compare this series with a geometric series and show _ f (Xn) 
that Xnt1 = Xn fan) 
a Re a 4 — 3k? Use Taylor's Inequality with n = la=xX, and x =rto 
27 \/— (1 + ik?) <T<27 Fha ae show that if f(x) exists on an interval J containing r, x, and 
g g xyst, and | f"(x)| <M, | f'(x)| = K for all x © J, then 
(c) Use the inequalities in part (b) to estimate the period of M ; 
* — SS ee 
a pendulum with L = | meter and 6) = 10°. How does Xn — | S 2K |*" r| 


it compare with the estimate T ~ 27./L/g? What if 
6) = 42°? [This means that if x, is accurate to d decimal places, then 

Xn+1 18 accurate to about 2d decimal places. More precisely, 
if the error at stage n is at most 10~”, then the error at stage 


n + 1 is at most (M/2K)10-2”".] 


39. In Section 4.8 we considered Newton’s method for approxi- 
mating a solution r of the equation f(x) = 0, and from an ini- 


RADIATION FROM THE STARS 


APPLIED PROJECT 


Any object emits radiation when heated. A blackbody is a system that absorbs all the radiation 
that falls on it. For instance, a matte black surface or a large cavity with a small hole in its wall 
(like a blast furnace) is a blackbody and emits blackbody radiation. Even the radiation from 
the sun is close to being blackbody radiation. 

Proposed in the late 19th century, the Rayleigh-Jeans Law expresses the energy density of 
blackbody radiation of wavelength A as 


8arkT 
Ne 


fA) = 


where A is measured in meters, 7 is the temperature in kelvins (K), and k is Boltzmann’s con- 
stant. The Rayleigh-Jeans Law agrees with experimental measurements for long wavelengths 
but disagrees drastically for short wavelengths. [The law predicts that f(A) — 2% as A — 0* 
but experiments have shown that f(A) — 0.] This fact is known as the ultraviolet catastrophe. 

In 1900 Max Planck found a better model (known now as Planck’s Law) for blackbody 
radiation: 


Luke Dodd / SCIENCE PHOTO LIBRARY / Getty Images 


8ahcA> 


FQ) = eiclAkT) — 4 


where A is measured in meters, 7 is the temperature (in kelvins), and 
h = Planck’s constant = 6.6262 x 10°“ J-s 


c = speed of light = 2.997925 x 10° m/s 


k = Boltzmann’s constant = 1.3807 X 10°*J/K 
1. Use l’Hospital’s Rule to show that 


tim, fa) =0 and Jim fa) =0 


for Planck’s Law. So this law models blackbody radiation better than the Rayleigh-Jeans 
Law for short wavelengths. 
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Use a Taylor polynomial to show that, for large wavelengths, Planck’s Law gives approxi- 
mately the same values as the Rayleigh-Jeans Law. 


FS 3. Graph f as given by both laws on the same screen and comment on the similarities and dif- 
ferences. Use T = 5700 K (the temperature of the sun). (You may want to change from 
meters to the more convenient unit of micrometers: 1 1m = 10 ° m.) 


4. Use your graph in Problem 3 to estimate the value of A for which f(A) is a maximum 
under Planck’s Law. 


FS 5. Investigate how the graph of f changes as T varies. (Use Planck’s Law.) In particular, 
graph f for the stars Betelgeuse (T = 3400 K), Procyon (T = 6400 K), and Sirius 

(T = 9200 K), as well as the sun. How does the total radiation emitted (the area under 
the curve) vary with T? Use the graph to comment on why Sirius is known as a blue star 
and Betelgeuse as a red star. 


GE review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a convergent sequence? (b) Ifa series is convergent by the Direct Comparison Test, 


(b) What is a convergent series? 
(c) What does lim,,—... a, = 3 mean? 
(d) What does >7~; a, = 3 mean? 


2. (a) What is a bounded sequence? 
(b) What is a monotonic sequence? 
(c) What can you say about a bounded monotonic sequence? 


3. (a) What is a geometric series? Under what circumstances is 
it convergent? What is its sum? 
(b) What is a p-series? Under what circumstances is it 
convergent? 


4. Suppose > a, = 3 and s, is the nth partial sum of the series. 
What is lim,,—... a@,? What is lim, S,,? 


5. State the following. 
(a) The Test for Divergence 
(b) The Integral Test 
(c) The Direct Comparison Test 
(d) The Limit Comparison Test 
(e) The Alternating Series Test 
(f) The Ratio Test 
(g) The Root Test 


6. (a) What is an absolutely convergent series? 
(b) What can you say about such a series? 
(c) What is a conditionally convergent series? 


7. (a) Ifaseries is convergent by the Integral Test, how do you 
estimate its sum? 


10. 


11. 


12. 


how do you estimate its sum? 
(c) Ifa series is convergent by the Alternating Series Test, 
how do you estimate its sum? 


. (a) Write the general form of a power series. 


(b) What is the radius of convergence of a power series? 
(c) What is the interval of convergence of a power series? 


. Suppose f(x) is the sum of a power series with radius of 


convergence R. 

(a) How do you differentiate f? What is the radius of 
convergence of the series for f’? 

(b) How do you integrate f? What is the radius of conver- 
gence of the series for | f(x) dx? 


(a) Write an expression for the nth-degree Taylor polynomial 
of f centered at a. 

(b) Write an expression for the Taylor series of f centered at a. 

(c) Write an expression for the Maclaurin series of f. 

(d) How do you show that f(x) is equal to the sum of its 
Taylor series? 

(e) State Taylor’s Inequality. 


Write the Maclaurin series and the interval of convergence for 
each of the following functions. 
(a) 1/(1 — x) (b) e* 


(d) cos x (e) tan”!x 


(c) sin x 
(f) In(1 + x) 


Write the binomial series expansion of (1 + x)*. What is the 
radius of convergence of this series? 
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TRUE-FALSE QUIZ 


Determine whether the statement is true or false. If it is true, 11. If —1 <a < 1, then lim,...a” = 0. 
explain why. If it is false, explain why or give an example that 


; 12. If Sa, is divergent, then >| a,,| is divergent. 
disproves the statement. 


13. If f(x) = 2x — x? + ¢x° — --- converges for all x, 


1. If lim,—. a, = 0, then >a, is convergent. then f”"(0) = 2. 


sin | + 


2. The series 2-11 IS DONN EES, 14. If {a,} and {b,} are divergent, then {a, + b,} is divergent. 
3. If lim,» an = L, then limy— don+1 = L. 15. If {a,} and {b,} are divergent, then {a,b,} is divergent. 
4. If Xc,6" is convergent, then  c,(—2)" is convergent. 16. If {a,}is decreasing and a, > 0 for all n, then {a,,} is 
5. If }c,6" is convergent, then »c,(—6)" is convergent. convergent. 
6. If }c,x" diverges when x = 6, then it diverges when x = 10. 17. Ifa, > 0 and Xa, converges, then = (—1)"a, converges. 
7. The Ratio Test can be used to determine whether > 1/n* 18. If a, > O and limy—+ (@n+i/dn) < 1, then lim, 2 dn = 0. 
converges. 19. 0.99999... = 
8. The Ratio Test can be used to determine whether > 1/n! 20. If lim a, = 2, then lim (an+3 — an) = 0. 
converges. an n>% 
21. Ifa finite number of terms are added to a convergent series, 
9. If0 <a, < b, and Xb, diverges, then Xa, diverges. then the new series is still convergent. 
oo (- 1)" 1 2 x Ea 
10. > =— 22. If } a, = Aand > b, = B, then >) a,b, = AB 
n=0 e n=1 n=1 n=1 
EXERCISES 
1-8 Determine whether the sequence is convergent or divergent. x 1 % n 
If it is convergent, find its limit. 5 16. > In pari | 
= n/Inn n=l n 
, 2 ae n . grt 
:¢ FS : a= oo 90 2n 
"1+ 2n3 "10" cos 3n 
17. 18. Se 
TaD 1 + (1.2)" > (1 + 2n?)" 
3 ua 4 (nzr/2) 
2 An = 7 © Ayn = COS\NT - 
1+n 1°-3°5 (2n — 1) 
192. > 
. n=1 5S"n! 
P ji ee 6 ga 
° n n 4 1 e n ain “ - Pe 
20. > | . 7 
7. {1 + 3/n)*"} 8. {(—10)"/n!} ae 
21 > (-1)""! vn 
9A seas is defined recursively by the equations a; = 1, ert nt+1 
Gn+1 = (a, + 4). Show that {a,,} is increasing and a, < 2 
for all n. Deduce that {a,} is convergent and find its limit. +5 58 +1-— —_ n—-1 
F¥ 10. Show that lim, —.n*e~" = O and use a graph to find the a 2, 
smallest value of NV chat corresponds to ¢ = 0.1 in the pre- 
cise definition of a limit. 23-26 Determine whether the series is absolutely conver- 
gent, conditionally convergent, or divergent. 
11-22 Determine whether the series is convergent or divergent. & 7 
E i gh 23. S (-1)"'n 8 24. > (-1)"'nF 
nw. >= 2,5 = = 
n=1 ns +1 n=1 n +1] 
= (1a + 13" S (=)"vn 
a = (-1)" 25. aT 26. > ———-—_ 
13. = 14. nl 2 > Inn 


n Ss 
5" n=l /n + 1 
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27-31 Find the sum of the series. 


29. > [tan '(n + 1) — tan 'n] 


n=1 


= (-1)"a" 
30. 
= Omi 3?"(2n)! 
2 3 e! 
31. 1 -—e¢4 + 
2! 3! 4! 


32. Express the repeating decimal 4.17326326326...asa 
fraction. 


33. Show that cosh x > 1 + 5x? for all x. 


34. For what values of x does the series };-; (In x)” converge? 


35. Find the sum of the series 


 (-1)"! 


> ( 
n=! 
correct to four decimal places. 


36. (a) Find the partial sum 55 of the series D7; 1/ n° and esti- 
mate the error in using it as an approximation to the sum 
of the series. 

(b) Find the sum of this series correct to five decimal places. 


37. Use the sum of the first eight terms to approximate the sum of 


the series }7_, (2 + 5”)7!. Estimate the error involved in this 
approximation. 


n" 


38. (a) Show that the series > Qn)! 
n=1 


n 


is convergent. 


(b) Deduce that jim On r 


39. Prove that if the series >;=| a, is absolutely convergent, then 


the series 
J f(nt+l 
3 (22 )q 
am n 


is also absolutely convergent. 


40-43 Find the radius of convergence and interval of conver- 
gence of the series. 


x" (xt 2)" 
40. 1)" 
> (— ) n?5" a >a n4" 
D(x 7 2)" oo 2"(x — 3)" 
42. Fae 43. ————- 
2 (n + 2)! > Jn+3 
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44. Find the radius of convergence of the series 


(2n)! 
(n!)’ 


x” 


= 
45. Find the Taylor series of f(x) = sin x ata = 77/6. 


46. Find the Taylor series of f(x) = cos x ata = 77/3. 


47-54 Find the Maclaurin series for f and the associated radius 
of convergence. You may use either the direct method (definition 
of a Maclaurin series) or the Maclaurin series listed in Table 
11.10.1. 


47. f(x) = 48. f(x) = tan '(x?) 


Xx. 
49. f(x) = In(4 — x) 50. f(x) =xe™ 
51. f(x) = sin(x*) 


53. f(x) = 1/4/16 — x 


54. f(x) = (1 — 3x)? 


52. f(x) = 10" 


e 


e : 5 : 
55. Evaluate 1 — dx as an infinite series. 
x 


56. Use series to approximate ig V1 + x* dx correct to two 
decimal places. 


57-58 

(a) Approximate f by a Taylor polynomial with degree n at 
the number a. 

(b) Graph f and T,, on a common screen. 

(c) Use Taylor’s Inequality to estimate the accuracy of the 
approximation f(x) ~ T,,(x) when x lies in the given 
interval. 


FS (d) Check your result in part (c) by graphing | Ri (x) |. 


57. f(x) = Vx, a=1, n=3, 09<x<11 


58. f(x) =secx, a=0, n=2, 0Xx<7/6 


59. Use series to evaluate the following limit. 


60. The force due to gravity on an object with mass m at a 
height h above the surface of the earth is 


mgR? 


F=R + bp 
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824 CHAPTER 11 Sequences, Series, and Power Series 


where R is the radius of the earth and g is the acceleration 61. Suppose that f(x) = Sy cnx" for all x. 
due to gravity for an object on the surface of the earth. (a) If f is an odd function, show that 
(a) Express F as a series in powers of h/R. 

am (b) Observe that if we approximate F by the first term Co 2 = ce = = 0 


in the series, we get the expression F ~ mg that is 
usually used when h is much smaller than R. Use the 
Alternating Series Estimation Theorem to estimate the a=3=c¢=::-=0 
range of values of h for which the approximation 


(b) If f is an even function, show that 


F ~ mg is accurate to within one percent. (Use 62. If f(x) = 2”. show that £20) = (2n)!_ 
R = 6400 km.) ; : n! 
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Problems Plus 


Before you look at the solution of the 
example, cover it up and first try to 
solve the problem yourself. 


Problems 


oo ab n 
EXAMPLE Find the sum of the series 2 cet 


SOLUTION The problem-solving principle that is relevant here is recognizing some- 
thing familiar. Does the given series look anything like a series that we already know? 
Well, it does have some ingredients in common with the Maclaurin series for the 
exponential function: 

n 2 3 


rey ag 
oe i are 


We can make this series look more like our given series by replacing x by x + 2: 


= (ear 2)" ay a 2)? 
(May SO p42 Gee Lae ae 
no =o! 2! 3! 


But here the exponent in the numerator matches the number in the denominator whose 
factorial is taken. To make that happen in the given series, let’s multiply and divide by 
(x + 2): 

(x + 2)" 1 2 (x + 2)"*? 


z = 


o(n +3)! (x+2)? Sp (n+ 3)! 


(x+2% | @+9S + | 


=e | 3! 4! 


We see that the series between brackets is just the series for e*** with the first three 
terms missing. So 


= (a 2)" (x + 2) 
ely er? =1— gar 2) = E 
2 Gta (n + 3)! a ) ( ) 2! 
1. (a) Show that tan $x = cot $x — 2cotx. 
(b) Find the sum of the series 
Sh? 
ca anon 
2. Let {P,,} be a sequence of points determined as in the figure. Thus| AP; | = 1, 
| P,Pn+i| = 2”"', and angle AP, P,,+1 is a right angle. Find lim,—... 2 Pn AP, +1. 
hoa op, 
2 
P, 
8 il 
AP, 
Ps 
825 
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3. 


rare 


FIGURE FOR PROBLEM 3 


a 


See Principles of Problem Solving 
following Chapter 1. 


826 


To construct the snowflake curve, start with an equilateral triangle with sides of length 1. 
Step 1 in the construction is to divide each side into three equal parts, construct an equi- 
lateral triangle on the middle part, and then delete the middle part (see the figure). Step 2 
is to repeat step 1 for each side of the resulting polygon. This process is repeated at each 
succeeding step. The snowflake curve is the curve that results from repeating this process 
indefinitely. 

(a) Let s,, /,, and p, represent the number of sides, the length of a side, and the total length 
of the nth approximating curve (the curve obtained after step n of the construction), 
respectively. Find formulas for s,, /,, and py. 

(b) Show that p, > ®asn— ™, 

(c) Sum an infinite series to find the area enclosed by the snowflake curve. 


Note: Parts (b) and (c) show that the snowflake curve is infinitely long but encloses only a 
finite area. 


Find the sum of the series 


where the terms are the reciprocals of the positive integers whose only prime factors are 2s 
and 3s. 


(a) Show that for xy # —1, 


eater 4 
1+ xy 


arctan x — arctan y = arctan 


if the left side lies between —7/2 and 7/2. 
(b) Show that arctan ie — arctan a0 = 71/4. 
(c) Deduce the following formula of John Machin (1680-1751): 


1 1 a 
4 arctan 5 — arctan 335 = a 


(d) Use the Maclaurin series for arctan to show that 
0.1973955597 < arctan $ < 0.1973955616 


(e) Show that 
0.004184075 < arctan 8 < 0.004184077 


(f) Deduce that, correct to seven decimal places, 7 ~ 3.1415927. 


Machin used this method in 1706 to find 7 correct to 100 decimal places. Recently, with 
the aid of computers, the value of 7 has been computed to increasingly greater accuracy, 
well into the trillions of decimal places. 


(a) Prove a formula similar to the one in Problem 5(a) but involving arccot instead of 
arctan. 
(b) Find the sum of the series ©» arccot(n” + n + 1). 


Use the result of Problem 5(a) to find the sum of the series 7, arctan(2/n”). 


If do + a) + a2 + +++ + ay = O, show that 


lim (avn + ayn +1 +a n+2t+-:+aVyn+k)=0 


If you don’t see how to prove this, try the problem-solving strategy of using analogy. Try the 
special cases k = | and k = 2 first. If you can see how to prove the assertion for these cases, 
then you will probably see how to prove it in general. 
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FIGURE FOR PROBLEM 10 


FIGURE FOR PROBLEM 13 


FIGURE FOR PROBLEM 16 


9. Find the interval of convergence of D7; nx" and find its sum. 


10. Suppose you have a large supply of books, all the same size, and you stack them at the edge 


11 


12 


13. 


14 


15 


16 


17 


18 


of a table, with each book extending farther beyond the edge of the table than the one 
beneath it. Show that it is possible to do this so that the top book extends entirely beyond 
the table. In fact, show that the top book can extend any distance at all beyond the edge of 
the table if the stack is high enough. Use the following method of stacking: The top book 
extends half its length beyond the second book. The second book extends a quarter of its 
length beyond the third. The third extends one-sixth of its length beyond the fourth, and so 
on. (Try it yourself with a deck of cards.) Consider centers of mass. 


= 1 
Find the sum of the series n(1 a +). 
n 


n=2 


If p > 1, evaluate the expression 


1 i 1 
|e eerie cored dere aa 


2P 3p 4p 
1 1 1 
1 + 
2P 3p 4P 


Suppose that circles of equal diameter are packed tightly in n rows inside an equilateral 
triangle. (The figure illustrates the case n = 4.) If A is the area of the triangle and A,, is the 
total area occupied by the n rows of circles, show that 


. An 7 
lim — = — 
noo A 23 


A sequence {a,,} is defined recursively by the equations 


a=a=1 n(n — la, = (n — 1)(n — 2)an-1 — (n — 3)an-2 


Find the sum of the series S7~0 dn. 


If the curve y = e “’"° sin x, x = O, is rotated about the x-axis, the resulting solid looks like 


an infinite decreasing string of beads. 

(a) Find the exact volume of the nth bead. (Use either a table of integrals or a computer 
algebra system.) 

(b) Find the total volume of the beads. 


Starting with the vertices P;(0, 1), Po(1, 1), P3(1, 0), Pa(O, 0) of a square, we construct 

further points as shown in the figure: Ps is the midpoint of P; P2, Ps is the midpoint of 

P»P3, P; is the midpoint of P;Ps, and so on. The polygonal spiral path P| P2P3P4P5PoP7... 

approaches a point P inside the square. 

(a) If the coordinates of P,, are (x,, y,), show that 5 Xn + Xnt1 + Xn¢2 + Xn43 = 2 and find a 
similar equation for the y-coordinates. 

(b) Find the coordinates of P. 


% —] n 
Find the sum of the series > Ea 


Carry out the following steps to show that 


t t + t+++=In2 


(a) Use the formula for the sum of a finite geometric series (11.2.3) to get an expression for 


Weg he ge ce gc BHD nd 
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(b) Integrate the result of part (a) from 0 to | to get an expression for 


as an integral. 
(c) Deduce from part (b) that 


1 1 1 1 1 dx 
| es 
1-2 3:4 5:6 (2n — 1)(2n) ol+x 


1 
< { x?" dx 


(d) Use part (c) to show that the sum of the given series is In 2. 


19. Find all the solutions of the equation 


[Hint: Consider the cases x = 0 and x < 0 separately. ] 


20. Right-angled triangles are constructed as in the figure. Each triangle has height 1 and its 
base is the hypotenuse of the preceding triangle. Show that this sequence of triangles makes 
infinitely many turns around P by showing that > 0, is a divergent series. 


21. Consider the series whose terms are the reciprocals of the positive integers that can be writ- 
ten in base 10 notation without using the digit 0. Show that this series is convergent and the 
sum is less than 90. 


22. (a) Show that the Maclaurin series of the function 


FIGURE FOR PROBLEM 20 f(x) = = = is. > fx" 
_ ~ n=1 


where f,, is the nth Fibonacci number, that is, fi = 1, f2 = 1, and f, = fa-1 + fr-2 
for n = 3. Find the radius of convergence of the series. [Hint: Write 


x/(L — x — x?) =co + crx + Gx? +--+ and multiply both sides of this equation by 
l-x- x] 


(b) By writing f(x) as a sum of partial fractions and thereby obtaining the Maclaurin series 
in a different way, find an explicit formula for the nth Fibonacci number. 


Me ee, ee 
23. Let u=1+ 31 + 61 + 91 fees 
. x4 . x7 x10 . 
v er T 
4! 7! 10! 
x2 5 8 
w= OT + ay + er + 


Show that v3 + v0? + w? — 3uvw = 1. 


24. Prove that if n > 1, the nth partial sum of the harmonic series is not an integer. 


Hint: Let 2* be the largest power of 2 that is less than or equal to n and let M be the product 
of all odd integers that are less than or equal to n. Suppose that s, = m, an integer. Then 
M2*s, = M2'm. The right side of this equation is even. Prove that the left side is odd by 
showing that each of its terms is an even integer, except for one. 
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a 
The forces created by wind and water on the sails and keel of a sailboat determine the direction in which the boat travels. Forces such as 
these are conveniently represented by vectors because they have both magnitude and direction. In Exercise 12.3.52 you are asked to 
compute the work done by the wind in moving a sailboat along a specified path. 


Gaborturcsi / Shutterstock.com. 


Vectors and 
the Geometry of Space 


IN THIS CHAPTER WE INTRODUCE vectors and coordinate systems for three-dimensional space. 
This will be the setting for our study of the calculus of curves in space and of functions of two 
variables (whose graphs are surfaces in space) in Chapters 13-16. Here we will also see that 
vectors provide particularly simple descriptions of lines and planes in space. 


829 


Copyright 2024 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


830 CHAPTER 12 Vectors and the Geometry of Space 


12.1 


FIGURE 1 


Coordinate axes 


FIGURE 2 
Right-hand rule 


FIGURE 3 


FIGURE 4 


Three-Dimensional Coordinate Systems 


To locate a point in a plane, we need two numbers. We know that any point in the plane 
can be represented as an ordered pair (a, b) of real numbers, where a is the x-coordinate 
and b is the y-coordinate. For this reason, a plane is called two-dimensional. To locate a 
point in space, three numbers are required. We represent any point in space by an ordered 
triple (a, b, c) of real numbers. 


H 3D Space 


In order to represent points in space, we first choose a fixed point O (the origin) and three 
directed lines through O that are perpendicular to each other, called the coordinate axes 
and labeled the x-axis, y-axis, and z-axis. Usually we think of the x- and y-axes as being 
horizontal and the z-axis as being vertical, and we draw the orientation of the axes as in 
Figure |. The direction of the z-axis is determined by the right-hand rule as illustrated 
in Figure 2: if you curl the fingers of your right hand around the z-axis in the direction of 
a 90° counterclockwise rotation from the positive x-axis to the positive y-axis, then your 
thumb points in the positive direction of the z-axis. 

The three coordinate axes determine the three coordinate planes illustrated in Fig- 
ure 3(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane contains 
the y- and z-axes; the xz-plane contains the x- and z-axes. These three coordinate planes 
divide space into eight parts, called octants. The first octant, in the foreground, is deter- 
mined by the positive axes. 


(a) Coordinate planes (b) 


Because many people have some difficulty visualizing diagrams of three-dimensional 
figures, you may find it helpful to do the following [see Figure 3(b)]. Look at any bottom 
corner of a room and call the corner the origin. The wall on your left is in the xz-plane, 
the wall on your right is in the yz-plane, and the floor is in the xy-plane. The x-axis runs 
along the intersection of the floor and the left wall. The y-axis runs along the intersection 
of the floor and the right wall. The z-axis runs up from the floor toward the ceiling along 
the intersection of the two walls. You are situated in the first octant, and you can now 
imagine seven other rooms situated in the other seven octants (three on the same floor 
and four on the floor below), all connected by the common corner point O. 

Now if P is any point in space, let a be the (directed) distance from the yz-plane to P, 
let b be the distance from the xz-plane to P, and let c be the distance from the xy-plane to 
P. We represent the point P by the ordered triple (a, b, c) of real numbers and we call 
a, b, and c the coordinates of P; a is the x-coordinate, b is the y-coordinate, and c is the 
z-coordinate. Thus, to locate the point (a, b, c), we can start at the origin O and move 
a units along the x-axis, then b units parallel to the y-axis, and then c units parallel to the 
z-axis as in Figure 4. 
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FIGURE 5 


FIGURE 7 


SECTION 12.1 Three-Dimensional Coordinate Systems 831 


The point P(a, b, c) determines a rectangular box as in Figure 5. If we drop a perpen- 
dicular from P to the xy-plane, we get a point Q with coordinates (a, b, 0) called the pro- 
jection of P onto the xy-plane. Similarly, R(O, b, c) and S(a, 0, c) are the projections of 
P onto the yz-plane and xz-plane, respectively. 

As numerical illustrations, the points (—4, 3, —5) and (3, —2, —6) are plotted in Fig- 
ure 6. 


FIGURE 6 


The Cartesian product R X R X R = {(x, y, z) | x, y,z © R} is the set of all ordered 
triples of real numbers and is denoted by R°*. We have given a one-to-one correspon- 
dence between points P in space and ordered triples (a, b, c) in R?. It is called a three- 
dimensional rectangular coordinate system. Notice that, in terms of coordinates, the 
first octant can be described as the set of points whose coordinates are all positive. 


@ Surfaces and Solids 


In two-dimensional analytic geometry, the graph of an equation involving x and y is a 
curve in R’. In three-dimensional analytic geometry, an equation in x, y, and z represents 
a surface in R?. 


EXAMPLE 1 What surface in R° is represented by each of the following equations? 
(a) z=3 (b) y=5 


SOLUTION 

(a) The equation z = 3 represents the set {(x, y, z) | z = 3}, which is the set of all 
points in R* whose z-coordinate is 3 (x and y can each be any value). This is the hori- 
zontal plane that is parallel to the xy-plane and three units above it as in Figure 7(a). 


(a) z= 3, a plane in R® (b) y = 5, a plane in R® 


(b) The equation y = 5 represents the set of all points in R* whose y-coordinate is 5. 
This is the vertical plane that is parallel to the xz-plane and five units to the right of it as 
in Figure 7(b). |_| 
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832 


(2, 0, 0) 


(a) In R*, x = 2 is a plane. 
YA 
> 
0 2 x 
(b) In R’, x = 2 is a line. 
FIGURE 8 
Zh 


FIGURE 9 


The circle x? + y* = 1,z 


CHAPTER 12 Vectors and the Geometry of Space 


NOTE When an equation is given, we must understand from the context whether it rep- 
resents a curve in R? or a surface in R*. For example, x = 2 represents a plane in R*, but 
of course x = 2 can also represent a line in R? if we are dealing with two-dimensional 
analytic geometry. See Figure 8. 

In general, if k is a constant, then x = k represents a plane parallel to the yz-plane, 
y = kisaplane parallel to the xz-plane, and z = k is a plane parallel to the xy-plane. In 
Figure 5, the faces of the rectangular box are formed by the three coordinate planes 


x = 0 (the yz-plane), y = O (the xz-plane), and z = 0 (the xy-plane), and the planes 
x=a,y=b,andz=c. 
EXAMPLE 2 


(a) Which points (x, y, z) satisfy the equations 


vrty=1 and z=3 


(b) What does the equation x* + y? = | represent as a surface in R*? 
(c) What solid region in R® is represented by the inequalities x* + y> < 1,2 <z 


SOLUTION 

(a) Because z = 3, the points lie in the horizontal plane z = 3 from Example 1(a). 
Because x* + y* = 1, the points lie on the circle with radius 1 and center on the z-axis. 
See Figure 9. 


<= 


— 


4? 


(b) Given that x* + y* = 1, with no restriction on z, we see that the point (x, y, z) 
could lie on a circle in any horizontal plane z = k. So the surface x? + y? = 1 in R? 
consists of all possible horizontal circles x? + y? = 1,z =k, and is therefore the circu- 
lar cylinder with radius 1 whose axis is the z-axis. See Figure 10. 


(c) Because x? + y* < 1, any point (x, y, z) in the region must lie on or inside the 
circle of radius 1, centered on the z-axis, in a horizontal plane z = k. We are given that 
2 <z <4, so the given inequalities represent the portion of the solid circular cylinder 
of radius 1, with axis the z-axis, that lies on or between the planes z = 2 and z = 4. See 
Figure 11. 


—_ -Z 
 — 
y 
» 4 
- iF 
FIGURE 10 FIGURE 11 
The cylinder x” + y> = 1 The solid region x? + y? <1, 
25754 
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SECTION 12.1 Three-Dimensional Coordinate Systems 833 


EXAMPLE 3 Describe and sketch the surface in R* represented by the equation y = x. 


SOLUTION The equation represents the set of all points in R* whose x- and 
y-coordinates are equal, that is, {(x, x, z) | x € R,z € R}. This is a vertical plane that 
intersects the xy-plane in the line y = x, z = 0. The portion of this plane that lies in the 
first octant is sketched in Figure 12. Oo 


B® Distance and Spheres 


The familiar formula for the distance between two points in a plane is easily extended to 
the following three-dimensional formula. 


FIGURE 12 
Part of the plane y = x Distance Formula in Three Dimensions The distance | P,P: | between the 
points Pi(x, MM, Z1) and P2(x2, y25 22) is 
| PiP2| = VQ2- 1)? + G2 — wi)? + & — 21) 
ZA To see why this formula is true, we construct a rectangular box as in Figure 13, where 


P, and P; are opposite vertices and the faces of the box are parallel to the coordinate 
planes. If A(x2, y1, 21) and B(x2, y2, 21) are the vertices of the box indicated in the figure, 
then 


|Pi\A| = |x. — x1| |AB| =|» — yi| | BP2| =|z2. — z1| 


Because triangles P, BP; and P,AB are both right-angled, two applications of the Pythago- 
rean Theorem give 


| P:P2|? = | PiB|* + | BP2|? 
FIGURE 13 and | PiB|? =|PiA|? + |AB/? 
Combining these equations, we get 
| P:Ps|? =|P,A|? + |AB|? + | BP2|? 
= |x ai)? + [ye = yl? > [ae = ai 


=(m— m+ (m-—mlt+(a— ay 


ZA 
P(x, y, Z) Therefore | PiP2| = V(x = x1)? + (y2 —_ yi)? + (zo —_ z)? 
ie 
i EXAMPLE 4 The distance from the point P(2, —1, 7) to the point Q(1, —3, 5) is 
|Po|= JO —- 22 + (-3+ 1? + 6-72 =/1 +444 =3 2 
A sphere with radius r and center C(h, k, 1) is defined as the set of all points P(x, y, z) 
0 whose distance from C is r. (See Figure 14.) Thus P is on the sphere if and only if 
, i | PC| = r, that is 
x 
y V(x -hP t+ - ke + -=r 
FIGURE 14 Squaring both sides, we have the following result. 
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834 CHAPTER 12 Vectors and the Geometry of Space 


Equation of aSphere An equation of a sphere with center C(h, k, 1) and radius r 


is 
(x -hP + -kW? +(e -lP =r 


In particular, if the center is the origin O, then an equation of the sphere is 


rPtyt+2?=r 


EXAMPLE 5 Find an equation of the sphere with center (3, — 1, 6) that passes through 
the point (5, 2, 3). 


SOLUTION The radius r of the sphere is the distance between the points (3, —1, 6) 
and (5, 2, 3): 


r= J(5 — 3? + [2 — (-DP + G — 6? = 22 
Then an equation of the sphere is 
= 3) + y=) + G6) =(/22) 
or (x — 3? + (y + 1)? + (2 — 6) = 22 | 


EXAMPLE 6 Show that x? + y? + z* + 4x — 6y + 2z + 6 = Ois the equation of a 
sphere, and find its center and radius. 


SOLUTION We can rewrite the given equation in the form of an equation of a sphere if 
we complete squares: 


I 


(x? + 4x + 4) + (y? = Gy + 9) + GG? 4 22 + IS -6 744941 


I 


(x+ 2° + (y-3P + (2+ 1% =8 


Comparing this equation with the standard form, we see that it is the equation of a 
sphere with center (—2, 3, —1) and radius /8 = 2/2. Oo 
EXAMPLE 7 What region in R? is represented by the following inequalities? 
lev rytgs4 50 
SOLUTION The inequalities 
1<x?t+yt+27<4 


can be rewritten as 


l<yxr+y+27 <2 


so they represent the points (x, y, z) whose distance from the origin is at least 1 and at 
most 2. But we are also given that z < 0, so the points lie on or below the xy-plane. 
Thus the given inequalities represent the region that lies between (or on) the spheres 

x? + y? + 2? = Land x? + y*® + z? = 4 and beneath (or on) the xy-plane. It is 
FIGURE 15 sketched in Figure 15. a 
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SECTION 12.1 Three-Dimensional Coordinate Systems 835 


12.1 | Exercises 


1. Suppose you start at the origin, move along the x-axis a dis- 
tance of 4 units in the positive direction, and then move 
downward a distance of 3 units. What are the coordinates 
of your position? 


2. Sketch the points (1, 5, 3), (0, 2, —3), (—3, 0, 2), and 
(2, —2, —1) ona single set of coordinate axes. 


3. Which of the points A(—4, 0, —1), B(3, 1, —5), and C(2, 4, 6) 
is closest to the yz-plane? Which point lies in the xz-plane? 


4. What are the projections of the point (2, 3, 5) on the xy-, yz-, 
and xz-planes? Draw a rectangular box with the origin and 
(2, 3, 5) as opposite vertices and with its faces parallel to the 
coordinate planes. Label all vertices of the box. Find the 
length of the diagonal of the box. 


5. What does the equation x = 4 represent in R*? What does it 
represent in R*? Illustrate with sketches. 


6. What does the equation y = 3 represent in R*? What does 
z = 5 represent? What does the pair of equations y = 3, 
z = 5 represent? In other words, describe the set of points 
(x, y, z) such that y = 3 and z = 5. Illustrate with a sketch. 


7. Describe and sketch the surface in R? represented by the 
equation x + y = 2. 


8. Describe and sketch the surface in R* represented by the 
equation x° + z7 = 9, 


9-10 Find the distance between the given points. 


9. 3,5,-2)) (=1,1,=4) 10. (—6,=3,0), . @,4,5) 


11-12 Find the lengths of the sides of the triangle POR. Is it a 
right triangle? Is it an isosceles triangle? 


11. PG, —2,—3), O(7,0,1), RC, 2, )) 


18. Find an equation of the sphere that passes through the origin 
and whose center is (1, 2, 3). 


19-22 Show that the equation represents a sphere, and find its 
center and radius. 


19. x? +y?+2°+ 8x-2z7=8 

20. x7 + y? + z* = 6x — 4y — 10z 

21, 2x? + 2y? + 277 -2x+ 4y+1=0 
22. 4x? + dy? + 4z? = 16x — 6y — 12 


23. Midpoint Formula Prove that the midpoint of the line seg- 
ment from P;(x1, yi, 21) to P2(X2, ya, 22) is 


24. Use the Midpoint Formula in Exercise 23 to find the center of 
a sphere if one of its diameters has endpoints (5, 4, 3) and 
(1, 6, —9). Then find an equation of the sphere. 


25. Find an equation of the sphere with center (—1, 4, 5) that 
just touches (at only one point) the (a) xy-plane, (b) yz-plane, 
and (c) xz-plane. 


26. Which coordinate plane is closest to the point (7, 3, 8)? Find 
an equation of the sphere with center (7, 3, 8) that just 
touches (at one point) that coordinate plane. 


27-42 Describe in words the region of R* represented by the 
equation(s) or inequalities. 


12. 


P(2,—-1,0), Q(4,1,1), R(4, -5, 4) 


13. 


14. 


15. 


16. 


17. 


Determine whether the points lie on a straight line. 
(a) A(2, 4,2), B(3,7,—-2), CQ, 3,3) 
(b) DO, -5,5), EU, -2,4), F(3, 4, 2) 


Find the distance from (4, —2, 6) to each of the following. 
(a) The xy-plane (b) The yz-plane 

(c) The xz-plane (d) The x-axis 

(e) The y-axis (f) The z-axis 


Find an equation of the sphere with center (—3, 2, 5) and 
radius 4. What is the intersection of this sphere with the 
yz-plane? 


Find an equation of the sphere with center (2, —6, 4) and 
radius 5. Describe its intersection with each of the coordinate 
planes. 


Find an equation of the sphere that passes through the point 
(4, 3, —1) and has center (3, 8, 1). 


27. z= —2 28. x = 3 
29. y=1 30. x<4 
31. -l1<x<2 32. z=y 


33.°+y=4, z=-1 34. x7 +y?=4 


35. y2 + 22 <25 36. x2 + 22 <25, 


0 
37. +yW4+7=4 38. x t+yt27<4 
39.1 <x? +y4+27°<5 40. 1 <x? + 


41.0<5x<3,0Sys3,0Sz 


IN 
we 


42.x°+y? +27 >22 


43-46 Write inequalities to describe the region. 
43. The region between the yz-plane and the vertical plane x = 5 


44. The solid cylinder that lies on or below the plane z = 8 and 
on or above the disk in the xy-plane with center the origin 
and radius 2 


45. The region consisting of all points between (but not on) the 
spheres of radius r and R centered at the origin, where r < R 
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46. The solid upper hemisphere of the sphere of radius 2 centered 48. Consider the points P such that the distance from P to 


at the origin 


A(—1, 5, 3) is twice the distance from P to B(6, 2, —2). Show 


that the set of all such points is a sphere, and find its center 


47. The figure shows a line L, in space and a second line L2, which and radius. 
8 the pijecuen of L 1 onto the xy-plane. (In other words, the 49. Find an equation of the set of all points equidistant from the 
points on L» are directly beneath, or above, the points on L.) points A(—1, 5, 3) and B(6, 2, —2). Describe the set 
(a) Find the coordinates of the point P on the line L;. ie . 
(b) Locate on the diagram the points A, B, and C, where 50. Find the volume of the solid that lies inside both of the 
the line L, intersects the xy-plane, the yz-plane, and the spheres 


xz-plane, respectively. 


A 


FIGURE 1 


Equivalent vectors 


Cc 


A 
FIGURE 2 


12.2 


and VP+tyt+7= 


51. Find the distance between the spheres x? + y* + z* = 4 and 
2 


x+y? +77 =4x4+ 4y+ 42-11. 


52. Describe and sketch a solid with the following properties: 
When illuminated by rays parallel to the z-axis, its shadow is 
a circular disk. If the rays are parallel to the y-axis, its shadow 
is a square. If the rays are parallel to the x-axis, its shadow is 
an isosceles triangle. 


Vectors 


The term vector is used in mathematics and the sciences to indicate a quantity that has 
both magnitude and direction. For instance, to describe the velocity of a moving object, 
we must specify both the speed of the object and the direction of travel. Other examples 
of vectors include force, displacement, and acceleration. 


H Geometric Description of Vectors 


A vector is often represented by an arrow or a directed line segment. The length of the 
arrow represents the magnitude of the vector and the arrow points in the direction of the 
vector. We denote a vector by printing a letter in boldface (v) or by putting an arrow 
above the letter (v’). 

For instance, suppose a particle moves along a line segment from point A to point B. 
The corresponding displacement vector v, shown in Figure 1, has initial point A (the tail) 
and terminal point B (the tip) and we indicate this by writing v = AB. Notice that the 

md 


vector u = CD has the same length and the same direction as v even though it is ina 
different position. We say that u and v are equivalent (or equal) and we write u = v. 
The zero vector, denoted by 0, has length 0. It is the only vector with no specific 
direction. 

We will often find it useful to combine vectors. For example, suppose a particle moves 

— 
from A to B with displacement vector AB, and then the particle changes direction and 
= 

moves from B to C, with displacement vector BC, as shown in Figure 2. The combined 
effect of these displacements is that the particle has moved from A to C. The resulting 


—> —> = 
displacement vector AC is called the sum of AB and BC and we write 


— = — 
AC = AB + BC 
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In general, if we start with vectors u and vy, we first place v so that its tail coincides 
with the tip of u and define the sum of u and v as follows. 


Definition of Vector Addition If u and v are vectors positioned so the initial 
point of v is at the terminal point of u, then the sum u + vis the vector from the 


initial point of u to the terminal point of v. 


The definition of vector addition is illustrated in Figure 3. You can see why this defi- 
nition is sometimes called the Triangle Law. 


u 
uty oa = 
Vv 
u u 
FIGURE 3 FIGURE 4 
Triangle Law Parallelogram Law 


In Figure 4 we start with the same vectors u and v as in Figure 3 and draw another 
copy of v with the same initial point as u. Completing the parallelogram, we see that 
u+v=v_-+ u. This also gives another way to construct the sum: if we place u and v so 
they start at the same point, then u + vy lies along the diagonal of the parallelogram with 
u and v as sides. (This is called the Parallelogram Law.) 


ee. EXAMPLE 1 Draw the sum of the vectors a and b shown in Figure 5. 
a b 
SOLUTION First we place b with its tail at the tip of a, being careful to draw a copy of b 
that has the same length and direction. Then we draw the vector a + b [see Figure 6(a)] 
starting at the initial point of a and ending at the terminal point of the copy of b. 


FIGURE 5 Alternatively, we could place b so it starts where a starts and construct a + b by the 
Parallelogram Law as shown in Figure 6(b). 


FIGURE 6 (a) (b) Oo 


We now define multiplication of a vector v by a real number c. In this context we call 
the real number c a scalar to distinguish it from a vector. For instance, we want the sca- 
lar multiple 2v to be the same vector as the sum v + v, which has the same direction as 
v but is twice as long. In general, we multiply a vector by a scalar as follows. 


Definition of Scalar Multiplication If c is a scalar and v is a vector, then the 
scalar multiple cv is the vector whose length is | c| times the length of v and 


whose direction is the same as v if c > O and is opposite to v if c < 0. If c = O or 
v = 0, thencv = 0. 
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FIGURE 7 


Scalar multiples of v 


FIGURE 8 
Drawing the difference u — Vv 


This definition is illustrated in Figure 7. We see that real numbers work like scaling fac- 
tors here; that’s why we call them scalars. Notice that two nonzero vectors are parallel 
if they are scalar multiples of one another. In particular, the vector —v = (—1)v has the 
same length as v but points in the opposite direction. We call it the negative of v. 


a Sf» Sf 


By the difference u — v of two vectors we mean 
u—v=u+ (—y) 


For the vectors u and v shown in Figure 8(a), we can construct the difference u — v by 
first drawing the negative of v, —v, and then adding it to u by the Parallelogram Law as 
in Figure 8(b). Alternatively, since v + (u — v) = u, the vector u — v, when added to v, 
gives u. So we could construct u — v as in Figure 8(c) by means of the Triangle Law. 
Notice that if u and v both start from the same initial point, then u — v connects the tip 
of v to the tip of u. 


(a) (b) 


EXAMPLE 2 Ifa and b are the vectors shown in Figure 9, draw a — 2b. 


SOLUTION We first draw the vector —2b pointing in the direction opposite to b and 
twice as long. We place it with its tail at the tip of a and then use the Triangle Law to 
draw a + (—2b) as shown in Figure 10. 


fe 


FIGURE 9 FIGURE 10 Oo 


a-—2b 


H Components of a Vector 


For some purposes it’s convenient to introduce a coordinate system that allows us to treat 
vectors algebraically. If we place the initial point of a vector a at the origin of a rectan- 
gular coordinate system, then the terminal point of a has coordinates of the form (a1, a2) 
or (a, a2, a3), depending on whether our coordinate system is two- or three-dimensional 
(see Figure 11). These coordinates are called the components of a and we write 


a= (a1, a>) or a= (a1, da, a3) 
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We use the notation (a, a2) for the ordered pair that refers to a vector so as not to confuse 
it with the ordered pair (a), a2) that refers to a point in the plane. 


(4), 43) 

a | 

| 

> ] 

0 x : * 

FIGURE 11 a= (a), a) a= (dj, d>, a3) 
(4, 5) For instance, all of the vectors shown in Figure 12 are equivalent to the vector 
= 

OP = (3, 2) whose terminal point is P(3, 2). What they have in common is that the 
P(3, 2) terminal point is reached from the initial point by a displacement of three units to the 


right and two upward. We can think of all these geometric vectors as representations 


* of the algebraic vector a = (3, 2). The particular representation OP from the origin to 
maa the point P(3, 2) is called the position vector of the point P. 
In three dimensions, the vector a = OP = (a), do, a3) is the position vector of the 
point P(a1, ad, a3). (See Figure 13.) Let’s consider any other representation of a by a 
FIGURE 12 directed line segment AB with initial point A(x, y:, 21) and terminal point B(x, yo, 22). 
: Then we must have x; + ad; = %2, yy) + a2 = yo, and z; + a3 = z, and so ad; = x2 — x1, 
Representations of a = (3, 2) ; 
a) = yo — yj, and a3 = Z) — z;. Thus we have the following result. 
ZA 
position [1] Given the points A(x, yi, 21) and B(x2, y2, z2), the vector a with represen- 
venir or tation AB is 
P(d,, dy, As) a = (x2 — 1,92 — Yi 22 — 21) 


EXAMPLE 3 Find the vector represented by the directed line segment with initial 
point A(2, —3, 4) and terminal point B(—2, 1, 1). 


FIGURE 13 SOLUTION By (1), the vector corresponding to AB is 
Representations of a = (ai, a2, a3) 
a = (-2 -— 2,1 - (-3),1 — 4) = (-4, 4, -3) a 


xk A(x, y,z) Bieta, y + ay, 2 + as) 


The magnitude or length of the vector v is the length of any of its representations and 
is denoted by the symbol | v| or || v||. By using the distance formula to compute the 
length of a segment OP, we obtain the following formulas. 


The length of the two-dimensional vector a = (a, a2) is 


lal = Vara 


The length of the three-dimensional vector a = (a1, a2, a3) is 


|a| = Ja?t+ apt a? 
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(a, + by, dy + by) 


ay 


FIGURE 14 


| 
| 
| 


a, ca, 


FIGURE 15 


Vectors inn dimensions are used to 
list various quantities in an organized 
way. For instance, the components of 
a six-dimensional vector 


P = (Pi, P2, P, Pas Ps, Po) 


might represent the prices of six 
different ingredients required to 
make a particular product. Four- 
dimensional vectors (x, y, z, f) are 
used in relativity theory, where the 
first three components specify a 
position in space and the fourth 
represents time. 


CHAPTER 12 Vectors and the Geometry of Space 


How do we add vectors algebraically? Figure 14 shows that if a = (a, a2) and 
b = (b,, bo), then their sum isa + b = (a, + b,, a2 + b2), at least for the case where the 
components are positive. In other words, to add algebraic vectors we add corresponding 
components. Similarly, to subtract vectors we subtract corresponding components. From 
the similar triangles in Figure 15 we see that the components of ca are ca; and cap. So 
to multiply a vector by a scalar we multiply each component by that scalar. 


Ifa= (a1, a2) and b = (bi, bo), then 
at b= (a, + bi, a2 + bo) a 


b = (a, — bi, a2 — br) 
ca = (cay, car) 


Similarly, for three-dimensional vectors, 


(ai, a2, a3) + (hi, bo, b3) = (a + by, a2 + bo, a3 + b3) 


(di, a2, a3) — (bi, bo, bs) = (ay 


c(i, a2, a3) = (cay, cad, cas) 


bi, a2 bo, a3 bs) 


EXAMPLE 4 Ifa = (4, 0,3) and b = (—2, 1, 5), find |a| and the vectors a + b, 
a — b, 3b, and 2a + 5b. 


SOLUTION la] = /42 + 02 + 32 = 4/25 =5 


a+ b = (4,0, 3) + (2, 1, 5) 
= (4 + (-2),0+ 1,3 + 5) = (2, 1,8) 
a — b = (4,0, 3) — (—2, 1,5) 
= (4 — (-2),0 — 1,3 — 5) = , -1, —2) 


3b = 3(—2, 1, 5) = (3(—2), 3(1), 3(5)) = (-6, 3, 15) 


2a + 5b = 244, 0, 3) + 5(—2, 1, 5) 
= (8,0, 6) + (-10, 5, 25) = (—2, 5, 31) a 


We denote by V> the set of all two-dimensional vectors and by V3 the set of all three- 
dimensional vectors. More generally, we will later need to consider the set V, of all 
n-dimensional vectors. An n-dimensional vector is an ordered n-tuple: 


a= (a1, d2,...,4n) 


where aj, d2,..., @, are real numbers that are called the components of a. Addition and 
scalar multiplication in V,, are defined in terms of components just as for the cases n = 2 
andn = 3. 


Properties of Vectors Ifa, b, and ¢ are vectors in V,, and c and d are scalars, 
then 


la+b=bta 
3.a+0=a 

5. c(la+ b) =ca+cb 
7. (cd)a = c(da) 


2at+(bt+ec=(atb)t+e 


4.a+ (-a) =0 
6. (c + dja=ca+tda 
8. la=a 
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These eight properties of vectors can be readily verified either geometrically or alge- 
braically. For instance, Property | can be seen from Figure 4 (it’s equivalent to the Paral- 
lelogram Law) or as follows for the case n = 2: 


a + b = (a), a2) + (bi, bo) = (a, + bi, a2 + by) 
= (by + ay, bo + ar) = (hi, br) + (a1, ar) 
Q =bt+a 
c 


We can see why Property 2 (the associative law) is true by looking at Figure 16 and 


Gahivre applying the Triangle Law several times: the vector PO is obtained either by first con- 
=atbs) b structing a + b and then adding c or by adding a to the vector b + c. 
Three vectors in V3 play a special role. Let 
P . i= (1, 0,0) j = (0, 1,0) k = (0,0, 1) 
FIGURE 16 
These vectors i, j, and k are called the standard basis vectors. They have length 1 and 
point in the directions of the positive x-, y-, and z-axes. Similarly, in two dimensions we 
define i = (1, 0) and j = (0, 1). (See Figure 17.) 
y 
(0, 1) 
: (1, 0) 
of i x 
FIGURE 17 
Standard basis vectors in V2 and V3 (a) 


If a = (a1, a2, a3), then we can write 
a = (a), dz, a3) = (a), 0,0) + (0, a2, 0) + (0, 0, a3) 
= a,(1, 0,0) + a2(0, 1,0) + a3¢0, 0, 1) 
[2] a=aqitajt+ask 
Thus any vector in V3 can be expressed in terms of i, j, and k. For instance, 
(1, -2,6) =i — 2j + 6k 


Similarly, in two dimensions, we can write 


[3] a=(a1,@)=ait aj 
See Figure 18 for the geometric interpretation of Equations 3 and 2 and compare with 
Figure 17. 


EXAMPLE5 Ifa =i + 2j — 3kandb = 4i + 7k, express the vector 2a + 3b in 
terms of i, j, and k. 


SOLUTION Using Properties 1, 2, 5, 6, and 7 of vectors, we have 
a a 2a + 3b = 2(i + 2j — 3k) + 3(4i + 7k) 
FIGURE 18 = 2i+ 4j — 6k + 12i+ 21k = 141+ 4j + 15k | 
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A unit vector is a vector whose length is |. For instance, i, j, and k are all unit vectors. 


Gibbs In general, if a ~ 0, then the unit vector that has the same direction as a is 
Josiah Willard Gibbs (1839-1903), a 
professor of mathematical physics at 1 a 
Yale College, published the first book [4] LS lal a= al 
on vectors, Vector Analysis, in 1881. 
More complicated objects, called qua- In order to verify this, we let c = 1/|a|. Then u = ca and c is a positive scalar, so u has 
ternions, had earlier been invented by , : 
Renate ; the same direction as a. Also 
Sir William Rowan Hamilton as math- 
ematical tools for describing space, | | _ | | = | | | | jill | | =i 
but they weren't easy for scientists BS a= eel |a| aN 


to use. Quaternions have a scalar 


part and a vector part. Gibb’s idea . . : . . . : 
was to use the vector part separately. EXAMPLE 6 Find the unit vector in the direction of the vector 2i — j — 2k. 


Maxwell and Heaviside had similar : 
idedsihdt Gibb apareach has praved SOLUTION The given vector has length 


to be the most convenient way to | 2i -j- 2k| = 2? + (-1)? + (-2)2 = /9 =3 
study space. 


so, by Equation 4, the unit vector with the same direction is 


}(2i — j — 2k) =3i-4j-—¢k | 


B® Applications 


Vectors are useful in many aspects of physics and engineering. In Chapter 13 we will see 
how they describe the velocity and acceleration of objects moving in space. Here we first 
look at forces. 

A force is represented by a vector because it has both magnitude (measured in pounds 
or newtons) and direction. If several forces are acting on an object, the resultant force 
experienced by the object is the vector sum of these forces. 


EXAMPLE7 A 100-lb weight hangs from two wires as shown in Figure 19. Find the 
tensions (forces) T, and T, in the wires and the magnitudes of these tensions. 


\ 50° 32°. 
Y 


FIGURE 19 100), 


SOLUTION We first express T; and T, in terms of their horizontal and vertical compo- 
nents. From Figure 20 we see that 


Bl T, = —|Ti| cos 50°4 + [Ts] sin 50° j 
a T. = [To] cos 32° + |T|sin 32° j 
The resultant T; + T, of the tensions counterbalances the weight w = — 100 j and so 


we must have 
T + T> SWS 100j 


Thus 
(—|T,|cos 50° + |T2| cos 32°) i + (|Ti| sin 50° + | T2| sin 32°) j = 100j 


FIGURE 20 


Equating components, we get 
—|T,|cos 50° + | T2|cos 32° = 0 
|T:|sin 50° + |T2|sin 32° = 100 


I 
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v.. 0 


FIGURE 21 


When describing directions for 
navigation, we often use a bearing, 
such as N 20° W, which means from 
the northerly direction, turn 20° 
toward west. (Note that a bearing 
always begins with either north or 
south.) 


12.2 | Exercises 


SECTION 12.2 Vectors 843 


Solving the first of these equations for | T2| and substituting into the second, we get 


| Ti|cos 50°. 
i si 
cos 32° 


| T, | sin 50° + n 32° = 100 


in 32° 
|T,|{ sin 50° + cos 50° ———— ] = 100 
cos 32° 


So the magnitudes of the tensions are 


|T,| = a = 85.64 Ib 
; sin 50° + tan 32° cos 50° ; 
T eo} 
aad |T,| = IT: [cos 50° 64.91 Ib 
cos 32° 


Substituting these values in (5) and (6), we obtain the tension vectors 
T, ~ —55.05i + 65.60j 
T, ~ 55.051 + 34.40j | 


If an airplane is flying in wind, then the true course, or track, of the plane is the direc- 
tion of the resultant of the velocity vectors of the plane and of the wind. The ground 
speed of the plane is the magnitude of the resultant. Similarly, a boat navigating through 
flowing water follows a true course in the direction of the resultant of the velocity vectors 
of the boat and of the water current. 


EXAMPLE8 A woman launches a boat from the south shore of a straight river that 
flows directly west at 4 mi/h. She wants to land at the point directly across on the 
opposite shore. If the speed of the boat (relative to the water) is 8 mi/h, in what 
direction should she steer the boat in order to arrive at the desired landing point? 


SOLUTION Let’s choose coordinate axes with the origin at the initial position of the boat, 
as shown in Figure 21. The velocity of the river current is v. = —4i and, since the speed 
of the boat (in still water) is 8 mi/h, the boat’s velocity is v, = 8(cos 0i + sin @ j), 
where @ is as shown in the figure. The resultant velocity is 


v=wtv 
= 8cos Oi + 8siné j — 4i = (—4 + 8 cos 6)i + (8 sin 0) j 


We want the true course of the boat to be directly north, so the x-component of v must 


be zero: 
—4+ 8cos 6 =0 => cos 0 = 5 => 0 = 60° 


Thus the woman should steer the boat in the direction 8 = 60°, or N30°E. || 


1. Is each of the following quantities a vector or a scalar? (c) The initial flight path from Houston to Dallas 


Explain. 
(a) The cost of a theater ticket 


(b) The current in a river 


(d) The population of the world 


2. What is the relationship between the point (4, 7) and the 
vector (4, 7)? Illustrate with a sketch. 
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3. Name all the equal vectors in the parallelogram shown. 8. If the vectors in the figure satisfy |u| = |v| = 1 and 
u + v + w= 0, what is | w|? 


A B 
u 
w 
v 
D Cc 


9-14 Find a vector a with representation given by the directed 
4. Using the vectors shown in the figure, write each sum or dif- 


-_ — 
’ line segment AB. Draw AB and the equivalent representation 
ference as a single vector. 


starting at the origin. 


od = => = 
(a) AB + BC (b) CD + DB 9. A(—2, 1), B(1, 2) 10. A(—5,—1), B(—3,3) 
== od —= —> — 
(c) DB — AB (d) DC + CA + AB 11. A(3,—1), B(2, 3) 12. A(3,2), B(1, 0) 
A B 13. A(1, —2,4), B(—2,3,0) 14. A(3,0,—-2), B(0,5, 0) 
15-18 Find the sum of the given vectors and illustrate 
D geometrically. 
Cc 
15. (—-1,4), (6, —2) 16. (3,—1), (—1,5) 
5. Copy the vectors in the figure and use them to draw the 17. (3,0, 1), (0, 8, 0) 18. (1,3, —2), (0, 0, 6) 
following vectors. 
een ose 19-22 Finda + b, 4a + 2b, |al, and|a — bl]. 
(c) ate (d) a-e 
(ec) b+at+e (f) a-b-e 19. a= (—3,4), b= (9, -1) 
20. a=5i+ 3j, b i-2j 
. : a 21.a=4i —3j+2k, b=2i-4k 
22. a = (8,1, —4), b= (5, —2, 1) 
6. Copy the vectors in the figure and use them to draw the 23-25 Find a unit vector that has the same direction as the given 
following vectors. vector. 
(ay uty (b) u—v 23. (6, —2) 24. —5i+ 3j-—k 
(c) 2u (d) —3v a 
(ec) 3uty (f) v—2u 25. 8i-j + 4k 
- 26. Find the vector that has the same direction as (6, 2, —3) but 
has length 4. 
v 27-28 What is the angle between the given vector and the posi- 
tive direction of the x-axis? 
7. In the figure, the tip of ¢ and the tail of d are both the mid- 27.i+ /3j 28. 8i+ 6j 


point of QR. Express ¢ and d in terms of a and b. 


29. The initial point of a vector v in V) is the origin and the termi- 
nal point is in quadrant II. If v makes an angle 57/6 with the 
positive x-axis and | v| = 4, find v in component form. 


30. If a child pulls a sled through the snow on a level path with a 
d force of 50 N exerted at an angle of 38° above the horizontal, 
Q find the horizontal and vertical components of the force. 
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31. A quarterback throws a football with angle of elevation 40° 
and speed 60 ft/s. Find the horizontal and vertical compo- 
nents of the velocity vector. 


32-33 Find the magnitude of the resultant force and the angle it 
makes with the positive x-axis. 


32. 33. 
- 20 Ib 


> 
0 30° Ps 


34. A crane suspends a 500-Ib steel beam horizontally by support 
cables (with negligible weight) attached from a hook to each 
end of the beam. The support cables each make an angle of 
60° with the beam. Find the tension vector in each support 
cable and the magnitude of each tension. 


60° 60° 


35. A block-and-tackle pulley hoist is suspended in a warehouse 
by ropes of lengths 2 m and 3 m. The hoist weighs 350 N. 
The ropes, fastened at different heights, make angles of 50° 
and 38° with the horizontal. Find the tension in each rope and 
the magnitude of each tension. 


50° 


2m 


36. The tension vector at each end of a chain has magnitude 25 N 
(see the figure). What is the weight of the chain? 


NX Fe 


ne PA 
eae reels 
RS ZA 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 
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Three forces act on an object. Two of the forces are at an 
angle of 100° to each other and have magnitudes 25 N and 

12 N. The third is perpendicular to the plane of these two 
forces and has magnitude 4 N. Calculate the magnitude of the 
force that would exactly counterbalance these three forces. 


A rower wants to row her kayak across a channel that is 
1400 ft wide and land at a point 800 ft upstream from her 
starting point. She can row (in still water) at 7 ft/s and the 
current in the channel flows at 3 ft/s. 

(a) In what direction should she steer the kayak? 

(b) How long will the trip take? 


A pilot is steering a plane in the direction N 45° W at an air- 
speed (speed in still air) of 180 mi/h. A wind is blowing in 
the direction S 30° E at a speed of 35 mi/h. Find the true 
course and the ground speed of the plane. 


A ship is sailing west at a speed of 32 km/h and a dog is run- 
ning due north on the deck of the ship at 4 km/h. Find the 
speed and direction of the dog relative to the surface of the 
water. 


Find the unit vectors that are parallel to the tangent line to the 
parabola y = x? at the point (2, 4). 


(a) Find the unit vectors that are parallel to the tangent line to 
the curve y = 2 sin x at the point (7/6, 1). 

(b) Find the unit vectors that are perpendicular to the tangent 
line. 

(c) Sketch the curve y = 2 sin x and the vectors in parts (a) 
and (b), all starting at (7/6, 1). 


If A, B, and C are the vertices of a triangle, find 
od — — 
AB+BC+CA 
Let C be the point on the line segment AB that is twice as far 
= => => 
from B as it is from A. If a = OA, b = OB, and ec = OC, 
show that e = a + $b. 


(a) Draw the vectors a = (3, 2), b = (2, —1), ande = (7, 1). 

(b) Show, by means of a sketch, that there are scalars s and t 
such that ec = sa + tb. 

(c) Use the sketch to estimate the values of s and t. 

(d) Find the exact values of s and f. 


Suppose that a and b are nonzero vectors that are not parallel 
and c is any vector in the plane determined by a and b. Give 
a geometric argument to show that ¢ can be written as 

c = sa + tb for suitable scalars s and t. Then give an argu- 
ment using components. 


If r = (x, y, z) and rp = (Xo, Yo, Zo), describe the set of all 
points (x, y, z) such that |r — ro| = 1. 


If r = (x, y), ri = (x1, y1), and r2 = (x2, yo), describe the 
set of all points (x, y) such that |r — r,| + |r — m| =&, 
where k > |r, — ro]. 
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49. 


50. 


51 


52 
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Figure 16 gives a geometric demonstration of Property 2 of the resulting ray is parallel to the initial ray. (Scientists have 
vectors. Use components to give an algebraic proof of this used this principle, together with laser beams and an array of 
fact for the case n = 2. corner reflectors on the moon, to calculate very precisely the 


Prove Property 5 of vectors algebraically for the case n = 3. eine ee Een to emo) 


Then use similar triangles to give a geometric proof. 


Use vectors to prove that the line joining the midpoints of 
two sides of a triangle is parallel to the third side and half 
its length. 


Corner Reflectors Suppose the three coordinate planes are all 
mirrored, forming a corner reflector, and a light ray given by 
the vector a = (dj, dz, a3) first strikes the xz-plane, as shown 
in the figure. Use the fact that the angle of incidence equals 
the angle of reflection to show that the direction of the 
reflected ray is given by b = (a1, —a2, a3). Deduce that, after 
being reflected by all three mutually perpendicular mirrors, 


DISCOVERY PROJECT | THE SHAPE OF A HANGING CHAIN 


In Section 3.11 we stated that a heavy flexible chain or cable suspended between two points 
at the same height takes the shape of a curve called a catenary (a term reportedly coined by 
Thomas Jefferson) with equation y = a cosh(x/a). Here we use the interpretation of the deriv- 
ative as the slope of a tangent to derive this equation. 

Suppose that a chain (or cable) of uniform linear mass density p is hanging between two 
points, as shown in the figure. We place the origin at the vertex of the catenary, and let (x, y) be 
any point on the curve, x > 0. (By symmetry, if x < 0 we obtain a similar result.) 


yA 
ES ete a 
Ty 
T 
(x, y) w : 
are w 
4 s 
|e * 


Consider the section of the chain from the origin to (x, y). The forces that act on the section 
are the downward gravitational force w and the tensions Ty and T at each end of the section— 
each of which is tangent to the curve. Because the section of chain is in equilibrium, we know 
that 

To+T+w=0 


1. Let y = f(x) be the equation of the curve and let s(x) be the arc length function (Equa- 
tion 8.1.5) from the origin to the point (x, y). Show that T = (|To|, gps(x)), where g is 
the acceleration due to gravity. 
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2. By interpreting dy/dx as the slope of a tangent at (x, y), show that 
dy _ s(x) 


dx a 
where a = | Ty|/(gp), a constant. 


3. Differentiate both sides of the differential equation in Problem 2 and use Equation 8.1.6 to 
obtain the second-order differential equation 


d’y aie dy \’ 
ais” al * \ dx 


with initial conditions y(0) = 0 (the curve passes through the origin) and y’(0) = 0 (the 
tangent at the origin is horizontal). Solve this equation by first substituting z = dy/dx and 
then solving the resulting first-order differential equation. Conclude that the equation of the 
curve is 


os 
y =acosh——a 
a 


AY 4. Graph y = acosh(x/a) — a fora = S, a = 1, and a = 3. How does the value of a affect 
the shape of the curve? 


12.3 | The Dot Product 


So far we have seen how to add two vectors and how to multiply a vector by a scalar. The 
question arises: is it possible to multiply two vectors so that their product is a useful 
quantity? One such product is the dot product, which we now define. Another is the cross 
product, which is discussed in the next section. 


i The Dot Product of Two Vectors 


To find the dot product of vectors a and b we multiply corresponding components and 
add. 


[1] Definition of the Dot Product If a = (a), a, a3) and b = (by, by, b3), then 
the dot product of a and b is the number a - b given by 


a-b= a,b, + dob + a3b; 


The dot product of two vectors is a real number, not a vector. For this reason, the dot 
product is sometimes called the scalar product (or inner product). Although Defini- 
tion | is given for three-dimensional vectors, the dot product of two-dimensional vectors 
is defined in a similar fashion: 


(a, a) . (hi, bp) = a,b, + azby 


EXAMPLE 1 
(2, 4) « 3, -1) = 2(3) + 4(-1) =2 
(-1,7, 4) + (6,2, -4) = (-1)(6) + 7(2) + 4(-4) = 6 
(i + 2j — 3k) - (2j — k) = 1(0) + 2(2) + (-—3)(-1) = 7 | 
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The dot product obeys many of the laws that hold for ordinary products of real num- 
bers. These are stated in the following theorem. 


[2] Properties of the Dot Product Ifa, b, and c are vectors in V3 and c isa 
scalar, then 


1.a-:a=|al’ 2.a:b=b-a 


3.a-(bt+ec)=—a-‘bta-e 4. (ca) +b =c(a: b) =a: (cb) 
5.0-a=0 


PROOF These properties are easily proved using Definition 1. For instance, here are 
the proofs of Properties 1 and 3: 


l.a:a=aj +a; +az;=|al? 


3. a- (b + c) —_ (a, a2, a3) 7 (b; + Cis bo + Co, b; + re) 


I 


ab, + C1) + ar(b2 + C2) + a3(b3 + C3) 


= ayb, + aicy + darby + aacy + a3b3 + ascs 


I 


(ab, + axb + a3b3) + (aici + a2C2 + 4303) 
=a:‘bta-ce 


The proofs of the remaining properties are left as exercises. o 


The dot product a - b can be given a geometric interpretation in terms of the angle 6 
between a and b, which is defined to be the angle between the representations of a and 
b that start at the origin, where 0 < 6 S 7. In other words, 0 is the angle between the 
line segments OA and OB in Figure 1. Note that if a and b are parallel vectors, then 
06=0ord=T. 

The formula in the following theorem is used by physicists as the definition of the dot 
product. 


FIGURE 1 [3] Theorem If 6 is the angle between the vectors a and b, then 


a: b= |a||b| cos @ 


The Law of Cosines is reviewed in PROOF If we apply the Law of Cosines to triangle OAB in Figure 1, we get 


Appendix D. 
[a] |AB|? = | OA? + |OB[? — 2|OA||OB| cos 6 


(Observe that the Law of Cosines still applies in the limiting cases when 6 = 0 or 7, or 


a = 0orb = 0.) But | OA| = |a|, |OB| = |b|, and |AB| = |a — b], so Equation 4 
becomes 
[5] |a—b|*> = lal? + |b|? — 2|a||b| cos 6 


Using Properties 1, 2, and 3 of the dot product, we can rewrite the left side of this 
equation as follows: 
|ja—b 


* = (a — b)- (a— b) 
=a:‘a-—a:b—b:a+b:b 
=|a|? — 2a: b + |b/? 
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Therefore Equation 5 gives 


Ja? — 2a-b + |b? = |al? + |b[? — 2/al|b| cos 6 


Thus —2a-b 


—2|a||b| cos 6 
or a-b=|a||b| cos 0 z 


EXAMPLE 2 If the vectors a and b have lengths 4 and 6, and the angle between them 
is 77/3, find a - b. 


SOLUTION Using Theorem 3, we have 
a- b= |al||b| cos(7/3) = 4-6-3 = 12 | 


The formula in Theorem 3 also enables us to find the angle between two vectors. 


[6] Corollary If 6 is the angle between the nonzero vectors a and b, then 


a-b 
cos 9 = ——__ 
|a||b| 


EXAMPLE3 Find the angle between the vectors a = (2, 2, —1) and b = (5, —3, 2). 
SOLUTION Since 


ja} = /22?+2?+(-12 =3 and |b| = /5? + (—3)? + 2? = /38 


and since 


a+b = 2(5) + 2(—3) + (-1D(2) = 2 


we have, from Corollary 6, 
a:b 2 


jal[b] 3/38 


cos 8 = 


So the angle between a and b is 


2 
= cos(7) = 146 (or 84°) o 


3/38 


Two nonzero vectors a and b are called perpendicular or orthogonal if the angle 
between them is 6 = 7/2. Then Theorem 3 gives 


a: b= |a||b| cos(z/2) = 0 


and conversely if a - b = 0, then cos 0 = 0, so 6 = 77/2. The zero vector 0 is considered 
to be perpendicular to all vectors. Therefore we have the following method for determin- 
ing whether two vectors are orthogonal. 


Two vectors a and b are orthogonal if and only if a - b = 0. 
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EXAMPLE 4 Show that 2i + 2j — kis perpendicular to 5i — 4j + 2k. 
SOLUTION Since 
(2i + 2j —k) - (5i — 4j + 2k) = 2(5) + 2(-4) + (-1)(2) =0 


these vectors are perpendicular by (7). | 


hi Pee Because cos 0 > 0 if 0< 6 < w/2 and cos @ <0 if 7/2 <0 <7, we see that 
b 6 acute a: b is positive for 6 < 7/2 and negative for @ > 7/2. We can think of a - b as mea- 
suring the extent to which a and b point in the same direction. The dot product a - b is 
a ab =0 positive if a and b point in the same general direction, 0 if they are perpendicular, and 
a b 0= 2/2 negative if they point in generally opposite directions (see Figure 2). In the extreme case 
where a and b point in exactly the same direction, we have 0 = 0, so cos 0 = 1 and 
a a+b <0 a+b = |a||b| 
8 b 6 obtuse 
a If a and b point in exactly opposite directions, then we have 0 = 7m and so cos 0 = —1 


FIGURE 2 anda +b = —|a||b|. 


M@ Direction Angles and Direction Cosines 


The direction angles of a nonzero vector a are the angles a, B, and y (in the interval 
[0, 77]) that a makes with the positive x-, y-, and z-axes, respectively (see Figure 3). 

The cosines of these direction angles, cos a, cos B, and cos y, are called the direction 
cosines of the vector a. Using Corollary 6 with b replaced by i, we obtain 


a:-l a\ 


cos a = = 


lalli] fal 


(This can also be seen directly from Figure 3.) 
Similarly, we also have 


FIGURE 3 


[9] cos B = al cos y = al 


By squaring the expressions in Equations 8 and 9 and adding, we see that 
cos’a + cos’*B + cos’y = 1 


We can also use Equations 8 and 9 to write 


a= (dQ), G@, a3) = (lal cos a, |a| cos B, |a| cos y) 
= |a|(cos a, cos B, cos ¥) 
Therefore 
1 
[11] lal = (cos a, cos B, cos y) 


which says that the direction cosines of a are the components of the unit vector in the 
direction of a. 
EXAMPLE 5 Find the direction angles of the vector a = (1, 2, 3). 
SOLUTION Since |a| = /12 + 2? + 3? = 4/14, Equations 8 and 9 give 
2 3 
Vit cos Yy = —_— 


Ji4 


cos a = cos B = 


1 
v 14 
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B® Projections 


Figure 4 shows representations PO and PR of two vectors a and b with the same initial 
point P. If S is the foot of the perpendicular from R to the line containing PQ, then the 
vector with representation PS is called the vector projection of b onto a and is denoted 
by proj, b. (You can think of it as a shadow of b.) 

The scalar projection of b onto a (also called the component of b along a) is defined 
to be the signed magnitude of the vector projection, which is the number |b| cos 0, 
where @ is the angle between a and b. (See Figure 5.) This is denoted by comp, b. 
Observe that it is negative if 7/2 < 6 < 7. The equation 


a+b =|a||b| cos @ =|a|(|b| cos 6) 


shows that the dot product of a and b can be interpreted as the length of a times the 
scalar projection of b onto a. Since 


iniseseso ee 
| a a| 


FIGURE 4 


Vector projections 


the component of b along a can be computed by taking the dot product of b with the unit 
vector in the direction of a. We summarize these ideas as follows. 


Scalar projection of b onto a: comp, b = 


|b| cos 6 = comp, b 


FIGURE 5 


Scalar projection 


Vector projection of b onto a: projab = ( 


Notice that the vector projection is the scalar projection times the unit vector in the direc- 
tion of a. 


EXAMPLE 6 Find the scalar projection and vector projection of b = (1, 1, 2) 
onto a = (—2, 3, 1). 


SOLUTION Since |a| = /(—2)? + 32 + 2 = ¥/14, the scalar projection of b onto a 
is 


a-b  (-2)(1) +30) +12) 3 


a Jia is 


The vector projection is this scalar projection times the unit vector in the direction of a: 


. 3 a 3 3 9 3 
PP =e lal = Ba 
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F 


FIGURE 6 


FIGURE 7 


12.3 | Exercises 


B® Application: Work 


One use of projections occurs in physics in calculating work. In Section 6.4 we 
defined the work done by a constant force F in moving an object through a distance d as 
W = Fd, but this applies only when the force is directed along the line of motion of the 


aan 
object. Suppose, however, that the constant force is a vector F = PR pointing in some 
other direction, as illustrated in Figure 6. If the force moves the object from P to Q, then 


the displacement vector is D = PO. The work done by this force is defined to be the 
product of the component of the force along D and the distance moved: 


W = (|F| cos 6)|D| 
But then, from Theorem 3, we have 
[12] W=|F||D|cos6=F-D 


Thus the work done by a constant force F is the dot product F + D, where D is the dis- 
placement vector. 


EXAMPLE7 A wagon is pulled a distance of 100 m along a horizontal path by a 
constant force of 70 N. The handle of the wagon is held at an angle 35° above the 
horizontal. Find the work done by the force. 


SOLUTION If F and D are the force and displacement vectors, as pictured in Figure 7, 
then the work done is 


W=F-D=|F||D| cos 35° 
= (70)(100) cos 35° ~ 5734 N-m = 5734 J | 


EXAMPLE 8 A force is given by a vector F = 3i + 4j + 5k and moves a particle 
from the point P(2, 1, 0) to the point Q(4, 6, 2). Find the work done. 


SOLUTION The displacement vector is D = PO = (2,5, 2), so by Equation 12, the 
work done is 


W=F-D=(3,4,5) - (2,5,2) 
=6+ 20+ 10 = 36 


If the unit of length is meters and the magnitude of the force is measured in newtons, 
then the work done is 36 J. a 


1. Which of the following expressions are meaningful? Which 3. a= (1.5,0.4), b = (-4, 6) 
are meaningless? Explain. 


(a) (a: b)-e¢ 
(c) |a|(b+c) 
(ec) ac: bt+e 


2-10 Finda b. 
2. a= (5, —2), 


(b) (a+ b)e 4. a= (6, —2,3), b=(2,5,—1) 


(d) a: (b+ ec) 


(f) | 


b = (3, 4) 


5.a=(4,1,1), b= (6, -3, -8) 
a|-(b +c) ( :) 


6. a= (p, —p, 2p), b= (29,4, —9) 
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9. |a|=7, |b|=4, the angle between a and b is 30° 


10. |a| = 80, |b| = 50, the angle between a and b is 3277/4 


11-12 Ifu isa unit vector, findu + vandu-: w. 


11. 12. u 


13. (a) Show thati-j =j-k=k-i=0. 
(b) Show thati-i=j-j=k-k=1. 


14. A street vendor sells a hamburgers, b hot dogs, and c bottles 
of water on a given day. He charges $4 for a hamburger, 
$2.50 for a hot dog, and $1 for a bottle of water. If 
A = (a,b,c) and P = (4, 2.5, 1), what is the meaning of 
the dot product A + P? 


15-20 Find the angle between the vectors. (First find an exact 
expression and then approximate to the nearest degree.) 


15. u= (5,1), v= (3,2) 


17. a= (1, —4,1), b=, 2, —2) 


18. a = (-1,3,4), b= (5,2, 1) 


19.u=i-4jt+k, v=—3i+j+5k 


20.a=8i-jt+4k, b=4j+2k 


21-22 Find, correct to the nearest degree, the three angles of the 
triangle with the given vertices. 


21. P(2,0), O(0,3), R(3,4) 


22. A(1,0,—-1), B(3,-2,0), CQL, 3, 3) 


23-24 Determine whether the given vectors are orthogonal, 
parallel, or neither. 


23. (a) a= (9,3), b= (-2,6) 
(b) a= (4,5, -2), b = (3, -1,5) 
(c) a= —8i+ 12) + 4k, b=6i—9j—3k 
(d) a=3i—j+3k, b=5i+9j—2k 
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24. (a) u=(-5,4, -2), v=(,4,-1) 
(b) u=9i— 6j + 3k, v= —6i+ 4j — 2k 
(c) u=(c,c,c), v= (c, 0, -c) 


25. Use vectors to determine whether the triangle with vertices 
P(1, —3, —2), Q(2, 0, —4), and R(6, —2, —5) is right-angled. 


26. Find the values of x such that the angle between the vectors 
(2, 1, -1), and (1, x, 0) is 45°. 


27. Find a unit vector that is orthogonal to bothi + j andi + k. 


28. Find two unit vectors that make an angle of 60° with 
v = (3,4). 


29-30 Find the acute angle between the lines. Use degrees 
rounded to one decimal place. 


29. y=4-3x, y=3x+2 


30. 5x-y=8, x+3y=15 


31-32 Find the acute angles between the curves at their points of 
intersection. Use degrees rounded to one decimal place. (The 
angle between two curves is the angle between their tangent lines 
at the point of intersection.) 


31. y=2x7, y=x3 


32. y=sinx, y=cosx, 0<x<7/2 


33-37 Find the direction cosines and direction angles of the 
vector. (Give the direction angles correct to the nearest tenth of a 


degree.) 
33. (4, 1,8) 34. (—6, 2,9) 
35. 3i-— j — 2k 36. —0.7i + 1.2j — 0.8k 


37. (c,c,c), Wwherec > 0 


38. If a vector has direction angles a = 77/4 and B = 7/3, find 
the third direction angle y. 


39-44 Find the scalar and vector projections of b onto a. 


39. a=(-5,12), b= (4,6) 


40. a=(1,4), b= (2,3) 


41. a= (4,7, -4), b=, —-1, 1) 


42. a = (-1, 4,8), b = (12, 1, 2) 


43.a=3i-3j+k, b=2i+4j—k 


44.a=i+2j+ 3k, b=5i-k 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


CHAPTER 12 Vectors and the Geometry of Space 


Show that the vector orth, b = b — proj, b is orthogonal to a. 


(It is called an orthogonal projection of b.) 


For the vectors in Exercise 40, find orth, b and illustrate by 
drawing the vectors a, b, proj, b, and orth, b. 


If a = (3, 0, —1), find a vector b such that comp, b = 2. 


Suppose that a and b are nonzero vectors. 
(a) Under what circumstances is comp, b = comp) a? 


(b) Under what circumstances is proj, b = projp a? 


Find the work done by a force F = 8i — 6j + 9k that 
moves an object from the point (0, 10, 8) along a straight line 
to the point (6, 12, 20). The distance is measured in meters 
and the force in newtons. 


A tow truck drags a stalled car along a road. The chain makes 
an angle of 30° with the road and the tension in the chain is 
1500 N. How much work is done by the truck in pulling the 
car 1 km? 


A sled is pulled along a level path through snow by a rope. 
A 30-lb force acting at an angle of 40° above the horizontal 
moves the sled 80 ft. Find the work done by the force. 


A boat sails south with the help of a wind blowing in the 
direction S 36° E with magnitude 400 Ib. Find the work done 
by the wind as the boat moves 120 ft. 


Distance from a Point to a Line Use a scalar projection to 
show that the distance from a point P;(x1, y:) to the line 
ax + by+c=Ois 


Jax, + by; + c| 
Ja +b? 


Use this formula to find the distance from the point (—2, 3) to 
the line 3x — 4y + 5 = 0. 


Ifr = (x, y,z),a@ = (a), do, a3), and b = (by, bo, b3), show 
that the vector equation (r — a) + (r — b) = O represents a 
sphere, and find its center and radius. 


Find the angle, in degrees rounded to one decimal place, 
between a diagonal of a cube and one of its edges. 


Find the angle, in degrees rounded to one decimal place, 
between a diagonal of a cube and a diagonal of one of its 
faces. 


A molecule of methane, CHy, is structured with the four 
hydrogen atoms at the vertices of a regular tetrahedron and 
the carbon atom at the centroid. The bond angle is the angle 
formed by the H—C—H combination; it is the angle between 
the lines that join the carbon atom to two of the hydrogen 
atoms. Show that the bond angle is about 109.5°. 


[ Hint: Take the vertices of the tetrahedron to be the points 


58. 


59 
60. 


61 


62 


63 


64 


65 


66. 


(1, 0, 0), (0, 1, 0), (0, 0, 1), and (1, 1, 1), as shown in the fig- 


ure. Then the centroid is (5, 5, 4) 


. Ife =|a|b + |b|a, where a, b, and ¢ are all nonzero 
vectors, show that c bisects the angle between a and b. 


. Prove Properties 2, 4, and 5 of the dot product (Theorem 2). 


. Suppose that all sides of a quadrilateral are equal in length 
and opposite sides are parallel. Use vector methods to show 
that the diagonals are perpendicular. 


. Cauchy-Schwartz Inequality Use Theorem 3 to prove the 
Cauchy-Schwarz Inequality: 


|a-b| <|al|b| 
. Triangle Inequality The Triangle Inequality for vectors is 
ja+ b| <|a| + |b| 


(a) Give a geometric interpretation of the Triangle Inequality. 
(b) Use the Cauchy-Schwarz Inequality from Exercise 61 to 
prove the Triangle Inequality. [Hint: Use the fact that 
|a + b|> = (a + b)- (a + b) and use Property 3 of the 
dot product. ] 


. Parallelogram Identity The Parallelogram Identity states that 


bP? + |a-— bP =2|al? + 2|b/? 

(a) Give a geometric interpretation of the Parallelogram 
Identity. 

(b) Prove the Parallelogram Identity. (See the hint in 


Exercise 62.) 


. Show that if u + v and u — vare orthogonal, then the 
vectors u and v must have the same length. 


. If 6 is the angle between vectors a and b, show that 
proja b + projy a = (a: b) cos 
. (a) Show that if u and v are nonzero orthogonal vectors, then 
Ju+v[?= ul’ + |v]. 


(b) Show that the converse of part (a) is also true: if 
ju + v|?= |u|? + |v|?, then u and v are orthogonal. 
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Hamilton 


The cross product was invented by 
the Irish mathematician Sir William 
Rowan Hamilton (1805-1865), who 
had created a precursor of vectors, 
called quaternions. When he was five 
years old Hamilton could read Latin, 


Greek, and Hebrew. At age eight he 
added French and Italian and at ten 
he could read Arabic and Sanskrit. 

At the age of 21, while still an under- 
graduate at Trinity College in Dublin, 
Hamilton was appointed Professor of 
Astronomy at the university and Royal 
Astronomer of Ireland! 


12.4 
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The Cross Product 


Given two nonzero vectors, it is very useful to be able to find a nonzero vector that is 
perpendicular to both of them, as we will see in the next section and in Chapters 13 and 
14. We now define an operation, called the cross product, that produces such a vector. 


@ The Cross Product of Two Vectors 


Given two nonzero vectors a = (dj, a2, a3) and b = (bj, bo, bs), suppose that a nonzero 
vector ¢ = (Ci, C2, C3) is perpendicular to both a and b. Then a: c = 0 and b:c=0 
and so 

[1] ac; + ac. + azc3 = O 

[2] bicy + boco + b3c3 = 0 
To eliminate c; we multiply (1) by b3 and (2) by a3 and subtract: 


[3] (a\b3 — asb\)c, + (axb3 — azb2)c. = 0 


Equation 3 has the form pc, + gc. = 0, for which an obvious solution is c; = q and 
Co = —p. So a solution of (3) is 


C1 = ab; — asbo C2 = a3b, — ayb 
Substituting these values into (1) and (2), we then get 

C3 = aby — anby 
This means that a vector perpendicular to both a and b is 


(ci, C2, C3) = (abs — a3b2, a3b, — ayb3, aybz — ayb,) 


The resulting vector is called the cross product of a and b and is denoted by a X b. 


[4] Definition of the Cross Product If a = (ai, a2, a3) and b = (bi, bo, bs), 
then the cross product of a and b is the vector 


aXb= (dob; = azb>, a3b, — a\b3, ab = 


ab) 


Notice that the cross product a X b of two vectors a and b is a vector (whereas the dot 
product is a scalar). For this reason it is also called the vector product. Note that a x b 
is defined only when a and b are three-dimensional vectors. 

In order to make Definition 4 easier to remember, we use the notation of determinants. 
A determinant of order 2 is defined by 


a b 


— = ad — be 
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(Multiply across the diagonals and subtract.) For example, 


= 2(4) — 1(-6) = 14 


21 
-6 4 


A determinant of order 3 can be defined in terms of second-order determinants: 


b, by 


Observe that each term on the right side of Equation 5 involves a number aq; in the first 
row of the determinant, and a; is multiplied by the second-order determinant obtained 
from the left side by deleting the row and column in which a; appears. Notice also the 
minus sign in the second term. For example, 


a a oa 3 3 0 
3 0 =j =6 # (=i) 

4 2 =f 4 =5 4 
-5 4 2 


= 1(0 — 4) — 2(6 + 5) + (—1)(12 — 0) = —38 


If we now rewrite Definition 4 using second-order determinants and the standard basis 
vectors i, j, and k, we see that the cross product of the vectors a = a,;i + a2j + a3k and 
b= bhi + boj + b3k is 


a2 a3 


by bs 


a, a3 
b, bs 


a, a2 
b, by 


[6] aXb= i- jt k 


In view of the similarity between Equations 5 and 6, we often write 


ij k 
aXb= a, a a3 
b; by bs 


Although the first row of the symbolic determinant in Equation 7 consists of vectors, if 
we expand it as if it were an ordinary determinant using the rule in Equation 5, we obtain 
Equation 6. The symbolic formula in Equation 7 is probably the easiest way of remem- 
bering and computing cross products. 


EXAMPLE 1 Ifa = (1, 3, 4) and b = (2, 7, —5), then 


ij k 
aXb=/1 3 4 
a 9 =s 
a8 4). @loaltoh 
7 gl |e as ae, 


= (—-15 — 28)i- (-5 - 8)j + (7-6)k= —431 + 133 +k a 
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EXAMPLE 2 Show that a X a = 0 for any vector a in V3. 
SOLUTION Ifa = ( a\, a2, a3), then 
ij k 
axa=/q@ @ @ 
ay a2 a3 
= (aa3 — a342)i — (aia3 — a3a)) j + (ayay — ana;)k 


=0i-0j+0k=0 a 


BH Properties of the Cross Product 


We constructed the cross product a X b so that it would be perpendicular to both a and 
b. This is one of the most important properties of a cross product, so let’s emphasize and 
verify it in the following theorem and give a formal proof. 


Theorem The vector a X b is orthogonal to both a and b. 
PROOF In order to show that a X b is orthogonal to a, we compute their dot product 
as follows: 


a2 a3 
by by; 


a, a3 


b, bs 


a; a2 


aXb):a . 
( ) Pe te 


I 


a, — a2 + a3 


= a\(a2b3 — a3b2) — ax(aib3 — a3b;) + a3(aib, — arb) 
= a;arb; are a;boa3 aa a\arb; + b,a2a3 + a;boa3 as bana; 


=0 


A similar computation shows that (a X b) - b = 0. Therefore a X b is orthogonal to 
both a and b. i) 


If a and b are represented by directed line segments with the same initial point (as 
in Figure 1), then Theorem 8 says that the cross product a X b points in a direction 
4 perpendicular to the plane through a and b. It turns out that the direction of a X b is 
given by the right-hand rule: if the fingers of your right hand curl in the direction of a 
rotation (through an angle less than 180°) from a to b, then your thumb points in the 
direction of a X b. 
Now that we know the direction of the vector a X b, the remaining thing we need to 
complete its geometric description is its length |a X b|. This is given by the following 
theorem. 


fb 


FIGURE 1 
The right-hand rule gives the direction 
ofa X b. 


[9] Theorem If 6 is the angle between a and b (so0 <@ S 7), then the length 
of the cross product a X b is given by 


|a X b| = |a||b| sin@ 
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PROOF From the definitions of the cross product and length of a vector, we have 
ja xb |? = (arb; — a3b2)° + (a5bj = ab3)° + (ayb, — ayb\)° 
= as be = 2a203b2b3 + asbs + as b? = 2a,a3b\b3 + ajb3 


+ arbs _ 2a, arb, bo + as b7 


I 


(a? + ae + as)(b? + bs + b?) al (ab, + aonb + a3b3) 


=lal?|b/? — (a- by’ 

= |a|?|b/? — |a|?|b|?cos’@ — (by Theorem 12.3.3) 
= |al?|b/?(1 — cos’@) 

= |a|*|b|?sin’6 


Taking square roots and observing that y/sin20 = sin @ because sin 9 > 0 when 
0 <@ S 7, we have 


|a x b| =|a||b| sin 6 a 


Corollary Two nonzero vectors a and b are parallel if and only if 


axb=0 


PROOF Two nonzero vectors a and b are parallel if and only if @ = 0 or a. In either 
case sin 6 = 0, so |a X b| = O and therefore a X b = 0. | 


Geometric characterization of a < b Since a vector is completely determined by its magnitude and direction, we can now 
say that for nonparallel vectors a and b, a X b is the vector that is perpendicular to both 
a and b, whose orientation is determined by the right-hand rule, and whose length is 
|a||b|sin 0. In fact, that is exactly how physicists define a X b. 

The geometric interpretation of Theorem 9 can be seen by looking at Figure 2. If a 
and b are represented by directed line segments with the same initial point, then they 
determine a parallelogram with base | a, altitude | b| sin 6, and area 


A = |a|(|b|sin@) =|a x b| 


Thus we have the following way of interpreting the magnitude of a cross product. 


FIGURE 2 


The length of the cross product a X b is equal to the area of the parallelogram 


determined by a and b. 


EXAMPLE3 Find a vector perpendicular to the plane that passes through the points 
P(1, 4, 6), O(—2, 5, —1), and RU, —1, 1). 


SOLUTION The vector PO X PRis perpendicular to both PO and PR and is therefore 
perpendicular to the plane through P, Q, and R. We know from (12.2.1) that 


PO =(-2 = 14+ 6 = 4] 4 C1 = 6k = 31 + f= 7k 


PR =(1—1)i+ (-1-4)j+ (1 - 6k = -5j — 5k 
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We compute the cross product of these vectors: 


ij k 

— —= 
POX PR=|-3 1 -7 
0 -5 —-5 


= (—5 — 35)i- (15 — 0)j + (15 — 0)k = —40i — 15j + 15k 
So the vector (—40, —15, 15) is perpendicular to the given plane. Any nonzero scalar 
multiple of this vector, such as (—8, —3, 3), is also perpendicular to the plane. | 
EXAMPLE 4 Find the area of the triangle with vertices P(1, 4, 6), Q(—2, 5, —1), 
and R(1, —1, 1). 


SOLUTION In Example 3 we computed that PO x PR = (—40, —15, 15). The area of 
the parallelogram with adjacent sides PQ and PR is the length of this cross product: 


|PO x PR| = \(—40)? + (— 15)? + 15? = 5/82 


The area A of the triangle PQR is half the area of this parallelogram, that is, x 82. 


If we apply Theorems 8 and 9 to the standard basis vectors i, j, and k using @ = 7/2, 
we obtain 


Observe that ixjAjx<i 


@ Thus the cross product is not commutative. Also 
ix (xX j=ixk=-—-j 
whereas ixi)xj=0xj=0 
@ So the associative law for multiplication does not usually hold; that is, in general, 
(a X b) X c Xa X (b X ¢) 


However, some of the usual laws of algebra do hold for cross products. The following 
theorem summarizes the properties of vector products. 


[11] Properties of the Cross Product Ifa, b, and c are vectors and c isa 
scalar, then 


l.aXb=-bXa 2. (ca) X b = c(a X b) = a X (cb) 


3,.aX(bt+c=axXbt+axXe 4.(a+b)Xc=aXct+bXe 
5.a-(bXc)=(aXb)-e 6. a X (b X c) = (a: c)b — (a: dD) 


These properties can be proved by writing the vectors in terms of their components 
and using the definition of a cross product. We give the proof of Property 5 and leave the 
remaining proofs as exercises. 
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PROOF OF PROPERTY 5 If a= (a1, a2, a3), b= (by, bo, bs), and c = (c1, C2, C3)5 
then 


[12] a+ (b X ¢) =a,(boc3 — bscr) + ar(bsc, — dics) + asx(bic, — brc1) 
= ayboc3 — ayb3c2 + arb3c; — arbic3 + a3bye. — asbrc\ 
= (arb3 — a3b2)c, + (a3b, — a,b3)c. + (aybs — arb, )c3 
=(aXb)-c oO 


Bi Triple Products 


The product a - (b X c) that occurs in Property 5 is called the scalar triple product of 
the vectors a, b, and c. Notice from Equation 12 that we can write the scalar triple prod- 
uct as a determinant: 


at a2 a3 
[13] a: (bX c)= b, bo b3 


Cy C2 C3 


The geometric significance of the scalar triple product can be seen by considering the 
parallelepiped determined by the vectors a, b, and c. (See Figure 3.) The area of the base 
parallelogram is A = |b X cl]. If @ is the angle between a and b X ec, then the height h 
of the parallelepiped is h = |a||cos 0|. (We must use | cos @| instead of cos 6 in case 
6 > a/2.) Therefore the volume of the parallelepiped is 


V=Ah=|b X e||a||cos@|=|a+(b Xc)| — (by Theorem 12.3.3) 


FIGURE 3 


Thus we have proved the following formula. 


The volume of the parallelepiped determined by the vectors a, b, and ¢ is the 
magnitude of their scalar triple product: 


V=|a-(bXco)| 


If we use the formula in (14) and discover that the volume of the parallelepiped 
determined by a, b, and c is 0, then the vectors must lie in the same plane; that is, they 
are coplanar. 


EXAMPLE 5 Use the scalar triple product to show that the vectors a = (1, 4, —7), 
b = (2, —1, 4), ande = (0, —9, 18) are coplanar. 


SOLUTION We use Equation 13 to compute their scalar triple product: 


1 4 -7 
a:(bXc)=|2 -1 4 
0 -9 18 

get 4) og Be cee 

-9 18 0 18 0 -9 


1(18) — 4(36) — 7(-18) = 0 
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Therefore, by (14), the volume of the parallelepiped determined by a, b, and c is 0. 
This means that a, b, and c are coplanar. a 


The product a X (b X c) that occurs in Property 6 is called the vector triple product 
of a, b, and c. Property 6 will be used to derive Kepler’s First Law of planetary motion 
in Chapter 13. Its proof is left as Exercise 50. 


BH Application: Torque 


The idea of a cross product occurs often in physics. In particular, we consider a force F 
acting on a rigid body at a point given by a position vector r. (For instance, if we tighten 
a bolt by applying a force to a wrench as in Figure 4, we produce a turning effect.) The 
torque 7 (relative to the origin) is defined to be the cross product of the position and 
force vectors 


T=rxF 


and measures the tendency of the body to rotate about the origin. The direction of the 
torque vector indicates the axis of rotation. According to Theorem 9, the magnitude of 
the torque vector is 


|r| = |r X F| = |r||F|sing 


where @ is the angle between the position and force vectors. Observe that the only com- 
ponent of F that can cause a rotation is the one perpendicular to r, that is, | F| sin 0. 
The magnitude of the torque is equal to the area of the parallelogram determined by r 
and F. 


EXAMPLE6 A bolt is tightened by applying a 40-N force to a 0.25-m wrench, as 
shown in Figure 5. Find the magnitude of the torque about the center of the bolt. 


SOLUTION The magnitude of the torque vector is 
|7| = |r X F| = |r||F|sin 75° = (0.25)(40) sin 75° 
= 10sin 75° ~ 9.66 N-m 


If the bolt is right-threaded, then the torque vector itself is 


FIGURE 5 t=|7|n~ 9.66n 
where n is a unit vector directed down into the page (by the right-hand rule). a 
12.4 | Exercises 
1-7 Find the cross product a X< b and verify that it is orthogonal 6. a= tit costj + sintk, b=i-— sintj + cos tk 


to both a and b. 
1. a= (2,3,0), b= (1,0, 5) 


2. a = (4,3, -2), b= (2,—1,1) 
3.a=2j-4k, b=-i+3j+k 


7.a=(P,0,t), b= (t, 21,32) 


8. Ifa =i — 2kandb =j + k, finda X b. Sketch a, b, and 
a X bas vectors starting at the origin. 


9-12 Find the vector, not with determinants, but by using 


4.a=3i+ 3j—3k, b=3i-3j + 3k properties of cross products. 


5.a=jit+4j+ik, b=it+2j—3k 9. (ix j) Xk 10. k X (i — 2j) 
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11. (j — k) x (k — i) 12. (i+ j) X Gi—j) 


13. State whether each expression is meaningful. If not, explain 
why. If so, state whether it is a vector or a scalar. 
(a) a+ (b X ce) (b) a X (b- c) 
(c) a X (b X c) (d) a-(b-c) 
(ce) (a: b) X (ec: d) (f) (a X b)- (ec X d) 


14-15 Find |u X v| and determine whether u X v is directed 
into the page or out of the page. 


24. Property 2: (ca) X b = c(a X b) = a X (cb) 


25. Property 3: aX (b +c) =~aXbt+axXe 


I 


26. Property 4: (a+ b) Xc=aXec+bXe 


27. Find the area of the parallelogram with vertices A(—3, 0), 
B(-1, 3), C(5, 2), and D(3, —1). 


28. Find the area of the parallelogram with vertices P(1, 0, 2), 
Q(3, 3, 3), R7, 5, 8), and S(5, 2, 7). 


29-32 (a) Find a nonzero vector orthogonal to the plane through 
the points P, Q, and R, and (b) find the area of triangle POR. 


29. P(3,1,1), O(5,2,4), R(8, 5, 3) 
30. P(—2,0,4), (1,3, —2), R(0, 3, 5) 
31. P(7, —2,0), (3, 1,3), R(4, —4, 2) 


32. P(2, —3, 4), Q(—-1, —2,2), RQ, 1, —3) 


16. The figure shows a vector a in the xy-plane and a vector b in 
the direction of k. Their lengths are |a| = 3 and | b| = 2. 
(a) Find |a X bj. 
(b) Use the right-hand rule to decide whether the components 
of a X b are positive, negative, or 0. 


17. Ifa = (2, —1,3) andb = (4, 2, 1), finda X bandb X a. 


18. Ifa = (1,0, 1), b = (2,1, -1), ande = (0, 1, 3), show 
thata X (b X c) ¥ (a Xb) Xe. 


19. Find two unit vectors orthogonal to both (3, 2, 1) and 
(=1,.1,0), 


20. Find two unit vectors orthogonal to both j — k andi + j. 
21. Show that 0 X a = 0 =a X 0 for any vector a in V3. 
22. Show that (a X b) - b = 0 for all vectors a and b in V3. 


23-26 Prove the specified property of cross products 
(Theorem 11). 


23. Property 1: aX b= —b Xa 


33-34 Find the volume of the parallelepiped determined by the 
vectors a, b, and ¢. 


33. a= (1,2,3), b= (-1,1,2), c= (2,1,4) 


35-36 Find the volume of the parallelepiped with adjacent edges 
PQ, PR, and PS. 


35. P(—2,1,0), Q(2,3,2), RU,4,—-D, S(3, 6, 1) 
36. P(3,0,1), Q(-1,2,5), RG,1,—-D, S(0, 4, 2) 
37. Use the scalar triple product to verify that the vectors 


u=i+ 5j — 2k, v = 3i — j, andw = 5i+ 9j — 4k 
are coplanar. 


38. Use the scalar triple product to determine whether the points 
A(1, 3, 2), B(3, —1, 6), C(5, 2, 0), and D(3, 6, —4) lie in the 
same plane. 


39. A bicycle pedal is pushed by a foot with a 60-N force as 
shown in the figure. The shaft of the pedal is 18 cm long. 
Find the magnitude of the torque about P. 


60N 
70° 
EO | | 10° P 
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40. (a) A horizontal force of 20 Ib is applied to the handle of a 


41 


42 


43 


44 


45 


gearshift lever as shown in the figure. Find the magnitude 


of the torque about the pivot point P. 
(b) Find the magnitude of the torque about P if the same 
force is applied at the elbow Q of the lever. 


. A wrench 30 cm long lies along the positive y-axis and grips 
a bolt at the origin. A force is applied in the direction 
(0, 3, —4) at the end of the wrench. Find the magnitude of 
the force needed to supply 100 N-m of torque to the bolt. 


. Let v = 5j and let u be a vector with length 3 that starts at 


the origin and rotates in the xy-plane. Find the maximum and 


minimum values of the length of the vector u X v. In what 
direction does u X v point? 


. Ifa: b = /3 anda X b = (1, 2, 2), find the angle between 


aand b. 
. (a) Find all vectors v such that 
(1, 2,1) X v = (3,1, -5) 
(b) Explain why there is no vector v such that 
(1,2,1) X v = (3, 1,5) 


. Distance from a Point to aLine Let P be a point not on the 
line L that passes through the points Q and R. 
(a) Show that the distance d from the point P to the line L is 


go ilaXbl 
Ja 
= = 
where a = QR and b = QP. 
(b) Use the formula in part (a) to find the distance from 
the point P(1, 1, 1) to the line through Q(0, 6, 8) and 
R(-1, 4, 7). 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 
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Distance from a Point to a Plane Let P be a point not on the 
plane that passes through the points Q, R, and S. 
(a) Show that the distance d from P to the plane is 


_ ja‘ bxo| 


d 
jaXb| 


where a = OR,b = OS, and = OP. 

(b) Use the formula in part (a) to find the distance from the 
point P(2, 1, 4) to the plane through the points Q(1, 0, 0), 
R(O, 2, 0), and S(0, 0, 3). 

Show that |a X b|? = |a|?|b|? — (a- b). 

Ifa + b + c = 0, show that 

axXb=bxXc=cXa 

Prove that (a — b) X (a + b) = 2(a X b). 

Prove Property 6 of cross products, that is, 

a X (b X c) = (a- c)b — (a: dD) 


Use Exercise 50 to prove that 


aX (bX ec) + bX (ec X a) + e¢X (aX bb) = 0 


Prove that 
a-:c b-e 
(a X b) + (ec X d) = 
a-d b-d 
Suppose that a # 0. 


(a) Ifa +b =a-~-c, does it follow that b = c? 

(b) Ifa X b =a X ¢, does it follow that b = c? 

(c) Ifa: b=a-:canda X b =a X ¢, does it follow 
that b = c? 


If v;, V2, and v3 are noncoplanar vectors, let 


Vv. X Vv 
k, = ——— k. = 
vi * (Vo X vs) 


vWZ3X V1 


vi * (Vo X vs) 


i= Vi X Vo 
vi * (V2 X v3) 


(These vectors occur in the study of crystallography. Vectors 
of the form mv; + n2V2 + n3V3, Where each n; is an integer, 
form a lattice for a crystal. Vectors written similarly in 
terms of k;, Kk», and k; form the reciprocal lattice.) 
(a) Show that k; is perpendicular to v; if i # j. 
(b) Show that k; + v; = 1 fori = 1, 2, 3. 

1 


Show that k, - (k. X k;) = ————_. 
(c) Show that k;  (k2 X k;) oo 
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864 CHAPTER 12 Vectors and the Geometry of Space 


DISCOVERY PROJECT | THE GEOMETRY OF A TETRAHEDRON 


P A tetrahedron is a solid with four vertices, P, Q, R, and S, and four triangular faces, as shown 
in the figure. 


1. Let vi, V2, v3, and v4 be vectors with lengths equal to the areas of the faces opposite the 
vertices P, Q, R, and S, respectively, and directions perpendicular to the respective 
faces and pointing outward. Show that 


Vi+v+vy3,+Wy=0 


2. The volume V of a tetrahedron is one-third the distance from a vertex to the opposite face, 
times the area of that face. 
(a) Find a formula for the volume of a tetrahedron in terms of the coordinates of its 
vertices P, Q, R, and S. 
(b) Find the volume of the tetrahedron whose vertices are P(1, 1, 1), O(, 2, 3), 
RL, i, 2), eine SE, = il, 2), 


i 


Suppose the tetrahedron in the figure has a trirectangular vertex S. (This means that the 
three angles at S are all right angles.) Let A, B, and C be the areas of the three faces that 
meet at S, and let D be the area of the opposite face POR. Using the result of Problem 1, 
or otherwise, show that 


D? =A? + B?+C 


(This is a three-dimensional version of the Pythagorean Theorem.) 


12.5 | Equations of Lines and Planes 


® Lines 


A line in the xy-plane is determined when a point on the line and the direction of the line 
(its slope or angle of inclination) are given. The equation of the line can then be written 
using the point-slope form. 

Likewise, a line L in three-dimensional space is determined when we know a point 
Po(Xo, yo, Zo) on L and a direction for L, which is conveniently described by a vector v 
parallel to the line. Let P(x, y, z) be an arbitrary point on L and let ro and r be the posi- 


—= — 
tion vectors of Py and P (that is, they have representations OP, and OP). If a is the vector 
— 
with representation P)P, as in Figure 1, then the Triangle Law for vector addition gives 
r=frot a. 


ZA 


P(Xo> Yoo Zo) 


z) 


FIGURE 1 
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Since a and v are parallel vectors, there is a scalar tf such that a = tv. Thus 


[1] r=r+tv 


which is a vector equation of L. Each value of the parameter ¢ gives the position vector 
r of a point on L. In other words, as f varies, the line is traced out by the tip of the vector 
r. As Figure 2 indicates, positive values of t correspond to points on L that lie on one side 
of Po, whereas negative values of t correspond to points that lie on the other side of Pp. 
FIGURE 2 If the vector v that gives the direction of the line LZ is written in component form as 
v= (a,b,c), then we have tv = (ta, tb, tc). We can also write r = (x, y,z) and 
Yo = (Xo, Yo, Zo), SO the vector equation (1) becomes 


(x, y,Z) = (xo + ta, yo + th, z + tc) 


Two vectors are equal if and only if corresponding components are equal. Therefore we 
have the three scalar equations: 


x=X + at y=y + bt Z=2 + ct 


where t € R. These equations are called parametric equations of the line L through the 
point Po(xo, yo, Zo) and parallel to the vector v = (a, b, c). Each value of the parameter t 
gives a point (x, y, z) on L. 


[2] Parametric equations for a line through the point (xo, yo, Zo) and parallel to the 
direction vector (a, b, c) are 


xX =Xxo + at y=yo+ bt z=2z + ct 


EXAMPLE 1 


Figure 3 shows the line LinExample1 (a) Find a vector equation and parametric equations for the line that passes through the 
and its relation to the given point and _ point (5, 1, 3) and is parallel to the vectori + 4j — 2k. 

to the vector that gives its direction. (b) Find two other points on the line. 

SOLUTION 

(a) Here rp = (5, 1,3) = 5i + j + 3k and v =i + 4j — 2k, so the vector equa- 
tion (1) becomes 


r= (5it+ j + 3k) + 1G + 4j — 2k) 


Patras or r=(5+ i+ (1+4)j+G-2)k 


Parametric equations are 


x=3 +1 y=1+4t Z=3:— 2 


FIGURE 3 (b) Choosing the parameter value t = 1 gives x = 6, y = 5, andz = 1, so (6,5, 1) is 


a point on the line. Similarly, t = —1 gives the point (4, —3, 5). a 


The vector equation and parametric equations of a line are not unique. If we change 
the point or the parameter or choose a different parallel vector, then the equations change. 
For instance, if, instead of (5, 1, 3), we choose the point (6, 5, 1) in Example 1, then the 
parametric equations of the line become 


x=647 y=5+4t z=1-2t 
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Figure 4 shows the line L in 
Example 2 and the point P where it 
intersects the xy-plane. 


FIGURE 4 


Or, if we stay with the point (5, 1, 3) but choose the parallel vector 2i + 8j — 4k, we 
arrive at the equations 


x= 30 2t y=1+8t z=3-4t 


In general, if a vector v = (a, b, c) is used to describe the direction of a line L, then 
the numbers a, b, and c are called direction numbers of L. Since any vector parallel to 
v could also be used, we see that any three numbers proportional to a, b, and c could also 
be used as a set of direction numbers for L. 

Another way of describing a line L is to eliminate the parameter f from Equations 2. 
If none of a, b, or c is 0, we can solve each of these equations for f: 


X — Xo — Yo Zz > FG 
-—= Es C= 


a b C 


t= 


Equating the results, we obtain 


[3] X—X0 yy 27 2 
a b c 


These equations are called symmetric equations of L. Notice that the numbers a, b, and 
c that appear in the denominators of Equations 3 are direction numbers of L, that is, com- 
ponents of a vector parallel to L. If one of a, b, or c is 0, we can still eliminate ¢. For 
instance, if a = 0, we could write the equations of L as 


yr y _ 27> % 


b c 


Xx = Xo 
This means that L lies in the vertical plane x = Xo. 


EXAMPLE 2 

(a) Find parametric equations and symmetric equations of the line that passes through 
the points A(2, 4, —3) and B(3, —1, 1). 

(b) At what point does this line intersect the xy-plane? 

SOLUTION 


(a) We are not explicitly given a vector parallel to the line, but we observe that the 
vector v with representation AB is parallel to the line and 


v=(3 —2,-1-4,1 — (-3)) = (1, -5, 4) 


Thus direction numbers are a = 1, b = —5, and c = 4. Taking the point (2, 4, —3) as 
Po, we see that parametric equations (2) are 


x=2+¢t y=4-5t z=-3+4t 
and symmetric equations (3) are 


x-2 y-4 = 2z+3 
1 =5 4 


(b) The line intersects the xy-plane when z = 0. From the parametric equations we have 
z = —3 + 4t = 0, which gives ¢ = }. Using this value of t, we get x = 2 + } = 4p and 
y=4- 5(3) = 2 Thus the line intersects the xy-plane at the point (a re 0) j 
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Alternatively, we can put z = 0 in the symmetric equations and obtain 
2 VY 4-63 
1 =5 4 


which again gives x = v and y = i al 


In general, the procedure of Example 2 shows that direction numbers of the line L 
through the points Po(xo, yo, Zo) and Pi(%1, yi, 21) ate x1 — Xo, 1 — yo, and z; — zo and so 
symmetric equations of L are 


X — Xo JO _ Z— Zo 


X1 — Xo yi — Yo Z1 — Zo 


Often, we need a description, not of an entire line, but of just a line segment. How, for 
instance, could we describe the line segment AB in Example 2? If we put t = 0 in the 
parametric equations in Example 2(a), we get the point (2, 4, —3) and if we put t = 1 we 
get (3, —1, 1). So the line segment AB is described by the parametric equations 


x=2+t y=4-5t z=-3+4 Ost=1 
or by the corresponding vector equation 
r(t)=(2+44—-54,-34+41) O<t<1 


In general, we know from Equation | that the vector equation of a line through the (tip 
of the) vector ro in the direction of a vector v is r = ro + tv. If the line also passes 
through (the tip of) r:, then we can take v = r; — ro and so its vector equation is 


r=ro + ¢(r — ro) = (1 — dro + tr: 


The line segment from ro to r; is given by the parameter interval O <7 < 1. 


[4] The line segment from rp to r; is given by the vector equation 


r(t) =(1—Aro + tr, 0o<rt<1 


The lines L; and Lin Example 3, EXAMPLE 3 Show that the lines L; and L2 with parametric equations 
shown in Figure 5, are skew lines. 

iy x=1+t y= -2+ 3t z=4-t 
Ly x = 2s y=3+s ZS 3 4g 


are skew lines; that is, they do not intersect and are not parallel (and therefore do not 
lie in the same plane). 


SOLUTION The lines are not parallel because the corresponding direction vectors 
(1,3, —1) and (2, 1, 4) are not parallel. (Their components are not proportional.) If L; 
and L» had a point of intersection, there would be values of ¢ and s such that 


1+ t=2s 
—2+3t=3+5 
4-— t=-3+4s 


FIGURE 5 


But if we solve the first two equations, we get tf = i and s = g and these values don’t 
satisfy the third equation. Therefore there are no values of t and s that satisfy the three 
equations, so L; and L, do not intersect. Thus L,; and L> are skew lines. | 
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@ Planes 


Although a line in space is determined by a point and a direction, a plane in space is 

more difficult to describe. A single vector parallel to a plane is not enough to convey the 

“direction” of the plane, but a vector perpendicular to the plane does completely specify 
Zh its direction. Thus a plane in space is determined by a point Po(xo, yo, Zo) in the plane and 
a vector n that is orthogonal to the plane. This orthogonal vector n is called a normal 
vector. Let P(x, y, z) be an arbitrary point in the plane, and let ro and r be the position 
vectors of Py and P. Then the vector r — ro is represented by P,P. (See Figure 6.) The 
normal vector n is orthogonal to every vector in the given plane. In particular, n is 
orthogonal to r — ro and so we have 


[5] n:(r—ro) =0 | 


which can be rewritten as 


[6] n-r=n°f | 


FIGURE 6 


Either Equation 5 or Equation 6 is called a vector equation of the plane. 
To obtain a scalar equation for the plane, we write n = (a, b, c), r = (x, y, z), and 
Yo = (Xo, yo, Zo). Then the vector equation (5) becomes 


Ab ty (e=—ig.) = Yar =H) = 0 
Expanding the left side of this equation gives the following. 


A scalar equation of the plane through point Po(xo, yo, 20) with normal 


vector n = (a, b,c) is 
ax — Xo) + bly — yo) + cz — 2) = 0 


EXAMPLE 4 Find an equation of the plane through the point (2, 4, —1) with normal 
vector n = (2, 3, 4). Find the intercepts and sketch the plane. 


SOLUTION Putting a = 2, b = 3,c = 4, xo = 2, yo = 4, and z) = —1 in Equation 7, 
we see that an equation of the plane is 


2(x — 2) + 3(y — 4) + 42 + 1) = 0 
or 2x + 3y + 4z= 12 


To find the x-intercept we set y = z = 0 in this equation and obtain x = 6. Similarly, 
the y-intercept is 4 and the z-intercept is 3. This enables us to sketch the portion of the 
FIGURE 7 plane that lies in the first octant (see Figure 7). | 


By collecting terms in Equation 7 as we did in Example 4, we can rewrite the equation 
of a plane as 


ax + by +cz+d=0 


where d = —(axo + byo + czo). Equation 8 is called a linear equation in x, y, and z. 
Conversely, it can be shown that if a, b, and c are not all 0, then the linear equation (8) 
represents a plane with normal vector (a, b, c). (See Exercise 83.) 
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Figure 8 shows the portion of the 
plane in Example 5 that is enclosed 
by triangle POR. 


R(5, 2, 0) 
FIGURE 8 
n) 6\n, 
as AI 
- pall ) 
FIGURE 9 


Figure 10 shows the planes in 
Example 7 and their line of 
intersection L. 


xty+z=1 x—2y+3z= 


FIGURE 10 
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EXAMPLE 5 Find an equation of the plane that passes through the points P(1, 3, 2), 
Q(3, —1, 6), and R(5, 2, 0). 


SOLUTION The vectors a and b corresponding to PO and PR are 
a = (2, —4, 4) b=(4,-1,-2) 


Since both a and b lie in the plane, their cross product a X b is orthogonal to the plane 
and can be taken as the normal vector. Thus 


i j k 
n=aXb=/2 -4 4)=12i+ 20j+ 14k 
4 -1 -2 


With the point P(1, 3, 2) and the normal vector n, an equation of the plane is 
12(x — 1) + 20(y — 3) + 14(z — 2) =0 
or 6x + 10y + 7z = 50 a 
EXAMPLE 6 Find the point at which the line with parametric equations x = 2 + 3t, 
y = —4t,z = 5 + tf intersects the plane 4x + 5y — 2z = 18. 


SOLUTION We substitute the expressions for x, y, and z from the parametric equations 
into the equation of the plane: 


A(2 + 3t) + 5(—4t) — 2(5 + ft) = 18 


This simplifies to —10¢ = 20, so t = —2. Therefore the point of intersection occurs 
when the parameter value is tf = —2. Then x = 2 + 3(—2) = —4, y = —4(—2) = 8, 
z= 5 — 2 =3 and so the point of intersection is (—4, 8, 3). | 


Two planes are parallel if their normal vectors are parallel. For instance, the planes 
x + 2y — 3z = 4 and 2x + 4y — 6z = 3 are parallel because their normal vectors are 
n, = (1, 2, —3) and n, = (2, 4, —6) and nz = 2n.. If two planes are not parallel, then 
they intersect in a straight line and the angle between the two planes is defined as the 
acute angle between their normal vectors (see angle 6 in Figure 9). 


EXAMPLE 7 
(a) Find the angle between the planes x + y + z = landx — 2y + 3z= 1. 
(b) Find symmetric equations for the line of intersection L of these two planes. 


SOLUTION 
(a) The normal vectors of these planes are 
n, = (1,1, 1) nm = (1, —2, 3) 
and so, if @ is the angle between the planes, Corollary 12.3.6 gives 
1(1) + 1(—2) + 1(3) 2 
Vl+1+1/1+44+9 fae 


2 
6= cos(2.) = 72° 
J4a2 


(b) We first need to find a point on L. For instance, we can find the point where the line 
intersects the xy-plane by setting z = O in the equations of both planes. This gives the 


Nn; * Mo 
cos 6 = = 
| m|| m2 | 
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870 


Another way to find the line of inter- 
section is to solve the equations of 
the planes for two of the variables in 
terms of the third, which can be taken 
as the parameter. 


e-1_ oy 
2 5 =2 
EE 
1 L 
2°07 2 = 2 
2 3p = 
—] : 
—2 
ye. 
15 ; ee 
y 2 a 
FIGURE 11 


Figure 11 shows how the line Lin 
Example 7 can also be regarded as the 
line of intersection of planes derived 
from its symmetric equations. 


P, 


FIGURE 12 
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equations x + y = | and x — 2y = 1, whose solution is x = 1, y = 0. So the point 
(1, 0, 0) lies on L. 

Now we observe that, since L lies in both planes, it is perpendicular to both of the 
normal vectors. Thus a vector v parallel to L is given by the cross product 


i j k 
v=n, Xn =| 1 1 1 |=5i-2j—-—3k 
1 =2 3 


and so the symmetric equations of L can be written as 


=] 
x _ yz . 
5 =2 =3 


NOTE Since a linear equation in x, y, and z represents a plane and two nonparallel planes 
intersect in a line, it follows that two linear equations can represent a line. The points 
(x, y, z) that satisfy both ayx + by + ciz + d) = Oand anx + ny + oz + db = Olie 
on both of these planes, and so the pair of linear equations represents the line of 
intersection of the planes (if they are not parallel). For instance, in Example 7 the line L 
was given as the line of intersection of the planes x + y + z= landx — 2y + 3z= 1. 
The symmetric equations that we found for L could be written as 


x-1_ yp 
5 —2 


y Zz 


and — = — 
—2 =3 


which is again a pair of linear equations. They exhibit L as the line of intersection of the 
planes (x — 1)/5 = y/(—2) and y/(—2) = z/(—3). (See Figure 11.) 
In general, when we write the equations of a line in the symmetric form 


Z— Zo 


a a 


a b c 
we can regard the line as the line of intersection of the two planes 


x — Xo y — Yo y — Yo 
= and — = 


a b b c 


Z— Zo 


®@ Distances 


In order to find a formula for the distance D from a point P;(x1, y:, 21) to the plane 
ax + by + cz + d = 0, we let Po(xo, yo, Zo) be any point in the given plane and b be the 
— 


vector corresponding to Py P,. Then 
b= (x 1 


From Figure 12 you can see that the distance D from P; to the plane is equal to the 
absolute value of the scalar projection of b onto the normal vector n = (a, b, c). (See 
Section 12.3.) Thus 


Xo, Yi Yo, 21 Zo) 


n 
D =|compnb| = ——— 


_ |aQ = x0) + b(y1 = yo) + c(z: = 20)| 
Va t+ b? + c? 
_ | (ax, + by; + cz) — (axo + byo + cz) | 


Ja? + b? + c? 
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Since Po lies in the plane, its coordinates satisfy the equation of the plane and so we have 
axo + byo + cz + d = 0. Thus we have the following formula. 


[9] The distance D from the point P:(x1, yi, z:) to the plane 
ax + by +cz+d=0Ois 


_ lax + by, + cz, + d| 


Va> +b? + ce? 


EXAMPLE 8 Find the distance between the parallel planes 10x + 2y — 2z = 5 
and5x+y—-z=1. 


SOLUTION First we note that the planes are parallel because their normal vectors 

(10, 2, —2) and (5, 1, —1) are parallel. To find the distance D between the planes, we 
choose any point on one plane and calculate its distance to the other plane. In par- 
ticular, if we put y = z = 0 in the equation of the first plane, we get 10x = 5 and so 
(3, 0, 0) is a point in this plane. By Formula 9, the distance between (5, 0, 0) and the 
plane5x +y—z-—1=0Ois 


pL) +1O-10-1 _ 3 _ 5 
J+ P+ (-1)? 3/36 
So the distance between the planes is af 3/ 6. | 


EXAMPLE9 In Example 3 we showed that the lines 
Li: x=1+t y=-24+ 3t z=4-t 
Lo: x =2s y=3+s z=—3+4s 


are skew. Find the distance between them. 


SOLUTION Since the two lines L, and L, are skew, they can be viewed as lying on two 
parallel planes P, and P2. The distance between L, and L, is the same as the distance 
between P; and P2, which can be computed as in Example 8. The common normal 


FIGURE 13 vector to both planes must be orthogonal to both v; = (1, 3, —1) (the direction of L,) 
Skew lines, like those in Example 9, and v, = (2, 1, 4) (the direction of L2). So a normal vector is 
always lie on (nonidentical) parallel a 
planes. rsJ k 
n=vX*w= 1 3 1 = 131 6j 5k 
yaaa | 4 


If we put s = 0 in the equations of L2, we get the point (0, 3, —3) on L2 and so an 
equation for P, is 


13(x — 0) — 6(y — 3) — 5(z + 3) = 0 or 13x — 6y — 5z +3 =0 


If we now set t = 0 in the equations for L,, we get the point (1, —2, 4) on P;. So 
the distance between L; and L, is the same as the distance from (1, —2, 4) to 
13x — 6y — 5z + 3 = O. By Formula 9, this distance is 


|13(1) — 6(—2) — 5(4) + 3] 8 
D = =_ 


V1? + (—6)? + (=5)? JB0 a . 
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12.5 | Exercises 


1. Determine whether each statement is true or false in R°. 
(a) Two lines parallel to a third line are parallel. 
(b) Two lines perpendicular to a third line are parallel. 
(c) Two planes parallel to a third plane are parallel. 
(d) Two planes perpendicular to a third plane are parallel. 
(e) Two lines parallel to a plane are parallel. 
(f) Two lines perpendicular to a plane are parallel. 
(g) Two planes parallel to a line are parallel. 
(h) Two planes perpendicular to a line are parallel. 
(i) Two planes either intersect or are parallel. 
(j) Two lines either intersect or are parallel. 
(k) A plane and a line either intersect or are parallel. 


2-5 Find a vector equation and parametric equations for the line. 


2. The line through the point (4, 2, —3) and parallel to the 
vector 2i — j + 6k 


3. The line through the point (—1, 8, 7) and parallel to the 
vector (5, +, +) 


4. The line through the point (6, 0, —2) and parallel to the line 
x=4-3f y=-l+4¢ 72=64+5t 


5. The line through the point (5, 7, 1) and perpendicular to the 
plane 3x — 2y + 2z =8 


6-12 Find parametric equations and symmetric equations for the 
line. 


6. The line through the points (—5, 2, 5) and (1, 6, —2) 
7. The line through the origin and the point (8, —1, 3) 


8. The line through the points (0.4, —0.2, 1.1) and 
(1.3, 0.8, —2.3) 


9. The line through the points (12, 9, —13) and (—7, 9, 11) 


10. The line through (2, 1, 0) and perpendicular to both i + j 
andj +k 


11. The line through (—6, 2, 3) and parallel to the line 


tx=fty=z+1 


12. The line of intersection of the planes x + 2y + 3z = 1 
andx-yt+z=1 


13. Is the line through (—4, —6, 1) and (—2, 0, —3) parallel to 
the line through (10, 18, 4) and (5, 3, 14)? 


14. Is the line through (—2, 4, 0) and (1, 1, 1) perpendicular to 
the line through (2, 3, 4) and (3, —1, —8)? 


15. (a) Find symmetric equations for the line that passes 
through the point (1, —5, 6) and is parallel to the vector 
{-1, 2, —3). 
(b) Find the points in which the required line in part (a) inter- 
sects the coordinate planes. 


16. 


17. 


18. 


(a) Find parametric equations for the line through (2, 4, 6) 
that is perpendicular to the plane x — y + 3z = 7. 

(b) In what points does this line intersect the coordinate 
planes? 


Find a vector equation for the line segment from (6, —1, 9) 
to (7, 6, 0). 


Find parametric equations for the line segment from 
(—2, 18, 31) to (11, —4, 48). 


19-22 Determine whether the lines L; and L, are parallel, skew, 
or intersecting. If they intersect, find the point of intersection. 


19. 


20. 


21. 


22. 


Ii x=34+24, y=4-t, z=1+4+3t 


Lat 
1 =2 =3 
3 + 4 2 
ee y Z 
1 3 =] 
is x y-1_2z-2 
1 =1 3 
ioe yrs Zz 


23-40 Find an equation of the plane. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


The plane through the point (3, 2, 1) and with normal 
vector 5i + 4j + 6k 


The plane through the point (—3, 4, 2) and with normal 
vector (6, 1, —1) 


The plane through the point (5, —2, 4) and perpendicular to 
the vector —i + 2j + 3k 


The plane through the origin and perpendicular to the line 
x=1-8t y=-1-Tt z=4+ 2t 


The plane through the point (1, 3, —1) and perpendicular to 
the line 


x+3 z—1 
4 y 


The plane through the point (9, —4, —5) and parallel to the 
plane z = 2x — 3y 


The plane through the point (2.1, 1.7, —0.9) and parallel to 
the plane 2x — y + 3z = 1 


The plane that contains the inex =1+ty=2~-f1, 
z =4 — 3tand is parallel to the plane 5x + 2y + z= 1 
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31. The plane through the points (0, 1, 1), (1, 0, 1), and (1, 1, 0) 


32. The plane through the origin and the points (3, —2, 1) 
and (1, 1, 1) 


33. The plane through the points (2, 1, 2), (3, —8, 6), and 
(=2;=3,.1) 

34. The plane through the points (3, 0, —1), (—2, —2, 3), and 
(7, 1, —4) 


35. The plane that passes through the point (3, 5, —1) and con- 
tains the linex = 4 —t,y = 2t-—1,z 3t 


36. The plane that passes through the point (6, —1, 3) and 
contains the line with symmetric equations 
x/3 =y+4=2/2 


37. The plane that passes through the point (3, 1, 4) and contains 
the line of intersection of the planes x + 2y + 3z = 1 and 
2x-ytz=-3 


38. The plane that passes through the points (0, —2, 5) and 
(—1, 3, 1) and is perpendicular to the plane 2z = 5x + 4y 


39. The plane that passes through the point (1, 5, 1) and is per- 
pendicular to the planes 2x + y — 22 = 2andx + 3z=4 


40. The plane that passes through the line of intersection of the 
planes x — z = 1 and y + 2z = 3 and is perpendicular to the 
planex + y-— 2z=1 


41-44 Use intercepts to help sketch the plane. 
41. 2x + 5y+z=10 42. 3x +y+2z=6 


43. 6x — 3y + 4z = 6 44. 6x + 5y — 3z = 15 


45-47 Find the point at which the line intersects the given plane. 
45. x=2-24, y=3t, z=1lth xt+2y-—z=7 


47. 5x =y/2=z+2; 10x—7y+3z+24=0 


48. Where does the line through (—3, 1, 0) and (—1, 5, 6) inter- 
sect the plane 2x + y — z= —2? 


49. Find direction numbers for the line of intersection of the 
planesx +y +z=1landx+z=0. 


50. Find the cosine of the angle between the planes 
xt+y+z=Oandx+ 2y+ 3z=1. 


51-56 Determine whether the planes are parallel, perpendicular, 
or neither. If neither, find the angle between them. (Use degrees 
and round to one decimal place.) 


51. x + 4y — 3z = 1, 3x + 6y + 7z7=0 


52. 9x — 3y + 6z2=2, 2y = 6x + 4z 


53. x+2y—z=2, 2x 
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55. 2x —3y =z, 4x =3+ 6y + 2z 


56. 5x + 2y+ 3z=2, y=4x- 62 


57-58 

(a) Find parametric equations for the line of intersection of 
the planes. 

(b) Find the angle, in degrees rounded to one decimal place, 
between the planes. 


S57.x+ytz=1, x+2y+2z=1 
58. 3x —2y+z=1, 2x+y-3z=3 


59-60 Find symmetric equations for the line of intersection of the 
planes. 


59. 5x —2y—-—2z=1, 4x+,y+7z=6 
60. z=2x-—y-5, z=4x+ 3y-5 


61. Find an equation for the plane consisting of all points that are 
equidistant from the points (1, 0, —2) and (3, 4, 0). 


62. Find an equation for the plane consisting of all points that are 
equidistant from the points (2, 5, 5) and (—6, 3, 1). 


63. Find an equation of the plane with x-intercept a, y-intercept b, 
and z-intercept c. 


64. (a) Find the point at which the given lines intersect: 
r= (1,1,0) + ¢(1, -1,2) 
r = (2,0,2) + s(—1, 1,0) 


(b) Find an equation of the plane that contains these lines. 


65. Find parametric equations for the line through the point 
(0, 1, 2) that is parallel to the plane x + y + z = 2 and 
perpendicular to the linex =1+ty=1-— 1,2 = 2t. 


66. Find parametric equations for the line through the point 
(0, 1, 2) that is perpendicular to the line x = 1 + f, 
y = 1 —1,z = 2tand intersects this line. 


67. Which of the following four planes are parallel? Are any of 
them identical? 
Pi: 3x + 6y — 3z=6 Po: 4x — 12y + 82 =5 
P3: 9y = 1+ 3x + 62 Pas z=x+2y—-2 


68. Which of the following four lines are parallel? Are any of 
them identical? 


Li x=1+6t, y=1-3t, z=12t+5 


D3: 2x -2=4-4y=2z+1 
La: r = (3, 1,5) + £4, 2, 8) 
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69-70 Use the formula in Exercise 12.4.45 to find the distance 
from the point to the given line. 

69. (4,1,-2); x=1+t y=3-24, 2z=4-3t 

70. (0,1,3); x=2t, y=6-—2t, z=3 +t 

71-72 Find the distance from the point to the given plane. 

71. (1, -2,4), 3x + 2y+6z=5 

72. (—6,3,5), x—2y—4z=8 

73-74 Find the distance between the given parallel planes. 


73. 2x -3y+z2=4, 4x—- 6y+2z=3 
74. 6z =4y — 2x, 9z=1—- 3x + 6y 
75. Distance between Parallel Planes Show that the distance 


76. 


77. 


78. 


79. 


between the parallel planes ax + by + cz + d, = O and 
ax + by + cz + db = Ois 


|di = dh 
Ja? + b? + c? 


Find equations of the planes that are parallel to the plane 
x + 2y — 2z = 1 and two units away from it. 


D= 


Show that the lines with symmetric equations x = y = z and 
x + 1 = y/2 = z/3 are skew, and find the distance between 
these lines. 


Find the distance between the skew lines with parametric 
equationsx = 1+t,y=1 + 6t,z = 2t,andx = 1 + 2s, 
y=5+ 15s,z 2 + 6s. 


Let L; be the line through the origin and the point (2, 0, —1). 
Let L> be the line through the points (1, —1, 1) and (4, 1, 3). 
Find the distance between L, and L>. 


DISCOVERY PROJECT 


80. Let L; be the line through the points (1, 2, 6) and (2, 4, 8). 


81. 


82. 


83. 


PUTTING 3D IN PERSPECTIVE 


Let L> be the line of intersection of the planes P; and P2, 
where P; is the plane x — y + 2z + 1 = O and P) is the plane 
through the points (3, 2, —1), (0, 0, 1), and (1, 2, 1). Calculate 
the distance between L, and L>. 


Two tanks are participating in a battle simulation. Tank A is 

at point (325, 810, 561) and tank B is positioned at point 

(765, 675, 599). 

(a) Find parametric equations for the line of sight between 
the tanks. 


(b) If we divide the line of sight into 5 equal segments, the 
elevations of the terrain at the four intermediate points 
from tank A to tank B are 549, 566, 586, and 589. Can 
the tanks see each other? 


Give a geometric description of each family of planes. 
(a) xty+z=c (b) x+yt+ecz=1 
(c) ycos@ + zsiné = 1 


If a, b, and c are not all 0, show that the equation 
ax + by + cz + d = Orepresents a plane and (a, b, c) is 
a normal vector to the plane. 
Hint: Suppose a # 0 and rewrite the equation in the form 


a(x + ‘) +t b(y — 0) + c(z — 0) = 0 
a 


Computer graphics programmers face the same challenge as the great painters of the past: how 
to represent a three-dimensional scene as a flat image on a two-dimensional plane (a screen or 

a canvas). To create the illusion of perspective, in which closer objects appear larger than those 
farther away, three-dimensional objects in the computer’s memory are projected onto a rectan- 

gular screen window from a viewpoint where the eye, or camera, is located. The viewing 


volume—the portion of space that will be visible—is the region contained by the four planes 
that pass through the viewpoint and an edge of the screen window. If objects in the scene 
extend beyond these four planes, they must be truncated before pixel data are sent to the 
screen. These planes are therefore called clipping planes. 


1. Suppose the screen is represented by a rectangle in the yz-plane with vertices (0, +400, 0) 
and (0, +400, 600), and the camera is placed at (1000, 0, 0). A line L in the scene passes 
through the points (230, —285, 102) and (860, 105, 264). At what points should L be 
clipped by the clipping planes? 
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2. If the clipped line segment is projected onto the screen window, identify the resulting line 
segment. 


FS 3. Use parametric equations to plot the edges of the screen window, the clipped line segment, 
and its projection onto the screen window. Then add sight lines connecting the viewpoint to 
each end of the clipped segments to verify that the projection is correct. 


4. A rectangle with vertices (621, —147, 206), (563, 31, 242), (657, —111, 86), and 
(599, 67, 122) is added to the scene. The line L intersects this rectangle. To make the rect- 
angle appear opaque, a programmer can use hidden line rendering, which removes portions 
of objects that are behind other objects. Identify the portion of L that should be removed. 


12.6 | Cylinders and Quadric Surfaces 


We have already looked at two special types of surfaces: planes (in Section 12.5) and 
spheres (in Section 12.1). Here we investigate two other types of surfaces: cylinders and 
quadric surfaces. 

In order to sketch the graph of a surface, it is useful to determine the curves of inter- 
section of the surface with planes parallel to the coordinate planes. These curves are 
called traces (or cross-sections) of the surface. 


Bi Cylinders 


A cylinder is a surface that consists of all lines (called rulings) that are parallel to a 
given line and pass through a given plane curve. 


Zh EXAMPLE 1 Sketch the graph of the surface z = x’. 


SOLUTION Notice that the equation of the graph, z = x, doesn’t involve y. This means 


gba | that any vertical plane with equation y = k (parallel to the xz-plane) intersects the 
ae graph in a curve with equation z = x”. So these vertical traces are parabolas. Figure 1 
| shows how the graph is formed by taking the parabola z = x’ in the xz-plane and movy- 
. Te ing it in the direction of the y-axis. The graph is a surface, called a parabolic cylinder, 
ee made up of infinitely many shifted copies of the same parabola. Here the rulings of the 
7 y cylinder are parallel to the y-axis. a 


FIGURE 1 
The surface z = x? isa 
parabolic cylinder. 


In Example | the variable y is missing from the equation of the cylinder. This is 
typical of a surface whose rulings are parallel to one of the coordinate axes. If one of 
the variables x, y, or z is missing from the equation of a surface, then the surface is a 
cylinder. 


EXAMPLE 2 Identify and sketch the surfaces. 
(a) xP +y=1 (b) W+277=1 
SOLUTION 


(a) Since z is missing and the equations x* + y* = 1, z = k represent a circle with 
radius | in the plane z = k, the surface x* + y? = 1 is acircular cylinder whose axis is 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


876 


CHAPTER 12 Vectors and the Geometry of Space 


the z-axis. (See Figure 2. We first encountered this surface in Example 12.1.2.) Here the 
rulings are vertical lines. 

(b) In this case x is missing and the surface is a circular cylinder whose axis is the 
x-axis. (See Figure 3.) It is obtained by taking the circle y* + z7 = 1, x = Oin the 
yz-plane and moving it parallel to the x-axis. 


Zh 
| a 
-a  _— 
Ut y 
x a q , ; 
FIGURE 2 FIGURE 3 
rty=1 yt2=1 | 


NOTE When you are dealing with surfaces, it is important to recognize that an equation 
like x? + y? = 1 represents a cylinder and not a circle. The trace of the cylinder 
x? + y? = 1 in the xy-plane is the circle with equations x* + y* = 1,z = 0. 


®@ Quadric Surfaces 


A quadric surface is the graph of a second-degree equation in three variables x, y, and 
z. The most general such equation is 


Ax? + By? + Cz? + Dxy + Eyz + Fxz + Gx + Hy + Iz +J=0 


where A, B, C,..., J are constants, but by translation and rotation it can be brought into 
one of the two standard forms 


Ax? + By? +C2+J=0 or Ax? + By? +1z=0 


Quadric surfaces are the counterparts in three dimensions of the conic sections in the 
plane. (See Section 10.5 for a review of conic sections.) 


EXAMPLE3 Use traces to sketch the quadric surface with equation 


AIS 


2 
ety 
9 


SOLUTION By substituting z = 0, we find that the trace in the xy-plane is 
x* + y*/9 = 1, which we recognize as an equation of an ellipse. In general, the 
horizontal trace in the plane z = k is 


a z=k 
9 4 


which is an ellipse, provided that k* < 4, that is, -2 < k < 2. (If |k| = 2, the trace 
consists of a single point, and the trace is empty for |k| > 2.) 
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Similarly, vertical traces parallel to the yz- and xz-planes are also ellipses: 


y? 7 
“45 =1-,? x=k Gf-1<k<1) 
9 4 

2 k? 
a4 =] =k if-3<k<3 
e+ a. = ( ) 


Figure 4 shows how drawing some traces indicates the shape of the surface. It’s called 
an ellipsoid because all of its traces are ellipses. Notice that it is symmetric with 
FIGURE 4 respect to each coordinate plane; this is because its equation involves only even powers 


2 2 of x, y, and z. | 
The ellipsoid x? + = as | . 


EXAMPLE 4 Use traces to sketch the surface z = 4x? + y’. 


SOLUTION If we put x = 0, we get z = y’, so the yz-plane intersects the surface in a 
parabola. If we put x = k (a constant), we get z = y? + 4k*. This means that if we 
slice the graph with any plane parallel to the yz-plane, we obtain a parabola that opens 
upward. Similarly, if y = k, the trace is z = 4x* + k’, which is again a parabola that 
opens upward. If we put z = k, we get the horizontal traces 4x? + y* = k, which we 
recognize as a family of ellipses (k > 0). Knowing the shapes of the traces, we can 
sketch the graph in Figure 5. Because of the elliptical and parabolic traces, the quadric 
surface z = 4x* + y’ is called an elliptic paraboloid. | 


EXAMPLE 5 Sketch the surface z = y* — x’. 
FIGURE 5 

The surface z = 4x” + y? is an elliptic 
paraboloid. Horizontal traces are 
ellipses; vertical traces are parabolas. 


SOLUTION The traces in the vertical planes x = k are the parabolas z = y? — k’, 
which open upward. The traces in y = k are the parabolas z = —x* + k*, which open 
downward. The horizontal traces are y* — x? = k, a family of hyperbolas. We draw the 
families of traces in Figure 6, and we show how the traces appear when placed in their 
correct planes in Figure 7. 


ZA 


FIGURE 6 

Vertical traces are parabolas; 
horizontal traces are hyperbolas. 
All traces are labeled with the 
value of k. 


Traces in y =k are z=—x? +k’. Traces inz=kare y>—x° =k. 


/ 
y Ree ae 
y 
B —l 
0 

FIGURE 7 ‘ —l 
Traces moved to their 
correct planes Traces in x =k Traces iny=k Traces inz=k 
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In Figure 8 we fit together the traces from Figure 7 to form the surface z = y* — x’, 
a hyperbolic paraboloid. Notice that the shape of the surface near the origin resembles 
that of a saddle. This surface will be investigated further in Section 14.7 when we 
discuss saddle points. 


FIGURE 8 
Two views of the surface z = y? — x’, 
a hyperbolic paraboloid | 
x? z° 
EXAMPLE 6 Sketch the surface ra + y?%- i 1. 
SOLUTION The trace in any horizontal plane z = k is the ellipse 
x2 2 
—+y=1+— z=k 
4 4 
but the traces in the xz- and yz-planes are the hyperbolas 
i 0 d i, 0 
—=— ee = an 4—- = = 
4. 4 j eA ss 
This surface is called a hyperboloid of one sheet and is sketched in Figure 9. 
FIGURE 9 
x2 7 
The surface — + y — — =], 
4 4 


a hyperboloid of one sheet Bg 
The idea of using traces to draw a surface is employed in three-dimensional graphing 
software. In most such software, traces in the vertical planes x = k and y = k are drawn 
for equally spaced values of k. 
Table 1 shows computer-drawn graphs of the six basic types of quadric surfaces in 
standard form. All surfaces are symmetric with respect to the z-axis. If a quadric surface 
is symmetric about a different axis, its equation changes accordingly. 
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Surface 


SECTION 12.6 Cylinders and Quadric Surfaces 


Table 1 Graphs of Quadric Surfaces 


Equation 


Surface 


Equation 


Ellipsoid 


Elliptic Paraboloid 


All traces are ellipses. 


If a = b =c, the ellipsoid is 
a sphere. 


2 
y 
+ re 
Horizontal traces are 
ellipses. 


Vertical traces are parabolas. 


The variable raised to the 
first power indicates the axis 
of the paraboloid. 


Cone 


Hyperboloid of One Sheet 


2 2 
Z x 
eo y 


Ce a b 


Horizontal traces are 
ellipses. 


Vertical traces in the planes 
x =kand y = kare 
hyperbolas if k # 0 but are 
pairs of lines if k = 0. 


Horizontal traces are 
ellipses. 


Vertical traces are 
hyperbolas. 


The axis of symmetry corre- 
sponds to the variable whose 
coefficient is negative. 


Hyperbolic Paraboloid 


2 
be 


Horizontal traces are 
hyperbolas. 


Vertical traces are parabolas. 


The case where c < 0 is 
illustrated. 


Hyperboloid of Two Sheets 


x y 


2 

ea 1 
—— —4+— 
(ona 


Horizontal traces in z = k 
are ellipses if k > c or 
ke) 


Vertical traces are 
hyperbolas. 


The two minus signs 
indicate two sheets. 


EXAMPLE 7 Identify and sketch the surface 4x” — y? + 227+ 4=0. 


SOLUTION Dividing by —4, we first put the equation in standard form: 


2 


y 


2 

A 
—-x?7+27--—-—=] 

. 2 


4 
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Comparing this equation with Table 1, we see that it represents a hyperboloid of two 
sheets, the only difference being that in this case the axis of the hyperboloid is the 
y-axis. The traces in the xy- and yz-planes are the hyperbolas 


2 2 
pe = 2=0 and yaa al. x=0 


The surface has no trace in the xz-plane, but traces in the vertical planes y = k for 
|k| > 2 are the ellipses 


7 k? 
vr+—= =] =k 
2 4 : 
which can be written as 
x Zz 
—— + ———_ = l y=k 
ke k2 
—-1 2—-i]1 
FIGURE 10 4 4 
The surface 4x” — y? + 277+ 4=0, 
a hyperboloid of two sheets These traces are used to make the sketch in Figure 10. | 


EXAMPLE 8 Classify the quadric surface x? + 2z* — 6x —y + 10=0. 


SOLUTION By completing the square we rewrite the equation as 
y—-1=(« - 3)? + 22? 


Comparing this equation with Table 1, we see that it represents an elliptic paraboloid. 
Here, however, the axis of the paraboloid is parallel to the y-axis, and it has been 
shifted so that its vertex is the point (3, 1, 0). The traces in the plane y = k (k > 1) are 
the ellipses 


(x —- 3) +277,=k-1 y=k 


The trace in the xy-plane is the parabola with equation y = 1 + (x — 3), z = 0. The 
paraboloid is sketched in Figure 11. | 


9 bea y 0 SU, M Applications of Quadric Surfaces 


a paraboloid Examples of quadric surfaces can be found in the world around us. In fact, the world 
itself is a good example. Although the earth is commonly modeled as a sphere, a more 
accurate model is an ellipsoid because the earth’s rotation has caused a flattening at the 
poles. (See Exercise 51.) 

Circular paraboloids, obtained by rotating a parabola about its axis, are used to collect 
and reflect light, sound, and radio and television signals [see Figure 12(a)]. In a radio 
telescope, for instance, signals from distant stars that strike the bow] are all reflected to the 
receiver at the focus and are therefore amplified. (The idea is explained in Problem 22 in 
the Problems Plus following Chapter 3.) The same principle applies to microphones and 
satellite dishes in the shape of paraboloids. 

Cooling towers for nuclear reactors are usually designed in the shape of hyperboloids 
of one sheet [Figure 12(b)] for reasons of structural stability. Pairs of hyperboloids are 
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used to transmit rotational motion between skew axes. [See Figure 12(c); the cogs of the 
gears are the generating lines of the hyperboloids. See Exercise 53.] 


David Frazier / Spirit / Corbis 
Petr Student / Shutterstock.com 


Pad 


(a) A satellite dish reflects signals to (b) Nuclear reactors have cooling towers in (c) Gears in the shape of hyperboloids mesh 
the shape of hyperboloids. 


the focus of a paraboloid. 


FIGURE 12 Applications of quadric surfaces 


and rotate along skew axes. 


12.6 | Exercises 


1. (a) What does the equation y = x’ represent as a curve in R*? 


(b) What does it represent as a surface in R 


°2 


(c) What does the equation z = y* represent? 


2. (a) Sketch the graph of y = e* as acurve in R?. 


(b) Sketch the graph of y = e* as a surface 
(c) Describe and sketch the surface z = e°. 


3-8 Describe and sketch the surface. 


in R°. 


3.07? +77 =4 4. y°+ 927 =9 
5.x7ty+1=0 6. 2=-Vx 
7. xy=1 8. z=siny 


9-10 Write an equation whose graph could be the surface shown. 


9. ZA 10. 


ZA 


11. 


12. 


(a) Find and identify the traces of the quadric surface 
x? + y? — z* = | and explain why the graph looks like 
the graph of the hyperboloid of one sheet in Table 1. 
(b) If we change the equation in part (a) to 
x? — y? + z* = 1, how is the graph affected? 
(c) What if we change the equation in part (a) to 
ety +2y—-—22=0? 


(a) Find and identify the traces of the quadric surface 
—x? — y? + z? = | and explain why the graph looks like 
the graph of the hyperboloid of two sheets in Table 1. 

(b) If the equation in part (a) is changed to 
x* — y? — z* = 1, what happens to the graph? Sketch the 


new graph. 
13-22 Use traces to sketch and identify the surface. 
13. x =y? + 42? 
14. 4x + 9y? + 92° = 36 
15. x7 = 4y? + 2? 16. 27>—4x*°-y?=4 
17. Dy? + 427 =x? + 36 18. 3x7 + y + 327 =0 
a ara 20. 3x7 — y> + 327 =0 
21. y=2- x? 22. x = y? — 2? 
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23-30 Match the equation with its graph (labeled I-VIII). Give 32. Traces inx =k Traces inz =k 
reasons for your choice. 
23. x° + 4y° +97 =1 24. 9x7 + 4y°+27=1 ag : yA 
=+ 
2 4,2 2 = co aed 2 2 = 
25. x yotz=1 26. -—x°+y z=1 k=+l 
27. y = 2x? + 2? 28. y? =x? 4+ 27° k=0 
29. x° + 27° =1 30. y=x?- 2? > 
» 
I > Zz Il » Zz 
| 
| i 
/ “ince | a 


33-40 Reduce the equation to one of the standard forms, 
IV 5 classify the surface, and sketch it. 


33. y> =x? + 52” 34. 4x? —y + 227 = 


35. x7 + 2y — 277 =0 36. y=x?t+ 47° +4 


37. x7 + y?— 2x -6y-—z+10=0 


38. x? — y?-— 2? —4x-27+3=0 


Vv ‘| VI Zz 
! 39. x? -—y?+2?—4x-—22=0 
| 


al ii | 40. 4x° + y? + 2? — 24x — By + 42+ 55 =0 


XMS y x y 
a -S 41-44 Graph the surface. Experiment with viewpoints and 
with domains for the variables until you get a good view of the 


viii ¥ surface. 


\ 41. —4x? —y? +27 =1 42. x7 -y?-—z=0 


VII 


j | | 
a_i 43. —4x7 -y? + 2? =0 44, x°- 6x + 4y?-z=0 


Sketch the region bounded by the surfaces z = Vx? + y? 
and x? + y?=1forl <z <2. 


45 


31-32 Sketch and identify a quadric surface that could have the 
traces shown. 


46. 


Sketch the region bounded by the paraboloids z = x* + y* 
andz =2-—x*-y’. 
31. Traces inx =k Traces iny =k 

47. Find an equation for the surface obtained by rotating the 
Zh curve y = Vx about the x-axis. 


k=-2 48. Find an equation for the surface obtained by rotating the 


line z = 2y about the z-axis. 


49 


Find an equation for the surface consisting of all points 
that are equidistant from the point (—1, 0, 0) and the 
plane x = 1. Identify the surface. 


Y 


<v 


50. Find an equation for the surface consisting of all points P 
for which the distance from P to the x-axis is twice the dis- 


tance from P to the yz-plane. Identify the surface. 
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51. Traditionally, the earth’s surface has been modeled as a sphere, 53. Show that if the point (a, b, c) lies on the hyperbolic parabo- 


but the World Geodetic System of 1984 (WGS-84) uses an 

ellipsoid as a more accurate model. It places the center of the 

earth at the origin and the north pole on the positive z-axis. 

The distance from the center to the poles is 6356.523 km and 

the distance to a point on the equator is 6378.137 km. 

(a) Find an equation of the earth’s surface as used by 
WGS-84. 

(b) Curves of equal latitude are traces in the planes z = k. 
What is the shape of these curves? 

(c) Meridians (curves of equal longitude) are traces in 


planes of the form y = mx. What is the shape of these 54 


meridians? 


52. A cooling tower for a nuclear reactor is to be constructed in 


loid z = y* — x’, then the lines with parametric equations 
x=atty=b+tz2=c+2(b-atandx=att, 
y=b-—t,z=c — 2(b + a)t both lie entirely on this 
paraboloid. (This shows that the hyperbolic paraboloid is 
what is called a ruled surface; that is, it can be generated 
by the motion of a straight line. In fact, this exercise shows 
that through each point on the hyperbolic paraboloid there 
are two generating lines. The only other quadric surfaces 
that are ruled surfaces are cylinders, cones, and hyperbo- 
loids of one sheet.) 


Show that the curve of intersection of the surfaces 
x? + 2y? — 2? + 3x = land 2x? + 4y* — 2z7 — 5y =0 
lies in a plane. 


the shape of a hyperboloid of one sheet [see Figure 12(b)]. /4 55. Graph the surfaces z = x? + y*andz = 1 — y? onacom- 


The diameter at the base is 280 m and the minimum diameter, 
500 m above the base, is 200 m. Find an equation for the 
tower. 


EP review 


mon screen using the domain |x| < 1.2, | y| < 1.2 and 
observe the curve of intersection of these surfaces. Show that 
the projection of this curve onto the xy-plane is an ellipse. 


CONCEPT CHECK Answers to the Concept Check are available at StewartCalculus.com. 
1. What is the difference between a vector and a scalar? 11. How do you find a vector perpendicular to a plane? 
2. How do you add two vectors geometrically? How do you add 12. How do you find the angle between two intersecting 


them algebraically? 


3. If ais a vector and c is a scalar, how is ca related toa 13. 
geometrically? How do you find ca algebraically? 


4. How do you find the vector from one point to another? 14. 


5. How do you find the dot product a - b of two vectors if you 15 
know their lengths and the angle between them? What if you 
know their components? 


6. How are dot products useful? 16 


7. Write expressions for the scalar and vector projections of b 
onto a. Illustrate with diagrams. 


8. How do you find the cross product a X b of two vectors if 
you know their lengths and the angle between them? What if 
you know their components? 


17. 


9. How are cross products useful? 


10. (a) How do you find the area of the parallelogram deter- 18. 
mined by a and b? 
(b) How do you find the volume of the parallelepiped 19. 


determined by a, b, and c? 


planes? 


Write a vector equation, parametric equations, and symmetric 
equations for a line. 


Write a vector equation and a scalar equation for a plane. 


(a) How do you tell if two vectors are parallel? 
(b) How do you tell if two vectors are perpendicular? 
(c) How do you tell if two planes are parallel? 


(a) Describe a method for determining whether three points 
P, Q, and R lie on the same line. 

(b) Describe a method for determining whether four points 
P, Q, R, and S lie in the same plane. 


(a) How do you find the distance from a point to a line? 
(b) How do you find the distance from a point to 

a plane? 
(c) How do you find the distance between two lines? 


What are the traces of a surface? How do you find them? 


Write equations in standard form of the six types of quadric 
surfaces. 
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TRUE-FALSE QUIZ 


Determine whether the statement is true or false. If it is true, 11. For any vectors u, v, and w in V3, 
explain why. If it is false, explain why or give an example that 
disproves the statement. u-(v X w) = (u Xv) w 
1. Ifu = (um, uy) and v = (v, v2), then u + V = (u401, U20). 12. For any vectors u, v, and w in Vs, 
2. For any vectors u and v in V3,|u + v| = |u| + |v]. EA) SS 
, 13. F t dvin V3, (u X vy): u=0. 
3. For any vectors u and v in V3, |u- v| = |u||v|. or any vectors wand yin Vs, (u X y)-u=0 
: 14. F t dvin V3, (u+v) X v=u Xv. 
4. For any vectors u and vin V3, |u X v| = |u|| Vv]. Dean restora Va Ee We BOS. 
5 Foran veomuandwn aly —=veu 15. The vector (3, —1, 2) is parallel to the plane 
. 6x — 2y+4z=1 
6. For any vectors u and vin V3,u X V=Vv X wu. . 
. 16. A linear equation Ax + By + Cz + D = Orepresents a line 
7. For any vectors u and v in V3, |u X v| = |v X ul. in space 
8. For any vectors u and v in V3 and any scalar k, 17. The set of points { (x,y,z) |x? +y?=1 } ieaciele 
kus v) = (ku) +v 18. In R° the graph of y = x? is a paraboloid. 
9. For any vectors u and v in V3 and any scalar k, 19. Ifu- v = 0, thenu = 0orv = 0. 
k(u X v) = (ku) X v 20. Ifu X v = 0, thenu = Oorv=0. 
10. For any vectors u, v, and w in V3, 21. Ifu- v =Oandu X v = 0, thenu = 0orv = 0. 
(u+v)Xw=uXwt+vxXw 22. If u and vare in V3, then|u-+v| <|ul|v|. 
EXERCISES 
1. (a) Find an equation of the sphere that passes through the 3. If u and v are the vectors shown in the figure, find u + v and 
point (6, —2, 3) and has center (—1, 2, 1). |u X v|.Isu X v directed into the page or out of it? 
(b) Find the curve in which this sphere intersects the 
yz-plane. 
(c) Find the center and radius of the sphere Iv[=3 
vl= 
VPtyt+r7-8rt+2+6z2+1=0 
45° 
2. Copy the vectors in the figure and use them to draw each of jul =2 
the following vectors. 
i a 4 ee 4. Calculate the given quantity if 
a=i+j-2k 
b = 3i- 2j +k 
a c=j-—5k 
b 
(a) 2a + 3b (b) |b| 
(c) a:b (d) aXb 
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(e) |b X e| (f) a: (b Xe) 15-17 Find parametric equations for the line. 
(g)cXe (h) a X (b X ce) . 
(i) comp,b (j) projab 15. The line through (4, —1, 2) and (1, 1, 5) 


(k) The angle between a and b (correct to the nearest degree) 16. The line through (1, 0, — 1) and parallel to the line 
1 al ae 
5. Find the values of x such that the vectors (3, 2, x) and 3(4— 4) =gy= 242 


(2x, 4, x) are orthogonal. 17. The line through (—2, 2, 4) and perpendicular to the 


6. Find two unit vectors that are orthogonal to both j + 2k plane 2x — y + 5z = 12 
andi — 2j + 3k. 


7. Suppose that u - (v X w) = 2. Find the value of each of the 18-20 Find an equation of the plane. 
following. 18. The plane through (2, 1, 0) and parallel tox + 4y — 3z = 1 
(a) (uX v)-w (b) u- (w X v) 
(c) v- (u X w) (d) (uX v)-v 19. The plane through (3, —1, 1), (4, 0, 2), and (6, 3, 1) 

8. Show that if a, b, and ¢ are in V3, then 20. The plane through (1, 2, —2) that contains the line 


(a X b) - [(b X ce) X (c X a)] = [a- (b Xo]? i ae a a 


9. Find the acute angle between two diagonals of a cube. 21. Find the point in which the line with parametric equations 
10. Given the points A(1, 0, 1), B(2, 3, 0), C(—1, 1, 4), and Ce Por Sie = gee SMO DANE 
D(0, 3, 2), find the volume of the parallelepiped with adjacent BLT eee 
edges AB, AC, and AD. 22. Find the distance from the origin to the line 


11. (a) Find a vector perpendicular to the plane through the cH Ley 2 oe Dh 


points A(1, 0, 0), B(2, 0, —1), and C(1, 4, 3). 23. Determine whether the lines given by the symmetric 
(b) Find the area of triangle ABC. equations 


12. A constant force F = 3i + 5j + 10k moves an object along Ko Vee 23 
the line segment from (1, 0, 2) to (5, 3, 8). Find the work 2 3 4 
done if the distance is measured in meters and the force in 


newtons. KEW Pe a 7S 
and = = 


13. A boat is pulled onto shore using two ropes, as shown in the 6 —l 2 
diagram. If a force of 255 N is needed, find the magnitude of 
the force in each rope. 


are parallel, skew, or intersecting. 


24. (a) Show that the planes x + y — z = 1 and 
2x — 3y + 4z = 5 are neither parallel nor perpendicular. 
(b) Find, correct to the nearest degree, the angle between 
these planes. 


sO" 25. Find an equation of the plane through the line of intersection 
of the planes x — z = | and y + 2z = 3 and perpendicular to 
the planex + y — 2z=1. 


26. (a) Find an equation of the plane that passes through the 
14. Find the magnitude of the torque about P if a 50-N force is points A(2, 1, 1), B(—1, —1, 10), and C(1, 3, —4). 
applied as shown. (b) Find symmetric equations for the line through B that is 
perpendicular to the plane in part (a). 

50N (c) A second plane passes through (2, 0, 4) and has normal 
30° vector (2, —4, —3). Show that the acute angle between 

CO the planes is approximately 43°. 
(d) Find parametric equations for the line of intersection of 

40cm the two planes. 


27. Find the distance between the planes 3x + y — 4z = 2 
p= —_ and 3x + y — 4z = 24. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


886 CHAPTER 12 Vectors and the Geometry of Space 


28-36 Identify and sketch the graph of each surface. 35. 4x? + 4y? — 8y + 27 =0 
28. x =3 59; 4225 36. x=y' + 2° —-2y—4z4+5 
30. y= 2" 31. x? = y? + 42° 37. An ellipsoid is created by rotating the ellipse 4x” + y* = 16 


about the x-axis. Find an equation of the ellipsoid. 
32. 4x —y+2z=4 


38. A surface consists of all points P such that the distance 


33. —4x° + y?- 47 =4 from P to the plane y = 1 is twice the distance from P to 
the point (0, —1, 0). Find an equation for this surface and 
34.y? + 27=1+%? identify it. 
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Problems Plus 


1. 


~<— o 


lm 3 
FIGURE FOR PROBLEM 1 


5 


. 


6 


. 


FIGURE FOR PROBLEM 7 


Each edge of a cubical box has length 1 m. The box contains nine spherical balls with the 
same radius r. The center of one ball is at the center of the cube and it touches the other 
eight balls. Each of the other eight balls touches three sides of the box. Thus the balls are 
tightly packed in the box (see the figure). Find r. (If you have trouble with this problem, read 
about the problem-solving strategy entitled Use Analogy in Principles of Problem Solving 
following Chapter 1.) 


Let B be a solid box with length L, width W, and height H. Let S be the set of all points that 
are a distance at most | from some point of B. Express the volume of S in terms of L, W, 
and H. 


. Let L be the line of intersection of the planes cx + y + z = cand x — cy + cz 1, 


where c is a real number. 

(a) Find symmetric equations for L. 

(b) As the number c varies, the line L sweeps out a surface S. Find an equation for the curve 
of intersection of S with the horizontal plane z = ¢ (the trace of S in the plane z = f). 

(c) Find the volume of the solid bounded by S and the planes z = 0 and z = 1. 


. A plane is capable of flying at a speed of 180 km/h in still air. The pilot takes off from an 


airfield and heads due north according to the plane’s compass. After 30 minutes of flight 
time, the pilot notices that, due to the wind, the plane has actually traveled 80 km in the 
direction N5°E. 

(a) What is the wind velocity? 

(b) In what direction should the pilot have headed to reach the intended destination? 


Suppose vy, and v, are vectors with | v,| = 2, 


v>| = 3, and v, - v2 = 5. Let v3 = projy, V2, 
V4 = prOjy, V3, Vs = prOjy, Vs, and so on. Compute Y;=1| v, |. 


Find an equation of the largest sphere that passes through the point (—1, 1, 4) and is such 
that each of the points (x, y, z) inside the sphere satisfies the condition 


x? + y? +27 < 136 + 2(x + 2y + 3z) 


. Suppose a block of mass m is placed on an inclined plane, as shown in the figure. The 


block’s descent down the plane is slowed by friction; if 6 is not too large, friction will 

prevent the block from moving at all. The forces acting on the block are the weight W, 

where | W | = mg (q is the acceleration due to gravity); the normal force N (the normal 

component of the reactionary force of the plane on the block), where | N| = 7; and the force 

F due to friction, which acts parallel to the inclined plane, opposing the direction of motion. 

If the block is at rest and @ is increased, | F | must also increase until ultimately | F | reaches 

its maximum, beyond which the block begins to slide. At this angle 6,, it has been observed 

that | F | is proportional to n. Thus, when | F' | is maximal, we can say that | F| = 4.7, where 
bs is called the coefficient of static friction and depends on the materials that are in contact. 

(a) Observe that N + F + W = 0 and deduce that , = tan 0,. 

(b) Suppose that, for @ > 6,, an additional outside force H is applied to the block, horizon- 
tally from the left, and let | H| = A. If h is small, the block may still slide down the 
plane; if h is large enough, the block will move up the plane. Let /min be the smallest 
value of / that allows the block to remain motionless (so that | F | is maximal). 

By choosing the coordinate axes so that F lies along the x-axis, resolve each force 
into components parallel and perpendicular to the inclined plane and show that 


Amin SiNnO + mg cos@ =n and Amin COSO + sn = mg sin® 
(c) Show that Amin = mg tan(@ — 0.) 


Does this equation seem reasonable? Does it make sense for 6 = 6,? Does it make sense 
as 0 — 90°? Explain. 
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(d) Let Amax be the largest value of / that allows the block to remain motionless. (In which 
direction is F heading?) Show that 


Nimax = mg tan(0 + 6,) 
Does this equation seem reasonable? Explain. 


8. A solid has the following properties. When illuminated by rays parallel to the z-axis, its 
shadow is a circular disk. If the rays are parallel to the y-axis, its shadow is a square. If 
the rays are parallel to the x-axis, its shadow is an isosceles triangle. (In Exercise 12.1.52 
you were asked to describe and sketch an example of such a solid, but there are many 
such solids.) Assume that the projection onto the xz-plane is a square whose sides have 
length 1. 

(a) What is the volume of the largest such solid? 
(b) Is there a smallest volume? 
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The paths of objects moving through space—like the planes pictured here—can be described by vector functions. 
In Section 13.1 we will see how to use these vector functions to determine whether or not two such objects will collide. 
Magdalena Zeglen / EyeEm / Getty Images 


Vector Functions 


THE FUNCTIONS THAT WE HAVE been using so far have been real-valued functions. We now study 
functions whose values are vectors because such functions are needed to describe curves and sur- 
faces in space. We will also use vector-valued functions to describe the motion of objects through 
space. In particular, we will use them to derive Kepler’s laws of planetary motion. 
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CHAPTER 13. Vector Functions 


13.1 | Vector Functions and Space Curves 


@ Vector-Valued Functions 

In general, a function is a rule that assigns to each element in the domain an element in 
the range. A vector-valued function, or vector function, is simply a function whose 
domain is a set of real numbers and whose range is a set of vectors. We are most inter- 
ested in vector functions r whose values are three-dimensional vectors. This means that 
for every number f in the domain of r there is a unique vector in V; denoted by r(v). If 
f(t), g(t), and h(t) are the components of the vector r(¢), then f, g, and h are real-valued 
functions called the component functions of r and we can write 


r() = (fF, 9), AD) =fOI+ gOj+ Ak 


We use the letter ¢ to denote the independent variable because it represents time in most 
applications of vector functions. 


EXAMPLE 1 If 
r(t) = (F,In@ — 1), ve) 


then the component functions are 
fore g(t) = In(3 — 2) h(t) = Jt 


By our usual convention, the domain of r consists of all values of t for which the 
expression for r(¢) is defined. The expressions f°, In(3 — 1), and ,/t are all defined 
when 3 — t > O andr = O. Therefore the domain of r is the interval [0, 3). | 


B Limits and Continuity 


The limit of a vector function r is defined by taking the limits of its component functions 
as follows. 


If lim,..r(t) = L, this definition is [1] Ifr(t) = (f(0, g(d), h(d), then 


equivalent to saying that the length 


and direction of the vector r(¢) lim r(t) = (lim fo, lim g(t), lim h(t)) 


approach the length and direction of 


the vector L. provided the limits of the component functions exist. 


Equivalently, we could have used an ¢-6 definition (see Exercise 62). Limits of vector 
functions obey the same rules as limits of real-valued functions (see Exercise 61). 


sin t 


EXAMPLE 2 Find lim r(t), where r(f) = (1 + P)it+ te‘jt+ k. 


SOLUTION According to Definition 1, the limit of r is the vector whose components 
are the limits of the component functions of r: 


I 


pare) 


[myn E+ gee + [py 


I 


i+k (by Equation 3.3.5) o 
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FIGURE 1 
C is traced out by the tip of a moving 


position vector r(t). 


FIGURE 2 
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A vector function r is continuous at a if 


lim r(t) = r(a) 


ta 


In view of Definition 1, we see that r is continuous at a if and only if its component func- 
tions f, g, and h are continuous at a. 


MSpace Curves 


There is a close connection between continuous vector functions and space curves. Sup- 
pose that f, g, and / are continuous real-valued functions on an interval J. Then the set 
C of all points (x, y, z) in space, where 


[2] x=f() y=g(t) z=Arlo) 


and ¢ varies throughout the interval J, is called a space curve. The equations in (2) are 
called parametric equations of C and f¢ is called a parameter. We can think of C as 
being traced out by a moving particle whose position at time ¢ is (f(d), g(t), h(t). If we 
now consider the vector function r(t) = (f(t), g(t), h(t), then r(Z) is the position vector 
of the point P( f(a), g(t), A(2)) on C. Thus any continuous vector function r defines a space 
curve C that is traced out by the tip of the moving vector r(t), as shown in Figure 1. 


EXAMPLE3 Describe the curve defined by the vector function 
r(t) = (1 +1,2 + 5t, -1 + 6f) 
SOLUTION The corresponding parametric equations are 
x=1+t y=2+ 5t z=-1+ 6t 


which we recognize from Equations 12.5.2 as parametric equations of a line passing 
through the point (1, 2, —1) and parallel to the vector (1, 5, 6). Alternatively, we could 
observe that the function can be written as r = rp + fv, where rp = (1, 2, —1) and 

v = (1,5, 6), and this is the vector equation of a line as given by Equation 12.5.1. 


Plane curves can also be represented in vector notation. For instance, the curve given 
by the parametric equations x = #7 — 2tand y =f + 1 (see Example 10.1.1) could also 
be described by the vector equation 


r(t) = (0? — 24,14 1) =(P — 2Di+ (1+ Dj 
where i = (1, 0) and j = (0, 1). 


EXAMPLE 4 Sketch the curve whose vector equation is 
r(t) = costi+ sintj + tk 
SOLUTION The parametric equations for this curve are 
x = cost y=sint z=t 


Since x? + y? = cos*t + sin*t = 1 for all values of t, the curve must lie on the cir- 
cular cylinder x? + y? = 1. The point (x, y, z) lies directly above the point (x, y, 0), 
which moves counterclockwise around the circle x* + y* = 1 in the xy-plane. (The 
projection of the curve onto the xy-plane has vector equation r(t) = (cos f, sin ¢, 0). 
See Example 10.1.2.) Since z = ¢, the curve spirals upward around the cylinder as f 
increases. The curve, shown in Figure 2, is called a helix. || 
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The corkscrew shape of the helix in Example 4 is familiar from its occurrence in 
coiled springs. It also occurs in the model of DNA (deoxyribonucleic acid, the genetic 
material of living cells). In 1953 James Watson and Francis Crick showed that the struc- 
ture of the DNA molecule is that of two linked, parallel helixes that are intertwined as in 
Figure 3. 


In Examples 3 and 4 we were given vector equations of curves and asked for a geo- 
metric description or sketch. In the next three examples we are given a geometric descrip- 
tion of a curve and are asked to find parametric equations for the curve. 


FIGURE 3 EXAMPLE 5 Find a vector equation and parametric equations for the line segment that 
A double helix joins the point P(1, 3, —2) to the point Q(2, —1, 3). 


SOLUTION In Section 12.5 we found a vector equation for the line segment that joins 


the tip of the vector ro to the tip of the vector r;: 
Figure 4 shows the line segment PQ 


in Example 5. r(t) = (1 — dro + tr, Oxrt<l 


(See Equation 12.5.4.) Here we take ro = (1, 3, —2) andr, = (2, —1, 3) to obtain a 
vector equation of the line segment from P to Q: 


r(t) = (1 — 2) (1, 3, —2) + £2, —1, 3) 0<t<l 
or r(t) = (14+ 4,3 — 4t, -2 + 5p) 0O<rt<l 


The corresponding parametric equations are 


P(1, 3, —2) 
FIGURE 4 


x=1+t y=3-4t z=-2+5t Oxsrtsl Oo 
EXAMPLE 6 Find a vector function that represents the curve of intersection of the 
cylinder x* + y” = | and the plane y + z = 2. 


SOLUTION Figure 5 shows how the plane and the cylinder intersect, and Figure 6 
shows the curve of intersection C, which is an ellipse. 


ZA 
(0, -1, 3) 
iC (1, 0, 2) 
(1, 0, 2) 
(0, 1, 1) 
a 
x y 
FIGURE 5 FIGURE 6 
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Figure 7 shows the surfaces 
of Example 7 and their curve of 
intersection. 


4y=x? +7? 


FIGURE 7 
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The projection of C onto the xy-plane is the circle x* + y? = 1, z = 0. So we know 
from Example 10.1.2 that we can write 


x = cost y =sint O0<t<27 
From the equation of the plane, we have 
z=2—-—y=2-sint 
So we can write parametric equations for C as 
xX = cost y =sint z=2- sint O<t<270 
The corresponding vector equation is 
r(t) = cos ti + sintj + (2 — sina)k O0<t<27 
This equation is called a parametrization of the curve C. The arrows in Figure 6 indi- 
cate the direction in which C is traced as the parameter ¢ increases. a 
EXAMPLE 7 Find parametric equations for the curve of intersection of the paraboloid 
4y = x” + z’ and the plane y = x. 


SOLUTION Because any point on the curve C of intersection satisfies the equations of 
both surfaces, we can substitute y = x into the equation of the paraboloid, giving 

4x = x? + z*. Completing the square in x gives (x — 2)’ + z? = 4, so C must be 
contained in the circular cylinder (x — 2)? + z* = 4, and the projection of C onto the 
xz-plane is the circle (x — 2)’ + z* = 4, y = 0 [with center (2, 0, 0) and radius 2]. 
From Example 10.1.4, we can write x = 2 + 2 cost,z = 2 sint,0 Sf < 27, and 
because y = x, parametric equations for C are 


x=2+2cost y=2+ 2cost z=2sint O0<t<27 | 


i Using Technology to Draw Space Curves 


Space curves are inherently more difficult to draw by hand than plane curves; for 
an accurate representation we need to use technology. For instance, Figure 8 shows a 
computer-generated graph of the curve with parametric equations 


x = (4 + sin 202) cost y = (4 + sin 204) sin t z = cos 20t 


It’s called a toroidal spiral because it lies on a torus. Another interesting curve, the 
trefoil knot, with equations 


x = (2 + cos 1.52) cos t y = (2 + cos 1.5f) sin t z = sin 1.5t 


is graphed in Figure 9. It wouldn’t be easy to plot either of these curves by hand. 


FIGURE 8 FIGURE 9 
A toroidal spiral A trefoil knot 
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(a) 


FIGURE 10 Views of the twisted cubic 


ZA 
Vi 
1 We 
7 
cm 
| 
x y 
FIGURE 11 


Even when a computer is used to draw a space curve, optical illusions make it difficult 
to get a good impression of what the curve really looks like. (This is especially true in 
Figure 9. See Exercise 60.) The next example shows how to cope with this problem. 


EXAMPLE 8 Use acalculator or computer to draw the curve with vector equation 
r(t) = (t, t’, t°). This curve is called a twisted cubic. 


SOLUTION We start by plotting the curve with parametric equations x = ft, y = f°, 
z= for —2 < t < 2. The result is shown in Figure 10(a), but it’s hard to see the true 
nature of the curve from that graph alone. Some three-dimensional graphing software 
allows the user to enclose a curve or surface in a box instead of displaying the coordi- 
nate axes. When we look at the same curve in a box in Figure 10(b), we have a much 
clearer picture of the curve. We can see that it climbs from a lower corner of the box to 
the upper corner nearest us, and it twists as it climbs. 


We get an even better idea of the curve when we view it from different vantage 
points. Part (c) shows the result of rotating the box to give another viewpoint. Parts (d), 
(e), and (f) show the views we get when we look directly at a face of the box. In par- 
ticular, part (d) shows the view from directly above the box. It is the projection of the 
curve onto the xy-plane, namely, the parabola y = x”. Part (e) shows the projection 
onto the xz-plane, the cubic curve z = x°. It’s now obvious why the given curve is 
called a twisted cubic. a 


Another method of visualizing a space curve is to draw it on a surface. For instance, 
the twisted cubic in Example 8 lies on the parabolic cylinder y = x’. (Eliminate the 
parameter from the first two parametric equations, x = t and y = f°.) Figure 11 shows 
both the cylinder and the twisted cubic, and we see that the curve moves upward through 
the origin along the surface of the cylinder. We also used this method in Example 4 to 
visualize the helix lying on the circular cylinder (see Figure 2). 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 13.1 Vector Functions and Space Curves 895 


A third method for visualizing the twisted cubic is to realize that it also lies on the 
cylinder z = x°. So it can be viewed as the curve of intersection of the cylinders y = x? 
and z = x°. (See Figure 12.) 


FIGURE 12 
Some graphing software provides us 


ith aclea icture of a spa : ; : : 
hanes ae eli aria reel a We have seen that an interesting space curve, the helix, occurs in the model of DNA. 
by enclosing it in a tube. Such a plot 


enables us to see whether one part of Another notable example of a space curve in science is the trajectory of a positively 


a curve passes in front of or behind charged particle in orthogonally oriented electric and magnetic fields E and B. Depend- 
another part of the curve. For example, ing on the initial velocity given the particle at the origin, the path of the particle is either 
Figure 14 shows the curve of Fig- a space curve whose projection onto the horizontal plane is the cycloid we studied in 
ure 13(b) as rendered by the tube- Section 10.1 [Figure 13(a)] or a curve whose projection is the trochoid investigated in 
plot command in Maple. Exercise 10.1.49 [Figure 13(b)]. 


t t 


(a) r(t) = (t—sint, 1—cost, t) (b) r(t) = (t- 3 sin ¢, 1 — > cos é t) FIGURE 14 
FIGURE 13 For further details concerning the physics involved and animations of the trajectories 
Motion of a charged particle in of the particles, see the following websites: 


orthogonally oriented electric and 


e www.physics.ucla.edu/plasma-exp/Beam/ 
magnetic fields 


e www.phy.ntnu.edu.tw/ntnujava/index.php?topic=36 


13.1 | Exercises 


1-2 Find the domain of the vector function. 3-6 Find the limit. 
t ; : =345 ro, 
1. r(t) In(t + 1), ,2 3. lim | ei + —j + cos 2tk 
9_-f 10 sin’t 
2 = i+ Intj+ ! k 
. r(t) =costi + Intj 4 — Pat. ... “sina 
4. lim i+ Jt t k 
t>1 t-1 Int 
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: 1+¢f 4, l-e* 
5. lim 53. tan £,,_—— —— 
roe\1l-t t 


+t . r) 
, ¢sin — 
-1 t 


a 
6. lim (ie a 
20° 


tm 


7-16 Sketch the curve with the given vector equation. Indicate 
with an arrow the direction in which tf increases. 


7. r(t) = (-cos ft, t) 8. r(t) = (t? — 1,2) 


9. r(t) = (3 sin #, 2 cos fr) 10. r(t)=ecit+e'j 
11. r(t) = (t,2 — t, 2t) 

12. r(t) = (sin zt, t, cos 7) 

13. r(t) = (3, t,2 — t’) 


14. r(t) = 2costi+ 2sintj +k 


15. r(t) =Pit+ jt rok 


cos fi 


16. r(t) costj + sintk 


17-18 Draw the projection of the curve onto the given plane. 


17. r(t) = (t*,0°,1-°), yz-plane 


18. r(t) = (t + 1, 3t + 1, cos(t/2)), xy-plane 


19-20 Draw the projections of the curve onto the three coordinate 


planes. Use these projections to help sketch the curve. 


19. r(t) = (t, sin f, 2 cos f) 20. r(t) = (t, t,t’) 


21-24 Find a vector equation and parametric equations for the 
line segment that joins P to Q. 


21. P(—2, 1,0), OG,2, —3) 
O(-7, 4, 6) 
23. P35, —14, 2.1), 


22. P(0, 0, 0), 
Q(1.8, 0.3, 2.1) 


24. P(a,b,c), Olu, v, w) 


25-30 Match the parametric equations with the graphs 
(labeled I-VI). Give reasons for your choices. 


25.x=tcost, y=t, z=tsint, t=0 


26. x =cost, y=sint, z= 1/(1+ 2°) 


272.x=14, y=V/d+?), z=? 
28. x =cost, y=sint, z=cos2t 


29. x=cos 81, y=sin8t, z=e", t2=0 


30. 


Il 


x 


x=cos’t, y=simt, z=t 
ZA 
Bs 
x 
‘ IV “4 
y 
x y 
Z VI ZA 
m y 
x y 


31-34 Find an equation of the plane that contains the curve with 
the given vector equation. 


31. r(t) = (1, 4, t’) 32. r(t) = (1, 0’, t) 

33. r(t) = (sin f, cos t, —cos f) 

34. r(t) = (22, sint,¢ + 1) 

35. Show that the curve with parametric equations x = f cos ¢, 
y = fsint, z = flies on the cone z* = x? + y?, and use this 
fact to help sketch the curve. 

36. Show that the curve with parametric equations x = sin f, 

y = cos f, z = sin’s is the curve of intersection of the surfaces 
z =x? and x* + y? = 1. Use this fact to help sketch the 
curve. 

37. Find three different surfaces that contain the curve 

r(t) = 2ti+ ej + e"k 

38. Find three different surfaces that contain the curve 

r(t)=fi+ In¢j+ (1/tk 

39. At what points does the curve r(t) = fi + (2t — t’)k inter- 
sect the paraboloid z = x? + y*? 

40. At what points does the helix r(t) = (sin f, cos f, t) intersect 


the sphere x? + y? + 2° = 5? 
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41-45 Graph the curve with the given vector equation. Make 
sure you choose a parameter domain and viewpoints that reveal 
the true nature of the curve. 


41. r(t) = (cos f sin 2t, sin ¢ sin 21, cos 21) 

42. r(t) = (te’,e', t) 

43. r(t)= (sin 3t cos t, ¢t, sin 3f sin t) 

44, r(t) = (cos(8 cos £) sin ¢, sin(8 cos £) sin ¢, cos t) 


45. r(t) = (cos 21, cos 3t, cos 41) 


FS 46. Graph the curve with parametric equations 


x =sint = sin 2t z=cos4t 


Explain its shape by graphing its projections onto the three 
coordinate planes. 


FS 47. Graph the curve with parametric equations 


x = (1 + cos 162) cos t 


y = (1 + cos 16f) sint 
z=1+-cos lot 


Explain the appearance of the graph by showing that it lies 
on a cone. 


FS 48. Graph the curve with parametric equations 


x = 4/1 — 0.25 cos? 10f cos t 
y = v1 — 0.25 cos? 10¢ sin t 


z = 0.5 cos 10t 


Explain the appearance of the graph by showing that it lies 
on a sphere. 


49. Show that the curve with parametric equations x = 77, 
y = 1-—3t,z = 1+ Pf passes through the points (1, 4, 0) 
and (9, —8, 28) but not through the point (4, 7, —6). 


50-54 Find a vector function that represents the curve of 
intersection of the two surfaces. 

50. The cylinder x* + y? = 4 and the surface z = xy 
51. The cone z = x? + y? andthe planez = 1+ y 


52. The paraboloid z = 4x” + y? and the parabolic 
cylinder y = x? 

53. The hyperbolic paraboloid z = x* — y* and the 
cylinder x* + y? = 1 


54. The semiellipsoid x? + y* + 4z* = 4, y = 0, and the 
cylinder x7 + z* = 1 


Fa 


-4 55. Try to sketch by hand the curve of intersection of the circu- 


lar cylinder x* + y* = 4 and the parabolic cylinder z = x’. 
Then find parametric equations for this curve and use these 
equations and a computer to graph the curve. 
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FS 56. Try to sketch by hand the curve of intersection of the 


parabolic cylinder y = x? and the top half of the ellipsoid 
x? + 4y? + 42? = 16. Then find parametric equations for 
this curve and use these equations and a computer to graph 
the curve. 


57-58 Intersection and Collision If two objects travel through 
space along two different curves, it’s often important to know 
whether they will collide. (Will a missile hit its moving target? 
Will two aircraft collide?) Their paths might intersect, but we 
need to know whether the objects are in the same position at the 
same time. (See Exercises 10.1.55—57.) 


57. The trajectories of two particles are given by the vector 


functions 
r)(t) = (t?, 7t — 12, t*) r(t) = (4t — 3, 07, 5t — 6) 


for t = 0. Do the particles collide? 


58. Two particles travel along the space curves 
r(@) =, 0,0) r.(t) = (1 + 22,1 + 6t,1 + 141) 
Do the particles collide? Do their paths intersect? 
(a) Graph the curve with parametric equations 
= oF sin 8t -— & sin 18t 
y = —2 cos 8t + % cos 18 
z = sin 5t 
(b) Show that the curve lies on the hyperboloid of one 
sheet 144x* + 144y? — 25z7 = 100. 
60. Trefoil Knot The view of the trefoil knot shown in Figure 9 


is accurate, but it doesn’t reveal the whole story. Use the 
parametric equations 


x = (2 + cos 1.52) cos t 


y = (2 + cos 1.5t) sin t 


z = sin 1.5t 


to sketch the curve by hand as viewed from above, with 
gaps indicating where the curve passes over itself. Start by 
showing that the projection of the curve onto the xy-plane 
has polar coordinates r = 2 + cos 1.5¢ and @ = ¢, so r var- 
ies between | and 3. Then show that z has maximum and 
minimum values when the projection is halfway between 
r= landr=3. 

When you have finished your sketch, use a computer to 
draw the curve with viewpoint directly above and compare 
with your sketch. Then plot the curve from several other 
viewpoints. You can get a better impression of the curve if 
you plot a tube with radius 0.2 around the curve. (Use the 
tubeplot command in Maple or the tubecurve or 
Tube command in Mathematica.) 
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61. Properties of Limits Suppose u and v are vector functions (c) lim [u(t) - v(t)] = lim u(z) - lim v(t) 
that possess limits as t — a and let c be a constant. Prove the ii noe aes 
following properties of limits. 

(a) lim [u(t) + v(4)] = lim u(t) + lim v(t) 62. Show that lim,_., r(t) = b if and only if for every « > 0 
there is a number 6 > 0 such that 


if O<|r—a|<6 then |r() —b|<e 


(d) lim [u(t) X v(t)] = lim u(t) X lim v(t) 


(b) lim cu(t) = c lim u(t) 
ta t—a 


13.2 | Derivatives and Integrals of Vector Functions 


Later in this chapter we are going to use vector functions to describe the motion of plan- 
ets and other objects through space. Here we prepare the way by developing the calculus 
of vector functions. 


® Derivatives 


The derivative r’ of a vector function r is defined in much the same way as for real- 
valued functions: 


GE is — xe BUPA) = The) 
[1] - r() = lim 


if this limit exists. The geometric significance of this definition is shown in Figure 1. 
If the points P and Q have position vectors r(t) and r(t + h), then PQ represents the vec- 
tor r(t + h) — r(t), which can therefore be regarded as a secant vector. If h > 0, the 
scalar multiple (1/h)(r(t + h) — r(t)) has the same direction as r(t + h) — r(t). As 
h — 0, it appears that this vector approaches a vector that lies on the tangent line. For 
this reason, the vector r’(t) is called the tangent vector to the curve defined by r at the 
point P, provided that r’() exists and r'(t) ~ 0. The tangent line to C at P is defined to 
be the line through P parallel to the tangent vector r'(f). 


r(t+h)—r(t) 


Notice that when 0 <h <1, 
multiplying the secant vector by 1/h 
stretches the vector, as shown in 
Figure 1(b). 


FIGURE 1 (a) The secant vector PO (b) The tangent vector r’(t) 


The following theorem gives us a convenient method for computing the derivative of 
a vector function r: just differentiate each component of r. 


[2] Theorem If r(t) = (f(t), g(t), h()) = f(t) i + g(t)j + A(t) k, where f, g, and 
h are differentiable functions, then 


ry =(f'0,9'0, 20) = f'Oi+ gOj + h'Ok 
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PROOF 
() = tm 7 
r(t) = Jim. rv [r(t + At) — r(a)] 


= lim kre + An), g(t + Ad), h(t + At)) — (fF, gO, AO) ] 


At—0 
= ii f(t+ At) —f(t) g(t + At) — g(t) h(t + At) — h(t) 
ree At , At , At 


At—>0 At At—>0 At Aro At 


( _ f(ttt+Ad-f® . gtt+Ad-—g . h(t + At - mh) 
= ( hm A—H—., im —_—_., lin 


= (f'(), 9’, h'(O) a 


A unit vector that has the same direction as the tangent vector is called the unit tan- 
gent vector T and is defined by 
r(i) 


T(t) = ir] 


EXAMPLE 1 


(a) Find the derivative of r(4) = (1 + f)i+ tej + sin 2rk. 
(b) Find the unit tangent vector at the point where t = 0. 


SOLUTION 
(a) According to Theorem 2, we differentiate each component of r: 


r(t) = 377i + (1 — de“"j + 2cos 2rk 
(b) Since r(0) = iand r'(0) = j + 2k, the unit tangent vector at the point (1, 0, 0) is 
r(Q) j+2k _ 1,, 2 


O=—, jt k 5 
IrO| Wi+4 5 af 
yA EXAMPLE 2 For the curve r(t) = \/t i + (2 — 4)j, find r’(t) and sketch the position 
vector r(1) and the tangent vector r‘(1). 
SOLUTION We have 
1 1 
r(t) = —~i-j and r(1) = =i-j 
at J >) J 
ia The curve is a plane curve and elimination of the parameter from the equations 
R= s/t, y =2 —tgives y = 2 — x*, x = O. In Figure 2 we draw the position vector 
r(1) =i + j starting at the origin and the tangent vector r’(1) starting at the corre- 
FIGURE 2 sponding point (1, 1). o 


Notice from Figure 2 that the tangent 
vector points in the direction of 
increasing t. (See Exercise 60.) 


EXAMPLE 3 Find parametric equations for the tangent line to the helix with para- 
metric equations 
x =2cost y =sint z=t 


at the point (0, 1, 7/2). 
SOLUTION The vector equation of the helix is r(t) = (2 cos ¢, sin ¢, t), so 


r'(t) = (—2 sin t, cos ¢, 1) 
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The parameter value corresponding to the point (0, 1, 7/2) is t = 7/2, so the tangent 
vector there is r'(7r/2) = (—2, 0, 1). The tangent line is the line through (0, 1, 77/2) 
parallel to the vector (—2, 0, 1), so by Equations 12.5.2 its parametric equations are 


x= -—2t y=1 z=—t+t | 
2 
12 
The helix and the tangent line in Z & 
Example 3 are shown in Figure 3. Pi 
—2 
=|. 0 
0 0 Os qg 2? 
FIGURE 3 Y 
In Section 13.4 we will see how r‘(t) Just as for real-valued functions, the second derivative of a vector function r is the 
and r’(z) can be interpreted as the derivative of r’, that is, r” = (r’)’. For instance, the second derivative of the function in 
velocity and acceleration vectors of a Example 3 is 
particle moving through space with se : 
position vector r(¢) at time ¢. r"(t) = (—2 cos t, —sin #, 0) 


B® Differentiation Rules 


The next theorem shows that the differentiation formulas for real-valued functions have 
their counterparts for vector-valued functions. 


[3] Theorem Suppose u and v are differentiable vector functions, c is a scalar, 
and f is a real-valued function. Then 


“[u) + vi] = ul) + vO 
“[eu(i]] = cu 


“LA ue] = FO ue) + fu 


“[u() vii] = w'O) vO) + uO) ¥6 


“ [ut x v(t)] = u(t) X v(t) + u(t) X v(t) 


“ lu(f(d)] = f’Ou'(f() (Chain Rule) 


This theorem can be proved either directly from Definition | or by using Theorem 2 
and the corresponding differentiation formulas for real-valued functions. The proof of 
Formula 4 follows; the remaining formulas are left as exercises. 
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PROOF OF FORMULA 4 Let 
u(t) = (fi), AO, AC) v(t) = (gilt), golt), 93) 


Then u(t) - v(t) = fid ail) + AM gad) + AM g3(0) = > filt) gid) 


so the ordinary Product Rule gives 


3 


7 di fil) g(t) = es Lfil) gi] 


=a “[u() v(t] = aes 


ie sis 


iL fi (t) git) + filt) gi(t)] 


= : fil) gilt) + Ss) gi(t) 
= u(t) + v(t) + u(t) > v(t) a 


We use Formula 4 to prove the following theorem. 


[4] Theorem If |r(¢) | = c (a constant), then r‘(#) is orthogonal to r(¢) for all . 


PROOF Since 
r(f) * r(t) = |r(t) |? = c? 


and c’ is a constant, Formula 4 of Theorem 3 gives 
d 
0= wy a) er] =r: rd + rd) -r (td = 2r(d + r() 


Thus r‘(f) + r(t) = 0, which says that r’(t) is orthogonal to r(t). Oo 


Geometrically, Theorem 4 says that if a curve lies on a sphere with center the origin, 
then the tangent vector r’(‘) is always perpendicular to the position vector r(t). (See 
FIGURE 4 Figure 4.) 


Bi Integrals 


The definite integral of a continuous vector function r(¢) can be defined in much the 
same way as for real-valued functions except that the integral is a vector. But then we can 
express the integral of r in terms of the integrals of its component functions f, g, and h 
as follows. (We use the notation of Chapter 5.) 


i ” ¥(t) dt = lim > rl") At 
— jim [ea a1) i+ (3 g(t;) a1) + (3 h(t;*) a1) k| 
and so 


’ r(1) dt = ( { ” F(t) i) i+ ( i g(t) i) {+ ( : h(t) ) k 
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This means that we can evaluate an integral of a vector function by integrating each com- 


ponent function. 


We can extend the Fundamental Theorem of Calculus to continuous vector functions 


as follows: 


['r ar = ROP = RO — R@) 


where R is an antiderivative of r, that is, R’(t) = r(t). We use the notation i) r(t) dt for 
indefinite integrals (antiderivatives). 


EXAMPLE 4 If r(t) = 2costi-+ sintj + 2rk, then 


| r(9 at = ({ 2cosrat) i+ ([sinear) + ({ rar) x 


=2sinti-—costj+?k+C 


where C is a vector constant of integration, and 


0 


[ro dt = [2 sinti — costj + rk] 


2 


mo 
F a ar || 


13.2 | Exercises 


1. The figure shows a curve C given by a vector function r(7). 

(a) Draw the vectors r(4.5) — r(4) and r(4.2) — r(4). 
(b) Draw the vectors 

r(4.5) — r(4) r(4.2) — r(4) 

ee and ee 

0.5 0.2 
(c) Write expressions for r’(4) and the unit tangent 
vector T(4). 

(d) Draw the vector T(4). 


2. (a) Make a large sketch of the curve described by the vector 
function r(¢) = (t?, t), 0 < t < 2, and draw the vectors 
r(1), r(1.1), and r(1.1) — r(1). 
(b) Draw the vector r’(1) starting at (1, 1), and compare it 
with the vector 
r(1.1) — r(1) 
0.1 


Explain why these vectors are so close to each other in 
length and direction. 


3-8 

(a) Sketch the plane curve with the given vector equation. 

(b) Find r’(t). 

(c) Sketch the position vector r(t) and the tangent vector r‘(t) for 
the given value of f. 


~r(t)=(@-—2,27+1), ¢ 1 


.r(t)=(?,0), t=1 
.r(t)=e*ite'j, t=0 
. r(t)=e'i + 2tj, tr=0 


. r(t) =4sinti — 2costj, t= 37/4 


on OO SP Ow 


. r(t) = (cost + 1l)i+ (sint— 1)j, t= —a/3 


9-16 Find the derivative of the vector function. 


9. r(t) = (Vt — 2,3, 1/22) 
10. r(t) = (et — #°, Int) 


11. r(t) = 2° i + cos(t*) j + sin’rk 


t . t? 


eee: 


tee ° (42 


12. r(t) 


13. r(t) =rsinti+t+ e'costj + sintcostk 


14. r(t) = sin?ati + te” j + cos*ctk 


15. rf) =at+tbt+re 


16. r(t) =ta X (b+ re) 
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17-20 Find the unit tangent vector T(r) at the point with the 
given value of the parameter t. 


17. r(t) = (#2 — 24,14 31, 41? 4 1p) t=2 


18. r(t) = (tan 't, 2e', 81e'), t=0 


19. r(t) =costi+ 3tj + 2 sin2tk, tr=0 


20. r(t) = sin’?ti + cos*rj + tan’?tk, t= 7/4 


SECTION 13.2 Derivatives and Integrals of Vector Functions 


21-22 Find the unit tangent vector T(r) at the given point on the 
curve. 


21. r(f) = (#7 + 1,3 —5,4/t), (2, -2, 4) 


22. r(t) = sinti+ S5tj + costk, (0,0, 1) 


23. If r(t) = (t*, 2, t’), find r’(#), T(1), r"(d), and r'(A) X r"(2). 


24. If r(t) = (e”, e-*, t), find r’(0), T(0), r’(O), and 
r'(O) X r’”(0). 


25-28 Find parametric equations for the tangent line to the 
curve with the given parametric equations at the specified point. 


23.x=P4+1, y=4a/t, z=e" > (2,4,1) 


26. x =In(t+ 1), y=tcos2t, z=2'; (0,0, 1) 


27.x=e'cost, y=e'sint, z=e'; (1,0, 1) 


28. x ?+3, y=n(t? +3) z= (2,In4,1) 


29. Find a vector equation for the tangent line to the curve 
of intersection of the cylinders x? + y* = 25 and 
y? + z* = 20 at the point (3, 4, 2). 


30. Find the point on the curve r(t) = (2 cos ¢, 2 sin t, e’), 
0 <t S 7a, where the tangent line is parallel to the plane 


3x+ty=l1. 
V3xt+y 


31-33 Find parametric equations for the tangent line to the 
curve with the given parametric equations at the specified point. 
Illustrate by graphing both the curve and the tangent line on a 
common screen. 


31.x=4 y=e'%,z=2t-— 2; (0,1,0) 


32. x =2cost, y=2sint, z = 4 cos 2f; (3, 1,2) 


33. x =fcost, y=t, z=fsint; (—7, 7,0) 


34. (a) Find the point of intersection of the tangent lines to the 
curve r(t) = (sin af, 2 sin rt, cos 7rf) at the points 
where t = O andt = 0.5. 
(b) Illustrate by graphing the curve and both tangent lines. 


35. The curves r,(t) = (¢, f°, t°) and r.(t) = (sin #, sin 21, t) 
intersect at the origin. Find their angle of intersection cor- 
rect to the nearest degree. 


903 


36. At what point do the curves r)(t) = (¢, 1 — t,3 + 1°) and 
r,(s) = (3 — s,s — 2,57) intersect? Find their angle of 
intersection correct to the nearest degree. 


37-42 Evaluate the integral. 
37. [ (ti — fj + 30°k) dt 


3 


oo 


: [Gert + (t + 1) Jt k) dt 


1 1 1 t 
39. i+ j+ k } dt 
Ry | ) 


40. (" (sec ttan ri + tcos 2rj + sin* 2rcos 2rk) dt 
0 


Ls Ps 
jf (~Eeit tit vik) a 


1 ms 
42. J (rcs rit re. + scr) dt 


4 


= 


43. Find r(¢) ifr'(t) = 2ri + 32°?j§ + Vt kandr(1) =i + j. 

44. Find r() ifr(t) = ti + e'j + te’kandr(0) =i+jt+k. 

45. Prove Formula | of Theorem 3. 

46. Prove Formula 3 of Theorem 3. 

47. Prove Formula 5 of Theorem 3. 

48. Prove Formula 6 of Theorem 3. 

49. If u(t) = (sin ¢, cos ¢, t) and v(t) = (f, cos ¢, sin £), use 
Formula 4 of Theorem 3 to find 


d 
ay La) - v(1)] 


50. If u and v are the vector functions in Exercise 49, use 
Formula 5 of Theorem 3 to find 


“[u) x v(t) 
51. Find f’(2), where f(t) = u(t) - v(t), u(2) = (1, 2, —1), 


u’(2) = (3, 0, 4), and w(t) = (¢, 17, t°). 


52. If r(t) = u(t) X v(t), where u and v are the vector func- 
tions in Exercise 51, find r’(2). 


53. If r(t) = acos wt + b sin wf, where a and b are constant 
vectors, show that r(t) X r’(t) = wa X b. 


54. Ifr is the vector function in Exercise 53, show that 
r’(t) + w’*r(t) = 0. 


55. Show that if r is a vector function such that r” exists, then 


“[r( x r()] = r(t) X r"(t) 
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d 
56. Find an expression for on [u(t) - (v(t) 


d 
57. If r(t) ~ 0, show that rr |r()| = 


| r( 


[Hint: 


r(f) |? =r - rd] 


58. Prove the converse of Theorem 4: if a 


that the position vector r(t) is always orthogonal to the 


13.3 


FIGURE 1 


The length of a space curve is the limit 


of lengths of approximating polygonal 
paths. 


In Section 13.4 we will see that if r(z) 
is the position vector of a moving 
object at time r, then r’(r) is the 
velocity vector and | r’(t) | is the 
speed. Thus Equation 3 says that to 
compute distance traveled, we 
integrate speed. 
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1 


tangent vector r'(t), then | r(t) | is constant and thus the curve 
lies on a sphere with center the origin. 


If u(t) = r(t) - [r'(4) X r’(d)], show that 
u(t) = r@) + [r'() x vr") 


Show that the tangent vector to a curve defined by a vector 
function r(t) points in the direction of increasing t. 

[Hint: Refer to Figure | and consider the cases h > 0 and 
h < 0 separately. ] 


xX w(t))]. 


59. 


| r(t) > r(t). 


60. 


curve has the property 


Arc Length and Curvature 


@ ArcLength 


In Section 10.2 we defined the length of a plane curve with parametric equations x = f(?), 
y = g(t),a < t < b, as the limit of lengths of approximating polygonal paths and, for the 
case where f’ and g’ are continuous, we arrived at the formula 


| 


The length of a space curve is defined in exactly the same way (see Figure 1). Suppose 
that the curve has the vector equation r(t) = (f(0), g(t), A(t)), a < t < b, or, equivalently, 
the parametric equations x = f(t), y = g(t), z = h(t), where f', g’, and h’ are continu- 
ous. If the curve is traversed exactly once as ¢ increases from a to b, then it can be shown 
that its length is 


dx 
dt 


HM t= [VFO + OF a= | < ( 


= I, VIFOP + [y'OFP + [h'OP at 
b 


UMC) + (@) «G) « 


Notice that both of the arc length formulas (1) and (2) can be put into the more com- 
pact form 


[2] 


dx 
dt 


dz 


dt 


dy 
dt 


[3] 


L=|'|r@lat 


because, for plane curves r(t) = f(f)i + g(dj, 


Ir] = |f'Oi + 9'O5| = VIFOF + [y'OP 


and for space curves r(t) = f(Qi + gj + hk, 


Ir’ | = | fit g'Oj + WOK = VIFOF + [g'OF + OP 
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Figure 2 shows the arc of the helix 
whose length is computed in 
Example 1. 


FIGURE 2 


FIGURE 3 


SECTION 13.3 Arc Length and Curvature 905 


EXAMPLE 1 Find the length of the arc of the circular helix with vector equation 
r(t) = cos ti + sintj + tk from the point (1, 0, 0) to the point (1, 0, 277). 


SOLUTION Since r‘(t) = —sin ti + costj + k, we have 
|r) | = /CEsin 1)? + cos?t + 1 = /2 


The arc from (1, 0, 0) to (1, 0, 277) is described by the parameter interval 0 < t < 27 
and so, from Formula 3, we have 


C= |r'(0) |dt = ("v2 at =2/20 rT 


A single curve C can be represented by more than one vector function. For instance, 
the twisted cubic 


[4] ri(t) = (t, #7, t°) 1<t<2 
could also be represented by the function 
[5] ro(u) = (e", e", e*") 0<uS<I1n2 


where the connection between the parameters ¢ and u is given by t = e“. We say that 
Equations 4 and 5 are parametrizations of the curve C. If we were to use Equation 3 to 
compute the length of C using Equations 4 and 5, we would get the same answer. This is 
because arc length is a geometric property of the curve and hence is independent of the 
parametrization that is used. 


@ The Arc Length Function 
Now we suppose that C is a curve given by a vector function 
r(t) = f(Di + gj + Ak axt<b 


where r’ is continuous and C is traversed exactly once as ¢ increases from a to b. We 
define its arc length function s by 


t t dx\ a 2 ze 2 
enon one 


(Compare to Equation 10.2.7.) Thus s(¢) is the length of the part of C between r(a) and 
r(t). (See Figure 3.) If we differentiate both sides of Equation 6 using Part 1 of the Fun- 
damental Theorem of Calculus, we obtain 


ds 
= ee | 


dt 

It is often useful to parametrize a curve with respect to arc length because arc 
length arises naturally from the shape of the curve and does not depend on a particular 
coordinate system or a particular parametrization. If a curve r(f) is already given in terms 
of a parameter ¢ and s(t) is the arc length function given by Equation 6, then we may be 
able to solve for ¢ as a function of s: tf = t(s). Then the curve can be reparametrized in 
terms of s by substituting for ¢: r = r(¢(s)). Thus, if s = 3 for instance, r(z(3)) is the posi- 
tion vector of the point 3 units of length along the curve from its starting point. 
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EXAMPLE 2 Reparametrize the helix r(4) = cos ti + sint j + tk with respect to arc 
length measured from (1, 0, 0) in the direction of increasing ¢. 


SOLUTION The initial point (1, 0, 0) corresponds to the parameter value t = 0. From 
Example | we have 


<= |r| = v2 
and so s = s(t) = (|r) |du = |’ 2 du = 21 


Therefore t = s/J/2 and the required reparametrization is obtained by substituting 
for f: 


r(t(s)) = cos(s//2)i + sin(s//2)j + (s//2) k | 


®@ Curvature 


A parametrization r(t) is called smooth on an interval J if r' is continuous and r'(t) + 0 
on J. A curve is called smooth if it has a smooth parametrization. A smooth curve has no 
sharp corner or cusp; when the tangent vector turns, it does so continuously. 

If C is a smooth curve defined by the vector function r, recall that the unit tangent 
vector T(t) is given by 


ro 
T(t) = ———_— 
|r’ | 
FIGURE 4 and indicates the direction of the curve. From Figure 4 you can see that T(1) changes 
Unit tangent vectors at equally spaced direction very slowly when C is fairly straight, but it changes direction more quickly 
points on C when C bends or twists more sharply. 


The curvature of C at a given point is a measure of how quickly the curve changes 
direction at that point. Specifically, we define it to be the magnitude of the rate of change 
of the unit tangent vector with respect to arc length. (We use arc length so that the defini- 
tion of curvature will be independent of the parametrization.) Because the unit tangent 
vector has constant length, only changes in direction contribute to the rate of change 
of T. 


Definition The curvature of a curve is 


av 
ds 


K= 


where T is the unit tangent vector. 


The curvature is easier to compute if it is expressed in terms of the parameter f instead 
of s, so we use the Chain Rule (Theorem 13.2.3, Formula 6) to write 


dT 
ds 


dT¥ dT ds 


= — — k= 


‘dt ds dt 


dT/dt 
ds/dt 
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But ds/dt = | r'(0) | from Equation 7, so 


_ ITO 
[9] k(t) rl 


EXAMPLE3 Show that the curvature of a circle of radius a is 1/a. 


SOLUTION We can take the circle to have center the origin, and then a parametrization 


is 
r(t) = acosti+ asintj 
Therefore r(t) = —asintit+ acostj and |r’) | =a 
r(t 
so Ge ne conty 
[ro | 
and T(t) = —cos ti — sintj 
This gives | T’(¢)| = 1, so using Formula 9, we have 
T(t 1 
(i) = POL ee a 
|r’(2) | a 


The result of Example 3 shows that small circles have large curvature and large circles 
have small curvature, in accordance with our intuition. We can see directly from the defi- 
nition of curvature that the curvature of a straight line is always 0 because the tangent 
vector is constant. 

Although Formula 9 can be used in all cases to compute the curvature, the formula 
given by the following theorem is often more convenient to apply. 


Theorem The curvature of the curve given by the vector function r is 


|r'(t) X r"(d | 


| r'(t) |? 


k(t) = 


PROOF Since T = r'/|r'| and |r’| = ds/dt, we have 


r= t= 27 
dt 


so the Product Rule (Theorem 13.2.3, Formula 3) gives 


d’s ds 
=—T+—T' 
dt” dt 


”" 


Using the fact that T x T = 0 (see Example 12.4.2), we have 


ds \? 
rxr= (“) (T X T’) 
dt 
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Now | T(¢)| = 1 for all t, so T and T’ are orthogonal by Theorem 13.2.4. Therefore, by 
Theorem 12.4.9, 


; ; ds \? ; ds \? , as \P i. 
exel=(4)irxei=(4) rir = (4) ir 


Jr’ Xr" Leo a 
Th T’|= = 
_ IT | = yar Ir’? 
' ' ” 
and K= Ee | Ir “i | 
[r’| al 


EXAMPLE 4 Find the curvature of the twisted cubic r() = (t, 1’, f°) at a general point 
and at (0, 0, 0). 


SOLUTION We first compute the required ingredients: 
r'(t) = (1, 2t, 30) r’(t) = (0, 2, 6t) 


[r'()| = V1 + 42? + 944 


ijk 
r()xXr"(Q=}1 2 30) = 6 i - 6rj + 2k 
0 2 6t 


[r'() X v"()| = J36t4 + 3622 + 4 = 2/9t4 + 97 + 1 
Theorem 10 then gives 


Ir xr")|  2V1 + 92? + OF 


OTOP (1 + 40? + or? 


At the origin, where ¢ = 0, the curvature is k(0) = 2. o 


For the special case of a plane curve with equation y = f(x), we choose x as the 
parameter and write r(x) = xi + f(x) j. Then r(x) =i + f'(x)j and r(x) = f"(x) j. 
Since i X j = k and j X j = 9, it follows that r’(x) X r"(x) = f(x) k. We also have 


|x’(x) | = V1 + [f'(x)F and so, by Theorem 10, 


Lf") 
4] TS FOP 


EXAMPLE 5 Find the curvature of the parabola y = x? at the points (0, 0), (1, 1), 
and (2, 4). 


SOLUTION Since y’ = 2x and y” = 2, Formula 11 gives 


ly" | 2 


[eae i (ada 


K(x) = 


The curvature at (0, 0) is k(0) = 2. At (1, 1) itis K(1) = 2/57? ~ 0.18. At (2, 4) it is 


FIGURE5 k(2) = 2/177? = 0.03. Observe from the expression for «(x) or the graph of « in 
The parabola y = x? and its curvature Figure 5 that k(x) > 0 as x — +. This corresponds to the fact that the parabola 
function appears to become nearly straight as x > +, | 
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® The Normal and Binormal Vectors 


At a given point on a smooth space curve r(t), there are many vectors that are orthogonal 
to the unit tangent vector T(¢). We single out one by observing that, because | T(¢)| = 1 
for all t, we have T(t) - T’(t) = 0 by Theorem 13.2.4, so T(z) is orthogonal to T(t). Note 
that, typically, T’(t) is itself not a unit vector. But at any point where x ¥ 0 we can define 
the principal unit normal vector N(¢) (or simply unit normal) as 


TO) 
N(t) = 
|T'(0) | 
We can think of the unit normal vector as indicating the direction in which the curve is 


turning at each point. The vector 
B(t) = T(t) X N(a) 


is called the binormal vector. It is perpendicular to both T and N and is also a unit vec- 
FIGURE 6 tor. (See Figure 6.) 


Figure 7 illustrates Example 6 by EXAMPLE 6 Find the unit normal and binormal vectors for the circular helix 
showing the vectors T, N, and B at 
two locations on the helix. In general, 
the vectors T, N, and B, starting at 
the various points on a curve, forma 


r(t) = costi+ sintj + tk 


SOLUTION We first compute the ingredients needed for the unit normal vector: 


set of orthogonal vectors, called the r(t) = —sinti + costj +k |r'(t) | — ae 
TNB frame, that moves along the 
curve as f varies. This TNB frame r'(t) 


Ti) = (—sin ti + costj + k) 


1 
plays an important role in the branch | r(0) | = fo 
of mathematics known as differential 
geometry and in its applications to pe co : ere j = 
the motion of spacecraft. T©@ af 2 (cos ri — sin tj) | T©@ | 


T(t 
N(t) = Tia] = —cos ti — sintj = (—cos t, —sin ¢, 0) 


ee 
V2 


This shows that the unit normal vector at any point on the helix is horizontal and points 
toward the z-axis. The binormal vector is 


i j k 
1 1 
B(t) = T(t) X N(t) = —=| —sint cost 1]=-—=(sint,—cost,1) 


| v2 


—cost —sint 


EXAMPLE 7 Find the unit tangent, unit normal, and binormal vectors and the curva- 
ture for the curve r(f) = (1, af 2 Tid. 1/t) at the point (1, 0, 1). 


FIGURE 7 SOLUTION We start by finding T and T’ as functions of t. 
ro = (1,/2/1,-1/27} 


2 1 1 
|r'(t)| = jz ste aa 


t? 


1 1 
= P (?4+1)7= Be + 1) (because t7 + 1 > 0) 


w=" 2 (2 “)= 1 (12, 21, -1) 


| +) t? e/ (+1) 
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910 CHAPTER 13. Vector Functions 


We use Formula 3 of Theorem 13.2.3 to differentiate T: 


=2t 


TO> ap 


(17, /2t, -1) (26. 4/2, 0) 


1 
+ — 
(t? + 1) 
The point (1, 0, 1) corresponds to t = 1, so we have 


T(1) = $41, /2, -1) 


T’(1) = -5(1, V2, -1) + 542, V2, 0) = 311, 0, 1) 


7d) 34,01) — 1 
N(1) ITO] iyvi+or1 Fria 
B(1) = T(1) X N() = —= (V3, -2, -y2) = Hl, V2, -1) 


2/2 


and, by Formula 9, the curvature is 


_ ITO) _ v2/2 _ v2 


[r’(1) | a 4 


K(1) 


We could also use Theorem 10 to compute «(1); you can check that we get the same 
answer. o 


osculating plane curve C is called the normal plane of C at P. It consists of all lines that are orthogonal 
to the tangent vector T. The plane determined by the vectors T and N is called the oscu- 
lating plane of C at P. (See Figure 8.) The name comes from the Latin osculum, mean- 
ing “kiss.” It is the plane that comes closest to containing the part of the curve near P. 
(For a plane curve, the osculating plane is simply the plane that contains the curve.) 

The circle of curvature, or the osculating circle, of C at P is the circle in the osculat- 
ing plane that passes through P with radius 1/« and center a distance 1/« from P along 
the vector N. The center of the circle is called the center of curvature of C at P. We can 
think of the circle of curvature as the circle that best describes how C behaves near P—it 
shares the same tangent, normal, and curvature at P. Figure 9 illustrates two circles of 
FIGURE8 curvature for a plane curve. 


" The plane determined by the normal and binormal vectors N and B at a point P ona 
| 


normal 
plane 


x 


yA P 


FIGURE 9 


EXAMPLE 8 Find equations of the normal plane and osculating plane of the helix in 
Example 6 at the point P(0, 1, 7/2). 
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Figure 10 shows the helix and the SOLUTION The point P corresponds to t = 7/2 and the normal plane there has normal 
osculating plane in Example 8. vector r/(77/2) = (—1, 0, 1), so an equation of the normal plane is 


7 7 
-1e-9 +0y-N+1(2-Z) =o or pat 


The osculating plane at P contains the vectors T and N, so a vector normal to the oscu- 
lating plane is T X N = B. From Example 6 we have 


BO =< has eee (=) - PS 
Os sin t, —cos t, 5 a ae 


FIGURE 10 The vector (1, 0, 1) is parallel to B(z/2) (so also normal to the osculating plane). Thus 
an equation of the osculating plane is 


7 7 
We 0) +ay-) +1(2-Z)=0 or ae | 


EXAMPLE 9 Find and graph the osculating circle of the parabola y = x” at the origin. 


sculati 
spice SOLUTION From Example 5, the curvature of the parabola at the origin is k(0) = 2 so 


the radius of the osculating circle there is 1/K = 5. Moving this distance in the direction 
of N = (0, 1) (the tangent vector is horizontal at the origin so the normal vector is 
vertical) leads us to the center of curvature at (0, 5), so an equation of the circle of 
curvature is 


circle 


This circle is graphed in Figure 11. a 


FIGURE 11 We summarize here the formulas for unit tangent, unit normal and binormal vectors, 
Notice that the circle and the parabola and curvature. 


appear to bend similarly at the origin. 


r'(i) T(t) 
ITO| 


T(t) = N(t) = B(t) = T(t) X N(t) 


|r’ | 


aT} |TQO|— [r'@xr'O| 
ds |r'(t) | |r’(t) |? 


® Torsion 


Curvature x = |dT/ds| at a point P on a curve C indicates how tightly the curve 
“bends.” Since T is a normal vector for the normal plane, dT/ds tells us how the normal 
plane changes as P moves along C. [Note that the vector dT/ds is parallel to N 
(Exercise 63), so as P moves along C, the tangent vector at P rotates in the direction 
of N. A space curve can also lift or “twist” out of the osculating plane at P| Since B is 
normal to the osculating plane, dB/ds gives us information about how the osculating 
plane changes as P moves along C. (See Figure 12.) 

In Exercise 65 you are asked to show that dB/ds is parallel to N. Thus there is a scalar 
T such that 


x 
dB 
FIGURE 12 [12 | ae 
S 
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Intuitively, the torsion 7 at a point P 
ona curve is a measure of how much 
the curve “twists” at P. If 7 is positive, 
the curve twists out of the osculating 
plane at P in the direction of the 
binormal vector B; if 7 is negative, the 
curve twists in the opposite direction. 


It can be shown that under certain 
conditions, the shape of a space curve 
is completely determined by the 
values of curvature and torsion at 
each point on the curve. 


CHAPTER 13. Vector Functions 


(It is customary to include the negative sign in Equation 12.) The number T is called the 
torsion of C at P. If we take the dot product with N of each side of Equation 12 and note 
that N - N = 1, we get the following definition. 


[13] Definition The torsion of a curve is 


_ dB 
ds 


N 


T= 


Torsion is easier to compute if it is expressed in terms of the parameter ¢ instead of s, 
so we use the Chain Rule to write 


dB dB ds dB dB/dt B' (1) 
Baca Coca -_ = _ 
dt ds dt ds ds/dt |r’(2)| 
Now from Definition 13 we have 
B'(1) - N() 
T(t) = ———_— 
ir’ 


EXAMPLE 10 Find the torsion of the helix r(t) = (cos f, sin f, t). 
SOLUTION In Example 6 we computed ds/dt = |r'(#)| = V2, 


N(t) = (—cos ¢, —sin t, 0), and B(t) = (1/72 \sin t, —cos t, 1). Then 
B'(t) = (1//2 cos t, sin t, 0) and Formula 14 gives 


Bi() = N(t) 


T(t) = ir’ 


1 1 
5 (cos t, sin t, 0) - (—cos t, —sint, 0) = = | 


Figure 13 shows the unit circle r(t) = (cos ¢, sin ¢, 0) in the xy-plane and Figure 14 
shows the helix of Example 10. Both curves have constant curvature, but the circle has 
constant torsion 0 whereas the helix has constant torsion 5. We can think of the circle as 
bending at each point but never twisting, while the helix both bends and twists (upward) 
at each point. 


a 
NS 


a 


FIGURE 13 « = 1,7=0 


FIGURE 14 «x =3,7=3 


The following theorem gives a formula that is often more convenient for computing 
torsion; a proof is outlined in Exercise 72. 
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[15 | Theorem The torsion of the curve given by the vector function r is 


_ [r@ Xr") -r"O 


|r’) x r"(O/? 


T(t) 


In Exercises 68—70 you are asked to use Theorem 15 to compute the torsion of a 


curve. 


13.3 | Exercises 


1-2 

(a) Use Equation 2 to compute the length of the given line 
segment. 

(b) Compute the length using the distance formula and compare 
to your answer from part (a). 


1. rit) = (3 —24,24,4t+ 1), 1xts3 


2. r(t) = (t + 2)i — tj + Bt — 5)k, 1<t<2 


3-8 Find the length of the curve. 
3. r(t) = (t,3 cos¢,3sint), -5<r<5 
4. r(t) = (24,7°,4°), O<t<1 


5. x(t) = V2titejte'’k, 0<1t<1 


6. r(t) = costi+ sintj + Incostk, 0<t< 7/4 
7.r(t)=itrj+rk, O<t<l 


8% rif) =Pi+ 974+4°°k, 1<t<4 


(T]9-11 Find the length of the curve correct to four decimal places. 


(Use a calculator or computer to approximate the integral.) 


9. r(t)=(r,0,t°), O<t<2 
10. r(t) = (te te’), 1<t<3 


11. r(t) = (cos wt, 2t, sin27t), from (1, 0, 0) to (1, 4, 0) 


12. Graph the curve with parametric equations x = sin f, 
y = sin 2t, z = sin 3+. Find the total length of this curve, 
correct to four decimal places. 


13. Let C be the curve of intersection of the parabolic cylinder 
x? = 2y and the surface 3z = xy. Find the exact length of C 
from the origin to the point (6, 18, 36). 


14. Find, correct to four decimal places, the length of the curve 
of intersection of the cylinder 4x* + y* = 4 and the plane 
xtyt+z=2. 


15-16 

(a) Find the arc length function for the curve measured from the 
point P in the direction of increasing ft and then reparame- 
trize the curve with respect to arc length starting from P. 

(b) Find the point 4 units along the curve (in the direction of 
increasing f) from P. 


15. r(t) = (5 — i+ (4t— 3)j + 3tk, P(4, 1,3) 


16. r(t) =e'sinti t+ e'costj + /2e'k, P(0,1,/2) 


17. Suppose you start at the point (0, 0, 3) and move 5 units 
along the curve x = 3 sin t, y = 4t, z = 3 cos ¢ in the posi- 
tive direction. Where are you now? 


18. Reparametrize the curve 


n 2 A eae 
7 r+i te Pi? 


with respect to arc length measured from the point (1, 0) in 
the direction of increasing t. Express the reparametrization in 
its simplest form. What can you conclude about the curve? 


19-24 
(a) Find the unit tangent and unit normal vectors T(t) and N(z). 
(b) Use Formula 9 to find the curvature. 


19. r(t) = (17, sint — tcost,cost+fsint), t>0 
20. r(t) = (5 sin t, t, 5 cos tr) 

21. r(t) = (4, 0°, 4) 

22. r(t) = (1, t 172) 

23. r(t) = (1, 51, 1?) 

24. r(t) = (Je e', e') 


25-27 Use Theorem 10 to find the curvature. 
25. r(f) =P jt+erk 26. r(t) =tit+rjte'k 


27. r(t) = V6r?i + 2tj + 27k 
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28. Find the curvature of r(t) = (77, Inf, t In r) at the 
point (1, 0, 0). 


29. Find the curvature of r(t) = (f, t*, 2°) at the point (1, 1, 1). 


30. Graph the curve with parametric equations x = cos f, 
y = sin ¢, z = sin St and find the curvature at the 
point (1, 0, 0). 

31-33 Use Formula 11 to find the curvature. 

31. y= x‘ 32. y =tanx 


33. y = xe” 


34-35 At what point does the curve have maximum curvature? 
What happens to the curvature as x — ~? 


34. y=Inx 35. y=e* 


36. Find an equation of a parabola that has curvature 4 at the 
origin. 


37. (a) Is the curvature of the curve C shown in the figure 
greater at P or at Q? Explain. 
(b) Estimate the curvature at P and at Q by sketching the 
osculating circles at those points. 


FX 38-39 Usea graphing calculator or computer to graph both the 


curve and its curvature function k(x) on the same screen. Is the 
graph of « what you would expect? 


38. y =x" — 2x? 39. y=x? 


(T] 40-41 Use a computer algebra system to compute the curvature 


function x(t). Then graph the space curve and its curvature 
function. Comment on how the curvature reflects the shape of 
the curve. 


40. r(t) = (t — sint, 1 — cost,4cos(t/2)), O<t< 87 


41. r(t) = (te!, e', /2t), —-5<fts5 


42-43 Two graphs, a and b, are shown. One is a curve y = f(x) 
and the other is the graph of its curvature function y = k(x). 
Identify each curve and explain your choices. 


42. 43. 


y y 


(T] 44. (a) Graph the curve r(t) = (sin 3¢, sin 21, sin 3t). At how 


many points on the curve does it appear that the curva- 
ture has a local or absolute maximum? 

(b) Use a computer algebra system to find and graph the 
curvature function. Does this graph confirm your 
conclusion from part (a)? 


(T]45. The graph of r(t) = ( — 3sinz,1 — 3 cost, t) is shown in 


Figure 13.1.13(b). Where do you think the curvature is larg- 
est? Use a computer algebra system to find and graph the 
curvature function. For which values of t is the curvature 
largest? 


46-49 Curvature of Plane Parametric Curves The curvature of 
a plane parametric curve x = f(t), y = g(t) is given by 

[35 — 53 

KT 72 3232 

[+ y'] 
where the dots indicate derivatives with respect to f. 
46. Use Theorem 10 to prove the given formula for curvature. 
47. Find the curvature of the curve x = 1°, y = f°. 


48. Find the curvature of the curve x = acos wf, y = b sin ot. 


49. Find the curvature of the curve x = e' cost, y = e' sint. 


50. Consider the curvature at x = O for each member of the 
family of functions f(x) = e“. For which members is x (0) 
largest? 


51-52 Find the vectors T, N, and B at the given point. 
51. r(t) = (,20,2), (1,2, 1) 


52. r(t) = (cost, sint,lncost), (1,0, 0) 


53-54 Find equations of the normal plane and osculating plane 
of the curve at the given point. 


53. x = sin 2t, y= —cos2t, z=4t; (0, 1, 27) 


54.x=Int, y=24,z=27; (0,2, 1) 
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57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


55. 


56. 


Find equations of the osculating circles of the ellipse 

9x* + 4y? = 36 at the points (2, 0) and (0, 3). Use a graph- 
ing calculator or computer to graph the ellipse and both 
osculating circles on the same screen. 


Find equations of the osculating circles of the parabola 
y = }x? at the points (0, 0) and (1, +). Graph both oscu- 
lating circles and the parabola on the same screen. 


At what point on the curve x = 1°, y = 3t, z = f* is the 
normal plane parallel to the plane 6x + 6y — 8z = 1? 


Is there a point on the curve in Exercise 57 where the 
osculating plane is parallel to the plane x + y + z= 1? 
[Note: You will need a computer algebra system for differ- 
entiating, for simplifying, and for computing a cross 
product. ] 


Find equations of the normal and osculating planes of the 
curve of intersection of the parabolic cylinders x = y? and 
z =x? at the point (1, 1, 1). 


Show that the osculating plane at every point on the curve 


r(t) = (t ede Leh; 1,2) is the same plane. What can you 
conclude about the curve? 


Show that at every point on the curve 
r(t) = (e' cos t, e' sin f, e') 


the angle between the unit tangent vector and the z-axis is 
the same. Then show that the same result holds true for the 
unit normal and binormal vectors. 


The Rectifying Plane The rectifying plane of a curve 
at a point is the plane that contains the vectors T and B 
at that point. Find the rectifying plane of the curve 

r(t) = sinti + costj + tan rk at the point 


(/2 /2, 4/2. /2, 1). 


Show that the curvature « is related to the tangent and 
normal vectors by the equation 


dT N 
i 
ds 
Show that the curvature of a plane curve is k = | db/ds|, 


where @ is the angle between T and i; that is, @ is the angle 
of inclination of the tangent line. (This shows that the 
definition of curvature is consistent with the definition for 
plane curves given in Exercises 10.2.79-83.) 


(a) Show that dB/ds is perpendicular to B. 
(b) Show that dB/ds is perpendicular to T. 
(c) Deduce from parts (a) and (b) that dB/ds is parallel to N. 


66-67 Use Formula 14 to find the torsion at the given value of f. 


66. 
67. 


r(t) = (sin ¢, 3f, cos fr), 


r(t) = (1? 28, t), t=1 


t= 7/2 
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68-70 Use Theorem 15 to find the torsion of the given curve at 
a general point and at the point corresponding to t = 0. 


68. r(t) = (t, 42, 143) 69. r(t) = (e',e"4, t) 


70. r(t) = (cos f¢, sin f, sin ft) 


71-72 Frenet-Serret Formulas The following formulas, called 
the Frenet-Serret formulas, are of fundamental importance in 
differential geometry: 

1. dT/ds = KN 

2. dN/ds = —kT + 7B 

3. dB/ds = —7N 
(Formula 1 comes from Exercise 63 and Formula 3 is Equa- 
tion 12.) 


71. Use the fact that N = B X T to deduce Formula 2 from 
Formulas | and 3. 


72. Use the Frenet-Serret formulas to prove each of the follow- 
ing. (Primes denote derivatives with respect to ft. Start as in 
the proof of Theorem 10.) 
(a) vr” = s"T + k(s'PN 
(b) r’ Xr” = k(s')?B 


(c) vr” =[s” — K°(s')?]T + [3x5's” + k'(s’P? JN 
+ k7r(s'PB 
' x ” ‘g m 
@ ate 
|r’ 4 r’|? 


73. Show that the circular helix r(t) = (a cos t, a sin t, bt), 
where a and b are positive constants, has constant curvature 
and constant torsion. (Use Theorem 15.) 


74. Find the curvature and torsion of the curve x = sinh f, 


y = cosh t, z = tat the point (0, 1, 0). 


75. Evolute of aCurve The evolute of a smooth curve C is the 
curve generated by the centers of curvature of C. 
(a) Explain why the evolute of a curve given by r is 


r.(t) = r(t) + No 


(b) Find the evolute of the helix in Example 6. 
(c) Find the evolute of the parabola in Example 5. 


k(t) #0 


76. Planar Curves A space curve C given by 

r(t) = (x(t), y(t), z(0) is called planar if it lies in a plane. 

(a) Show that C is planar if and only if there exist 
scalars a, b, c, and d, not all zero, such that 
ax(t) + by(t) + cz(t) = d for all t. 

(b) Show that if C is planar, then the binormal vector B is 
normal to the plane containing C. 

(c) Show that if C is a planar curve then the torsion of C is 
zero for all t. 

(d) Show that the curve r(t) = (t, 2t, t?) is planar and find 
an equation of the plane that contains the curve. Use 
this equation to find the binormal vector B. 
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77. The DNA molecule has the shape of a double helix (see 
Figure 13.1.3). The radius of each helix is about 10 angstroms 
(1A = 10-8 cm). Each helix rises about 34 A during each 
complete turn, and there are about 2.9 X 10% complete turns. 
Estimate the length of each helix. 


78. Let’s consider the problem of designing a railroad track to 
make a smooth transition between sections of straight track. 
Existing track along the negative x-axis is to be joined 


(a) Find a polynomial P = P(x) of degree 5 such that the 


function F defined by 
0 if x <0 
F(x) = 4 P(x) if 0O<x<1 
1 ifx=1 


is continuous and has continuous slope and continuous 
curvature. 


smoothly to a track along the line y = 1 forx = 1. FM (b) Graph F. 


13.4 


FIGURE 1 


Compare to Equation 10.2.8, where 
we defined speed for plane para- 
metric curves. 


Motion in Space: Velocity and Acceleration 


In this section we show how the ideas of tangent and normal vectors and curvature 
can be used in physics to study the motion of an object—including its velocity and 
acceleration—along a space curve. In particular, we follow in the footsteps of Newton by 
using these methods to derive Kepler’s First Law of planetary motion. 


BH Velocity, Speed, and Acceleration 


Suppose a particle moves through space so that its position vector at time f is r(t). Notice 
from Figure | that, for small values of h, the vector 


r(t + h) — r(t) 


a h 


approximates the direction of the particle moving along the curve r(). Its magnitude mea- 
sures the size of the displacement vector per unit time. The vector (1) gives the average 
velocity over a time interval of length / and its limit is the velocity vector v(t) at time f: 


2] i= lim r(t + “ =r). r) 


Thus the velocity vector is also the tangent vector and points in the direction of the tan- 
gent line. 

The speed of the particle at time ¢ is the magnitude of the velocity vector, that is, 
| v(t) |. This is appropriate because, from (2) and from Equation 13.3.7, we have 


ds : ‘ : 
| v(2)| = |r’) | = ae rate of change of distance with respect to time 
As in the case of one-dimensional motion, the acceleration of the particle is defined as 
the derivative of the velocity: 
a(t) =v) = r'"(0) 
EXAMPLE 1 The position vector of an object moving in a plane is given by 


r(t) = fi + ¢j. Find its velocity, speed, and acceleration when ¢ = | and illustrate 
geometrically. 


SOLUTION The velocity and acceleration at time ¢ are 
v(t) =r'(t) = 31+ 2tj a(t) = r"(t) = 6ri + 2j 
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YA 


FIGURE 2 


Figure 3 shows the path of the par- 
ticle in Example 2 with the velocity 
and acceleration vectors when t = 1. 


1 
y 
x 


FIGURE 3 


The expression for r(t) that we 
obtained in Example 3 was used to 
plot the path of the particle in 
Figure 4 for0 < ¢ $3. 


FIGURE 4 
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and the speed is 


|v) | = VBP? + 21? = J9r + 4° 
When t = 1, we have 
v(1) = 3i + 2j a(1) = 61 + 2j | v(1)| = /13 


These velocity and acceleration vectors are shown in Figure 2. Oo 


EXAMPLE 2 Find the velocity, acceleration, and speed of a particle with position 
vector r(t) = (#7, e', te’). 


SOLUTION v(t) = r'(t) = (24, e', (1 + De‘) 


a(t) = v(t) = (2, e', (2 + te’) 


| v(4)| = 4/422 + 2° + (1 + 1)? a 


NOTE Earlier in the chapter we saw that a curve can be parametrized in different ways 
but the geometric properties of a curve—arc length, curvature, and torsion—are indepen- 
dent of the choice of parametrization. On the other hand, velocity, speed, and accelera- 
tion do depend on the parametrizations used. You can think of the curve as a road and a 
parametrization as describing how you travel along that road. The length and curvature 
of the road do not depend on how you travel on it, but your velocity and acceleration do. 


The vector integrals that were introduced in Section 13.2 can be used to find position 
vectors when velocity or acceleration vectors are known, as in the next example. 


EXAMPLE3 A moving particle starts at an initial position r(0) = (1, 0, 0) with initial 
velocity v(0) = i — j + k. Its acceleration is a(t) = 4ti + 6tj + k. Find its velocity 
and position at time f. 


SOLUTION Since a(t) = v‘(t), we have 
v(1) = | alo) ar = [ (ri + 6tj +k) dt 
=2Pi1+37?j+tk+C 


To determine the value of the constant vector C, we use the fact that v(0) = i — j + k. 
The preceding equation gives v(0) = C,soC =i — j + kand 


vit) = 271+ 3°?j+tk+i-jt+k 
=2P + Dit Be-H)j+t+)k 
Since v(t) = r'(t), we have 
r(1) = J v(t) dt 
= {[@r + Nit G2 -D)j+C+ Yklat 


=(3f+)i+(®-d)jt+(Ge+)k+D 
Putting t = 0, we find that D = r(0) = i, so the position at time f is given by 


r() =(Ge+e1t+ lit @-d)j+GP+ yk a 
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The object moving with position P 
has angular speed w = d6/dt, where 
6 is the angle shown in Figure 5. 


YA 


FIGURE 5 


#yY 


FIGURE 6 


Hy 


In general, vector integrals allow us to recover velocity when acceleration is known 
and position when velocity is known: 


v(0) = v(r) + ['alw) du r(s) = (00) + |" vu) de 


If the force that acts on a particle is known, then the acceleration can be found from 
Newton’s Second Law of Motion. The vector version of this law states that if, at any 
time t, a force F(t) acts on an object of mass m producing an acceleration a(t), then 


F(t) = ma(t) 
EXAMPLE 4 An object with mass m that moves in a circular path with constant 


angular speed w has position vector r(t) = acos wti + asin wt j. Find the force acting 
on the object and show that it is directed toward the origin. 


SOLUTION To find the force, we first need to know the acceleration: 
v(t) = r'(t) = —aq sin wti + aw cos wt j 
a(t) = v(t) = —aw* cos wti — aw’ sin wt j 
Therefore Newton’s Second Law gives the force as 
F(t) = ma(t) = —mw*(a cos wti + asin wt j) 


Notice that F(t) = —mw’r(t). This shows that the force acts in the direction opposite 

to the radius vector r(t) and therefore points toward the origin (see Figure 5). Such a 
force is called a centripetal (center-seeking) force. | 
Bi Projectile Motion 


EXAMPLE5 A projectile is fired with angle of elevation a and initial velocity vo. (See 
Figure 6.) Assuming that air resistance is negligible and the only external force is due 
to gravity, find the position function r(¢) of the projectile. What value of a maximizes 
the range (the horizontal distance traveled)? 


SOLUTION We set up the axes so that the projectile starts at the origin. Since the force 
due to gravity acts downward, we have 


F = ma= —-mgj 
where g = |a| ~ 9.8 m/s”. Thus 
a= —gj 
Since v(t) = a, we have v(t) = —gtj + C 
where C = v(0) = vo. Therefore 


r'(t) = v(t) = —gtj + vo 


Integrating again, we obtain 
r(f) = -y9t?j + tv. + D 


But D = r(0) = 0, so the position vector of the projectile is given by 


[3] r(t) = —4gt?j + tvo 
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If we write | vo | = vo (the initial speed of the projectile), then 


Vo = vocos ait vsina j 


and Equation 3 becomes 
r(t) = (vocos a)ti + [(v. sin a)t — Lot ]j 


The parametric equations of the trajectory are therefore 


If you eliminate ¢ from Equations 4, 

you will see that y is a quadratic [4] 
function of x. So the path of the 

projectile is part of a parabola. 


x = (v9 cos a)t y = (vp sin a)t — a0 


The horizontal distance d is the value of x when y = 0. Setting y = 0, we obtain t = 0 
or t = (2v9 sin a)/g. This second value of f then gives 


2u sina  v6(2 sina cos a) v6 sin 2a 
d =x = (vu cos a) = = 
g g 
Clearly, d has its maximum value when sin 2a = 1, that is, a = 45°. | 


EXAMPLE 6 A projectile is fired with initial speed 150 m/s and angle of elevation 30° 
from a position 10 m above ground level. Where does the projectile hit the ground, and 
with what speed? 


SOLUTION If we place the origin at ground level, then the initial position of the 
projectile is (0, 10) and so we need to adjust Equations 4 by adding 10 to the expres- 
sion for y. With vo = 150 m/s, a = 30°, and g = 9.8 m/s’, we have 


150 cos(30°)t = 75/3 t 
y = 10 + 150 sin(30°)t — 5(9.8)f? = 10 + 75t — 4.927 


I 


Xx 


Impact occurs when y = 0, that is, 4.977 — 75¢ — 10 = 0. Using the quadratic formula 
to solve this equation (and taking only the positive value of 1), we get 


, — 15 + 5625 + 196 


9.8 


=~ 15.44 


Then x ~ 75,/3(15.44) ~ 2006, so the projectile hits the ground about 2006 m away. 
The velocity of the projectile is 
v(t) = r'(t) = 75/3 i + (75 — 9.81) j 


So its speed at impact is 


|v(15.44)| = V(75 /3 ? + (75 — 9.8 » 15.44)? = 151 m/s re 


® Tangential and Normal Components of Acceleration 


When we study the motion of a particle, it is often useful to resolve the acceleration into 
two components, one in the direction of the tangent and the other in the direction of the 
normal. If we write v = | v| for the speed of the particle, then 


_r@ — vt) _v 
Ma eal 
and so v=0T 
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If we differentiate both sides of this equation with respect to t, we get 
[5] a=v' =0'T+ 0T’ 
If we use the expression for the curvature given by Equation 13.3.9, then we have 


_1T|_ IT 
[r'| 


[6] P 


so. | T’| = kv 


The unit normal vector was defined in Section 13.3 as N = T’/| T’ 


, SO (6) gives 


T’ =|T’|N = KoN 


and Equation 5 becomes 


a 


I 


v'T+ KvN 


Writing a; and ay for the tangential and normal components of acceleration, we have 


a=arT + avN 


where 
ar=v' and dy = kv? 
FIGURE 7 This resolution is illustrated in Figure 7. 


Let’s look at what Formula 7 says. The first thing to notice is that the binormal vector 
B is absent. No matter how an object moves through space, its acceleration always lies in 
the plane of T and N (the osculating plane). (Recall that T gives the direction of motion 
and N points in the direction the curve is turning.) Next we notice that the tangential 
component of acceleration is v’, the rate of change of speed, and the normal component 
of acceleration is kv’, the curvature times the square of the speed. This makes sense if we 
think of a passenger in a car—a sharp turn in a road means a large value of the curvature 
k, so the component of the acceleration perpendicular to the motion is large and the pas- 
senger is thrown against the car door. High speed around the turn has the same effect; in 
fact, if you double your speed, ay is increased by a factor of 4. 

Although we have expressions for the tangential and normal components of accelera- 
tion in Equations 8, it’s desirable to have expressions that depend only on r, r’, and r”. 
To this end we take the dot product of v = vT with a as given by Equation 7: 


I 


v-a=v0T: (v'T + Kv’N) 


I 


vv'T-T+K«v'T-N 


=vo' (since T- T = 1 andT-N=0O) 


Therefore 
via r(t)-r'(t) 


[9] CPS = [r'(| 


Vv 


Using the formula for curvature given by Theorem 13.3.10, we have 


|r’(t) X "(| 
| r'(t) ; 


|r’(t) X r"()| 


[ro | 


dy = kv? = |r’(t) |? = 
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EXAMPLE7 A particle moves with position function r(f) = (77, f°, ). Find the 
tangential and normal components of acceleration. 


SOLUTION rf) =Pite?jtek 
r(t) = 2ti+ 2tj + 30°k 
r'(t) = 2i + 2j + 6rk 
Ir | - VP OF 
Therefore Equation 9 gives the tangential component as 


_ Fier . serie 


: | r’(2) | /812 + 944 
ij k 
Since r(t) X r'(t) =| 2t 2t 30° | = 607i - 6rj 
2 2 6t 


Equation 10 gives the normal component as 


— |r@ x r"O| _ 6J2F 
i | r'(2) | /82 + 9r4 


@ Kepler's Laws of Planetary Motion 


We now describe one of the great accomplishments of calculus by showing how the 
material of this chapter can be used to prove Kepler’s laws of planetary motion. After 


me 20 years of studying the astronomical observations of the Danish astronomer Tycho 


Brahe, the German mathematician and astronomer Johannes Kepler (1571-1630) formu- 
lated the following three laws. 


Kepler’s Laws 
1. A planet revolves around the sun in an elliptical orbit with the sun at one focus. 


@ 2. The line joining the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period of revolution of a planet is proportional to the cube of 
the length of the major axis of its orbit. 


In his book Principia Mathematica of 1687, Sir Isaac Newton was able to show that 
= these three laws are consequences of two of his own laws, the Second Law of Motion and 
the Law of Universal Gravitation. In what follows we prove Kepler’s First Law. The 

remaining laws are left as exercises (with hints). 

Since the gravitational force of the sun on a planet is so much larger than the forces 
exerted by other celestial bodies, we can safely ignore all bodies in the universe except the 
sun and one planet revolving about it. We use a coordinate system with the sun at the 
origin and we let r = r(¢) be the position vector of the planet. (Equally well, r could be 
the position vector of the moon or a satellite moving around the earth or a comet moving 
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around a star.) The velocity vector is v = r’ and the acceleration vector is a = r”. We use 
the following laws of Newton: 


Second Law of Motion: F = ma 


oe GMm GMm 
Law of Gravitation: F= 3 r= ——u 
r f 


where F is the gravitational force on the planet, m and M are the masses of the planet and 
the sun, G is the gravitational constant, r = | r|, and u = (1/r)r is the unit vector in the 
direction of r. 

We first show that the planet moves in one plane. By equating the expressions for F in 
Newton’s two laws, we find that 


GM 
a=-—,r 
a 


and so ais parallel to r. It follows that r * a = 0. We use Formula 5 in Theorem 13.2.3 to 
write 


d 3 , 
aexwvear XvtrxXv 


=vxXvtrxa=0+0=0 


Therefore rXv=h 


where h is a constant vector. (We may assume that h ¥ 0; that is, r and v are not paral- 
lel.) This means that the vector r = r(t) is perpendicular to h for all values of t, so the 
planet always lies in the plane through the origin perpendicular to h. Thus the orbit of 
the planet is a plane curve. 

To prove Kepler’s First Law we rewrite the vector h as follows: 


h=rXv=rXr' =ruX (ru)’ 


=ru X (ru! + r'u) = 7?(u XW) + rr'(u X U) 


=r(u X w) 
Then 
—GM 2 ' ’ 
axh= s—u X (r°u X u’) = —GMu X (u X v’) 
r 
= —GM[(u:u’)u — (u- u)u’] (by Theorem 12.4.11, Property 6) 
But u+ u = |u|? = 1 and, since | u(¢)| = 1, it follows from Theorem 13.2.4 that 
u-u’ =0 
Therefore aXh=GMu' 
and so (vxX hh)! =v Xh+vXh'=Vv' Xh=aXh=GMu 


Integrating both sides of this equation, we get 
[11] vxh=GMute 


where c is a constant vector. 
At this point it is convenient to choose the coordinate axes so that the standard 
basis vector k points in the direction of the vector h. Then the planet moves in the 
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FIGURE 8 


13.4 


1. The table gives coordinates of a particle moving through 
space along a smooth curve. 
(a) Find the average velocities over the time intervals 


Exercises 
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xy-plane. Since both v < h and u are perpendicular to h, Equation 11 shows that ¢ lies 
in the xy-plane. This means that we can choose the x- and y-axes so that the vector i lies 
in the direction of c, as shown in Figure 8. 

If 6 is the angle between c and r, then (r, #) are polar coordinates of the planet. From 
Equation 11 we have 


r-(vX h)=r-(GMu+e)=GMr-ucr-c 


Il 


GMru-u+ |r||¢|cos@ = GMr + rccosé 
where c = |c|. Then 


— rs(vxXh 1 r-(vXxh) 
GM + ccos@ GM 1+ ecos@ 


where e = c/(GM). But 
r-(vXh)=(rX v):h=h-h=|h|*?=/7’ 
where h = |h|. So 


h/(GM) ____ eh’/c 
1 + ecos@é 1 + ecos@ 


Writing d = h’/c, we obtain the equation 


[12] r 


Comparing with Theorem 10.6.6, we see that Equation 12 is the polar equation of a conic 
section with focus at the origin and eccentricity e. We know that the orbit of a planet is a 
closed curve and so the conic must be an ellipse. 

This completes the derivation of Kepler’s First Law. We will guide you through 
the derivation of the Second and Third Laws in the Applied Project following this sec- 
tion. The proofs of these three laws show that the methods of this chapter provide a 
powerful tool for describing some of the laws of nature. 


_ ed 
1+ ecos@é 


(a) Draw a vector that represents the average velocity of 
the particle over the time interval 2 < t S 2.4. 
(b) Draw a vector that represents the average velocity over 


(0, 1], [0.5, 1], [1, 2], and [1, 1.5]. the time interval 1.5 < ¢ < 2. 
(b) Estimate the velocity and speed of the particle (c) Write an expression for the velocity vector v(2). 
att= 1. (d) Draw an approximation to the vector v(2) and estimate 
the speed of the particle at t = 2. 
t 3 y ez; 
0 2.7 9.8 3.7 
0.5 3.5 7.2 3.3 
1.0 4.5 6.0 3.0 
1.5 5.9 6.4 2.8 
2.0 73 7.8 24 
2. The figure shows the path of a particle that moves with 
position vector r() at time t. 
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3-8 Find the velocity, acceleration, and speed of a particle with 
the given position function. Sketch the path of the particle and 
draw the velocity and acceleration vectors for the specified value 
of f. 


3. r(t ata P32 
= 3costi+ 2sintj, t= 7/3 
t=0 


4 
5 
6. r(t) = e'i+ e*7j, 
7 
8 


. rt) =rtit+ 2costj + sintk, t=0 


9-14 Find the velocity, acceleration, and speed of a particle 
with the given position function. 

9. r(t) = (0? + 4,0? — 1, 1°) 
10. r(t) = (2 cos ¢, 31, 2 sin t) 
WW. r() = J2tit+ejtetk 


= 
)= 
12. r(t) 
) 
) 


rit 2rjt+intk 
13. r(t) = e‘(costi + sintj + tk) 


14. r(t 


(t?, sint — tcost,cost +fsint), 120 


15-16 Find the velocity and position vectors of a particle that 
has the given acceleration and the given initial velocity and 
position. 


15. a(t) =2i+2rk, v0)=3i-j, r(0)=j+k 

16. a(t) = sinti + 2costj + 6tk, v(0) = — 
r(0) =j — 4k 

17-18 


(a) Find the position vector of a particle that has the given 
acceleration and the specified initial velocity and position. 


(b) Graph the path of the particle. 
17. a(t) = 2ti + sintj + cos2tk, v(0) =i, 


v(0) =k, 


r(0) =j 


18. a(t) =titejte'k, r(0) =j+k 


19. The position function of a particle is given by 


r(t) = (t’, 5t, t? — 16). When is the speed a minimum? 


20. What force is required so that a particle of mass m has the 


position function r(t) = Pi+ tj + Pk? 


21. A force with magnitude 20 N acts directly upward from the 
xy-plane on an object with mass 4 kg. The object starts at 
the origin with initial velocity v(0) = i — j. Find its posi- 


tion function and its speed at time f. 


22. Show that if a particle moves with constant speed, then the 


velocity and acceleration vectors are orthogonal. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


A projectile is fired with an initial speed of 200 m/s and 
angle of elevation 60°. Find (a) the range of the projectile, 
(b) the maximum height reached, and (c) the speed at impact. 


Rework Exercise 23 if the projectile is fired from a position 
100 m above the ground. 


A ball is thrown upward at an angle of 45° to the ground. If 
the ball lands 90 m away, what was the initial speed of the 
ball? 


A projectile is fired from a tank with initial speed 400 m/s. 
Find two angles of elevation that can be used to hit a target 
3000 m away. 


A rifle is fired with angle of elevation 36°. What is the ini- 
tial speed if the maximum height of the bullet is 1600 ft? 


A batter hits a baseball 3 ft above the ground toward the 
center field fence, which is 10 ft high and 400 ft from home 
plate. The ball leaves the bat with speed 115 ft/s at an 
angle 50° above the horizontal. Is it a home run? (In other 
words, does the ball clear the fence?) 


A medieval city has the shape of a square and is protected 
by walls with length 500 m and height 15 m. You are the 
commander of an attacking army and the closest you can 
get to the wall is 100 m. Your plan is to set fire to the city by 
catapulting heated rocks over the wall (with an initial speed 
of 80 m/s). At what range of angles should you tell your 
men to set the catapult? (Assume the path of the rocks is 
perpendicular to the wall.) 


Show that a projectile reaches three-quarters of its maxi- 
mum height in half the time needed to reach its maximum 
height. 


A ball is thrown eastward into the air from the origin (in 
the direction of the positive x-axis). The initial velocity is 
50i + 80k, with speed measured in feet per second. The 
spin of the ball results in a southward acceleration of 

4 ft/s’, so the acceleration vector isa = —4j — 32k. 
Where does the ball land and with what speed? 


A ball with mass 0.8 kg is thrown southward into the air 
with a speed of 30 m/s at an angle of 30° to the ground. 
A west wind applies a steady force of 4 N to the ball in 

an easterly direction. Where does the ball land and with 
what speed? 


. Water traveling along a straight portion of a river normally 


flows fastest in the middle, and the speed slows to almost 
zero at the banks. Consider a long straight stretch of river 
flowing north, with parallel banks 40 m apart. If the maxi- 
mum water speed is 3 m/s, we can use a quadratic function 
as a basic model for the rate of water flow x units from the 
west bank: f(x) = iep (40 — x). 
(a) A boat proceeds at a constant speed of 5 m/s from a 
point A on the west bank while maintaining a heading 
perpendicular to the bank. How far down the river on 
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34. 


35. 


36. 


the opposite bank will the boat touch shore? Graph the 
path of the boat. 

(b) Suppose we would like to pilot the boat to land at the 
point B on the east bank directly opposite A. If we 
maintain a constant speed of 5 m/s and a constant 
heading, find the angle at which the boat should head. 
Then graph the actual path the boat follows. Does the 
path seem realistic? 


Another reasonable model for the water speed of the river in 
Exercise 33 is a sine function: f(x) = 3 sin(ax/40). Ifa 
boater would like to cross the river from A to B with constant 
heading and a constant speed of 5 m/s, determine the angle at 
which the boat should head. 


A particle has position function r(¢). If r’(t) = ¢ X r(d), 
where ¢ is a constant vector, describe the path of the particle. 


(a) Ifa particle moves along a straight line, what can you say 
about its acceleration vector? 

(b) Ifa particle moves with constant speed along a curve, 
what can you say about its acceleration vector? 


37-40 Find the tangential and normal components of the 
acceleration vector. 


37. 


38. 


39. 


40. 


r(t)=(P? + 1li¢+ferj, +r=0 


r(t) = 207i + (32° — 20) j 


r(t) = costi+ sintj + tk 


r(t) =ti+ 2e'j + e”k 


41-42 Find the tangential and normal components of the 
acceleration vector at the given point. 


41. 


42. 


r(t)=Intit+ (2+ 3)j+4 tk, (0,44) 


1 1 1 
t)=—it+—sj+—k (111 
r(1) en pd BP ( ) 
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43. The magnitude of the acceleration vector a is 10 cm/s”. Use 


the figure to estimate the tangential and normal components 


of a. 
YA 


44. Angular Momentum and Torque If a particle with mass m 


moves with position vector r(t), then its angular momen- 
tum is defined as L(t) = mr(t) X v(t) and its torque as 

a(t) = mr(t) X a(t). Show that L’(t) = t(t). Deduce that if 
7(t) = 0 for all , then L(#) is constant. (This is the law of 
conservation of angular momentum.) 


45. The position function of a spacecraft is 


r(t)=(3+Ai+(2+Indj4 (; ats) 


and the coordinates of a space station are (6, 4, 9). The cap- 
tain wants the craft to coast into the space station. When 
should the engines be turned off? 


46. A rocket burning its onboard fuel while moving through 


space has velocity v(t) and mass m(t) at time rf. If the exhaust 
gases escape with velocity v. relative to the rocket, it can be 
deduced from Newton’s Second Law of Motion that 


m(0) 

aa Wee 

m(t) 

(b) For the rocket to accelerate in a straight line from rest to 


twice the speed of its own exhaust gases, what fraction of 
its initial mass would the rocket have to burn as fuel? 


(a) Show that v(t) = v(O) — In 


Johannes Kepler stated the following three laws of planetary motion on the basis of massive 
amounts of data on the positions of the planets at various times. 


Kepler’s Laws 


1. A planet revolves around the sun in an elliptical orbit with the sun at one focus. 


2. The line joining the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period of revolution of a planet is proportional to the cube of the 
length of the major axis of its orbit. 


(continued ) 
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Kepler formulated these laws because they fitted the astronomical data. He wasn’t able to 
see why they were true or how they related to each other. But Sir Isaac Newton, in his 
Principia Mathematica of 1687, showed how to deduce Kepler’s three laws from two of 
Newton’s own laws, the Second Law of Motion and the Law of Universal Gravitation. In 
Section 13.4 we proved Kepler’s First Law using the calculus of vector functions. In this 
project we guide you through the proofs of Kepler’s Second and Third Laws and explore 
some of their consequences. 


1. Use the following steps to prove Kepler’s Second Law. The notation is the same as in 
the proof of the First Law in Section 13.4. In particular, use polar coordinates so that 
r = (rcos @)i + (rsin @) j. 
dé 


Show that h = r* —k. 
(a) Show that iP ee 


dé 
(b) Deduce that r? a h. 


yA (c) If A = A(t) is the area swept out by the radius vector r = r(f) in the time interval [‘, f] 
as in the figure, show that 
r(t) 
et) aA _ a0 
a di 
a (d) Deduce that 
dA 


—_= sh = constant 


This says that the rate at which A is swept out is constant and proves Kepler’s Second 
Law. 


2. Let T be the period of a planet about the sun; that is, T is the time required for it to travel 
once around its elliptical orbit. Suppose that the lengths of the major and minor axes of the 
ellipse are 2a and 2b. 


(a) Use part (d) of Problem 1 to show that T = 2arab/h. 


h? b? 
b) Show that —— = ed = _. 
(b) Show tha a z 
2 4m? 3 
(c) Use parts (a) and (b) to show that T = area 


This proves Kepler’s Third Law. [Notice that the proportionality constant 47r?/(GM) is 
independent of the planet.] 


eS 


The period of the earth’s orbit is approximately 365.25 days. Use this fact and Kepler’s 
Third Law to find the length of the major axis of the earth’s orbit. You will need 

the mass of the sun, M = 1.99 x 10° kg, and the gravitational constant, 

G = 6,67 X 10°" N-m’*/kg’. 


> 


It’s possible to place a satellite into orbit about the earth so that it remains fixed above a 
given location on the equator. Compute the altitude that is needed for such a satellite. The 
earth’s mass is 5.98 X 10 kg; its radius is 6.37 X 10° m. (This orbit is called the Clarke 
Geosynchronous Orbit after Arthur C. Clarke, who first proposed the idea in 1945. The first 
such satellite, Syncom II, was launched in July 1963.) 
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EW Review 


CONCEPT CHECK 


CHAPTER 13 Review 927 


Answers to the Concept Check are available at StewartCalculus.com. 


1. What is a vector function? How do you find its derivative and 
its integral? 


2. What is the connection between vector functions and space 
curves? 


3. How do you find the tangent vector to a smooth curve at a 
point? How do you find the tangent line? The unit tangent 
vector? 


4. If u and v are differentiable vector functions, c is a scalar, and 
f is a real-valued function, write the rules for differentiating 
the following vector functions. 

(a) u(t) + vi) (b) cu(?) (c) fi) u(y) 
(d) u(t) - v~) (e) u(t) X vi) (f) u(f(@) 


5. How do you find the length of a space curve given by a vector 
function r(t)? 


TRUE-FALSE QUIZ 


. (a) What is the definition of curvature? 


(b) Write a formula for curvature in terms of r‘(t) and T’(2). 

(c) Write a formula for curvature in terms of r‘(t) and r’(t). 

(d) Write a formula for the curvature of a plane curve with 
equation y = f(x). 


. (a) Write formulas for the unit normal and binormal vectors 


of a smooth space curve r(t). 
(b) What is the normal plane of a curve at a point? What is 
the osculating plane? What is the osculating circle? 


. (a) How do you find the velocity, speed, and acceleration of a 


particle that moves along a space curve? 
(b) Write the acceleration in terms of its tangential and 
normal components. 


. State Kepler’s Laws. 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. The curve with vector equation r(t) = fi + 2r°j + 3¢°k is 
a line. 


2. The curve r(t) = (0, t*, 4t) is a parabola. 


bad 


The curve r(7) = (21,3 — t, 0) is a line that passes through 
the origin. 


4. The derivative of a vector function is obtained by differen- 
tiating each component function. 


ws 


Tf u(t) and v(‘) are differentiable vector functions, then 


“fut xX v(t)] = u(t) X v(t) 


9 


If r(t) is a differentiable vector function, then 


d , 
41r)| = (0) 


16. 


If T(2) is the unit tangent vector of a smooth curve, then the 
curvature is ck = | dT/dt]. 


The binormal vector is B(t) = N(t) X T(d). 


Suppose fis twice continuously differentiable. At an inflec- 
tion point of the curve y = f(x), the curvature is 0. 


If x(t) = 0 for all ¢, the curve is a straight line. 
If | r(t)| = 1 for all ¢, then | r’(t) | is a constant. 
If | r(t)| = 1 for all ¢, then r’(t) is orthogonal to r(¢) for all r. 


The osculating circle of a curve C at a point has the same tan- 
gent vector, normal vector, and curvature as C at that point. 


Different parametrizations of the same curve result in identi- 
cal tangent vectors at a given point on the curve. 


The projection of the curve r(t) = (cos 21, t, sin 2t) onto the 
xz-plane is a circle. 


The vector equations r(t) = (tf, 2t,t + 1) and 
r(t) = (t — 1, 2t — 2, t) are parametrizations of the 
same line. 
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EXERCISES 
1. (a) Sketch the curve with vector function 16. The figure shows the curve C traced by a particle with posi- 
i, ' ; . tion vector r(t) at time f. 
r() = ti + cos wtj + sin atk pad (a) Draw a vector that represents the average velocity of the 
(b) Find r'(¢) and r"(2). particle over the time interval 3 < rt 3.2. 
(b) Write an expression for the velocity v(3). 

2. Let r(1) (v 2- fe (e' — 1)/t, In(t + 1)). (c) Write an expression for the unit tangent vector T(3) and 
(a) Find the domain of r. draw it. 
(b) Find lim,-so r(¢). 
(c) Find r’(1). i 


3. Find a vector function that represents the curve of inter- 
section of the cylinder x* + y* = 16 and the plane 
x+zo= 5, 


4. Find parametric equations for the tangent line to the curve 
x = 2sint, y = 2 sin 2t, z = 2 sin 3¢ at the point 
(1, as 2). Graph the curve and the tangent line on a 
common screen. 


5. Ifr(t) =? i + t cos@tj + sinatk, evaluate {) r(¢) dt. 


6. Let C be the curve with equations x = 2 — f°, y= 2r — 1, 
z = Int. Find (a) the point where C intersects the xz-plane, 
(b) parametric equations of the tangent line at (1, 1, 0), and 17. A particle moves with position function 
(c) an equation of the normal plane to C at (1, 1, 0). r(‘) = t Inti + tj + e'k. Find the velocity, speed, and 


; : . acceleration of the particle. 
7. Use Simpson’s Rule with n = 6 to estimate the length of 


the arc of the curve with equations x = 1, y = 1,2 = 1°, 18. Find the velocity, speed, and acceleration of a particle moving 
0<ts3. with position function r(t) = (2r7 — 3) i + 2rj. Sketch the 
8. Find the length of the curve r(t) = (217/?, cos 21, sin 21), path of the particle and draw the position, velocity, and accel- 
O<1t<l. eration vectors for tf = 1. 
9. The helix r(t) = cos ri + sintj + tk intersects the curve 19. A particle starts at the origin with initial velocity i — j + 3k. 
ro(t) = (1 + fi + ¢°j + t’k at the point (1, 0, 0). Find the Its acceleration is a(t) = 6ri + 1227 j — 6rk. Find its posi- 
angle of intersection of these curves. tion function. 


10. Reparametrize the curve r(t) = ei + e‘sintj + e’costk 
with respect to arc length measured from the point (1, 0, 1) 
in the direction of increasing f. 


20. 


An athlete throws a shot at an angle of 45° to the horizontal 
at an initial speed of 43 ft/s. It leaves the athlete’s hand 7 ft 
above the ground. 


11. For the curve given by r(t) = (sin*z, cos*r, sin’t), (a) Where is the shot 2 seconds later? 
0 <t 7/2, find (b) How high does the shot go? 
(a) the unit tangent vector. (c) Where does the shot land? 
(b) the unit normal vector. 
(c) the unit binormal vector. 21. A projectile is launched with an initial speed of 40 m/s from 
(d) the curvature. the floor of a tunnel whose height is 30 m. What angle of ele- 
(e) the torsion. vation should be used to achieve the maximum possible hori- 


. ; : zontal range of the projectile? What is the maximum range? 
12. Find the curvature of the ellipse x = 3 cos t, y = 4 sin tat 


the points (3, 0) and (0, 4). 22. Find the tangential and normal components of the accelera- 
13. Find the curvature of the curve y = x* at the point (1, 1). tion vector of a particle with position function 
FS 14. Find an equation of the osculating circle of the curve r(f) =tit 2tj+0?k 
y =x‘ — x at the origin. Graph both the curve and its 
osculating circle. 23. A disk of radius 1 is rotating in the counterclockwise 


direction at a constant angular speed w. A particle starts at the 


ta Hine aus ion OF NaS Ose MaHae plane Gr Mie corve center of the disk and moves toward the edge along a fixed 


x = sin 2t, y = ft, z = cos 2t at the point (0, 7, 1). 
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radius so that its position at time fr, t = 0, is given by 
r(t) = tR(t), where 


R(t) = cos wti + sinwtj 
(a) Show that the velocity v of the particle is 
Vv = cos wti+ sinwtj + tvwy 


where vz = R'(#) is the velocity of a point on the edge of 
the disk. 
(b) Show that the acceleration a of the particle is 


a=2vw,+ tag 


where ag = R"(f) is the acceleration of a point on 
the edge of the disk. The extra term 2 v, is called the 
Coriolis acceleration; it is the result of the interaction of 
the rotation of the disk and the motion of the particle. 
One can obtain a physical demonstration of this accel- 
eration by walking toward the edge of a moving 
merry-go-round. 

(c) Determine the Coriolis acceleration of a particle that 
moves on a rotating disk according to the equation 


r(t) =e ‘coswtit e‘sinatj 


24. In designing transfer curves to connect sections of straight rail- 
road tracks, it’s important to realize that the acceleration of the 
train should be continuous so that the reactive force exerted by 
the train on the track is also continuous. Because of the formu- 
las for the components of acceleration in Section 13.4, this will 
be the case if the curvature varies continuously. 

(a) A logical candidate for a transfer curve to join existing 
tracks given by y = 1 for x < O andy = /2 — x for 


x = 1/,/2 might be the function f(x) = JI — x?, 
0 <x < 1//2, whose graph is the arc of the circle 


(b) 


CHAPTER 13 Review 929 


shown in the figure. It looks reasonable at first glance. 
Show that the function 


iL if x <0 
F(x) =4 V1 —x? if 0<x< 1/2 
J2 —x ifxe VJ/2 
is continuous and has continuous slope, but does not have 


continuous curvature. Therefore f is not an appropriate 
transfer curve. 


RY 


Lt 
V2 


Find a fifth-degree polynomial to serve as a transfer curve 
between the following straight line segments: y = 0 for 

x < Oand y = x for x = 1. Could this be done with a 
fourth-degree polynomial? Use a graphing calculator or 
computer to sketch the graph of the “connected” function 
and check to see that it looks like the one in the figure. 


yA 
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Problems Plus 


y 


FIGURE FOR PROBLEM 1 


FIGURE FOR PROBLEM 2 


FIGURE FOR PROBLEM 3 


930 


BY 


1. 


XN 


2 


A particle P moves with constant angular speed w around a circle whose center is at the ori- 

gin and whose radius is R. The particle is said to be in uniform circular motion. Assume that 

the motion is counterclockwise and that the particle is at the point (R, 0) when t = 0. The 

position vector at time t = Ois r(t) = Rcos wti + R sin ot j. 

(a) Find the velocity vector v and show that v - r = 0. Conclude that v is tangent to the 
circle and points in the direction of the motion. 

(b) Show that the speed | v| of the particle is the constant wR. The period T of the particle is 
the time required for one complete revolution. Conclude that 


27R 2 
pa otk _ on 


lv] 


(c) Find the acceleration vector a. Show that it is proportional to r and that it points toward 
the origin. An acceleration with this property is called a centripetal acceleration. Show 
that the magnitude of the acceleration vector is |a| = Rw’. 

(d) Suppose that the particle has mass m. Show that the magnitude of the force F that is 
required to produce this motion, called a centripetal force, 1s 


A circular curve of radius R on a highway is banked at an angle 6 so that a car can safely 
traverse the curve without skidding when there is no friction between the road and the tires. 
The loss of friction could occur, for example, if the road is covered with a film of water or 
ice. The rated speed ve of the curve is the maximum speed that a car can attain without 
skidding. Suppose a car of mass m is traversing the curve at the rated speed vg. Two forces 
are acting on the car: the vertical force, mg, due to the weight of the car, and a force F 
exerted by, and normal to, the road (see the figure). 

The vertical component of F balances the weight of the car, so that | F| cos 6 = mg. The 
horizontal component of F produces a centripetal force on the car so that, by Newton’s 
Second Law and part (d) of Problem 1, 


more 


|F| sin@ = 


(a) Show that vg = Rg tan 0. 

(b) Find the rated speed of a circular curve with radius 400 ft that is banked at an angle 
of 12°. 

(c) Suppose the design engineers want to keep the banking at 12°, but wish to increase the 
rated speed by 50%. What should the radius of the curve be? 


A projectile is fired from the origin with angle of elevation a and initial speed vo. Assuming 
that air resistance is negligible and that the only force acting on the projectile is gravity, g, 
we showed in Example 13.4.5 that the position vector of the projectile is 


r(t) = (vocos a)ti + [(vo sin we= Loe] j 


We also showed that the maximum horizontal distance of the projectile is achieved when 

a = 45° and in this case the range is R = v6/g. 

(a) At what angle should the projectile be fired to achieve maximum height and what is the 
maximum height? 

(b) Fix the initial speed vp and consider the parabola x* + 2Ry — R* = 0, whose graph is 
shown in the figure at the left. Show that the projectile can hit any target inside or on the 
boundary of the region bounded by the parabola and the x-axis, and it can’t hit any tar- 
get outside this region. 
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(c) Suppose that the gun is elevated to an angle of inclination a in order to aim at a target 
that is suspended at a height h directly over a point D units downrange (see the follow- 
ing figure). The target is released at the instant the gun is fired. Show that the projectile 
always hits the target, regardless of the value vo, provided the projectile does not hit the 
ground “before” D. 


ya 

t 

| 

| 

A 
N 
\ 
0 i aoe 

y 4. (a) A projectile is fired from the origin down an inclined plane that makes an angle 0 with 


the horizontal. The angle of elevation of the gun and the initial speed of the projectile 
are a and vo, respectively. Find the position vector of the projectile and the parametric 
equations of the path of the projectile as functions of the time f. (Ignore air resistance.) 
Show that the angle of elevation a that will maximize the downhill range is the angle 
halfway between the plane and the vertical. 

(c) Suppose the projectile is fired up an inclined plane whose angle of inclination is 6. Show 
that, in order to maximize the (uphill) range, the projectile should be fired in the direc- 
tion halfway between the plane and the vertical. 

(d) In a paper presented in 1686, Edmond Halley summarized the laws of gravity and pro- 

FIGURE FOR PROBLEM 4 jectile motion and applied them to gunnery. One problem he posed involved firing a pro- 
jectile to hit a target a distance R up an inclined plane. Show that the angle at which the 
projectile should be fired to hit the target but use the least amount of energy is the same 
as the angle in part (c). (Use the fact that the energy needed to fire the projectile is pro- 
portional to the square of the initial speed, so minimizing the energy is equivalent to 
minimizing the initial speed.) 


(b 


ww 


ay 


5. A ball rolls off a table with a speed of 2 ft/s. The table is 3.5 ft high. 

(a) Determine the point at which the ball hits the floor and find its speed at the instant of 
impact. 

(b) Find the angle @ between the path of the ball and the vertical line drawn through the 
point of impact (see the figure). 

(c) Suppose the ball rebounds from the floor at the same angle with which it hits the floor, 
but loses 20% of its speed due to energy absorbed by the ball on impact. Where does the 
ball strike the floor on the second bounce? 


FIGURE FOR PROBLEM 5 


6. Find the curvature of the curve with parametric equations 
x= [ sin(4+707)d0 y= { cos(47r0”) do 
7. If a projectile is fired with angle of elevation a and initial speed v, then parametric equa- 
tions for its trajectory are 
x=(vcosa)t y=(vsina)t — gt? 


(See Example 13.4.5.) We know that the range (horizontal distance traveled) is maximized 
when a = 45°. What value of a maximizes the total distance traveled by the projectile? 
(State your answer correct to the nearest degree.) 
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8. A cable has radius r and length L and is wound around a spool with radius R without over- 
lapping. What is the shortest length along the spool that is covered by the cable? 


9. Show that the curve with vector equation 


r(t) (ayt? t bit t C1, dot? t bot t C2, ast? t b3t t 3) 


lies in a plane and find an equation of the plane. 
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A function of two variables can describe the shape of a surface like the one formed by these sand dunes. In Exercise 14.6.40 you are 
asked to use partial derivatives to compute the rate of change of elevation as a hiker walks in different directions. 
SeppFriedhuber / E+ / Getty Images 


4 Partial Derivatives 


SO FAR WE HAVE DEALT with the calculus of functions of a single variable. But, in the real world, 
physical quantities often depend on two or more variables, so in this chapter we turn our attention 
to functions of several variables and extend the basic ideas of differential calculus to such 


functions. 
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934 CHAPTER 14 Partial Derivatives 


14.1 | Functions of Several Variables 


In this section we study functions of two or more variables from four points of view: 


e verbally (by a description in words) 
e numerically (by a table of values) 

e algebraically (by an explicit formula) 

e visually (by a graph or level curves) 


® Functions of Two Variables 


The temperature T at a point on the surface of the earth at any given time depends on the 
longitude x and latitude y of the point. We can think of T as being a function of the 
two variables x and y, or as a function of the pair (x, y). We indicate this functional 
dependence by writing T = f(x, y). 

The volume V of a circular cylinder depends on its radius r and its height h. In fact, 
we know that V = mr*h. We say that V is a function of r and hf, and we can write 
V(r, h) = mrrh. 


Definition A function f of two variables is a rule that assigns to each ordered 
pair of real numbers (x, y) in a set D a unique real number denoted by f(x, y). 


The set D is the domain of f and its range is the set of values that f takes on, that 
is, {f(x, y) | (x, y) © D}. 


We often write z = f(x, y) to make explicit the value taken on by f at the general 
point (x, y). The variables x and y are independent variables and z is the dependent 
variable. [Compare this with the notation y = f(x) for functions of a single variable. ] 

A function of two variables is just a function whose domain is a subset of R* and 
whose range is a subset of RR. One way of visualizing such a function is by means of an 
arrow diagram (see Figure 1), where the domain D is represented as a subset of the 
xy-plane and the range is a set of numbers on a real line, shown as a z-axis. For instance, 
if f(x, y) represents the temperature at a point (x, y) in a flat metal plate with the shape 
of D, we can think of the z-axis as a thermometer displaying the recorded temperatures. 

If a function f is given by a formula and no domain is specified, then the domain of f 
FIGURE 1 is understood to be the set of all pairs (x, y) for which the given expression defines a real 
number. 


EXAMPLE 1 For each of the following functions, evaluate (3, 2) and find and sketch 


the domain. 

(a) fy) = (b) f(x,y) = xIn(y? — a) 
SOLUTION 

(a) f3,2) = J3+2+1_ 6 


3.1 2 
The expression for f makes sense if the denominator is not 0 and the quantity under the 
square root sign is nonnegative. So the domain of f is 


D={(x%,y)|xty+120, x41} 
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YA 


FIGURE 4 


Domain of g(x,y) = v9 — x? — y? 
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The inequality x + y + | = 0, or y 2 —x — 1, describes the points that lie on or 
above the line y = —x — 1, while x ¥ 1 means that the points on the line x = 1 must 
be excluded from the domain (see Figure 2). 


(b) f(3, 2) = 3 Nn? — 3) =3Inl =0 
Since In(y”? — x) is defined only when y* — x > 0, that is, x < y?, the domain of f is 


D = {(x, y) | x < y’}. This is the set of points to the left of the parabola x = y’. 
(See Figure 3.) 


xty+1=0 
YA 
ww 
aa x=y? 
=] > 
OK 
x = x 
FIGURE 2 FIGURE 3 
Vxtyt+1 : = a 
Domain of f(x, y) = a Domain of f(x, y) = x In(y* — x) a 
= 


EXAMPLE 2 Find the domain and range of g(x, y) = /9 — x? — y?. 
SOLUTION The domain of g is 


D = {(z,y) | 9 — x? —y? = 0} = {@,y) | x? + y? = 9} 
which is the disk with center (0, 0) and radius 3. (See Figure 4.) The range of g is 
{z | z= J9 — x?— y?, (x,y) E D} 
Since z is a positive square root, z = 0. Also, because 9 — x” — y? < 9, we have 
V9 — x? —y? <3 
So the range is 
{z| 0 <z <3} = [0,3] a 


Not all functions can be represented by explicit formulas. The function in the next 
example is described verbally and by numerical estimates of its values. 


EXAMPLE 3 In regions with severe winter weather, the wind-chill index is often used 
to describe the apparent severity of the cold. This index W is a subjective temperature 
that depends on the actual temperature T and the wind speed v. So W is a function of 
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The Wind-Chill Index 
The wind-chill index measures how 
cold it feels when it’s windy. It is 


based on a model of how fast a 
human face loses heat. It was 


developed through clinical trials in 
which volunteers were exposed to a 
variety of temperatures and wind 
speeds in a refrigerated wind tunnel. 


Table 2 
Year 12 Te, K 
1899 100 100 100 
1900 101 105 107 
1901 112 110 114 
1902 122 117 122 
1903 124 122 131 
1904 122 121 138 
1905 143 1:25 149 
1906 152 134 163 
1907 151 140 176 
1908 126 123 185 
1909 155 143 198 
1910 159 147 208 
1911 153 148 216 
1912 177 155 226 
1913 184 156 236 
1914 169 152 244 
1915 189 156 266 
1916 225 183 298 
1917 227 198 335 
1918 223 201 366 
1919 218 196 387 
1920 231 194 407 
1921 179 146 417 
1922 240 161 431 


T and v, and we can write W = f(T, v). Table | records values of W compiled by the 
US National Weather Service and the Meteorological Service of Canada. 


Table 1 Wind-chill index as a function of air temperature and wind speed 


Wind speed (km/h) 
Tr v 5 10 15 20 DS 30 40 50 60 70 80 
4]. 3) 2) 1 1 1 oe se Ae 
4 5 6 7 8 9 9 10 


ay 9 11 12 12 13 14 15 16 16 17 
10 13 15 17 18 19 20 21 22 23 23 24 
15 19 21 23 24 25 26 27 29 30 30 31 
20 24 27 29 30 32 55 34 35 36 37 38 
25 30 33 39 37 38 39 4] 42 43 44 45 
30 36 39 41 43 44 46 48 49 50 51 52 
35 4] 45 48 49 ail 52 54 56 57 58 60 
40 47 51 54 56 57 59 61 63 64 65 67 


Actual temperature (°C) 


For instance, the table shows that if the actual temperature is —5°C and the wind 
speed is 50 km/h, then subjectively it would feel as cold as a temperature of about 
—15°C with no wind. So 


f(—5, 50) = —15 | 


EXAMPLE 4 In 1928 Charles Cobb and Paul Douglas published a study in which they 
modeled the growth of the American economy during the period 1899-1922. They 
considered a simplified view of the economy in which production output is determined 
by the amount of labor involved and the amount of capital invested. While many other 
factors affect economic performance, this model proved to be remarkably accurate. The 
function Cobb and Douglas used to model production was of the form 


[1] P(L, K) = bL°*K' 


where P is the total production (the monetary value of all goods produced in a year), 

L is the amount of labor (the total number of person-hours worked in a year), and K is 
the amount of capital invested (the monetary worth of all machinery, equipment, and 
buildings). In the Discovery Project following Section 14.3 we will show how the form 
of Equation | follows from certain economic assumptions. 

Cobb and Douglas used economic data published by the government to obtain 
Table 2. They took the year 1899 as a baseline and P, L, and K for 1899 were each 
assigned the value 100. The values for other years were expressed as percentages of the 
1899 values. 

Cobb and Douglas used the method of least squares to fit the data of Table 2 to the 
function 


[2] P(L, K) = 1.011°%K°5 


(See Exercise 81 for the details.) 
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If we use the model given by the function in Equation 2 to compute the production 
in the years 1910 and 1920, we get the values 


P(147, 208) = 1.01(147)°”(208)°> = 161.9 


u 


P(194, 407) = 1.01(194)°"(407)°” = 235.8 


which are quite close to the actual values, 159 and 231. 

The production function (1) has subsequently been used in many settings, ranging 
from individual firms to global economics. It has become known as the Cobb-Douglas 
production function. Its domain is {(L, K) | L = 0, K = 0} because L and K represent 
labor and capital and are therefore never negative. a 


B® Graphs 


wa y.fY)) Another way of visualizing the behavior of a function of two variables is to consider its 
4 
| 
| 


graph. 


Definition If f is a function of two variables with domain D, then the graph of f 


is the set of all points (x, y, z) in R* such that z = f(x, y) and (x, y) is in D. 


The graph of a function f of two variables is a surface S with equation z = f(x, y). 
We can visualize the graph S of f as lying directly above or below its domain D in the 
FIGURE 5 xy-plane (see Figure 5). 


EXAMPLE 5 Sketch the graph of the function f(x, y) = 6 — 3x — 2y. 


SOLUTION The graph of f has the equation z = 6 — 3x — 2y,or3x + 2y + z= 6, 
which represents a plane. To graph the plane we first find the intercepts. Putting 

y = z = Oin the equation, we get x = 2 as the x-intercept. Similarly, the y-intercept 

is 3 and the z-intercept is 6. This helps us sketch the portion of the graph that lies in the 
first octant in Figure 6. a 


The function in Example 5 is a special case of the function 


f(% y) =ax + by +c 
FIGURE 6 
which is called a linear function. The graph of such a function has the equation 


z=ax+t+by+c or ax + by-z+c=0 


so it is a plane (see Section 12.5). In much the same way that linear functions of one vari- 
able are important in single-variable calculus, we will see that linear functions of two 
variables play a central role in multivariable calculus. 


| et 
~Ga4 EXAMPLE6 Sketch the graph of g(x, y) = /9 — x? — y?. 


SOLUTION In Example 2 we found that the domain of g is the disk with center (0, 0) 
and radius 3. The graph of g has equation z = ./9 — x? — y*. We square both sides of 
this equation to obtain z? = 9 — x* — y*, or x? + y* + z* = 9, which we recognize as 
FIGURE 7 an equation of the sphere with center the origin and radius 3. But, since z = 0, the 
Graph of g(x, y) = /9 — x? — y? graph of g is just the top half of this sphere (see Figure 7). Oo 
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FIGURE 8 


FIGURE 9 
Graph of h(x, y) = 4x7 + y? 


NOTE An entire sphere can’t be represented by a single function of x and y. As we saw 
in Example 6, the upper hemisphere of the sphere x* + y* + z* = 9 is represented by 


the function g(x, y) = /9 — x? — y?. The lower hemisphere is represented by the 


function h(x, y) = —/9 — x? — y?. 


EXAMPLE7 Use a computer to draw the graph of the Cobb-Douglas production 
function P(L, K) = 1.01L°°K°”. 


SOLUTION Figure 8 shows the graph of P for values of the labor L and capital K that 
lie between 0 and 300. The computer has drawn the surface by plotting vertical traces. 
We see from these traces that the value of the production P increases as either L or K 

increases, as expected. 


EXAMPLE 8 Find the domain and range and sketch the graph of h(x, y) = 4x7 + y*. 


SOLUTION Notice that A(x, y) is defined for all possible ordered pairs of real numbers 
(x, y), so the domain is R’, the entire xy-plane. The range of h is the set [0, ~) of all 
nonnegative real numbers. [Notice that x” = 0 and y* = 0, so h(x, y) = 0 for all x 
and y.] The graph of / has the equation z = 4x? + y?, which is the elliptic paraboloid 
that we sketched in Example 12.6.4. Horizontal traces are ellipses and vertical traces 
are parabolas (see Figure 9). 


Many software applications are available for graphing functions of two variables. In 
some programs, traces in the vertical planes x = k and y = k are drawn for equally 
spaced values of k. 
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Figure 10 shows computer-generated graphs of several functions. Notice that we get 
an especially good picture of a function when rotation is used to give views from dif- 
ferent vantage points. In parts (a) and (b) the graph of f is very flat and close to the 
xy-plane except near the origin; this is because e~*’~”” is very small when x or y is large. 


2 


(a) flx, y) = (x? + 3y%)e? (b) fix, y) = (x? + Bye 


Mh 
YL 
W/L} 
XN 
FIGURE 10 (c) f(x, y) = sin x+sin y @) fea sin ssn 


B® Level Curves and Contour Maps 


So far we have two methods for visualizing functions: arrow diagrams and graphs. A 
third method, borrowed from mapmakers, is a contour map on which points of constant 
elevation are joined to form contour curves, or level curves. 


Definition The level curves of a function f of two variables are the curves with 


equations f(x, y) = k, where k is a constant (in the range of f). 


A level curve f(x, y) = k is the set of all points in the domain of f at which f takes 
on a given value k. In other words, it is a curve in the xy-plane that shows where the 
graph of f has height k (above or below the xy-plane). A collection of level curves is 
called a contour map. Contour maps are most descriptive when the level curves 
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45. 


level 
curve 


f(x, y) = 20 


FIGURE 11 


f(x, y) = k are drawn for equally spaced values of k, and we assume that this is the case 
unless indicated otherwise. 

You can see from Figure 11 the relation between level curves and horizontal traces. 
The level curves f(x, y) = & are just the traces of the graph of f in the horizontal plane 
z =k projected down to the xy-plane. So if you draw a contour map of a function and 
visualize the level curves being lifted up to the surface at the indicated height, then you 
can mentally piece together a picture of the graph. The surface is steeper where the level 
curves are close together and somewhat flatter where they are farther apart. 


horizontal 


FIGURE 12 


One common example of level curves occurs in topographic maps of mountainous 
regions, such as the map in Figure 12. The level curves are curves of constant elevation 
above sea level. If you walk along one of these contour lines, you neither ascend nor 
descend. Another common example is the temperature function introduced in the open- 
ing paragraph of this section. Here the level curves are called isothermals; they join 
locations with the same temperature. Figure 13 shows a weather map of the world indi- 
cating the average July temperatures. The isothermals are the curves that separate the 
colored bands. 

In weather maps of atmospheric pressure at a given time as a function of longitude 
and latitude, the level curves are called isobars; they join locations with the same pres- 
sure (see Exercise 34). Surface winds tend to flow from areas of high pressure across the 
isobars toward areas of low pressure and are strongest where the isobars are tightly 
packed. 

A contour map of worldwide precipitation is shown in Figure 14. Here the level 
curves are not labeled but they separate the colored regions and the amount of precipita- 
tion in each region is indicated in the color key. 
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90 


90 0 
Longitude 


FIGURE 13 Average air temperature near sea level in July (°F) 


90° 


80° 


KEY 


Precipitation (cm/yr) 
MB Under25 = fi soto100 )§=—s _- 200 to 250 
FIGURE 14 Precipitation [1 25 to 50 ) 100to200 + [ Over250 
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EXAMPLE9 A contour map for a function f is shown in Figure 15. Use it to estimate 
the values of f(1, 3) and f(4, 5). 


FIGURE 15 
SOLUTION The point (1, 3) lies partway between the level curves with z-values 70 
and 80. We estimate that 
fC, 3) = 73 
Similarly, we estimate that f(4, 5) = 56 a 
EXAMPLE 10 Sketch the level curves of the function f(x, y) = 6 — 3x — 2y for the 
values k = —6, 0, 6, 12. 
SOLUTION The level curves are 
6 — 3x -2y=k or 3x + 2y + (k —- 6) =0 
This is a family of lines with slope 3, The four particular level curves with 
k = —6, 0, 6, and 12 are 3x + 2y — 12 = 0,3x + 2y — 6 = 0, 3x + 2y = O, and 
3x + 2y + 6 = 0. They are sketched in Figure 16. For equally spaced values of k the 
level curves are equally spaced parallel lines because the graph of f is a plane (see 
Figure 6). 
FIGURE 16 
Contour map of 
f(x, y) = 6 — 3x — 2y a 


EXAMPLE 11 Sketch the level curves of the function 
g(x, y) = J9 — x? — y? for k=0,1,2,3 
SOLUTION The level curves are 


V9-x-y=k or x +y?=9 — k* 
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FIGURE 17 


Contour map of 


g(x,y) = /9 — x7 — y? 


FIGURE 18 


The graph of h(x, y) = 4x? + y+ 1 


is formed by lifting the level curves. 


KA 
300 + 


200 + 


100 + 


FIGURE 19 


100 
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This is a family of concentric circles with center (0, 0) and radius ./9 — k?. The cases 
k = 0, 1, 2, 3 are shown in Figure 17. Try to visualize these level curves lifted up to 
form a surface and compare with the graph of g (a hemisphere) in Figure 7. a 


EXAMPLE 12 Sketch some level curves of the function h(x, y) = 4x? + y* + 1. 
SOLUTION The level curves are 

2 2 
I - + 
1¢=7)  b=1 


47° +yW+1=k or =1 


which, for k > 1, describes a family of ellipses with semiaxes sv. k —1 and af k-1. 
Figure 18(a) shows a contour map of h drawn by a computer. Figure 18(b) shows these 
level curves lifted up to the graph of h (an elliptic paraboloid) where they become 
horizontal traces. We see from Figure 18 how the graph of h is put together from the 
level curves. 


yA 


(a) Contour map (b) Horizontal traces are raised level curves. B 


EXAMPLE 13 Plot level curves for the Cobb-Douglas production function of 
Example 4. 


SOLUTION In Figure 19 we use a computer to draw a contour plot for the Cobb- 
Douglas production function 


P(L, K) = 1.01L°”?K°*> 


Level curves are labeled with the value of the production P. For instance, the level 
curve labeled 140 shows all values of the labor L and capital investment K that result 

in a production of P = 140. We see that, for a fixed value of P, as L increases K 
decreases, and vice versa. | 


For some purposes, a contour map is more useful than a graph. That is certainly 
true in Example 13. (Compare Figure 19 with Figure 8.) It is also true in estimating func- 
tion values, as in Example 9. 
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Figure 20 shows some computer-generated level curves together with the corre- 
sponding computer-generated graphs. Notice that the level curves in part (c) crowd 
together near the origin. That corresponds to the fact that the graph in part (d) is very 
steep near the origin. 


(a) Level curves of f(x, y) = —xye"? ‘ (b) Two views of f(x, y) = —xye" 


YA 


—3y —3y 


(c) Level curves of f(x, y) = Yayo (d) f(x, y) = eye 


FIGURE 20 


® Functions of Three or More Variables 


A function of three variables, f, is a rule that assigns to each ordered triple (x, y, z) ina 
domain D C R* a unique real number denoted by f(x, y, z). For instance, the tempera- 
ture T at a point on the surface of the earth depends on the longitude x and latitude y of 
the point and on the time f, so we could write T = f(x, y, t). 


EXAMPLE 14 Find the domain of f if 
f(x, y, z) = In(z — y) + xy sinz 
SOLUTION The expression for f(x, y, z) is defined as long as z — y > 0, so the domain 
of f is 
D={(x,y,z) E R*® | z>y} 
This is a half-space consisting of all points that lie above the plane z = y. a 
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It’s very difficult to visualize a function f of three variables by its graph, since that 
would lie in a four-dimensional space. However, we do gain some insight into f by 
examining its level surfaces, which are the surfaces with equations f(x, y, z) = k, where 
k is a constant. If the point (x, y, z) moves along a level surface, the value of f(.x, y, z) 
remains fixed. 


EXAMPLE 15 Find the level surfaces of the function 


f(x, y,z) =x? + y? + 2? 
SOLUTION The level surfaces are x? + y? + z* = k, where k = 0. These form a 


family of concentric spheres with radius Jk. . (See Figure 21.) Thus, as (x, y, z) varies 
over any sphere with center O, the value of f(x, y, z) remains fixed. 


P+y?+77=3 


[styte=2 


FIGURE 21 ety teal : 


EXAMPLE 16 Describe the level surfaces of the function 


f(xy y,z) =x? -—y- 2? 


SOLUTION The level surfaces are x* — y — 27 =k, ory = x”? — z” — k,a family of 
hyperbolic paraboloids. Figure 22 shows the level surfaces for k = 0 andk = +5. 


FIGURE 22 Oo 


Functions of any number of variables can be considered. A function of n vari- 
ables is a rule that assigns a number z = f(x), %2,..., Xn) to an n-tuple (x1, x2, ..., Xn) 
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of real numbers. We denote by R” the set of all such n-tuples. For example, if a company 
uses n different ingredients in making a food product, c; is the cost per unit of the ith 
ingredient, and x; units of the ith ingredient are used, then the total cost C of the ingredi- 
ents is a function of the n variables x1, x2, ..., Xn! 


[3] C = f (x1, X25. 2. Xn) = CX + 2X7 Foe + CnXn 


The function f is a real-valued function whose domain is a subset of R”. Sometimes 
we use vector notation to write such functions more compactly: If x = (x1, %2,...,Xn) 
we often write f(x) in place of f(x, x2,...,x,). With this notation we can rewrite the 
function defined in Equation 3 as 


fs) =c*x 
where ¢ = (C, C2,..., Cn) and cc + x denotes the dot product of the vectors ¢ and x in V,. 
In view of the one-to-one correspondence between points (x1, %2,..., Xn) in R” and 
their position vectors x = (x1, X2,...,X,) in V,, we have three ways of looking at a func- 
tion f defined on a subset of R": 
1. As a function of n real variables x1, x2, ..., Xn 
2. As a function of a single point variable (x1, %2,..., Xn) 


3. As a function of a single vector variable x = (x1, x2, ..., Xn) 


We will see that all three points of view are useful. 


14.1 | Exercises 


1. If f(x, y) = xy/(2x — y?), find 9. g(x,y) = Vx + V4 - 422 - y? 

(a) f(L, 3) (b) f(-2, -1) 

(c) fx +h, y) (d) fx, x) 10. g(x, y) = In(x? = y? _ 9) 
2. If g(x, y) =xsiny + ysinx, find a _x7y 

(a) g(z, 0) (b) g(ar/2, 17/4) re aera 

(c) g(0, y) (d) ga, y + A) 

= In(2 — x) 

3. Let g(x, y) = x7 In(x + y). 12. g(x,y) = os 

(a) Evaluate g(3, 1). Ty 

(b) Find and sketch the domain of g. 

(c) Find the range of g. 13. p(x, y) = a 

aes x 

4. Let h(x, y) = ev. 

(a) Evaluate h(—2, 5). 14. f(x, y) = sin ‘(x + y) 

(b) Find and sketch the domain of h. : 

(c) Find the range of h. 15. f(x y, 2) v4 x? 4 V9 yest v1 z? 
5. Let F(x, y,z) = Jy — Vx — 22. 16. f(x,y, z) = In(16 — 4x? — 4y? — 2?) 


(a) Evaluate F(3, 4, 1). 


(by Eitan despa tie Goraory: 17. A model for the surface area of a human body is given by the 
6. Let f(x, y,z) = In(z — Vx? + y?). function 

(a) Evaluate f(4, —3, 6). 

(b) Find and describe the domain of f. 


S = f(w, h) = 0.1091w°?n°75 


7-16 Find and sketch the domain of the function. where w is the weight (in pounds), / is the height (in inches), 
and S is measured in square feet. 
7. fay =vx-2+Vy-1 (a) Find f(160, 70) and interpret it. 
8. f(x,y) = lx — By (b) What is your own surface area? 
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18. A manufacturer has modeled its yearly production function P 
(the monetary value of its entire production in millions of 
dollars) as a Cobb-Douglas function 


P(L, K) = 1.47L°SK 


where L is the number of labor hours (in thousands) and K is 
the invested capital (in millions of dollars). Find P(120, 20) 
and interpret it. 


19. In Example 3 we considered the function W = f(T, v), where 
W is the wind-chill index, T is the actual temperature, and v 
is the wind speed. A numerical representation is given in 
Table 1. 

(a) What is the value of f(—15, 40)? What is its meaning? 

(b) Describe in words the meaning of the question “For 
what value of v is f(—20, v) = —30?” Then answer the 
question. 

(c) Describe in words the meaning of the question “For 
what value of T is f(T, 20) = —49?” Then answer the 
question. 

(d) What is the meaning of the function W = f(—5, v)? 
Describe the behavior of this function. 

(e) What is the meaning of the function W = f(T, 50)? 
Describe the behavior of this function. 


20. The temperature-humidity index I (or humidex, for short) is 
the perceived air temperature when the actual temperature is 
T and the relative humidity is h, so we can write J = f(T, h). 
The following table of values of / is an excerpt from a 

table compiled by the National Oceanic & Atmospheric 
Administration. 


Table 3 Apparent temperature as a function 
of temperature and humidity 


Relative humidity (%) 


h 20 30 40 50 60 70 


80 77 78 79 81 82 83 


85 82 84 86 88 90 93 


90 87 90 93 96 100 106 


95 93 96 101 107 114 124 


Actual temperature (°F) 


100 99 104 110 120 132 144 


(a) What is the value of f(95, 70)? What is its meaning? 

(b) For what value of h is f(90, h) = 100? 

(c) For what value of T is f(T, 50) = 88? 

(d) What are the meanings of the functions J = f(80, h) 
and J = f(100, h)? Compare the behavior of these two 
functions of h. 


21. 
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The wave heights / in the open sea depend on the speed v 

of the wind and the length of time f that the wind has been 

blowing at that speed. Values of the function h = f(», t) are 

recorded in feet in Table 4. 

(a) What is the value of f(40, 15)? What is its meaning? 

(b) What is the meaning of the function h = f (30, 1)? 
Describe the behavior of this function. 

(c) What is the meaning of the function h = f(v, 30)? 
Describe the behavior of this function. 


Table 4 Wave height as a function of wind speed and duration 


Duration (hours) 


; t 5 10 15 20 30 40 50 

10 2 2 2 2 2 2 2 

g 15 4 4 5 5 5 5 5 

= 20 5 7 8 8 9) 9) 9 
2 

& 30 9 13 16 17 18 19 19 

s 40 14 21 25 28 31 33 33 

50 19 29 36 40 45 48 50 

60 24 37 47 54 62 67 69 

22. A company makes three sizes of cardboard boxes: small, 


medium, and large. It costs $2.50 to make a small box, 

$4.00 for a medium box, and $4.50 for a large box. Fixed 

costs are $8000. 

(a) Express the cost of making x small boxes, y medium 
boxes, and z large boxes as a function of three variables: 
C= f(x, y, z). 

(b) Find f(3000, 5000, 4000) and interpret it. 

(c) What is the domain of f? 


23-31 Sketch the graph of the function. 


23 
24 
25 
26 
27 
28 
29 
30 
31 


i f(x,y) =y 
7 f(x, y) = x? 
. f(x,y) = 10 — 4x — 5y 


» f(x, y) = cos y 

. f(x,y) = sinx 
~fay=2=r—y" 
. f(xy) =x? + 4y? +1 
» f(y) = V4x2 + y? 


» £0, 9) = V4 = 4x? = y? 
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32. Match the function with its graph (labeled I-VI). Give rea- 34. Shown is a contour map of atmospheric pressure in North 
sons for your choices. America on a particular day. On the level curves (isobars) the 
I 1 pressure is indicated in millibars (mb). 
(a) f(x») = ——.—__—b) f(% y) = (a) Estimate the pressure at C (Chicago), N (Nashville), 
ae Ma ee S (San Francisco), and V (Vancouver). 
b) At which of these locations were the winds strongest? 
=] 2 se 2 a fy2 + y2 ( 
©) $n) = Inte +9") ayes oma ey (See the discussion preceding Example 9.) 
(e) f(xy) = |xy| (f) f(x,y) = cos(xy) 


35. Level curves (isothermals) are shown for the typical water 
temperature (in °C) in Long Lake (Minnesota) as a function 
of depth and time of year. Estimate the temperature in the 
lake on June 9 (day 160) at a depth of 10 m and on June 29 
(day 180) at a depth of 5 m. 


Depth (m) 


33. A contour map for a function f is shown. Use it to estimate 
the values of f(—3, 3) and f(3, —2). What can you say about 
the shape of the graph? Day of the year 


36. Two contour maps are shown. One is for a function f whose 
graph is a cone. The other is for a function g whose graph is a 
paraboloid. Which is which, and why? 


70 60 50 
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37. Locate the points A and B on the map of Lonesome Mountain 
(Figure 12). How would you describe the terrain near A? 
Near B? 


38. Make a rough sketch of a contour map for the function whose 
graph is shown. 


39. The body mass index (BMI) of a person is defined by 


B(m, h) ==> 

where m is the person’s mass (in kilograms) and h is 

the person’s height (in meters). Draw the level curves 
Bim, h) = 18.5, B(m, h) = 25, B(m, h) = 30, and 

B(m, h) = 40. A rough guideline is that a person is under- 
weight if the BMI is less than 18.5; optimal if the BMI 
lies between 18.5 and 25; overweight if the BMI lies 
between 25 and 30; and obese if the BMI exceeds 30. 
Shade the region corresponding to optimal BMI. Does 
someone who weighs 62 kg and is 152 cm tall fall into the 
optimal category? 


40. The body mass index is defined in Exercise 39. Draw the 
level curve of this function corresponding to someone who is 
200 cm tall and weighs 80 kg. Find the weights and heights 
of two other people with that same level curve. 


41-44 A contour map of a function is shown. Use it to make a 
rough sketch of the graph of f. 


41. 
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44, 


45-52 Draw a contour map of the function showing several level 
curves. 


45. f(x,y) =x -y? 46. f(x, y) = xy 
47. f(x,y) = Vx +y 
49. f(x, y) = ye* 


51. f(x,y) = Vx? + y? 


48. f(x, y) = In(x? + 4y’) 
50. f(x,y) = y — arctan x 


52. f(x,y) = y/(x* + y’) 


53-54 Sketch both a contour map and a graph of the given 
function and compare them. 


53. f(x,y) =x? + 9y* 


54. f(x, y) = 36 — 9x? — 4y? 


55. A thin metal plate, located in the xy-plane, has temperature 
T(x, y) at the point (x, y). Sketch some level curves (isother- 
mals) if the temperature function is given by 


100 


MOO Tae eae 


56. If V(x, y) is the electric potential at a point (x, y) in the 
xy-plane, then the level curves of V are called equipotential 
curves because at all points on such a curve the electric 
potential is the same. Sketch some equipotential curves if 
V(x, y) = c/y/r? — x? — y?, where c is a positive constant. 


57-60 Graph the function using various domains and viewpoints. 
If your software also produces level curves, then plot some 
contour lines of the same function and compare with the graph. 


57. f(x,y) =xy* — x* (monkey saddle) 
58. f(x,y) =xy* — yx* (dog saddle) 
59. f(x,y) =e °° t9/(sin(x?) + cos(y?)) 


60. f(x, y) = cos x cos y 
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61-66 Match the function (a) with its graph (labeled A-F below) 67-70 Describe the level surfaces of the function. 
and (b) with its contour map (labeled I-VI). Give reasons for your fGen See 1 
choices. 
61. z = sin(xy) 62. z=e*cosy 68. g(x,y,z) =xty-2? 
63. z = sin(x — y) 64. z =sinx — siny 8. gy) e ty 2" 

= — y2 49,2 2 
65.2=(1-x)(1—-y*) 66, z= > a Ms 

dl Pag sey 


Il 


) 
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71-72 Describe how the graph of g is obtained from the graph 
of f. 
71. (a) gy) =f, y) + 2 

(b) g(x, y) = 2f (x y) 

(c) g(x, y) = —f, y) 

(d) g(x, y) = 2 — f(x,y) 


72. (a) g(x,y) = f(x - 2,y) 
(b) g(x,y) = f(x,y + 2) 
(c) g(x,y) = f(x + 3,y — 4) 


FS 73-74 Graph the function using various domains and view- 
points that give good views of the “peaks and valleys.” Would 
you say the function has a maximum value? Can you identify 
any points on the graph that you might consider to be “local 
maximum points”? What about “local minimum points”? 


73. f(x,y) = 3x — x* — 4y* — 10xy 


74. f(x,y) = xye ey? 


-4 75-76 Graph the function using various domains and view- 
points. Comment on the limiting behavior of the function. What 
happens as both x and y become large? What happens as (x, y) 
approaches the origin? 


xty xy 
75. yy) == 76. f(x,y) = = 
fla) = flay) = eG 
77. Investigate the family of functions f(x, y) = e“*”’. How 


does the shape of the graph depend on c? 


FY 78. Investigate the family of surfaces 
z= (ax? + by’)er” 


How does the shape of the graph depend on the numbers a 
and b? 


FY 80. 


14.2 | Limits and Continuity 
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FM 79. Investigate the family of surfaces z = x? + y? + cxy. In 


particular, you should determine the transitional values of c 
for which the surface changes from one type of quadric sur- 
face to another. 


Graph the functions 
flay) = vx? + y? 
f(x,y) = every? 
fe) Hine ay? 
f(x, y) = sin(./x? + y?) 


1 


and f(xy) = 
x? + y? 


In general, if g is a function of one variable, how is the 
graph of 


f(x,y) = gv? + y?) 


obtained from the graph of g? 


- (a) Show that, by taking logarithms, the general Cobb- 


Douglas function P = bL*K'“ can be expressed as 


P 
In—=Inb+aln 
K 


(b) If we let x = In(L/K) and y = In(P/K), the equation 
in part (a) becomes the linear equation y = ax + Inb. 
Use Table 2 (in Example 4) to make a table of values of 
In(L/K) and In(P/K) for the years 1899-1922. Then 
find the least squares regression line through the points 
(In(L/K), In(P/K)). 

(c) Deduce that the Cobb-Douglas production function 
is P = 1.01L°°K°”. 


® Limits of Functions of Two Variables 


Let’s compare the behavior of the functions 


hay) = 


sin(x? + y?) xe y? 


5 and g(x,y) = 


x+y? x+y? 


as x and y both approach 0 [and therefore the point (x, y) approaches the origin]. 
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Tables | and 2 show values of f(x, y) and g(x, y), correct to three decimal places, for 
points (x, y) near the origin. (Notice that neither function is defined at the origin.) 


Table 1 Values of f(x, y) Table 2 Values of g(x, y) 
- || 10 | OS | =02 0 0.2 0.5 1.0 es Y || =1.@ || OS || —@2 0 0.2 0.5 1.0 
—1.0 | 0.455 | 0.759 | 0.829 | 0.841 | 0.829 | 0.759 | 0.455 —1.0 | 0.000] 0.600) 0.923} 1.000 | 0.923] 0.600) 0.000 
—0.5 | 0.759 | 0.959 | 0.986 | 0.990 | 0.986 | 0.959 | 0.759 —0.5 |-0.600| 0.000) 0.724] 1.000 | 0.724} 0.000] —0.600 
—0.2 | 0.829 | 0.986 | 0.999 | 1.000 | 0.999 | 0.986 | 0.829 —0.2 | —0.923 | —0.724| 0.000} 1.000 | 0.000] —0.724 | —0.923 
0 | 0.841 | 0.990 | 1.000 1.000 | 0.990 | 0.841 0 | —1.000 | —1.000 | —1.000 —1.000 | — 1.000 | —1.000 
0.2 | 0.829 | 0.986 | 0.999 | 1.000 | 0.999 | 0.986 | 0.829 0.2 | —0.923 | —0.724) 0.000} 1.000 | 0.000 | —0.724 | —0.923 
0.5 | 0.759 | 0.959 | 0.986 | 0.990 | 0.986 | 0.959 | 0.759 0.5 |—0.600] 0.000) 0.724] 1.000 | 0.724] 0.000] —0.600 
1.0 | 0.455 | 0.759 | 0.829 | 0.841 | 0.829 | 0.759 | 0.455 1.0 | 0.000} 0.600} 0.923) 1.000 | 0.923] 0.600} 0.000 


It appears that as (x, y) approaches (0, 0), the values of f(x, y) are approaching 1 
whereas the values of g(x, y) aren’t approaching any particular number. It turns out that 
these guesses based on numerical evidence are correct, and we write 

sin(x? + y? 2 y? 
pm 1 and —— 


im 5 - lim  ———; does not exist 
(xy) 0,0) x? + y? (x,y) >0,0) x? + y 


In general, we use the notation 


li =L 
(x, y) ee b) fs y) 

to indicate that the values of f(x, y) approach the number L as the point (x, y) approaches 
the point (a, b) (staying within the domain of f). In other words, we can make the values 
of f(x, y) as close to L as we like by taking the point (x, y) sufficiently close to the point 
(a, b), but not equal to (a, b). A more precise definition follows. 


[1] Definition Let f be a function of two variables whose domain D includes 
points arbitrarily close to (a, b). Then we say that the limit of f(x, y) as (x, y) 
approaches (a, b) is L and we write 


lim f(xy) =L 


(x, y) > (a, b) 
if for every number e¢ > 0 there is a corresponding number 6 > 0 such that 


if (x,y)ED and 0< V(x-al’+(y— by? <6 then |f(x,y)-L| <e 


Other notations for the limit in Definition 1 are 


lim f(xy) =L and f(x,y) > Las (x,y) > (@,8) 


yb 


Notice that | f(x, y) — L| is the distance between the numbers f(x, y) and L, and 


V(x — a)? + (y — b)? is the distance between the point (x, y) and the point (a, b). Thus 
Definition | says that the distance between f(x, y) and L can be made arbitrarily small by 
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making the distance from (x, y) to (a, b) sufficiently small, but not 0. (Compare to the 
definition of a limit for a function of a single variable, Definition 2.4.2.) Figure 1 illus- 
trates Definition 1 by means of an arrow diagram. If any small interval (L — e, L + &) is 
given around L, then we can find a disk Ds with center (a, b) and radius 6 > 0 such that 
f maps all the points in Ds [except possibly (a, b)] into the interval (L — e,L + e). 


FIGURE 1 FIGURE 2 


Another illustration of Definition | is given in Figure 2 where the surface S$ is the 
graph of f. If « > 0 is given, we can find 6 > 0 such that if (x, y) is restricted to lie in 
the disk Ds and (x, y) # (a, b), then the corresponding part of S lies between the horizon- 
tal planes z = L — eandz=L+te. 


@ Showing That a Limit Does Not Exist 

For functions of a single variable, when we let x approach a, there are only two possible 
directions of approach, from the left or from the right. We recall from Chapter 2 that if 
lim,—2- f(x) ¥ lim,—,+ f(x), then lim,—, f(x) does not exist. 


*t For functions of two variables, the situation is not as simple because we can let (x, y) 

yee approach (a, b) from an infinite number of directions in any manner whatsoever (see 
DHS Figure 3) as long as (x, y) stays within the domain of f. 

| Definition | says that the distance between f(x, y) and L can be made arbitrarily small 

0 a a by making the distance from (.x, y) to (a, b) sufficiently small (but not 0). The definition 

refers only to the distance between (x, y) and (a, b). It does not refer to the direction of 

approach. Therefore, if the limit exists, then f(x, y) must approach the same limit no mat- 

FIGURE 3 ter how (x, y) approaches (a, b). Thus one way to show that lim(,, y) (a, ») f(x, y) does not 

Different paths approaching (a, b) exist is to find different paths of approach along which the function has different limits. 


If f(x, y) > L, as (x, y) = (a, b) along a path C, and f(x, y) — L2 as 


(x, y) > (a, b) along a path Co, where L; ¥ Lo, then lim, y) (a1) f(x, y) does 
not exist. 


2 2 


EXAMPLE1 Showthat lim *—* does not exist. 
(x,y) (0,0) x" + y 
SOLUTION Let f(x, y) = (x* — y*)/(x? + y’). First let’s approach (0, 0) along the 
x-axis. On this path y = 0 for every point (x, y), so the function becomes 
f(x, 0) = x?/x? = 1 for all x ¥ 0 and thus 


f(xy) 1 as (x, y) — (0, 0) along the x-axis 
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2 
: : ~y 
y We now approach along the y-axis by putting x = 0. Then f(0, y) = —— = —1 for all 
y #0, so Y 
fi y)=-1 ; 
f(xy) 2-1 as (x, y) — (0, 0) along the y-axis 
nn i (See Figure 4.) Since f has two different limits as (x, y) approaches (0, 0) along two 
real different lines, the given limit does not exist. (This confirms the conjecture we made on 
the basis of numerical evidence at the beginning of this section.) o 
xy ; : 
EXAMPLE 2 If = =, 1 t? 
FIGURE 4 f(x, y) Pay does png f(x, y) exis 


f(x, y) 


SOLUTION If y = 0, then f(x, 0) = 0/x? = 0. Therefore 

f(x, y) = 0 as (x, y) — (0, 0) along the x-axis 
If x = 0, then f(0, y) = 0/y* = 0, so 

f(x,y) = 0 as (x, y) — (0, 0) along the y-axis 


Although we have obtained identical limits along the two axes, that does not show that 
the given limit is 0. Let’s now approach (0, 0) along another line, say y = x. For all 


x #0, 
x? 1 
LOD" ee 
Therefore f(x y) 4} as (x, y) = (0, 0) along y = x 


(See Figure 5.) Since we have obtained different limits along different paths, the given 


FIGURE 5 limit does not exist. | 


Figure 6 sheds some light on Example 2. The ridge that occurs above the line y = x 
corresponds to the fact that f(x, y) = 3 for all points (x, y) on that line except the origin. 


FIGURE 6 
Ree 
f(x y) = x2 fe y? 
x 2 
EXAMPLE 3 If f(x, y) = oe does te Be * f(x, y) exist? 


SOLUTION With the solution of Example 2 in mind, let’s try to save time by letting 
(x, y) — (0, 0) along any line through the origin. If the line is not the y-axis, then 
y = mx, where m is the slope, and 

x(mx)? mx? mx 


F(x, y) = f(x, mx) = = = 


x* + (mx) x? + m*x4* 1 + m*x? 
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Figure 7 shows the graph of the func- So f(x, y) > 0 as (x, y) > (0, 0) along y = mx 
tion in Example 3. Notice the ridge 


above the parabola x = y2. We get the same result as (x, y) — (0, 0) along the line x = 0. Thus f has the same 


limiting value along every line through the origin. But that does not show that the given 
limit is 0, for if we now let (x, y) — (0, 0) along the parabola x = y*, we have 


afte oe 
f(x, y) = fly mY) (y?)?? 4 y4 2y4 2 


2 


so f(x y) =) as (x, y) = (0, 0) along x = y 


Since different paths lead to different limiting values, the given limit does not exist. 


FIGURE 7 
BH Properties of Limits 
Just as for functions of one variable, the calculation of limits for functions of two vari- 
ables can be greatly simplified by the use of properties of limits. The Limit Laws listed 
in Section 2.3 can be extended to functions of two variables. Assuming that the indicated 
limits exist, we can state these laws verbally as follows: 
Sum Law 1. The limit of a sum is the sum of the limits. 
Difference Law 2. The limit of a difference is the difference of the limits. 
Constant Multiple Law 3. The limit of a constant times a function is the constant times the limit of the 
function. 
Product Law 4. The limit of a product is the product of the limits. 
Quotient Law 5. The limit of a quotient is the quotient of the limits (provided that the limit of the 


denominator is not 0). 
In Exercise 54, you are asked to prove the following special limits: 


[2] lim «=a lim y=b lim c+$c 
(x, y)> (a, b) (x, y) > (a, b) ~ (x, y) > (a, b) 


A polynomial function of two variables (or polynomial, for short) is a sum of terms 
of the form cx"y", where c is a constant and m and n are nonnegative integers. A rational 
function is a ratio of two polynomials. For instance, 


p(x, y) = x* + 5x%y? + 6xy* — Ty + 6 


is a polynomial, whereas 


is a rational function. 
The special limits in (2) along with the limit laws allow us to evaluate the limit of any 
polynomial function p by direct substitution: 


[3] lim p(x, y) = p(a, b) 


(x, y) > (a, b) 


Similarly, for any rational function q(x, y) = p(x, y)/r(x, y) we have 


; P(x, y) _ pla, b) 
1 y=] = = q(a,b 
[4] (x, peer b) q( y) (x, nese b) r(x, y) r(a, b) (a, 5) 


provided that (a, b) is in the domain of q. 
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EXAMPLE 4 Evaluate | lim, , (x2y? — x3y? + 3x + 2y). 
SOLUTION Since f(x, y) = x’y? — xy? + 3x + 2y is a polynomial, we can find the 
limit by direct substitution: 


lim, ,, (x’y* — x'y* + 3x 4 2y)= 1228 12+ 3-1 42-2=11 a 
x,y) (1, 


2 


EXAMPLES Evaluate lim 2271 


Gsise —3.2 4 U itexists. 
x, y)>(-2,3) x°y Ax 


SOLUTION The function f(x, y) = (x*y + 1)/(x*y? — 2x) is a rational function and 
the point (—2, 3) is in its domain (the denominator is not 0 there), so we can evaluate 
the limit by direct substitution: 


xy t1 _ (—2)°(3) + 1 a8 


li | 
(sy—-2.3) ey? — 2x (—2°3)2— 2-2) «68 


The Squeeze Theorem also holds for functions of two or more variables. In the next 
example we find a limit in two different ways: by using the definition of limit and by 
using the Squeeze Theorem. 


, Le 
EXAMPLE6 Find lim —;—— ifit exists. 
(x, y) > (0,0) x" + y 
SOLUTION 1 As in Example 3, we could show that the limit along any line through the 
origin is 0. This doesn’t prove that the given limit is 0, but the limits along the parabo- 
las y = x’ and x = y’ also turn out to be 0, so we begin to suspect that the limit does 
exist and is equal to 0. 
Let ¢ > 0. We want to find 6 > 0 such that 


3x? 
if O<yx7+y?<8 then | "> -0|<s 
x y 
. ; ss 3x*ly| 
that is, if 0< x+y? <6 then ai a 
x y 


But x” < x* + y’ since y* = 0, so x7/(x” + y”) < 1 and therefore 


3x4, Ss 
oe — 2 < 24 2 
[5] ety 3|y| 3J/y < 3/x y 


Thus if we choose 6 = ¢/3 and let 0 < ./x?2 + y? <6, then by (5) we have 


3x7y 


—_>, - 0 
x+y? 


S3yx? + y? <39=3(£) =€ 


Hence, by Definition 1, 
. 3x’y 
lim = ——> 
(x,y) (0,0) x" + y 


=0 
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SOLUTION 2 As in Solution 1, 


3x*y 3x*| y 
2 2| ~~ 2 | | <3ly| 
aoe yy Baa aa 
so 
3x7 y 
=3| |< rae 7s | | 
y 


N li = = d ii = ing Limit 
ow|y|—>Oasy—> Oso. lim | ( 3\y|) = Oan fim, 9 BLD 0 (using Limi 


Law 3). Thus, by the Squeeze Theorem, 
3x°y 


lim — >, = 0 Oo 
(x,y) (0,0) x° + y 


BH Continuity 


Recall that evaluating limits of continuous functions of a single variable is easy. It can 
be accomplished by direct substitution because the defining property of a continuous 
function is lim,—. f(x) = f(a). Continuous functions of two variables are also defined 
by the direct substitution property. 


[6] Definition A function f of two variables is called continuous at (a, b) if 


lim f(x, y) = f(a, b) 


(x, y) > (a, b) 


We say that f is continuous on D if f is continuous at every point (a, b) in D. 


The intuitive meaning of continuity is that if the point (x, y) changes by a small 
amount, then the value of f(x, y) changes by a small amount. This means that a surface 
that is the graph of a continuous function has no hole or break. 

We have already seen that limits of polynomial functions can be evaluated by direct 
substitution (Equation 3). It follows by the definition of continuity that all polynomials 
are continuous on R’. Likewise, Equation 4 shows that any rational function is continu- 
ous on its domain. In general, using properties of limits, you can see that sums, differ- 
ences, products, and quotients of continuous functions are continuous on their domains. 


i sd 
EXAMPLE7 Where is the function f(x, y) = ee continuous? 
x x. 


SOLUTION The function f is discontinuous at (0, 0) because it is not defined there. 
Since f is a rational function, it is continuous on its domain, which is the set 


D ={(x,y) | (xy) ¥ (0, 0}. 7 


EXAMPLE 8 Let 


vay if (9) 40,0) 
g(x, y=) x+y" 
0 if (x, y) = (0, 0) 


Here g is defined at (0, 0) but g is still discontinuous there because lim(,, y) (0,0) g(x, y) 
does not exist (see Example 1). | 
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Figure 8 shows the graph of the 
continuous function in Example 9. 


FIGURE 8 


FIGURE 9 
ety); 


The function A(x, y) = e° is 
continuous everywhere. 


EXAMPLE 9 Let 


3x°y 


jana rrr 
0 if (x, y) = (0, 0) 


if (x, y) 4 (0, 0) 


We know f is continuous for (x, y) ¥ (0, 0) since it is equal to a rational function there. 
Also, from Example 6, we have 


3x°y 
lim x,y) = in —>—, =0=f(0,0 
(x,y) > (0,0) Fx») (x,y) >(0,0) x? + y? FO, 0) 
Therefore f is continuous at (0, 0), and so it is continuous on R®. | 


Just as for functions of one variable, composition is another way of combining two 
continuous functions to get a third. In fact, it can be shown that if f is a continuous func- 
tion of two variables and g is a continuous function of a single variable that is defined on 
the range of f, then the composite function h = g ° f defined by h(x, y) = g(f(a, y)) is 
also a continuous function. 


EXAMPLE 10 Where is the function A(x, y) = e-“°*”” continuous? 


SOLUTION The function f(x, y) = x? + y? is a polynomial and thus is continuous 
on R’. Because the function g(t) = e‘ is continuous for all values of t, the composite 
function 


h(x, y) = g(f(x, y)) = er) 


is continuous on R’. The function h is graphed in Figure 9. 


EXAMPLE 11 Where is the function h(x, y) = arctan(y/x) continuous? 


SOLUTION The function f(x, y) = y/x is a rational function and therefore continuous 
except on the line x = 0. The function g(t) = arctan ¢ is continuous everywhere. So the 
composite function 


g(f(x, y)) = arctan(y/x) = h(x, y) 
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is continuous except where x = 0. The graph in Figure 10 shows the break in the graph 
of h above the y-axis. 


FIGURE 10 
The function h(x, y) = arctan(y/x) 
is discontinuous where x = 0. 


@ Functions of Three or More Variables 


Everything that we have done in this section can be extended to functions of three or 
more variables. The notation 


lim f(xy, 2 =L 


(x, y, z) > (a, b,c) 


means that the values of f(x, y, z) approach the number L as the point (x, y, z) approaches 
the point (a, b, c) (staying within the domain of f). Because the distance between two 
points (x, y, z) and (a, b, c) in R* is given by V(x — a)? + (y — b)? + (z — c)?, wecan 
write the precise definition as follows: for every number ¢ > 0 there is a corresponding 
number 6 > 0 such that 


if (x, y, z) is in the domain of f and 0 < (x — a)? + (y — b)? + (2 — cc)? <8 
then | (49,2) —L| <2 
The function f is continuous at (a, b, c) if 


lim mice y, z) = f(a, b,c) 


(x, y, z) > (a, b,c 


For instance, the function 
1 


ertyt+27-1 


fy z) = 


is a rational function of three variables and so is continuous at every point in R* except 
where x* + y? + z? = 1. In other words, it is discontinuous on the sphere with center 
the origin and radius 1. 

If we use the vector notation introduced at the end of Section 14.1, then we can write 
the definitions of a limit for functions of two or three variables in a single compact form 
as follows. 


If f is defined on a subset D of IR”, then lim,—. f(x) = L means that for every 
number e > 0 there is a corresponding number 6 > 0 such that 


if x€D and 0<|x-—a|<6 then |f(x)-L|<e 


Notice that if nm = 1, then x = x anda = a, and (7) is just the definition of a limit for 
functions of a single variable (Definition 2.4.2). For the case n = 2, we have x = (x, y), 
a = (a,b), and |x — a] = V(x — a)? + (y — b)?, so (7) becomes Definition 1. If 
n = 3, then x = (x, y,z), a = (a, b,c), and (7) becomes the definition of a limit of a 
function of three variables. In each case the definition of continuity can be written as 


lim f(s) = fla) 
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14.2 


1. Suppose that lim,,, 5) — 


Exercises 


a.1) f(x, y) = 6. What can you say 


about the value of f(3, 1)? What if f is continuous? 


2. Explain why each function is continuous or discontinuous. 
(a) The outdoor temperature as a function of longitude, 


latitude, and time 


(b) Elevation (height above sea level) as a function of 


longitude, latitude, and time 


(c) The cost of a taxi ride as a function of distance traveled 


and time 


3-4 Use a table of numerical values of f(x, y) for (x, y) near the 
origin to make a conjecture about the value of the limit of f(x, y) 


as (x, y) — (0, 0). Then explain why your guess is correct. 
xy? + xy? — 5 2xy 
3. f(x, £ $e) =— 
Co are P89) = a a 
5-12 Find the limit. 
5. lim — (x*y* — 4y? 
(x, y>@, 2) ( - ss ) 
6. ii *y + 3xy* + 4 
(x, yo, -2) i y ’ ) 
vn 3 2) + 2 
7 tim 227 gig Vt 
@y>-3D x -—y +2 @y>2-1l) x°—y 
9. lim — ysin(x — y) 10. lim ev? 
(x, y) > (a, 77/2) (x, y) > (3, 2) 


2.3 13.2 
11. lim (=) 12. 
x, y) (1, 1) x"—y 


lim 
(x, y) > (a, 17/2) 


cos y — sin 2y 


(x ) cos x cos y 
13-18 Show that the limit does not exist. 
ea (x, oo 0) ee ied @, jn 0) sy 
15. tim “7 16. ans 


(x, yr, 0) x7 + y? 


y? sin’x 


lin | — 18. 
(x,y), 0) x4 + y4 


17. 


lim ; 
(,y)>0,0) x4 + y? 


: yo we 
lim =—W—W— 
@ye0.) 1— y + Inx 


19-30 Find the limit, if it exists, or show that the limit does not 


exist. 


19. i 2y — xy? + 3)° 
eset —2) G y my 2) 


20. lim — e*’sinxy 
(x, y) > (a, 1/2) 
3x — 2 
0). tin 22. 
(2,3) 4x? = y 
23. a ae 24, 


lim ee 
(> 0,0) x? + y4 


: 2x —y 

lim = —>—> 
(y>(1,2) 4x7 — y 

lim ote oan 
(x, y)>(0,0) x? +xy+y? 


2 2 
é pies 
25. lim y 
(x, > 0,0) /e2 4 yy+1-1 
4 
‘ xy 
26. lim a ae 
(x y)>0,0) x" + y 
27. lim J/x +z cos(zy) 
(x, y, z) > (6, 1, —2) 
P xy + yz 
28. lim a 
(x, y, 2) >(0,0,0) x7 + y +z 
2 2 
; x yZ XZ 
2.0 im 
(y,2)>0,0,0) x° + yi +z 
4 3 
Pleo ez 
30. lim ae 
(xy, 3-710,0,0) x4 + 2y?+2z 


31-34 Use the Squeeze Theorem to find the limit. 


1 xy 
31. lim xysin-=—; 32. Cl ———d 
tx, 9}00,0) 7 9? y? (900 2 4 y2 
4 
. x 
a ie, 
(> 0,0) x" + y 
x y 272 
34. 


lim a 
(x,y. 3-700,0,0) x2 +yt+7 


35-36 Use a graph of the function to explain why the limit does 
not exist. 


2x? + 3xy + 4y? . xy? 


35. 36. lim ———~ 
3x? + Sy? (x.y)(0.0) x? + y8 


im 
(x, y) > (0, 0) 


37-38 Find h(x, y) = g( f(x, y)) and the set of points at which h 
is continuous. 


37. gH) = + Vt, f(xy) =2x + 3y-6 
L.xy 


38. g(t) =1+ Int 
g(t) nt, ies? 


f(%y) = 


39-40 Graph the function and observe where it is discontinuous. 
Then use the formula to explain what you have observed. 
1 


40. f(x,y) = >_> 
f(xy) = 


39. f(x,y) =e’ 


41-50 Determine the set of points at which the function is 
continuous. 


41. F(x, y) = a) 42. F(x, y) =cos/1+x—-y 
+e 
lt+x°t+y? *+ @ 
43. F(x, y) = = 44. H(x, y) ee ae - 
l= y er I 
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45. Gi y) = Vx + JL — x? - y? 
46. G(x, y) = In(1 + x — y) 
47. f(x,y, z) = arcsin(x? + y? + z?) 


48. f(x, y,z) = Jy — x? Inz 


xy? 

omy ety, . 
49. f(x,y) = Ax? + y? if (x, y) 4 (0, 0) 

! if (x,y) = (0,0) 

xy ; 

a eee ' 
50. f(uy)=4 etayty * (x, y) # (0, 0) 

y if (xy) = (0,0) 


51-53 Use polar coordinates to find the limit. [If (r, 6) are 


polar coordinates of the point (x, y) with r > 0, note that r > 0* 


as (x, y) > (0, 0).] 
gy? 


51 
r+ y? 


' lim 
(x,y) > (0, 0) 


52. lim (x? + y*) In(x*? + y’) 


(x, y) > (0, 0) 


peer 4 


53. lim ——— 1, 
(x,y) 0,0) x7 + ye 


14.3 


54. 
FY 55. 


57. 


58. 


59. 
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Prove the three special limits in (2). 


At the beginning of this section we considered the function 


_ sin(x? + y’) 
tf (x, y ) = x2 4 y? 
and guessed on the basis of numerical evidence that 
f(x, y) = Las (x, y) = (0, 0). Use polar coordinates to con- 
firm the value of the limit. Then graph the function. 


. Graph and discuss the continuity of the function 


sin xy 


if xy #0 
Fy = 4 xy 
1 if xy =0 
Let 
0 ify<0O or y=x* 


fEy= % if 0<y<x! 

(a) Show that f(x, y) + 0 as (x, y) — (0, 0) along any path 
through (0, 0) of the form y = mx‘ withO <a < 4. 

(b) Despite part (a), show that f is discontinuous at (0, 0). 

(c) Show that f is discontinuous on two entire curves. 


Show that the function f given by f(x) = |x| is continuous 
on R". [Hint: Consider |x — a|* = (x — a): (x — a).] 
If c € V,, show that the function f given by f(x) = ¢- xis 


continuous on R”. 


® Partial Derivatives of Functions of Two Variables 


On a hot day, extreme humidity makes us think the temperature is higher than it really 
is, whereas in very dry air we perceive the temperature to be lower than the thermom- 
eter indicates. The National Weather Service has devised the heat index (also called the 
temperature-humidity index, or humidex, in some countries) to describe the combined 
effects of temperature and humidity. The heat index J is the perceived air tempera- 
ture when the actual temperature is T and the relative humidity is H. So J is a function of 
T and H and we can write I = f(T, H). The following table of values of J is an excerpt 
from a table compiled by the National Weather Service. 


Table 1 Heat index / as a function of temperature and humidity 


Relative humidity (%) 
T H| 50 55) 60 65 70 75 80 85 90 
90 96 98 | 100 |; 103 | 106 | 109 | 112 |} 115 | 119 
eee OD 100 | 103 | 105 | 108 | 112 | 115 | 119 | 123 | 128 
temperature 94 104 | 107 | 111 114 |} 118 | 122 | 127 | 132 | 137 
rf) 96 IOs || iy || tile | Weil 130 | 135 | 141 | 146 
98 114 | 118 | 123 | 127 | 133 | 138 | 144 | 150 | 157 
100 119 | 124 | 129 | 135 | 141 | 147 | 154 |) 161 | 168 
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If we concentrate on the highlighted column of the table, which corresponds to a rela- 
tive humidity of H = 70%, we are considering the heat index as a function of the single 
variable T for a fixed value of H. Let’s write g(T) = f(T, 70). Then g(7) describes how 
the heat index / increases as the actual temperature T increases when the relative humid- 
ity is 70%. The derivative of g when T = 96°F is the rate of change of J with respect to 
T when T = 96°F: 


, . 9(96 + h) — g(96) _ . —f(96 + h, 70) — (96, 70) 
g(96) = lim = lim 

h0 h h0 h 
We can approximate g'(96) using the values in Table | by taking h = 2 and —2: 


g(98) — g(96) _ f(98, 70) ~ f(96,70) _ 133 = 125 _ 
,) 2 2 


(94) — g(96) __ (94, 70) — f(96, 70) _ 118 — 125 _ 
= —2 —2 


g'(96) ~ 


g'(96) ~ 


3.5 


Averaging these values, we can say that the derivative g'(96) is approximately 3.75. This 
means that, when the actual temperature is 96°F and the relative humidity is 70%, the 
apparent temperature (heat index) rises by about 3.75°F for every degree that the actual 
temperature rises. 

Now let’s look at the highlighted row in Table 1, which corresponds to a fixed temper- 
ature of T = 96°F. The numbers in this row are values of the function G(H) = f(96, H), 
which describes how the heat index increases as the relative humidity H increases when 
the actual temperature is T = 96°F. The derivative of this function when H = 70% is 
the rate of change of J with respect to H when H = 70%: 


G(70 + h) — G(70) _ lim f(96, 70 + h) — f(96, 70) 


h h>0 h 


G'(70) = iim 
By taking h = 5 and —5, we approximate G'(70) using the tabular values: 


Gs) — GI — $6,735) =7(96,70)  10— 125 __ 1 
5 5 5 


G'(70) ~ 


G(65) = G(70) __f(96, 65) ~ f(96, 70) _ 121 - 125 _ 9 


G'(70) 5 ~5 a5 
By averaging these values we get the estimate G'(70) ~ 0.9. This says that, when the 
temperature is 96°F and the relative humidity is 70%, the heat index rises about 0.9°F for 
every percent that the relative humidity rises. 

In general, if f is a function of two variables x and y, suppose we let only x vary while 
keeping y fixed, say y = b, where b is a constant. Then we are really considering a func- 
tion of a single variable x, namely, g(x) = f(x, b). If g has a derivative at a, then we call 
it the partial derivative of f with respect to x at (a, b) and denote it by f,(a, b). Thus 


[1] fila, b) = g(a) where = g(x) = f (x, b) 


By the definition of a derivative, we have 


Ha) = fm 


gla + h) ~— ga) 
h 
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and so Equation | becomes 


Hi 2b) ii 2 


h>0 h 


Similarly, the partial derivative of f with respect to y at (a, b), denoted by f,(a, b), is 
obtained by keeping x fixed (x = a) and finding the ordinary derivative at b of the func- 


tion G(y) = f(a, y): 


f(iab + h) — f(a, b) 
h 


[3] fila, b) = lim 


With this notation for partial derivatives, we can write the rates of change of the heat 
index J with respect to the actual temperature T and relative humidity H when T = 96°F 
and H = 70% as follows: 


fr(96, 70) ~ 3.75 ful96, 70) ~ 0.9 


If we now let the point (a, b) vary in Equations 2 and 3, f, and f, become functions of 
two variables. 


[4] Definition If f is a function of two variables, its partial derivatives are the 
functions f, and f, defined by 


fiz hy -fay) 
—=0 h 


fast h) =) 
h 


fx, y) = lim 


AQ y) = lim 


There are many alternative notations for partial derivatives. For instance, instead of 
jf; we can write f; or D, f (to indicate differentiation with respect to the first variable) or 
of/dx. But here df/dx can’t be interpreted as a ratio of differentials. 


Notations for Partial Derivatives If z = f(x, y), we write 


T= 2 Hx, 9) fi = Dif = Def 
x Ox x 


Ex, y) = fr = 


fay) <= = Slay =F =f = Dif = Dif 


To compute partial derivatives, all we have to do is remember from Equation | that 
the partial derivative with respect to x is just the ordinary derivative of the function g of 
a single variable that we get by keeping y fixed. Thus we have the following rule. 


Rule for Finding Partial Derivatives of z = f(x, y) 
1. To find f., regard y as a constant and differentiate f(x, y) with respect to x. 


2. To find f,, regard x as a constant and differentiate f(x, y) with respect to y. 
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EXAMPLE 1 If f(x, y) =x? + x’y? — 2y?, find f,(2, 1) and f,(2, 1). 


SOLUTION Holding y constant and differentiating with respect to x, we get 
filx, y) = 3x? + 2xy? 

and so fc(2, 1) =3-°2?+2-2-1=16 

Holding x constant and differentiating with respect to y, we get 


Syl, y) = 3x?y* — 4y 


f(2, 1) =3+2?-127-4-1=8 a 
EXAMPLE 2 If f(x, y) = sol = ) calculate of and of 
l+y ox oy 


SOLUTION Using the Chain Rule for functions of one variable, we have 


of x ) x x 1 
= cos . = cos . 
Ox l+y ox \Il+y 1+y 1+y 


of x 7) x x x 
= cos 7 = —cos 7 7 si 
dy lt+y dy \1l+y Il+y (1 + y) 


® Interpretations of Partial Derivatives 


To give a geometric interpretation of partial derivatives, we recall that the equation 
z = f(x, y) represents a surface S (the graph of f). If f(a, b) = c, then the point P(a, b, c) 
lies on S. By fixing y = b, we are restricting our attention to the curve C; in which the 
vertical plane y = b intersects S. (In other words, C; is the trace of S in the plane y = b.) 
Likewise, the vertical plane x = a intersects S in a curve C>. Both of the curves C; and 
C) pass through the point P. (See Figure 1.) 

Note that the curve C; is the graph of the function g(x) = f(x, b), so the slope of its tan- 
gent T, at P is g(a) = f(a, b). The curve C) is the graph of the function G(y) = f(a, y), 
so the slope of its tangent T, at P is G'(b) = f,(a, b). 

FIGURE 1 Thus the partial derivatives f,(a, b) and f,(a, b) can be interpreted geometrically as 
The partial derivatives of f at (a,b) are the slopes of the tangent lines at P(a, b, c) to the traces C, and C, of S in the planes y = b 
the slopes of the tangents toC, andC;. andx =a. 


EXAMPLE3 If f(x, y) =4 — x? — 2y’, find (1, 1) and f,(, 1) and interpret these 
numbers as slopes. 


SOLUTION We have 
FAR) = 25 F(x, y) = —4y 


fl, I) = ~2 AQ, 1) = -4 


The graph of f is the paraboloid z = 4 — x* — 2y? and the vertical plane y = 1 
intersects it in the parabola z = 2 — x”, y = 1. (As in the preceding discussion, we 
label it C; in Figure 2.) The slope of the tangent line to this parabola at the point 

(1, 1, 1) is AC, 1) = —2. (Notice that the tangent line slopes downward in the posi- 
tive x-direction.) Similarly, the curve C, in which the plane x = | intersects the 
paraboloid is the parabola z = 3 — 2y*, x = 1, and the slope of the tangent line at 
(1, 1, 1) is fC, 1) = —4. (See Figure 3.) 
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FIGURE 2 FIGURE 3 a 


As we have seen in the case of the heat index function at the beginning of this section, 
partial derivatives can also be interpreted as rates of change. If z = f(x, y), then dz/dx 
represents the rate of change of z with respect to x when y is fixed. Similarly, 0z/dy rep- 
resents the rate of change of z with respect to y when x is fixed. 


EXAMPLE 4 In Exercise 14.1.39 we defined the body mass index (BMI) of a person as 


m 
Bim, h) = re 


Calculate the partial derivatives of B for a young man with m = 64 kg andh = 1.68 m 
and interpret them. 


SOLUTION Regarding h as a constant, we see that the partial derivative with respect 


to mis 
oF h) r) m 1 
m, = _ 9 
om am \ h? h- 
0B (64, 1.68) 0.35 (kg /m?)/k 
so — (64, 1. = ——~ — 0. m 
am (1.68) . : 


This is the rate at which the man’s BMI increases with respect to his weight when he 
weighs 64 kg and his height is 1.68 m. So if his weight increases by a small amount, 
one kilogram for instance, and his height remains unchanged, then his BMI will 
increase from B(64, 1.68) ~ 22.68 by about 0.35. 

Now we regard m as a constant. The partial derivative with respect to h is 


OB 
so re (64, 1.68) = 27 (kg/m*)/m 


(1.68)° 


This is the rate at which the man’s BMI increases with respect to his height when he 
weighs 64 kg and his height is 1.68 m. So if the man is still growing and his weight 
stays unchanged while his height increases by a small amount, say 1 cm, then his BMI 
will decrease by about 27(0.01) = 0.27. | 
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Some software can plot surfaces 
defined by implicit equations in three 
variables. Figure 4 shows such a plot 
of the surface defined by the equation 
in Example 5. 


FIGURE 4 


EXAMPLE 5 Find 0z/dx and 0z/dy if z is defined implicitly as a function of x and y by 
the equation 
x+y + 24+ 6xyz+4=0 


Then evaluate these partial derivatives at the point (—1, 1, 2). 
SOLUTION To find dz/dx, we differentiate implicitly with respect to x, being careful to 
treat y as a constant and z as a function (of x): 


2 AP Geet ges G 
yz + 6xy 
Ox Ox 


Solving this equation for dz/dx, we obtain 


oz x? + 2yz 
ax z? + Ixy 


Similarly, implicit differentiation with respect to y gives 


oy 2? + Ixy 


az y? + 2xz 


Notice that the point (—1, 1, 2) satisfies the equation x* + y*? + z* + 6xyz + 4=0s0 
it lies on the surface. At this point 
az (“IP +212 5 az 2 +2(-1)-2_ 3 


——— d — 
ax BP OC =1) = 1 2 om ay 2+2%-1)*1 2 


® Functions of Three or More Variables 
Partial derivatives can also be defined for functions of three or more variables. For 
example, if f is a function of three variables x, y, and z, then its partial derivative with 
respect to x is defined as 
fle B62) = FO) 

h 


Am y; z) = lim 


and it is found by regarding y and z as constants and differentiating f(x, y, z) with respect 
to x. If w = f(x, y, z), then f, = dw/dx can be interpreted as the rate of change of w with 
respect to x when y and z are held fixed. But we can’t interpret it geometrically because 
the graph of f lies in four-dimensional space. 

In general, if u is a function of n variables, u = f(x), x2, ..., Xn), its partial derivative 
with respect to the ith variable x; is 


ou ee, Pisce d a he Py Mass nie) = Fess Bids MH) 
= lim 
Ox; ho h 
; ou of 
and we also write = =f,=fr= Dif 
OX; OX; 


EXAMPLE6 Find f,, f, and f- if f(x, y, z) = e*” Inz. 
SOLUTION Holding y and z constant and differentiating with respect to x, we have 


i: = ye Inz 


Similarly, fy = xe Inz and L= a 
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Clairaut 

Alexis Clairaut was a child prodigy in 
mathematics: he read I’Hospital’s text- 
book on calculus when he was 10 

and presented a paper on geometry 
to the French Academy of Sciences 


when he was 13. At the age of 18, 
Clairaut published Recherches sur les 
courbes a double courbure, which was 
the first systematic treatise on three- 
dimensional analytic geometry and 
included the calculus of space curves. 
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@ Higher Derivatives 

If f is a function of two variables, then its partial derivatives f, and f, are also functions 
of two variables, so we can consider their partial derivatives (f.)x, (fr)», (A), and (f,)), 
which are called the second partial derivatives of f. If z = f(x, y), we use the following 


notation: ‘ : 
(fie fa = fir = = (2) --3 
Usly = foo = fia = 5 (2) = on 7 aa 
Us = fa = fas = 2 (2) 7 an i. a 
(Sh = fy fa > (# -f-5 


Thus the notation f,, (or 0°f/dy dx) means that we first differentiate with respect to x and 
then with respect to y, whereas in computing f,, the order is reversed. 


EXAMPLE7 Find the second partial derivatives of 
F(x, y) = x° + xy? — 2y? 
SOLUTION In Example 1 we found that 


flx, y) = 3x? + 2xy? frlx, y) = 3x7y? — 4y 


Therefore 


0 F) ' 
le= ay BX + 2xy?) = 6x + 2y? i= 55 Gx + 2xy3) = 6xy? 
. y 


0 0 
Sx = (3x°y? — 4y) = 6xy? fy = (3x°y? — 4y) = 6x?y —4 © 
: Ox “ oy 


Notice that fy = fix in Example 7. This is not just a coincidence. It turns out that the 
mixed partial derivatives f., and f,, are equal for most functions that one meets in prac- 
tice. The following theorem, which was discovered by the French mathematician Alexis 
Clairaut (1713-1765), gives conditions under which we can assert that fly = fix. The 
proof is given in Appendix F. 


Clairaut’s Theorem Suppose f is defined on a disk D that contains the point 
(a, b). If the functions f., and f,, are both continuous on D, then 


fry(a, b) — frxla, b) 


Partial derivatives of order 3 or higher can also be defined. For instance, 


ef ei 


fo = (fo = 
ae lite dy \ dy 0x dy? ax 


and using Clairaut’s Theorem it can be shown that fiyy = fixy = ftyx if these functions are 
continuous. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


968 CHAPTER 14 Partial Derivatives 


u(x, t) 


— 
FIGURE 5 


EXAMPLE 8 Calculate fixy- if f(x, y, z) = sin(3x + yz). 
SOLUTION fc = 3.cos(3x + yz) 

fox = —9 sin(3x + yz) 

fory = —9zc08(3x + yz) 


forys = —9 cos(3x + yz) + Yyz sin(3x + yz) o 


B® Partial Differential Equations 


Partial derivatives occur in partial differential equations that express certain physical 
laws. For instance, the partial differential equation 


ou 2 ru ' 
ax? ay? 


is called Laplace’s equation after Pierre Laplace (1749-1827). Solutions of this equa- 
tion are called harmonic functions; they play a role in problems of heat conduction, 
fluid flow, and electric potential. 


EXAMPLE 9 Show that the function u(x, y) = e* sin y is a solution of Laplace’s 
equation. 


SOLUTION We first compute the needed second-order partial derivatives: 


Uy = e* sin y uy = e* cosy 
Uxy = e* sin y Uyy = —e*siny 
So Uxy + Uyy = e*siny — e*siny = 0 
Therefore u satisfies Laplace’s equation. | 
The wave equation 
ou 5 Ou 
—_- = a — 
at ax? 


describes the motion of a waveform, which could be an ocean wave, a sound wave, a 
light wave, or a wave traveling along a vibrating string. For instance, if u(x, t) represents 
the displacement of a vibrating violin string at time ¢ and at a distance x from one end of 
the string (as in Figure 5), then u(x, t) satisfies the wave equation. Here the constant a 
depends on the density of the string and on the tension in the string. 


EXAMPLE 10 Verify that the function u(x, t) = sin(x — at) satisfies the wave 


equation. 
SOLUTION ux = cos(x — at) u; = —acos(x — at) 
Ux, = —sin(x — at) Un = —a’ sin(x — at) = au, 
So u satisfies the wave equation. i) 
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Partial differential equations involving functions of three variables are also very 
important in science and engineering. The three-dimensional Laplace equation is 
vu du du 
[5] 2 + 2 2 
Ox oy 0z 


and one application is in geophysics. If u(x, y, z) represents magnetic field strength at 
position (x, y, z), then it satisfies Equation 5. The strength of the magnetic field indicates 
the distribution of iron-rich minerals and reflects different rock types and the location of 


faults. 


14.3 | Exercises 


1. At the beginning of this section we discussed the function 
I =f (T, H), where / is the heat index, T is the actual temper- 
ature, and H is the relative humidity. Use Table | to estimate 
fr(92, 60) and fz (92, 60). What are the practical interpreta- 
tions of these values? 


2. The wave heights / in the open sea depend on the speed v 
of the wind and the length of time f that the wind has been 
blowing at that speed. Values of the function h = f(», t) are 
recorded in feet in the following table. 


Duration (hours) 


t 5 10 15 20 30 40 50 


v 
10 2 2 2 2 2 2 2 
2] 15 4 4 5 5 5 5 5 
2 20 5 7 8 8 9 9 9 
& 30 9 13 16 17 18 19 19 
is 40 14 | 21 25 | 28 | 31 33 33 


50 19 29 36 40 45 48 50 


60 24 37 47 54 62 67 69 


(a) What are the meanings of the partial derivatives dh/dv 
and oh/dt? 

(b) Estimate the values of f,(40, 15) and f,(40, 15). What are 
the practical interpretations of these values? 

(c) What appears to be the value of the following limit? 


3. The temperature T (in °C) at a location in the Northern 
Hemisphere depends on the longitude x, latitude y, and time f, 
so we can write T = f(x, y, t). Let’s measure time in hours 
from the beginning of January. 

(a) What are the meanings of the partial derivatives 07/0x, 
dT/dy, and dT/dt? 


(b) Honolulu has longitude 158°W and latitude 21°N. 
Suppose that at 9:00 Am on January 1 the wind is 
blowing hot air to the northeast, so the air to the west and 
south is warm and the air to the north and east is cooler. 
Would you expect f,(158, 21, 9), f,(158, 21, 9), and 
f:(158, 21, 9) to be positive or negative? Explain. 


4-5 Determine the signs of the partial derivatives for the 
function f whose graph is shown. 


4. (a) f-(1, 2) 
5. (a) fi(-1, 2) 


(b) ACL, 2) 
tb) £(=1,2) 


6. A contour map is given for a function f. Use it to estimate 


f(2, 1) and f,(2, 1). 


VL 


Ap A 


10 
12 
4 14 
5) 16 


{ALIN * 
7. If f(x, y) = 16 — 4x* — y’, find f.(, 2) and f,(1, 2) and 


interpret these numbers as slopes. Illustrate with either hand- 
drawn sketches or computer plots. 
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8. If f(x, y) = V4 — x? — 4y?, find f,(1, 0) and f,(1, 0) and 45-46 Find dz/dx and dz/dy. 
interpret these numbers as slopes. Illustrate with either hand- 45. (a) z = f(x) + gy) (b) z=f(x + y) 
drawn sketches or computer plots. ; 
9-36 Find the first partial derivatives of the function. 46. (a) z= f(x)g(y) (b) z= f(xy) 
9. f(x,y) = x* + Sxy? 10. f(x,y) = xy — 3y4 (c) z= f(x/y) 
11. g(x, y) = x° siny 12. g(x, ) =e" 47-52 Find all the second partial derivatives. 
47. f(x, y) = x*y — 2x3y? 48. f(x, y) = In(ax + by 
13. z = In(x + 2’) 14. w= Fey) i : fy) ( ») 
v 
49, 2 =» _ 50. T=e cos 0 
15. f(x, y) = ye” 16. g(x, y) = (x? + xy)? eile 
x 51. v = sin(s? — 1°) 52. 2 = arctan 
17. g(x, y) = y(x + x*yP 18. f(x,y) = ec + yp i a a i xy 
ax + by e 
19. f(x, y) = Fee 20. w= 2 53-56 Verify that the conclusion of Clairaut’s Theorem holds, 
cx + dy uto : 
that is, uw, = Uyx. 
21. glu, v) = (ue — 0°) 22. u(r,0) = sin(r cos @) 53. u=x‘y? — y* 54. u=esiny 
33) Rp @) = tang") i, fee 55. u = cos(x"y) 56. u = In(x + 2y) 
25. F(x,y) = { wasted 26. F(a, B) = ie JPL a 57-64 Find the indicated partial derivative(s). 


57. T(x, y) = xty? _ x+y; Sexxs Teyx 


27. f(x, y,z) =x*yz7+2yz 28. f(x, y,z) = xy’e™ 58. f(x,y) =sinQx + 5y): fy 


29. w = In(x + 2y + 3z) 30. w = ytan(x + 22) 59. f(xy.z) = es fos 
31. p= Jt* + u’cosv 32. n= x" 60. g(r, s,t) =e'sin(st); ges: 
7 x + By? 
33. h(x, y,z,t) =x°ycos(z/t) 34 (x,y,z, 1) = ee a3w 
: yz + 5t 61. W ut ov’; as 
35. u Vx2+ x24 0--+ x2 its 
3 a7v 
36. u = sin(x, + 2x. +--+ + nx,) 62. V=In(r +57 +2); 
Or Os Ot 
37-40 Find the indicated partial derivative. 63 x dw a*w 
~ WwW > > 
37. R(s,t) = te: R,(0, 1) y+2z’ dzdydx’ dx* dy 
7 1 64 ee au 
38. f(x,y) =ysin (xy); f,(1,5) + BEY TS ax ay? az? 


1 2 2 2 
39. f(x, y,z) =In ees: 
1 


tp Jerty +2 > fr, 2, 2) 65-66 Use Definition 4 to find f.(x, y) and f,(x, y). 


40. f(x, y,z) =x"; fle, 1, 0) 65. f(x, y) = xy* — x*y 66. f(x,y) = x+y? 


41-44 Use implicit differentiation to find 0z/dx and dz/dy. SK a Sane & eee) ey 
° »y,Z) = XV Zz Z)s xzy* 


41, x? 4+ 2y? + 327 =1 42. x -y+2?>-22=4 [Hint: Which order of differentiation is easiest? ] 


43. ec =xyz 44, yrz+xIny=2 68. If g(x, y,z) = V1 + xz + V1 — xy, find g,,-. [Hint: Use a 
different order of differentiation for each term. ] 
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69. The following surfaces, labeled a, b, and c, are graphs of a 
function f and its partial derivatives f, and f,. Identify each 


surface and give reasons for your choices. 


them. 


y. 
70. SOM Ty ae 


FX 70-71 Find f, and fv and graph f, f., and f, with domains and 
viewpoints that enable you to see the relationships between 


71. f(x,y) =x’y? 


72. Determine the signs of the partial derivatives for the func- 
tion f whose graph is shown in Exercises 4—5. 


(b) fs(—1, 2) 
(@) fx(—1, 2) 


73. Use the table of values of f(x, y) to estimate the values of 


(a) fo(—1, 2) 
(c) fx, 2) 


f(3, 2), fc(3, 2.2), and f.y(3, 2). 


oe 1.8 2.0 DD 
25 12.5 10.2 9.3 
3.0 18.1 17.5 15.9 
3.5 20.0 22.4 26.1 
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74. Level curves are shown for a function f. Determine whether 


the following partial derivatives are positive or negative at 
the point P. 


(a) fe (b) fy (c) frx (d) fry (e) fy 


YA 


y; LSS 


75. (a) In Example 3 we found that f.(1, 1) = —2 for the 


76. 


77 


78. 


79. 


function f(x, y) = 4 — x* — 2y*. We interpreted this 
result geometrically as the slope of the tangent line to 
the curve C; at the point P(1, 1, 1), where C; is the trace 
of the graph of f in the plane y = 1. (See the figure.) 
Verify this interpretation by finding a vector equation 
for C;, computing the tangent vector to C; at P, and then 
finding the slope of the tangent line to C; at P in the 
plane y = 1. 

(b) Use a similar method to verify that f,(1, 1) = —4. 


If u = et Ferret FX Wherea? tat +---+a7=1, 
show that 
ru ou ru 
state tp H=u 
Ox; Oxs OXn 


Show that the function u = u(x, f) is a solution of the wave 
equation u,, = a7U,.. 

(a) u = sin(kx) sin(akt) 

(b) u=t/(a’t? — x’) 

(c) u = (x — at)’ + (x + at)® 

(d) u = sin(x — at) + In(x + at) 


Determine whether each of the following functions is a 
solution of Laplace’s equation uy, + uyy = 0. 

(a) u=x?+y? (b) u=x*—- y? 

(c) u=x? + 3xy? (d) u=InVx? + y? 
(e) u = sinx coshy + cosx sinh y 

(f) u=e“cosy — e*cosx 


Verify that the function u = 1/,/x? + y* + z? isa 
solution of the three-dimensional Laplace equation 
Uxe + Uyy + Uz = 0. 
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80. 


81. 


82. 


83. 


84. 


85. 


86. 


CHAPTER 14 Partial Derivatives 


The Heat Equation Verify that the function u = e~**"' sin kx 
is a solution of the heat conduction equation u, = 7 Uy. 


The Diffusion Equation The diffusion equation 

dc ae 

at ax? 
where D is a positive constant, describes the diffusion of heat 
through a solid, or the concentration of a pollutant at time ¢ at 


a distance x from the source of the pollution, or the invasion 
of alien species into a new habitat. Verify that the function 


1 
4iDt 


c(x, t) = eo X?/(4b0 


is a solution of the diffusion equation. 


The temperature at a point (x, y) on a flat metal plate is 
given by T(x, y) = 60/(1 + x* + y*), where T is measured 
in °C and x, y in meters. Find the rate of change of temper- 
ature with respect to distance at the point (2, 1) in (a) the 
x-direction and (b) the y-direction. 


The total resistance R produced by three conductors with 
resistances Rj, R2, R3 connected in a parallel electrical circuit 
is given by the formula 


= 
= 
= 
= 


Find aR/R\. 


Ideal Gas Law The gas law for a fixed mass m of an ideal 
gas at absolute temperature T, pressure P, and volume V is 
PV = mRT, where R is the gas constant. 


oP OV OT 
(a) Show that — —-—— = —l. 
aV OT OP 


OP aV 
(b) Show that T— — = mR. 
oT OT 


Van der Waals Equation The Van der Waals equation for 
n moles of a gas is 


2 
(>. re \iy nb) = nRT 


where P is the pressure, V is the volume, and T is the temper- 
ature of the gas. The constant R is the universal gas constant 
and a and b are positive constants that are characteristic of a 
particular gas. Calculate 7/aP and aP/dV. 


The wind-chill index is modeled by the function 
W = 13.12 + 0.6215T — 11.37v°!* + 0.3965Tv°'® 


where T is the temperature (°C) and v is the wind speed (in 
km/h). When T = —15°C and v = 30 km/h, by how much 
would you expect the apparent temperature W to drop if the 
actual temperature decreases by 1°C? What if the wind speed 
increases by 1 km/h? 


87. 


88. 


89. 


90. 


91. 


92. 


A model for the surface area of a human body is given by the 
function 
S = f(w, h) = 0.1091w°* n°” 


where w is the weight (in pounds), h is the height (in inches), 
and S is measured in square feet. Calculate and interpret the 
partial derivatives. 
as as 
(a) —— (160, 70) (b) — (160, 70) 
dw oh 
One of Poiseuille’s laws states that the resistance of blood 
flowing through an artery is 


R=c4 
r4 


where L and r are the length and radius of the artery and C is 
a positive constant determined by the viscosity of the blood. 
Calculate 0R/dL and 0R/dr and interpret them. 


In the project following Section 4.7 we expressed the power 
needed by a bird during its flapping mode as 


B 2. 
P(v, x, m) = Av? + Binal) 
v 


where A and B are constants specific to a species of bird, v is 
the velocity of the bird, m is the mass of the bird, and x is the 
fraction of the flying time spent in flapping mode. Calculate 
dP/dv, 0P/dx, and dP/dm and interpret them. 


In a study of frost penetration it was found that the tempera- 
ture T at time ¢ (measured in days) at a depth x (measured in 
feet) can be modeled by the function 


T(x, t) = Ty + Tre ™ sin(wt — Ax) 


where w = 277/365 and X is a positive constant. 

(a) Find d7/dx. What is its physical significance? 

(b) Find d7/dt. What is its physical significance? 

(c) Show that T satisfies the heat equation T, = kT, for a 
certain constant k. 

(d) Graph T(x, t) for A = 0.2, To = 0, and T; = 10. 

(e) What is the physical significance of the term —Ax in the 
expression sin(wt — Ax)? 


The kinetic energy of a body with mass m and velocity v is 
K = 3mv*. Show that 


aK OK _ 
am av 


K 


The average energy E (in kcal) needed for a lizard to walk or 
run a distance of 1 km has been modeled by the equation 


3.5 0.75 
E(m, v) = 2.65m° + balla 


where m is the body mass of the lizard (in grams) and v is its 
speed (in km/h). Calculate E,,(400, 8) and E£,(400, 8) and 
interpret your answers. 


Source: C. Robbins, Wildlife Feeding and Nutrition, 2d ed. (San Diego: 
Academic Press, 1993). 
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93. 


95. 


96. 


97. 


98. 


FY 94. 


DISCOVERY PROJECT Deriving the Cobb-Douglas Production Function 


The ellipsoid 4x* + 2y? + z* = 16 intersects the plane 
y = 2 in an ellipse. Find parametric equations for the tan- 
gent line to this ellipse at the point (1, 2, 2). 


The paraboloid z = 6 — x — x* — 2y? intersects the plane 
x = 1 ina parabola. Find parametric equations for the tan- 
gent line to this parabola at the point (1, 2, —4). Use a com- 
puter to graph the paraboloid, the parabola, and the tangent 
line on the same screen. 


99. 


You are told that there is a function f whose partial deriva- 
tives are f(x, y) = x + 4y and f,(x, y) = 3x — y. Should 
you believe it? 


100. 
101. 


If a, b, c are the sides of a triangle and A, B, C are the oppo- 
site angles, find dA/da, dA/db, dA/dc by implicit differen- 
tiation of the Law of Cosines. 


Use Clairaut’s Theorem to show that if the third-order 
partial derivatives of f are continuous, then 


Sesy _ frxy — fry x 


(a) How many nth-order partial derivatives does a function 
of two variables have? 


DISCOVERY PROJECT 


973 


(b) If these partial derivatives are all continuous, how 
many of them can be distinct? 

(c) Answer the question in part (a) for a function of three 
variables. 


If 
f(x, y) = x(x? A yp?) 3e sine?) 


find f,(1, 0). [Hint: Instead of finding f,(x, y) first, note 
that it’s easier to use Equation | or Equation 2.] 


If f(x, y) = Vx3 + y3, find f,(0, 0). 
Let 


ee — xy? : 
f(xy) = ae if (x, y) # 0,0) 


0 if (x,y) = (0, 0) 


(a) 
(b) 
(c) 
(d) 
(e) 


Graph f. 

Find f.(x, y) and f,(x, y) when (x, y) # (0, 0). 

Find f,(0, 0) and f,(0, 0) using Equations 2 and 3. 
Show that f,,(0, 0) = —1 and f,.(0, 0) = 1. 

Does the result of part (d) contradict Clairaut’s 
Theorem? Use graphs of f,, and f,, to illustrate your 
answer. 


DERIVING THE COBB-DOUGLAS PRODUCTION FUNCTION 


In Example 14.1.4 we described the work of Cobb and Douglas in modeling the total produc- 
tion P of an economic system as a function of the amount of labor L and the capital invest- 
ment K. If the production function is denoted by P = P(L, K ), then 0P/AL, the rate at which 
production changes with respect to the amount of labor, is called the marginal productivity 
of labor. Similarly, 0P/0K is the marginal productivity of capital. 

Here we use these partial derivatives to show how the particular form of the model used by 
Cobb and Douglas follows from the following assumptions they made about the economy. 


(1) If either labor or capital vanishes, then so will production. 


(ii) The marginal productivity of labor is proportional to the amount of production per 


unit of labor (P/L). 


(iii) The marginal productivity of capital is proportional to the amount of production per 


unit of capital (P/K). 


1. Assumption (ii) says that 


aP 


IP 
oL 


L 


a 


for some constant a. If K is held constant (K = Ko), then this partial differential equation 
becomes the ordinary differential equation 


dP 


CEE 
i 


Solve this separable differential equation by the methods of Section 9.3 to get 
P(L, Ko) = Ci(Ko) L*, where the constant C; is written as C;(Ko) because it could depend 


on the value of Ko. 


(continued) 
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14.4 


FIGURE 1 


The tangent plane contains the 


tangent lines 7, and 7. 


2. Similarly, show that assumption (iii) implies that if L is held constant (L = Lo), then 
P(Lo, K) = Cx(Lo) K®. 


3. Comparing the results of Problems 1 and 2, conclude that 
P(L, K) = bL*K® 


where b is a constant that is independent of both L and K. Cobb and Douglas assumed that 
a + B = 1, so that 
P(L, K) = bL*°K'* 


In this case, if labor and capital are both increased by a factor m, then by what factor is 
production increased? 


4. Show that P(L, K) = bL*K' “ satisfies the partial differential equation 


5. Cobb and Douglas used the function P(L, K) = 1.01L°”K°* to model the American econ- 
omy from 1899 to 1922. Find the marginal productivity of labor and the marginal produc- 
tivity of capital in the year 1920, when L = 194 and K = 407, and interpret the results. In 
that year, which would have benefited production more, an increase in capital investment 
or an increase in spending on labor? 


Tangent Planes and Linear Approximations 


One of the most important ideas in single-variable calculus is that as we zoom in toward 
a point on the graph of a differentiable function, the graph becomes indistinguishable 
from its tangent line and we can approximate the function by a linear function. (See Sec- 
tion 3.10.) Here we develop similar ideas in three dimensions. As we zoom in toward a 
point on a surface that is the graph of a differentiable function of two variables, the sur- 
face looks more and more like a plane (its tangent plane) and we can approximate the 
function by a linear function of two variables. We also extend the idea of a differential to 
functions of two or more variables. 


® Tangent Planes 


Suppose a surface S has equation z = f(x, y), where f has continuous first partial deriva- 
tives, and let P(xo, yo, Zo) be a point on S. As in Section 14.3, let C; and C, be the curves 
obtained by intersecting the vertical planes y = yo and x = xo with the surface S$. Then 
the point P lies on both C, and C). Let T; and 7) be the tangent lines to the curves C; and 
C) at the point P. Then the tangent plane to the surface S at the point P is defined to be 
the plane that contains both tangent lines 7, and 7>. (See Figure 1.) 

We will see in Section 14.6 that if C is any other curve that lies on the surface S$ and 
passes through P, then its tangent line at P also lies in the tangent plane. Therefore you 
can think of the tangent plane to S at P as consisting of all possible tangent lines at P to 
curves that lie on S and pass through P. The tangent plane at P is the plane that most 
closely approximates the surface S near the point P. 

We know from Equation 12.5.7 that any plane passing through the point P(xo, yo, Zo) 
has an equation of the form 


A(x — xo) + Bly — yo) + C(z — 2) =0 
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By dividing this equation by C and letting a = —A/C and b = —B/C, we can write it in 
the form 


[1] 2> 2 = ale — x) + Oly — yo) 


If Equation | represents the tangent plane at P, then its intersection with the plane y = yo 
must be the tangent line 7;. Setting y = yo in Equation | gives 


Z— 2 = a(x — Xo) where y = yo 


and we recognize this as the equation (in point-slope form) of a line with slope a. But 
from Section 14.3 we know that the slope of the tangent 7; is f,(xo, yo). Therefore 
a = f.(X0, Yo). 

Similarly, putting x = xo in Equation 1, we get z — z) = b(y — yo), which must rep- 
resent the tangent line 7, so b = f,(Xo, yo). 


Note the similarity between the [2] Equation of aTangent Plane Suppose f has continuous partial deriva- 
equation of a tangent plane and the tives. An equation of the tangent plane to the surface z = f(x, y) at the point 
equation of a tangent line: P(Xo, Yo, Zo) is 


y — yo = f'(xo (x — Xo) z — Zo = f(Xo0, yo)(x — x0) + fy(Xo, yo)(y — yo) 


EXAMPLE 1 Find the tangent plane to the elliptic paraboloid z = 2x? + y? at the 
point (1, 1, 3). 


SOLUTION Let f(x, y) = 2x? + y?. Then 
Selx, y) = 4x Sy(x, y) = 2y 
fl, I) = 4 fr, 1) = 2 
Then (2) gives the equation of the tangent plane at (1, 1, 3) as 
z-3=4(x - 1) + 2(y - 1) 
or z=4x+2y—3 a 
Figure 2(a) shows the elliptic paraboloid and its tangent plane at (1, 1, 3) that we found 


in Example 1. In parts (b) and (c) we zoom in toward the point (1, 1, 3). Notice that the 
more we zoom in, the flatter the graph appears and the more it resembles its tangent plane. 


(a) (b) (c) 


FIGURE 2 The elliptic paraboloid z = 2x* + y* appears to coincide with its tangent plane as we zoom in toward (1, 1, 3). 
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FIGURE 3 

Zooming in toward (1, 1) 
on a contour map of 
aaa + y 


1 


0.5 


In Figure 3 we corroborate this impression by zooming in toward the point (1, 1) ona 
contour map of the function f(x, y) = 2x” + y?. Notice that the more we zoom in, the 
more the level curves look like equally spaced parallel lines, which is characteristic of a 


\ 


0.8 0.95 


Linear Approximations 


In Example | we found that an equation of the tangent plane to the graph of the function 
f(x, y) = 2x? + y? at the point (1, 1, 3) is z = 4x + 2y — 3. Therefore, in view of the 
visual evidence in Figures 2 and 3, the linear function of two variables 


L(x, y) = 4x + 2y — 3 


is a good approximation to f(x, y) when (x, y) is near (1, 1). The function L is called the 
linearization of f at (1, 1) and the approximation 


f(x y) = 4x + 2y — 3 


is called the linear approximation or tangent plane approximation of f at (1, 1). 
For instance, at the point (1.1, 0.95) the linear approximation gives 


f(i.1, 0.95) ~ 41.1) + 2(0.95) — 3 = 3.3 


which is quite close to the true value of f(1.1, 0.95) = 2(1.1)? + (0.95)? = 3.3225. But 
if we take a point farther away from (1, 1), such as (2, 3), we no longer get a good 
approximation. In fact, L(2, 3) = 11 whereas f(2, 3) = 17. 

In general, we know from (2) that an equation of the tangent plane to the graph of 
a function f of two variables at the point (a, b, f(a, b)) is 


z= fla, b) + fila, b\(x — a) + fla, b)(y — b) 


The linear function whose graph is this tangent plane, namely 


[3] L(x, y) = f(a, b) + fra, b)(x — a) + f(a, b)(y — b) 


is called the linearization of f at (a, b) and the approximation 


[4] f(x,y) ~ f(a, b) + fa, b)\(x — a) + fila, b)(y — b) 


is called the linear approximation or the tangent plane approximation of / at (a, b). 
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We have defined tangent planes for surfaces z = f(x, y), where f has continuous first 
partial derivatives. What happens if f, and f, are not continuous? Figure 4 pictures such 
a function; its equation is 


xy 
fay= 1 x+y? 
0 if (x, y) = (0, 0) 


if (x, y) 4 (0, 0) 


You can verify (see Exercise 54) that its partial derivatives exist at the origin and, in fact, 
f(O, 0) = O and f,(0, 0) = 0, but f, and f, are not continuous. The linear approximation 
would be f(x, y) ~ 0, but f(x, y) = 5 at all points on the line y = x. Soa function of two 


nee xy, variables can behave badly even though both of its partial derivatives exist. To rule out 
f(xy) = Pa if (x, y) (0, 0), such behavior, we formulate the idea of a differentiable function of two variables. 
f(0,0) =0 Recall that for a function of one variable, y = f(x), if x changes from a toa + Ax, we 
defined the increment of y as 
Ay = f(a + Ax) — f(a) 
In Chapter 3 we showed that if f is differentiable at a, then 
This is Equation 3.4.7. [5] Ay = f'(a) Ax + & Ax where ¢ ~0 as Ax ~0 


Now consider a function of two variables, z = f(x, y), and suppose x changes from a 
toa + Ax and y changes from b to b + Ay. Then the corresponding increment of z is 


[6] Az = f(a + Ax, b + Ay) — f(a, b) 


Thus the increment Az represents the change in the value of f when (x, y) changes from 
(a, b) to (a + Ax, b + Ay). By analogy with (5) we define the differentiability of a func- 
tion of two variables as follows. 


Definition If z = f(x, y), then f is differentiable at (a, b) if Az can be 
expressed in the form 


Az = f(a, b) Ax + f,(a, b) Ay + &, Ax + & Ay 


where ¢, and €) are functions of Ax and Ay such that ¢; and e, — 0 as 
(Ax, Ay) — (0, 0). 


Definition 7 says that a differentiable function is one for which the linear approxima- 
tion (4) is a good approximation when (x, y) is near (a, b). In other words, the tangent 
plane approximates the graph of f well near the point of tangency. 

It’s sometimes hard to use Definition 7 directly to check the differentiability of a func- 
tion, but the next theorem provides a convenient sufficient condition for differentiability. 


Theorem 8 is proved in Appendix F Theorem If the partial derivatives f, and f, exist near (a, b) and are continu- 


ous at (a, b), then f is differentiable at (a, b). 
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Figure 5 shows the graphs of the 
function f and its linearization L in 
Example 2. 


FIGURE5 


EXAMPLE 2 Show that f(x, y) = xe*’ is differentiable at (1, 0) and find its 
linearization there. Then use it to approximate f(1.1, —0.1). 


SOLUTION The partial derivatives are 
filmy) =e? +aye” flay) = 322 
FC, 0) = 1 fll, 0) = 1 


Both f, and f, are continuous functions, so f is differentiable by Theorem 8. The 
linearization is 


L(x, y) = fC, 0) + fe, Ox — I) + FUL, 0)(y — 0) 
=1+4+1l(x-1)+1l-y=xty 
The corresponding linear approximation is 
xe =xty 
Se) fd.l, -0.1) ~ 11-01 =1 


Compare this with the actual value of f(1.1, —0.1) = 1.le °!' = 0.98542. a 
EXAMPLE3 At the beginning of Section 14.3 we discussed the heat index (perceived 
temperature) / as a function of the actual temperature T and the relative humidity H 


and gave the following table of values from the National Weather Service. 


Relative humidity (%) 


H| 50 55 60 65 70 75 80 85 90 


90 96 98 100 | 103 106 | 109 | 112 | 115 119 


92 100 103 105 108 112 115 119 123 128 
Actual 


temperature 94 104 107 111 114 118 122 127 132 137 
(CF) 


96 109 113 116 | 121 125 130 | 135 141 146 


98 114 | 118 123 127 133 138 144 ) 150 | 157 


100 119 124 | 129 | 135 141 147 154 | 161 168 


Find a linear approximation for the heat index J = f(T, H) when T is near 96°F and H 
is near 70%. Use it to estimate the heat index when the actual temperature is 97°F and 
the relative humidity is 72%. 


SOLUTION We read from the table that f(96, 70) = 125. At the beginning of Sec- 
tion 14.3 we used the tabular values to estimate that f;(96, 70) ~ 3.75 and 
fu(96, 70) ~ 0.9. So the linear approximation is 


f(T, H) ~ f(96, 70) + fr(96, 70)(T — 96) + fix(96, 70)(H — 70) 
= 125 + 3.75(T — 96) + 0.9(H — 70) 


In particular, 
f(97, 72) ~ 125 + 3.75(1) + 0.9(2) = 130.55 


Therefore, when T = 97°F and H = 72%, the heat index is 
I= 131°F | 
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B® Differentials 


For a differentiable function of one variable, y = f(x), we define the differential dx to be 
an independent variable; that is, dx can be given the value of any real number. The dif- 
ferential of y is then defined as 


[9] dy = f'(x) dx 


(See Section 3.10.) Figure 6 shows the relationship between the increment Ay and the 
differential dy: Ay represents the change in height of the curve y = f(x) and dy repre- 
sents the change in height of the tangent line when x changes by an amount dx = Ax. 

For a differentiable function of two variables, z = f(x, y), we define the differentials 
dx and dy to be independent variables; that is, they can be given any values. Then the 
differential dz, also called the total differential, is defined by 


0 


0. 
dz = f(x,y) dx + f(x, y) dy = 5 a m dy 
x y 


(Compare with Equation 9.) Sometimes the notation df is used in place of dz. 
If we take dx = Ax = x — aanddy = Ay = y — bin Equation 10, then the differen- 
tial of z is 


dz = fi(a, b)(x — a) + f(a, b)\(y — b) 
So, in the notation of differentials, the linear approximation (4) can be written as 
f(x,y) ~ fla, b) + dz 


Figure 7 is the three-dimensional counterpart of Figure 6 and shows the geometric inter- 
pretation of the differential dz and the increment Az: dz represents the change in height 
of the tangent plane, whereas Az represents the change in height of the surface z = f(x, y) 
when (x, y) changes from (a, b) to (a + Ax, b + Ay). 


(a+ Ax,b+ Ay, f(a + Ax, b+ Ay)) 


surface z = f(x, y) 


f(a, b) 


‘ 
fla,b)4| 2b a 
wy (a+ Ax, b+ Ay, 0) 
x 


(a, b, 0) Ay =dy 
tangent plane 


z— f(a, b) = fx(a, b)(x — a) + fy(a, b)(y — b) 


EXAMPLE 4 


(a) Ifz =f(x, y) =x? + 3xy — y’, find the differential dz. 
(b) If x changes from 2 to 2.05 and y changes from 3 to 2.96, compare the values 
of Az and dz. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


980 CHAPTER 14 Partial Derivatives 


In Example 4, dz is close to Az 
because the tangent plane is a good 
approximation to the surface 
z=x? + 3xy — y* near (2, 3, 13). 
(See Figure 8.) 


FIGURE 8 


SOLUTION 
(a) Definition 10 gives 
Oz Oz 
dz = —dx + dy = (2x + 3y) dx + (3x — 2y) dy 
Ox oy 


(b) Putting x = 2, dx = Ax = 0.05, y = 3, and dy = Ay = —0.04, we get 
dz = [2(2) + 3(3)]0.05 + [3(2) — 2(3)](—0.04) = 0.65 


The increment of z is 
Az = f(2.05, 2.96) — f(2, 3) 
= [(2.05)? + 3(2.05)(2.96) — (2.96)?] — [27 + 3(2)(3) — 37] 
= 0.6449 


Notice that Az ~ dz but dz is easier to compute. a 


EXAMPLE 5 The base radius and height of a right circular cone are measured as 

10 cm and 25 cm, respectively, with a possible error in measurement of as much as 

€ cm in each. 

(a) Use differentials to estimate the maximum error in the calculated volume of the 
cone. 

(b) What is the estimated maximum error in volume if the radius and height are mea- 
sured with errors up to 0.1 cm? 


SOLUTION 
(a) The volume V of a cone with base radius r and height h is V = ar7h/3. 
So the differential of V is 

OV OV _ 2arh ar 


= + h + h 
dV es dr Ah di 3 dr 3 d 


Since each error is at most ¢ cm, we have | Ar| < e, | Ah| < e. To estimate the largest 
error in the volume, we take the largest error in the measurement of r and of h. There- 
fore we take dr = e and dh = « along with r = 10, h = 25. This gives 


5007r 10077 
et 


AV =~ dV= 
3 3 


e = 2007e 


Thus the maximum error in the calculated volume is about 2007 cm’. 

(b) If the largest error in each measurement is ¢ = 0.1 cm, then 

dV = 2007(0.1) ~ 63, so the estimated maximum error in volume is about 63 cm’. 
(Note that since the measured volume of the cone is V = 7r(10)?(25)/3 ~ 2618, this is 
a relative error of 63/2618 ~ 0.024 or 2.4%.) | 


® Functions of Three or More Variables 


Linear approximations, differentiability, and differentials can be defined in a similar 
manner for functions of more than two variables. A differentiable function is defined by 
an expression similar to the one in Definition 7. For such functions the linear approxi- 
mation is 


Fld, 2) = Fla, b,c) + fla, by cle = a) + ila, b, oy — b) + fla, by e)(z — ec) 


and the linearization L(x, y, z) is the right side of this expression. 
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If w = f(x, y, z), then the increment of w is 
Aw = f(x + Ax, y + Ay, z + Az) — f(x, y, z) 


The differential dw is defined in terms of the differentials dx, dy, and dz of the independ- 
ent variables by 


EXAMPLE 6 The dimensions of a rectangular box are measured to be 75 cm, 60 cm, 
and 40 cm, and each measurement is correct to within e cm. 

(a) Use differentials to estimate the largest possible error when the volume of the box 
is calculated from these measurements. 

(b) What is the estimated maximum error in the calculated volume if the measured 
dimensions are correct to within 0.2 cm? 


SOLUTION 
(a) If the dimensions of the box are x, y, and z, then its volume is V = xyz and so 


Vv 
dV = dx + dy + dz = yzdx + xzdy + xy dz 
Ox oy Oz 


We are given that | Ax| < e, | Ay| < «, and | Az| S e. To estimate the largest error 
in the volume, we therefore use dx = e, dy = &, and dz = « together with x = 75, 
y = 60, and z = 40: 


AV = dV = (60)(40)e + (75)(40)e + (75)(60)e = 9900e 


Thus the maximum error in the calculated volume is about 9900 times larger than the 
error in each measurement taken. 


(b) If the largest error in each measurement is ¢ = 0.2 cm, then 

dV = 9900(0.2) = 1980, so an error of only 0.2 cm in measuring each dimension 
could lead to an error of approximately 1980 cm’ in the calculated volume. (This may 
seem like a large error, but you can verify that it’s only about 1% of the volume of the 
box.) | 


14.4) Exercises 


1-2 The graph of a function f is shown. Find an equation of the 3-10 Find an equation of the tangent plane to the given surface at 
tangent plane to the surface z = f(x, y) at the specified point. the specified point. 
1. f(x, y) = 16 — x? - y? 2. f(x,y) = y? sinx 3. z= 2x7 + y* — Sy, (1,2, —4) 
m 4.z=(x+2)—-2%(y- 1-5, (2,3,3) 
(2, 2, 8) 5.z=e*, (2,2,1) 
I 6. z=ye", (0,3,9) 
y —. 7.z=2Jy/x, (1,1, -2) 
é / \ : 8. z=x/y?, (—4,2,-1) 
“a (77/2, —2, 4) 9.z=xsin(x + y), (-1,1,0) 
z=16-x°-y? z=y"sinx 10. z = In(x — 2y), (3, 1,0) 
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11-12 Graph the surface and the tangent plane at the given recorded in feet in the following table. Use the table to find 

point. (Choose the domain and viewpoint so that you get a good a linear approximation to the wave height function when v 

view of both the surface and the tangent plane.) Then zoom in is near 40 knots and f is near 20 hours. Then estimate the 

until the surface and the tangent plane become indistinguishable. wave heights when the wind has been blowing for 24 hours 
at 43 knots. 


Wz =x? + xy + 3y’, (1, 1,5) 


12.2=/9 + x?y*, (2,2,5) Duration (hours) 
t 5 10 15 20 30 40 50 


v 
13-14 Draw the graph of f and its tangent plane at the given -_ 
point. (Use a computer to compute the partial derivatives.) S a a ‘ 7 8 9 9 9 
Then zoom in until the surface and the tangent plane become z 30 9 1B 16 17 18 19 19 
indistinguishable. 3 
2 &| 40 14 21 25 28 31 33 33 
13. f(x,y) 1 + cos*(x — y) 7 17 7 3 
. f(x,y) = : Ae = 
ye 'T + cost(x ty)’ 3° 64 =| 50 | 19 | 29 | 36 | 40 | 45 | 48 | 50 
14. f(x,y) =e (vx + Vy + Vey), C1, 36%) 60 | 24 | 37 | 47 | 54 | 62 | 67 | 69 


29. Use the table in Example 3 to find a linear approximation to 


15-22 Explain why the function is differentiable at the given 
the heat index function when the actual temperature is near 


point. Then find the linearization L(x, y) of the function at 


that point. 94°F and the relative humidity is near 80%. Then estimate 
a the heat index when the actual temperature is 95°F and the 

15. fu y)= xy, (—2,) relative humidity is 78%. 

16. f(x,y) =ytanx, (7/4, 2) 30. The wind-chill index W is the perceived temperature when 


the actual temperature is T and the wind speed is v, so we 
can write W = f(T, v). The following table of values is an 
18. f(x,y) = Vxy, (1,4) excerpt from Table | in Section 14.1. Use the table to find a 
linear approximation to the wind-chill index function when 
T is near —15°C and v is near 50 km/h. Then estimate the 


17. f(x,y) = 14+ xIn(xy — 5), (2,3) 


19. f(x,y) =x’e’, (1,0) 


It+y wind-chill index when the temperature is — 17°C and the 
20. f(x,y) = tex’ (1, 3) wind speed is 55 km/h. 
21. f(x, y) = 4arctan(xy), (1, 1) Wind speed (km/h) 
= : ox v 
22. f(x,y) =y + sin(x/y), (0, 3) Ole 20 30 40 50 60 70 
g 10 18 20 21 22 23 23 
23-24 Verify the linear approximation at (0, 0). 8 
i e 15 24 26 27 29 | —30 | —30 
x ~ J _ > ae vo 
23. e* cos(xy) =x + 1 24. 4a * +y-1 = 20 30 33 34 35 36 37 
=] 
<2) -25 | -37 | -39 | -41 | -42 | -43 | —44 


25. Given that f is a differentiable function with f(2, 5) = 6, 
f(2, 5) = 1, and f,(2, 5) = —1, use a linear approximation 


- 31-38 Find the differential of the function. 
to estimate f (2.2, 4.9). 


31.m=p¢q¢ 32. z=xIn(y’ + 1) 
26. Find the linear approximation of the function 3 
f(x, y) = 1 — xy cos ary at (1, 1) and use it to approximate 33. z= e “cos 2at 34, u= yx? + 3y? 
f (1.02, 0.97). Illustrate by graphing f and the tangent plane. 35. H=x*y* + y*2> 36. w=xzev 2 
27. Find the linear approximation of the function 37. R= aB’ cosy 38. T= ie 
f(x, y, z) = Vx? + y? + z? at (3, 2, 6) and use it to slit 
approximate the number (3.02)? + (1.97)? + (5.99)?. 39. If z = 5x? + y* and (x, y) changes from (1, 2) to (1.05, 2.1), 


28. The wave heights / in the open sea depend on the speed v compare the values of Az and dz, 


of the wind and the length of time f that the wind has been 40. If z = x* — xy + 3y’ and (x, y) changes from (3, —1) to 
blowing at that speed. Values of the function h = f(», t) are (2.96, —0.95), compare the values of Az and dz. 
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41 


42 


43 


44 


45 


46 


47 


The length and width of a rectangle are measured as 30 cm 
and 24 cm, respectively, with an error in measurement of at 
most 0.1 cm in each. Use differentials to estimate the maxi- 
mum error in the calculated area of the rectangle. 


Use differentials to estimate the amount of metal in a closed 
cylindrical can that is 10 cm high and 4 cm in diameter if the 
metal in the top and bottom is 0.1 cm thick and the metal in 
the sides is 0.05 cm thick. 


Use differentials to estimate the amount of tin in a closed tin 
can with diameter 8 cm and height 12 cm if the tin is 0.04 cm 
thick. 


The base and height of a triangle are measured as 28 inches 

and 16 inches, respectively. Suppose that each measurement 

has a possible error of at most ¢ inches. 

(a) Use differentials to estimate the maximum error in the 
calculated area of the triangle. 

(b) What is the estimated maximum error in the area of the 
triangle if the base and height are measured with errors at 
most j inch? 


The radius of a right circular cylinder is measured as 2.5 ft, 

and the height is measured as 12 ft. Suppose that each mea- 

surement has a possible error of at most e feet. 

(a) Use differentials to estimate the maximum error in the 
calculated volume of the cylinder. 

(b) If the computed volume must be accurate to within one 
cubic foot, determine the largest allowable value of e. 


The wind-chill index is modeled by the function 


W = 13.12 + 0.62157 — 11.37v°'® + 0.3965Tv°'® 


where T is the actual temperature (in °C) and v is the wind 
speed (in km/h). The wind speed is measured as 26 km/h, 
with a possible error of +2 km/h, and the actual temperature 
is measured as — 11°C, with a possible error of +1°C. Use 
differentials to estimate the maximum error in the calculated 
value of W due to the measurement errors in T and v. 


The tension 7 in the string of the yo-yo in the figure is 


_ __mgR 
2r*? + R? 


where m is the mass of the yo-yo and g is acceleration due to 

gravity. Use differentials to estimate the change in the tension 
if R is increased from 3 cm to 3.1 cm and r is increased from 

0.7 cm to 0.8 cm. Does the tension increase or decrease? 


TA 


ima 
>< 
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48. The pressure, volume, and temperature of a mole of an ideal 


49. 


50. 


51 


52 


53 


gas are related by the equation PV = 8.317, where P is mea- 
sured in kilopascals, V in liters, and T in kelvins. Use differ- 
entials to find the approximate change in the pressure if the 
volume increases from 12 L to 12.3 L and the temperature 
decreases from 310 K to 305 K. 


If R is the total resistance of three resistors, connected in 
parallel, with resistances Ri, Ro, R3, then 


If the resistances are measured in ohms as R; = 25 Q, 

R, = 40 QO, and R; = 50 Q, with a possible error of 0.5% in 
each case, estimate the maximum error in the calculated value 
of R. 


A model for the surface area of a human body is given by 

S = 0.1091w°**h°”>, where w is the weight (in pounds), h is 
the height (in inches), and S is measured in square feet. If the 
errors in measurement of w and hare at most 2%, use differ- 
entials to estimate the maximum percentage error in the cal- 
culated surface area. 


In Exercise 14.1.39 and Example 14.3.4, the body mass index 

of a person was defined as B(m, h) = m/h?, where m is the 

mass in kilograms and h is the height in meters. 

(a) What is the linear approximation of B(m, h) for a child 
with mass 23 kg and height 1.10 m? 

(b) If the child’s mass increases by 1 kg and height by 3 cm, 
use the linear approximation to estimate the new BMI. 
Compare with the actual new BMI. 


Suppose you need to know an equation of the tangent plane to 
a surface S at the point P(2, 1, 3). You don’t have an equation 
for S but you know that the curves 


ri(t) = (2 
r2(u) (il 


both lie on S. Find an equation of the tangent plane at P. 


34,1 -— 17,3 


u’, 2u? — 1,2u + 1) 


Prove that if f is a function of two variables that is differen- 
tiable at (a, b), then f is continuous at (a, b). 


Hint: Show that 


lim 


(Ax, Ay) (0,0) f(a + Ax, b + Ay) = f(a, b) 


54. (a) The function 


xy : 
ety? if (x, y) # (0, 0) 


0 if (x,y) = (0, 0) 


f(xy) = 


was graphed in Figure 4. Show that f,(0, 0) and f,(0, 0) 
both exist but f is not differentiable at (0, 0). [Hint: Use 
the result of Exercise 53.] 

(b) Explain why f, and f, are not continuous at (0, 0). 
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APPLIED PROJECT THE SPEEDO LZR RACER 


Many technological advances have occurred in sports that have contributed to increased 
athletic performance. One of the best known is the introduction, in 2008, of the Speedo 

LZR racer. It was claimed that this full-body swimsuit reduced a swimmer’s drag in the 
water. Figure | shows the number of world records broken in men’s and women’s long-course 
freestyle swimming events from 1990 to 2011.' The dramatic increase in 2008 when the suit 
was introduced led people to claim that such suits were a form of technological doping. As a 
result, all full-body suits were banned from competition starting in 2010. 


yA 
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FIGURE 1 Number of world records set in long-course men’s and women’s freestyle swimming event 1990-2011 


It might be surprising that a simple reduction in drag could have such a big effect on per- 
formance. We can gain some insight into this using a simple mathematical model.” 
The speed v of an object being propelled through water is given by 


1/3 
v(P, ¢) = (22) 


where P is the power being used to propel the object, C is the drag coefficient, and k is a posi- 
tive constant. Athletes can therefore increase their swimming speeds by increasing their power 
or reducing their drag coefficients. But how effective is each of these? 

To compare the effect of increasing power versus reducing drag, we need to somehow com- 
pare the two in common units. A frequently used approach is to determine the percentage 
change in speed that results from a given percentage change in power and in drag. 

If we work with percentages as fractions, then when power is changed by a fraction x (with 
x corresponding to 100x percent), P changes from P to P + xP. Likewise, if the drag coeffi- 
cient is changed by a fraction y, this means that it has changed from C to C + yC. Finally, the 
fractional change in speed resulting from both effects is 


AUP 4b IP, (C te WC) = oP, C) 
fi v(P, C) 


1. Expression | gives the fractional change in speed that results from a change x in power and 
a change y in drag. Show that this reduces to the function 


il sr xe a 
aw VY 


Given the context, what is the domain of f? 


1. L. Foster et al., “Influence of Full Body Swimsuits on Competitive Performance,’ Procedia 
Engineering 34 (2012): 712-17. 
2. Adapted from http://plus.maths.org/content/swimming. 
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2. Suppose that the possible changes in power x and drag y are small. Find the linear approxi- 
mation to the function f(x, y). What does this approximation tell you about the effect of a 
small increase in power versus a small decrease in drag? 


3. Calculate f..(x, y) and f,,(x, y). Based on the signs of these derivatives, does the linear 
approximation in Problem 2 result in an overestimate or an underestimate for an increase 
in power? What about for a decrease in drag? Use your answer to explain why, for changes 
in power or drag that are not very small, a decrease in drag is more effective. 


4. Graph the level curves of f(x, y). Explain how the shapes of these curves relate to your 
answers to Problems 2 and 3. 


14.5 | The Chain Rule 


Recall that the Chain Rule for functions of a single variable gives the rule for differenti- 
ating a composite function: if y = f(x) and x = g(t), where f and g are differentiable 
functions, then y is indirectly a differentiable function of t and 


dy _ dy dx 
dt dx dt 


In this section we extend the Chain Rule to functions of more than one variable. 


@ The Chain Rule: Case 1 


For functions of more than one variable, the Chain Rule has several versions, each of 
them giving a rule for differentiating a composite function. The first version (Theorem 1) 
deals with the case where z = f(x, y) and each of the variables x and y is, in turn, a func- 
tion of a variable t. This means that z is indirectly a function of t, z = f(g(d), h(t), and 
the Chain Rule gives a formula for differentiating z as a function of t. We assume that f 
is differentiable (Definition 14.4.7). Recall that this is the case when f, and f, are con- 
tinuous (Theorem 14.4.8). 


[1] The Chain Rule (Case 1) Suppose that z = f(x, y) is a differentiable function 
of x and y, where x = g(t) and y = A(t) are both differentiable functions of t. Then 
zis a differentiable function of t and 


dz _ af de | of dy 
dt ox dt dy dt 


PROOF A change of At in ¢ produces changes of Ax in x and Ay in y. These, in turn, 
produce a change of Az in z, and from Definition 14.4.7 we have 

0 0 

Az = oT Ay + Lae + e, Ax + & Ay 

Ox oy 
where ¢, — 0 and e. — 0 as (Ax, Ay) — (0, 0). [If the functions ¢; and & are not 
defined at (0, 0), we can define them to be 0 there.] Dividing both sides of this equation 
by Ar, we have 


Az _ of Ax in of Ay Ax 4 Ay 
At ax At dy At °\ At At 
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If we now let At — 0, then Ax = g(t + At) — g(t) — 0 because g is differentiable and 
therefore continuous. Similarly, Ay — 0. This, in turn, means that ¢; — 0 and e) — 0, so 


dz . dz 


—_| = 4m 
dt AroAt 


Axa A A A 
ee % + ( tim.) lim = + (Jim e:) lim — 


i im 
ax Ar>0 At — dy Ar>o At 


Aro Aro At Ato Aro At 
of a. 
_ if dx FY 9.2% 49.2 
ox dt dy dt dt dt 
d 
_ af dx | af dy 7 


ox dt dy dt 


Since we often write dz/dx in place of df/dx, we can rewrite the Chain Rule in the 


Notice the similarity to the definition form 


of the differential: dz _ dz dx rs az dy 
dt ox dt dy dt 


dz = ae + hears 
Ox oy 

EXAMPLE 1 If z = x’y + 3xy*, where x = sin 2f and y = cos t, find dz/dt when 
t=0. 
SOLUTION The Chain Rule gives 

dz 0z dx, 9 dy 

dt ox dt dy dt 

= (2xy + 3y*)(2 cos 2) + (x? + 12xy?)(—sin #) 


It’s not necessary to substitute the expressions for x and y in terms of t. We simply 

(0,1) observe that when t = 0, we have x = sin 0 = 0 and y = cos 0 = 1. Therefore 
dz i 
a = (0 + 3)(2 cos 0) + (0 + 0)(—sin 0) = 6 Oo 


t=0 


BV 


The derivative in Example | can be interpreted as the rate of change of z with respect 
to t as the point (x, y) moves along the curve C with parametric equations x = sin 21, 
y = cos ¢. (See Figure 1.) In particular, when t = 0, the point (x, y) is (0, 1) and dz/dt = 6 
is the rate of increase as we move along the curve C through (0, 1). If, for instance, 
z = T(x, y) =x’y + 3xy* represents the temperature at the point (x, y), then the com- 
FIGURE 1 posite function z = T(sin 21, cos t) represents the temperature at points on C and the 
The curve x = sin 2t, y = cos t derivative dz/dt represents the rate at which the temperature changes along C. 


EXAMPLE 2 The pressure P (in kilopascals), volume V (in liters), and temperature T 
(in kelvins) of a mole of an ideal gas are related by the equation PV = 8.317. Find the 
rate at which the pressure is changing when the temperature is 300 K and increasing at 
arate of 0.1 K/s and the volume is 100 L and increasing at a rate of 0.2 L/s. 


SOLUTION If ¢ represents the time elapsed in seconds, then at the given instant we have 
T = 300, dT/dt = 0.1, V = 100, dV/dt = 0.2. Since 


T 
P=8.31— 
V 
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the Chain Rule gives 
dP _ OP dT z OP dV 8.31 dT 8.31T dV 
dt oT dt ov dt V dt Vv’? dt 


— 8.31 8.31(300) 
100 ~~ 100° 


(0.2) = —0.04155 
The pressure is decreasing at a rate of about 0.042 kPa/s. a 


@ The Chain Rule: Case 2 


We now consider the situation where z = f(x, y) but each of x and y is a function of two 
variables s and t: x = g(s, t), y = h(s, t). Then z is indirectly a function of s and ¢ and we 
wish to find 0z/ds and 0z/dt. Recall that in computing 0z/dt we hold s fixed and compute 
the ordinary derivative of z with respect to t. Therefore we can apply Theorem | to obtain 


oz Oz oF 4, 8 oy 
ot Ox ot Oy ot 


A similar argument holds for 0z/ds and so we have proved the following version of the 
Chain Rule. 


[2] The Chain Rule (Case 2) Suppose that z = f(x, y) is a differentiable function 
of x and y, where x = g(s, t) and y = A(s, ft) are differentiable functions of s and t. 
Then 


Oz Oz a ae oy Oz OZ Ox dz oy 
os Ox Os dy Os ot ox ot Oy ot 


EXAMPLE 3 If z = e*sin y, where x = st? and y = s’t, find dz/ds and 0z/0t. 
SOLUTION Applying Case 2 of the Chain Rule, we get 


oz Oz Le oy 
Os Ox Os dy Os 


= (e* sin y)(t?) + (e* cos y)(2st) 


0z «Oz oe oy 
Ot Ox ot Oy ot 


= (e* sin y)(2st) + (e* cos y)(s*) 


If we wish, we can now express dz/ds and dz/dt solely in terms of s and ¢ by substitut- 
ing x = st’, y = st, to get 


Oz 5. 2 2 2 
— = ?’e" sin(s*t) + 2ste™ cos(s7f) 
os 
dz st? os 2 2 st? 2 
ot 2ste" sin(s*t) + s*e™ cos(s*t) | 
we oz 
is Case 2 of the Chain Rule contains three types of variables: s and ¢ are independent 
x y variables, x and y are called intermediate variables, and z is the dependent variable. 
ox Ox oy oy : : : : 
as / i" af ae / \ af Notice that Theorem 2 has one term for each intermediate variable and each of these 
: : : terms resembles the one-dimensional Chain Rule (see Equation 3.4.2). 


To remember the Chain Rule, it’s helpful to draw the tree diagram in Figure 2. We 
FIGURE 2 draw branches from the dependent variable z to the intermediate variables x and y to 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


988 CHAPTER 14 Partial Derivatives 


Se eras: 


FIGURE 3 


AN IN ZI 


FIGURE 4 


indicate that z is a function of x and y. Then we draw branches from x and y to the inde- 
pendent variables s and t. On each branch we write the corresponding partial derivative. 
To find dz/ds, we find the product of the partial derivatives along each path from z to s 
and then add these products: 


oz Oz OF Se oy 
Os Ox Os dy os 


Similarly, we find dz/dt by using the paths from z to ¢. 


@ The Chain Rule: General Version 


Now we consider the general situation in which a dependent variable u is a function of 
n intermediate variables x\,..., x,, each of which is, in turn, a function of m indepen- 
dent variables t,,..., t,. Notice that there are n terms, one for each intermediate variable. 
The proof is similar to that of Case 1. 


[3] The Chain Rule (General Version) Suppose that u is a differentiable func- 
tion of the n variables x), x2, ..., x, and each x; is a differentiable function of the 
m variables fi, bh, ..., tn. Then u is a function of ty, fh, ..., fn and 


Ou Ox, Ou OX2 OU OXn 
+ foes 


Ox, Ot; 0x2 Ot; OXn Ot; 


for eachi = 1,2,...,m. 


EXAMPLE 4 Write out the Chain Rule for the case where w = f(x, y, z, t) and 
x = x(u, v), y = ylu, v), z = z(u,v), and t = t(u, v). 


SOLUTION We apply Theorem 3 with n = 4 and m = 2. Figure 3 shows the tree 
diagram. Although we haven’t written the derivatives on the branches, it’s understood 
that if a branch leads from y to u, then the partial derivative for that branch is dy/du. 
With the aid of the tree diagram, we can now write the required expressions: 


ow dw Ox dw oy dw dz Ow ot 
of at of 
Ou Ox dou oy ou oz Ou ot ou 


OH At Oe OU 4, A Ow ot 
ov Ox dv dy ov oz Ov ot ov 


EXAMPLE5 If u=x*y + y?z*, where x = rse', y = rs*e‘, and z = r’s sin ¢, find the 
value of du/ds whenr = 2,s = 1,t=0. 


SOLUTION With the help of the tree diagram in Figure 4, we have 


du du Ox Ou oy ae Oz 
Os ox Os dy Os dz OS 


= (4x3 y)(re') + (x* + 2yz?)(2rse") + (3y7z*)(r? sin £) 
When r = 2, 5 = 1, andt = 0, we have x = 2, y = 2, and z = 0, so 
Ou 


on (64)(2) + (16)(4) + (0)(0) = 192 P 
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EXAMPLE 6 If 9(s, t) = f(s? — t’, t? — s?) and f is differentiable, show that g 
satisfies the equation 


SOLUTION Let x = s* — ¢? and y = ft? — s*. Then g(s, t) = f(x, y) and the Chain Rule 


gives 
0 of a of a 0, 0 
oe Ee SE ee ee 
os Ox Os dy os Ox oy 
0 of a of a 0, 0 
oS a ope 2 5 
ot Ox ot Oy ot Ox oy 
Therefore 
0 0 0 0 0 0 
(gS nog a ge eG = 
Os ot Ox oy Ox oy 


EXAMPLE 7 If z = f(x, y) has continuous second-order partial derivatives and 
x =r? + s? and y = 2rs, find expressions for (a) 0z/dr and (b) 0°z/dr’. 


SOLUTION 
(a) The Chain Rule gives 


0z Oz Ox 0z oy 
— + = 


Oz 0z 
(2r) + —(2s) 
or ox or oy or Ox oy 


(b) Applying the Product Rule to the expression in part (a), we get 


or? or Ox ry 
Oz 0 [ az 0 [ oz 
=2 a 2r SPAN 
Ox or \ ox or \ oy 
oz But, using the Chain Rule again (see Figure 5), we have 
Ox 
ad [4 d [dz )\ a ad (dz\ a a og 
ef -|)-=(=)"4 = | > = = (ar) + = (25) 
or \ 0x ox \ ox / or dy \ ox / or Ox Oy Ox 


x bY 
/\ /\ d (az d(dz\ax 9d /dz\a a°z az 
r sr s = + oe (2r) + —; (2s) 
or \ oy ox \ dy / or dy \ oy / or Ox oy oy 
FIGURE 5 
Putting these expressions into Equation 4 and using the equality of the mixed second- 


order derivatives, we obtain 


oz Oz Oz oz Oz Oz 
— =2— + 2r| 2r + 25s + 2s are 2S ee 


ar?” ax ax? Oy Ox x oy oy 
0z 3 Oz A 5 az 
=2 + 4r? —~ + 8rs + Ay a 
Ox Ox" x Oy oy 
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The solution to Example 8 should be 
compared to the one in Example 3.5.2. 


Bi Implicit Differentiation 


The Chain Rule can be used to give a more complete description of the process of implicit 
differentiation that was introduced in Sections 3.5 and 14.3. We suppose that an equa- 
tion of the form F(x, y) = 0 defines y implicitly as a differentiable function of x, that is, 
y = f(x), where F(x, f(x)) = 0 for all x in the domain of f. If F is differentiable, we can 
apply Case 1 of the Chain Rule to differentiate both sides of the equation F(x, y) = 0 
with respect to x. Since both x and y are functions of x, we obtain 


OF dx OF dy 
+ =0 
ax dx dy dx 


But dx/dx = 1, so if 0F/dy ¥ 0 we solve for dy/dx and obtain 


To derive this equation we assumed that F(x, y) = 0 defines y implicitly as a function 
of x. The Implicit Function Theorem, proved in advanced calculus, gives conditions 
under which this assumption is valid: it states that if F' is defined on a disk containing 
(a, b), where F(a, b) = 0, F,(a, b) # 0, and F, and F, are continuous on the disk, then 
the equation F(x, y) = 0 defines y as a function of x near the point (a, b) and the deriva- 
tive of this function is given by Equation 5. 


EXAMPLE 8 Find y’ if x? + y* = 6xy. 
SOLUTION The given equation can be written as 

F(x, y) =x? + y? - 6xy =0 
so Equation 5 gives 


ay. Ff 3 =ty_ w= 2y 
dx F, 3y? — 6x yo = Oe 


Now we suppose that z is given implicitly as a function z = f(x, y) by an equation of 
the form F(x, y, z) = 0. This means that F(x, y, f(x, y)) = 0 for all (x, y) in the domain 
of f. If F and f are differentiable, then we can use the Chain Rule to differentiate the 
equation F(x, y, z) = 0 as follows: 


OF ox OF oy OF dz 
Ox Ox Oy Ox oz Ox 


0 
But —(x)=1 and 
Ox 


so this equation becomes 
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If 0F/dz # 0, we solve for dz/dx and obtain the first formula in Equations 6. The for- 
mula for dz/dy is obtained in a similar manner. 


aF aF 

Oz ax Fy Oz ay Fy 

[6] ax ar SF ay ar CO, 
az az 


Again, a version of the Implicit Function Theorem stipulates conditions under which 
our assumption is valid: if F is defined within a sphere containing (a, b, c), where 
F(a, b, c) = 0, F.(a, b, c) ~ 0, and F,, F,, and F, are continuous inside the sphere, then 
the equation F(x, y, z) = 0 defines z as a function of x and y near the point (a, b, c) and 
this function is differentiable, with partial derivatives given by (6). 


0 0 
EXAMPLE 9 Find — and if x" ty +24 6xyz+4=0. 
x y 


SOLUTION Let F(x, y,z) =x° + y* + 23 + 6xyz + 4. Then, from Equations 6, we 


have 
OZ F, = 3x7 + 6yz _ xe + 2yz 
The solution to Example 9 should Ox F, 32° + 6xy 2 + 2xy 
be compared to the one in 
Example 14.3.5. oz OU 3y? + 6xz = y? + 2xz “i 
oy F, 32° + 6xy 2 + 2xy 


14.5) Exercises 


1-2 Find dz/dt in two ways: by using the Chain Rule, and by first 
substituting the expressions for x and y to write z as a function 
of t. Do your answers agree? 


lz=x*y+xy’, x=34, y=? 


2.z=xye’”, x=, y=5t 


3-8 Use the Chain Rule to find dz/dt or dw/dt. 


2 


3.z=xy?—-—xy, x=4H1, y=r-1 


x7 y Tt =—7t 
; e 
x + 2y 


4. 2 


5.z=sinxcosy, x=Vt, y=1/t 


6.2=J/l+xy, x=tant, y=arctant 


7.w=xe", x=, y=l—-t z=14+2t 


8. w = Inv/x? 4 y?+2°, x=sint, y=cost, z= tant 


9-10 Find 0z/ds and dz/dt in two ways: by using the Chain Rule, 
and by first substituting the expressions for x and y to write z as a 
function of s and t. Do your answers agree? 


2 


92=x +y*, x=2s5+3t, y=stt 


10.z=x’siny, x=s*t, y=st 


11-16 Use the Chain Rule to find 0z/ds and dz/0t. 


2 


1. z=(x—y), x=s7t, y=st 


12. z=tan ‘(x° + y’), x=sInt, y=te° 


13. z= In(3x + 2y), x=ssint, y=tcoss 


14.72= Jee", x=ltst y=s*-?P 


15. z=(sin0)/r, r=st, 0=s°? +0? 


16. z=tan(u/v), u=2s + 3t, v= 3s — 2t 


17. Suppose f is a differentiable function of x and y, and 
P(t) = (9), A@), 2) = 4, 9'(2) = —3, h(2) = 5, 
h'(2) = 6, fr(4, 5) = 2, fi(4, 5) = 8. Find p’(2). 
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18. Let R(s, t) = G(u(s, t), v(s, t)), where G, u, and v are dif- 30. u=xe”, x=a’B, y=B’y, t=y’a; 
ferentiable, u(1, 2) = 5, u,(1, 2) = 4, u.(1, 2) = —3, ay aw du 
v(1, 2) = 7, v,(1, 2) = 2, »,(1, 2) = 6, G,(5, 7) = 9, —, —, — whena=-1,8B=2,y=1 
G,(5, 7) = —2. Find R,(1, 2) and R,(1, 2). da 0B day 
19. Suppose f is a differentiable function of x and y, and 31-34 Use Equation 5 to find dy/dx. 
glu, v) = f(e" + sin v, e“ + cos v). Use the table of values ; 5 : 
to calculate g,(0, 0) and g,(0, 0). 31. ycosx=x*> + y 32. cos(xy) = 1 + siny 
33. tan '(x*y) =x + xy’ 34. e’sinx =x + xy 
(0, 0) 3 6 4 8 35-38 Use Equations 6 to find dz/dx and 0z/dy. 
(1, 2) 6 3 2 5 35. x° + 2y°4+ 37 =1 36. x —-yt+27-27=4 
37. e? = xyz 38. yz +xIny=2 


20. Suppose f is a differentiable function of x and y, and 
g(r, 8) = f(2r — s,s? — 4r). Use the table of values in 


Exercise 19 to calculate g,(1, 2) and g,(1, 2). 39. The temperature at a point (x, y) is T(x, y), measured in 
degrees Celsius. A bug crawls so that its position after t sec- 
21-24 Use a tree diagram to write out the Chain Rule for the onds is given by x = /1 + ¢,y =2 + 51, where x and y are 
given case. Assume all functions are differentiable. measured in centimeters. The temperature function satisfies 


T.(2, 3) = 4 and T,(2, 3) = 3. How fast is the temperature 


21. u=f(%,y), where x = x(7, 8,1), y= yr 8 rising on the bug’s path after 3 seconds? 


22. w= f(x, y,z), where x = x(u, v), y = y(u, v), 2 = z(u,v) 40. Wheat production W in a given year depends on the average 
temperature T and the annual rainfall R. Scientists estimate 


23. T= F(p,q,r), where p = p(x, y,z), q = q(x, Y, 2), that the average temperature is rising at a rate of 0.15°C/year 


r= r(x, y, 2) and rainfall is decreasing at a rate of 0.1 cm/year. They also 
estimate that at current production levels, (W/dT = —2 
24. R= F(t,u) wheret = t(w, x,y,z), u = u(w, x, y, Z) and aW/aR = 8. 
(a) What is the significance of the signs of these partial 
25-30 Use the Chain Rule to find the indicated partial derivatives? 
derivatives. (b) Estimate the current rate of change of wheat production, 
25.z=x'+2x7y, x=st+2t-—u, y=stu; aW/dt. 
41. The speed of sound traveling through ocean water with salin- 
dz Oz Oz ; : 
Sat et oa whens = 4,f=2,u=1 ity 35 parts per thousand has been modeled by the equation 
Ss ot Ou 
C = 1449.2 + 4.6T — 0.055T* + 0.000297? + 0.016D 
v 
26. T= Sea u= paqvr, v= pvVar; where C is the speed of sound (in meters per second), T 
is the temperature (in degrees Celsius), and D is the depth 
oT oT oT below the ocean surface (in meters). A scuba diver began a 
—, — — whenp=2,¢g=1,r=4 : wo : ar 
dp’ dq’ or leisurely dive into the ocean water; the diver’s depth and the 
surrounding water temperature over time are recorded in the 
27. w=xy+yz+2x%, x=rcosé, y=rsind, z=ré; following graphs. Estimate the rate of change (with respect 
a Sb to time) of the speed of sound through the ocean water expe- 
ae 30 when r = 2, 0 = 77/2 rienced by the diver 20 minutes into the dive. What are the 
: units? 
28. P= Ju2 + 02 + w?2, u=xe’*, v=ye*, w=e”; +" 
dP oP 7 
—, — whenx=0,y=2 14 
ox Oy . 
. 12 
ie 10 
29. N P qd p=utovw, qzavtuw, r=wt uo; 8 
prr ca jp | | | | fj iy 
10 20 30 40 ¢ 
ON ON ON i 
—, —, — whenu=2,0=3,w=4 (min) 
du ov ow Depth Water temperature 
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42. The radius of a right circular cone is increasing at a rate of 
1.8 in/s while its height is decreasing at a rate of 2.5 in/s. At 
what rate is the volume of the cone changing when the radius 
is 120 inches and the height is 140 inches? 


43. The length ¢, width w, and height h of a box change with 

time. At a certain instant the dimensions are ¢ = 1 m and 
= h = 2m, and f and w are increasing at a rate of 2 m/s 

while / is decreasing at a rate of 3 m/s. At that instant find 
the rates at which the following quantities are changing. 
(a) The volume 
(b) The surface area 
(c) The length of a diagonal 


44. The voltage V in a simple electrical circuit is slowly decreas- 
ing as the battery wears out. The resistance R is slowly 
increasing as the resistor heats up. Use Ohm’s Law, V = JR, 
to find how the current / is changing at the moment when 
R = 400 Q, J = 0.08 A, dV/dt = —0.01 V/s, and 
dR/dt = 0.03 0/s. 


45. The pressure of | mole of an ideal gas is increasing at a rate 
of 0.05 kPa/s and the temperature is increasing at a rate of 
0.15 K/s. Use the equation PV = 8.31T in Example 2 to find 
the rate of change of the volume when the pressure is 20 kPa 
and the temperature is 320 K. 


46. A manufacturer has modeled its yearly production function P 
(the value of its entire production, in millions of dollars) as a 
Cobb-Douglas function 


P(L, K) = 1.47L°%K%5 


where L is the number of labor hours (in thousands) and K is 
the invested capital (in millions of dollars). Suppose that when 
L = 30 and K = 8, the labor force is decreasing at a rate of 
2000 labor hours per year and capital is increasing at a rate of 
$500,000 per year. Find the rate of change of production. 


47. One side of a triangle is increasing at a rate of 3 cm/s and a 
second side is decreasing at a rate of 2 cm/s. If the area of the 
triangle remains constant, at what rate does the angle between 
the sides change when the first side is 20 cm long, the second 
side is 30 cm, and the angle is 7/6? 


48. Doppler Effect A sound with frequency f, is produced by a 
source traveling along a line with speed »,. If an observer is 
traveling with speed v, along the same line from the opposite 
direction toward the source, then the frequency of the sound 
heard by the observer is 


ct 0, 
fo= (<**), 
C— Ds 


where c is the speed of sound, about 332 m/s. (This is the 
Doppler effect.) Suppose that, at a particular moment, you 
are in a train traveling at 34 m/s and accelerating at 1.2 m/s’. 
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A train is approaching you from the opposite direction on the 
other track at 40 m/s, accelerating at 1.4 m/s’, and sounds its 
whistle, which has a frequency of 460 Hz. At that instant, 
what is the perceived frequency that you hear and how fast is 
it changing? 

49-50 Assume that all the given functions are differentiable. 


49. If z = f(x, y), where x = rcos @ and y = rsin 9, (a) find 
dz/dr and 0z/00 and (b) show that 


dz \? _ [ 9 2 az \? _ Lf oz 
ax) \ay ar) r? \a0 
50. If wu = f(x, y), where x = e* cos t and y = e’ sin t, show that 
au \* au \* = au \* au \* 
t ee t 
Ox oy Os ot 


51-55 Assume that all the given functions have continuous 
second-order partial derivatives. 


51. Show that any function of the form 


z= f(x + at) + g(x — at) 


is a solution of the wave equation 


az j az 


Se ge 
at? ax? 
[Hint: Let u = x + at,v = x — at.] 


52. If u = f(x, y), where x = e* cos t and y = e’ sin t, show that 


ru ru 24 ru ru 
at enon t = 
gS as? ot 


53. If z = f(x, y), where x = r* + s* and y = 2rs, find 0°z/dr ds. 
(Compare with Example 7.) 


54. If z = f(x, y), where x = rcos@ and y = rsin@, find 
(a) dz/dr, (b) 02/00, and (c) 0*z/dr 00. 


55. If z = f(x, y), where x = rcos@ and y = rsin@, show that 


Oz Oz Oz ; 1 az ; 1 oz 
ax? oy" ae 06? + Or 


56-58 Homogeneous Functions A function f is called homoge- 
neous of degree n if it satisfies the equation 


f (tx, ty) = t"f (x, y) 


for all t, where 7 is a positive integer and f has continuous 
second-order partial derivatives. 


56. Verify that f(x, y) = x°y + 2xy? + S5y* is homogeneous 
of degree 3. 
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57. Show that if f is homogeneous of degree n, then two: z = f(x, y), y = g(x, z), x = h(y, z). If F is differentiable 
of of and F,, F,, and F- are all nonzero, show that 
(a) ae + y—=nf(x, y) 
x oy 
; : : F 0z Ox Oy 
[Hint: Use the Chain Rule to differentiate f (zx, ty) — SS] 
with respect to f.] ax dy dz 
, of of , of : : aes . 
(b) x° —> + 2xy ty 7 = n(n — 1)f(x, y) 60. Equation 5 is a formula for the derivative dy/dx of a function 
o anay ay defined implicitly by an equation F(x, y) = 0, provided that 
58. If f is homogeneous of degree n, show that F is differentiable and F,, # 0. Prove that if F has continuous 
4 second derivatives, then a formula for the second derivative 
filtx, ty) = 0" 'felx, y) of y is 
59. Suppose that the equation F(x, y, z) = 0 implicitly defines d*y FoFy — 2FyFiFy + FyFe 
each of the three variables x, y, and z as functions of the other dx? F; 
14.6 | Directional Derivatives and the Gradient Vector 
The weather map in Figure 1 shows a contour map of the temperature function T(x, y) 
for the states of California and Nevada at 3:00 pm on a day in October. The level curves, 
or isothermals, join locations with the same temperature. The partial derivative 7, at a 
location such as Reno is the rate of change of temperature with respect to distance if we 
travel east from Reno; T, is the rate of change of temperature if we travel north. But what 
if we want to know the rate of change of temperature when we travel southeast (toward 
Las Vegas), or in some other direction? In this section we introduce a type of derivative, 
called a directional derivative, that enables us to find the rate of change of a function of 
two or more variables in any direction. 
0 50 100 150 200 
FIGURE 1 (Distance in miles) 


—@ Directional Derivatives 
Recall that if z = f(x, y), then the partial derivatives f. and f, are defined as 


f (x0 + h, yo) — f (Xo, yo) 
h 


f (x0, yo + h) — f(x, yo) 
h 


f(x, Yo) = lim 


11] 


ful%os Yo) = lim 


and represent the rates of change of z in the x- and y-directions, that is, in the directions 
of the unit vectors i and j. 
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yA Suppose that we now wish to find the rate of change of z at (xo, yo) in the direction of 
an arbitrary unit vector u = (a, b). (See Figure 2.) To do this we consider the surface S 
with the equation z = f(x, y) (the graph of f) and we let zo = f(xo, yo). Then the point 
P(x0, yo, Zo) lies on S. The vertical plane that passes through P in the direction of u inter- 
sects S in a curve C. (See Figure 3.) The slope of the tangent line T to C at the point P is 
the rate of change of z in the direction of u. 


(Xo» Yo) 
Zh 


FIGURE 2 
A unit vector u = (a, b) 


FIGURE 3 


If Q(x, y, z) is another point on C and P’, Q’ are the projections of P, Q onto the 
xy-plane, then the vector P’Q’ is parallel to u and so 


—> 
P'Q' = hu = (ha, hb) 


for some scalar h. Therefore x — xo = ha, y — yo = hb, so x = x09 + ha, y = yo + hb, 
and 

Az z-—2 _ f(xo0 + ha, yo + hb) — f(xo, yo) 

h h h 


If we take the limit as h — 0, we obtain the rate of change of z (with respect to distance) 
in the direction of u, which is called the directional derivative of f in the direction of u. 


[2] Definition The directional derivative of f at (xo, yo) in the direction of a 
unit vector u = (a, b) is 


f (xo + ha, Yo + hb) — f (x0, yo) 
h 


Daf (xo, Yo) = lim 


if this limit exists. 


By comparing Definition 2 with Equations 1, we see that if u =i = (1,0), then 
D,f = f, and if u = j = (0, 1), then D; f = f,. In other words, the partial derivatives of f 
with respect to x and y are just special cases of the directional derivative. 
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EXAMPLE 1 Use the weather map in Figure | to estimate the value of the directional 
derivative of the temperature function at Reno in the southeasterly direction. 


SOLUTION We start by drawing a line through Reno toward the southeast [in the 
direction of u = (i — j)//2; see Figure 4]. 


Francisco 


nay 
0 30) 100 150° 200: 
FIGURE 4 (Distance in miles) 


We approximate the directional derivative D, T by the average rate of change of the 
temperature between the points where this line intersects the isothermals T = 50 and 
T = 60. The temperature at the point southeast of Reno is T = 60°F and the tempera- 
ture at the point northwest of Reno is T = 50°F. The distance between these points 
looks to be about 75 miles. So the rate of change of the temperature in the southeasterly 
direction is 
_ 60-50 _ 10 


D,T = —— = — = 0.13°F/mi || 
75 75 0.13°F/mi 


When we compute the directional derivative of a function defined by a formula, we 
generally use the following theorem. 


[3] Theorem If f is a differentiable function of x and y, then f has a directional 
derivative in the direction of any unit vector u = (a, b) and 


Dau f(x, y) = f(x, y)a ++ Ge y)b 


PROOF If we define a function g of the single variable h by 
gh) = f (xo + ha, yo + hb) 
then, by the definition of a derivative, we have 


glh) — gO) _ Bai f(xo + ha, yo + hb) — f (xo, yo) 


[4] 9’) = lim i a h 
= Duf (Xo, yo) 
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On the other hand, we can write g(h) = f(x, y), where x = x9 + ha, y = yo + hb, so 
Case | of the Chain Rule (Theorem 14.5.1) gives 


of dx of dy 
i h _ io xs + New! b 
aera ay dh flx, y)a + fr y) 
YA 
If we now put h = 0, then x = x0, y = yo, and 
[5] g'(0) = fc(%o, Yo) a + fi(x0, Yo) b 
Comparing Equations 4 and 5, we see that 
Du f (Xo, Yo) = filXo, Yo) a + fi(Xo, Yo) b Z 
0 x 
‘ If the unit vector u makes an angle @ with the positive x-axis (as in Figure 5), then we 
can write u = (cos @, sin@) and the formula in Theorem 3 becomes 
FIGURE 5 A unit vector 
u = (cos 6, sin 6) [6] Daf (x, y) = f(x, y) cosO + fo(x, y) sind 


The directional derivative Dy f(1, 2) EXAMPLE 2 Find the directional derivative Dy f(x, y) if 
in Example 2 represents the rate of 


change of z in the direction of u. This {eae sy Hay 
is the slope of the tangent line to the 
curve of intersection of the surface and u is the unit vector in the direction given by angle 6 = 77/6, measured from the 


z= x — 3xy + 4y’ and the vertical positive x-axis. What is Dy f(1, 2)? 


plane through (1, 2, 0) in the direction SOLUTION Formula 6 gives 
of u shown in Figure 6. 


T 


z Du f(x, y) = fil, y) cos = + f(x, y) sin = 


3B 


2 


= 13 (3x? = 3x4 (8 = 3/3)y| 


1 
= (3x7 — 3y) + (-—3x + ae 


aoe - (1, 2, 0) Therefore 


D.f(t,2) = H[3v3()? — 30) + (@ - 3y3)Q@] = B= 
FIGURE 6 


@ The Gradient Vector 


Notice from Theorem 3 that the directional derivative of a differentiable function can be 
written as the dot product of two vectors: 


Di f(s 9) =L@, ya + (a, yb 
= (Ae) PPO 4G) 
= (f(x y), Ax, y)) - 


The first vector in this dot product occurs not only in computing directional derivatives 
but in many other contexts as well. So we give it a special name (the gradient of f) and 
a special notation (grad f or Vf, which is read “del f”). 
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Definition If f is a function of two variables x and y, then the gradient of f 
is the vector function Vf defined by 


V(x y) = (fel, y)s fy y)) = 


of 
Ox 


EXAMPLE 3 If f(x, y) = sin x + e*’, then 
Vil y) = ‘Touts? a (cos x ae ye*’, xe*”) 
and VF(0, 1) = (2,0) . 


With this notation for the gradient vector, we can rewrite Equation 7 for the direc- 
tional derivative of a differentiable function as 


[9] Duf(x, y) = Vf(~ y)*u 


This expresses the directional derivative in the direction of a unit vector u as the scalar 
projection of the gradient vector onto u. 


The gradient vector Vf(2, —1) in EXAMPLE 4 Find the directional derivative of the function f(x, y) = x*y* — 4y at the 
Example 4 is shown in Figure 7 with point (2, —1) in the direction of the vector v = 2i + 5j. 

initial point (2, — 1). Also shown is the 
vector v that gives the direction of 
the directional derivative. Both of _ a5 58) . 
these vectors are superimposed ona V(x, y) = 2xy"i + Gx'y" — 4)j 


contour plot of the graph of f. Vf(2, -1) = —4i + 8j 


SOLUTION We first compute the gradient vector at (2, —1): 


Note that v is not a unit vector, but since | v| = ./29, the unit vector in the direction 
of v is 


Vv 2, Df. 4 
= i+ J 
lvl ./29 /29 


Therefore, by Equation 9, we have 


u= 


Daf 2, -1) = Vf2, -1) +a = ( aie ey- (Fett Fea) 


452485 32 


FIGURE 7 uee oa 


® Functions of Three Variables 


For functions of three variables we can define directional derivatives in a similar manner. 
Again D, f(x, y, z) can be interpreted as the rate of change of the function in the direction 
of a unit vector u. 
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Definition The directional derivative of f at (xo, yo, Zo) in the direction of 
a unit vector u = (a, b, c) is 


f(xo + ha, yo + hb, 2 + he) — f (xo, yo, Zo) 
h 


Daf (Xo, Y0> Zo) = lim 


if this limit exists. 


If we use vector notation, then we can write both definitions (2 and 10) of the direc- 
tional derivative in the compact form 


(Xo + hu) — f(xo) 
h 


[11] Dif (Xo) = iim 


where Xo = (Xo, Yo) if n = 2 and Xo = (Xo, yo, Zo) if n = 3. This is reasonable because 
the vector equation of the line through Xp in the direction of the vector u is given by 
X = Xo + tu (Equation 12.5.1) and so f(xo + hu) represents the value of f at a point on 
this line. 

If f(x, y, z) is differentiable and u = (a, b, c), then the same method that was used to 
prove Theorem 3 can be used to show that 


[12] Duf(%, ¥, 2) = fil% y, a + fr y, 2)b + FQ, y, Ze 
For a function f of three variables, the gradient vector, denoted by Vf or grad /, is 


Vi (x, y, z) — (6G, y> £); AG, y, i) fx, y, z)) 


or, for short, 


[73] W=GEp p= 142 
Ox oy Oz 


Then, just as with functions of two variables, Formula 12 for the directional derivative 
can be rewritten as 


Du f(x, y, 2) = V(x y,z) + U 


EXAMPLE 5 If f(x, y, z) = xsin yz, (a) find the gradient of f and (b) find the direc- 
tional derivative of f at (1, 3, 0) in the direction of v =i + 2j — k. 


SOLUTION 
(a) The gradient of f is 


VI (% Ys Z) = (fs Ys Z)s Hy Ys 2), fA Ys Z)) 


= (sin yz, XZ COS yz, XY COS yz) 
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(b) At (1, 3, 0) we have Vf(1, 3, 0) = (0, 0, 3). The unit vector in the direction of 
v=i+2j—kis 


Therefore Equation 14 gives 


Daf (1, 3, 0) = Vf, 3,0) + u 
= sk- (i+ 4j-4r) 
v6 Vo" 6 
1 3 
-3( =) ~ V3 . 


MH Maximizing the Directional Derivative 


Suppose we have a function f of two or three variables and we consider all possible 
directional derivatives of f at a given point. These give the rates of change of f in all 
possible directions. We can then ask the questions: in which of these directions does f 
change fastest and what is the maximum rate of change? The answers are provided by the 
following theorem. 


[15| Theorem Suppose f is a differentiable function of two or three variables. 


The maximum value of the directional derivative Dy f(x) is | V(x) | and it occurs 
when u has the same direction as the gradient vector V(x). 


PROOF From Equation 9 or 14 and using Theorem 12.3.3, we have 
Dif = Vf: u=|Vf||u| cosé = |Vf| cosé 


where @ is the angle between Vf and u. The maximum value of cos @ is | and this 
occurs when 6 = 0. Therefore the maximum value of D, f is | Vf | and it occurs when 
0 = 0, that is, when u has the same direction as Vf. |_| 


EXAMPLE 6 


(a) If f(x, y) = xe’, find the rate of change of f at the point P(2, 0) in the direction 
from P to ols, 2). 

(b) In what direction does f have the maximum rate of change? What is this maximum 
rate of change? 


SOLUTION 
(a) We first compute the gradient vector: 


V(x, ¥) = (fer fr) = (e*, xe”) 
Vf(2, 0) = (1, 2) 
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At (2, 0) the function in Example 6 
increases fastest in the direction of 
the gradient vector Vf(2, 0) = (1, 2). 
Notice from Figure 8 that this vector 
appears to be perpendicular to the 
level curve through (2, 0). Figure 9 
shows the graph of f and the gradient 
vector. 
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= 
The unit vector in the direction of PQ = (-3, 2) isu = (=3, a) so the rate of change 
of f in the direction from P to Q is 


Dy f(2, 0) = Vf(2, 0) + u = (1,2) + (-3,4) =1 


(b) According to Theorem 15, f increases fastest in the direction of the gradient vector 
Vf(2, 0) = (1, 2). The maximum rate of change is 


| VF(2, 0)| = |(1,2)| =/5 | 


FIGURE 8 FIGURE 9 


EXAMPLE7 Suppose that the temperature at a point (x, y, z) in space is given by 
T(x, y, z) = 80/(1 + x* + 2y* + 3z”), where T is measured in degrees Celsius and 
x, y, Zin meters. In which direction does the temperature increase fastest at the point 
(1, 1, —2)? What is the maximum rate of increase? 


SOLUTION The gradient of T is 


160x i 320y : 480z 
(1 + x? + 2y? + 32°) (1 + x? + 2y? + Ee (1 + x? + 2y? + 32°) 


160 
= i— 2yj k 
(1 + x? + 2y? + 32’) a, a 


At the point (1, 1, —2) the gradient vector is 
VI(1, 1, —2) = 382(-i — 2j + 6k) = 3(-i — 2j + 6k) 


By Theorem 15 the temperature increases fastest in the direction of the gradient vector 
VI(1, 1, —2) = 3(-i — 2j + 6k) or, equivalently, in the direction of —i — 2j + 6k 


or the unit vector (—i — 2j + 6k)/./41. The maximum rate of increase is the length of 
the gradient vector: 


| V7(1, 1, —2)| = 3|-i — 2j + 6k| = 3/41 


Therefore the maximum rate of increase of temperature is 2/41 = 4°C/m. a 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1002 CHAPTER 14 Partial Derivatives 


® Tangent Planes to Level Surfaces 


Suppose S is a surface with equation F(x, y, z) = k, that is, it is a level surface of a func- 
tion F of three variables, and let P(xo, yo, Zo) be a point on S. Let C be any curve that lies 
on the surface S and passes through the point P. Recall from Section 13.1 that the 
curve C is described by a continuous vector function r(¢) = (x(2), y(t), z(t) ). Let fo be the 
parameter value corresponding to P; that is, r(to) = (xo, yo, Zo). Since C lies on S, any 
point (x(t), y(), 2(t)) must satisfy the equation of S, that is, 


F(x(1), y(0), 2() = k 


If x, y, and z are differentiable functions of t and F is also differentiable, then we can use 
the Chain Rule to differentiate both sides of Equation 16 as follows: 


OF dx OF dy OF dz 
~ + = 


17 
el ox dt dy dt dz dt 


But, since VF = (F,, F,, F-) andr'(t) = (x’(0), y'(0), z()), Equation 17 can be written in 
terms of a dot product as 

VF -r'(t) =0 
In particular, when t = fo we have r(to) = (Xo, yo, Zo), SO 


VF(x0, Yo, Zo) * ¥'(to) = 0 


Equation 18 says that the gradient vector at P, VF(x0, yo, Zo), is perpendicular to the 
tangent vector r'(to) to any curve C on S that passes through P. (See Figure 10.) If 


VF (Xo, Yoo Zo) 


tangent plane = VF(Xxo, yo, Zo) ~ 0, it is therefore natural to define the tangent plane to the level surface 
F(x, y, z) = k at P(xo, yo, Zo) as the plane that passes through P and has normal vector 
VF(xo, yo, Zo). Using the standard equation of a plane (Equation 12.5.7), we can write the 
equation of this tangent plane as 


| 
 —_ 


Za 
Si 
4 F(X, Yos Zo)(x — x0) + Fy(Xo, Yo, Z0)(¥ — yo) + F.(xo, Yo, Z0)(z — Zo) = 0 
FIGURE 10 


The normal line to S at P is the line passing through P and perpendicular to the tan- 
gent plane. The direction of the normal line is therefore given by the gradient vector 
VF(xo, yo, Zo) and so, by Equation 12.5.3, its symmetric equations are 


x = Xo y — yo Z— Zo 
: - 


F(x, Yo, zo) F,(x0, Yo, zo) F(x, Yo, Zo) 


EXAMPLE 8 Find the equations of the tangent plane and normal line to the ellipsoid 
xe Ages o . F 
4 > "9 

at the point (—2, 1, —3). 

SOLUTION The ellipsoid is the level surface (with k = 3) of the function 
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Figure 11 shows the ellipsoid, tangent 
plane, and normal line in Example 8. 


0 0 -2 
y . Ed 


FIGURE 11 


Compare the solution to Example 9 to 


the one in Example 14.4.1. 
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Therefore we have 


2 
F(x, 9,2) = F(x, y, z) = 2y F(x, y, 2) = = 
FA+2,1,-3) = “1 F,(—2, 1, -3) = 2 F{-2, 1, -3) = -3 
Then Equation 19 gives the equation of the tangent plane at (—2, 1, —3) as 
—1(x + 2) + 2(y — 1) — 3(2 + 3) =0 
which simplifies to 3x — 6y + 2z + 18 = 0. 
By Equation 20, symmetric equations of the normal line are 
KD yo Z+3 
= 2 =; 


In the special case in which the equation of a surface S is of the form z = f(x, y) 
(that is, S is the graph of a function f of two variables), we can rewrite the equation as 


F(x, y, z) = f(x,y) —z=0 
and regard S as a level surface (with k = 0) of F. Then 
F (Xo, Yo, Zo) = fe(Xo, Yo) 
F (xo, Yo, 20) = fy(Xo, Yo) 
FAX, Yo, 70) = —1 
so Equation 19 becomes 
fi(%o, Yo)(x — x0) + fr(%o, YoY — yo) — (z — 20) = 0 


which is equivalent to Equation 14.4.2. Thus our new, more general, definition of a tan- 
gent plane is consistent with the definition that was given for the special case of 
Section 14.4. 


EXAMPLE 9 Find the tangent plane to the surface z = 2x* + y? at the point (1, 1, 3). 


SOLUTION The surface z = 2x? + y? or, equivalently, 2x* + y* — z = Oisa level 
surface (with k = 0) of the function 


F(x, y,Z) = 2x7 + y?-2z 
Then 


F(x, y, z) = 4x F,(x, y, z) = 2y F(x, y,z) = —1 
F.(1, 1,3) = 4 Fy, 1,3) = 2 F.(1, 1,3) = -1 
By Equation 19 the equation of the tangent plane at (1, 1, 3) is 


A(x — 1) + Ay -) -@-3)=0 


which simplifies to z = 4x + 2y — 3. a 
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vR VF(X0. Yo) 
@, 
level curve — 
f(x y)=k 
> 
0 x 
FIGURE 12 


curve of 
steepest 
ascent 


FIGURE 13 


100 


FIGURE 14 


B® Significance of the Gradient Vector 


We first consider a function f of three variables and a point P(xo, yo, Zo) in its domain. 
We know from Theorem 15 that the gradient vector Vf(xo, yo, 20) gives the direction of 
fastest increase of f. We also know that Vf(%o, yo, Zo) is orthogonal to the level surface S 
of f through P. (Refer to Figure 10.) These two properties are quite compatible intui- 
tively because as we move away from P on the level surface S, the value of f does not 
change at all. So it seems reasonable that if we move in the perpendicular direction, we 
get the maximum increase. 

In like manner we consider a function f of two variables and a point P(xo, yo) in its 
domain. Again the gradient vector Vf (xo, yo) gives the direction of fastest increase of f. 
Also, by considerations similar to our discussion of tangent planes, it can be shown that 
Vf (xo, yo) is perpendicular to the level curve f(x, y) = k that passes through P. Again 
this is intuitively plausible because the values of f remain constant as we move along the 
curve (see Figure 12). 

We now summarize the ways in which the gradient vector is significant. 


Properties of the Gradient Vector Let f be a differentiable function of two or 
three variables and suppose that Vf(x) # 0. 


e The directional derivative of f at x in the direction of a unit vector u is given 
by Du f(x) = Vf(x) * u. 

e Vf(x) points in the direction of maximum rate of increase of f at x, and 
that maximum rate of change is | Vf(x) |. 


e Vf(x) is perpendicular to the level curve or level surface of f through x. 


If we consider a topographical map of a hill and let f(x, y) represent the height above 
sea level at a point with coordinates (x, y), then a curve of steepest ascent can be drawn 
as in Figure 13 by making it perpendicular to all of the contour lines. This phenomenon 
can also be noticed in Figure 14.1.12, where Lonesome Creek follows a curve of steepest 
descent. 

Mathematical software can plot sample gradient vectors, where each gradient vector 
V f(a, b) is plotted starting at the point (a, b). Figure 14 shows such a plot (called a gradi- 
ent vector field) for the function f(x, y) = x* — y* superimposed on a contour map of f. 
As expected, the gradient vectors point “uphill” and are perpendicular to the level curves. 
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14.6 | Exercises 


1. Level curves for barometric pressure (in millibars) are 
shown for 6:00 AM on a day in November. A deep low with 
pressure 972 mb is moving over northeast Iowa. The dis- 
tance along the red line from K (Kearney, Nebraska) to S$ 
(Sioux City, Iowa) is 300 km. Estimate the value of the direc- 
tional derivative of the pressure function at Kearney in the 
direction of Sioux City. What are the units of the directional 
derivative? 


2. The contour map shows the average maximum temperature 
for November 2004 (in °C). Estimate the value of the direc- 
tional derivative of this temperature function at Dubbo, 
New South Wales, in the direction of Sydney. What are 
the units? 


3. The wind-chill index W is the perceived temperature 
when the actual temperature is T and the wind speed is v, 
so we can write W = f(T, v). The following table of 
values is an excerpt from Table 1 in Section 14.1. Use 


the table to estimate the value of Dy f(—20, 30), where 
u= (i+ j)/v2. 


Wind speed (km/h) 
° 7 | 2 30 40 50 60 70 
E 10 18 20 21 22 23 23 
zg 15 24 26 27 29 30 30 
- 20 30 33 34 35 36 37 
2 ie 37 39 41 42 43 44 


4-7 Find the directional derivative of f at the given point in the 
direction indicated by the angle 0. 


4. f(x,y) =xy? — x7, (1,2), = 7/3 
5. f(x,y) =ycos(xy), (0,1), @=7/4 
6. f(x,y) = V2x + 3y, 3,1, 0 =—1/6 
7. f(x,y) = arctan(xy), (2, -3), 0 = 37/4 


8-12 

(a) Find the gradient of f. 

(b) Evaluate the gradient at the point P. 

(c) Find the rate of change of f at P in the direction of the 
vector u. 


8. f(x,y) =xe’, PG,0), u=s3i- 4) 

9. f(x,y) =x/y, PQ2,1), u=sit5j 

10. f(x,y) =x*Iny, PB,1), u= —fi at Bj 

11. f(x,y, z) = x’yz — xyz’, P(2,-1,1), u= (0, 4, —3) 
12. f(uy2=ye™, PO1.-1), u=(34,3) 


13-19 Find the directional derivative of the function at the given 
point in the direction of the vector v. 


13. f(x,y) =e*siny, (0,7/3), v= (-6,8) 

14, f(x,y) ae (1,2), v=@,5) 

15. gs.) =svt, (2,4, v=2i-j 

16. glu,v) =u’e’, (3,0), v=3it+ 4j 

17. f(x, y,z) =x’y + yz, (1,2,3), v= (2,—-1,2) 
18. f(x, y,z) =xy’tan'z, (2,1,1), v=(,1,1) 


19. A(r, s,t) =In@r + 6s + 92), (1,1, 1), 
v=4i+ 12j + 6k 
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20. Use the figure to estimate Dy f(2, 2). 


» (2, 2) 


21-25 Find the directional derivative of the function at the 
point P in the direction of the point Q. 


21. f(x,y) = xy? — y*, PC, 2), 


22, f(x, 9) =a PG, -1), 


Q(—3, 5) 
Q(—2, 11) 


23. f(x,y) =Vvxy, P(2,8), (5,4) 
24. f(x, y,z) =xy*z*, P(2,1,1), @(0, -3, 5) 
25. f (x,y,z) =xy — xy*z*, P(2,-1,1), (5, 1,7) 


26. The contour map of a function f is shown. At points P, Q, 
and R, draw an arrow to indicate the direction of the gradient 


vector. 
PNY, 
10 8 
)) 6 


2 


ws 


27-32 Find the maximum rate of change of f at the given point 
and the direction in which it occurs. 


27. f(x,y) =5xy’, (3, —2) 


Ss 
pap To? 


28. f(s, 1) = 


29. f(x, y) = sin(xy), (1, 0) 

30. f(x, y,z) = xIn(yz), (1, 2,4) 
31. f(x, y,z) =x/(y +z), (8, 1, 3) 
32. f(p, q,r) = arctan(pqr), (1, 2, 1) 


33. Direction of Most Rapid Decrease 

(a) Show that a differentiable function f decreases most 
rapidly at x in the direction opposite the gradient vector, 
that is, in the direction of —V/f(x), and that the maximum 
rate of decrease is —| Vf (x) |. 

(b) Use the result of part (a) to find the direction in which the 
function f(x, y) = x*y — x*y? decreases fastest at the 
point (2, —3). What is the rate of decrease? 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Find the directions in which the directional derivative of 
f(x, y) = x? + xy? at the point (2, 1) has the value 2. 


Find all points at which the direction of greatest rate of change 


of the function f(x, y) = x7 + y? — 2x — 4yisit+ j. 


Near a buoy, the depth of a lake at the point with coordinates 
(x, y) is z = 200 + 0.02x” — 0.001y*, where x, y, and z are 
measured in meters. A fisherman in a small boat starts at the 
point (80, 60) and moves toward the buoy, which is located at 
(0, 0). Is the water under the boat getting deeper or shallower 
when he departs? Explain. 


The temperature T in a metal ball is inversely proportional to 

the distance from the center of the ball, which we take to be 

the origin. The temperature at the point (1, 2, 2) is 120°. 

(a) Find the rate of change of T at (1, 2, 2) in the direction 
toward the point (2, 1, 3). 

(b) Show that at any point in the ball the direction of greatest 
increase in temperature is given by a vector that points 
toward the origin. 


The temperature at a point (x, y, z) is given by 
T(x, y, z) = 200e7* 37-9” 


where T is measured in °C and x, y, z in meters. 
(a) Find the rate of change of temperature at the point 
P(2, —1, 2) in the direction toward the point (3, —3, 3). 
(b) In which direction does the temperature increase fastest 
at P? 
(c) Find the maximum rate of increase at P. 


Suppose that over a certain region of space the electrical 

potential V is given by V(x, y, z) = 5x? — 3xy + xyz. 

(a) Find the rate of change of the potential at P(3, 4, 5) in the 
direction of the vectorv =i+ j —k. 

(b) In which direction does V change most rapidly at P? 

(c) What is the maximum rate of change at P? 


Suppose you are climbing a hill whose shape is given by the 

equation z = 1000 — 0.005x? — 0.01y’, where x, y, and z 

are measured in meters, and you are standing at a point with 

coordinates (60, 40, 966). The positive x-axis points east and 

the positive y-axis points north. 

(a) If you walk due south, will you start to ascend or 
descend? At what rate? 

(b) If you walk northwest, will you start to ascend or 
descend? At what rate? 

(c) In which direction is the slope largest? What is the rate of 
ascent in that direction? At what angle above the horizon- 
tal does the path in that direction begin? 


Let f be a function of two variables that has continuous par- 
tial derivatives and consider the points A(1, 3), B(3, 3), 

C(1, 7), and D(6, 15). The directional derivative of f at A in 
the direction of the vector AB is 3, and the directional deriva- 
tive at A in the direction of AC is 26. Find the directional 
derivative of f at A in the direction of the vector AD. 
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42. Shown is a topographic map of Blue River Pine Provincial 
Park in British Columbia. Draw curves of steepest descent 
from point A (descending to Mud Lake) and from point B. 


BLUE & 


RIVER 


fi 
IH Ne 
43. Show that the operation of taking the gradient of a function 
has the given property. Assume that uw and v are differentiable 
functions of x and y and that a, b are constants. 

(a) Viau + bv) =aVu+bVv 

(b) V(uv) = uVo + 0Vu 


(c) x) ate uM (ay Ve Sn Va 
v v- 


44. Sketch the gradient vector V/(4, 6) for the function f# whose 
level curves are shown. Explain how you chose the direction 
and length of this vector. 


6+ =3 2 (4,6 
aa 
Al 1 3/5 


ae 


Hl cp cece 


RV 


ys 4s 


45-46 Second Directional Derivatives The second directional 
derivative of f(x, y) is 


Di f(x, y) = DulDu f(x y)] 


45. If f(x,y) =x° + Sx*y + yi andu = (z 2), calculate 
Dif, 1). 


46. (a) If u = (a, b) is a unit vector and f has continuous 
second partial derivatives, show that 


Dif = fra? + 2fryab + fib? 


(b) Find the second directional derivative of f(x, y) = xe?” in 
the direction of v = (4, 6). 
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47-52 Find equations of (a) the tangent plane and (b) the normal 
line to the given surface at the specified point. 


47. 2(x — 2)? + (y—- 1)? + ( — 3)? = 10, (3,3,5) 
48. x=y?+22+1, (3,1,-1 

49. xyz? =8, (2,2,1) 

50. xy +yz+2zx=5, (1,2, 1) 
§1.xt+y+z=e, (00,1) 

52. x4 + yt +24 = 3x7y?z?, (1,1, 1) 


53-54 Graph the surface, the tangent plane, and the normal line 
at the given point on the same screen. Choose a viewpoint so that 
you get a good view of all three objects. 


53. xy tyz+2zx=3, (11,1) 54. xyz=6, (1,2, 3) 


55. If f(x, y) = xy, find the gradient vector Vf (3, 2) and use it 
to find the tangent line to the level curve f(x, y) = 6 at the 
point (3, 2). Sketch the level curve, the tangent line, and the 
gradient vector. 


56. If g(x, y) =x* + y* — 4x, find the gradient vector Vg(1, 2) 
and use it to find the tangent line to the level curve 
g(x, y) = 1 at the point (1, 2). Sketch the level curve, the 
tangent line, and the gradient vector. 


57. Show that the equation of the tangent plane to the ellipsoid 
x*/a? + y*/b? + 2*/c* = 1 at the point (xo, yo, zo) can be 
written as 

XX0 YYo ZZo0 
a bP ce 


58. Find the equation of the tangent plane to the hyperboloid 
x*/a? + y*/b? — z*/c* = 1 at (xo, yo, Zo) and express it in a 
form similar to the one in Exercise 57. 


59. Show that the equation of the tangent plane to the elliptic 
paraboloid z/c = x*/a* + y*/b? at the point (xo, yo, Zo) can 
be written as 

2XxX0o 2yVo _ 2+ 2 


a’ b? c 


60. At what point on the ellipsoid x* + y* + 2z* = 1 is the 
tangent plane parallel to the plane x + 2y + z= 1? 


61. Are there any points on the hyperboloid x? — y? — z? = 1 
where the tangent plane is parallel to the plane z = x + y? 


62. Show that the ellipsoid 3x* + 2y* + z? = 9 and the sphere 
x? + y? + 2? — 8x — 6y — 8z + 24 = O are tangent to each 
other at the point (1, 1, 2). (This means that they have a com- 


mon tangent plane at the point.) 


63. Show that every plane that is tangent to the cone 
x* + y*? = z? passes through the origin. 


64. Show that every normal line to the sphere x? + y? + z* = r? 
passes through the center of the sphere. 
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65. Where does the normal line to the paraboloid z = x? + y? 73-74 Orthogonal Surfaces Two surfaces are called orthogo- 
at the point (1, 1, 2) intersect the paraboloid a second time? nal at a point of intersection if their normal lines are perpen- 

66. At what points does the normal line through the point as i 
(1, 2, 1) on the ellipsoid 4x? + y* + 4z? = 12 intersect the 73. Show that surfaces with equations F(x, y, z) = 0 and 
sphere x? + y? + z* = 102? G(x, y, z) = 0 are orthogonal at a point P where VF # 0 

67. Show that the sum of the x-, y-, and z-intercepts of any an gs Ue and only 
tangent plane to the surface x + Jy + Jz = Jc isa F.G, + FyG, + F.G,;=0 atP 
poder 74. Use Exercise 73 to show that the surfaces z? = x? + y? and 

68. Show that the pyramids cut off from the first octant by any x? + y? + 2? = r’ are orthogonal at every point of intersec- 
tangent planes to the surface xyz = | at points in the first tion. Can you see why this is true without using calculus? 
octant must all have the same volume. 

69. Find parametric equations for the tangent line to the curve 75. Suppose that the directional derivatives of f(x, y) are known 
of intersection of the paraboloid z = x? + y? and the ellip- at a given point in two nonparallel directions given by unit 
soid 4x? + y? + z* = 9 at the point (—1, 1, 2). vectors u and v. Is it possible to find Vf at this point? If so, 

it? 

70. (a) The plane y + z = 3 intersects the cylinder new vould youdasv) _ 

x? + y? = 5 in an ellipse. Find parametric equations 76. (a) Show that the function f(x, y) = </xy is continuous 
for the tangent line to this ellipse at the point (1, 2, 1). and the partial derivatives f, and f, exist at the origin, 

a (b) Graph the cylinder, the plane, and the tangent line on but the directional derivatives in all other directions do 
the same screen. not exist. 

71, Where does the helix r(t) = (cos vt, sin 7rf, t) intersect the (b) ns f near the origin and comment on how the graph 
paraboloid z = x* + y*? What is the angle of intersection Conninns panel), 
between the helix and the paraboloid? (This is the angle 77. Show that if z = f(x, y) is differentiable at xo = (Xo, yo), 
between the tangent vector to the curve and the tangent then 
plane to the paraboloid.) a f(x) — [f (x0) + Vf (Xo) + (x — Xo) ‘ 

72. The helix r(t) = (cos(t/2), sin(at/2), t) intersects the XX» |x — xo| 
sphere x? + y? + z? = 2 in two points. Find the angle of 
intersection at each point. [Hint: Use Definition 14.4.7 directly. ] 

14.7 | Maximum and Minimum Values 
@ Local Maximum and Minimum Values 
z absolute As we saw in Chapter 4, one of the main uses of ordinary derivatives is in finding maxi- 
ree maximum = mum and minimum values (extreme values). In this section we see how to use partial 
actin derivatives to locate maxima and minima of functions of two variables. In particular, in 
Example 6 we will see how to maximize the volume of a box without a lid if we have a 
| as = fixed amount of cardboard to work with. 
~ ‘ y Look at the hills and valleys in the graph of f shown in Figure |. There are two points 
lesa (a, b) where f has a local maximum, that is, where f(a, b) is larger than nearby values of 
absolute minimum f(x, y). Likewise, f has two local minima, where f(a, b) is smaller than nearby values. 
minimum : ; ; 
The largest value of f(x, y) on the domain of f is the absolute maximum, and the smallest 
FIGURE 1 value is the absolute minimum. 


[1] Definition A function of two variables has a local maximum at (a, b) if 
f(x y) < f(a, b) when (x, y) is near (a, b). [This means that f(x, y) < f(a, b) for 


all points (x, y) in some disk with center (a, b).] The number f(a, b) is called a 
local maximum value. If f(x, y) = f(a, b) when (x, y) is near (a, b), then f has a 
local minimum at (a, b) and f(a, b) is a local minimum value. 
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Notice that the conclusion of 
Theorem 2 can be stated in the 
notation of gradient vectors as 
Vif (a, b) = 0. 


x 
FIGURE 2 
z=x° ty 2x — 6y + 14 


FIGURE 3 


z=y—-x 


<y 
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Fermat’s Theorem (Section 4.1) states that, for single-variable functions, if f has a 
local maximum or minimum at c, and if f’(c) exists, then f’(c) = 0. The following theo- 
rem states a similar result for functions of two variables. 


[2] Theorem If f has a local maximum or minimum at (a, b) and the first-order 


partial derivatives of f exist there, then f,(a, b) = 0 and f,(a, b) = 0. 


PROOF Let g(x) = f(x, b). If f has a local maximum (or minimum) at (a, b), then g 
has a local maximum (or minimum) at a, so g'(a) = 0 by Fermat’s Theorem (see 
Theorem 4.1.4). But g(a) = f(a, b) (see Equation 14.3.1) and so f,(a, b) = 0. Simi- 
larly, by applying Fermat’s Theorem to the function G(y) = f(a, y), we obtain 

fla, b) = 0. = 


If we put f.(a, b) = 0 and f,(a, b) = 0 in the equation of a tangent plane (Equa- 
tion 14.4.2), we get z = zo. Thus the geometric interpretation of Theorem 2 is that if the 
graph of f has a tangent plane at a local maximum or minimum, then the tangent plane 
must be horizontal. 

A point (a, b) is called a critical point (or stationary point) of f if f(a, b) = 0 and 
f(a, b) = 0, or if one of these partial derivatives does not exist. Theorem 2 says that if f 
has a local maximum or minimum at (a, b), then (a, b) is a critical point of f. However, 
as in single-variable calculus, not all critical points give rise to maxima or minima. 


EXAMPLE 1 Let f(x, y) = x? + y? — 2x — 6y + 14. Then 


fx, y) = 2x — 2 S(x,y) = 2y — 6 
These partial derivatives are equal to 0 when x = | and y = 3, so the only critical point 
is (1, 3). By completing the square, we find that 


Fey) =4 4 GH 1 + (p= 3 


Since (x — 1)? = Oand (y — 3)? = 0, we have f(x, y) = 4 for all values of x and y. 
Therefore f(1, 3) = 4 is a local minimum, and in fact it is the absolute minimum of f. 
This can be confirmed geometrically from the graph of f, which is the elliptic parabo- 
loid with vertex (1, 3, 4) shown in Figure 2. a 


EXAMPLE 2 Find the extreme values of f(x, y) = y? — x. 


SOLUTION Since f, = —2x and f, = 2y, the only critical point is (0, 0). Notice that 
for points on the x-axis we have y = 0, so f(x, y) = —x* < 0 (if x # 0). However, for 
points on the y-axis we have x = 0, so f(x, y) = y* > 0 Cif y 0). Thus every disk 
with center (0, 0) contains points where f takes on positive values as well as points 
where f takes on negative values. Therefore f(0, 0) = 0 can’t be an extreme value 

for f, so f has no extreme value. E 


Example 2 illustrates the fact that a function need not have a maximum or minimum 
value at a critical point. Figure 3 shows one way in which this can happen. The graph of 
f is the hyperbolic paraboloid z = y* — x’, which has a horizontal tangent plane (z = 0) 
at the origin. You can see that f(0, 0) = 0 is a maximum in the direction of the x-axis but 
a minimum in the direction of the y-axis. 
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Recall that for functions of a single variable, a critical number c where f’(c) = 0 may 
correspond to a local maximum, a local minimum, or neither. An analogous situation 
occurs for functions of two variables. If (a, b) is a critical point of a function f, where 
f(a, b) = 0 and f,(a, b) = 0, then f(a, b) may be a local maximum, a local minimum, 
or neither. In the last case, we say that (a, b) is a saddle point of f. The name is sug- 
gested by the shape of the surface in Figure 3 near the origin. In general, the graph of a 
function at a saddle point need not resemble an actual saddle, but the graph crosses the 
tangent plane at that point. 

We need to be able to determine whether or not a function has an extreme value at a 
critical point. The following test, which is proved at the end of this section, is analogous 
to the Second Derivative Test for functions of one variable. 


[3] Second Derivatives Test Suppose the second partial derivatives of f are 
continuous on a disk with center (a, b), and suppose that f.(a, b) = 0 and 
f(a, b) = 0 [so (a, b) is a critical point of f]. Let 


Photo by Stan Wagon, Macalester College 


D = D(a, b) = fila, b) fiy(a, b) — Lfiy(a, b)P 


A mountain pass also has the shape of 
a saddle; for people hiking in one (a) If D > Oand f,,(a, b) > 0, then f(a, b) is a local minimum. 
direction the saddle point is the lowest (b) If D > Oand f,,(a, b) < 0, then f(a, b) is a local maximum. 


point sas their mOUNE whereas for those (c) If D < 0, then (a, b) is a saddle point of f. 
traveling in a different direction the 


saddle point is the highest point. 


NOTE 1 If D = 0, the test gives no information: f could have a local maximum or local 
minimum at (a, b), or (a, b) could be a saddle point of f. 


NOTE 2 To remember the formula for D, it’s helpful to write it as a determinant: 


Sex fry 
Six fy 


= = fay — (hay 


EXAMPLE 3 Find the local maximum and minimum values and saddle points 
of f(x, y) =x* + yt -— 4xy 4 1. 


SOLUTION We first find the partial derivatives: 
fr = 4x? — Ay fp =4y? — 4x 


Since these partial derivatives exist everywhere, the critical points occur where both 
partial derivatives are zero: 


x —-y=0 and yy>—-x=0 


To solve these equations we substitute y = x* from the first equation into the second 
one. This gives 


0O= x? — x =x(x8 — 1) = x(x* — 1I(x* + 1) = x(x? — I(x? + I(x* + 1) 
so there are three real solutions: x = 0, 1, —1. The three critical points are (0, 0), (1, 1), 


and (—1, —1). 
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x 


FIGURE 4 


4xy + 1 


A contour map of the function f in 
Example 3 is shown in Figure 5. The 
level curves near (1, 1) and (—1, —1) 
are oval in shape and indicate that as 
we move away from (1, 1) or (—1, —1) 
in any direction the values of f are 
increasing. The level curves near (0, 0), 
on the other hand, resemble hyper- 
bolas. They reveal that as we move 
away from the origin (where the value 
of fis 1), the values of f decrease in 
some directions but increase in other 
directions. Thus the contour map 
suggests the presence of the minima 
and saddle point that we found in 
Example 3. 


FIGURE 5 
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Next we calculate the second partial derivatives and D(x, y): 
fax = 12x? jay 4 hry = 12y? 
D(x, y) = fux.foy — Gfey)” = 144x*y* — 16 


Since D(0, 0) = —16 < 0, it follows from case (c) of the Second Derivatives Test 
that the origin is a saddle point. Since D(1, 1) = 128 > Oand f.,(1, 1) = 12 > 0, 
we see from case (a) of the test that f(1, 1) = —1 is a local minimum. This means 
that —1 is a local minimum value, and it occurs at the point (1, 1). Similarly, we have 
D(-1, —1) = 128 > Oand f..(—1, —1) = 12 > 0, so f(-1, —1) = —1isalsoa 
local minimum. 

The graph of f is shown in Figure 4. | 


EXAMPLE 4 Find and classify the critical points of the function 
f(x, y) = 10x?y — 5x? — 4y? — x* — 2y* 
Also find the highest point on the graph of /. 
SOLUTION The first-order partial derivatives are 
fe = 20xy — 10x — 4x? fy = 10x? — 8y — 8y? 
So to find the critical points we need to solve the equations 
[4] 2x(10y — 5 — 2x7) =0 
[5] 5x* — 4y — 4y7>=0 
From Equation 4 we see that either 
x=0 or 10y — 5 — 2x7 =0 


In the first case (x = 0), Equation 5 becomes —4y(1 + y”) = 0, so y = 0 and we 
have the critical point (0, 0). 
In the second case (10y — 5 — 2x” = 0), we get 


[6] x? = 5y — 2.5 
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and, putting this in Equation 5, we have 25y — 12.5 — 4y — 4y’ = 0 or, equivalently, 
4y? — 2ly + 12.5 =0 
Using a graphing calculator or computer to solve this equation numerically, we obtain 


y = —2.5452 y ~ 0.6468 y ~ 1.8984 


(Alternatively, we could graph the function g(y) = 4y* — 21y + 12.5, as in Figure 6, 
and find the intercepts.) From Equation 6, the corresponding x-values are given by 


3 27 x= tV5y - 2.5 


If y ~ —2.5452, then x has no corresponding real values. If y ~ 0.6468, then 
x ~ £0.8567. If y ~ 1.8984, then x ~ +2.6442. So we have a total of five critical 
points, which are analyzed in the following chart. All quantities are rounded to two 


FIGURE 6 decimal places. 
Critical point Value of f Sex D Conclusion 
(0, 0) 0.00 —10.00 80.00 local maximum 
(£2.64, 1.90) 8.50 —55.93 2488.72 local maximum 
(£0.86, 0.65) —1.48 —5.87 — 187.64 saddle point 


Figures 7 and 8 give two views of the graph of f and we see that the surface opens 
downward. [This can also be seen from the expression for f(x, y): the dominant terms 
are —x* — 2y* when |x| and | y| are large.] Comparing the values of f at its local maxi- 
mum points, we see that the absolute maximum value of f is f(+2.64, 1.90) ~ 8.50. In 
other words, the highest points on the graph of f are (+2.64, 1.90, 8.50). 


FIGURE 7 FIGURE 8 H 


The five critical points of the function 
f in Example 4 are shown in red in the 
contour map of f in Figure 9. 


FIGURE 9 
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Example 5 could also be solved using 
vectors. Compare with the methods of 
Section 12.5. 


—— 


» 
FIGURE 10 
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EXAMPLE 5 Find the shortest distance from the point (1, 0, —2) to the plane 
x+2y+z2=4. 


SOLUTION The distance from any point (x, y, z) to the point (1, 0, —2) is 
d= V(x — 12 + y? + (z + 2) 


but if (x, y, z) lies on the plane x + 2y + z = 4, then z = 4 — x — 2yand so we have 


d= V(x — 1)? + y? + (6 — x — 2y)?. We can minimize d by minimizing the simpler 
expression 
d* = f(x,y) =(x -— 1? + yy? + (6 -— x — 2y/)’ 

By solving the equations 

fc = 2(x — 1) — 2(6 — x — 2y) = 4x + 4y —- 14=0 

fr = 2y — 4(6 — x — 2y) = 4x + 10y — 24=0 
we find that the only critical point is (2 3), Since fir = 4, fy = 4, and fi, = 10, we 
have D(x, y) = fax fry — (fy)” = 24 > Oand f,, > 0, so by the Second Derivatives Test 


J has a local minimum at (2 >), Intuitively, we can see that this local minimum is 
actually an absolute minimum because there must be a point on the given plane that is 
closest to (1, 0, —2). If x = 4 and y = 3, then 


d=V(x- 1 + y? + 6 -—x- y= VE) + BY + CY =2V6 
The shortest distance from (1, 0, —2) to the plane x + 2y + z = 4is2V/6. a 


EXAMPLE6 A rectangular box without a lid is to be made from 12 m’ of cardboard. 
Find the maximum volume of such a box. 


SOLUTION Let the length, width, and height of the box (in meters) be x, y, and z, as 
shown in Figure 10. Then the volume of the box is 


V = xyz 


We can express V as a function of just two variables x and y by using the fact that the 
area of the four sides and the bottom of the box is 


2xz + 2yz + xy = 12 


Solving this equation for z, we get z = (12 — xy)/[2(x + y)], so the expression for V 
becomes 


We compute the partial derivatives: 


eV y(12 = 2xy — x”) av 212 = Dey = y") 
ax (x + y)? dy (x + y)? 


If V is a maximum, then 0V/dx = dV/dy = 0, but x = 0 or y = 0 gives V = 0. It 
remains to solve the equations 


12 — 2xy —-x* =0 12 — 2xy — y* =0 
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These imply that x* = y? and so x = y. (Note that x and y must both be nonnegative in 
this problem.) If we put x = y in either equation we get 12 — 3x* = 0, which gives 
x =2,y =2,andz = (12 — 2- 2)/[2(2 + 2)] = 1. 

We could use the Second Derivatives Test to show that this gives a local maximum 
of V, or we could simply argue from the physical nature of this problem that there must 
be an absolute maximum volume, which has to occur at a critical point of V, so it must 
occur when x = 2, y = 2,z = 1. ThenV = 2+ 2+ 1 = 4, so the maximum volume of 
the box is 4 m’. a 


H Absolute Maximum and Minimum Values 


Just as for single-variable functions, the absolute maximum and minimum values of a 
function f of two variables are the largest and smallest values that f achieves on its 
domain. 


Definition Let (a, b) be a point in the domain D of a function f of two vari- 
ables. Then f(a, b) is the 


e absolute maximum value of f on D if f(a, b) = f(x, y) for all (x, y) in D. 


e absolute minimum value of f on D if f(a, b) < f(x, y) for all (x, y) in D. 


For a function f of one variable, the Extreme Value Theorem says that if f is continu- 
ous on a closed interval [a, b], then f has an absolute minimum value and an absolute 
maximum value. According to the Closed Interval Method in Section 4.1, we found these 
by evaluating f not only at the critical numbers but also at the endpoints a and b. 

There is a similar situation for functions of two variables. Just as a closed interval 
contains its endpoints, a closed set in R? is one that contains all its boundary points. [A 
boundary point of D is a point (a, b) such that every disk with center (a, b) contains 


a) Closed sets : : f . : ' 
es points in D and also points not in D.] For instance, the disk 


\ D = {(x, y) | x? + y? = 1} 


x d which consists of all points on or inside the circle x? + y? = 1, is a closed set because 
it contains all of its boundary points (which are the points on the circle x* + y* = 1). 
But if even one point on the boundary curve were omitted, the set would not be closed. 
FIGURE 11 (See Figure 11.) 
A bounded set in R? is one that is contained within some disk. In other words, it is 
finite in extent. Then, in terms of closed and bounded sets, we can state the following 
counterpart of the Extreme Value Theorem in two dimensions. 


(b) Sets that are not closed 


Extreme Value Theorem for Functions of Two Variables If f is continu- 
ous on a closed, bounded set D in R?’, then f attains an absolute maximum value 


f (x1, yi) and an absolute minimum value f(x2, y2) at some points (x1, yi) and 
(x2, y2) in D. 


To find the extreme values guaranteed by Theorem 8, we note that, by Theorem 2, if 
f has an extreme value at (x), y,), then (x, y,) is either a critical point of f or a boundary 
point of D. Thus we have the following extension of the Closed Interval Method. 
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[9] To find the absolute maximum and minimum values of a continuous func- 
tion f on a closed, bounded set D: 


1. Find the values of f at the critical points of f in D. 


2. Find the extreme values of f on the boundary of D. 


3. The largest of the values from steps | and 2 is the absolute maximum value; 
the smallest of these values is the absolute minimum value. 


EXAMPLE 7 Find the absolute maximum and minimum values of the function 
f(x, y) = x* — 2xy + 2y on the rectangle D = {(x, y) |0 <x <3,0 <y <2}. 


SOLUTION Since f is a polynomial, it is continuous on the closed, bounded rectangle 
D, so Theorem 8 tells us there is both an absolute maximum and an absolute minimum. 
According to step | in (9), we first find the critical points. These occur when 


fr = 2x —2y =0 
fp = —2x+2=0 


so the only critical point is (1, 1). This point is in D and the value of f there is 


fd, )=1. 
YA P 48 In step 2 we look at the values of f on the boundary of D, which consists of the four 
(0, 2) 3 ° (3, 2) line segments L), L2, L3, L4 shown in Figure 12. On L; we have y = 0 and 
Ly D Ly Fils, 0) = x? ie 
This is an increasing function of x, so its minimum value is f(0, 0) = 0 and its maxi- 
(0, 0) Z, (3, 0) a mum value is f(3, 0) = 9. On L> we have x = 3 and 
= = <y< 
FIGURE 12 FG, =9 ~ Ay a aes 


This is a decreasing function of y, so its maximum value is (3, 0) = 9 and its mini- 
mum value is f(3, 2) = 1. On L3 we have y = 2 and 


f(x, 2) =x? —4x +4 0<x<3 


By the methods of Chapter 4, or simply by observing that f(x, 2) = (x — 2)’, we see 
that the minimum value of this function is f(2, 2) = 0 and the maximum value is 
f(0, 2) = 4. Finally, on L4 we have x = 0 and 


S(O, y) = 2y 0O<yx<2 


with maximum value f(0, 2) = 4 and minimum value f(0, 0) = 0. Thus, on the 
boundary, the minimum value of f is 0 and the maximum is 9. 

In step 3 we compare these values with the value f(1, 1) = 1 at the critical point and 
FIGURE 13 conclude that the absolute maximum value of f on D is f(3, 0) = 9 and the absolute 
f(x,y) =x? — 2xy + 2y minimum value is f(0, 0) = f(2, 2) = 0. Figure 13 shows the graph of f. a 


H Proof of the Second Derivatives Test 


We close this section by giving a proof of the first part of the Second Derivatives Test. 
Part (b) has a similar proof. 
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PROOF OF THEOREM 3, PART (a) We compute the second-order directional derivative 
of f in the direction of u = (A, k). The first-order derivative is given by Theorem 14.6.3: 


Duf = fch + fok 


Applying this theorem a second time, we have 


Dif = D(Dif) = — (Daf )h + = (Da f)k 


— (fixh + fixk)h at: (foh + fiyk)k 


= fil” + 2fyhk + fryk? (by Clairaut’s Theorem) 


If we complete the square in this expression, we obtain 


xy : k? 2 
Dis= toh - - ; + (fechy — f8) 


We are given that f,,(a, b) > 0 and D(a, b) > 0. But f,, and D = fi. fy — f% are con- 
tinuous functions, so there is a disk B with center (a, b) and radius 6 > O such that 
fox, y) > 0 and D(x, y) > 0 whenever (x, y) is in B. Therefore, by looking at Equa- 
tion 10, we see that Dj f(x, y) > 0 whenever (x, y) is in B. This means that if C is 

the curve obtained by intersecting the graph of f with the vertical plane through 

P(a, b, f(a, b)) in the direction of u, then C is concave upward on an interval of length 
26. This is true in the direction of every vector u, so if we restrict (x, y) to lie in B, the 
graph of f lies above its horizontal tangent plane at P. Thus f(x, y) = f(a, b) whenever 


(x, y) is in B. This shows that f(a, b) is a local minimum. o 
Exercises 
1. Suppose (1, 1) is a critical point of a function f with contin- reasoning. Then use the Second Derivatives Test to confirm your 
uous second derivatives. In each case, what can you say predictions. 


about f? 
(a) fex(1, D) = 4, 
(b) frr(l, 1) = 4, 


2. Suppose (0, 2) is a critical point of a function g with contin- 


fe, 1) = 3; fy, 1) =2 


3. f(x,y) =44+ 2x74 y? — 3xy 


ya 


uous second derivatives. In each case, what can you say 
about g? 


(a) gxx(0, 2) = ad Ee gry (0, 2) = 6, yy (0, 2) =1 
(b) gxx(0, 2) = =1, gxy(0, 2) = 2, gy, 2) == 5 
(c) gxx(0, 2) = 4, gxy(0, 2) = 6, gyy(0, 2) = 9 


3-4 Use the level curves in the figure to predict the location of 
the critical points of f and whether f has a saddle point or a local 


maximum or minimum at each critical point. Explain your 


ay 
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4. 


Sy eae 


f (x,y) 


5-22 Find the local maximum and minimum values and saddle 
point(s) of the function. You are encouraged to use a calculator or 
computer to graph the function with a domain and viewpoint that 
reveals all the important aspects of the function. 


5. fyyH=xrvtuytyty 
6. f(x,y) =xy — 2x — 2y — x? — y? 
7. f(x, y) = 2x? — 8xy + y* — 4y? 
8. f(x,y) =x? + y? + 3xy 
9. f(x,y) = (x — y)1 — xy) 
10. f(x, y) = y(e* — 1) 
11. f(x,y) = yvx — y? — 2x + Ty 
12. f(x,y) =2—x*++2x?- y? 
13. f(x, y) = x° — 3x + 3xy? 
14. f(x,y) = x7 + y? — 3x? — 3y? — 9x 
15. f(x,y) =x* — 2x? + y? — 3y 
16. f(x,y) =x? + y* + Qxy 
17. f(xy) = ay — ey — xy? 
18. f(x, y) = (6x — x’)(4y — y’) 
19. f(x, y) = e*cosy 
20. f(x,y) = (x? + y)e* 
21. f(x,y) =y? — 2ycosx, -1<x<7 
22. f(x,y) =sinx siny, -m<x<am, -tT<y<7 
23. Show that f(x, y) = x7 + 4y* — 4xy + 2 has an infinite 
number of critical points and that D = 0 at each one. Then 
show that f has a local (and absolute) minimum at each criti- 
cal point. 
24. Show that f(x, y) = x?ye“**” has maximum values at 


(+1, 1/2 ) and minimum values at (+1, —1/,/2 ). Show 
also that f has infinitely many other critical points and D = 0 


25- 
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at each of them. Which of them give rise to maximum values? 
Minimum values? Saddle points? 


28 Use a graph or level curves or both to estimate the local 


maximum and minimum values and saddle point(s) of the 
function. Then use calculus to find these values precisely. 


25. 
26. 
27. 


28. 


ley Say a 
f (x, y) =(x- yer 


f(x, y) = sin x + siny + sin(x + y), 
Os<x<27,0SyS27 
f(x, y) = sin x + sin y + cos(x + y), 


O<x<7/4,0Sysa7/4 


29- 


32 Find the critical points of f correct to three decimal places 


(as in Example 4). Then classify the critical points and find the 
highest or lowest points on the graph, if any. 


29. 
30. 


f(x,y) =x* + y* 
f(xy) =y® 


31. f(x, yHxt t+ y?— 3x7 + y?+x-—2y41 

32. f(x,y) = 20e sin 3x cos 3y, |x| <1, |y| <1 
33-40 Find the absolute maximum and minimum values of f on 
the set D. 

33. f(x,y) =x? + y? — 2x, Dis the closed triangular region 


34. 


35. 


36. 


37. 


38. 
39. 
40. 


with vertices (2, 0), (0, 2), and (0, —2) 


f(x,y) =x + y— xy, Dis the closed triangular region 
with vertices (0, 0), (0, 2), and (4, 0) 


fy HV? ty txyt4, 
D={(x,y) | |x| <1, |y| = 1} 
f(xy) =x? + xy + y? — 6y, 


D ={(x,y)|-3<x<3,0<y< 


F(x, y) = x? + 2y? — 2x — 4y +1, 
D = ({(x,y)|0<x<2,0<y <3} 


5} 


f(xy) = xy, D={(x,y)| x20, y =0, x7 + y? <3} 
f(x,y) =2x7 + y*, D={(x,y) | vrt+y <i} 


f(x,y) =x* — 3x — y? + 12y, D is the quadrilateral 
whose vertices are (—2, 3), (2, 3), (2, 2), and (—2, —2) 


FY 41. 


For functions of one variable it is impossible for a continuous 
function to have two local maxima and no local minimum. 
But for functions of two variables such functions exist. Show 
that the function 


f(x, y) 


has only two critical points, but has local maxima at both of 
them. Then produce a graph with a carefully chosen domain 
and viewpoint to see how this is possible. 


(x? — 1)? — @’y — x - 1)? 
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43 


44 


45 


46 


47 


48. 


49 


50. 


51 


52 


53 


54 


55 


56. 
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42. If a function of one variable is continuous on an interval and 


has only one critical number, then a local maximum has to 
be an absolute maximum. But this is not true for functions 
of two variables. Show that the function 


f(x, y) = 3xe’ — x7 — e® 

has exactly one critical point and that f has a local maxi- 
mum there that is not an absolute maximum. Produce a 
graph with a carefully chosen domain and viewpoint to see 
how this is possible. 


Find the shortest distance from the point (2, 0, —3) to the 
planex + y+z=1. 


Find the point on the plane x — 2y + 3z = 6 that is closest 
to the point (0, 1, 1). 


Find the points on the cone z* = x” + y? that are closest to 
the point (4, 2, 0). 


Find the points on the surface y? = 9 + xz that are closest 
to the origin. 


Find three positive numbers whose sum is 100 and whose 
product is a maximum. 


Find three positive numbers whose sum is 12 and the sum 
of whose squares is as small as possible. 


Find the maximum volume of a rectangular box that is 
inscribed in a sphere of radius r. 


Find the dimensions of the box with volume 1000 cm? that 
has minimal surface area. 


Find the volume of the largest rectangular box in the first 
octant with three faces in the coordinate planes and one 
vertex in the plane x + 2y + 3z = 6. 


Find the dimensions of the rectangular box with largest 
volume if the total surface area is given as 64 cm’. 


Find the dimensions of a rectangular box of maximum 
volume such that the sum of the lengths of its 12 edges 
is a constant c. 


The base of an aquarium with given volume V is made of 
slate and the sides are made of glass. If slate costs five times 
as much (per unit area) as glass, find the dimensions of the 
aquarium that minimize the cost of the materials. 


A cardboard box without a lid is to have a volume of 
32,000 cm*. Find the dimensions that minimize the amount 
of cardboard used. 


A rectangular building is being designed to minimize 

heat loss. The east and west walls lose heat at a rate of 

10 units/m? per day, the north and south walls at a rate of 

8 units/m? per day, the floor at a rate of 1 unit/m” per day, 

and the roof at a rate of 5 units/m* per day. Each wall must 

be at least 30 m long, the height must be at least 4 m, and 

the volume must be exactly 4000 m’. 

(a) Find and sketch the domain of the heat loss as a 
function of the lengths of the sides. 


57. 


58. 


59. 


60. 


61. 


(b) Find the dimensions that minimize heat loss. (Check 
both the critical points and the points on the boundary of 
the domain.) 

(c) Could you design a building with even less heat loss if 
the restrictions on the lengths of the walls were removed? 


If the length of the diagonal of a rectangular box must be L, 
what is the largest possible volume? 


A model for the yield Y of an agricultural crop as a function 
of the nitrogen level N and phosphorus level P in the soil 
(measured in appropriate units) is 


Y(N, P) = kNPe~’~? 


where k is a positive constant. What levels of nitrogen and 
phosphorus result in the best yield? 


The Shannon index (sometimes called the Shannon- Wiener 
index or Shannon-Weaver index) is a measure of diversity in 
an ecosystem. For the case of three species, it is defined as 


H Pi lnpi — p2Inp2 — p3Inp3 


where p; is the proportion of species 7 in the ecosystem. 

(a) Express H as a function of two variables using the fact 
that p) + po + p; = 1. 

(b) What is the domain of H? 

(c) Find the maximum value of H. For what values of 
P1, P2, P3 does it occur? 


Three alleles (alternative versions of a gene) A, B, and O 
determine the four blood types A (AA or AO), B (BB or 
BO), O (OO), and AB. The Hardy-Weinberg Law states that 
the proportion of individuals in a population who carry two 
different alleles is 


P=2pq + 2pr + 2rq 


where p, q, and r are the proportions of A, B, and O in the 
population. Use the fact that p + g + r = 1 to show that P 
is at most 3. 


Method of Least Squares Suppose that a scientist has rea- 
son to believe that two quantities x and y are related linearly, 
that is, y = mx + b, at least approximately, for some values 
of m and b. The scientist performs an experiment and col- 
lects data in the form of points (x1, y,), (%2, 2), -- +5 (ns Yn), 
and then plots these points. The points don’t lie exactly on a 
straight line, so the scientist wants to find constants m and b 
so that the line y = mx + b “fits” the points as well as pos- 
sible (see the figure). 
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Let d; = y; — (mx; + b) be the vertical deviation of the 
point (x;, y:) from the line. The method of least squares deter- 
mines m and b so as to minimize >'_, d?, the sum of the 
squares of these deviations. Show that, according to this 
method, the line of best fit is obtained when 


n n n 
and m>xv+b> x= Dd xy; 
i=1 i=1 i=1 


Thus the line is found by solving these two equations in the 
two unknowns m and b. (See Section 1.2 for a further discus- 
sion and applications of the method of least squares.) 


tye > cd bac > yi 62. Find an equation of the plane that passes through the point 
i=l i=l (1, 2, 3) and cuts off the smallest volume in the first octant. 


DISCOVERY PROJECT | QUADRATIC APPROXIMATIONS AND CRITICAL POINTS 


The Taylor polynomial approximation to functions of one variable that we discussed in Chap- 
ter 11 can be extended to functions of two or more variables. Here we investigate quadratic 
approximations to functions of two variables and use them to give insight into the Second 
Derivatives Test for classifying critical points. 

In Section 14.4 we discussed the linearization of a function f of two variables at a 
point (a, b): 


L(x, y) = f(a, b) + fila, b)\(x — a) + f(a, b)(y — b) 


Recall that the graph of L is the tangent plane to the surface z = f(x, y) at (a, b, f(a, b)) and 
the corresponding linear approximation is f(x, y) ~ L(x, y). The linearization L is also called 
the first-degree Taylor polynomial of f at (a, b). 


1. If f has continuous second-order partial derivatives at (a, b), then the second-degree 
Taylor polynomial of f at (a, b) is 


Q(x, y) = f(a, b) + fla, b)(x — a) + f,(a, b)(y — b) 
+ 3 fala, b\(x — a) + f(a, b\(x — a)(y — b) + zfy(a, by — bP 
and the approximation f(x, y) ~ Q(x, y) is called the quadratic approximation to f 


at (a, b). Verify that Q has the same first- and second-order partial derivatives as f 
at (a, b). 


2. (a) Find the first- and second-degree Taylor polynomials L and Q of f(x, y) =e” 
at (0, 0). 
f4 (b) Graph f, L, and Q. Comment on how well L and Q approximate f. 


3. (a) Find the first- and second-degree Taylor polynomials L and Q for f(x, y) = xe” 
at (1, 0). 
(b) Compare the values of L, Q, and f at (0.9, 0.1). 
am (c) Graph f, L, and Q. Comment on how well L and Q approximate f. 


4. In this problem we analyze the behavior of the polynomial f(x, y) = ax” + bxy + cy? 
(without using the Second Derivatives Test) by identifying the graph as a paraboloid. 
(a) By completing the square, show that if a ~ 0, then 


b \? _ (4ac— b? 
HGS 39) = Gas FP lose st aye ol (x ») ( ae - Jy] 
2a 4a~ 


(b) Let D = 4ac — b*. Show that if D > 0 and a > 0, then f has a local minimum 
at (0, 0). 

(c) Show that if D > 0 anda < 0, then f has a local maximum at (0, 0). 

(d) Show that if D < 0, then (0, 0) is a saddle point. 


(continued) 
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14.8 
YA 
f(x,y) =U 
Fla, y) = 10 
_ f(xy) =9 
[ae fltsy)=8 
f(x,y) =7 
0 
FIGURE 1 


5. (a) Suppose f is any function with continuous second-order partial derivatives such that 
f(0, 0) = 0 and (0, 0) is a critical point of f. Write an expression for the second- 
degree Taylor polynomial, Q, of f at (0, 0). 

(b) What can you conclude about Q from Problem 4? 
(c) In view of the quadratic approximation f(x, y) ~ Q(x, y), what does part (b) suggest 
about f? 


Lagrange Multipliers 


In Example 14.7.6 we maximized a volume function V = xyz subject to the constraint 
2xz + 2yz + xy = 12, which expressed the side condition that the surface area was 
12 m’*. In this section we present Lagrange’s method for maximizing or minimizing a 
general function f(x, y,z) subject to a constraint (or side condition) of the form 


g(x, y, z) =k. 


@ Lagrange Multipliers: One Constraint 


First we explain the geometric basis of Lagrange’s method for functions of two variables. 
We start by trying to find the extreme values of f(x, y) subject to a constraint of the form 
g(x, y) = k. In other words, we seek the extreme values of f(x, y) when the point (x, y) 
is restricted to lie on the level curve g(x, y) = k. Figure | shows this curve together with 
several level curves of f. These have the equations f(x, y) = c, where c = 7, 8,9, 10, 11. 
To maximize f(x, y) subject to g(x, y) = k is to find the largest value of c such that the 
level curve f(x, y) = c intersects g(x, y) = k. It appears from Figure | that this happens 
when these curves just touch each other, that is, when they have a common tangent line. 
(Otherwise, the value of c could be increased further.) This means that the normal lines 
at the point (xo, yo) where they touch are identical. So the gradient vectors are parallel; 
that is, Vf(x0, yo) = A Vg(xo, yo) for some scalar A. 

This kind of argument also applies to the problem of finding the extreme values of 
f(x, y, z) subject to the constraint g(x, y, z) = k. Thus the point (x, y, z) is restricted to lie 
on the level surface S with equation g(x, y, z) = k. Instead of the level curves in Figure 1, 
we consider the level surfaces f(x, y, z) = c and argue that if the maximum value of f 
is f(Xo, Yo, Zo) = c, then the level surface f(x, y, z) = c is tangent to the level surface 
g(x, y, z) = k and so the corresponding gradient vectors are parallel. 

This intuitive argument can be made precise as follows. Suppose that a function f has 
an extreme value at a point P(xo, yo, Zo) on the surface S and let C be a curve with vector 
equation r(t) = (x(t), y(t), z(t) that lies on S and passes through P. If fo is the parameter 
value corresponding to the point P, then r(to) = (xo, yo, Zo). The composite function 
h(t) = f(x(2), y(t), z(t) represents the values that f takes on the curve C. Since f has an 
extreme value at (Xo, yo, Zo), it follows that / has an extreme value at fo, so A'(to) = 0. But 
if f is differentiable, we can use the Chain Rule to write 


0= h'(to) 
= fe(Xo, Yo. 20)X'(to) + fr(X0, Yos Z0)y'(to) + f.(x0, Yo, 20)z'(to) 
= Vf (x0, yo, 20) * ¥'(to) 


This shows that the gradient vector Vf (xo, yo, Zo) is orthogonal to the tangent vector r‘(fo) 
to every such curve C. But we already know from Section 14.6 that the gradient vector 
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of g, Vg(xo, yo, Zo), is also orthogonal to r'(t) for every such curve (see Equation 14.6.18). 
This means that the gradient vectors Vf(Xo, yo, Zo) and Vg(xo, yo, Zo) must be parallel. 
Therefore, if Vg(xo, yo, Zo) # 0, there is a number A such that 


Li] Vf (xo, Yo, 20.) = A Vg(xo, Yo, Zo) 
Lagrange multipliers are named after The number A in Equation | is called a Lagrange multiplier. The procedure based on 
the French-Italian mathematician Equation | is as follows. 


Joseph-Louis Lagrange (1736-1813). 

See Section 4.2 for a biographical 

sketch of Lagrange. Method of Lagrange Multipliers To find the maximum and minimum values 
of f(x, y, z) subject to the constraint g(x, y, z) = k [assuming that these extreme 
values exist and Vg ¥ 0 on the surface g(x, y, z) = k]: 


1. Find all values of x, y, z, and A such that 
In deriving Lagrange’s method we 


assumed that Vg ~ 0. In each of our Vif (x, y, z) = A Vg(x, y, Z) 

examples you can check that Vg # 0 

at all points where g(x, y, z) = k. See and g(x, y, z) =k 

Exercise 35 for what can go wrong if 

Vg = 0. Exercise 34 shows what can 2. Evaluate f at all the points (x, y, z) that result from step 1. The largest of these 
happen if Vg is undefined. values is the maximum value of f; the smallest is the minimum value of /. 


If we write the vector equation Vf = A Vg in terms of components, then the equations 
in step 1 become 


fa AG f= Agy i= AG: g(x, y,z) =k 


This is a system of four equations in the four unknowns x, y, z, and A, and we must find 
all possible solutions (although the explicit values of A are not needed for the conclusion 
of the method). If x = x0, y = yo, Z = Zo is a Solution to this system of equations and the 
corresponding value of A is not 0, then Vf(xo, yo, Zo) and Vg(xo, yo, Zo) are parallel (as we 
argued geometrically at the beginning of the section). If the value of A is 0, then 
Vf (Xo, Yo, Zo.) = O and so (Xo, yo, Zo) is a critical point of f. It follows that f (xo, yo, Zo) is a 
possible local extreme value of f on its domain, and hence also a possible extreme value 
of f subject to the given constraint (see Exercise 61). 

For functions of two variables the method of Lagrange multipliers is similar to the 
method just described. To find the extreme values of f(x, y) subject to the constraint 
g(x, y) = k, we look for values of x, y, and A such that 


Vf(x, y) =A Vg(x, y) and g(x,y) =k 
This amounts to solving three equations in three unknowns: 
Sc = AGx fr = Ag g(x, y) =k 
EXAMPLE 1 Find the extreme values of the function f(x, y) = x* + 2y? on the 
circle x7 + y* = 1. 


SOLUTION We are asked for the extreme values of f subject to the constraint 
g(x, y) = x? + y* = 1. Using Lagrange multipliers, we solve the equations Vf = A Vg 
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Many of the optimization problems 
that we encountered in Section 4.7 
can be viewed as optimizing a 
function of two variables subject to a 
constraint. In Exercises 17-22 you are 
asked to revisit several problems from 
Section 4.7 and solve them using the 
method of Lagrange multipliers. 


CHAPTER 14 Partial Derivatives 


and g(x, y) = 1, which can be written as 


fr = 2 gx fr = 2g g(% y) = 1 
or as 
[2] 2x = 2xA 
[3] dy = 2yA 
[4] xe + y? = 1 
From (2) we have 2x(1 — A) = 0, sox = OoraA = 1. If x = 0, then (4) gives y = +1. 


If A = 1, then y = 0 from (3), so then (4) gives x = +1. Therefore f has possible 
extreme values at the points (0, 1), (0, —1), (1, 0), and (—1, 0). Evaluating f at these 
four points, we find that 


FO, 1) = 2 f0,=) =2 fC, 0) =1 i=1,0)= 


Therefore the maximum value of f on the circle x7 + y* = 1 is f(0, +1) = 2 and the 
minimum value is f(+1, 0) = 1. In geometric terms, these correspond to the highest 
and lowest points on the curve C in Figure 2, where C consists of those points on the 
paraboloid z = x* + 2y’ that are directly above the constraint circle x’ + y* = I. 

Figure 3 shows a contour map of f. The extreme values of f(x, y) = x? + 2y? 
correspond to the level curves of f that just touch the circle x? + y* = 1. 


ZA , 
z=x?+2y? 


FIGURE 2 FIGURE 3 a 


Our next illustration of Lagrange’s method is to reconsider the problem given in 
Example 14.7.6. 


EXAMPLE 2 A rectangular box without a lid is to be made from 12 m’ of cardboard. 
Find the maximum volume of such a box. 


SOLUTION As in Example 14.7.6, we let x, y, and z be the length, width, and height, 
respectively, of the box in meters. Then we wish to maximize 


V=xyz 
subject to the constraint 


g(x, y, Z) = 2xz + 2yz + xy = 12 
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Another method for solving the 
system of equations (5-8) is to solve 
each of Equations 5, 6, and 7 for A 
and then to equate the resulting 
expressions. 


SECTION 14.8 Lagrange Multipliers 1023 


Using the method of Lagrange multipliers, we look for values of x, y, z, and A such that 
VV =A Vg and g(x, y, z) = 12. This gives the equations 


Vi = Ags 
Vy = Agy 
V. = dg: 


2xz + 2yz+ xy = 12 


which become 


[5] yz = \(2z + y) 
[6] xz = A(2z + x) 

xy = (2x + 2y) 
2xz + 2yz + xy = 12 


There are no general rules for solving systems of equations. Sometimes some ingenuity 
is required. In the present example you might notice that if we multiply (5) by x, (6) 

by y, and (7) by z, then the left sides of these equations will be identical. Doing this, 
we have 


[9 ] xyz = A(2xz + xy) 
xyz = A(2yz + xy) 
[11] xyz = A(2xz + 2yz) 


In general A can be 0, but here we observe that A # 0 because A = 0 would imply 
yz = xz = xy = 0 from (5), (6), and (7) and this would contradict (8). Therefore, from 
(9) and (10), we have 

2xz + xy = 2yz + xy 


which gives xz = yz. But z 0 (since z = 0 would give V = 0), so x = y. From (10) 
and (11) we have 
2yz + xy = 2xz + 2yz 


which gives 2xz = xy and so (since x 0) y = 2z. If we now put x = y = 2z in (8), 
we get 
427° + 42? + 42? = 12 


Since x, y, and z are all positive, we therefore have z = | and so x = 2 and y = 2. 
Thus we have only one point where f may have an extreme value; how do we know if 
this point corresponds to a maximum or minimum? As in Example 14.7.6, we argue 
that there must be a maximum volume, which must occur at the point we found. || 


EXAMPLE 3 Find the points on the sphere x* + y* + z? = 4 that are closest to and 
farthest from the point (3, 1, —1). 
SOLUTION The distance from a point (x, y, z) to the point (3, 1, —1) is 

d= VJ(x — 3? + (y— 1)? + @ + I)? 


but the algebra is simpler if we instead maximize and minimize the square of the 
distance: 
d’ = f(x, y,z) = (x — 3 + (y - 1? + + 1 
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The constraint is that the point (x, y, z) lies on the sphere, that is, 
xy 2H=er+y+7=4 


According to the method of Lagrange multipliers, we solve Vf = A Vg, g = 4. This 


gives 
[12] 2(x — 3) = 2xd 
[13] 2(y — 1) = 2yA 
2(z + 1) = 2zA 


[15 | rt+yt7/=4 


The simplest way to solve these equations is to solve for x, y, and z in terms of A from 
(12), (13), and (14), and then substitute these values into (15). From (12) we have 


x-—3=xXxA => x(1- A) =3 —; x= —— 


[Note that 1 — A # 0 because A = | is impossible from (12).] Similarly, (13) and (14) 


give 
1 1 

Figure 4 shows the sphere and the a ae a ss 
nearest point P in Example 3. Can 
you see how to find the coordinates Therefore, from (15), we have 
of P without using calculus? 

3? 12 (- 1)° 

ZA 9 + 2 om an 
(=a (l=Ay (L= ay 


which gives (1 — A)? = 44,1 — A = +,/11/2, so 


Ji 
2 


A=1+ 
These values of A then give the corresponding points (x, y, z): 
( 6 2 2 ( 6 2 2 
; , and , , 
itl aff TT git affl fil 


It’s easy to see that f has a smaller value at the first of these points, so the closest point 
FIGURE 4 is (6/11, 2/11, —2//11) and the farthest is (—6//11, —2/,/11, 2/,/11). a 


(3, 1, -1) 


EXAMPLE 4 Find the extreme values of f(x, y) = x’ + 2y’ on the disk 
D = {(x, y) | x7 + y? < I}. 


SOLUTION According to the procedure in (14.7.9), we compare the values of f at the 
critical points in D with the extreme values of f on the boundary of D. Since f, = 2x 
and f, = 4y, the only critical point is (0, 0). We compare the value of f at that point 
with the extreme values on the boundary that we found in Example | using Lagrange 
multipliers: 


f(0, 0) = 0 f(#1, 0) = 1 f(0O, +1) =2 
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Therefore the maximum value of f on Dis f(0, +1) = 2 and the minimum value is 
f(0, 0) = 0. Figure 5 shows the portion of the graph of f above the disk D. You can see 
that the highest point on the surface occurs at (0, +1) and the lowest point is at the 
origin. Figure 6 shows a contour map of f superimposed on the disk D. 


FIGURE 5 FIGURE 6 | 


@ Lagrange Multipliers: Two Constraints 


Suppose now that we want to find the maximum and minimum values of a function 
f(x, y, z) subject to two constraints (side conditions) of the form g(x, y, z) = k and 
h(x, y, z) = c. Geometrically, this means that we are looking for the extreme values of f 
when (x, y, z) is restricted to lie on the curve of intersection C of the level surfaces 
g(x, y, Z) = kand h(x, y, z) = c. (See Figure 7.) Suppose f has such an extreme value at 
a point P(xo, yo, Zo). We know from the beginning of this section that Vf is orthogonal to 
C at P. But we also know that Vg is orthogonal to g(x, y, z) = k and VA is orthogonal 
to h(x, y, z) = c, so Vg and Vh are both orthogonal to C. This means that the gradient 
vector Vf(xo, yo, Zo) is in the plane determined by Vg(xo, yo, 20) and Vh(xo, yo, zo). (We 
FIGURE 7 assume that these gradient vectors are not zero and not parallel.) So there are numbers A 
and p (both called Lagrange multipliers) such that 


> 


g=k 


Vf (x0, Yo, Zo) = A Vg(xo, Yo, Zo.) + pw VAX, yo, Zo) 


In this case Lagrange’s method is to look for extreme values by solving five equations in 
the five unknowns x, y, z, A, and w. These equations are obtained by writing Equation 16 
in terms of its components and using the constraint equations: 


fr = Ags + phy 

So=Agy + phy 

f= Ag. + wh, 
Ux, ¥,2) =k 


h(x, y,z) =c 
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The cylinder x° + y* = 1 intersects EXAMPLE 5 Find the maximum value of the function f(x, y, z) = x + 2y + 3z on the 
the planex — y+ z=linanellipse curve of intersection of the plane x — y + z = | and the cylinder x7 + y? = 1. 


(Figure 8). Example 5 asks for the a . ; 
maximum value of f when (x,y,z) is SOLUTION We maximize the function f(x, y, z) = x + 2y + 3z subject to the con- 


restricted to lie on the ellipse. straints g(x, y,z) =x — y + z= land A(x, y,z) = x? + y? = 1. The Lagrange 
condition is Vf = A Vg + p VA, so we solve the equations 


1=A + 2xp 


2=—A + 2yp 


x-ytz=1 
[21] vrty=1 


Putting A = 3 [from (19)] in (17), we get 2xu. = —2, so x = —1/w. Similarly, (18) 
gives y = 5/(2). Substitution in (21) then gives 


FIGURE 8 —_ 
and so a? = 2, w = +/29/2. Then x = ¥2/,/29, y = +5/,/29, and, from (20), 
z=1-—x+y=1+ 7//29. The corresponding values of f are 
a8 5 ( 7 _ 
+ —— + 2 +——] + 3[ 1 + ——] =3 + 29 
29 ( 29 29 
Therefore the maximum value of f on the given curve is 3 + /29. a 
14.8 | Exercises 
1. Pictured are a contour map of f and a curve with equation just touch the circle. What is the significance of the 
g(x, y) = 8. Estimate the maximum and minimum values values of c for these two curves? 
of f subject to the constraint that g(x, y) = 8. Explain your (b) Use Lagrange multipliers to find the extreme values of 
reasoning. f(x, y) = x? + y subject to the constraint x? + y? = 1. 


Compare your answers with those in part (a). 


3-16 Each of these extreme value problems has a solution with 
both a maximum value and a minimum value. Use Lagrange 
multipliers to find the extreme values of the function subject to 
the given constraint. 


3 f(xy Hx? —y, Pty=1 
~ f(xy) =x’y, x? t+yt=5 
f(xy) =xy, 4x2? + y?=8 


. f(x,y) =xe, x? +y?=2 

. f(x,y) = 2x? + 6y?, x* 4+ 3y4*=1 

. fay) =xyer or’, 2x -y=0 

. f(x, y,z) = 2x t+ 2ytz x+y? +27 =9 
» fy,2) =e, Ix? + y? +22 = 24 


2. (a) Use a graphing calculator or computer to graph the 
circle x + y* = 1. On the same screen, graph several 
curves of the form x* + y = c until you find two that 1 


oO ONO OM Ff 
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11. f(x, y,z) =xy*z, x t+y+7=4 


12. f(xy z2=HvVrty? +27, Pt+yt+2+xy= 12 


13. f(xy 2HvVtyt2, xttytt2z=1 


14. f(xy, zo=xityt tz, ePt+ytZ7=1 


15. f(iyz0=xtytzt, P+yV4+74+P=1 
16. f (x1, X2,..-5Xn) =X, +X t+ +++ +X, 


xp tae te t2x7=1 


17-22 Use Lagrange multipliers to give an alternate solution to 
the indicated exercise in Section 4.7. 


17. Exercise 3 
18. Exercise 8 
19. Exercise 7 
20. Exercise 18 
21. Exercise 25 
22. Exercise 24 


23-24 The method of Lagrange multipliers assumes that the 
extreme values exist, but that is not always the case. Show that the 
problem of finding the minimum value of f subject to the given 
constraint can be solved using Lagrange multipliers, but f does 
not have a maximum value with that constraint. 


23. fi yHrty, x=1 
24. f(x, y,z) =x° + 2y? + 327, x+2y + 3z= 10 


25-26 Use Lagrange multipliers to find the maximum value of f 
subject to the given constraint. Then show that f has no minimum 
value with that constraint. 


25. f(xy) =e”, 2+ y? = 16 
26. f(x, y, z) 


2 


4xt+2ytz, x*tyt27=1 


27-29 Find the extreme values of f on the region described by 
the inequality. 


27. f(xy) =x? ty? +4x—4y, x? t+y?<9 
28. f(x,y) = 2x? + 3y?-4x—-—5, x*+y?< 16 


29. f(x,y) =e, x7 + 4y°<1 


30-33 Find the extreme values of f subject to both constraints. 


30. f(x, y,2= 25 xe t+y?=27, x+ytz=24 


31. fy 2J=xtytn x +77=2, xty=1 


32. f(x, yz) = x+y +2, x-y=1, y?-2z 1 


33. f(x,y,z2) =yztxy; xy=l, Wt7=1 


SECTION 14.8 Lagrange Multipliers 1027 


34. Consider the problem of maximizing the function 

f(x, y) = 2x + 3y subject to the constraint /x + /y =5. 

(a) Try using Lagrange multipliers to solve the problem. 

(b) Does (25, 0) give a larger value than the one in part (a)? 

(c) Solve the problem by graphing the constraint equation 
and several level curves of f. 

(d) Explain why the method of Lagrange multipliers fails to 
solve the problem. 

(e) What is the significance of f(9, 4)? 


35. Consider the problem of minimizing the function f(x, y) = x 

on the curve y? + x* — x* = 0 (a piriform). 

(a) Try using Lagrange multipliers to solve the problem. 

(b) Show that the minimum value is f(0, 0) = 0 but the 
Lagrange condition Vf(0, 0) = AVg(0, 0) is not satisfied 
for any value of X. 

(c) Explain why Lagrange multipliers fail to find the mini- 
mum value in this case. 


36. (a) Use software that plots implicitly defined curves to 


estimate the minimum and maximum values of 
f(x, y) = x° + y? + 3xy subject to the constraint 
(x — 3)? + (y — 3)? = 9 by graphical methods. 

(b) Solve the problem in part (a) with the aid of Lagrange 
multipliers. You will need to solve the equations numeri- 
cally. Compare your answers with those in part (a). 


37. The total production P of a certain product depends on the 
amount L of labor used and the amount K of capital invest- 
ment. In Section 14.1 and the project following Section 14.3 
we discussed how the Cobb-Douglas model P = bL*K'!* 
follows from certain economic assumptions, where b and a 
are positive constants and a < 1. If the cost of a unit of labor 
is m and the cost of a unit of capital is n, and the company 
can spend only p dollars as its total budget, then maximizing 
the production P is subject to the constraint mL + nK = p. 
Show that the maximum production occurs when 


1 = 
p= eg ga Oe 
m n 


38. Referring to Exercise 37, we now suppose that the pro- 
duction is fixed at bL*K' “ = Q, where Q is a constant. 
What values of L and K minimize the cost function 
C(L, K) = mL + nK? 


39. Use Lagrange multipliers to prove that the rectangle with 
maximum area that has a given perimeter p is a square. 


40. Use Lagrange multipliers to prove that the triangle with 
maximum area that has a given perimeter p is equilateral. 
Hint: Use Heron’s formula for the area: 


A= ¥s(s — x)(s — ys — 2) 


where s = p/2 and x, y, z are the lengths of the sides. 
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the system of equations that arises in using Lagrange multipliers. 
(If your CAS finds only one solution, you may need to use 


41-53 Use Lagrange multipliers to give an alternate solution to 
the indicated exercise in Section 14.7. 


41. Exercise 43 
43. Exercise 45 
45. Exercise 47 
47. Exercise 49 
49. Exercise 51 
51. Exercise 53 


42. 
44. 
46. 
48. 
50. 
52. 


Exercise 44 
Exercise 46 
Exercise 48 
Exercise 50 
Exercise 52 


Exercise 54 


additional commands.) 


59. f(x, y,z) = ye**; 9x* + 4y* 4 


362° 


36, xy + yz = 1 


60. f(x,y,z2=xtytz V-y=zx07+7=4 


6 


= 


. Use Lagrange multipliers to find the extreme values of 
f(x, y) = 3x? + y? subject to the constraint x7 + y* = 4y. 
Show that the minimum value corresponds to A = 0. 


53. 


Exercise 57 


62. (a) Maximize >/_; x;y; subject to the constraints 
Dan x? = land Dy ye = 1. 
54. A package in the shape of a rectangular box can be mailed (b) Put 
by the US Postal Service if the sum of its length and girth - ‘ 
(the perimeter of a cross-section perpendicular to the length; x= : and y; : 
see Exercise 4.7.23) is at most 108 inches. Use Lagrange v= a; 2b 
multipliers to find the dimensions of the package with larg- 
est volume that can be mailed. tpshove ia 
55. A grain silo is to be built by attaching a hemispherical roof b. <./Sa2./5 f2 
and a flat floor onto a circular cylinder. Use Lagrange multi- 2 ah ice u 
pliers to show that for a total surface area S, the volume of en een a" by: This inequality 
the silo is maximized when the radius and height of the cyl- : CeO Nee Aaa 
sndew nie eanielL is known as the Cauchy-Schwarz Inequality. 
56. Find the maximum and minimum volumes of a rectangular 63. (a) Find the maximum value of 
box whose surface area is 1500 cm? and whose total edge = % 
length is 200 cm. Ps Aas oo hn) = eran 
57. The plane x + y + 2z = 2 intersects the paraboloid Ven Mab hipaa pid ee ema cues ane 
z =x? + y’ in an ellipse. Find the points on this ellipse ie Eade. wae cr 
that are nearest to and farthest from the origin. UO) Becca Ody Dae AA HDE aE is Bas a-tay Meets POSEN 
numbers, then 
58. The plane 4x — 3y + 8z = 5 intersects the cone 


z? =x? + y’ inan ellipse. 

(a) Graph the cone and the plane, and observe the elliptical 
intersection. 

(b) Use Lagrange multipliers to find the highest and lowest 
points on the ellipse. 


59-60 Find the maximum and minimum values of f subject to 
the given constraints. Use a computer algebra system to solve 


NASA 


APPLIED PROJECT 


desired velocity. 


X) +X. +--+ +x, 
V X1X2++ +X S 


n 


This inequality says that the geometric mean of 

n numbers is no larger than the arithmetic mean of 
the numbers. Under what circumstances are these 
two means equal? 


ROCKET SCIENCE 


Many rockets —such as the Saturn V that first put men on the moon—are designed to use 
three stages in their ascent into space. A large first stage initially propels the rocket until its 
fuel is consumed, at which point the stage is jettisoned to reduce the mass of the rocket. The 
smaller second and third stages function similarly in order to place the rocket’s payload into 
orbit about the earth. (With this design, at least two stages are required in order to reach the 
necessary velocities, and using three stages has proven to be a good compromise between cost 
and performance.) Our goal here is to determine the individual masses of the three stages, 
which are to be designed to minimize the total mass of the rocket while enabling it to reach a 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


APPLIED PROJECT Rocket Science 1029 


For a single-stage rocket consuming fuel at a constant rate, the change in velocity resulting 
from the acceleration of the rocket vehicle has been modeled by 


(Ul = Se 
IPM, 


AV @ in(1 


where M, is the mass of the rocket engine including initial fuel, P is the mass of the payload, 
Sis a structural factor determined by the design of the rocket (specifically, it is the ratio of the 
mass of the rocket vehicle without fuel to the total mass of the rocket with fuel), and c is the 
(constant) speed of exhaust relative to the rocket. 

Now consider a rocket with three stages and a payload of mass A. Assume that outside 
forces are negligible and that c and § remain constant for each stage. If M; is the mass of the 
ith stage, we can initially consider the rocket engine to have mass M, and its payload to have 
mass M, + M; + A; the second and third stages can be handled similarly. 


NASA/Lori Losey 


1. Show that the velocity attained by the rocket after all three stages have been jettisoned is 
given by 


M,+M.+M;+A M,+M,+A M,;+A 
v, = c| In + In + In 
SM, + Mo +M3;+A SM, + M,+A SM; + A 
2. We wish to minimize the total mass M = M,; + M, + Ms; of the rocket engine subject 
to the constraint that the desired velocity v, from Problem | is attained. The method of 
Lagrange multipliers is appropriate here, but difficult to implement using the current 
expressions. To simplify, we define variables N; so that the constraint equation may be 


expressed as v, = c(In N; + In N; + In N3). Since M is now difficult to express in terms of 
the N;’s, we wish to use a simpler function that will be minimized at the same place as M. 


Show that 
Wh te Wh sees AN (il = SG 
M.+M3+A il = Sw 
M> aaa 3 +A el — S)N2 
M,+A 1 — SN 
Mz+A Cl = S)Ne 
A 1 — SN3 
and conclude that 
M+A (1 — S)3N,N2N3 
A (1 — SN,)(L — SNz)(1 — SNs) 


a 


Verify that In((M + A)/A) is minimized at the same location as M; use Lagrange multipli- 
ers and the results of Problem 2 to find expressions for the values of N; where the minimum 
occurs subject to the constraint v, = c(In N; + In N2 + In N3). [Hint: Use properties of 
logarithms to help simplify the expressions. ] 


4. Find an expression for the minimum value of M as a function of vy. 


5. If we want to put a three-stage rocket into orbit 100 miles above the earth’s surface, a final 
velocity of approximately 17,500 mi/h is required. Suppose that each stage is built with a 
structural factor S = 0.2 and an exhaust speed of c = 6000 mi/h. 

(a) Find the minimum total mass M of the rocket engines as a function of A. 
(b) Find the mass of each individual stage as a function of A. (They are not equally sized.) 


2 


The same rocket would require a final velocity of approximately 24,700 mi/h in order to 
escape earth’s gravity. Find the mass of each individual stage that would minimize the total 
mass of the rocket engines and allow the rocket to propel a 500-pound probe into deep 
space. 
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CHAPTER 14 Partial Derivatives 


APPLIED PROJECT | HYDRO-TURBINE OPTIMIZATION 


At a hydroelectric generating station, water is piped from a dam to the power station. The rate 
at which the water flows through the pipe varies, depending on external conditions. 

The power station has three different hydroelectric turbines, each with a known (and 
unique) power function that gives the amount of electric power generated as a function of the 
water flow arriving at the turbine. The incoming water can be apportioned in different volumes 
to each turbine, so the goal of this project is to determine how to distribute water among the 
turbines to give the maximum total energy production for any rate of flow. 

Using experimental evidence and Bernoulli's equation, the following quadratic models 
were determined for the power output of each turbine, along with the allowable flows of 


operation: 
KW, = (—18.89 + 0.12770, — 4.08 - 10°°O7)(170 — 1.6 - 10°°Q?) 
KW, = (—24.51 + 0.13580, — 4.69 - 10°°Q?)(170 — 1.6 - 10°°Q2) 
KW; = (—27.02 + 0.13800; — 3.84 - 10°°O;)(170 — 1.6 - 10° °Q?) 
250 = Q, = 1110, 250<Q,< 1110, 250 <Q; < 1225 
where 


Q; = flow through turbine / in cubic feet per second 
KW; = power generated by turbine 7 in kilowatts 
Q; = total flow through the station in cubic feet per second 


1. If all three turbines are being used, we wish to determine the flow Q; to each turbine that 
will give the maximum total energy production. Our limitations are that the flows must 
sum to the total incoming flow and the given domain restrictions must be observed. Conse- 
quently, use Lagrange multipliers to find the values for the individual flows (as functions 
of Q;) that maximize the total energy production 


KW, + KW, + KW; 
subject to the constraints 

(Oh ar Qy ar Os = (Qi 
and the domain restrictions on each Qj. 


2. For which values of Q7 is your result valid? 


3. For an incoming flow of 2500 ft*/s, determine the distribution to the turbines and verify 
(by trying some nearby distributions) that your result is indeed a maximum. 


4. Until now we have assumed that all three turbines are operating; is it possible in some 
situations that more power could be produced by using only one turbine? Make a graph of 
the three power functions and use it to help decide if an incoming flow of 1000 ft*/s should 
be distributed to all three turbines or routed to just one. (If you determine that only one tur- 
bine should be used, which one would it be?) What if the flow is only 600 ft?/s? 


5. Perhaps for some flow levels it would be advantageous to use two turbines. If the incoming 
flow is 1500 ft/s, which two turbines would you recommend using? Use Lagrange multi- 
pliers to determine how the flow should be distributed between the two turbines to maxi- 
mize the energy produced. For this flow, is using two turbines more efficient than using all 
three? 


6. If the incoming flow is 3400 ft*/s, what distribution would you recommend to the station 
management? 
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YH review 


CONCEPT CHECK 


CHAPTER 14 Review 1031 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a function of two variables? 
(b) Describe three methods for visualizing a function of two 
variables. 


2. What is a function of three variables? How can you visualize 
such a function? 


3. What does 
li W=HL 
(x, y) ae b) Fe y) 


mean? How can you show that such a limit does not exist? 


4. (a) What does it mean to say that f is continuous at (a, b)? 
(b) If f is continuous on R’, what can you say about its 
graph? 


5. (a) Write expressions for the partial derivatives f,(a, b) and 
f(a, b) as limits. 
(b) How do you interpret f.(a, b) and f,(a, b) geometrically? 
How do you interpret them as rates of change? 
(c) If f(x, y) is given by a formula, how do you calculate f, 
and f,? 


6. What does Clairaut’s Theorem say? 


7. How do you find a tangent plane to each of the following 
types of surfaces? 
(a) A graph of a function of two variables, z = f(x, y) 
(b) A level surface of a function of three variables, 
F(x, y,z) =k 


8. Define the linearization of f at (a, b). What is the correspond- 
ing linear approximation? What is the geometric interpreta- 
tion of the linear approximation? 


9. (a) What does it mean to say that f is differentiable at (a, b)? 
(b) How do you usually verify that f is differentiable? 


10. If z = f(x, y), what are the differentials dx, dy, and dz? 


11. State the Chain Rule for the case where z = f(x, y) and x and 
y are functions of one variable. What if x and y are functions 
of two variables? 


TRUE-FALSE QUIZ 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


If z is defined implicitly as a function of x and y by an equa- 
tion of the form F(x, y, z) = 0, how do you find dz/dx and 
dz/dy? 


(a) Write an expression as a limit for the directional deriva- 
tive of f at (xo, yo) in the direction of a unit vector 
u = (a, b). How do you interpret it as a rate? How do 
you interpret it geometrically? 

(b) If f is differentiable, write an expression for Du f (xo, yo) 
in terms of f, and fy. 


(a) Define the gradient vector Vf for a function f of two or 
three variables. 

(b) Express D, f in terms of Vf. 

(c) Explain the geometric significance of the gradient. 


What do the following statements mean? 
(a) f has a local maximum at (a, D). 

(b) f has an absolute maximum at (a, b). 
(c) f has a local minimum at (a, b). 

(d) f has an absolute minimum at (a, )). 
(e) f has a saddle point at (a, b). 


(a) If f has a local maximum at (a, b), what can you say 
about its partial derivatives at (a, b)? 
(b) What is a critical point of f? 


State the Second Derivatives Test. 


(a) What is a closed set in R*? What is a bounded set? 

(b) State the Extreme Value Theorem for functions of two 
variables. 

(c) How do you find the values that the Extreme Value 
Theorem guarantees? 


Explain how the method of Lagrange multipliers works 

in finding the extreme values of f(x, y, z) subject to the con- 
straint g(x, y, z) = k. What if there is a second constraint 
h(x, y, z) = c? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


f(a, y) — f(a, b) 
y—b 


1. f(a, b) lim 


2. There exists a function f with continuous second-order 
partial derivatives such that f,(x, y) = x + y? and 
HQ, y) =x — y?. 


__of 
3. fy = Ox Oy 
4. Dy f(x, y, 2) = f(x, y, z) 


. If f(x, y) > Las (x, y) > (a, b) along every straight line 


through (a, b), then lim(., y)— (a, 5) f(x, y) = L. 


. If f(a, b) and f,(a, b) both exist, then f is differentiable 


at (a, b). 
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7. If f has a local minimum at (a, b) and f is differentiable at 
(a, b), then Vf (a, b) = 0. 


8. If f is a function, then 


lim, _ f(x,y) = f(, 5) 


(x, y) > 2, 5) 


9. If f(x, y) = Iny, then V(x, y) = 1/y. 


EXERCISES 


10. If (2, 1) is acritical point of f and 
Fax(2, Y fry(2, 1) < [fey(2, DT? 
then f has a saddle point at (2, 1). 
11. If f(x, y) = sin x + sin y, then —/2 < Dy f(x, y) < V2. 


12. If f(x, y) has two local maxima, then f must have a local 
minimum. 


1-2 Find and sketch the domain of the function. 
1. f(x,y) = In(x + y + 1) 
2. f(xy) = V4 —-2? —y? + J/1 — x? 


3-4 Sketch the graph of the function. 
3. f(x,y) =1—-y? 4. f(x,y) =x? + (y — 2) 


5-6 Sketch several level curves of the function. 


5. f(x,y) = V4x? + y? 6. f(xy) =e +y 


7. Make a rough sketch of a contour map for the function whose 
graph is shown. 


8. The contour map of a function f is shown. 
(a) Estimate the value of (3, 2). 
(b) Is f.(3, 2) positive or negative? Explain. 
(c) Which is greater, f, (2, 1) or f, (2, 2)? Explain. 


YA 
54+ 

= ie 
44 

80 
3, 70 
60 
50 
21 40 
30 
20 

1 SS 

— + t nail —> 
0 1 2 3 4 x 


9-10 Evaluate the limit or show that it does not exist. 


: 2xy . 2xy 
A im > 10. lim —=—y 
(wy), x + 2y (4. y)> 0,0) x° + 2y* 


11. A metal plate is situated in the xy-plane and occupies the 
rectangle 0 < x < 10,0 < y S 8, where x and y are mea- 
sured in meters. The temperature at the point (x, y) in the 
plate is T(x, y), where T is measured in degrees Celsius. 
Temperatures at equally spaced points were measured and 
recorded in the table. 

(a) Estimate the values of the partial derivatives T,(6, 4) 
and 7,(6, 4). What are the units? 

(b) Estimate the value of Du 7T(6, 4), where u = (i + j) /V/2. 
Interpret your result. 

(c) Estimate the value of 7,,(6, 4). 


10 92 92 91 87 78 


12. Find a linear approximation to the temperature function 
T(x, y) in Exercise 11 near the point (6, 4). Then use it to 
estimate the temperature at the point (5, 3.8). 


13-17 Find the first partial derivatives. 


u + 2v 


13. f(x, y) = (Sy? + 2x7y)8 a 
We ae or 


14. g(u, v) = 


15. F(a, B) = a* In(a? + B’) 
16. G(x, y, z) = e“ sin(y/z) 
17. S(u, v, w) = warctan(v/w ) 
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18. The speed of sound traveling through ocean water is a func- 


tion of temperature, salinity, and pressure. It has been mod- 
eled by the function 


C = 1449.2 + 4.6T — 0.055T* + 0.00029T° 
+ (1.34 — 0.01T)(S — 35) + 0.016D 


where C is the speed of sound (in meters per second), T is 
the temperature (in degrees Celsius), S is the salinity (the 
concentration of salts in parts per thousand, which means 
the number of grams of dissolved solids per 1000 g of 
water), and D is the depth below the ocean surface (in 
meters). Compute 0C/dT, dC/dS, and dC/dD when 

T = 10°C, S = 35 parts per thousand, and D = 100 m. 
Explain the physical significance of these partial 
derivatives. 


19-22 Find all second partial derivatives of f. 
19. f(x,y) = 4x° — xy’ 20. z=xe” 
21. f(x, y,z) = x*y'z™ 22. v =rcos(s + 22) 
de Oz Oz 
23. If z = xy + xe, show that x ty xy +z. 
ox ~ Oy 
24. If z = sin(x + sin #), show that 


25- 


dz 072 
at ax? 


dz az 
Ox Ox dt 


29 Find equations of (a) the tangent plane and (b) the 


normal line to the given surface at the specified point. 


25. 
26. 
27. 
28. 
29. 


z=3x?—y?4+2x, (1,-2,1) 
z=e* cosy, (0,0, 1) 

x? + 2y? — 322=3, (2,-1,1) 
xy t+yzt+zx=3, (1,1,1) 


sin(xyz) =x + 2y + 3z, (2, -1,0) 


31. 


32. 
33. 


FY 30. 


Use a computer to graph the surface z = x* + y* and its 
tangent plane and normal line at (1, 1, 2) on the same 
screen. Choose the domain and viewpoint so that you get a 
good view of all three objects. 


Find the points on the hyperboloid 
xt 4y?- 7 =4 
where the tangent plane is parallel to the plane 
2x+2y+z=5 
Find du if u = In(1 + se‘). 
Find the linear approximation of the function 


f(x, y, z) = x3/y? + z? at the point (2, 3, 4) and use it 


to estimate the number (1.98)*/(3.01)? + (3.97)?. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 
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The two legs of a right triangle are measured as 5 m and 
12 m with a possible error in measurement of at most 

0.2 cm in each. Use differentials to estimate the maximum 
error in the calculated value of (a) the area of the triangle 
and (b) the length of the hypotenuse. 


If u = x*y? + z*, where x = p + 3p’, y = pe”, and 
z = psin p, use the Chain Rule to find du/dp. 


If v = x’*siny + ye™, where x = s + 2rand y = st, 
use the Chain Rule to find dv/ds and dv/dt when s = 0 
andt = 1. 


Suppose z = f(x, y), where x = g(s, t), y = A(s, 1), 

gl, 2) = 3, gs(1, 2) = —1, g(1, 2) = 4, hC, 2) = 6, 

h,(1, 2) = —5, h,(1, 2) = 10, f.(3, 6) = 7, and f,(3, 6) = 8. 
Find dz/ds and dz/dt when s = 1 andt = 2. 


Use a tree diagram to write out the Chain Rule for the case 
where w = f(t, u,v), t = t(p,g,7,5),u = u(p, g,r, 5), and 
v = v(p, q, r, 5) are all differentiable functions. 


Ifz=y + f(x? — y’), where f is differentiable, show that 


The length x of a side of a triangle is increasing at a rate of 
3 in/s, the length y of another side is decreasing at a rate of 
2 in/s, and the contained angle 6 is increasing at a rate of 
0.05 radian/s. How fast is the area of the triangle changing 
when x = 40 inches, y = 50 inches, and @ = 77/6? 


If z = f(u, v), where u = xy, v = y/x, and f has continuous 
second partial derivatives, show that 


, OZ 4 az az Oz 
tae 5 4uv + 2v 
Ox” oy Ou dv ov 
5 0 0 
If cos(xyz) = 1 + x°y? + z?, find = and —. 
Ox oy 


Find the gradient of the function f(x, y, z) = xe”. 


(a) When is the directional derivative of f a maximum? 
(b) When is it a minimum? 

(c) When is it 0? 

(d) When is it half of its maximum value? 


45-46 Find the directional derivative of f at the given point in 
the indicated direction. 


45. 


46. 


f(xy) =x7e, (—2,0), 
in the direction toward the point (2, —3) 


f(x y,z) = xy tx/l+z, (, 2,3), 


in the direction of v = 2i + j — 2k 


47. 


Find the maximum rate of change of f(x, y) = x2y + Jy 
at the point (2, 1). In which direction does it occur? 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1034 


CHAPTER 14 Partial Derivatives 


48. Find the direction in which f(x, y, z) = ze*” increases most 
rapidly at the point (0, 1, 2). What is the maximum rate of 
increase? 


49. The contour map shows wind speed in knots during Hurri- 
cane Andrew on August 24, 1992. Use it to estimate the 
value of the directional derivative of the wind speed at 
Homestead, Florida, in the direction of the eye of the 
hurricane. 


d 


tead 


Homes: 
e 


“Key West 


—— EE | 
0 10 20 30 40 
(Distance in miles) 


50. Find parametric equations of the tangent line at the point 
(—2, 2, 4) to the curve of intersection of the surface 
z = 2x° — y’ and the plane z = 4. 


51-54 Find the local maximum and minimum values and saddle 
points of the function. You are encouraged to graph the function 
with a domain and viewpoint that reveals all the important 
aspects of the function. 


51. f(x,y) =x? — xy + y? + 9x — 6y + 10 
52. f(x,y) =x? — 6xy + 8y* 


53. f(x,y) = 3xy — x°y — xy? 
54. f(x,y) = (x? + ye” 


55-56 Find the absolute maximum and minimum values of f on 
the set D. 


55. f(x,y) = 4xy? — x*y? — xy*; Dis the closed triangular 
region in the xy-plane with vertices (0, 0), (0, 6), and (6, 0) 


56. f(x,y) =e* (x? + 2y’); Dis the disk x? + y? <4 


F457. Usea graph or level curves or both to estimate the local 


maximum and minimum values and saddle points of 
f(x, y) = x* — 3x + y* — 2y*. Then use calculus to find 
these values precisely. 


FS 58. Usea graphing calculator or computer (or Newton’s 
method) to find the critical points of 


f(x,y) = 12 4 


correct to three decimal places. Then classify the critical 
points and find the highest point on the graph. 


4 


10y — 2x? — 8xy — y 


59-62 Use Lagrange multipliers to find the maximum and 
minimum values of f subject to the given constraint(s). 


9, IY) =, 2 y= 1 
1 1 1 1 

60. f(x, y) + —, ytazHl 
x yx y 


61. f(x, y,z) =xyz, W+y?+277=3 


62. f(x, y,z) =x? + 2y? + 327; 
xtyt+z=1, x-yt2z=2 


63. Find the points on the surface xyz? = 2 that are closest to 
the origin. 


FX 64. In this problem we identify a point (a, b) on the line 

16x + 15y = 100 such that the sum of the distances from 

(—3, 0) to (a, b) and from (a, b) to (3, 0) is a minimum. 

(a) Write a function f that gives the sum of the distances 
from (—3, 0) to a point (x, y) and from (x, y) to (3, 0). 
Let g(x, y) = 16x + I5y. Following the method of 
Lagrange multipliers, we wish to find the minimum 
value of f subject to the constraint g(x, y) = 100. 
Graph the constraint curve along with several level 
curves of f, and then use the graph to estimate the 
minimum value of f. What point (a, b) on the line 
minimizes f? 

(b) Verify that the gradient vectors Vf(a, b) and Vg(a, b) 
are parallel. 


65. A pentagon is formed by placing an isosceles triangle on a 
rectangle, as shown in the figure. If the pentagon has fixed 
perimeter P, find the lengths of the sides of the pentagon 
that maximize the area of the pentagon. 
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Problems Plus 


1. 


4. 


v 


6. 


A rectangle with length L and width W is cut into four smaller rectangles by two lines paral- 
lel to the sides. Find the maximum and minimum values of the sum of the squares of the 
areas of the smaller rectangles. 


Marine biologists have determined that when a shark detects the presence of blood in the 
water, it will swim in the direction in which the concentration of the blood increases most 
rapidly. Based on certain tests, the concentration of blood (in parts per million) at a point 
P(x, y) on the surface of seawater is approximated by 


C(x, y) = e767 +29?) /104 


where x and y are measured in meters in a rectangular coordinate system with the blood 

source at the origin. 

(a) Identify the level curves of the concentration function and sketch several members of 
this family together with a path that a shark will follow to the source. 

(b) Suppose a shark is at the point (xo, yo) when it first detects the presence of blood in 
the water. Find an equation of the shark’s path by setting up and solving a differential 
equation. 


A long piece of galvanized sheet metal with width w is to be bent into a symmetric form 

with three straight sides to make a rain gutter. A cross-section is shown in the figure. 

(a) Determine the dimensions that allow the maximum possible flow; that is, find the 
dimensions that give the maximum possible cross-sectional area. 

(b) Would it be better to bend the metal into a gutter with a semicircular cross-section? 


For what values of the number r is the function 


Q@tytz) . 
Fie ‘ A _ ety tz if ‘ea ys z) A (0, 0, 0) 
0 if (x, y, z) = (0, 0, 0) 


continuous on R?? 


Suppose f is a differentiable function of one variable. Show that all tangent planes to the 
surface z = xf(y/x) intersect in a common point. 


(a) Newton’s method for approximating a solution of an equation f(x) = 0 (see Section 4.8) 
can be adapted to approximating a solution of a system of equations f(x, y) = 0 and 
g(x, y) = 0. The surfaces z = f(x, y) and z = g(x, y) intersect in a curve that intersects 
the xy-plane at the point (7, s), which is the solution of the system. If an initial approxi- 
mation (x1, y:) is close to this point, then the tangent planes to the surfaces at (x1, y:) 
intersect in a straight line that intersects the xy-plane in a point (x2, y2), which should be 
closer to (r, s). (Compare with Figure 4.8.2.) Show that 


Sy = hg 


Xo = Ki eS and ya= a 


= fg ~ F45 
feGy — fos 


SeGy — fe Ge 


where f, g, and their partial derivatives are evaluated at (x1, y:). If we continue this pro- 
cedure, we obtain successive approximations (x, Yn). 

(b) It was Thomas Simpson (1710-1761) who formulated Newton’s method as we know 
it today and who extended it to functions of two variables as in part (a). (See the 
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biography of Simpson in Section 7.7.) The example that he gave to illustrate the method 
was to solve the system of equations 


x* + y” = 1000 x’ + y* = 100 


In other words, he found the points of intersection of the curves in the figure. Use the 
method of part (a) to find the coordinates of the points of intersection correct to six deci- 


mal places. 
yA 
x*+y’= 1000 
44 
x’ +y*= 100 

2 4+ 

+ t > 
° 2 4 x 


7. If the ellipse x°/a? + y’/b? = 1 is to enclose the circle x? + y? = 2y, what values of a and b 
minimize the area of the ellipse? 


8. Show that the maximum value of the function 


_ (ax + by + cy 

f(x,y) = vetyti 

isa? +b? +c’. 

Hint: One method for attacking this problem is to use the Cauchy-Schwarz Inequality: 
Ja: b|<|a||b| 


(See Exercise 12.3.61.) 
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Tumors, such as the one illustrated here, have been modeled as “bumpy spheres.’ In Exercise 15.8.49 you are asked to compute the 
volume enclosed by such a surface. 


peterschreiber.media / Shutterstock.com 


1 Multiple Integrals 


IN THIS CHAPTER WE EXTEND the idea of a definite integral to double and triple integrals of 
functions of two or three variables. These ideas are then used to compute volumes, masses, and 
centroids of more general regions than we were able to consider in Chapters 6 and 8. We also use 
double integrals to calculate probabilities when two random variables are involved. 

We will see that polar coordinates are useful in computing double integrals over some types 
of regions. In a similar way, we will introduce two new coordinate systems in three-dimensional 
space—cylindrical coordinates and spherical coordinates—that greatly simplify the computation 
of triple integrals over certain commonly occurring solid regions. 
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1038 CHAPTER 15 Multiple Integrals 


15.1 | Double Integrals over Rectangles 


In much the same way that our attempt to solve the area problem led to the definition of 
a definite integral, we now seek to find the volume of a solid and in the process we arrive 
at the definition of a double integral. 


@ Review of the Definite Integral 


First let’s recall the basic facts concerning definite integrals of functions of a single vari- 
able. If f(x) is defined for a < x < b, we start by dividing the interval [a, b] into n sub- 
intervals [x;-, x;] of equal width Ax = (b — a)/n and we choose sample points x* in 
these subintervals. Then we form the Riemann sum 


i > foe) Ax 


and take the limit of such sums as n — © to obtain the definite integral of f from a to b: 
[2] [°F09 de = lim > fet) Ax 
a n>® j=] 


In the special case where f(x) = 0, the Riemann sum can be interpreted as the sum of 
the areas of the approximating rectangles in Figure 1, and Pf (x) dx represents the area 
under the curve y = f(x) from a to b. 


YA 


FIGURE 1 


H Volumes and Double Integrals 


In a similar manner we consider a function f of two variables defined on a closed 
rectangle 


R = [a,b] X [c,d] ={(x, y) € R? | a<x<b,c<y<d} 


and we first suppose that f(x, y) = 0. The graph of f is a surface with equation z = f(x, y). 
Let S be the solid that lies above R and under the graph of f, that is, 


S = {(x, y, z) E€R*|0<z<f(x,y), (xy) € R} 


(See Figure 2.) Our goal is to find the volume of S. 

FIGURE 2 The first step is to divide the rectangle R into subrectangles. We accomplish this by 
dividing the interval [a, b] into m subintervals [x;-1, x;] of equal width Ax = (b — a)/m 
and dividing [c, d] into n subintervals [y,-1, y;] of equal width Ay = (d — c)/n. By 
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SECTION 15.1 Double Integrals over Rectangles 1039 
drawing lines parallel to the coordinate axes through the endpoints of these subintervals, 
as in Figure 3, we form the subrectangles 

Ry = Gea ye) = {(x, Yj = 2S = P= vif 
each with area AA = Ax Ay. 


YA 


FIGURE 3 


Dividing R into subrectangles 


If we choose a sample point (x;7, y;*) in each R;;, then we can approximate the part of 
S that lies above each R;; by a thin rectangular box (or “column”’) with base R;; and height 
f (xi7, yi*) as shown in Figure 4. (Compare with Figure 1.) The volume of this box is the 
height of the box times the area of the base rectangle: 


f(xif, yi) AA 


If we follow this procedure for all the rectangles and add the volumes of the correspond- 
ing boxes, we get an approximation to the total volume of S: 


[3] V~ > > fri, vi) AA 
bh j= 


(See Figure 5.) This double sum means that for each subrectangle we evaluate f at the 
chosen point and multiply by the area of the subrectangle, and then we add the results. 


ZA ZA 


FIGURE 4 FIGURE 5 
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The meaning of the double limit in 
Equation 4 is that we can make the 
double sum as close as we like to the 
number V [for any choice of (x;*, yi) 
in Ri] by taking m and n sufficiently 
large. 


Notice the similarity between 
Definition 5 and the definition of a 
single integral in Equation 2. 


Although we have defined the double 
integral by dividing R into equal-sized 
subrectangles, we could have used 
subrectangles Ri; of unequal size. But 
then we would have to ensure that all 
of their dimensions approach 0 in the 
limiting process. 


CHAPTER 15 Multiple Integrals 


Our intuition tells us that the approximation given in (3) becomes better as m and n 
become larger and so we would expect that 


m on 


lim > > fi, yt) AA 


[4] = 
M,N? O 1 j=1 

We use the expression in Equation 4 to define the volume of the solid S that lies under 
the graph of f and above the rectangle R. (It can be shown that this definition is consis- 
tent with our formula for volume in Section 6.2.) 

Limits of the type that appear in Equation 4 occur frequently, not just in finding vol- 
umes but in a variety of other situations as well—as we will see in Section 15.4—even 
when f is not a positive function. So we make the following definition. 


[5| Definition The double integral of f over the rectangle R is 


mon 


[|7@.y) 44 = lim > > f(xi, yt) AA 


m,n 


i i=1 j=l 


if this limit exists. 


The precise meaning of the limit in Definition 5 is that for every number e > 0 there 
is an integer N such that 


m n 


[7c y) dA — > Dd f(x#, yf) AA | <e 


if i=1 j=l 


for all integers m and n greater than N and for any choice of sample points (x;7, yj) in Rj. 

A function f is called integrable if the limit in Definition 5 exists. It is shown in 
courses on advanced calculus that all continuous functions are integrable. In fact, the 
double integral of f exists provided that f is “not too discontinuous.” In particular, if f 
is bounded on R [that is, there is a constant M such that | f(x, y)| < M for all (x, y) in R], 
and f is continuous there, except possibly on a finite number of smooth curves, then f is 
integrable over R. 

The sample point (x;, yj) can be chosen to be any point in the subrectangle R;;, but if 
we choose it to be the upper right-hand corner of R;; [namely (x;, y;), see Figure 3], then 
the expression for the double integral looks simpler: 


m n 


[6] [JrG. 9) da = tim, > D fis) AA 


A , i=1 j=l 


By comparing Definitions 4 and 5, we see that a volume can be written as a double 
integral: 


If f(x, y) = 0, then the volume V of the solid that lies above the rectangle R and 
below the surface z = f(x, y) is 


v= {| f(x,y) dA 
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SECTION 15.1 Double Integrals over Rectangles 1041 


The sum in Definition 5, 


n 


F(x, yit) AA 


i=1 j=1 


is called a double Riemann sum and is used as an approximation to the value of the 
double integral. [Notice how similar it is to the Riemann sum in (1) for a function of a 
single variable.] If f happens to be a positive function, then the double Riemann sum 
represents the sum of volumes of columns, as in Figure 5, and is an approximation to the 
volume under the graph of f. 


EXAMPLE 1 Estimate the volume of the solid that lies above the square 

R = [0, 2] X [0, 2] and below the elliptic paraboloid z = 16 — x* — 2y”. Divide R into 
four equal squares and choose the sample point to be the upper right corner of each 
square R;;. Sketch the solid and the approximating rectangular boxes. 


SOLUTION The squares are shown in Figure 6. The paraboloid is the graph of 
f(x, y) = 16 — x* — 2y* and the area of each square is AA = 1. Approximating the 
volume by the Riemann sum with m = n = 2, we have 


2 


Mer 


FIGURE 6 or 2 fey) a 
= f(1, 1) AA + f(1, 2) AA + f(2, 1) AA + f(2, 2) AA 
= 13(1) + 7(1) + 10(1) + 4(1) = 34 
This is the volume of the approximating rectangular boxes shown in Figure 7. | 


We get better approximations to the volume in Example | if we increase the num- 
ber of squares. Figure 8 shows how the columns start to look more like the actual solid 
and the corresponding approximations become more accurate when we use 16, 64, and 
256 squares. In Example 7 we will be able to show that the exact volume is 48. 


x 


FIGURE 7 


FIGURE 8 

The Riemann sum approximations to 
the volume under z = 16 — x* — 2y? 
become more accurate as 

m and n increase. (a)m=n=4,V~ 41.5 (b) m=n= 8, V = 44.875 (c)m=n=16, V = 46.46875 


EXAMPLE 2 If R = {(%, y) | -1 <x <1, -2 <y < 2}, evaluate the integral 
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1042 CHAPTER 15 Multiple Integrals 


SOLUTION It would be very difficult to evaluate this integral directly from Defini- 
tion 5 but, because /1 — x? = 0, we can compute the integral by interpreting it as a 
volume. If z = ./1 — x?, then x? + z? = 1 and z = 0, so the given double integral 
represents the volume of the solid S that lies below the circular cylinder x? + z* = 1 
and above the rectangle R. (See Figure 9.) The volume of S is the area of a semicircle 
with radius | times the length of the cylinder. Thus 


FIGURE 9 {| JI — x? dA =4n(1? X4=20 s 
R 


B® The Midpoint Rule 


The methods that we used for approximating single integrals (the Midpoint Rule, the 
Trapezoidal Rule, Simpson’s Rule) all have counterparts for double integrals. Here we 
consider only the Midpoint Rule for double integrals. This means that we use a double 
Riemann sum to approximate the double integral, where the sample point (xj, yj) in Rj 
is chosen to be the center (x;, y;) of R;;. In other words, x; is the midpoint of Lx;-1, x;] and 
y; is the midpoint of [ y;-1, y;]. 


Midpoint Rule for Double Integrals 


m n 


[J oy) da ~ & & 7.5) a4 


i=1 j=1 


where x; is the midpoint of [x;-1, x;] and y; is the midpoint of [ y;-1, y;]. 


EXAMPLE3 Use the Midpoint Rule with m = n = 2 to estimate the value of the 
integral ||, (x — 3y?) dA, where R = {(x, y) | O< x <2,1<y <2}. 


y SOLUTION In using the Midpoint Rule with m = n = 2, we evaluate 
f(xy) =x - eo at ug centers cad the four subrectangles shown in Figure av So 
x= 5% X= 3, y= 3, and y, = f The area of each subrectangle is AA = 5 +. Thus 


[Je 3y)aa ~ DD £5) AA 


i=1 j=l 


= f(x1, 1) AA + f(x1, yo) AA + fo, v1) AA + f(%2, yr) AA 
= f(5, 7) AA + f(5, 7) AA + f(5, t) AA + f(G, 5) AA 
FIGURE 10 = (23) # (=a (ae (ae 


= —2 = -11.875 


ay 


Thus we have {| (x — 3y2) dA ~ —11.875 r 
: 


NOTE In Example 5 we will see that the exact value of the double integral given in 
Example 3 is — 12. (Remember that the interpretation of a double integral as a volume is 
valid only when the integrand f is a positive function. The integrand in Example 3 is not 
a positive function, so its integral is not a volume. In Examples 5 and 6 we will discuss 
how to interpret integrals of functions that are not always positive in terms of volumes.) 
If we keep dividing each subrectangle in Figure 10 into four smaller ones with similar 
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Number of Midpoint Rule 
subrectangles approximation 
1 —11.5000 
4 — 11.8750 
16 — 11.9687 
64 —11.9922 
256 —11.9980 
1024 —11.9995 
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shape, we get the Midpoint Rule approximations displayed in the table in the margin. 
Notice how these approximations approach the exact value of the double integral, — 12. 


M@ Iterated Integrals 


Recall that it is usually difficult to evaluate single integrals directly from the definition of 
an integral, but the Fundamental Theorem of Calculus provides a much easier method. 
The evaluation of double integrals from first principles is even more difficult, but here we 
see how to express a double integral as an iterated integral, which can then be evaluated 
by calculating two single integrals. 

Suppose that f is a function of two variables that is integrable on the rectangle 
R = [a,b] X [c, d]. We use the notation |“ f(x, y) dy to mean that x is held fixed and 
f(x, y) is integrated with respect to y from y = c to y = d. This procedure is called par- 
tial integration with respect to y. (Notice its similarity to partial differentiation.) Now 
(¢ f(x, y) dy is a number that depends on the value of x, so it defines a function of x: 


A(x) = |" FQ: y) dy 


If we now integrate the function A with respect to x from x = a to x = b, we get 


['4@) dx = [’ [re y) ‘| dx 


The integral on the right side of Equation 7 is called an iterated integral. Usually the 
brackets are omitted. Thus 


[’ ["F6. y) dy dx = [’ [ve y) ‘| dx 


means that we first integrate with respect to y (holding x fixed) from y = c to y = d, and 
then we integrate the resulting function of x with respect to x from x = ato x = b. 
Similarly, the iterated integral 


2 fassae-f[frmou]e 


means that we first integrate with respect to x (holding y fixed) from x = ato x = band 
then we integrate the resulting function of y with respect to y from y = c to y =d. 
Notice that in both Equations 8 and 9 we work from the inside out. 


EXAMPLE 4 Evaluate the iterated integrals. 
P32 2 2.3 2 
(a) { [Py dy ax (b) i [ey axdy 


SOLUTION 
(a) Regarding x as a constant, we obtain 


2)? 2 2 
29 =, |i, _ »f 2 of 1 \ _ 3.» 
fever [oz] el) -o(8) 


Thus the function A in the preceding discussion is given by A(x) = 3x? in this 
example. We now integrate this function of x from 0 to 3: 


[evo f[fere]an (ura 5] 2 
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Theorem 10 is named after the 


CHAPTER 15 Multiple Integrals 


(b) Here we first integrate with respect to x, regarding y as a constant: 


[Pevace=f'[Peve]o=( [Fs] 0 


a ying |= 7 
e395 |=5 


Notice that in Example 4 we obtained the same answer whether we integrated with 
respect to y or x first. In general, it turns out (see Theorem 10) that the two iterated 
integrals in Equations 8 and 9 are always equal; that is, the order of integration does 
not matter. (This is similar to Clairaut’s Theorem on the equality of the mixed partial 
derivatives.) 

The following theorem gives a practical method for evaluating a double integral by 
expressing it as an iterated integral (in either order). 


Fubini’s Theorem If f is continuous on the rectangle 


Italian mathematician Guido Fubini R={(x,y) | a<x<b,c<y<d} 
(1879-1943), who proved a very then 


general version of this theorem in 


1907. But the version for continuous {| f(x, y) dA = [ ice y) dy dx = {' [re y) dx dy 
functions was known to the French R iad owe 
mathematician Augustin-Louis 
Cauchy almost a century earlier. 


FIGURE 12 


More generally, this is true if we assume that f is bounded on R, f is discontin- 
uous only on a finite number of smooth curves, and the iterated integrals exist. 


The proof of Fubini’s Theorem is too difficult to include in this book, but we can at 
least give an intuitive indication of why it is true for the case where f(x, y) = 0. Recall 
that if f is positive, then we can interpret the double integral ie f(x, y) dA as the volume 
V of the solid S that lies above R and under the surface z = f(x, y). But we have another 
formula that we used for volume in Section 6.2, namely, 


v= ) ” A(x) dx 
where A(x) is the area of a cross-section of S in the plane through x perpendicular to the 


x-axis. From Figure 11 you can see that A(x) is the area under the curve C whose equa- 
tion is z = f(x, y), where x is held constant and c < y < d. Therefore 


A(x) = J" fla, ») dy 


and we have 


i | f(x,y) dA=V= [' AQ) dx = [’ in f(x, y) dy dx 


A similar argument, using cross-sections perpendicular to the y-axis as in Figure 12, 
shows that 


[7@.y) 44 = [FG 9) ae dy 
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Notice the negative answer in 
Example 5; nothing is wrong with 
that. The function f is not a positive 
function, so its integral doesn't 
represent a volume. From Figure 13 
we see that f is always negative on R, 
so the value of the integral is the 
negative of the volume that lies above 
the graph of f and below R. 


FIGURE 13 


For a function f that takes on both 
positive and negative values, 

Wp f(x, y) dA is a difference of 
volumes: V; — V2, where V, is the 
volume above R and below the graph 
of f, and V2 is the volume below R 
and above the graph. The fact that the 
integral in Example 6 is 0 means that 
these two volumes V;, and V> are 
equal. (See Figure 14.) 


FIGURE 14 
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EXAMPLE 5 Evaluate the double integral ll, (x — 3y*)dA, where 
R= {(x,y) | 0 <x < 2,1 <y < 2}. (Compare with Example 3.) 


SOLUTION 1 Fubini’s Theorem gives 


SOLUTION 2 Again applying Fubini’s Theorem, but this time integrating with respect 
to x first, we have 


i] a coe I, (, (x — 3y?) dx dy = { E ~ a dy 


x=0 


2 2 
= |" 2 - 6y*)dy = 2 ay} = -12 = 


EXAMPLE6 Evaluate ||, y sin(xy) dA, where R = [1, 2] X [0, 7]. 


SOLUTION If we first integrate with respect to x, we get 


{| y sin(xy) dA = { \ y sin(xy) dx dy 


= { y |-+ cost) dy 
0 y 


x=1 


= {" (—cos 2y + cos y) dy 
lg an em 
= —! sin 2y + siny]’ =0 Oo 


NOTE In Example 6, if we reverse the order of integration and first integrate with respect 
to y, we get 


; 27, 
I) y sin(xy) dA = { i y sin(xy) dy dx 
but this order of integration is much more difficult than the method given in the example 


because it involves integration by parts twice. Therefore, when we evaluate double inte- 
grals it is wise to choose the order of integration that gives simpler integrals. 
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EXAMPLE 7 Find the volume of the solid S that is bounded by the elliptic paraboloid 
x? + 2y? + z = 16, the planes x = 2 and y = 2, and the three coordinate planes. 


ZA SOLUTION We first observe that S is the solid that lies under the surface 

PLHP he=16 z= 16 — x* — 2y? and above the square R = [0, 2] X [0, 2]. (See Figure 15.) This 
solid was considered in Example 1, but we are now in a position to evaluate the double 
integral using Fubini’s Theorem. Therefore 


v= {| (16 — x? — 2y2)dA = ( { (16 — x? — 2y?) dx dy 
R 


a - y ~ ‘3 [16x - ix? _ 2y%x]._, dy 


*( 2 
FIGURE 15 = |" (@ — 4y*) dy = [By — gy°], = 48 : 
In the special case where f(x, y) can be factored as the product of a function of x only 
and a function of y only, the double integral of f can be written in a particularly simple 


form. To be specific, suppose that f(x, y) = g(x)h(y) and R = [a, b] X [c, d]. Then 
Fubini’s Theorem gives 


d fb d b 
[rey aa = |") gh) axdy = | [ AG) ax| dy 
R 
In the inner integral, y is a constant, so A(y) is a constant and we can write 


{' hi g(x) h(y) a dy = ii jror( g(x) wx) dy = [ g(x) dx " h(y) dy 


since is g(x) dx is a constant. Therefore, in this case the double integral of f can be writ- 
ten as the product of two single integrals: 


[11] I) g(x) h(y) dA = I's (x) dx |"h (y) dy where R = [a, b| X [c,d] 


EXAMPLE 8 If R = [0, 7/2] x [0, 27/2], then, by Equation 11, 
_ [7 a/2 
i) sin x cos ydA = { sin x dx { cos y dy 


= [—cos xf” [sin yf’ = 1-1=1 Oo 


The function f(x, y) = sin x cos yin 
Example 8 is positive on R, so the 
integral represents the volume of 
the solid that lies above R and below 
the graph of f shown in Figure 16. 


FIGURE 16 
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@ Average Value 
Recall from Section 6.5 that the average value of a function f of one variable defined on 
an interval [a, b] is 


1 b 
foe = 5, |, £2) ax 


In a similar fashion we define the average value of a function f of two variables defined 
on a rectangle R to be 


fins = Gepy [| Pl 9) aA 


where A(R) is the area of R. 
If f(x, y) = 0, the equation 


A(R) X favs = || flay) dA 


says that the box with base R and height five has the same volume as the solid that lies 
under the graph of f. [If z = f(x, y) describes a mountainous region and you chop off the 
tops of the mountains at height fy, then you can use them to fill in the valleys so that the 
FIGURE 17 region becomes completely flat. See Figure 17.] 


EXAMPLE 9 The contour map in Figure 18 shows the snowfall, in inches, that fell on 
the state of Colorado on December 20 and 21, 2006. (The state is in the shape of a 
rectangle that measures 388 mi west to east and 276 mi south to north.) Use the contour 
map to estimate the average snowfall for the entire state of Colorado on those days. 


FIGURE 18 


SOLUTION Let’s place the origin at the southwest corner of the state. Then 

0 <x < 388,0 < y S 276, and f(x, y) is the snowfall, in inches, at a location x miles 
to the east and y miles to the north of the origin. If R is the rectangle that represents 
Colorado, then the average snowfall for the state on December 20-21 was 


1 
fo = Fa flay) dA 
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where A(R) = 388 - 276. To estimate the value of this double integral, let’s use the 
Midpoint Rule with m = n = 4. In other words, we divide R into 16 subrectangles of 
equal size, as in Figure 19. The area of each subrectangle is 


AA = ;(388)(276) = 6693 mi? 


FIGURE 19 


Using the contour map to estimate the value of f at the center of each subrectangle, 


we get 
4 4 
[Jr a4 ~ > DG AA 
i=1 j=l 
= AA[(O+ 15+8+74+2+ 25+ 185+ 11 
+45 4+ 28+ 174+ 135+ 12 + 15+ 17.5 + 13] 
= (6693)(207) 
6693)(207 
Therefore Save © Mice Gu) = 12.9 


(388)(276) 


On December 20-21, 2006, Colorado received an average of approximately 13 inches 
of snow. | 
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15.1 | Exercises 


1. (a) Estimate the volume of the solid that lies below the sur- 
face z = xy and above the rectangle 


R={(xy) | 0<x<60<y<4} 


Use a Riemann sum with m = 3, n = 2, and take the 
sample point to be the upper right corner of each square. 

(b) Use the Midpoint Rule to estimate the volume of the solid 
in part (a). 


2. If R = [0, 4] X [—1, 2], use a Riemann sum with m = 2, 
n = 3 to estimate the value of [{,,(1 — xy?) dA. Take the 
sample points to be (a) the lower right corners and (b) the 
upper left corners of the rectangles. 


3. (a) Use a Riemann sum with m = n = 2 to estimate the 
value of [|,.xe~*” dA, where R = [0, 2] x [0, 1]. Take the 
sample points to be upper right corners. 

(b) Use the Midpoint Rule to estimate the integral in part (a). 


4. (a) Estimate the volume of the solid that lies below the 
surface z = | + x* + 3y and above the rectangle 
R =[1, 2] X [0, 3]. Use a Riemann sum with m = n = 2 
and choose the sample points to be lower left corners. 
(b) Use the Midpoint Rule to estimate the volume in part (a). 


5. Let V be the volume of the solid that lies under the graph 
of f(x, y) = 52 — x? — y* and above the rectangle given 
by 2 <x <4,2 <y <6. Use the lines x = 3 and y = 4 to 
divide R into subrectangles. Let L and U be the Riemann sums 
computed using lower left corners and upper right corners, 
respectively. Without calculating the numbers V, L, and U, 
arrange them in increasing order and explain your reasoning. 


6. A 20-ft by 30-ft swimming pool is filled with water. The 
depth is measured at 5-ft intervals, starting at one corner of 
the pool, and the values are recorded in the table. Estimate the 
volume of water in the pool. 


0 5 10 15 20 25 30 
0 2 3 4 6 i 8 8 
3) 2 3 4 7 8 10 8 
10 2 4 6 8 10 12 10 
15 2 3 4 2) 6 8 7 
20 2 2 2 2 3 4 4 | 


7. A contour map is shown for a function f on the square 
R = [0,4] X [0, 4]. 
(a) Use the Midpoint Rule with m = n = 2 to estimate the 
value of ||, f(x,y) dA. 


(b) Estimate the average value of f. 


8. The contour map shows the temperature, in degrees Fahren- 
heit, at 4:00 PM on a day in February in Colorado. (The state 
measures 388 mi west to east and 276 mi south to north.) Use 
the Midpoint Rule with m = n = 4 to estimate the average 
temperature in Colorado at that time. 


9-11 Evaluate the double integral by first identifying it as the 
volume of a solid. 


9. ||,V2 dA, R={(x,y)|2<x<6,-1<y<5} 
10. [[,(2x + dA, R={(x,y)|0<x<2,0<y <4} 


11. {{,(4 — 2y)dA, R=[0, 1] x [0,1] 


12. The integral ||, /9 — y? dA, where R = [0, 4] X [0, 2], 
represents the volume of a solid. Sketch the solid. 


13-14 Find |j f(x, y) dx and [> f(x, y) dy 
13. f(x,y) =x + 3x*y? 14. f(x,y) =yVx +2 
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15-26 Calculate the iterated integral. 


15. [ i (6x’y — 2x) dydx 16. { {, (x + y)* dx dy 


1 


N 


5 { [ (x + e*) dx dy 
18. [", i (x? + y *) dy dx 


19. i hi (y + y* cos x) dx dy 


-3 J0 
Ji 


20. { [° — dy dx 


2 


—_ 


EG a)ee mf foer ana 
23. [> [pt sin' di dt 2A. | [) xy? Fy dy 


25. [’ [ v(u + v)* du dv 
Jo Jo 


2 


a 


3 { it Vs + t ds dt 


27-34 Calculate the double integral. 


27. [| x sec?y aA, R={(x,y) | 0<x<2,0<y< 7/4} 
R 

28. [f(y +ay%)dd, R={(ny) | O0<x<2,1<y <2} 
R 


2 
xy 
29. \ rere R={(x,y) | 0<x<1,-3<y <3} 


R 

tan 6 

30. {| ve dA, R={(6,t1) | 0<@<7/3,0<1<3} 
R 


31. [J x sin + y)dA, R=([0, 7/6] X [0, 7/3] 


x 
32. \) Tew R =[0, 1] x [0, 1] 


a, {| ye’ dA, R=[0,2] x [0,3] 
R 


7 l 
“| ltxe+y 


34 dA, R=([1,3] x [1,2] 


35-37 Sketch the solid whose volume is given by the iterated 
integral. 


35. { { (4 — x — 2y) dx dy 


36. { ( (2 — x? — y?) dy dx 


37. {°, [4 -)dydx 


38. Consider the solid region S that lies under the surface 
z = x’,/y and above the rectangle R = [0, 2] x [1, 4]. 
(a) Find a formula for the area of a cross-section of S in the 
plane perpendicular to the x-axis at x for0 < x S 2. 
Then use the formula to compute the areas of the 
cross-sections illustrated. 


(b) Find a formula for the area of a cross-section of S in the 
plane perpendicular to the y-axis at y for 1 Sy <4. 
Then use the formula to compute the areas of the 
cross-sections illustrated. 


(c) Find the volume of S. 


39-42 The figure shows a surface and a rectangle R in the 

xy-plane. 

(a) Set up an iterated integral for the volume of the solid that lies 
under the surface and above R. 

(b) Evaluate the iterated integral to find the volume of the solid. 


39. 40. 
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42. 51. Use a computer algebra system to find the exact value of the 
integral |/,x°y*e* dA, where R = [0, 1] x [0, 1]. Then use 
the CAS to draw the solid whose volume is given by the 
integral. 


(T) 52. Graph the solid that lies between the surfaces 


z=e *cos(x* + y’)andz =2 —x? — y*for|x| <1 
| y| S 1. Use a computer algebra system to approximate the 


we volume of this solid correct to four decimal places. 
x : y 53-54 Find the average value of f over the given rectangle. 
53. f(x,y) = x’y, 
R has vertices (—1, 0), (—1, 5), (1, 5), (1, 0) 
43. Find the volume of the solid that lies under the plane 54. f(x, y) =e? Vx +e, R = [0, 4] x [0, 1] 


44. 


45. 


46. 


47. 


48. 


49. 


. Graph the solid that lies between the surface 


4x + 6y — 2z + 15 = Oand above the rectangle 
R= {(x,y) | -l1<x<2,-1<y< 1}. 

‘ : F . 55-56 U try t luate the double integral. 
Find the volume of the solid that lies under the hyperbolic Se ree nrg ee 
paraboloid z = 3y* — x” + 2 and above the rectangle 55. le 
R=([-1,1] x [1,2]. 


re R={(x,y) | -1<x<1,0<y<}} 


Find the volume of the solid lying under the elliptic ee re 
paraboloid x7/4 + y?/9 + z = | and above the rectangle 56. i (1 + x’siny + y’sinx) dA, R=[—a, 7] X [-a, 7] 
R=[-1, 1] X [-2, 2]. . 


Find the volume of the solid enclosed by the surface 


z =x? + xy? and the planes z = 0, x = 0,x =5, 57. Use a computer algebra system to compute the iterated 
and y = +2. integrals 

Find the volume of the solid enclosed by the surface i foe ay dx anid { : { 1 ae dx dy 
z= 1+ -x’ye and the planes z = 0,x = +1, y = 0, aay) o Jo (x + y) 

and y = 1. 


Do the answers contradict Fubini’s Theorem? Explain what 
Find the volume of the solid in the first octant bounded by is happening. 


the cylinder z = 16 — x? and the plane y = 5. 
58. (a) In what way are the theorems of Fubini and Clairaut 


Find the volume of the solid enclosed by the paraboloid similar? 

z=2+4+x? + (y — 2) and the planes z = 1, x = 1, (b) If f(x, y) is continuous on [a, b] X [c, d] and 
x=-l,y=0,andy = 4. . 

g(x,y) = [" |? fls,0) ards 


z = 2xy/(x? + 1) and the plane z = x + 2y and is bounded fora <x < b,c < y < d, show that 
by the planes x = 0, x = 2, y = 0, and y = 4. Then find its 
volume. Gry = Gx = f(% Y) 


15.2 | Double Integrals over General Regions 


For single integrals, the region over which we integrate is always an interval. But for 
double integrals, we want to be able to integrate a function not just over rectangles but 
also over regions of more general shape. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1052 CHAPTER 15 Multiple Integrals 


@ General Regions 


Consider a general region D like the one illustrated in Figure 1. We suppose that D is a 
bounded region, which means that D can be enclosed in a rectangular region R as in 
Figure 2. In order to integrate a function f over D we define a new function F with 
domain R by 


[1] F(x, y) = f(x,y) if (x, y) isin D 
+y 0 if (x, y) is in R but not in D 


yA yA 
R 
0 x 0 x 
FIGURE 1 FIGURE 2 


If F is integrable over R, then we define the double integral of f over D by 


[2] {| f(x, y) dA = {| F(x, y) dA where F is given by Equation | 
D R 


Definition 2 makes sense because R is a rectangle and so ||, F(x, y) dA has been previ- 
ously defined in Section 15.1. The procedure that we have used is reasonable because the 
values of F(x, y) are 0 when (x, y) lies outside D and so they contribute nothing to 
the integral. This means that it doesn’t matter what rectangle R we use as long as it con- 
tains D. 

In the case where f(x, y) = 0, we can still interpret ||, f(x, y) dA as the volume of the 
solid that lies above D and under the surface z = f(x, y) (the graph of f). You can see that 
this is reasonable by comparing the graphs of f and F in Figures 3 and 4 and remember- 
ing that ||, F(x, y) dA is the volume under the graph of F. 


graph of f 


oS 


ey 


FIGURE 3 FIGURE 4 


Figure 4 also shows that F is likely to have discontinuities at the boundary points 
of D. Nonetheless, if f is continuous on D and the boundary curve of D is “well behaved” 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 15.2 Double Integrals over General Regions 1053 


(in a sense outside the scope of this book), then it can be shown that lhe F(x, y) dA exists 
and therefore ||, f(x, y) dA exists. In particular, this is the case for the following two 
types of regions. 

A plane region D is said to be of type I if it lies between the graphs of two continuous 
functions of x, that is, 


D = {(x, y) |a<x<b, g(x) <y <g,(x)} 


where g; and g2 are continuous on [a, b]. Some examples of type I regions are shown in 


Figure 5. 
si Y= 9Ga(x) *t Y= 9p(x) =] Y = 92(X) 
| | | | | 
| | | | | 
| y= g(x) : | y=qi(x) | y=aqlx) : 
> > > 
0 a b x 0 a b x O} a b x 
FIGURE 5 


NOTE For a type I region, the functions g; and g) must be continuous but they do not 
need to be defined by a single formula. For instance, in the third region of Figure 5, go is 
a continuous piecewise defined function. 


Some type I regions 


YA y=go(x) In order to evaluate {lp f(x, y) dA when D is a region of type I, we choose a rect- 
en angle R = [a, b] X [c, d] that contains D, as in Figure 6, and we let F be the function 
=a given by Equation 1; that is, F agrees with f on D and F is 0 outside D. Then, by Fubini’s 
Theorem, 
bey | [| Fe. aa = |] FO.» da = [? [FG ») dy ax 
a ay D R = 
y= glx)! 7 Observe that F(x, y) = 0 if y < gi(x) or y > go(x) because (x, y) then lies outside D. 
0 a x b x Therefore 
d g(x) g(x) 
FIGURE 6 [ F(x, y) dy = ee F(x, y) dy = i. F(x, y) dy 


because F(x, y) = f(x, y) when gi(x) < y S g2(x). Thus we have the following formula 
that enables us to evaluate the double integral as an iterated integral. 


[3] If f is continuous on a type I region D described by 


D=({(xy) | a<x<b, gi) <y < gov} 


JJ fen aa =f) [Py Pes 9) ay ax 


The integral on the right side of (3) is an iterated integral that is similar to the ones we 
considered in Section 15.1, except that in the inner integral we regard x as being constant 
not only in f(x, y) but also in the limits of integration, g;(x) and go(x). 
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We also consider plane regions of type I, which can be expressed as 
D={(x,y) |e<y <a, hily) <x < haly)} 


where /, and /2 are continuous. Three such regions are illustrated in Figure 7. 


yA yA yA 
d _————————— 
dt ——— fect 
x=h,(y) X= h(y) x=hj(y) x =hy(y) x=h,(y) X= hy(y) 
(6 el elie > 
0 x cL 
0 x Pee 0 rt 
FIGURE 7 


Using the same methods that were used in establishing (3), we can show that the fol- 
lowing result holds. 


Some type II regions 


[4] If f is continuous on a type II region D described by 
D={(x,y) |e<y<d, hy) <x <h(y)} 


[7.39 aa = [PFO ») dedy 


h 
D i( 


EXAMPLE 1 Evaluate ||, (x + 2y) dA, where D is the region bounded by the 
parabolas y = 2x? and y = 1 + x’. 


SOLUTION The parabolas intersect when 2x? = 1 + x’, that is, x* = 1,sox = +1. 
We note that the region D, sketched in Figure 8, is a type I region but not a type I 
region and we can write 


p=({,y) | -l<x<1, 2’ <y<14+2 


Since the lower boundary is y = 2x? and the upper boundary is y = 1 + x, Equa- 
tion 3 gives 


[| G+ 2») aa = [! leg (x + 2y) dy dx 


z . pore 
=|" by + y%}ne a 
FIGURE 8 1 3 
= [. [x(1 + x2) + (1 + x2)? — x(2x2) — (2x2)?] dx 
=|! (—3x* — x3 + 2x7 +x + 1) dx 


x x xe x? 32 
=-3 +2 + + x = — | 
4 3 2 : 15 


NOTE When we set up a double integral as in Example 1, it is essential to draw a dia- 
gram. Often it is helpful to draw a vertical arrow as in Figure 8. Then the limits of integra- 
tion for the inner integral can be read from the diagram as follows: The arrow starts at the 
lower boundary y = gi(x), which gives the lower limit in the integral, and the arrow ends 
at the upper boundary y = g2(x), which gives the upper limit of integration. For a type II 
region the arrow is drawn horizontally from the left boundary to the right boundary. 
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EXAMPLE 2 Find the volume of the solid that lies under the paraboloid z = x? + y? 


and above the region D in the xy-plane bounded by the line y = 2x and the parabola 
2 
y=x". 


SOLUTION 1 From Figure 9 we see that D is a type I region and 
D={(x,y) | Osx 2, x2 <y<2z} 


Therefore the volume under z = x” + y? and above D is 


V= {| (x? + y?)dA = [ ie (x? + y*) dy dx 
D 


2 ys y=2x 
FIGURE 9 =| xy + — dx 


RY 


Dasa type I region 0 3 y=x? 
2 2x) 2\3 
=| (2x) + (2x) 2.2 (x*) a 
0 3 3 


SOLUTION 2 From Figure 10 we see that D can also be written as a type II region: 
D={(x,y) | 0<y<45y<x< Vy} 


Therefore another expression for V is 


V= {| (x? + y*)dA = { [ee + y?) dx dy 
D ay 


x= yy 
4 x3 4 yi? y? y> 

= ee d =| + y? —] qd 
i E | x ee 2402) 


> 
xX 
= 2y5? 4 2y72 _ 3 ya)’ — 216 ‘a 
FIGURE 10 15 7 96% Jo 35 
D as atype II region ZA 
z=x?+y? 
FIGURE 11 


Figure 11 shows the solid whose volume is calculated in Example 2. It lies above the 


xy-plane, below the paraboloid z = x* + y*, and between the plane y = 2.x and the para- 
bolic cylinder y = x?. 
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EXAMPLE 3 Evaluate ||, xy dA, where D is the region bounded by the line y = x — 1 
and the parabola y* = 2x + 6. 


SOLUTION The region D is shown in Figure 12. Again D is both type I and type II, but 
the description of D as a type I region is more complicated because the lower boundary 
consists of two parts. Therefore we prefer to express D as a type II region: 


D={(x,y) | -2<y<4sy-3<x<y+]} 


3 x : 
y=-2x+6 
FIGURE 12 (a) D as a type I region 
Then (4) gives _ 
y+1 4 a ake 
jeune P|. 4 
D ~ -2 x=5y'-3 
= i [ 2 (1.2 2] 
2 {lO + D? - Gy’ — 3)P ay 
4 y? 
=3] ——— + 4y? + 2y* — 8y } dy 
2 4 
1] y° y? : 
2 24°? 5 


In Example 3, if we had expressed D as a type I region using Figure 12(a), then the 
lower boundary curve would be 


—/2x+6 if -3 5 
gi(x) = Z 


— 1 if -l< 
and we would have obtained 


{| xy dA = i= ae xy dy dx + ie [2 ay dy dx 
D 


—J2x+6 


x=2y xt2y+z=2 which would have involved more work than the other method. 


EXAMPLE 4 Find the volume of the tetrahedron bounded by the planes 


T 
eat x+2y+z=2,x = 2y,x =0,andz = 0. 


J SOLUTION In a question such as this, it’s wise to draw two diagrams: one of the 
(1, 2 0) three-dimensional solid and another of the plane region D over which it lies. Figure 13 
shows the tetrahedron T bounded by the coordinate planes x = 0, z = 0, the vertical 
plane x = 2y, and the plane x + 2y + z = 2. Since the plane x + 2y + z = 2 inter- 
FIGURE 13 sects the xy-plane (whose equation is z = Q) in the line x + 2y = 2, we see that T lies 
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above the triangular region D in the xy-plane bounded by the lines x = 2y, x + 2y = 2, 
and x = 0. (See Figure 14.) 

The plane x + 2y + z = 2 can be written as z = 2 — x — 2y, so the required 
volume lies under the graph of the function z = 2 — x — 2y and above 


D = {(x, y) | O<x<1,x/2<y<1 — x/2} 
Therefore 


2 v= |] @-x-2y)aA 


FIGURE 14 = ('(" (2 — x - 2y) dy ax 
0 Jx/2 7 


y=1—-x/2 


~ if [2y Ay ae dx 


3 1 
r : 1 
=|) (8 -2x+ Ddr= +x =— Bo 
0 3 3 


BH Changing the Order of Integration 


Fubini’s Theorem tells us that we can express a double integral as an iterated integral in 
two different orders. Sometimes one order is much more difficult to evaluate than the 
other—or even impossible. The next example shows how we can change the order of 
integration when presented with an iterated integral that is difficult to evaluate. 


EXAMPLE 5 Evaluate the iterated integral |} |! sin(y?) dy dx. 


SOLUTION If we try to evaluate the integral as it stands, we are faced with the task 

of first evaluating | sin(y*) dy. But it’s impossible to do so in finite terms since 

| sin(y) dy is not an elementary function. (See the end of Section 7.5.) So we must 

change the order of integration. This is accomplished by first expressing the given 
> iterated integral as a double integral. Using (3) backward, we have 


[, [{ sin(y?) ay dx = [[ sin(y?) da 


FIGURE 15 
Das atype I region where D ={(x,y) |}O<x<l,x<y< i} 


We sketch this region D in Figure 15. Then from Figure 16 we see that an alternative 
description of D is 
D=((x,y) |O<y<l, 0<x<yl 


This enables us to use (4) to express the double integral as an iterated integral in the 
reverse order: 


J, J, sino) dy dx = |{ sin(y?) da 


x=y 
=0 


_ i ig sin(y2) dx dy = i LaRo w 


FIGURE 16 


a roe eee 2] ty 
D as atype II region i y sin(y”) dy 3 cos(y I, x(1 — cos 1) | 
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YA 
> 

0 x 

FIGURE 17 
FIGURE 18 
0 

x 
FIGURE 19 


Cylinder with base D and height 1 


@ Properties of Double Integrals 


We assume that all of the following integrals exist. For rectangular regions D the first 
three properties can be proved in the same manner as in Section 5.2. And then for general 
regions the properties follow from Definition 2. 


[5] [J Lec) + gx 9] da = ff fly) da + ff g(x, ») aA 
[6] {| cf(x,y)dA =c {| T(x, y) dA where c is a constant 


If f(x, y) = g(x, y) for all (x, y) in D, then 
[| fe. y)dA > {| g(x, y) dA 


The next property of double integrals is similar to the property of single integrals 
given by the equation |? f(x) dx = | f(x) dx + |? f(x) dx (Property 5 in Section 5.2). 

If D = D, U Dz, where D, and D» don’t overlap except perhaps on their boundaries 
(see Figure 17), then 


[| re.y a4 = |[ flx.y) aa + ff flex.) a 


D D 


Property 8 can be used to evaluate double integrals over regions D that are neither 
type I nor type II but can be expressed as a union of regions of type I or type I. Figure 18 
illustrates this procedure. (See Exercises 67 and 68.) 


YA YA 

> > 
0 x 0 x 
(a) D is neither type I nor type IL. (b) D=D, U D,, D, is type I, D, is type II. 


The next property of integrals says that if we integrate the constant function f(x, y) = 1 
over a region D, we get the area of D: 


[9] [| 144 = AD) 


D 


Figure 19 illustrates why Equation 9 is true: A solid cylinder whose base is D and whose 
height is 1 has volume A(D) + 1 = A(D), but we know that we can also write its volume 
as |[, 1 dA. 

Finally, we can combine Properties 6, 7, and 9 to prove the following property. (See 
Exercise 73.) 
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If m < f(x, y) < M for all (x, y) in D, then 


m+ A(D) < ) f(x,y) dA < M+ A(D) 


D 


zZ Figure 20 illustrates Property 10 for the case m > 0. The volume of the solid below 
the graph of z = f(x, y) and above D is between the volumes of the cylinders with 
base D and heights m and M. (Compare to Figure 5.2.17, which illustrates the analogous 
property for single integrals.) 


EXAMPLE 6 Use Property 10 to estimate the integral ||, e“"*°°* dA, where D is the 
disk with center the origin and radius 2. 


‘ SOLUTION Since —1 S sinx S 1 and —1 <cos y S 1, we have 
FIGURE 20 —1 sin x cos y < 1 and, because the natural exponential function is increasing, 
we have 
e! < e@ Sin x 00s y < e! =e 
Thus, using m = e | = 1/e, M = e, and A(D) = 7(2)’ in Property 10, we obtain 
4a Se 
aI em *sy dA < Atre a 
& D 
15.2 | Exercises 
1-6 Evaluate the iterated integral. 9. f(x,y) = xy 10. f(x,y) =x 
r5 fx 2 py? A ¥ 
1. | { (8x — 2y) dy dx 2. { ih x’y dx dy 
r y 3 m/2 (x y= vx 
3. [" i xe” dx dy 4. ( . | x sin y dy dx 
5. {, ‘a cos(s*) dt ds 6. { [ V1 +e’ dwdv ° 7 


11-14 Evaluate the double integral. 
7-10 


y = 
(a) Express the double integral fp J (x, y) dA as an iterated 11. {\ +1 dA, D= {(x, y) |O<x<40<y< vx} 

integral for the given function f and region D. . 

(b) Evaluate the iterated integral. 12. {\ (2x + y)dA, D={(x,y)|1<y<2,y-1<x<1} 
7. f(x,y) = 2y 8. f(xy) =xty ” 

13. |[er'da, D={(x,y) | 0<y<3,0<x<y} 
YA D 
(1,1) 14. || yz —y? dA, D={(x,y) | 0<x<2,0<y <x} 

D 


15. Draw an example of a region that is 
> - (a) type I but not type II 
: (b) type II but not type I 
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16. Draw an example of a region that is 
(a) both type I and type II 
(b) neither type I nor type II 


17-18 Express D as a region of type I and also as a region of 
type II. Then evaluate the double integral in two ways. 


17. (| xdA, Dis enclosed by the lines y = x, y = 0,x = 1 


D 


18. {I xy dA, Disenclosed by the curves y = x’, y = 3x 
D 


19-22 Set up iterated integrals for both orders of integration. 
Then evaluate the double integral using the easier order and 
explain why it’s easier. 


19. {I ydA, Dis bounded by y= x -—2,x=y? 


D 


20. (| y’e* dA, Dis bounded by y = x,y =4,x =0 
D 


21. {\ sin’x dA, 
D 


D is bounded by y = cos x,0 <x < 7/2, y=0,x =0 


22. (| 6x* dA, Dis bounded by y = x*, y = 2x + 4,x=0 
D 


23-28 Evaluate the double integral. 


23. [J x c0sy aa, Dis bounded by y = 0, y= x7, x= 1 
D 


4. i Baars ; is bounde =xy=x, xe 
2 (x? + 2y) dA, Dis bounded by y y=x? 0 


D 


25. [| y? aA, 
D 


D is the triangular region with vertices (0, 1), (1, 2), (4, 1) 


26. (| xy dA, Dis enclosed by the quarter-circle 


D 


y = V1 — x?, x = 0, and the axes 


27. {| 2x — yaa 


D 


D is bounded by the circle with center the origin and radius 2 


28. { | ydA, Dis the triangular region with vertices (0, 0), 
D 


(1, 1), and (4, 0) 


29-30 The figure shows a surface and a region D in the xy-plane. 


(a) 
(b) 


29. 


Set up an iterated double integral for the volume of the solid 
that lies under the surface and above D. 
Evaluate the iterated integral to find the volume of the solid. 


Zz 30. 


z=1+xy 


(1, 1, 0) 


31-40 Find the volume of the given solid. 


31. 


32. 


33. 


34. 


35. 


36. 
37. 


38. 


39. 


40. 


Under the plane 3x + 2y — z = O and above the region 
enclosed by the parabolas y = x” and x = y* 


Under the surface z = 1 + x*y? and above the region 
enclosed by x = y* and x = 4 


Under the surface z = xy and above the triangle with 
vertices (1, 1), (4, 1), and (1, 2) 


Enclosed by the paraboloid z = x* + y* + 1 and the planes 
x=0,y=0,z=0,andx+y=2 


The tetrahedron enclosed by the coordinate planes and the 
plane2x +y+z=4 


Bounded by the planes z = x, y = x,x + y 


2, and z = 0 


Enclosed by the cylinders z = x*, y = x? and the planes 
z=0,y=4 


Bounded by the cylinder y* + z* = 4 and the planes x = 2y, 
x = 0,z = O in the first octant 


Bounded by the cylinder x? + y* = 1 and the planes y = z, 
x = 0, z = O in the first octant 


Bounded by the cylinders x7 + y? = r?andy* + 2 =r? 


41. 


42. 


Use a graph to estimate the x-coordinates of the points of 
intersection of the curves y = x* and y = 3x — x*. If Dis the 
region bounded by these curves, estimate ||) x dA. 


Find the approximate volume of the solid in the first octant 
that is bounded by the planes y = x, z = 0, and z = x and the 
cylinder y = cos x. (Use a graph to estimate the points of 
intersection.) 


43-46 Find the volume of the solid by subtracting two volumes. 


43. 


44. 


The solid enclosed by the parabolic cylinders y = 1 — x’, 
y =x’ — Land the planes x + y +z =2, 
2x+2y—z+10=0 


The solid enclosed by the parabolic cylinder y = x* and the 
planes z = 3y,z =2+y 
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45. The solid under the plane z = 3, above the plane z = y, and 
between the parabolic cylinders y = x? and y = 1 — x? 


46. The solid in the first octant under the plane z = x + y, 
above the surface z = xy, and enclosed by the surfaces 
x=0,y =0,andx? + y?=4 


47-50 Sketch the solid whose volume is given by the iterated 
integral. 


a7. [Gd —x-y)dydx a8. ['["  ~ x) dyad 


49. i t V9 — x? dx dy 


50. ie C e* dy dx 


51-54 Use a computer algebra system to find the exact volume 
of the solid. 


51. Under the surface z = x*y* + xy? and above the region 
bounded by the curves y = x? — xandy =x*+ x 


forx =0 


52. Between the paraboloids z = 2x? + y? and 
z = 8 — x? — 2y? and inside the cylinder x* + y* = 1 


53. Enclosed by z = | — x* — y?andz = 
54. Enclosed by z = x? + y? and z = 2y 


55-60 Sketch the region of integration and change the order of 
integration. 


55. [" |" f(x,y) dedy 56. ||" f(x,y) dy dx 


57.) fla y)dyde 58 ie f(x,y) dx dy 


59. i ("ys (x, y) dy dx 60. { (" a f(x, y) dy dx 


61-66 Evaluate the integral by reversing the order of 
integration. 


oN i, i‘ eNdx dy 62. { {. vy sin y dy dx 
63. { [. Jy? + 1 dy dx 


2 (1 Bi 
64. { {, y cos(x 1) dx dy 


65. [" i cos x V1 + cos?x dx dy 


JO Jarcsin y 


66. { i. e*' dx dy 
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67-68 Express D as a union of regions of type I or type II and 
evaluate the integral. 


67. {\ x2dA 


D 


68. {| ydA 
D 


69-70 Use Property 10 to estimate the value of the integral. 
69. { | J4— xy? dA, 
$= {(ey) |x +y?<1,x 20} 
70. { | sin‘(x + y) dA, T is the triangle enclosed by the lines 
T 


y =0, y = 2x, andx = 1 


71-72 Find the average value of f over the region D. 


71. f(x, y) = xy, 
D is the triangle with vertices (0, 0), (1, 0), and (1, 3) 


72. f(x,y) =xsiny, 
D is enclosed by the curves y = 0, y = x’, and x = 1 


73. Prove Property 10. 


74. In evaluating a double integral over a region D, a sum of 
iterated integrals was obtained as follows: 


[]7e. 9 aa = [I [Pry deady + [PO PGy) axdy 


Sketch the region D and express the double integral as an 
iterated integral with reversed order of integration. 


75-79 Use geometry or symmetry, or both, to evaluate the 
double integral. 


75. \\ (x + 2) dA, 
D = {(x,y) |O<ys 9 — x} 
76. \\ R? — x2 —y? dA, 


D is the disk with center the origin and radius R 
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77, (| (Qx + 3y) dA, 80. Use the Extreme Value Theorem (14.7.8) and Property 15.2.10 

“ of integrals to prove the Mean Value Theorem for double 
integrals. (Use the proof of the single-variable version in 
Section 6.5 as a guide.) 


D 
Dis the rectangleO<Sx<a,0Sy<b 


78. {| (2 + xy? — y?sin.x) dA, 
\ ( ed arama) 81. Suppose that f is continuous on a disk that contains the 


D 

point (a, b). Let D, be the closed disk with center (a, b) and 

= < 
{Gs ») | lx] + |y| i} radius r. Use the Mean Value Theorem for double integrals 
79. (| (ax? + by? + Ja?— x?) dA, to show that 
D 4 
D =[-a,a] x [-6, 5] lim —; || f(s») dA = fla, b) 
r>0 Tr D 


80-81 Mean Value Theorem for Double Integrals The Mean 
Value Theorem for double integrals says that if f is a continuous 82. 
function on a plane region D that is of type I or type II, then there 

exists a point (xo, yo) in D such that 


Graph the solid bounded by the plane x + y + z = | and the 
paraboloid z = 4 — x* — y’ and find its exact volume. (Use a 
computer algebra system to find the equations of the bound- 
ary curves of the region of integration and to evaluate the 


{| (x, y) dA = f (x0, Yo) AW) double integral.) 


D 


15.3 | Double Integrals in Polar Coordinates 


Suppose that we want to evaluate a double integral ||, f(x, y) dA, where the region R is 
a circular disk centered at the origin. In this case the description of R in terms of rectan- 
gular coordinates is rather complicated, but R is readily described using polar coor- 
dinates. In general, if R is a region that is more easily described using polar coordinates, 
it is often advantageous to evaluate the double integral by first converting it to polar 
coordinates. 


M@ Review of Polar Coordinates 
YA Polar coordinates were introduced in Section 10.3. Recall from Figure 1 that the polar 
coordinates (r, 6) of a point are related to the rectangular coordinates (x, y) of that point 
by the equations 


2 


r=xr+y’ x = rcos 6 y =rsin@ 


oO Xx x Equations of circles centered at the origin are particularly simple in polar coordinates. 

The unit circle has equation r = 1; the region enclosed by this circle is shown in 
FIGURE 1 Figure 2(a). Figure 2(b) illustrates another region that is conveniently described in polar 
coordinates. 


YA YA 


vet+y=1 vr+y=4 


FIGURE 2 (a) R={(r, 0) |O<r<1,0<0<27} (b) R={(r, 0) |1<r<2,0<0<7} 
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You may wish to review Table 10.3.1 for other common curves suitably described in 
polar coordinates. 


@ Double Integrals in Polar Coordinates 


The regions in Figure 2 are special cases of a polar rectangle 
R={(r,0)|a<r<b,a<0 <p} 


which is shown in Figure 3. In order to compute the double integral [{,, f(x, y) dA, where 
R is a polar rectangle, we divide the interval [a, b] into m subintervals [7;-1, 7; ] of equal 
width Ar = (b — a)/m and we divide the interval [a, 8] into n subintervals [6;-1, 0;| 
of equal width A@ = (B — a)/n. Then the circles r = r; and the rays 6 = 0; divide the 
polar rectangle R into the small polar rectangles R;; shown in Figure 4. 


Compare Figure 4 with Figure 15.1.3. 


O O 


FIGURE 3 Polar rectangle FIGURE 4 Dividing R into polar subrectangles 


The “center” of the polar subrectangle 
Ri = {(r, 0) | ri<r<7,0-1<0S a; 
has polar coordinates 
r® =3(n-1 + 7) 0} = 5(6)-1 + 6) 


We compute the area of R;; using the fact that the area of a sector of a circle with radius 
r and central angle 6 is $770. Subtracting the areas of two such sectors, each of which 
has central angle AO = 6; — 6-1, we find that the area of R;; is 


AA; = 577 A0 — 372. AO = 5 (r? — 72.1) AO 
=4(r, + ra) — r-1) AO = ri Ar AO 


Although we have defined the double integral the f(x, y) dA in terms of ordinary rect- 
angles, it can be shown that, for continuous functions f, we always obtain the same 
answer using polar rectangles. The rectangular coordinates of the center of Rj are 
(r* cos 6;*, r;* sin 6;*), so a typical Riemann sum is 


[1] > DS FCF cos 6*, r* sin 0*) AA; = >) >) f(r* cos 0, r* sin 0*) r* Ar AO 

i=1 j=1 i=1 j=1 
If we write g(r, 0) = rf(rcos 0, rsin 6), then the Riemann sum in Equation 1 can be 
written as 


m n 


g(ri*, 0;°) Ar A@ 


i=1 j=l 
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which is a Riemann sum for the double integral 


{ : [’ g(r, 0) dr d0 


Therefore we have 


m n 


i | fix, y) dA = lim DY > f(r* cos 6%, r* sin 6%) AA; 
R 


m,n joy j=] 


m n 


lim > & g(r*, 0*) Ar Ae = ae g(r, 0) dr dé 


m,n jay j=] 


I 


I 


[° |’ flrcos 6, r sin 8) r dr ad 


[2] Change to Polar Coodinates in a Double Integral If f is continuous on a 
polar rectangle R givenbyO <a <r<b,a <6 8, where 0 S B — a S 27, 
then 


[| fe») dA = [£0 0s 8, r sin 6) rdr dO 


The formula in (2) says that we convert from rectangular to polar coordinates in a 
double integral by writing x = rcos@ and y = rsin@, using the appropriate limits of 
@ integration for r and 6, and replacing dA by r dr d@. Be careful not to forget the addi- 


tional factor r on the right side of Formula 2. A classical method for remembering this is 
dA shown in Figure 5, where the “infinitesimal” polar rectangle can be thought of as an 
d xf 4 ordinary rectangle with dimensions r d6 and dr and therefore has “area” dA = r dr dé. 
P eat ] 
47 7 
Pe rd EXAMPLE 1 Evaluate ||, (3x + 4y”)dA, where R is the region in the upper half-plane 
oom 2 2 
we bounded by the circles x? + y* = 1 and x? + y* = 4. 
° SOLUTION The region R can be described as 
FIGURE 5 


R={(x,y) | y=0, l<x+y?<4} 


It is the half-ring shown in Figure 2(b), and in polar coordinates it is given by 
1<r<2,0 <0 SZ. Therefore, by Formula 2, 


{| (3x + 4y?)dA = My \ [3(r cos @) + 4(rsin 6)] r dr dé 
R 
= { \ (3r?cos@ + 4r? sin’@) dr dé 


- iN [7 cos@ + r* sin?6]|_, do = iM (7 cos@ + 15 sin’0) do 


Here we use the trigonometric = i 
identity = { [7 cos@ + =(1 — cos 20)| do 


sin’@ = 3(1 — cos 26) 


See Section 7.2 for advice on = 7sin@ + = _ = sin | = = P| 
0 


integrating trigonometric functions. 
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EXAMPLE 2 Evaluate the double integral 


ie aoe (x? + y?) dy dx 


YA SOLUTION This iterated integral is a double integral over the region R shown in 
1 y=VJ1-x? Figure 6 and described by 
R={(x,y) |-1<x<1,0<y< 1-2} 
f The region is a half-disk, so it is more simply described in polar coordinates: 
- \_, R=((r,6) |0<60<7,0<r<i} 
Therefore we have 
FIGURE 6 


ie hea (x? + y’) dy dx = { { (r2) r dr dO 


a) pa prot 1 opa 7 
=| |~| a@=—("ae=— = 

0 4 |-=0 4 Jo 4 
EXAMPLE 3 Find the volume of the solid bounded by the plane z = 0 and the 
paraboloid z = 1 — x* — y*. 
SOLUTION If we put z = 0 in the equation of the paraboloid, we get x* + y* = 1. This 
means that the plane intersects the paraboloid in the circle x* + y* = 1, so the solid 
lies under the paraboloid and above the circular disk D given by x* + y* < 1 [see Fig- 


ures 7 and 2(a)]. In polar coordinates D is given by 0 S r S 1,0 S 0 S 27. Since 
1-—x? -— y*=1-—/r’, the volume is 


v={/ (1 — x? — y2)dA ={" (ra — -)rdrdo 


7 1 
FIGURE 7 = | a0 [(r ryar= 2a] 5 _ =* 7 


In Example 3, if we had used rectangular coordinates instead of polar coordinates, we 
would have obtained 


v= {fa — x? — y?)dA =[) a — x? — y?)dy dx 
D 


which is not easy to evaluate because it involves finding | (1 — x?)* dx. 


What we have done so far can be extended to the more complicated type of region 
shown in Figure 8. It’s similar to the type II rectangular regions we considered in Sec- 
tion 15.2. In fact, by combining Formula 2 in this section with Formula 15.2.4, we obtain 
the following formula. 


[3] If f is continuous on a polar region of the form 


D={(r,6) |a<0 <8, h(6)<r<ho)} 


O 


| | f(x,y) dA = { f - f(rcos 0, rsin 8) rdr dO 
4 3 


FIGURE 8 
D={(r, 9) |a< 0B, h(8) <r<h,(9)} 
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In particular, taking f(x, y) = 1, 4(@) = 0, and h2(@) = h(@) in this formula, we see 
that the area of the region D bounded by 6 = a, 6 = B, and r = A(@) is 


A(D) = |fida=[P |" rarao 
D 


B| r? ~ B 
=| =| do = { 1Tn(6) 2.40 


and this agrees with Formula 10.4.3. 


EXAMPLE4 Use a double integral to find the area enclosed by one loop of the 
four-leaved rose r = cos 20. 


SOLUTION From the sketch of the curve in Figure 9, we see that a loop is given by the 
region 
D={(r,0) | -a/4 <0 < 7/4,0 <r < cos 26} 


So the area is 


A(D) = {| dA = ee [P" rar do 
D 


_ a/4 12 cos 20 4 a/4 
=f [be ae = 4 [" cos?20 a6 
FIGURE 9 i = ie Le de| 
= [7a + cos 40) dd = lg + qsin 40|" = 5 a 
ae et ee | EXAMPLE 5 Find the volume of the solid that lies under the paraboloid z = x? + y?, 
(or r= 2 cos 6) above the xy-plane, and inside the cylinder x* + y* = 2x. 


x? + y? = 2x or, after completing the square, 


SOLUTION The solid lies above the disk D whose boundary circle has equation 


0 5 x (x-1P +y=1 
(See Figures 10 and 11.) 

In polar coordinates we have x? + y* = r? and x = rcos@, so the boundary circle 
x? + y? = 2x becomes r* = 2rcos 6, or r = 2 cos 6. Thus the disk D is given by 


FIGURE 10 D={(r,6) | -7/2 <0 < 77/2,0 <r <2cos0} 


and, by Formula 3, we have 


4 2cos@ 
was a2 2 24 = 2 2 _ a/2 2 cos 0 2 _ r/2 can 
z=x°+y : V \) (x? + y*)dA ae { rr dr d0 poe d@ 


ig a/2 a/2 1+ 20 2 
=4("" cos'a dd = 8 |" cosa do = 8 | ee ae 
=a/2 0 0 2 


=2[”"[1 + 2cos 26 + (1 + cos 40)] dé 


: : a/2 3\({7 30 
= 2[30 + sin20 + } sin 4e]’ -2(3)(2)- 5 7 
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15.3 | Exercises 


1-6 A region R is shown. Decide whether to use polar coordinates 
or rectangular coordinates and write ||, f(x, y) dA as an iterated 
integral, where f is an arbitrary continuous function on R. 


Als YA 2. yA 
> 
x 
3. YA 4. YA 
R 
=3 10) 4% 3 ¢ x 
5. yA 6. YA 
10 
R 
1 8 
y- ~ 
= 0 ee 0 8) io x 


7-8 Sketch the region whose area is given by the integral and 
evaluate the integral. 


7. al i" r dr dé 8. 
1 


Ja/4 


rdr dé 


7 [° sin@ 


1/2 J0 


9-16 Evaluate the given integral by changing to polar coordinates. 


9. |[,,x°y dA, where D is the top half of the disk with center the 
origin and radius 5 


10. Ne (2x — y) dA, where R is the region in the first quadrant 
enclosed by the circle x* + y? = 4 and the lines x = 0 
and y = x 


1 


—_ 


: Ne sin(x* + y?) dA, where R is the region in the first quadrant 
between the circles with center the origin and radii 1 and 3 
ee 2 
12. {| —— dA, where R is the region that lies between the 
aX ey” 


circles x? + y? = a andx* + y?=b? withO<a<b 


13. [/ 3 e*” dA, where D is the region bounded by the 
semicircle x = \/4 — y? and the y-axis 


14. II, cos./x? + y? dA, where D is the disk with center the 
origin and radius 2 


15. I, arctan(y/x) dA, 
where R = {(x,y) | 1 <x* + y?<4, 0<y <x} 


16. i, x dA, where D is the region in the first quadrant that lies 


between the circles x? + y? = 4and x? + y? = 2x 


17-22 Use a double integral to find the area of the region D. 


a ee 18. 


) 
() ; 


r=1+cos0é 


19. veging 20: 


r=cos@ 
r?=cos 20 


21. D is the loop of the rose r = sin 36 in the first quadrant. 


22. D is the region inside the circle (x — 1)? + y? = | and 
outside the circle x* + y? = 1. 


23-24 

(a) Set up an iterated integral in polar coordinates for the volume 
of the solid under the surface and above the region D. 

(b) Evaluate the iterated integral to find the volume of the 
solid. 


23. Zz 


z=1+xy 
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25-28 

(a) Set up an iterated integral in polar coordinates for the volume 
of the solid under the graph of the given function and above 
the region D. 

(b) Evaluate the iterated integral to find the volume of the solid. 


25. f(x,y) =y 26. f(x,y) = xy? 
YA yA 
P+y=9 
D 
0 x 
27. f(x,y) =x 28. f(x,y) = 1 
yA yA 
r=sin@ 
r=1+cosé 
D 
0 : 0 x 


29-37 Use polar coordinates to find the volume of the given 
solid. 


29. Under the paraboloid z = x? + y* and above the disk 


xt y?<25 


30. Below the cone z = ./x* + y? and above the ring 


I<x°+y’?<4 


31. Below the plane 2x + y + z = 4 and above the disk 
rtysl 


32. Inside the sphere x* + y* + z* = 16 and outside the 
cylinder x* + y? = 4 


33. A sphere of radius a 


34. Bounded by the paraboloid z = 1 + 2x* + 2y* and the 


plane z = 7 in the first octant 
35. Above the cone z = x? + y? and below the sphere 
erPtyt+7/=1 


36. Bounded by the paraboloids z = 6 — x? — y? and 


z= 2x? + 2y? 


37. Inside both the cylinder x* + y? = 4 and the ellipsoid 
4x? + 4y? + 2? = 64 


38. (a) A cylindrical drill with radius r; is used to bore a hole 
through the center of a sphere of radius r. Find the vol- 
ume of the ring-shaped solid that remains. 

(b) Express the volume in part (a) in terms of the height / of 
the ring. Notice that the volume depends only on h, not 


on r, OF Fo. 


39-42 Evaluate the iterated integral by converting to polar 
coordinates. 


39, [° [Ft ay ae 


“(2x + y) dxd 
oe y) dx dy 


4 xy? dx dy 


43-44 Express the double integral in terms of a single integral 
with respect to r. Then use a calculator (or computer) to evaluate 
the integral correct to four decimal places. 


43. ie e+") dA, where D is the disk with center the origin 


and radius | 


44. ||, xy 1 + x2 + y? dA, where D is the portion of the disk 


x* + y*? < | that lies in the first quadrant 


45. A swimming pool is circular with a 40-ft diameter. The depth 
is constant along east-west lines and increases linearly from 
2 ft at the south end to 7 ft at the north end. Find the volume 


of water in the pool. 


46. An agricultural sprinkler distributes water in a circular pattern 
of radius 100 ft. It supplies water to a depth of e" feet per 
hour at a distance of r feet from the sprinkler. 

(a) If0 < R < 100, what is the total amount of water sup- 
plied per hour to the region inside the circle of radius R 
centered at the sprinkler? 

(b) Determine an expression for the average amount of water 
per hour per square foot supplied to the region inside the 
circle of radius R. 


47. Find the average value of the function f(x, y) = 1//x? + y? 


on the annular region a? < x* + y* < b*, where0 <a <b. 
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48. Let D be the disk with center the origin and radius a. What is (b) An equivalent definition of the improper integral in 

the average distance from points in D to the origin? part (a) is 

~(x2+y2 fo as (gly? 
49. Use polar coordinates to combine the sum {| ety) dA = jim {I ety) dA 
R Sa 
1 x zope 2 (V4-x2 
ae —_ xy dy dx + { { xy dy dx + i { xy dy dx where S, is the square with vertices (+a, +a). Use this to 
show that 


into one double integral. Then evaluate the double integral. ‘ : e : 
[" e* dx [" e° dy=T7 


50. (a) We define the improper integral (over the entire plane R?) 
(c) Deduce that 


f= {I ety) dA [ oY dx = de 
Rw =o 


(d) By making the change of variable t = Jf 2 x, show that 


[ear = Vir 


«0 


i ie ee ty) dy dx 


lim (| ety) dA 
Da (This is a fundamental result for probability and 


statistics.) 
where D, is the disk with radius a and center the origin. 


Show that 51. Use the result of Exercise 50(c) to evaluate the following 


integrals. 


[fee da =a (a) [eax (b) |, ve "ax 


—c 


15.4 | Applications of Double Integrals 


yA We have already seen one application of double integrals: computing volumes. Another 
(x, y) geometric application is finding areas of surfaces and this will be done in the next sec- 
tion. In this section we explore physical applications such as computing mass, electric 
charge, center of mass, and moment of inertia. We will see that these physical ideas are 
also important when applied to probability density functions of two random variables. 


@ Density and Mass 


In Section 8.3 we were able to use single integrals to compute moments and the center of 
mass of a thin plate or lamina with constant density. But now, equipped with the double 
integral, we can consider a lamina with variable density. Suppose the lamina occupies a 
region D of the xy-plane and its density (in units of mass per unit area) at a point (x, y) 


(xh 4) HR in D is given by p(x, y), where p is a continuous function on D. This means that 
s 
yA 5 Am 


FIGURE 1 


where Am and AA are the mass and area of a small rectangle that contains (x, y) and 
the limit is taken as the dimensions of the rectangle approach 0. (See Figure 1.) 

To find the total mass m of the lamina we divide a rectangle R containing D into sub- 
rectangles Rj; of the same size (as in Figure 2) and consider p(x, y) to be 0 outside D. If 
we choose a point (xj*, yi?) in Rj, then the mass of the part of the lamina that occupies Rj 


0 x is approximately p(xi¥, yi;) AA, where AA is the area of Rj;. If we add all such masses, we 
get an approximation to the total mass: 


FIGURE 2 The mass of each 
subrectangle Rj; is approximated by ee 


(xi, ys) AA 
p(xij, yi) AA. i a 


k 
=1 j=1 
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YA 


FIGURE 3 


CHAPTER 15 Multiple Integrals 


If we now increase the number of subrectangles, we obtain the total mass m of the lamina 
as the limiting value of the approximations: 


k,l 51 jel 


Oi] m= lim > > plxf, yf) AA = [J eG») aa 


Physicists also consider other types of density that can be treated in the same manner. 
For example, if an electric charge is distributed over a region D and the charge density 
(in units of charge per unit area) is given by o(., y) at a point (x, y) in D, then the total 
electric charge Q is given by 


[2] O= | oly) aA 


D 


EXAMPLE 1 Charge is distributed over the triangular region D in Figure 3 so that the 
charge density at (x, y) is (x, y) = xy, measured in coulombs per square meter (C/m/”). 
Find the total charge. 


SOLUTION From Equation 2 and Figure 3 we have 


y=1 
irl t y? | 1x, 5 
Q= \) a(x, y) dA = { [x dy dx = \ |. | dx = { pall — (1 — x)’ Jdx 
1 
aif! ; il 2? x4 _ 5 
Z|, 2x? — x) dx | 3 4]|, 24 
Thus the total charge is x C. Oo 


H@ Moments and Centers of Mass 


In Section 8.3 we found the center of mass of a lamina with constant density; here we 
consider a lamina with variable density. Suppose the lamina occupies a region D and has 
density function p(x, y). Recall from Chapter 8 that we defined the moment of a particle 
about an axis as the product of its mass and its directed distance from the axis. We divide 
D into small rectangles as in Figure 2. Then the mass of R;;is approximately p(xj;, yi;) AA, 
sO we can approximate the moment of Rj; with respect to the x-axis by 


Lo(xi;, yj) AA] yi 


If we now add these quantities and take the limit as the number of subrectangles becomes 
large, we obtain the moment of the entire lamina about the x-axis: 


m n 


3] M,= lim) > & yi pCi, yi) AA = {] yp(x, y) dA 
D 


i=1 j=l 


m,n 


Similarly, the moment about the y-axis is 


m n 


[4] M, = lim, & > xi p(xi, yh) AA = [| xp, y) dA 


m,n «yy 
i=1 j=1 D 
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~ ra) As before, we define the center of mass (x, y) so that mx = M, and my = M,. The physi- 
J D cal significance is that the lamina behaves as if its entire mass is concentrated at its center 
of mass. Thus the lamina balances horizontally when supported at its center of mass (see 

Figure 4). 


[5] The coordinates (x, y) of the center of mass of a lamina occupying the 
region D and having density function p(x, y) are 


j= = = {{ xels, y) dA joe ~ ff yet y) dA 
D D 


FIGURE 4 


m m m 


where the mass m is given by 


EXAMPLE 2 Find the mass and center of mass of a triangular lamina with vertices 
(0, 0), (1, 0), and (0, 2) if the density function is p(x, y) = 1 + 3x + y. 


SOLUTION The triangle is shown in Figure 5. (Note that the equation of the upper 
boundary is y = 2 — 2x.) The mass of the lamina is 


m= {| p(x, y) dA = {, i (1 + 3x + y) dy dx 


0 
D 
y=2-2x 
1 y? . 
=| [yea + | dx 
0 2 |=0 
=4['(1-2x)dx=4 ey 8 
FIGURE 5 <4) x)de=4) x al =o 


Then the formulas in (5) give 


x= = xp(x, y) dA = an ~ (x + 3x? + xy) dy dx 


3 : 2 y=2—-2x 
= al E + 3x7y + 2 | dx 


0 y=0 
1 
3 Sa. ee 3 
— 3 d. =— 
2 |) = ax , 2 44|, 8 
_ 1 _ 3 fl 2-2 ; 
p= 7, [fred = 3, i, (y + 3xy + y*)dy dx 
1 a % y=2-2x 
a2 Ply are _if! bee 
al E ore | dx=3 (7 Ox — 3x? + 5x3) dx 
1 
1 x Y x 11 
= Ix —9 RD S| Sa 
4 2 4 |, 16 
The center of mass is at the point (3, i). Oo 
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FIGURE 6 


Compare the location of the center of 


CHAPTER 15 Multiple Integrals 


EXAMPLE3 The density at any point on a semicircular lamina is proportional to the 
distance from the center of the circle. Find the center of mass of the lamina. 


yA SOLUTION Let’s place the lamina as the upper half of the circle x* + y* = a’. (See 
Figure 6.) Then the distance from a point (x, y) to the center of the circle (the origin) is 


Vx? + y?. Therefore the density function is 


p(x, y) = Kyx? + y? 


where K is some constant. Both the density function and the shape of the lamina 
suggest that we convert to polar coordinates. Then ./x? + y? = rand the region D is 
given by 0 Sr <a,0 <0 S mw. Thus the mass of the lamina is 


m= {| p(x, y) dA = |] Kv? +9? aa 


= { {° (Kr) r dr d@ = K |" dé {° rdr = Kt 


r : Kaa? 
3 


0 


Both the lamina and the density function are symmetric with respect to the y-axis, so 
the center of mass must lie on the y-axis, that is, x = 0. The y-coordinate is given by 


3 
Kira 


y= an {lets y) dA = ("| r sin 0 (Kr) r dr d0 


mass in Example 3 with Example 8.3.4, 
where we found that the center of 
mass of a lamina with the same shape 
but uniform density is located at the 
point (0, 4a/(377)). 


I 


Ta 


2 2 i sin 6 dé (° rdr= 


3 3 [cos [4] 


Ta 


__ 3 2a* . 3a 
Ta 4 27 
Therefore the center of mass is located at the point (0, 3a/(27:)). | 


HB Moment of Inertia 


The moment of inertia (also called the second moment) of a particle of mass m about 
an axis is defined to be mr’, where r is the distance from the particle to the axis. We 
extend this concept to a lamina with density function p(x, y) and occupying a region D 
by proceeding as we did for ordinary moments. We divide D into small rectangles, 
approximate the moment of inertia of each subrectangle about the x-axis, and take the 
limit of the sum as the number of subrectangles becomes large. The result is the moment 
of inertia of the lamina about the x-axis: 


lim, > > (if las, vi) AA = [f y? ola, y) dA 
r D 


Similarly, the moment of inertia about the y-axis is 


m n 


lim > Dd (xf) p(x#, y#) AA = [[ Pet, y) dA 


m,n j=) j=] 


= 
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We also consider the moment of inertia about the origin, also called the polar moment 
of inertia: 


m n 


fo= lim > > [Cei? + ("| oCeh, yi) AA = [f (? + y*) 0G, ») aa 


i=1 j=l 


Note that Jo = J, + J). 


EXAMPLE 4 Find the moments of inertia /,, ,, and Jp of a homogeneous disk D with 
density p(x, y) = p, center the origin, and radius a. 


SOLUTION The boundary of D is the circle x* + y* = a’ and in polar coordinates D is 
described by 0 S 6 S 27,0 Sr <a. By Formula 6, 


L= {| yp dA = p\ iy (r sin 0)? r dr dO 
D 


I 


p (" sin’ dO ik dr=p ("3a — cos 26) do {° dr 


- 4 


4 
p {08 2a} Tpa 
-[o —4sin20],"| —| =—— 
= 7 Sin lk B 4 


0 


Similarly, Formula 7 gives 
= 2 = on 2 
E; \) xp dA =p I { (r cos 0) r dr d@ 


4 
_ dry a3 _ Tpa 
=p. 3(1 + cos 26) d0 |" r dr Sas 


(From the symmetry of the problem, it is expected that J, = [,.) We could use 
Formula 8 to compute Jp directly, or use 


hea h+rh= 
4 4 2 


In Example 4 notice that the mass of the disk is 
m = density X area = p(7a’) 


so the moment of inertia of the disk about the origin (like a wheel about its axle) can be 
written as 


4 
Tpa 
h= - 


= 5(pma’)a’ = sma? 


Thus if we increase the mass or the radius of the disk, we thereby increase the moment 
of inertia. In general, the moment of inertia plays much the same role in rotational motion 
that mass plays in linear motion. The moment of inertia of a wheel is what makes it 
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CHAPTER 15 Multiple Integrals 


difficult to start or stop the rotation of the wheel, just as the mass of a car is what makes 
it difficult to start or stop the motion of the car. 
The radius of gyration of a lamina about an axis is the number R such that 


[9] mR? = I 


where m is the mass of the lamina and / is the moment of inertia about the given axis. 
Equation 9 says that if the mass of the lamina were concentrated at a distance R from the 
axis, then the moment of inertia of this “point mass” would be the same as the moment 
of inertia of the lamina. 

In particular, the radius of gyration y with respect to the x-axis and the radius of gyra- 
tion x with respect to the y-axis are given by the equations 


my? = I, mx? = I, 


Thus (x, y) is the point at which the mass of the lamina can be concentrated without 
changing the moments of inertia with respect to the coordinate axes. (Note the analogy 
with the center of mass.) 


EXAMPLE 5 Find the radius of gyration about the x-axis of the disk in Example 4. 


SOLUTION As noted, the mass of the disk is m = pia’, so from Equations 10 we have 


= I, impa* a 


m pta* 4 


Therefore the radius of gyration about the x-axis is y = Sa, which is half the radius of 
the disk. a 


i Probability 


In Section 8.5 we considered the probability density function f of a continuous random 
variable X. This means that f(x) = 0 for all x, |”, f(x) dx = 1, and the probability that 
X lies between a and b is found by integrating f from a to b: 


(b 
a 


Pla =X <b) = | f(x) dx 


Now we consider a pair of continuous random variables X and Y, such as the lifetimes 
of two components of a machine or the height and weight of an adult female chosen 
at random. The joint density function of X and Y is a function f of two variables such 
that the probability that (X, Y) lies in a region D is 


P(X, Y) € D) = { | f(x, y) dA 


In particular, if the region is a rectangle, then the probability that X lies between a and b 
and Y lies between c and d is 


Pia<X<b,c<Y<d)= [ ice y) dy dx 


(See Figure 7.) 
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FIGURE 7 

The probability that X lies between a and b 
and Y lies between c and d is the volume that 
lies above the rectangle D = [a, b] X [c, d] and 
below the graph of the joint density function. 


Because probabilities aren’t negative and are measured on a scale from 0 to 1, the 
joint density function has the following properties: 


f(x, y) 20 |] fo aa = 1 


As in Exercise 15.3.50, the double integral over R’ is an improper integral defined as the 
limit of double integrals over expanding circles or squares, and we can write 


[| fe. y) dA = i [7 fe, y) dx dy = 1 


EXAMPLE 6 If the joint density function for X and Y is given by 


C(x + 2y) if O<x<10,0<y<10 
0 otherwise 


f(x y) -| 


find the value of the constant C. Then find P(X S 7, Y = 2). 


SOLUTION We find the value of C by ensuring that the double integral of f over R? is 
equal to 1. Because f(x, y) = 0 outside the rectangle [0, 10]  [0, 10], we have 


y=10 


in i f(x, y) dy dx = {° {° C(x + 2y) dy dx =C {° [xy + yy} dx 
=C {" (10x +100) dx = 1500C 


Therefore 1500C = 1 and so C = jagp. 
Now we can compute the probability that X is at most 7 and Y is at least 2: 


7 oo 7 (10 
P(X <7, Y22)= ‘ie { f(x, y) dy dx = {, i i300 (* + 2y) dy dx 


y=10 


= 30 | [xy + yf dx = 00 {’ (8x + 96) dx 


= £% ~ 0.5787 rT] 
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Suppose X is a random variable with probability density function fi(x) and Y is a 
random variable with density function f(y). Then X and Y are called independent ran- 
dom variables if their joint density function is the product of their individual density 
functions: 


f(x,y) = fil) ly) 


In Section 8.5 we modeled waiting times by using exponential density functions 


0 if r<0 
j= 
FO ene if r=0 


where ys is the mean waiting time. In the next example we consider a situation with two 
independent waiting times. 


EXAMPLE7 The manager of a movie theater determines that the average time 
moviegoers wait in line to buy a ticket for a film is 10 minutes and the average time 
they wait to buy popcorn is 5 minutes. Assuming that the waiting times are indepen- 
dent, find the probability that a moviegoer waits a total of less than 20 minutes before 
taking his or her seat. 


SOLUTION Assuming that both the waiting time X for the ticket purchase and the 
waiting time Y in the refreshment line are modeled by exponential probability density 
functions, we can write the individual density functions as 


0 if x<0 0 if y <0 
A) = — if x=0 fy) = is if y=0 


Since X and Y are independent, the joint density function is the product: 


1 3/10 ,-y/5 
e e if x2=0,y 20 
fey) = p00) = {# 
otherwise 
We are asked for the probability that X + Y < 20: 
P(X + Y < 20) = P(X, Y) € D) 


where D is the triangular region shown in Figure 8. Thus 


P(X + Y¥<20)= | f(xy) dA = {° gene dy dx 
D 
2 y=20—-x 2 ‘5 
= 3 % [ev —5)e5] dx = is 4 ey — @& 20/5) dy 
=i i (e710 — 9-4e/9) gy = 1 + e-4 — Qe? = 0.7476 
FIGURE 8 This means that about 75% of the moviegoers wait less than 20 minutes before taking 
their seats. | 


® Expected Values 


Recall from Section 8.5 that if X is a random variable with probability density function 
f, then its mean is 


p= Jo xfla) dx 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 15.4 Applications of Double Integrals 1077 


Now if X and Y are random variables with joint density function f, we define the X-mean 
and Y-mean, also called the expected values of X and Y, to be 


[11] Mi = i) xf (x, y) dA po = i) yf(x, y) dA 


Notice how closely the expressions for j4; and 2 in (11) resemble the moments M, and 
M, of a lamina with density function p in Equations 3 and 4. In fact, we can think of 
probability as being like continuously distributed mass. We calculate probability the way 
we calculate mass—by integrating a density function. And because the total “probability 
mass” is 1, the expressions for x and y in (5) show that we can think of the expected 
values of X and Y, j2; and 1», as the coordinates of the “center of mass” of the probability 
distribution. 
In the next example we deal with normal distributions. As in Section 8.5, a single 
random variable is normally distributed if its probability density function is of the form 
— 1 .-0-w?/202) 
f(x) cea 
where p is the mean and oa is the standard deviation. 


EXAMPLE 8 A factory produces (cylindrically shaped) roller bearings that are sold as 
having diameter 4.0 cm and length 6.0 cm. In fact, the diameters X are normally 
distributed with mean 4.0 cm and standard deviation 0.01 cm while the lengths Y are 
normally distributed with mean 6.0 cm and standard deviation 0.01 cm. Assuming that 
X and Y are independent, write the joint density function and graph it. Find the proba- 
bility that a bearing randomly chosen from the production line has either length or 
diameter that differs from the mean by more than 0.02 cm. 


SOLUTION We are given that X and Y are normally distributed with uw, = 4.0, 
2 = 6.0, and a; = a2 = 0.01. So the individual density functions for X and Y are 


1 
0.01/27 


filx) = e &-4)?/0.0002 fly) = ~(y—6)2/0.0002 


1 
0.01.27 “ 


Since X and Y are independent, the joint density function is the product: 


1 
= Tene —(x-4)2/0.0002 ,,—(y—6)2/0.0002 
f(x y) = fil fly) 0.00020 ° e 


= 5000 7 5000[(x=4)?-+ (y-6)?] 
7 


6.05 4.05 . A graph of this function is shown in Figure 9. 
Let’s first calculate the probability that both X and Y differ from their means by less 
than 0.02 cm. Using a calculator or computer to estimate the integral, we have 


4.02 (6.02 
i f(x, y) dy dx 


3.98 J5.98 


FIGURE9 


Graph of the bivariate normal joint 
density function in Example 8 P(3.98 < X < 4.02, 5.98 < Y < 6.02) 


I 


5000 4.02 po. Lda At 
i. 6.02 27 3000[(-4)?+(y-6)?] dy dx 
7 


3.98 J5.98 


= 0.91 


Then the probability that either X or Y differs from its mean by more than 0.02 cm is 
approximately 
1 — 0.91 = 0.09 Go 
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15.4 | Exercises 


1. Electric charge is distributed over the rectangle 0 S x <5, 
2 <y <5 s0 that the charge density at (x, y) is 
a(x, y) = 2x + 4y (measured in coulombs per square meter). 
Find the total charge on the rectangle. 


2. Electric charge is distributed over the disk x* + y? < 1 so 
that the charge density at (x, y) is o(x, y) = Vx? + y? 
(measured in coulombs per square meter). Find the total 
charge on the disk. 


3-4 The figure shows a lamina that is shaded according to the 
given density function: darker shading indicates higher density. 
Estimate the location of the center of mass of the lamina, and then 
calculate its exact location. 


3. p(x,y) =x? 4. p(x, y) = xy 
YA YA 
if it 
0 re 0 [x 


5-12 Find the mass and center of mass of the lamina that 
occupies the region D and has the given density function p. 


5. D={(xy) | 1 <x <3,1<y <4}; p(x, y) = ky’ 


6. D=({(x,y)|0<x<a,0<y< 
p(x, y)=1 +x? + y? 


7. D is the triangular region with vertices (0, 0), (2, 1), (0, 3); 
p(x, y) =x +y 


8. D is the triangular region enclosed by the lines y = 0, 
y = 2x, andx + 2y = 1; p(x, y) =x 


9. D is bounded by y = | — x? and y = 0; p(x, y) = ky 


10. D is bounded by y = x + 2 and y = x*; p(x, y) = kx? 


. Dis bounded by the curves y = e 0,4 1: 


p(x, y) = xy 


= 05% 


12. D is enclosed by the curves y = 0 and y = cos x, 


—m/2<x< 7/2; p(x, y) =y 


13. A lamina occupies the part of the disk x? + y* < | in the first 
quadrant. Find its center of mass if the density at any point is 


proportional to its distance from the x-axis. 


14. Find the center of mass of the lamina in Exercise 13 if the 
density at any point is proportional to the square of its 


distance from the origin. 


15. The boundary of a lamina consists of the semicircles 


y = /1 — x? and y = ./4 — x? together with the portions 
of the x-axis that join them. Find the center of mass of 

the lamina if the density at any point is proportional to its 
distance from the origin. 


16. Find the center of mass of the lamina in Exercise 15 if the 
density at any point is inversely proportional to its distance 


from the origin. 


17. Find the center of mass of a lamina in the shape of an isos- 
celes right triangle with equal sides of length a if the density 
at any point is proportional to the square of the distance from 


the vertex opposite the hypotenuse. 


18. A lamina occupies the region inside the circle x* + y* = 2y 
but outside the circle x* + y” = 1. Find the center of mass if 
the density at any point is inversely proportional to its dis- 


tance from the origin. 


19. Find the moments of inertia /,, /}, Jo for the lamina of 


Exercise 5. 


20. Find the moments of inertia /,, /,, Jo for the lamina of 


Exercise 8. 


21. Find the moments of inertia /,, /,, Jo for the lamina of 


Exercise 17. 


22. Consider a square fan blade with sides of length 2 and 


the lower left corner placed at the origin. If the density of the 
blade is p(x, y) = 1 + 0.1x, is it more difficult to rotate 
the blade about the x-axis or the y-axis? 


23-26 A lamina with constant density p(x, y) = p occupies the 
given region. Find the moments of inertia /, and /, and the radii of 
gyration x and y. 


23. The rectangleO<x<b,0OSy<h 
24. The triangle with vertices (0, 0), (b, 0), and (0, h) 
25. The part of the disk x? + y? < a’ in the first quadrant 


26. The region under the curve y = sin x from x = 0 tox = 7 


27-28 Use a computer algebra system to find the mass, center 
of mass, and moments of inertia of the lamina that occupies the 
region D and has the given density function. 


27. D is enclosed by the right loop of the four-leaved rose 
r=cos 20; p(x,y) =x? + y? 


28. D={(x,y) | O<y<xe", OS x <2} p(x, y) = x°y? 
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29. The joint density function for a pair of random variables X 
and Y is 


30. 


31. 


32. 


33. 


fu y) = { 


(a) 
(b) 
(c) 


(a) 


(b) 


(c) 


Cxi+y) if0<x<1,0<y<2 
0) otherwise 


Find the value of the constant C. 
Find P(X <1, Y <1). 
Find P(X + Y < 1). 


Verify that 


4xy if O<x<1,0Sy<1 


0 otherwise 


f(x, y) -{ 


is a joint density function. 

If X and Y are random variables whose joint density 
function is the function f in part (a), find 

(i) P(X = 3) (i) P(X =4,Y<}4) 

Find the expected values of X and Y. 


Suppose X and Y are random variables with joint density 
function 


(a) 
(b) 


(c) 
(a) 


(b) 


0.1e O°” if x20, yz=0 


0) otherwise 


fly) = { 


Verify that f is indeed a joint density function. 
Find the following probabilities. 


(i) P(Y = 1) (ii) P(X <2, Y <4) 
Find the expected values of X and Y. 


A lamp has two bulbs, each of a type with average life- 
time 1000 hours. Assuming that we can model the prob- 
ability of failure of a bulb by an exponential density 
function with mean wz = 1000, find the probability that 
both of the lamp’s bulbs fail within 1000 hours. 
Another lamp has just one bulb of the same type as in 
part (a). If one bulb burns out and is replaced by a bulb 
of the same type, find the probability that the two bulbs 
fail within a total of 1000 hours. 


Suppose that X and Y are independent random variables, 
where X is normally distributed with mean 45 and standard 


15.5 | Surface Area 


In Section 16.6 we will deal with areas 
of more general surfaces, called para- 
metric surfaces, and so this section 
may be omitted if that later section 
will be covered. 


34. 


35. 


SECTION 15.5 Surface Area 1079 


deviation 0.5 and Y is normally distributed with mean 20 
and standard deviation 0.1. Evaluate a double integral 
numerically to find the given probability correct to three 
decimal places. 


(a) 
(b) 


P(40 < X < 50, 20 S Y S 25) 
P(4(X — 45)? + 100(Y — 20)? < 2) 


Xavier and Yolanda both have classes that end at noon and 
they agree to meet every day after class. They arrive at the 
coffee shop independently. Xavier’s arrival time is X and 
Yolanda’s arrival time is Y, where X and Y are measured in 
minutes after noon. The individual density functions are 


AGy= f 


if x=0 


£Q) = wy if O<y<10 
0 ifx<0 : 


0 otherwise 


(Xavier arrives sometime after noon and is more likely 

to arrive promptly than late. Yolanda always arrives by 
12:10 pM and is more likely to arrive late than promptly.) 
After Yolanda arrives, she’ll wait for up to half an hour for 
Xavier, but he won’t wait for her. Find the probability that 
they meet. 


When studying the spread of an epidemic, we assume that 
the probability that an infected individual will spread the 
disease to an uninfected individual is a function of the dis- 
tance between them. Consider a circular city of radius 

10 miles in which the population is uniformly distributed. 
For an uninfected individual at a fixed point A(xo, yo), 
assume that the probability function is given by 


f(P) = 39[20 — d(P, A)] 


where d(P, A) denotes the distance between points P and A. 


(a) 


(b) 


Suppose the exposure of a person to the disease is the 
sum of the probabilities of catching the disease from all 
members of the population. Assume that the infected 
people are uniformly distributed throughout the city, 
with k infected individuals per square mile. Find a 
double integral that represents the exposure of a person 
residing at A. 

Evaluate the integral for the case in which A is the 
center of the city and for the case in which A is located 
on the edge of the city. Where would you prefer to live? 


In this section we apply double integrals to the problem of computing the area of a sur- 
face. In Section 8.2 we found the area of a very special type of surface—a surface of 
revolution—by the methods of single-variable calculus. Here we compute the area of a 
surface with equation z = f(x, y), the graph of a function of two variables. 

Let S be a surface with equation z = f(x, y), where f has continuous partial deriva- 


tives. For simplicity in deriving the surface area formula, we assume that f(x, y) = 0 and 
the domain D of f is a rectangle. We divide D into small rectangles Rj; with area 
AA = Ax Ay. If (x, y;) is the corner of Rj closest to the origin, let Pi(x;, yj, f(x, yj) be 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1080 CHAPTER 15 Multiple Integrals 


ZA the point on S directly above it (see Figure 1). The tangent plane to S at P;; is an approxi- 
mation to S near Pi;. So the area AT;; of the part of this tangent plane (a parallelogram) 

that lies directly above Rj is an approximation to the area AS;; of the part of S that lies 
die directly above Rjj. Thus the sum 2 AT;; is an approximation to the total area of S, and 
wy this approximation appears to improve as the number of rectangles increases. Therefore 
we define the surface area of S' to be 


AS 


ij 


m n 


[1] A(S) = lim > > Ag; 


m,n ja} j=] 


To find a formula that is more convenient than Equation | for computational purposes, 
we let a and b be the vectors that start at P;; and lie along the sides of the parallelogram 
with area AT;;. (See Figure 2.) Then AT;; = |a X b]. Recall from Section 14.3 that 
Sf(xi, y;) and f,(x;, y;) are the slopes of the tangent lines through P;; in the directions of 
a and b. Therefore 


a= Axi + fx, yj) Axk 


b = Ayj + f(a, y;) Ayk 
and 
ij k 
aXb= {Ax 0° fi(xu, y;) Ax 

QO Ay f(x, y;) Ay 

= —f.(xi, yj) Ax Ayi — fy(xi, y;) Ax Ayj + Ax Ayk 

= [Ala »)i — f@nx)j + kl] AA 

7 Thus AT; = |a X b| = VL A(x, y) P + L6G, JP + 1 AA 


FIGURE 2 
From Definition | we then have 


m n 


lim > > AT; 


MN ja) j=] 


A(S) 


II 


m n 


lim > > VAG. WP + TKO: y)P + 144 


MN j=) j=] 


I 


and by the definition of a double integral we get the following formula. 


[2] The area of the surface with equation z = f(x, y), (x, y) © D, where f, 
and f, are continuous, is 


A(s) = [| VAG PF + TAG WP +1 da 


D 


We will verify in Section 16.6 that this formula is consistent with our previous for- 
mula for the area of a surface of revolution. If we use the alternative notation for partial 


Notice the similarity between the derivatives, we can rewrite Formula 2 as follows: 


surface area formula in Equation 3 
and the arc length formula from 


Section “ty =) : 3] A(S) = {| \! + &) ie a) dA 


D 
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SECTION 15.5 Surface Area 1081 


YA EXAMPLE 1 Find the surface area of the part of the surface z = x” + 2y + 2 that lies 
above the triangular region T in the xy-plane with vertices (0, 0), (1, 0), and (1, 1). 


SOLUTION The region T is shown in Figure 3 and is described by 


T={(x,y)|0<x<1,0<y<x} 


Using Formula 2 with f(x, y) = x? + 2y + 2, we get 


(0, 0) (1, 0) x 


RCE NRE @ _ fi pe 
FIGURE 3 A= {| V(x? + 2? + 1dA= { {, V4x? + 5 dy dx 
T 


ZA 
=|, xVJ4x2 +5 dx = $+ 34x? + 52] =4(2 T= 55/5) 
Figure 4 shows the portion of the surface whose area we have just computed. ic 
EXAMPLE 2 Find the area of the part of the paraboloid z = x” + y? that lies under the 
0 T plane z = 9. 
x SOLUTION The plane intersects the paraboloid in the circle x* + y* = 9,z = 9. 
FIGURE 4 Therefore the given surface lies above the disk D with center the origin and radius 3. 


(See Figure 5.) Using Formula 3, we have 


4 sa Vir (=) +(%) aa = [VI Oar + BP dA 


= || JT +40 +) aA 


Converting to polar coordinates, we obtain 


Gs > A=[" [V4 ar rdrdo = [" d6 |" gv T+ ar (80) ar 


3 y 

x 
—95,(1 aa|? © 7 — 
= 1+ 4r = 37/37 1 a 

FIGURE 5 2ar(5)5( "I= 6 ( ) 

15.5 | Exercises 
1-2 Find the area of the indicated part of the surface (above the 3-14 Find the area of the surface. 
region D): os 3. The part of the plane 5x + 3y — z + 6 = 0 that lies above 
1. o ; 2. the rectangle [1, 4] x [2, 6] 


4. The part of the plane 6x + 4y + 2z = 1 that lies inside the 
cylinder x* + y? = 25 


5. The part of the plane 3x + 2y + z = 6 that lies in the 
first octant 


6. The part of the surface 2y + 4z — x* = 5 that lies above the 
triangle with vertices (0, 0), (2, 0), and (2, 4) 


ey 


7. The part of the paraboloid z = 1 — x* — y? that lies above 
the plane z = —2 
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1082 


10. 


11. 


12. 


13. 


14. 


CHAPTER 15 Multiple Integrals 


. The part of the cylinder x? + z” = 4 that lies above the 


square with vertices (0, 0), (1, 0), (0, 1), and (1, 1) 


. The part of the hyperbolic paraboloid z = y* — x? that lies 


between the cylinders x? + y? = landx* + y?>=4 
The surface z = 3(x*? + y¥?), O<x< 


The part of the surface z = xy that lies within the cylinder 
?P+ty=1 


The part of the sphere x* + y* + z? = 4 that lies above the 
plane z = 1 
The part of the sphere x7 + y? + z? = a? that lies within 


the cylinder x” + y* = ax and above the xy-plane 


The part of the sphere x7 + y? + z* 


the paraboloid z = x* + y’ 


4z that lies inside 


(T) 21. 


15-16 Find the area of the surface correct to four decimal 
places by first simplifying an expression for area to one in terms 
of a single integral, and then evaluating the integral numerically. 


15. 


16. 


The part of the surface z = 1/(1 + x? + y) that lies above 
the disk x* + y?> <1 


The part of the surface z = cos(x* + y’) that lies inside the 
cylinder x? + y? = 


17. 


18. 


(a) Use the Midpoint Rule for double integrals (see Sec- 
tion 15.1) with four squares to estimate the surface area 
of the portion of the paraboloid z = x” + y? that lies 
above the square [0, 1] X [0, 1]. 

Use a computer algebra system to approximate the 
surface area in part (a) to four decimal places. Compare 
with the answer to part (a). 


(b) 


(a) Use the Midpoint Rule for double integrals with 

m =n = 2 to estimate the area of the surface 
z=xytx?+y*,0<x<2,0<y<2. 

Use a computer algebra system to approximate the 
surface area in part (a) to four decimal places. Compare 


with the answer to part (a). 


(b) 


15.6 | Triple Integrals 


hibes 


23. 


24. 


25. 


26. 


[T) 19. 
[T) 20. 


Use a computer algebra system to find the exact area of the 
surface z = 1+ 2x+ 3y+ 4y,1<x<4,0<yX<1. 


Use a computer algebra system to find the exact area of the 
surface 


z=1ltxt+yt+x —-2<x<1 -lsy<1 


Illustrate by graphing the surface. 


Use a computer algebra system to find, correct to four deci- 
mal places, the area of the part of the surface z = 1 + x*y? 
that lies above the disk x? + y* < 1. 


Use a computer algebra system to find, correct to four 
decimal places, the area of the part of the surface 
z=(1 + x*)/(1 + y’) that lies above the square 

|x| + |y| < 1. Illustrate by graphing this part of the 
surface. 


Show that the area of the part of the plane z = ax + by +c 
that projects onto a region D in the xy-plane with area A(D) 


is a2 + b?+ 1 A(D). 


If you attempt to use Formula 2 to find the area of the top 
half of the sphere x? + y* + z? = a’, you have a slight 
problem because the double integral is improper. In fact, the 
integrand has an infinite discontinuity at every point of the 
boundary circle x? + y* = a’. However, the integral can 

be computed as the limit of the integral over the disk 

x? +y? <P ast—a . Use this method to show that the 
area of a sphere of radius a is 47ra’. 


Find the area of the finite part of the paraboloid y = x* + z? 
cut off by the plane y = 25. [Hint: Project the surface onto 
the xz-plane.] 


The figure shows the surface created when the cylinder 
y* + z* = | intersects the cylinder x* + z* = 1. Find the 
area of this surface. 


Just as we defined single integrals for functions of one variable and double integrals 
for functions of two variables, so we can define triple integrals for functions of three 


variables. 


B Triple Integrals over Rectangular Boxes 


Let’s first deal with the simplest case where f is defined on a rectangular box: 


11] 


B= {(xy,2) |a<x<bc<y<d, r<z<sh 
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FIGURE 1 


SECTION 15.6 Triple Integrals 1083 


The first step is to divide B into sub-boxes. We do this by dividing the interval [a, b] 
into J subintervals [x;-1, x;] of equal width Ax, dividing [c, d] into m subintervals of 
width Ay, and dividing [r, s] into n subintervals of width Az. The planes through the 
endpoints of these subintervals parallel to the coordinate planes divide the box B into Jmn 
sub-boxes 


Bye= [eae] *% [yyy | * lee] 


which are shown in Figure 1. Each sub-box has volume AV = Ax Ay Az. 
Then we form the triple Riemann sum 


[2] 


m 


M- 


> f (xi, Vite zit) AV 


1 j=l k=1 


Il 


i 


where the sample point (xi, yi, zie) is in Bij. By analogy with the definition of a 
double integral (15.1.5), we define the triple integral as the limit of the triple Riemann 
sums in (2). 


[3] Definition The triple integral of f over the box B is 


m n 


{[[fo.y.2av— tim SSS poe yh at AV 
B 


nS j=] j=1 k=1 


if this limit exists. 


Again, the triple integral always exists if f is continuous. We can choose the sample 
point to be any point in the sub-box, but if we choose it to be the point (xi, yj, zx) we get 
a simpler-looking expression for the triple integral: 


m n 


{[J7G.x24v—= tim SSS Aly ad av 
B 


Lm,n—© ja) j=1 k=l 


Just as for double integrals, the practical method for evaluating triple integrals is to 
express them as iterated integrals as follows. 


[4] Fubini’s Theorem for Triple Integrals If f is continuous on the rectangular 
box B = [a, b] X [c, d] X [r, s], then 


{| f(x, y, z) dV = { {' [rl y, z) dx dy dz 
B 


The iterated integral on the right side of Fubini’s Theorem means that we integrate 
first with respect to x (keeping y and z fixed), then we integrate with respect to y (keeping 
z fixed), and finally we integrate with respect to z. There are five other possible orders in 
which we can integrate, all of which give the same value. For instance, if we integrate 
with respect to y, then z, and then x, we have 


[| ty. 2av=[" [FO y, 2 dy de de 
B 
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1084 


FIGURE 2 
A type | solid region 


0 


a | 
o a) : 


FIGURE 3 
A type 1 solid region where the 


projection D is a type I plane region 


CHAPTER 15 Multiple Integrals 


EXAMPLE 1 Evaluate the triple integral | |/ , xyz’ dV, where B is the rectangular box 
given by 
B= { (x, y, 2) | O<x<1, -lsy2, 0<z=<3} 


SOLUTION We could use any of the six possible orders of integration. If we choose to 
integrate with respect to x, then y, and then z, we obtain 


orw= Ef fore PP [SE] ow 


ahr! geet y2z? [P 5 
RU para = | 4 . 


y=-l 


3 32 2 | 27 


=i, 4a 1 4 


B Triple Integrals over General Regions 


Now we define the triple integral over a general bounded region EF in three- 
dimensional space (a solid) by much the same procedure that we used for double inte- 
grals (15.2.2). We enclose E in a box B of the type given by Equation 1. Then we define 
F so that it agrees with f on E but is 0 for points in B that are outside FE. By definition, 


[I] re».2) dV = {i F(x, y, 2) dV 
E B 


This integral exists if f is continuous and the boundary of E is “reasonably smooth.” The 
triple integral has essentially the same properties as the double integral (Properties 5-8 
in Section 15.2). 

We restrict our attention to continuous functions f and to certain simple types of 
regions. A solid region E is said to be of type 1 if it lies between the graphs of two con- 
tinuous functions of x and y, that is, 


[5] E= { (x, y, 2) | (x,y) ED, u(x, y) Sz ur(x, y) 


where D is the projection of E onto the xy-plane as shown in Figure 2. Notice that the 
upper boundary of the solid EF is the surface with equation z = u(x, y), while the lower 
boundary is the surface z = u,(x, y). 

By the same sort of argument that led to (15.2.3), it can be shown that if E is a type | 
region given by Equation 5, then 


[6] IJ res y,z)dV= \| pe y, Z) | dA 


The meaning of the inner integral on the right side of Equation 6 is that x and y are held 
fixed, and therefore u(x, y) and u(x, y) are regarded as constants, while f(x, y, z) is 
integrated with respect to z. 

In particular, if the projection D of E onto the xy-plane is a type I plane region (as in 
Figure 3), then 


E= {(x,y,2) |a<x<b, glx) <y < g(x), w(x, y) <z < u(x, y)} 
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FIGURE 4 
A type | solid region with a type II 
projection 


SECTION 15.6 Triple Integrals 1085 


and Equation 6 becomes 


MM f@y.zdv= [° oe : f(x, y, z) dz dy dx 


u(x, y. 


If, on the other hand, D is a type II plane region (as in Figure 4), then 
E= {(xy,2) | c<y<d, hy) <x <hpy), wey) <z < u(x, y)} 


and Equation 6 becomes 


{| f(x y, 2) dV = {' lee ’f (x, y, z) dz dx dy 
E 


ni(y) x,y) 


EXAMPLE 2 Evaluate |{{,,z dV where E is the solid in the first octant bounded by the 
surface z = 12xy and the planes y = x, x = 1. 


SOLUTION When we set up a triple integral it’s wise to draw two diagrams: one of 

the solid region E (Figure 5) and, for a type | region, one of its projection D onto the 
xy-plane (Figure 6). The lower boundary of the solid E is the plane z = 0 and the upper 
boundary is the surface z = 12xy, so we use u,(x, y) = 0 and u(x, y) = 12xy in 
Formula 7. Notice that the projection of E onto the xy-plane is the triangular region 
shown in Figure 6, and we have 


[9] E={(x,y,2)|0<x<1,0<y<x,0<z< 12xy} 


FIGURE 5 FIGURE 6 


This description of E as a type | region enables us to evaluate the integral as follows: 


(psa (fp steaac- ff LE] ae 
| | 


z=0 


= an { (12xy)* dy dx = 72 { \ xy? dy dx 


x=1 


1 3 )~* 6 
2.¥ = a x = 
72.( E | dx 24 |x dx na| | 4 m 


y=0 x=0 


I 
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1086 CHAPTER 15 Multiple Integrals 


Figure 7 shows how the solid E of Example 2 is swept out by the iterated triple 
integral if we integrate first with respect to z, then y, then x. 


x 


z varies from 0 to xy y varies from 0 to x x varies from 0 to 1. 


while x and y are constant. while x is constant. 


FIGURE 7 
A solid region E is of type 2 if it is of the form 
E= { (x, y, 2) | (y,z) € D, u(y, z) < x < u(y, z)} 


where, this time, D is the projection of E onto the yz-plane (see Figure 8). The back 
surface is x = u(y, z), the front surface is x = u2(y, z), and we have 


u(y, 2) 


i i | f(x,y, 2) dV = | | i WO?) ee y. 2) ax| dA 
E D 


X= Uy(y, 2) 


Finally, a type 3 region is of the form 


FIGURE 8 
A type 2 regi 
ie E= {(xy,2|(%2 ED, m(x,2 <y < u(x, 2} 
Zh where D is the projection of E onto the xz-plane, y = u(x, z) is the left surface, and 


y = u(x, z) is the right surface (see Figure 9). For this type of region we have 


a #) 
DIA Hf resnnnar (ff fpetsesn nan] a 


u 


In each of Equations 10 and 11 there may be two possible expressions for the integral 
depending on whether D is a type I or type II plane region (and corresponding to Equa- 
tions 7 and 8). 


NS 
I 
Ase 
<y 


FIGURE 9 
A type 3 region EXAMPLE 3 Evaluate |||, x? + z? dV, where E is the region bounded by the 
paraboloid y = x? + z* and the plane y = 4. 


SOLUTION The solid E is shown in Figure 10. If we regard it as a type | region, then 
we need to consider its projection D; onto the xy-plane, which is the parabolic region 
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shown in Figures 10 and 11. (The trace of y = x” + z’ in the plane z = 0 is the 
parabola y = x.) 


YA 


BY 


wah 


FIGURE 10 FIGURE 11 


Region of integration Projection onto the xy-plane 


From y = x? + z? we obtain z = +,/y — x2, so the lower boundary surface of E is 


z = —4/y — x? and the upper surface is z = ./y — x’. Therefore the description of E 
as a type | region is 


E= {(xy,2) | -2<x52,x<y<4, -Jy—x? <z<Vy— x} 


and so we obtain 


[{} verre av = [° [* [OE Var Fe az dy ax 
E 


Vy—x2 


Although this expression is correct, it is extremely difficult to evaluate. So let’s 
instead consider E as a region of a different type. If we regard E as a type 3 region, then 
we need to consider its projection D3 onto the xz-plane, which is the disk x7 + z* <4 
shown in Figures 12 and 13. (The trace of y = x* + z* in the plane y = 4 is the circle 


x +77=4) 
Zh 
VP+7=4 
via > 
Nl =2 2 x 
i 
/ 4 y 
FIGURE 12 FIGURE 13 
Region of integration Projection onto the xz-plane 


Then the left boundary of E is the paraboloid y = x? + z’ and the right boundary is 
the plane y = 4, so taking u,(x, z) = x* + 2? and u(x, z) = 4 in Equation 11, we have 


[|| ve + 2 av = {| i= Ver 2 | dA = {| (44-1 -2)/x +2 dA 


Ds 
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@ The most difficult step in 
evaluating a triple integral is setting 
up an expression for the region of 
integration (such as Equation 9 in 
Example 2). Remember that the limits 
of integration in the inner integral 
contain at most two variables, the 
limits of integration in the middle 
integral contain at most one variable, 
and the limits of integration in the 
outer integral must be constants. 


x=1 


FIGURE 14 The solid £ 


Although this integral could be written as 


2 V4—-x2 = 42 2. 22 5) 5) 
i ‘i - (4 — x7 — 27) Vx? + 2? dz dx 


it’s easier to convert to polar coordinates in the xz-plane: x = rcos@, z = rsin@. This 


gives 


{ll ve +2 av= | @- 2-22 aA 
E Ds 
7 I \, (4 — r?)rrdrdé = ie dé { (4r? — r*) dr 


43 | 1280 
=o, = P 
3 5], 15 


M@ Changing the Order of Integration 

Fubini’s Theorem for Triple Integrals allows us to express a triple integral as an iterated 
integral, and there are six different orders of integration in which we can do this. Given 
an iterated integral, it may be advantageous to change the order of integration because 
evaluating an iterated integral in one order may be simpler than in another. In the 
next example we investigate equivalent iterated integrals using different orders of 
integration. 


EXAMPLE 4 Express the iterated integral |} i {3 f(x, y, 2) dz dy dx as a triple integral 
and then rewrite it as an iterated integral in the following orders. 

(a) Integrate first with respect to x, then z, and then y. 

(b) Integrate first with respect to y, then x, and then z. 


SOLUTION We can write 


[ [ffl 2 ae ay dx = fff esy,2) av 


where E = {(x, y,z) |O<x<1,0<y<x’,0 <z Sy}. From this description of E 
as a type | region we see that E lies between the lower surface z = 0 and the upper 
surface z = y, and its projection onto the xy-plane is {(x, y) |0<x<1,0<y<x’}, 
as shown in Figures 14 and 15. So E is the solid enclosed by the planes z = 0, x = 1, 
y = zand the parabolic cylinder y = x” (or r= Vy i, 

Using Figure 14 as a guide, we can write projections onto the three coordinate 
planes as follows (see Figure 15): 


onto the xy-plane: D; = {(x,y)|0<x<1,0<y<x’} 


= {(x,y) |0<y<1Lvy <x<I} 


onto the yz-plane: D2 = {(y,z)|0<y<1,0<zsy} 


={(y,z)|O<z<lz<y<t 


onto the xz-plane: D3 = {(x,z) |O0<x<1,0<z<x’} 


= {(x,2) |0<z<1yz<x<]} 
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FIGURE 15 


Projections of E 


(a) In order to integrate first with respect to x, then z, and then y, we need to consider E 
as a type 2 region where the back boundary is the surface x = af y and the front 
boundary is the plane x = 1; the projection onto the yz-plane is D2. We describe E by 


E= {(x,y,2)|0<y<10<z<y, Vy <x<1} 


and then i} f(x, y, z) dV = i { - f(x, y, 2) dx dz dy 
Fr 


(b) In order to integrate first with respect to y, then x, and then z, we need to consider E 
as a type 3 region where the left boundary is the plane y = z and the right boundary is 
the surface y = x*. The projection onto the xz-plane is D; and 


E= {(x,y,2)|0<z<1, yz <x<1,z<y<x’} 


Thus {| f(x, y, z) dV = {; i [Fe y, z) dy dx dz | 
E 


B® Applications of Triple Integrals 


Recall that if f(x) = 0, then the single integral |’ f(x) dx represents the area under the 
curve y = f(x) from a to b, and if f(x, y) = 0, then the double integral |{,, f(x, y) dA 
represents the volume under the surface z = f(x, y) and above D. The corresponding 
interpretation of a triple integral |{/,, f(x, y, z) dV, where f(x, y, z) = 0, is not very use- 
ful because it would be the “hypervolume” of a four-dimensional object and, of course, 
that is very difficult to visualize. (Remember that E is just the domain of the function f; 
the graph of f lies in four-dimensional space.) Nonetheless, the triple integral 
{Il f(x, y, z) dV can be interpreted in different ways in different physical situations, 
depending on the physical interpretations of x, y, z, and f(x, y, z). 

Let’s begin with the special case where f(x, y, z) = 1 for all points in E. Then the 
triple integral does represent the volume of E: 


[12] V(E) = {| dV 


For example, you can see this in the case of a type | region by putting f(x, y, z) = 1 in 


Formula 6: 
{lJ .av= fj ies | dA = [f [ua(x, y) — w(x, y)] dA 
. _ u(x, y) : 


and from Section 15.2 we know this represents the volume that lies between the surfaces 
z = u(x, y) and z = u2(x, y). 
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EXAMPLE5 Use atriple integral to find the volume of the tetrahedron T bounded by 
the planes x + 2y + z = 2,x = 2y,x = 0, andz = 0. 


SOLUTION The tetrahedron 7 and its projection D onto the xy-plane are shown in 
Figures 16 and 17. The lower boundary of T is the plane z = 0 and the upper boundary 
is the plane x + 2y + z = 2, thatis,z = 2 — x — 2y. 


4(0, 0, 2) 
) 
x= 2) x+2y+z=2 
Te es 
y 
oa 0, 1, 0) 
> 
e x 
(1, 3,0) 
S 
FIGURE 16 FIGURE 17 


Therefore we have 


un jfjar= [f° Fea 
T 


pl piv 4 
=|) (. (2 —x — 2y) dydx =3 


by the same calculation as in Example 15.2.4. 
(Notice that it is not necessary to use triple integrals to compute volumes. They 
simply give an alternative method for setting up the calculation.) a 


All the applications of double integrals in Section 15.4 can be extended to triple inte- 
grals using analogous reasoning. For example, suppose that a solid object occupying a 
(Xijts Yipee Zin) ° region E has density p(x, y, z), in units of mass per unit volume, at each point (x, y, z) in 

E. To find the total mass m of E we divide a rectangular box B containing E into sub- 

Z boxes B;;, of the same size (as in Figure 18), and consider p(x, y, z) to be 0 outside E. If 

we choose a point (xi, vii, Zijx) in Bijx, then the mass of the part of E that occupies B; jx 

is approximately p(xiix, yijx, Zij,) AV, where AV is the volume of B;;,. We get an approxi- 

E j mation to the total mass by adding the (approximate) masses of all the sub-boxes, and if 

NL] rm L we increase the number of sub-boxes, we obtain the total mass m of E as the limiting 
% ge SS ; value of the approximations: 


ijk 


Pemey 
ca 
| 


lmn—-2 ~ 


1 m n 
er a _ 
FIGURE 18 [13] m= lim > 2 » oxi, yite, zit) AV MM p(x, y,z) dV 


The mass of each sub-box B;;x is 
approximated by p(xi%, vite, zijn) AV Similarly, the moments of E about the three coordinate planes are 


My. = {\V x p(x, y,z) dV M,, = {lj y p(x, y, z) dV 
E E 


My = {lj z p(x, y, z) dV 
E 
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The center of mass is located at the point (x, y, z), where 


M, yz My. Zz M,. y 


[5] yo 5 z= 


m m m 


If the density is constant, the center of mass of the solid is called the centroid of E. The 
moments of inertia about the three coordinate axes are 


I= {ly (y? + 27) p(x, y, z) dV L= {ll (x* + z*) p(x, y, z) dV 
E E 


L= {Je + y) p(x, y, z) dV 
E 


As in Section 15.4, the total electric charge on a solid object occupying a region E 
and having charge density a(x, y, z) is 


Q= {ll a(x, y, z) dV 
E 


If we have three continuous random variables X, Y, and Z, their joint density func- 
tion is a function of three variables such that the probability that (X, Y, Z) lies in E is 


P(X, ¥,Z) € E) = [|] f@y,2) av 
E 
In particular, 


PiaxX<b, c<Y<K<d, rsZ<s)= |" ["[' f(xy, 2) de dy dx 


r 


The joint density function satisfies 


f(%y,.2) 20 i_ . i_ f(x, y, z) dz dy dx = 1 


EXAMPLE 6 Find the center of mass of a solid of constant density that is bounded by 
the parabolic cylinder x = y* and the planes x = z, z = 0, and x = 1. 


SOLUTION The solid E and its projection onto the xy-plane are shown in Figure 19. 
The lower and upper surfaces of F are the planes z = 0 and z = x, so we describe E as 
a type | region: 


E={(%y,2 | =p = 1, y<x<1,0<z<x} 


Then, if the density is p(x, y, z) = p, the mass is 


*t m= MN pdV= i {. Wa dz dx dy 
| mol fisteormof' [F] 


- ; [", (1 = y*)dy = P|. (1 — y*)dy 


5 1 4 
=p pate | ae 
FIGURE 19 Slo 5 
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Because of the symmetry of E and p about the xz-plane, we can immediately say that 


M,, = O and therefore y = 0. The other moments are 


M,, = I) xp dV = [", is i xp dz dx dy 


1 3 x=1 
= a ee = x 
pl (ix dx dy pl 3 |. dy 


I 
_ 2p fi é _ 2p y? _ 4p 
5 { (l-y)dy= = E 7 7 


My = I) zpdV = [, {. { zp dz dx dy 


Pt _ ve _ 2p 
ae y°) dy 


raf] Ppt HH « 
pl [. =| dx dy = mls [is dx dy 


y 


7 


Therefore the center of mass is 


(x, y,2) = ( 


My: My: My = (3 
m , m : m 


15.6 | Exercises 


1. Evaluate the integral in Example 1, integrating first with 
respect to y, then z, and then x. 


2. Evaluate the integral [{{, (xy + z*) dV, where 
E= {(x, y, 2) |O<x<2,0<ys< 10<z<3} 
using three different orders of integration. 


3-8 Evaluate the iterated integral. 


3; t ci (2x — y) dx dy dz 
4. { (° (te 6xy dz dx dy 
5. [ ( i. “xe? dy dx dz 


6. i (a cos(x — 2y + z) dy dz dx 


aie [ye dz dy ee acedetaae 


9-12 

(a) Express the triple integral |{{, f(x, y, z) dV as an iterated 
integral for the given function f and solid region E. 

(b) Evaluate the iterated integral. 


10. f(x, y,z) = xy 


9. f(x, y,z) =x 


z=1-x? ™ y+z=2 
Nf | e, 
re  ——— 
———- 
x a 
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11. f(x, y,z)=xt+y 12. f(x, y,z) =2 


13-22 Evaluate the triple integral. 
13. We y dV, where 


E={(x,y,2) 0<x<3,0<y<x,x-y<z<x+ty} 


14. SNe e7” dV, where 


E={(xy,2 |O0<y<ly<x<1,0<z<xy} 


1 


wi 


. i , (1/x°)dV, where 


E= {(%y,2) | 0<y<10<z<y*j1<x<z+1} 


16. |||,,siny dV, where E lies below the plane z = x and above 
the triangular region with vertices (0, 0, 0), (zr, 0, 0), and 
(0, 77, 0) 


17. fy , Oxy dV, where E lies under the plane z = 1 +x+y 
and above the region in the xy-plane bounded by the curves 
y = Vx, y =0,andx = 1 


18. |{{,(x — y) dV, where E is enclosed by the surfaces 


z=x?-1,z=1-—x?,y=0,andy=2 


19. |{|,,y? dV, where 7 is the solid tetrahedron with vertices 
(0, 0, 0), (2, 0, 0), (0, 2, 0), and (0, 0, 2) 


20. {{|,xzdV, where T is the solid tetrahedron with vertices 
(0, 0, 0), (1, 0, 1), (0, 1, 1), and (0, 0, 1) 


21. {{|,,x dV, where E is bounded by the paraboloid 
x = 4y? + 42’ and the plane x = 4 


22. |{|,,zdV. where E is bounded by the cylinder y* + z? = 9 
and the planes x = 0, y = 3x, and z = 0 in the first octant 


23-26 Use a triple integral to find the volume of the given solid. 


23. The tetrahedron enclosed by the coordinate planes and the 
plane2x +y+z= 


24. The solid enclosed by the paraboloids y = x* + z* and 
y=8-x- 2? 


SECTION 15.6 Triple Integrals 1093 
25. The solid enclosed by the cylinder y = x” and the planes 
z=Oandy+z=1 


26. The solid enclosed by the cylinder x* + z* = 4 and the 
planes y = —landy+z=4 


27. (a) Express the volume of the wedge in the first octant that is 
cut from the cylinder y? + z* = 1 by the planes y = x 
and x = 1| as a triple integral. 

(b) Use either the Table of Integrals (on Reference Pages 
6-10) or a computer algebra system to find the exact 
value of the triple integral in part (a). 


28-30 Midpoint Rule for Triple Integrals In the Midpoint Rule 
for triple integrals we use a triple Riemann sum to approximate 
a triple integral over a box B, where f(x, y, z) is evaluated at 
the center (X;, yj, Z:) of the box Bj. Use the Midpoint Rule to 
estimate the value of the integral. Divide B into eight sub-boxes 
of equal size. 


28. Mp alex? ey? 2? dV, where 


B={(x,y,z)|0<x<4,0<y<4,0<7z<4} 


29. {Ne cos(xyz) dV, where 


B={(x,y,z)|0<x<1,0<ys<1,0sz<1} 


30. II, xe” dV, where 


B={(x,y,2) | 05254, 0S y= 1,052 = 2} 


31-32 Sketch the solid whose volume is given by the iterated 
integral. 


a1; { { {~ dy dz dx 


a. [vax dz dy 


33-36 Express the integral |||, f(x, y, z) dV as an iterated integral 
in six different ways, where E is the solid bounded by the given 
surfaces. 


33. y=4-—x?-47*, y=0 


34.y°+27=9, x 2. =) 
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37. The figure shows the region of integration for the integral 


J0 


\ i, Maeics y, z) dz dy dx 


Rewrite this integral as an equivalent iterated integral in the 
five other orders. 


38. The figure shows the region of integration for the integral 


( ag ics Fe 2 a ae 


J0 /0 


Rewrite this integral as an equivalent iterated integral in the 
five other orders. 


39-40 Write five other iterated integrals that are equal to the 
given iterated integral. 


39. { [ t f(x,y, 2) dzdxdy 40. { { { f(x, y, z) dx dz dy 


44, E is bounded by the parabolic cylinder z = 1 — y? and the 
planesx + z=1,x=0,andz=0; p(x,y,z) =4 


45. Eis the cube givenbyO S<x<a,O0SySa,057 8a; 
p(x, y,z) =x? +y42? 


46. E is the tetrahedron bounded by the planes x = 0, y = 0, 
z=O0,x+y+z=1; plxy,z=y 


47-50 Assume that the solid has constant density k. 


47. Find the moments of inertia for a cube with side length L if 
one vertex is located at the origin and three edges lie along 
the coordinate axes. 


48. Find the moments of inertia for a rectangular brick with 
dimensions a, b, and c and mass M if the center of the brick is 
situated at the origin and the edges are parallel to the coordi- 
nate axes. 


49. Find the moment of inertia about the z-axis of the solid 
cylinder x7 + y?<a?, OS2z SA. 


50. Find the moment of inertia about the z-axis of the solid 


cone x2 + yy? <z Sh, 


51-52 Set up, but do not evaluate, integral expressions for 
(a) the mass, (b) the center of mass, and (c) the moment of 
inertia about the z-axis. 


51. The solid of Exercise 25; p(x, y,z) = Vx? + y? 
52. The hemisphere x? + y? + z*> <1, z=0; 


p(x, y,z) = Vx? + y? +2? 


41-42 Evaluate the triple integral using only geometric interpre- 
tation and symmetry. 


41. We (4 + 5x?yz*) dV, where C is the cylindrical region 
ety<4,-2<z<2 
42. i ie (z? + sin y + 3) dV, where B is the unit ball 


P+tyt+2s1 


43-46 Find the mass and center of mass of the solid E with the 
given density function p. 


43. E lies above the xy-plane and below the paraboloid 
z=1-x?-y’*; p(x, y,z) =3 


53. Let E be the solid in the first octant bounded by the cylinder 


x? + y? = | and the planes y = z, x = 0, and z = 0 with the 
density function p(x, y,z) = 1 + x + y + z. Use a computer 
algebra system to find the exact values of the following quan- 
tities for E. 

(a) The mass 

(b) The center of mass 

(c) The moment of inertia about the z-axis 


54. If E is the solid of Exercise 22 with density function 


p(x, y,z) = x* + y’, find the following quantities, correct 
to three decimal places. 

(a) The mass 

(b) The center of mass 

(c) The moment of inertia about the z-axis 


55. The joint density function for random variables X, Y, and Z is 
f(xy, z) = CxyzifO<x<2,0<y<2, 0<zS2,and 
f(x, y, z) = 0 otherwise. 

(a) Find the value of the constant C. 
(b) Find P(X <1, Y<1,Z< 1). 
(c) Find P(X + Y¥+ ZS 1). 
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56. Suppose X, Y, and Z are random variables with joint density 57. Find the average value of the function f(x, y, z) = xyz over 
function f(x, y, z) = Ce~ O70!) if x > 0, y = 0,2 = 0, the cube with side length L that lies in the first octant with one 


and f(x, y, z) = 0 otherwise. 


(a) Find the value of the constant C. 


(b) Find P(X < 1, Y < 1). 


(c) Find P(X <1,¥<1,Z< 1). 


vertex at the origin and edges parallel to the coordinate axes. 


58. Find the average height of the points in the solid hemisphere 
vr+y+27<1,720. 


57-58 Average Value The average value of a function f(x, y, z) 59. (a) Find the region E for which the triple integral 


over a solid region E is defined to be 


1 i¢ 
avg = ve |! 


[ f(x, y, z) dV 


{ya — x? — 2y? — 322) dV 
E 


is a maximum. 


where V(E) is the volume of E. For instance, if p is a density (b) Use a computer algebra system to calculate the exact 
function, then pays is the average density of E. maximum value of the triple integral in part (a). 


15.7 


YA 


O x x 


FIGURE 1 


DISCOVERY PROJECT | VOLUMES OF HYPERSPHERES 


In this project we find formulas for the volume enclosed by a hypersphere in n-dimensional 
space. The hypersphere in IR” of radius r centered at the origin has equation 


PA aE ee a 2)" at 1 


OG UP Ay IR dba) fee + x2 pe 


Let V,(r) denote the volume enclosed by this hypersphere. A hypersphere in R? is a circle and 
in R*, a sphere. 


1. Use a double integral and trigonometric substitution, together with Formula 64 in the Table 
of Integrals, to find the area enclosed by a circle of radius r in R?. 


2. Use a triple integral and trigonometric substitution to find the volume V3(r) enclosed by a 
sphere with radius r in R®. 


3. Use a quadruple integral to find the (4-dimensional) volume V4(r) enclosed by the hyper- 
sphere of radius r in R*. (Use only trigonometric substitution and the reduction formulas 
for | sin"x dx or | cos"x dx.) 


4. Use an n-tuple integral to find the volume V,,(r) enclosed by a hypersphere of radius r 
in IR”. [Hint: The formulas are different for n even and n odd.] 


5. Show that the volume V,,(1) enclosed by the unit hypersphere in IR” approaches zero as n 
increases. 


Triple Integrals in Cylindrical Coordinates 


In plane geometry the polar coordinate system is used to give a convenient description of 
certain curves and regions. (See Section 10.3.) Figure | enables us to recall the connec- 
tion between polar and Cartesian coordinates. If the point P has Cartesian coordinates 
(x, y) and polar coordinates (r, 8), then, from the figure, 


x =rcosé y=rsind 
y 
r=x7+y? tang = — 
x 


In three dimensions there is a coordinate system, called cylindrical coordinates, that 
is similar to polar coordinates and gives convenient descriptions of some commonly 
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occurring surfaces and solids. As we will see, some triple integrals are much easier to 
evaluate in cylindrical coordinates. 


B Cylindrical Coordinates 


In the cylindrical coordinate system, a point P in three-dimensional space is represented 

by the ordered triple (7, 0, z), where r and @ are polar coordinates of the projection of P 

onto the xy-plane and z is the directed distance from the xy-plane to P. (See Figure 2.) 
To convert from cylindrical to rectangular coordinates, we use the equations 


[1] x =rcos@ y=rsind a 


whereas to convert from rectangular to cylindrical coordinates, we use 


FIGURE 2 
The cylindrical coordinates of a point [2] r=xt+y? tan @ = PA er 
EXAMPLE 1 
(a) Plot the point with cylindrical coordinates (2, 277/3, 1) and find its rectangular 
coordinates. 
(b) Find cylindrical coordinates of the point with rectangular coordinates (3, —3, —7). 
Zh SOLUTION 


(a) The point with cylindrical coordinates (2, 27r/3, 1) is plotted in Figure 3. From 
Equations 1, its rectangular coordinates are 


z=1 


FIGURE 3 


So the point is (- af Se 1) in rectangular coordinates. 


(b) From Equations 2 and noting that 6 is in quadrant IV of the xy-plane, we have 


/3? + (-32 = 3/2 


_ 

| p= ae 

an 3 NiO) 4 nT 
z=-7 


Therefore one set of cylindrical coordinates is (3 V2, 71/4, ~7). Another is 
(3 /2, —7/4, —7). As with polar coordinates, there are infinitely many choices. | 


Cylindrical coordinates are useful in problems that involve symmetry about an axis, 
and the z-axis is chosen to coincide with this axis of symmetry. For instance, the axis of 
the circular cylinder with Cartesian equation x? + y* = c? is the z-axis. In cylindrical 
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coordinates this cylinder has the very simple equation r = c. (See Figure 4.) This is the 
reason for the name “cylindrical” coordinates. The graph of the equation 0 = c is a verti- 
cal plane through the origin (see Figure 5), and the graph of the equation z = c is a hori- 
zontal plane (see Figure 6). 


FIGURE 4 FIGURE 5 FIGURE 6 
r = c, acylinder 6 = c, a vertical plane Z = c, a horizontal plane 
Zh EXAMPLE 2 Describe the surface whose equation in cylindrical coordinates is z = r. 
( ) SOLUTION The equation says that the z-value, or height, of each point on the surface is 


the same as r, the distance from the point to the z-axis. Because @ doesn’t appear, it can 
vary. So any horizontal trace in the plane z = k (k > 0) is a circle of radius k. These 
traces suggest that the surface is a cone. This prediction can be confirmed by converting 
the equation into rectangular coordinates. From the first equation in (2) we have 


2 


2 
Pap=x? ty? 


We recognize the equation z* = x* + y* (by comparison with Table 1 in Section 12.6) 
FIGURE 7 as being a circular cone whose axis is the z-axis (see Figure 7). a 


Z = r,acone 
B Triple Integrals in Cylindrical Coordinates 


ZA Suppose that F is a type | region whose projection D onto the xy-plane is conveniently 
a aed described in polar coordinates (see Figure 8). In particular, suppose that f is continuous 


a and 


E= {(x, y,z) | x,y) ED, u(x, y) Sz S u(x, y)} 


i | -2 F where D is given in polar coordinates by 

T \ | 
12 =u, 9) D= {(r,0) |a<0 <8, (0) <r < h,(6)} 
| 


We know from Equation 15.6.6 that 


ig aS 
x Sa [3] II] 46s y,z)dV = I Dies . Fx, y, z) | dA 


FIGURE 8 


But we also know how to evaluate double integrals in polar coordinates. In fact, combin- 
ing Equation 3 with Equation 15.3.3, we obtain 


1\(0) u(r cos 0, r sin 6) 


NT f(x, y, z) dV = [' {" a ere f(r cos 6, r sin 6, z) r dz dr dé 
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FIGURE 9 


Volume element in cylindrical 
coordinates: dV = r dz dr d0 


FIGURE 10 


z varies from 0 to 4 — r? 


while r and @ are constant. 


FIGURE 11 


Formula 4 is the formula for triple integration in cylindrical coordinates. It says that 
we convert a triple integral from rectangular to cylindrical coordinates by writing 
x =rcos6, y = rsin9@, leaving z as it is, using the appropriate limits of integration for 
z,r, and 6, and replacing dV by r dz dr dO. (Figure 9 shows how to remember this.) It is 
worthwhile to use this formula when E is a solid region easily described in cylindrical 
coordinates, and especially when the function f(x, y, z) involves the expression x* + y’. 


EXAMPLE 3 Evaluate |||, x? dV, where E is the solid that lies under the paraboloid 
z= 4-— x? — y’ and above the xy-plane (see Figure 10). 


SOLUTION Because E is symmetric about the z-axis, we use cylindrical coordinates. 
In addition, cylindrical coordinates are appropriate because the paraboloid 

z=4- x° — y? =4 — (x? + y’) is easily expressed in cylindrical coordinates as 

z = 4 — r’. The paraboloid intersects the xy-plane in the circle r? = 4 or, equivalently, 
r = 2, so the projection of E onto the xy-plane is the disk r < 2. Thus the region E is 
given by 


{(r,0,2z)|0<0@<2n, O<r<2,0<z2<4-/7'} 


and from Formula 4 we have 


i x dV= (" i ae (r cos 0)? r dz dr dO 
E 


= |" [° @ cos*yl(4 — 1?) dr a0 


i cos’@ dé [ (4r° — r°) dr 
0 0 


= To + 5 sin 20]."[- - 16) 


= 3(2m)(16 — 3) = fr a 


Figure 11 shows how the solid E in Example 3 is swept out by the iterated triple inte- 
gral if we integrate first with respect to z, then r, then 0. 


r varies from 0 to 2 while 6 varies from 0 to 277. 
6 is constant. 
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SECTION 15.7 Triple Integrals in Cylindrical Coordinates 1099 


EXAMPLE 4 A solid E lies within the cylinder x* + y* = 1 to the right of the 
xz-plane, below the plane z = 4, and above the paraboloid z = 1 — x? — y’. 

(See Figure 12.) The density at any point is proportional to its distance from the axis of 
the cylinder. Find the mass of E. 


SOLUTION In cylindrical coordinates the cylinder is r = 1 and the paraboloid is 
z= 1-—r’,so we can write 


E={(r,0,2)|0<0<7,0<r<l1,1-r<z<4} 


Since the density at (x, y, z) is proportional to the distance from the z-axis, the density 


function is 
p(x, y, z) = Kx/x?2 + y? = Kr 


FIGURE 12 


FIGURE 13 


where K is the proportionality constant. Therefore, from Formula 15.6.13, the mass of 
Eis 


m= f { | K/erydv= { { lo (Kr) r dz dr d0 
E 


~ mn Kr*[4 sot | ee r’)| dr do _ K |" d0 i (3r? + r*)dr 


0 
5 1 
5 r 67K 
=77K\|r+—_| =— Oo 
cl 5 
2 4— x2 2 
EXAMPLE 5 Evaluate |”, |e ) pan 0 +) de dy de 


SOLUTION This iterated integral is a triple integral over the solid region 


E= { (x, y, 2) | -—2<x4<2, -V4-x2 <y<V/4-—2x?, Jx? + y? <z<2} 
and the projection of E onto the xy-plane is the disk x7 + y? < 4. The lower surface of 


E is the cone z = \/x? + y? and its upper surface is the plane z = 2. (See Figure 13.) 
This region has a much simpler description in cylindrical coordinates: 


E= {(r,0,2)|0<0<2n, 0<r<2,r<z<2} 


Therefore we have 
a ro [one O? + y?) de dy dx = {ff (x? + y2) dV 
E 
= [Pf [ Prae dra 


= ie do i r(2 — r) dr 
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1100 CHAPTER 15 Multiple Integrals 


15.7 | Exercises 


1-2 Plot the point whose cylindrical coordinates are given. 
Then find the rectangular coordinates of the point. 
1. (a) (5, 7/2, 2) 
(b) (6, —7/4, —3) 


2. (a) (2, 57/6, 1) 
(b) (8, —277/3, 5) 


3-4 Change from rectangular to cylindrical coordinates. 
3. (a) (4,4, —3) 


tb) GVF, 5.43) 


4. (a) (0, —2, 9) 


(b) (-1, V3, 6) 


5-6 Describe in words the surface whose equation is given. 


5.r=2 6. 0= 7/6 


7-8 Identify the surface whose equation is given. 


2Pr+2v=4 8. r=2sin0 


9-10 Write the equations in cylindrical coordinates. 
9. (a) x -—xty?t+27=1 
(b) z= x? —y? 


10. (a) 2x7 + 2y?- 7? =4 
(b) 2x -y+z=1 


11-12 Sketch the solid described by the given inequalities. 


Wr <z7<8-Pr 


12.0<@0<7/2, rsz<2 


13. A cylindrical shell is 20 cm long, with inner radius 6 cm 
and outer radius 7 cm. Write inequalities that describe the 
shell in an appropriate coordinate system. Explain how you 
have positioned the coordinate system with respect to the 
shell. 


14. Use graphing software to draw the solid enclosed by the 
paraboloids z = x? + y?andz =5 — x? — y’. 


15-16 

(a) Express the triple integral |||, f(x, y, z) dV as an iterated 
integral in cylindrical coordinates for the given function f 
and solid region E. 


(b) Evaluate the iterated integral. 


15. f(x,y, 2 = x? + y? 16. f(x, y,z) = xy 


17-18 Sketch the solid whose volume is given by the integral 
and evaluate the integral. 


17. mah [ra dr do 


r/2 


18. ii \" i, r dz d@ dr 


19-30 Use cylindrical coordinates. 


19. Evaluate [{{,, Vx? + y? dV, where E£ is the region that lies 
inside the cylinder x* + y? = 16 and between the planes 
z=-—Sandz = 4. 


20. Evaluate {{{,z dV, where E is enclosed by the paraboloid 
z =x? + y* and the plane z = 4. 

21. Evaluate {{/, (x + y + z) dV, where E is the solid in the 
first octant that lies under the paraboloid z = 4 — x* — y’. 


22. Evaluate {{|,, (x — y) dV, where E is the solid that lies 
between the cylinders x? + y* = land x? + y* = 16, 
above the xy-plane, and below the plane z = y + 4. 


23. Evaluate {{/,x?dV, where E is the solid that lies within the 
cylinder x* + y? = 1, above the plane z = 0, and below the 
cone z’ = 4x? + 4y?. 


24. Find the volume of the solid that lies within both the cylin- 
der x? + y* = | and the sphere x* + y? + 2? = 4, 


25. Find the volume of the solid that is enclosed by the cone 
z = Vx? + y? and the sphere x? + y*? + z*=2. 


26. Find the volume of the solid that lies between the parabo- 
loid z = x* + y? and the sphere x? + y? + 2? = 2. 


27. (a) Find the volume of the region EF that lies between the 
paraboloid z = 24 — x? — y* and the cone 
z=2/x? + y?, 

(b) Find the centroid of F (the center of mass in the case 
where the density is constant). 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


28. (a) Find the volume of the solid that the cylinder r = a cos 0 


ae 


cuts out of the sphere of radius a centered at the origin. 
(b) Illustrate the solid of part (a) by graphing the sphere 
and the cylinder on the same screen. 


29. Find the mass and center of mass of the solid $ bounded by 
the paraboloid z = 4x” + 4y? and the plane z = a (a > 0) 
if S has constant density K. 


30. Find the mass of a ball B given by x7 + y? + 2? <a’ if 
the density at any point is proportional to its distance from 
the z-axis. 


31-32 Evaluate the integral by changing to cylindrical 
coordinates. 


2 py4—-y2 f2 
31. eee leer xz dz dx dy 


32. . aie al Vx? + y? dz dy dx 


33. When studying the formation of mountain ranges, geolo- 
gists estimate the amount of work required to lift a moun- 
tain from sea level. Consider a mountain that is essentially 


DISCOVERY PROJECT The Intersection of Three Cylinders 1101 


S.R. Lee Photo Traveller / Shutterstock.ocm 


DISCOVERY PROJECT | THE INTERSECTION OF THREE CYLINDERS 


in the shape of a right circular cone. Suppose that the weight 

density of the material in the vicinity of a point P is g(P) and 

the height is h(P). 

(a) Find a definite integral that represents the total work done 
in forming the mountain. 

(b) Assume that Mount Fuji in Japan is in the shape of a right 
circular cone with radius 62,000 ft, height 12,400 ft, and 
density a constant 200 Ib/ft*. How much work was 
done in forming Mount Fuji if the land was initially at 
sea level? 


The figure shows the solid enclosed by three circular cylinders with the same diameter that 
intersect at right angles. In this project we compute its volume and determine how its shape 
changes if the cylinders have different diameters. 


1. 


Sketch carefully the solid enclosed by the three cylinders x* + y* = 1, x? + z* = 1, and 


y? + z* = 1, Indicate the positions of the coordinate axes and label the faces with the 
equations of the corresponding cylinders. 


2. Find the volume of the solid in Problem 1. 
3. Use graphing software to draw the edges of the solid. 


4. What happens to the solid in Problem 1 if the radius of the first cylinder is different 
from 1? Illustrate with a hand-drawn sketch or a computer graph. 


5. If the first cylinder is x7 + y? = a’, where a < 1, set up, but do not evaluate, a double 
integral for the volume of the solid. What if a > 1? 
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1102 CHAPTER 15 Multiple Integrals 


15.8 | Triple Integrals in Spherical Coordinates 


FIGURE 1 


Another useful coordinate system in three dimensions is the spherical coordinate system. 
It simplifies the evaluation of triple integrals over regions bounded by spheres or cones. 


B® Spherical Coordinates 


The spherical coordinates (p, 6, ¢) of a point P in space are shown in Figure 1, where 
p = | OP| is the distance from the origin to P, 6 is the same angle as in cylindrical coor- 
dinates, and ¢ is the angle between the positive z-axis and the line segment OP. Note that 


p=0 0<¢57 


The spherical coordinate system is especially useful in problems where there is symmetry 
about a point, and the origin is placed at this point. For example, the sphere with center 
the origin and radius c has the simple equation p = c (see Figure 2): this is the reason for 
the name “spherical” coordinates. The graph of the equation 6 = c is a vertical half-plane 
(see Figure 3), and the equation @ = c represents a half-cone with the z-axis as its axis 


The spherical coordinates of a point (see Figure 4). 


FIGURE 5 


ty 
ta 
> 


6 
| c 
yt 
0 
y y 
Xx ‘ a \ 
€ 
O0<c<a/2 a/2<c<7 
p = cc, a sphere FIGURE3 6 = c, a half-plane FIGURE 4 ¢ =c, ahalf-cone 


The relationship between rectangular and spherical coordinates can be seen from Fig- 
ure 5. From triangles OPQ and OPP' we have 


z=pcosd r=psingd 


But x = rcos@ and y = rsin@, so to convert from spherical to rectangular coordinates, 
we use the equations 


[1] x = psind cos 6 y=psingd sind z=pcosd 


Also, the distance formula shows that 


[2] partyt+7 


We use this equation in converting from rectangular to spherical coordinates. 


EXAMPLE 1 The point (2, 7/4, 7/3) is given in spherical coordinates. Plot the point 
and find its rectangular coordinates. 
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(2, 7/4, 7/3) 


FIGURE 6 


@ WARNING There is not univer- 
sal agreement on the notation for 
spherical coordinates. Most books on 
physics reverse the meanings of @ and 
¢ and use r in place of p. 


r= p; Sin by 


x 


(a) A spherical wedge 


FIGURE 7 


SECTION 15.8 Triple Integrals in Spherical Coordinates 1103 


SOLUTION We plot the point in Figure 6. From Equations | we have 


_ 
x = psind cos@ = 2sin— cos — = 2 a = ae 
3 4 2 J/2 2 


3\( 1 a 
y=psing sin = 2 sin sin i =2(-2)(4) = RE 


z= pcosd = 2 cos = = 2(5) = 1 
Thus the point (2, 77/4, 27/3) is (./3/2, /3/2, 1) in rectangular coordinates. a 


EXAMPLE 2 The point (0, 2/3, —2) is given in rectangular coordinates. Find 
spherical coordinates for this point. 


SOLUTION From Equation 2 we have p = V/x? + y2 +z? = J/0+ 12+ 4 =4and 
so Equations | give 


Zz =. 1 27 
ee a 2 o-3 
9=—~—_=0 9=— 
cos 0 = = = — 
psing 2 
(Note that 6 4 32/2 because y = 2/3 > 0.) Therefore spherical coordinates of the 
given point are (4, 7/2, 27/3). | 


§ Triple Integrals in Spherical Coordinates 


In the spherical coordinate system the counterpart of a rectangular box is a spherical 
wedge 


E= {(p,0,6) |a<p<b,a<0<B,c<¢<d} 


where a = 0 and B — a S 27, andd — c S 7. Although we defined triple integrals by 
dividing solids into small boxes, it can be shown that dividing a solid into small spherical 
wedges always gives the same result. So we divide E into smaller spherical wedges 
Eijx by means of equally spaced spheres p = p;, half-planes 0 = 6), and half-cones 
ob = dy. Figure 7 shows that Ej; is approximately a rectangular box with dimensions Ap, 
pi Ad (arc of a circle with radius p;, angle Ad), and p; sind; AO (arc of a circle with 
radius p; sin¢;, angle A@). So an approximation to the volume of E;;. is given by 


AVijn ~ (Ap)(p:i Ap)(p: sin by AO) = p? sinh: Ap Ad Ad 


( Jrso=n sin dy AO 


rj =p; sin by 


(b) Side view (c) Top view 
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1104 CHAPTER 15 Multiple Integrals 


In fact, it can be shown, with the aid of the Mean Value Theorem (Exercise 51), that 
the volume of Fix is given exactly by 


AV ix = pr sin dy Ap A@ Ad 


where ((;, 6;, x) is some point in Ejj,. Let (x7, y*z, 24) be the rectangular coordinates 
of this point. Then 


m n 


l 
{\\ f(x, ys z) dV _ im » = 2 fOr Vike Zit) AViix 
E _ ee ae 


I 


liom on 


= lim >) >> f(p sin dy cos 6; p; sin dx sin 6;, pi cos hy) p? sin dx Ap AO Ad 


lm,n->~% i=1j=1k=1 
But this sum is a Riemann sum for the function 


F(p, 0, 6) = f(p sind cos 6, p sind sin 0, p cos #) p’ sind 


Consequently, we have arrived at the following formula for triple integration in spheri- 
Zh cal coordinates. 


B] {lf ress. av 


=|" [" ['F(p sine cos 6, p sind sind, p cos ) p? sing dp dO db 


where E is a spherical wedge given by 


E= {(p,0,¢)|a<p<b, a 


Formula 3 says that we convert a triple integral from rectangular coordinates to spheri- 
cal coordinates by writing 


x = p sind cos 6 y = psing sin 6 z=pcosd 


FIGURE 8 
Volume element in spherical using the appropriate limits of integration and replacing dV by p’ sin ¢ dp dé dd. This is 
coordinates: dV = p* sin d dp dé dh illustrated in Figure 8. 

This formula can be extended to include more general spherical regions such as 


E= {(p,0,6)|a<0<B, c<¢ <d, g(0,6) <p <g(0, 6)} 


In this case the formula is the same as in (3) except that the limits of integration for p are 


gi(9, b) and g2(0, ¢). 
Usually, spherical coordinates are used in triple integrals when surfaces such as cones 
and spheres form the boundary of the region of integration. 


EXAMPLE3 Evaluate ie ei ty?+29°" AV. where B is the unit ball: 
B= { (x, y, z) |e? ey ab? 1} 
SOLUTION Since the boundary of B is a sphere, we use spherical coordinates: 
B= {(p,0,6) |0<p<1, 0<0<27,0<¢<7} 
In addition, spherical coordinates are appropriate because 


VPt+yt+2=p 
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Thus (3) gives 
i} ety dy = i {" i: ee )’p’sin @ dp dé db 
B 


= {° sing db {" d@ { pe” dp 
=|- cos |, (271) [se*"] = ime — 1) a 


NOTE It would have been extremely awkward to evaluate the integral in Example 3 with- 
out spherical coordinates. In rectangular coordinates the iterated integral would have been 


1-x? Vi-x2-y2 (x2+y2+22)3/2 
ery" dz dy dx 
[" (ae —V1-x2-y2 y 


EXAMPLE 4 Use spherical coordinates to find the volume of the solid that lies above 
the cone z = ./x2 + y? and below the sphere x” + y* + z* = z. (See Figure 9.) 


SOLUTION Notice that the sphere passes through the origin and has center (0, 0, 5), We 
write the equation of the sphere in spherical coordinates as 


p’ = pcos or p=cosd 


The equation of the cone can be written as 


pcos = y/p? sin? cos?6 + p?sin? sin2?@ = psind 


This gives sin @ = cos ¢, or 6 = 77/4. Therefore the description of the solid F in 
FIGURE 9 spherical coordinates is 


E= {(p,0,6) |0<0<27, 0<$<7/4, 0<p<coso} 


Figure 10 shows how E is swept out if we integrate first with respect to p, then d, and 
then 6. The volume of E is 


V(E) = | } dv = (" {" : ag p?sind dp de dé 
E 


' ie 0 p=cos b 
= { dé { sng [2] dd 

2 2 cos" Re 

TT t7/4 T T 
=a Hi sing cos* db = 7 - F i = 


+ y x y 
p varies from 0 to cos & ¢ varies from 0 to 77/4 @ varies from 0 to 277. 
FIGURE 10 while ¢ and @ are constant. while 6 is constant. | 
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1106 CHAPTER 15 Multiple Integrals 


15.8 | Exercises 


1-2 Plot the point whose spherical coordinates are given. Then 
find the rectangular coordinates of the point. 


1. (a) (2, 37/4, 7/2) (b) (4, —7/3, 7/4) 


2. (a) (5, 7/2, 77/3) (b) (6, 0, 57/6) 


3-4 Change from rectangular to spherical coordinates. 


3. (a) (3,3, 0) (b) (1, —V3, 23) 
(b) (—2, 2,26 ) 


4. (a) (0,4, —4) 


5-6 Describe in words the surface whose equation is given. 


5. b = 31/4 6. p> — 3p +2=0 


7-8 Identify the surface whose equation is given. 


7. pcosd=1 8. p=cosd 


9-10 Write the equation in spherical coordinates. 


9. (a) x+y? t+277=9 (b) x? -—y?-— 2? =1 


10. (a) z=x? + y? (b) z=x?-y’ 


11-14 Sketch the solid described by the given inequalities. 
1. p<1, 0<¢<7/6, 0SO057 
12,.1<p<2, c/2<d¢<7 
13.1<p<3, 0<¢S7/2, TS<0537/2 

2 


14. p< 


15. A solid lies inside the sphere x* + y* + z? = 4z and outside 


the cone z = /x* + y?. Write a description of the solid in 
terms of inequalities involving spherical coordinates. 


16. (a) Find inequalities that describe a hollow ball with diam- 
eter 30 cm and thickness 0.5 cm. Explain how you have 
positioned the coordinate system that you have chosen. 

(b) Suppose the ball is cut in half. Write inequalities that 
describe one of the halves. 


17-18 Sketch the solid whose volume is given by the integral 
and evaluate the integral. 


i Na 


J0 


[° p? sind dp d db 


J0 


18. (" : i oa p? sin ¢ dp dO db 


19-20 Set up the triple integral of an arbitrary continuous 
function f(x, y, z) in cylindrical or spherical coordinates over the 
solid shown. 


19. *t 
es 


a4 


2 
| a 
ra 


21-22 

(a) Express the triple integral fy - f(x,y, z) dV as an iterated 
integral in spherical coordinates for the given function f and 
solid region E. 

(b) Evaluate the iterated integral. 


21. f(x, y,2 = Ve + y+ 2 


22. f(x,y, z) = xy 


xe+y?+72=9 


23-36 Use spherical coordinates. 


23. Evaluate {{{, (x? + y* + z?)°dV, where B is the ball with 
center the origin and radius 5. 


24. Evaluate |||, y°z* dV, where E lies above the cone @ = 77/3 
and below the sphere p = 1. 


25. Evaluate |||, (x? + y*) dV, where E lies between the spheres 
ePtyt+2=dands? +y?4+2°=9, 


26. Evaluate |||, y? dV, where E is the solid hemisphere 


r+y+7<9 y20, 


27. Evaluate |{{,xe*’*”’** dV, where E is the portion of the 


unit ball x? + y* + z* < 1 that lies in the first octant. 

28. Evaluate |{|,, Vx? + y? + z? dV, where E lies above the cone 
z = ,/x2 + y? and between the spheres x7 + y> + z?7=1 
and x? + y?+27=4, 


29. Find the volume of the part of the ball p < a that lies between 
the cones @ = 7/6 and @ = 77/3. 
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SECTION 15.8 Triple Integrals in Spherical Coordinates 1107 


30. Find the average distance from a point in a ball of radius a 43-45 Evaluate the integral by changing to spherical coordinates. 
to its center. 6 hile peas 
31. (a) Find the volume of the solid that lies above the cone ae: i. i i | xy dz dy dx 
o = 7/3 and below the sphere p = 4 cos ¢. 
(b) Find the centroid of the solid in part (a). AA. ii ime (ae ty ey 
32. Find the volume of the solid that lies within the sphere Dewy We Wain 
x? + y? + z* = 4, above the xy-plane, and below the ses 
ec ° : (2 pax? (24+Va Fg | og | nan 
cone z = /x? + y?. 45. ie ees nes (x? + y* + 2°) dz dy dx 
33. (a) Find the centroid of the solid in Example 4. (Assume 
constant density K.) 
(b) Find the moment of inertia about the z-axis for this solid. 46. A model for the density 6 of the earth’s atmosphere near its 
34. Let H be a solid hemisphere of radius a whose density at any surface is 
point is proportional to its distance from the center of the base. 8 = 619.09 — 0.000097p 
(a) Find the mass of H. 
(b) Find the center of mass of H. where p (the distance from the center of the earth) is mea- 
(c) Find the moment of inertia of H about its axis. sured in meters and 6 is measured in kilograms per cubic 


meter. If we take the surface of the earth to be a sphere with 
: radius 6370 km, then this model is a reasonable one for 
of radius a. 6.370 X 10° < p < 6.375 X 10°. Use this model to estimate 


(b) Find the moment of inertia of the solid in part (a) about the mass of the atmosphere between the ground and an alti- 
a diameter of its base. tude of 5 km. 


35. (a) Find the centroid of a solid homogeneous hemisphere 


36. Find the mass and center of mass of a solid hemisphere of 
radius a if the density at any point is proportional to its 
distance from the base. 


47. Use graphing software to draw a silo consisting of a cylinder 
with radius 3 and height 10 surmounted by a hemisphere. 


48. The latitude and longitude of a point P in the Northern Hemi- 
37-42 Use cylindrical or spherical coordinates, whichever sphere are related to spherical coordinates p, 0, @ as follows. 
seems more appropriate. We take the origin to be the center of the earth and the posi- 
tive z-axis to pass through the North Pole. The positive x-axis 
passes through the point where the prime meridian (the 
meridian through Greenwich, England) intersects the equator. 
Then the latitude of P is a = 90° — ¢° and the longitude is 


37. Find the volume and centroid of the solid E that lies above 
the cone z = ./x* + y? and below the sphere 
ePtyt+2=1, 


38. Find the volume of the smaller wedge cut from a sphere of B = 360° — 60°. Find the great-circle distance from Los 
radius a by two planes that intersect along a diameter at an Angeles (lat. 34.06° N, long. 118.25° W) to Montréal (lat. 
angle of 7/6. 45.50° N, long. 73.60° W). Take the radius of the earth to be 


3960 mi. (A great circle is the circle of intersection of a 


39. A solid cylinder with constant density has base radius a and sphere and a plane through the center of the sphere.) 


height h. 
(a) Find the moment of inertia of the cylinder about its axis. 49. 
(b) Find the moment of inertia of the cylinder about a 

diameter of its base. 


The surfaces p = 1 + + sin m@ sin nd have been used as 
models for tumors. The “bumpy sphere” with m = 6 and 
n = 5 is shown. Use a computer algebra system to find the 


40. A solid right circular cone with constant density has base volume it encloses. 
radius a and height h. 
(a) Find the moment of inertia of the cone about its axis. 
(b) Find the moment of inertia of the cone about a diameter 
of its base. 


41. Evaluate fhe z dV, where E lies above the paraboloid 
z = x° + y* and below the plane z = 2y. Use either the 


Table of Integrals (on Reference Pages 6-10) or a computer 
algebra system to evaluate the integral. 


42. (a) Find the volume enclosed by the torus p = sin ¢. 
(b) Use graphing software to draw the torus. 
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50. Show that (b) Deduce that the volume of the spherical wedge given by 
2 fo fro Sin pqoael = = 2» 06:50 5 62, =S = 21s 
[Lf VEEP OP dedy dz = Im prs p= Oye i da 

3 3 
(The improper triple integral is defined as the limit of a AV P27 Pi (cos 61 — cos 2)(82 — 61) 
triple integral over a solid sphere as the radius of the sphere 3 


increases indefinitely.) 
(c) Use the Mean Value Theorem to show that the volume in 


51. (a) Use cylindrical coordinates to show that the volume of pare (bean besyeittenas 


the solid bounded above by the sphere r? + z? = a? and 
below by the cone z = rcot do (or d = ¢o), where 


0 < do < 7/2, is AV =p’ sin d Ap Ad Ad 


2) 3 ~ . - rs . 
_ 21a Gi eae) where p lies between p; and p>, ¢ lies between @; and 


Vv 
3 2, Ap = po — pi, AO = 82 — 01, and Ad = 2 — ou. 


APPLIED PROJECT | ROLLER DERBY 


Suppose that a solid ball (a marble), a hollow ball (a squash ball), a solid cylinder (a steel bar), 
and a hollow cylinder (a lead pipe) roll down a slope. Which of these objects reaches the bot- 
tom first? (Make a guess before proceeding.) 

To answer this question, we consider a ball or cylinder with mass m, radius r, and moment 
of inertia / (about the axis of rotation). If the vertical drop is h, then the potential energy at the 
top is mgh. Suppose the object reaches the bottom with velocity v and angular velocity w, so 
v = ar. The kinetic energy at the bottom consists of two parts: 5mv? from translation (moving 
down the slope) and 5 Iw? from rotation. If we assume that energy loss from rolling friction is 
negligible, then conservation of energy gives 


mgh = 5mv? + 51a" 


1. Show that 


2 _ _2gh = 
v= ear where /* = are 


2. If y(t) is the vertical distance traveled at time ¢, then the same reasoning as used in 
Problem | shows that v? = 2gy/(1 + I**) at any time f. Use this result to show that y 
satisfies the differential equation 


ay = d 29 (sin a) /y 


Il aie 1 


where a is the angle of inclination of the plane. 


3. By solving the differential equation in Problem 2, show that the total travel time is 


re al 2n(1 + 1*) 
g sin’ 


This shows that the object with the smallest value of /* wins the race. 
4. Show that /* = 5 for a solid cylinder and /* = 1 for a hollow cylinder. 


5. Calculate /* for a partly hollow ball with inner radius a and outer radius r. Express your 
answer in terms of b = a/r. What happens as a — 0 and as a => r? 


6. Show that /* = 2 for a solid ball and /* = ; for a hollow ball. Thus the objects finish in the 
following order: solid ball, solid cylinder, hollow ball, hollow cylinder. 
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15.9 | Change of Variables in Multiple Integrals 


In one-dimensional calculus we often use a change of variable (a substitution) to simplify 
an integral. By reversing the roles of x and uv, we can write the Substitution Rule (5.5.6) as 


i [°709 ax = [* P(g) gw) du 
where x = g(u) and a = g(c), b = g(d). Another way of writing Formula | is as follows: 
[2] [709 ax = [rota Sau 


A change of variables can also be useful in evaluating double and triple integrals. 


@ Change of Variables in Double Integrals 


We have already seen an example of a change of variables for double integrals: conver- 
sion to polar coordinates. The new variables r and @ are related to the old variables x 
and y by the equations 


x =rcosé y =rsind 


and the change of variables formula (15.3.2) can be written as 


[[ re. y)dA= [[ #@-cos@, rsin 6) rar do 
R KY 


where S is the region in the r@-plane that corresponds to the region R in the xy-plane. 
More generally, we consider a change of variables that is given by a transformation 
T from the uv-plane to the xy-plane: 


T(u, v) = (x, y) 


where x and y are related to u and v by the equations 


[3] x= gu,v) y=hu,») 
or, aS we sometimes write, 
x=x(u,v) y=y(u,») 


We usually assume that T is a C' transformation, which means that g and / have contin- 
uous first-order partial derivatives. 

A transformation T is really just a function whose domain and range are both sub- 
sets of R*. If T(u;, v;) = (x1, y)), then the point (x, y) is called the image of the point 
(u;, v:). If no two points have the same image, T is called one-to-one. Figure | shows the 
effect of a transformation T on a region S in the wv-plane. T transforms S into a region R 
in the xy-plane called the image of S, consisting of the images of all points in S. 


DA YA 
T 
——_ 
TA 
gee 
> > 
0 u 0 x 
FIGURE 1 
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If T is a one-to-one transformation, then it has an inverse transformation 7! from 
the xy-plane to the uwv-plane and it may be possible to solve Equations 3 for u and v in 
terms of x and y: 

u=G(x,y) v= H(x,y) 


EXAMPLE 1 A transformation is defined by the equations 
x=w-—v y = 2uv 
Find the image of the square S = {(u,v) |0<u<1, 0<v I}. 


SOLUTION The transformation maps the boundary of S into the boundary of the image. 
So we begin by finding the images of the sides of S. The first side, S), is given by v = 0 
(0 <u S 1). (See Figure 2.) From the given equations we have x = u, y = 0, and 

so 0 < x < 1. Thus S; is mapped onto the line segment from (0, 0) to (1, 0) in the 
xy-plane. The second side, $2, is u = 1 (0 S v S 1) and, putting uv = | in the given 
equations, we get 


Eliminating v, we obtain 


2 


[4] a ones 0<x<1 


which is part of a parabola. Similarly, S3 is given by v = 1 (0 < u < 1), whose image 
is the parabolic arc 


y 
=—- 1 -l1<x<0 
[5] ae ‘3 
Finally, Sy is given by u = 0 (0 S v S 1) whose image is x = —v*, y = 0, that is, 


FIGURE 2 


FIGURE 3 


1 < x < 0. (Notice that as we move around the square in the counterclockwise 
direction, we also move around the parabolic region in the counterclockwise direction.) 
The image of S is the region R (shown in Figure 2) bounded by the x-axis and the 
parabolas given by Equations 4 and 5. a 


Now let’s see how a change of variables affects a double integral. We start with a 
small rectangle S in the uv-plane whose lower left corner is the point (uo, vo.) and whose 
dimensions are Au and Av. (See Figure 3.) 


The image of S is a region R in the xy-plane, one of whose boundary points is 
(xo, Yo) = T(Uuo, vo). The vector 


r(u, v) = g(u, v)i + A(u, v)j 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 15.9 Change of Variables in Multiple Integrals 1111 


is the position vector of the image of the point (u, v). The equation of the lower side of S 
is v = vo, whose image curve is given by the vector function r(u, vo). The tangent vector 
at (Xo, yo) to this image curve is 


. ‘ Ox , Oy, 
Yr, = JulUo, U)i a h,Auo, vo) J = aa + a 


Similarly, the tangent vector at (xo, yo) to the image curve of the left side of S (namely, 


U = Uo) 1S 
‘ . Ox. dy, 
Yr, = go(Uo, Vo) i + h,(uo, Vo) j = —i + i 
ov ov 
F (ig, Up + Av) We can approximate the image region R = T(S) by a parallelogram determined by the 
secant vectors 
( a =r(uo + Au, v0) — r(uo, vo) b = r(uo, v0 + Av) — r(uo, v0) 
I (Up, Vo) 
shown in Figure 4. But 
a . (uo + Au, v9) — r(uo, vo) 
r, = lim 
Au—0 Au 
(up + Au, Vo) 
FIGURE 4 and so r(uo + Au, vo) — r(uo, vo) ~ Au ry 
Similarly r(uo, Vo + Av) — r(uo, vo) = Avr, 


This means that we can approximate R by a parallelogram determined by the vectors 
Aur, and Av r,. (See Figure 5.) Therefore we can approximate the area of R by the area 
of this parallelogram, which, from Section 12.4, is 


[6] (Aur,) X (Avr,)| = |r, X r,| Au Av 
Computing the cross product, we obtain 
FIGURE 5 a: 2. 5) |e oy oe ok 
ox oy ou ou ou dv 
r, XT) = — 0) = k= k 
au au ax ay} | ay ay 
Ox dy 0 ov av ou dv 
ov. ov 


The determinant that arises in this calculation is called the Jacobian of the transforma- 
tion and is given a special notation. 


The Jacobian is named after the 
German mathematician Carl Gustav 


Definition The Jacobian of the transformation T given by x = g(u, v) and 


Jacob Jacobi (1804-1851). Although y = Alu, v) is oe. ae 
the French mathematician Cauchy st 
first used these special determinants a(x, y) = dv | _ ox dy _ Ox dy 
involving partial derivatives, Jacobi d(u, v) dy oy du dv dv Ou 


developed them into a method for au ov 
evaluating multiple integrals. 


With this notation we can use Equation 6 to give an approximation to the area AA 
of R: 


ae 


a(u, v) 


Au Av 


where the Jacobian is evaluated at (uo, vo). 
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Next we divide a region S in the uv-plane into rectangles Sj; and call their images in 
the xy-plane Rj;. (See Figure 6.) 


VA YA 


FIGURE 6 


Applying the approximation (8) to each R;;, we approximate the double integral of f 
over R as follows: 


M:= 


1 


| fy) dA ~ 2 2 Fis y;) AA 
i i=1 j=l 
mon , 
“A Z Segui 0), h(ui, 0) reo Au Av 


where the Jacobian is evaluated at (u;, v;). Notice that this double sum is a Riemann sum 
for the integral 


) 
in du dv 


a(x, of 
U, 


[f.flotu, 0), hu, 0) 
Ss 


The foregoing argument suggests that the following theorem is true. (A full proof is 
given in books on advanced calculus.) 


[9] Change of Variables in a Double Integral Suppose that T is a C' transfor- 
mation whose Jacobian is nonzero and that T maps a region S in the uv-plane onto 
a region R in the xy-plane. Suppose that f is continuous on R and that R and S are 
type I or type II plane regions. Suppose also that T is one-to-one, except perhaps 
on the boundary of S. Then 


A(x, y) 


| 40s y) dA = [ffx v), y(u, v)) atu, 8): du dv 


Theorem 9 says that we change from an integral in x and y to an integral in u and v by 
expressing x and y in terms of uw and v and writing 


dA = 


Notice the similarity between Theorem 9 and the one-dimensional formula in Equa- 
tion 2. Instead of the derivative dx/du, we have the absolute value of the Jacobian, that 


is, | (x, y)/a(u, v) |. 
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4 _ As a first illustration of Theorem 9, we show that the formula for integration in polar 
Bt--- ia coordinates is just a special case. Here the transformation T from the r6-plane to the 
xy-plane is given by 
r=a S r=b ; 
x = g(r,0) = rcosé y = h(r,@) = rsin@ 

at——— 

| =a | and the geometry of the transformation is shown in Figure 7: T maps an ordinary rect- 

| | Fs angle in the r@-plane to a polar rectangle in the xy-plane. The Jacobian of T is 
0 a b r 


Ox Ox 


A(x, y) _ | ar 00 cos@ —rsin@ 


=rcosé+rsin@=r>0 


a(r, 0) Oy oy. sin 0 rcos@ 
or 00 
Thus Theorem 9 gives 
a(x, y) 
{| f(x, y) dx dy = iG cos 6, r sin) dr do 
a(r, 6) 
R S 
= (" iG cos 0, rsin@) r dr d0 
Xx 
which is the same as Formula 15.3.2. 
FIGURE 7 
The polar coordinate transformation EXAMPLE 2 Use the change of variables x = u? — v*, y = 2uv to evaluate the 


integral ie y dA, where R is the region bounded by the x-axis and the parabolas 
y? =4-4xandy*=4+4+ 4x,y20. 


SOLUTION The region R is pictured in Figure 8. It is the region from Example | 
(see Figure 2); in that example we discovered that T(S) = R, where S is the square 
[0, 1] X [0, 1]. Indeed, the reason for making the change of variables to evaluate the 
integral is that S$ is a much simpler region than R. First we need to compute the 


Jacobian: 
ax ax 
oe ed ed ere 
FIGURE 8 me owt 
Therefore, by Theorem 9, 
a(x, y) 


wen (87 {, i} (2uv)4(u2 + v2) du dv 


f) setters 28 


=8 { {' (wv + uv?) du dv = 8 [' [Luty ai Ley] ae 
= { (2v + 40°) dv = [»? + v'| = 2 ~ 


NOTE Example 2 was not a very difficult problem to solve because we were given a 
suitable change of variables. If we are not supplied with a transformation, then the 
first step is to think of an appropriate change of variables. If f(x, y) is difficult to 
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integrate, then the form of f(x, y) may suggest a transformation. If the region of integra- 
tion R is awkward, then the transformation should be chosen so that the corresponding 
region S in the uv-plane has a convenient description. 


EXAMPLE 3 Evaluate the integral ||, e**”/“" dA, where R is the trapezoidal region 
with vertices (1, 0), (2, 0), (0, —2), and (0, —1). 


SOLUTION Since it isn’t easy to integrate e'**”/™, we make a change of variables 
suggested by the form of this function: 


u=xty v=x>y 


These equations define a transformation T~' from the xy-plane to the wv-plane. Theo- 
rem 9 talks about a transformation T from the uv-plane to the xy-plane. It is obtained 
by solving Equations 10 for x and y: 


[11] x=7(ut+0) y= 7(u->) 
The Jacobian of T is 
Ox Ox 
A(x, y) | du av | ; ol 
a(u,v) | day day] 5 -5 _ = 
au ov 
DA To find the region S in the uv-plane corresponding to R, we note that the sides of R 


(-2, 2) v=2 (2,2) lie on the lines 
y=0 x-y=2 x=0 x-y=1 


and, from either Equations 10 or Equations 11, the image lines in the uv-plane are 


’ u u=v v=2 u=-v v=1 
Thus the region S is the trapezoidal region with vertices (1, 1), (2, 2), (—2, 2), and 
- | r (—1, 1) shown in Figure 9. Since 

YA S={w» |1<v <2, -v<u<p} 

\ y= Theorem 9 gives 

1 
: a(x, y) 
(x+y)/(x-y) = u/v 2 
| {| e dA {| e au, 0) du dv 
R S 
2 i u/jv 1 2 u/v cance 
= fp [eG au do = 3 | [oer], ao 


I 


FIGURE 9 aN (e — e')udv = 3(e — e!) a 


B® Change of Variables in Triple Integrals 


There is a similar change of variables formula for triple integrals. Let T be a one-to-one 
transformation that maps a region S in wvw-space onto a region R in xyz-space by means 
of the equations 


x = g(u, v, w) y = A(u, v, w) z= k(u, v, w) 
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The Jacobian of T is the following 3 X 3 determinant: 


Ox Ox Ox 

au av aw 

a(x,y,z) | dy dy day 

[12] d(u, v, w) du dv dw 
oz Oz Oz 

au av Ow 


Under hypotheses similar to those in Theorem 9, we have the following formula for triple 
integrals: 


d(x, y, Z) 


du dv dw 
A(u, v, w) 


[73] ll sey, 2 av=| lf fO~w, 0, w), vu, 0, w), 2(u, », w)) 
R S 


EXAMPLE 4 Use Formula 13 to derive the formula for triple integration in spherical 
coordinates. 


SOLUTION Here the change of variables is given by 
x = psing cos 6 y =p sing sin @ z=pcosd 
We compute the Jacobian as follows: 


sing cos@ —psind sin@ pcos ¢ cos é 


aan sing sinO psindcos@ pcos¢ sind 
Pie cos d 0 —psing 
—psind sin@ pcos @ cos 6 . sind cos@ —psind sin é 
= cos d — psing 


psind cos@ pcos ¢ sin é sing sinO ~=—psind cos@ 


Il 


cos b (—p’ sin d cos ¢ sin’@ — p* sin d cos ¢ cos’) 


— psin > (psin’d cos’*@ + psin’d sin’@) 


—p’ sin d@ cos*h — p’ sin ¢ sin’d = —p’ sind 
Since 0 S @ S 7, we have sin ¢ = 0. Therefore 


a(x, y; z) ae | 
d(p, 0, b) 


p singd| = p’sing 
and Formula 13 gives 


{| f(x y, z) dV = {Fo sing cos 0, p sing sin 0, p cos d) p* sind dp do db 
R 5 


which is equivalent to Formula 15.8.3. a 
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15.9 | Exercises 


1. Match the given transformation with the image (labeled I-VI) 
of the set S = {(u, v)|0 <u < 1,0 <v S 1} under the 
transformation. Give reasons for your choices. 


(a) x=uto (b) x=u-v 
y=u-v y=uv 
(c) x =ucosv (d) x=u-v 
y =usinv y=utv? 
(ec) x=utov (f) x = uv 
y = 20 y=v-03 
I y Ty 
1 1 


v 
Rv 


Ill ya IV-sya 


RY 


-] 0 1 =j+ 


2-6 Find the image of the set S under the given transformation. 


2. S={(u, 0) |0<u<1,0<0 <2} 
x=utv,y=—v 


3. S={(u,v) |0<u<3, 0OSv <2}; 
x=2u+ 30, y=u-v 


Py 


. Sis the square bounded by the lines u = 0, u = 1, v = 0, 
v=1; x=, y=u(l + 07) 


5. Sis the triangular region with vertices (0, 0), (1, 1), (0, 1); 
x=w,y=o0 


6. Sis the disk given by u* + v? <1; x = au, y = bv 


7-10 A region R in the xy-plane is given. Find equations for a 
transformation T that maps a rectangular region S in the wv-plane 
onto R, where the sides of S are parallel to the u- and v-axes. 


7. Ris bounded by y = 2x — ly =2x+1,y=1--x, 
y=3-x 


8. R is the parallelogram with vertices (0, 0), (4, 3), (2, 4), 
(—2;,1) 


9. R lies between the circles x7 + y> = | andx? + y? = 2in 
the first quadrant 


10. R is bounded by the hyperbolas y = 1/x, y = 4/x and the 
lines y = x, y = 4x in the first quadrant 


11-16 Find the Jacobian of the transformation. 


WW. x=2ut+v, y=4u-—0 


12,.x=u?+uv, y=uv? 
13. x =scost, y=ssint 


14. x = pe’, y= qe? 


15. x=uv, y=vw, z=wu 


16.x=ut+ow, y=v+wu, z=wtuv 


17-22 Use the given transformation to evaluate the integral. 


17. |\z(x — 3y) dA, where R is the triangular region with 
vertices (0, 0), (2, 1), and (1,2); x =2u +0, y=u + 2v 


18. ||,(4x + 8y) dA, where R is the parallelogram with 
vertices (— 1, 3), (1, —3), (3, —1), and (1, 5); 
x +(u + v), y +(v 3u) 


19. ||,x°dA, where R is the region bounded by the ellipse 
9x? + 4y? = 36; x =2u, y = 30 


20. {/,(x? — xy + y*)dA, where R is the region bounded 
by the ellipse x? — xy + y* = 2; 
x= /2u—- J/2/30, y= V2ut+ V230 
21. i} rxy dA, where R is the region in the first quadrant bounded 


by the lines y = x and y = 3x and the hyperbolas xy = 1, 
xy =3; x=u/v, y=v 


22. |/,y°dA, where R is the region bounded by the curves 
xy = Lay =2,xy =1xy=2; u=xy, v= xy’. 
Illustrate by using a graphing calculator or computer to 
draw R. 


23. (a) Evaluate ie dV, where E is the solid enclosed by the 
ellipsoid x°/a? + y*/b? + z*/c* = 1. Use the transfor- 
mation x = au, y = bv, z = cw. 

(b) The earth is not a perfect sphere; rotation has resulted in 
flattening at the poles. So the shape can be approximated 
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by an ellipsoid with a = b = 6378 km and c = 6356 km. 


Use part (a) to estimate the volume of the earth. 
(c) If the solid of part (a) has constant density k, find its 
moment of inertia about the z-axis. 


24. An important problem in thermodynamics is to find the work 


done by an ideal Carnot engine. A cycle consists of alter- 
nating expansion and compression of gas in a piston. The 
work done by the engine is equal to the area of the region R 
enclosed by two isothermal curves xy = a, xy = b and two 
adiabatic curves xy'“ = c, xy'* = d, where 0 < a < band 
0 <c < d. Compute the work done by determining the area 
of R. 


25-30 Evaluate the integral by making an appropriate change of 
variables. 


re x — 2 

25. | | i dA, where R is the parallelogram enclosed by 
J x= y 
é, ) 


the lines x — 2y = 0, x — 2y = 4,3x — y = 1, and 
3x y= 8 

EW review 

CONCEPT CHECK 


26. 


27. 


28. 


29. 


30. 


CHAPTER 15 Review 1117 


Ile (x + y)e*’”’ dA, where R is the rectangle enclosed by the 
linesx —-y=0,x —-y=2,x+y=0,andx+ y=3 


Nl cs = :) dA, where R is the trapezoidal region 
yx 


with vertices (1, 0), (2, 0), (0, 2), and (0, 1) 


ff, sin(9x* + 4y?)dA, where R is the region in the first 
quadrant bounded by the ellipse 9x? + 4y* = 


ff,e**dA, where R is given by the inequality |x| + |y| <1 


{| x dA, where R is the region enclosed by the lines 
x 


xty=1xty=3,y=2x,y=x/2 


31. 


Let f be continuous on [0, 1] and let R be the triangular 
region with vertices (0, 0), (1, 0), and (0, 1). Show that 


{re +y)dA = { uf (u) du 
R 


Answers to the Concept Check are available at StewartCalculus.com. 


1. Suppose f is a continuous function defined on a rectangle 

R= [a,b] X [c, d]. 

(a) Write an expression for a double Riemann sum of f. 

If f(x, y) = 0, what does the sum represent? 

(b) Write the definition of ff ad (x, y) dA as a limit. 

(c) What is the geometric interpretation of ||, f(x, y) dA if 
f(x, y) = 0? What if f takes on both positive and 
negative values? 

(d) How do you evaluate ff ad (x, y) dA? 

(e) What does the Midpoint Rule for double integrals say? 

(f) Write an expression for the average value of f. 


2. (a) How do you define ||, f(x, y) dA if D is a bounded 
region that is not a rectangle? 
(b) What is a type I region? How do you evaluate 
il f(x, y) dA if D is a type I region? 
(c) What is a type II region? How do you evaluate 
ff pJ (x y) dA if D is a type II region? 
(d) What properties do double integrals have? 


3. How do you change from rectangular coordinates to polar 
coordinates in a double integral? Why would you want to 
make the change? 


4. If a lamina occupies a plane region D and has density func- 
tion p(x, y), write expressions for each of the following in 
terms of double integrals. 

(a) The mass 

(b) The moments about the axes 

(c) The center of mass 

(d) The moments of inertia about the axes and the origin 


. Let f be a joint density function of a pair of continuous 


random variables X and Y. 

(a) Write a double integral for the probability that X lies 
between a and b and Y lies between c and d. 

(b) What properties does f possess? 

(c) What are the expected values of X and Y? 


. Write an expression for the area of a surface with equation 


z = f(x,y), (x, y) © D. 


. (a) Write the definition of the triple integral of f over a 


rectangular box B. 

(b) How do you evaluate fy 3 S(% y,z) dV? 

(c) How do you define fle f(x, y, z) dV if E is a bounded 
solid region that is not a box? 

(d) What is a type 1 solid region? How do you evaluate 
tlle £G y, 2) dV if E is such a region? 

(e) What is a type 2 solid region? How do you evaluate 
fll, f(x, y, z) dV if E is such a region? 

(f) What is a type 3 solid region? How do you evaluate 
fll, F(x. y, z) dV if E is such a region? 


. Suppose a solid object occupies the region E and has 


density function p(x, y, z). Write expressions for each of 
the following. 

(a) The mass 

(b) The moments about the coordinate planes 

(c) The coordinates of the center of mass 

(d) The moments of inertia about the axes 
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9. (a) How do you change from rectangular coordinates to 
cylindrical coordinates in a triple integral? 
(b) How do you change from rectangular coordinates to 
spherical coordinates in a triple integral? 
(c) In what situations would you change to cylindrical or 
spherical coordinates? 


TRUE-FALSE QUIZ 


10. 


(a) Ifa transformation T is given by 


x=gu,v) y=h(u,») 


what is the Jacobian of T? 
(b) How do you change variables in a double integral? 
(c) How do you change variables in a triple integral? 


Determine whether the statement is true or false. If it is true, 6 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. { i x* sin(x — y) dx dy = { ie x? sin(x — y) dy dx 


2. { {' Jx + y2 dy dx = ti Vx + y? dx dy 


3. { i xe’ dy dx = 2 dx { e” dy 8. 


4. {, i, e+” sin y dx dy = 0 


5. If f is continuous on [0, 1], then 


[[roroarar=| (rere 


EXERCISES 


5 {' i (x2 + Jy) sin(x2y?) dx dy <9 


. If D is the disk given by x? + y* < 4, then 


[| oq =F aa = Boe 
D 


The integral [/{,, kr* dz dr dO represents the moment 
of inertia about the z-axis of a solid E with constant 
density k. 


. The integral 


{" { [ dz dr dO 


represents the volume enclosed by the cone z = Vx? + y? 
and the plane z = 2. 


1. A contour map is shown for a function f on the square 5 
R = [0, 3] X [0, 3]. Use a Riemann sum with nine terms to 
estimate the value of ||, f(x, y) dA. Take the sample points to 


be the upper right corners of the squares. 7. 


—< 
> 


i { [ cos(x*) dy dx 


6. { i‘. 3xy* dy dx 


{ ( hae ysinxdzdydx 8. { { ii 6xyz dz dx dy 


10. 


3 er 
MS 9-10 Write ||, f(x, y) dA as an iterated integral, where R is the 
9 : a region shown and f is an arbitrary continuous function on R. 
8 9 
7 E 
2 J ) 


I =4 


—2 0 2 4 x 


oO 
i 
N 
we 
= 


2. Use the Midpoint Rule to estimate the integral in Exercise 1. 


3-8 Calculate the iterated integral. 


3. { [ (y + 2xe”) dx dy 4. { [ ye* dx dy 


11. 


12. 


13. 


The cylindrical coordinates of a point are (2 V3, 77/3, 2). 
Find the rectangular and spherical coordinates of the point. 


The rectangular coordinates of a point are (2, 2, —1). Find the 


cylindrical and spherical coordinates of the point. 


The spherical coordinates of a point are (8, 77/4, 77/6). Find 


the rectangular and cylindrical coordinates of the point. 
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14. Identify the surfaces whose equations are given. 


(a) 0= 77/4 (b) 6= 7/4 
15. Write the equation in cylindrical coordinates and in spherical 
coordinates. 


(a) xr t+yt+27=4 b+ y=4 


16. Sketch the solid consisting of all points with spherical coor- 


dinates (p, 0, b) such thatO <0 < 7/2,0< 6 S 7/6, 
and 0 < p <2 cos @. 
17. Describe the region whose area is given by the integral 
Pa/2 fsin 260 
pr rd dO 
J0 
18. Describe the solid whose volume is given by the integral 
Par/2 far/2 (2 ae 
\, \, |, p’ sind dp db do 


and evaluate the integral. 


19-20 Calculate the iterated integral by first reversing the order 
of integration. 


19. [ [ cos(y*) dy dx 


20. |) 2 acay 


21-34 Calculate the value of the multiple integral. 
21. {{, ye" dA, where R = {(x,y) |0<x<2, 0<y <3} 
22. ||, xy dA, where D = {(x,y)|0<y<1, y?<x 


23. || rs dA, 
D 


where D is bounded by y = Vx, y=0,x=1 


1 . . : . 
24. \) ie¢e dA, where D is the triangular region with 


vertices (0, 0), (1, 1), and (0, 1) 
25. fl y dA, where D is the region in the first quadrant bounded 
by the parabolas x = y* and x = 8 — y? 


26. ||, y dA, where D is the region in the first quadrant that lies 
above the hyperbola xy = 1 and the line y = x and below the 
line y = 2 

27. ||, (x? + y*)*?dA, where D is the region in the first 


quadrant bounded by the lines y = 0 and y = /3 x and the 
circle x* + y> =9 


28. ||,,x dA, where D is the region in the first quadrant that lies 
between the circles x7 + y? = 1 andx* + y?=2 


29. |{|,,xy dV, where 
E={(x,y,2)|0<x<3,0<y<x, 0<z<x+ y} 

30. ie xy dV, where T is the solid tetrahedron with vertices 
(0.0.0), (4, 0,0), (0,1, 0), and (0,0, 1) 

31. fy 7 yz? dV, where E is bounded by the paraboloid 


x= 1-—y* — z’ and the plane x = 0 


32. 


33. 


34. 


CHAPTER 15 Review 1119 


{/),,z dV, where E is bounded by the planes y = 0, z = 0, 
x + y = 2 and the cylinder y? + z* = 1 in the first octant 


fl), yz dV, where E lies above the plane z = 0, below 
the plane z = y, and inside the cylinder x* + y? = 4 


[hg z°v/x? + y? + 2? dV, where H is the solid hemisphere 
that lies above the xy-plane and has center the origin and 
radius | 


35-40 Find the volume of the given solid. 


35. 


36. 


37. 


38. 


39. 


40. 


Under the paraboloid z = x* + 4y? and above the rectangle 
R = [0,2] x [1, 4] 


Under the surface z = x”y and above the triangle in the 
xy-plane with vertices (1, 0), (2, 1), and (4, 0) 

The solid tetrahedron with vertices (0, 0, 0), (0, 0, 1), 

(0, 2, 0), and (2, 2, 0) 

Bounded by the cylinder x* + y* = 4 and the planes z = 0 
andy +z=3 


One of the wedges cut from the cylinder x* + 9y? = a? by 
the planes z = 0 and z = mx 


Above the paraboloid z = x? + y* and below the half-cone 


z=vVx? + y? 


41. 


42. 


43. 


44. 


Consider a lamina that occupies the region D bounded by 

the parabola x = 1 — y? and the coordinate axes in the first 

quadrant with density function p(x, y) = y. 

(a) Find the mass of the lamina. 

(b) Find the center of mass. 

(c) Find the moments of inertia and radii of gyration about 
the x- and y-axes. 


2 


A lamina occupies the part of the disk x* + y* < a” that lies 

in the first quadrant. 

(a) Find the centroid of the lamina. 

(b) Find the center of mass of the lamina if the density 
function is p(x, y) = xy’. 


(a) Find the centroid of a solid right circular cone with 
height h and base radius a. (Place the cone so that its 
base is in the xy-plane with center the origin and its 
axis along the positive z-axis.) 

(b) If the cone has density function p(x, y, z) = Vx? + y?, 
find the moment of inertia of the cone about its axis 
(the z-axis). 


Find the area of the part of the cone z* = a?(x* + y’) 
between the planes z = | and z = 2. 


. Find the area of the part of the surface z = x? + y that lies 


above the triangle with vertices (0, 0), (1, 0), and (0, 2). 


. Use a computer algebra system to graph the surface 


z=xsiny, -3 Sx <3,-a Sy S 7, and find its surface 
area correct to four decimal places. 
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1120 


47. 


48. 


(T]50. 


51. 


52. 


53. 


CHAPTER 15 Multiple Integrals 


Use polar coordinates to evaluate 


{ i "(x3 + xy?) dy dx 


V9—x2 


Use spherical coordinates to evaluate 


[OO (2 NRT FE ae drdy 


. If D is the region bounded by the curves y = 1 — x* and 


y = e’, find the approximate value of the integral Ip y'dA. 
(Use a graph to estimate the points of intersection of the 
curves.) 


Use a computer algebra system to find the center of mass 
of the solid tetrahedron with vertices (0, 0, 0), (1, 0, 0), 
(0, 2, 0), (0, 0, 3) and density function 

p(x y,z) =x? + y? + 27, 


The joint density function for random variables X and Y is 


ee i +») 


(a) Find the value of the constant C. 
(b) Find P(X S 2, Y = 1). 
(c) Find P(X + Y < 1). 


ifO<x 
otherwise 


=3/ 0= y= 2 


A lamp has three bulbs, each of a type with average lifetime 
800 hours. If we model the probability of failure of a bulb 
by an exponential density function with mean 800, find 

the probability that all three bulbs fail within a total of 

1000 hours. 


Rewrite the integral 


[i [i |, fess. 2) a ay ax 


as an iterated integral in the order dx dy dz. 


54. 


55. 


56. 


57. 


58. 


Give five other iterated integrals that are equal to 
r2 ry? y? 
i \, i f(x, y, 2) dz dx dy 
Use the transformation u = x — y, v = x + y to evaluate 
{I x — yy 
Xk: > 
where R is the square with vertices (0, 2), (1, 1), (2, 2), 
and (1, 3). 


Use the transformation x = u*, y = v?, z = w’ to 
find the volume of the region bounded by the surface 
Jx + Jy + ./z = 1 and the coordinate planes. 


Use the change of variables formula and an appropriate 
transformation to evaluate fhe xy dA, where R is the square 
with vertices (0, 0), (1, 1), (2, 0), and (1, —1). 


(a) Evaluate 
r 1 

{| 77 aa 

2 2)\n/2 

5 (x* + y*) 
where 7 is an integer and D is the region bounded by 
the circles with center the origin and radii r and R, 
O<r<R. 

(b) For what values of n does the integral in part (a) have a 
limit as r > 0*? 


(c) Find 
1 
I} (x? oft y? ae zy? dv 


where EF is the region bounded by the spheres with 
center the origin and radii r and R,O<r<R. 

(d) For what values of n does the integral in part (c) have 
a limit as r — 0*? 
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Problems Plus 


1. If [|x] denotes the greatest integer in x, evaluate the integral 
{| [x + y] dA 
R 


where R = {(x,y) | 1 <x <3, 2<y <5}. 
2. Evaluate the integral 


where max{x’, y*} means the larger of the numbers x* and y?. 
3. Find the average value of the function f(x) = ie cos(t”) dt on the interval [0, 1]. 
4. Show that 


[ fae ware ff eae 


The double integral ( { : 

ovo 1 — xy 
the limit of double integrals over the rectangle [0, t] < [0, t] as t — 1”. But if we expand the 
integrand as a geometric series, we can express the integral as the sum of an infinite series. 
Show that 


bd 


dx dy is an improper integral and could be defined as 


if 1 = 1 
Mb Tow 8 2B 
6. Leonhard Euler was able to find the exact sum of the series in Problem 5. In 1736 he proved 
that 


1 Tw 
n 6 


oo 
> 
n=1 


In this problem we ask you to prove this fact by evaluating the double integral in Prob- 
lem 5. Start by making the change of variables 


u—v ut+ov 


NEB 


This gives a rotation about the origin through the angle 7/4. You will need to sketch the 
corresponding region in the uv-plane. 
(Hint: If, in evaluating the integral, you encounter either of the expressions 
(1 — sin 6)/cos @ or (cos 6)/(1 + sin @), you might like to use the identity 
cos 6 = sin((z/2) — 0) and the corresponding identity for sin 6.] 


(a) Show that 


a 


1 — 1 
Le il = xyz anapde 25 


(Nobody has ever been able to find the exact value of the sum of this series.) 
(b) Show that 


= (<r 
RU aeareoe= 3 


n=1 


Use this equation to evaluate the triple integral correct to two decimal places. 


1121 
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8. Show that 


«© arctan 7x — arctan x 7 
i dx Ina 
0 x 
by first expressing the integral as an iterated integral. 
9. (a) Show that when Laplace’s equation 
vu du ou 
2 | 2 2 0 
Ox oy Oz 
is written in cylindrical coordinates, it becomes 
au law, 1 du, vu ; 


+ + 
or? or Or~~=— or? 00?_~— Az? 


(b) Show that when Laplace’s equation is written in spherical coordinates, it becomes 


vu 2 du cotd du 1 au 1 au 

2 | a 2 2 2 2D 2 
dp” p op p dp p° df° — p*sin’d 06 

10. (a) A lamina has constant density p and takes the shape of a disk with center the origin and 
radius R. Use Newton’s Law of Gravitation (see Section 13.4) to show that the magni- 


tude of the force of attraction that the lamina exerts on a body with mass m located at 
the point (0, 0, d) on the positive z-axis is 


0 


LL —ais| 

d JR +@ 

[Hint: Divide the disk as in Figure 15.3.4 and first compute the vertical component of 
the force exerted by the polar subrectangle R;j.] 


Show that the magnitude of the force of attraction of a lamina with density p that occu- 
pies an entire plane on an object with mass m located at a distance d from the plane is 


FH 2Gnpa 


(b 


Se 


F = 27Gmp 
Notice that this expression does not depend on d. 


11. If f is continuous, show that 


[pp J, £0 dtaedy = 3 |) — 9°F00 at 
12. Evaluate lim ae) 


13. The plane 


into two pieces. Find the volume of the smaller piece. 
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Vector fields can be used to model such diverse phenomena as gravity, electricity and magnetism, and fluid flow. For instance, a 
hurricane can be modeled by a function that describes the velocity vectors at each point in space. We can then use vector calculus to 
calculate quantities such as the circulation, the twisting (curl), the flow (flux), or the expansions and compressions (divergence) of the 
wind, as well as relationships between these quantities. 


3dmotus / Shutterstock.com 


Vector Calculus 


IN THIS CHAPTER WE STUDY the calculus of vector fields. (These are functions that assign vectors 
to points in space.) In particular we define line integrals (which can be used to find the work done 
by a force field in moving an object along a curve). Then we define surface integrals (which can be 
used to find the rate of fluid flow across a surface). The connections between these new types of 
integrals and the single, double, and triple integrals that we have already met are given by the 
higher-dimensional versions of the Fundamental Theorem of Calculus: Green’s Theorem, Stokes’ 
Theorem, and the Divergence Theorem. 
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i) 


| Vector Fields 


@ Vector Fields in R? and R? 


The vectors in Figure | are air velocity vectors that indicate the wind speed and direction 
at points 10 m above the surface elevation in the San Francisco Bay area. We see at a 
glance from the largest arrows in part (a) that the greatest wind speeds at that time 
occurred as the winds entered the bay across the Golden Gate Bridge. Part (b) shows the 
very different wind pattern 12 hours earlier. Associated with every point in the air we can 
imagine a wind velocity vector. This is an example of a velocity vector field. 


x ae aa \ 

t ~ \ 

t ~ \ 

t x \ 

t s \ 

t as N \ Ne 

t A N N ~~ 
ty 7 -~ \ NA ‘A 

ft aa \ ~NAN Ay 

te vec \ SUNN ‘A 

aaee \ . \ Ln 

toed *~vece \ \ tov 

“tt race \ \ LvN 
NTS tl fee sole ~ 1 {VN 
it Le 2saae ~ Vat Hv \ 
144 zee ‘ x V4 eS 
Ua Ui ed zace ‘ Vv S44 
hth TE Te Pod N ib a NNGN 
LEELA 4774 ‘ 74 AN vw \ 
t¢tt ¥s s ATL Yh 
ECELLE “ ’ a-b Ys 
‘tt Pc fh \ Soe 
LES RAS 
44st DAs # NS NONAN 


(a) 6:00 PM (b) 6:00 AM 


FIGURE 1 Velocity vector fields showing San Francisco Bay wind patterns on a particular spring day 


Other examples of velocity vector fields are illustrated in Figure 2: ocean currents and 
flow past an airfoil. 


¥ 
eal 
¥ ¥ = 2 
— 2 
i=) 
(a) Ocean currents off the coast of Nova Scotia (b) Airflow past an inclined airfoil 
FIGURE 2 


Another type of vector field, called a force field, associates a force vector with each 
point in a region. An example is the gravitational force field that we will look at in 
Example 4. 


Velocity vector fields 
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SECTION 16.1 Vector Fields 1125 


In general, a vector field is a function whose domain is a set of points in R* (or R*) 
and whose range is a set of vectors in V2 (or V3). 


[1] Definition Let D be a set in R? (a plane region). A vector field on R? is a 


function F that assigns to each point (x, y) in D a two-dimensional vector F(x, y). 


YA The best way to picture a vector field is to draw the arrow representing the vector 
F(x, y) starting at the point (x, y). Of course, it’s impossible to do this for all points (x, y), 
but we can form a reasonable impression of F by drawing vectors for a few representative 
points in D as in Figure 3. Since F(x, y) is a two-dimensional vector, we can write it in 
— * terms of its component functions P and Q as follows: 


ie F(x, y) = P(x, y)i+ Q(x, y) j = (P(x, y), Ox y)) 


or, for short, F=Pi+Qj 


FIGURE 3 
Vector field on R? 


Notice that P and Q are scalar functions of two variables and are sometimes called scalar 
fields to distinguish them from vector fields. 


[2] Definition Let E be a subset of R*. A vector field on R° is a function F that 


assigns to each point (x, y, z) in E a three-dimensional vector F(x, y, z). 


A vector field F on R? is pictured in Figure 4. We can express it in terms of its com- 
ponent functions P, Q, and R as 


F(x, y, z) = P(x, y, z)i + O(x, y, z)j + R(x, y, z) k 


As with the vector functions in Section 13.1, we can define continuity of vector fields 
and show that F is continuous if and only if its component functions P, Q, and R are 
continuous. 

We sometimes identify a point (x, y, z) with its position vector x = (x, y, z) and write 


FIGURE 4 F(x) instead of F(x, y, z). Then F becomes a function that assigns a vector F(x) to a vec- 
Vector field on R* tor x. 
EXAMPLE 1 A vector field on R? is defined by F(x, y) = —yi + xj. Describe F by 
sketching some of the vectors F(x, y) as in Figure 3. 
7 SOLUTION Since F(1, 0) = j, we draw the vector j = (0, 1) starting at the point (1, 0) 
am Pe) in Figure 5. Since F(0, 1) = —i, we draw the vector (—1, 0) with starting point (0, 1). 
oi Continuing in this way, we calculate several other representative values of F(x, y) in the 
table and draw the corresponding vectors to represent the vector field in Figure 5. 
| F (1,0) 
ra 2 A (x,y) F(x, y) (x,y) F(s,y) 
9 | (1, 0) (0, 1) (—1, 0) (0, —1) 
(2, 2) (-2, 2) (—2, —2) (2, —2) 
(3, 0) (0, 3) (—3, 0) (0, —3) 
(0, 1) {-1,0) (0, —1) (1, 0) 
(—2, 2) {-2, —2) (2, —2) (2, 2) 
eee ans 00.3) | (-3.0) || @~-3) | (3,0) 
F(x, y)=—yitxj 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1126 CHAPTER 16 Vector Calculus 


It appears from Figure 5 that each arrow is tangent to a circle with center the origin. 
To confirm this, we take the dot product of the position vector x = xi + yj with the 
vector F(x) = F(x, y): 


x: F(x) = (xi + yj): (-yi+x«j) = —-xy + yx=0 


This shows that F(x, y) is perpendicular to the position vector (x, y) and is therefore 
tangent to a circle with center the origin and radius |x| = ./x? + y?. Notice also that 


| F(x, y)| = V(-y)? + x? = Vx? + y? = |x| 


so the magnitude of the vector F(x, y) is equal to the radius of the circle. | 


Some graphing software is capable of plotting vector fields in two or three dimen- 
sions. The results give a better impression of the vector field than is possible by hand 
because a computer can plot a large number of representative vectors. Figure 6 shows a 
computer plot of the vector field in Example 1; Figures 7 and 8 show two other vector 
fields. Notice that the software scales the lengths of the vectors so they are not too long 
and yet are proportional to their true lengths. 


5 6 5 
lf fe Hl NNANN [eee een oe ey De ie ge al ad lr ae 
Lo Aen RN See SS SS ee et SS Sa Lf Pea PPPs TS 
bP Pe eR Re NN Se eee REED, GREY Ty OS Se ie ae da oe cae ae ia 
op dea ee we ea . . foe ee iPe ft 
Sita. Fer Th? 6 a4 a6 Pi hrs rt tt}> 
LEN MR Sle woe ee frp vrel> err ff 
ON OS ee So Po eed oer EP PAPAL Sf 
\NNS Sl? 24477 Msenge Gree eet Vt a aed aaa ae a 
NNN Se 2 24 4 eee fe ee YAAZ az 24A77 
= —6 =5 
FIGURE 6 FIGURE 7 FIGURE 8 
F(x, y) = (-y, x) F(x, y) = (y, sin x) F(x, y) = (In(1 + y’), In(1 + x?)) 


EXAMPLE 2 Sketch the vector field on R? given by F(x, y, z) = zk. 


SOLUTION A sketch is shown in Figure 9. Notice that all vectors are vertical and point 
upward above the xy-plane or downward below it. The magnitude increases with 
distance from the xy-plane. 


FIGURE 9 
F(x, y, z) =zk 


We were able to draw the vector field in Example 2 by hand because of its particularly 
simple formula. Most three-dimensional vector fields, however, are virtually impossible 
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FIGURE 10 
F(x, y,z)=yitzj+xk 


FIGURE 13 
Velocity field in fluid flow 


SECTION 16.1 Vector Fields 1127 


to sketch by hand and so we need to resort to computer software. Examples are shown in 
Figures 10, 11, and 12. Notice that the vector fields in Figures 10 and 11 have similar 
formulas, but all the vectors in Figure 11 point in the general direction of the negative 
y-axis because their y-components are all —2. If the vector field in Figure 12 represents 
a velocity field, then a particle would be swept upward and would spiral around the z-axis 
in the clockwise direction as viewed from above. 


FIGURE 11 FIGURE 12 
F(x, y,z)=yi-2j+xk 


Y¥, X,, 2 
F(x, y,z)= [i-Tj+q7k 


EXAMPLE3 Imagine a fluid flowing steadily along a pipe and let V(x, y, z) be the 
velocity vector at a point (x, y, z). Then V assigns a vector to each point (x, y, z) ina 
certain domain E (the interior of the pipe) and so V is a vector field on R® called a 
velocity field. A possible velocity field is illustrated in Figure 13. The speed at any 
given point is indicated by the length of the arrow. 

Velocity fields also occur in other areas of physics. For instance, the vector field in 
Example | could be used as the velocity field describing the counterclockwise rotation 
of a wheel. We have seen other examples of velocity fields in Figures | and 2. Oo 


EXAMPLE4 Newton’s Law of Gravitation states that the magnitude of the gravita- 
tional force between two objects with masses m and M is 


mMG 


r2 


|F| = 


where r is the distance between the objects and G is the gravitational constant. (This 
is an example of an inverse square law; see Section 1.2.) Let’s assume that the object 
with mass M is located at the origin in R*. (For instance, M could be the mass of the 
earth and the origin would be at its center.) Let the position vector of the object with 
mass m be x = (x, y, z). Then r = |x|, sor? = |x|’. The gravitational force exerted 
on this second object acts toward the origin, and the unit vector in this direction is 


x 


[x 


Therefore the gravitational force acting on the object at x = (x, y, z) is 


[3] F(x) = — 


[Physicists often use the notation r instead of x for the position vector, so you may see 
Formula 3 written in the form F = —(mMG/r*)r.] The function given by Equation 3 is 


mMG 


[xP 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1128 


CHAPTER 16 Vector Calculus 


FIGURE 14 


Gravitational force field 


an example of a vector field, called the gravitational field, because it associates a 
vector [the force F(x)] with every point x in space. 

Formula 3 is a compact way of writing the gravitational field, but we can also write 
it in terms of its component functions by using the facts that x = xi + yj + zk and 


|x| = Vx? + y2 + 2?: 
—mMGx : —mMGy . —mMGz 
i 
(x? + y? + 27 )3/ (x? + y? + pps (x? + y? + 2)? 


F(a, y; z) — 


The gravitational field F is pictured in Figure 14. 


. Mr Ss 
~ eS 
te a = 


rg ¢ 
- 


we a 
, A % . 
ad ° t \ \ 
’ a \ s 7 & 
> ri f ; % 
, / \ . 
, ! ; \ 
/ X\ 


EXAMPLE5 Suppose an electric charge Q is located at the origin. According to 
Coulomb’s Law, the electric force F(x) exerted by this charge on a charge q located at a 
point (x, y, z) with position vector x = (x, y, z) is 


[4] F(x) = 2q@ x 
[x|’ 

where é is a constant (that depends on the units used). For like charges, we have 
qQ > 0 and the force is repulsive; for unlike charges, we have gQ < 0 and the force is 
attractive. Notice the similarity between Formulas 3 and 4. Both vector fields are 
examples of force fields. 

Instead of considering the electric force F, physicists often consider the force per 
unit charge: 


1 
EQ) = —F@ =“ x 
q |x|’ 
Then E is a vector field on R? called the electric field of Q. a 


M@ Gradient Fields 
If f is a scalar function of two variables, recall from Section 14.6 that its gradient Vf (or 
grad f) is defined by 

V(x, y) = fel yi + AO) J 


Therefore Vf is really a vector field on R? and is called a gradient vector field. Like- 
wise, if f is a scalar function of three variables, its gradient is a vector field on R?* 
given by 

Vil, yz) =floy 2i+ fOay DI + Ey, 2) k 
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FIGURE 15 


16.1 | Exercises 


1-12 Sketch the vector field F by drawing a diagram like 


Figure 5 or Figure 9. 
1. F(x, y) =i+5j 


2. F(x, y) = 2i-j 

3. F(x,y) =i + yj 

4. F(x, y) =xit+4yj 

5. F(x, y) = —ti+ (y-x)j 


6. F(x,y) = yit+ w+ y)j 


SECTION 16.1 Vector Fields 1129 


EXAMPLE 6 Find the gradient vector field of f(x, y) = x’y — y*. Plot the gradient 
vector field together with a contour map of f. How are they related? 


SOLUTION The gradient vector field is given by 


Vf(x, y) = a + of = 2xyit (x? - 3y’)j 
Ox oy 

Figure 15 shows a contour map of f with the gradient vector field. Notice that the 
gradient vectors are perpendicular to the level curves, as we would expect from 
Section 14.6. Notice also that the gradient vectors are long where the level curves are 
close to each other and short where the curves are farther apart. That’s because the 
length of the gradient vector is the value of the directional derivative of f and closely 
spaced level curves indicate a steep graph. a 


A vector field F is called a conservative vector field if it is the gradient of some sca- 
lar function, that is, if there exists a function f such that F = Vf. In this situation f is 
called a potential function for F. 

Not all vector fields are conservative, but such fields do arise frequently in physics. 
For example, the gravitational field F in Example 4 is conservative because if we define 


mMG 
f(x yy z) — SS SSS ee 
Vx? + y?4+ 2? 
then 
of of of 
Vf(x y,z) = i+ j + k 
a“ y 2) Ox ay? Oz 
—mMGx bak —mMGy . —mMGz 
= i 
(x? + y? + 2°)? (x? + y? + pps (x? + y? + z?)3/? 


= F(x, y, z) 


In Sections 16.3 and 16.5 we will learn how to tell whether or not a given vector field is 
conservative. 


i+ x 
7. F@,y) =" 

x? + y? 

yi-xj 
8. F(x, y) = 

(x? + y? 


9. F(x, y,z) =i 
10. F(x, y,z) = zi 
11. F(x, y,z) = —yi 


12. F(x, y,z) =i+k 
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13-18 Match the vector fields F with the plots labeled I-VI. 
Give reasons for your choices. 


13. F(x, y) = (x, —y) 

14, F(x, y) = (y,x — y) 
15. F(x, y) = (y,y + 2) 
16. F(x, y) = (y, 2x) 
17. F(x, y) = (sin y, cos x) 


18. F(x, y) = (cos(x + y), x) 


22. F(x, y,z) =xit+yjt+zk 


I 3 Il 3 
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Pe es ae, Be nies the Ae ae ier ake eae a a 

i Pa ole ns Sh lity, Pee ee ea i a ae a eae ae a | 

in Ges i ieee te Meh inde se] ae ok eT 
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19-22 Match the vector fields F on R? with the plots labeled 
LIV. Give reasons for your choices. 


19. F(x, y,z) =it+2j+3k 


20. F(x, y,z) =i+2j+zk 


21. F(x, y,z) =xit+yj+3k 


FX 23. Use graphing software to plot the vector field 


F(x, y) = (y? — 2xy)i + Gxy — 6x’)j 


Explain the appearance by finding the set of points (x, y) 
such that F(x, y) = 0. 


24. Let F(x) = (r* — 2r)x, where x = (x, y) andr = |x|. Use 
graphing software to plot this vector field in various domains 
until you can see what is happening. Describe the appearance 
of the plot and explain it by finding the points where 
F(x) = 0. 

25-28 Find the gradient vector field Vf of f. 

25. f(x, y) = y sin(xy) 

26. f(s, t) = /2s + 3t 

27. f(x,y, 2) = Vx? + y? + 2? 


28. f(x, y, z) = x’ye" 


29-30 Find the gradient vector field Vf of f and sketch it. 
29. f(x,y) = (a — y)? 
30. f(x, y) =5(x? — y?) 


31-34 Match the functions f with the plots of their gradient 
vector fields labeled I-IV. Give reasons for your choices. 


31. f(x,y) =x? + y? 
32. f(x,y) = x(x + y) 
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33. f(x,y) = (x+y)? 


34. f(x,y) = sin/x? + y? 


SECTION 16.2 Line Integrals 1131 


37. A particle moves in a velocity field V(x, y) = (x, x + y’). 
If it is at position (2, 1) at time t = 3, estimate its location at 


I 4 I 4 time ¢ = 3.01. 
ee ee ea pe alz7r APP 
i Ae eee pre eanleg tes 38. At time ¢ = 1, a particle is located at position (1, 3). If it 
T NNN UE Sw - 7 lea eal moves in a velocity field 
SSN Re COI ge gee a Bow a a a ae 
see KZ Ree a ‘ 7 
4 a ee 4 ““'4 F(x, y) = (xy — 2, y* — 10) 
ABA 4 &|\a SRS SIE bbe 4 se . . 7 
ee > oe ae Le ee PAPE ENG bon Be find its approximate location at time ¢t = 1.05. 
a BS Reo, Se Lie Loew © 
fet ’ [ j ; iN Wr Ale ecm 39-40 FlowLines The flow lines (or streamlines) of a vector 
4 4 field are the paths followed by a particle whose velocity field is 
the given vector field. Thus the vectors in a vector field are 
Tl 4 IV 4 tangent to the flow lines. 
oT Ee . i ae |e aa 39. (a) Use a sketch of the vector field F(x, y) = xi — yjto 
ction ee Mate Fee ee ee draw some flow lines. From your sketches, can you 
ee RS OG A | a eee ‘ . 
ee oie dale ihe baie guess the equations of the flow lines? 
4 5 ~Sal4 4 = = ~ —_|— - - — 4 (b) If parametric equations of a flow line are x = x(t), 
Vata a ap NI, kes Rede ree ek ee Bae y = y(t), explain why these functions satisfy the 
ween ~ fe differential equations dx/dt = x and dy/dt = —y. Then 
wef Ls IIVYNN™ et le ai he ore : : ‘ ms 
rela. = aa solve the differential equations to find an equation of 
ac are i 
“4 A the flow line that passes through the point (1, 1). 


40. (a) Sketch the vector field F(x, y) = i + xj and then 


35-36 Plot the gradient vector field of f together with a contour 


sketch some flow lines. What shape do these flow lines 
appear to have? 


map of f. Explain how they are related to each other. (b) If parametric equations of the flow lines are x = x(2), 


35. f(x,y) = In(1 + x* + 2y’) 


36. f(x, y) =cosx — 2siny 


y = y(t), what differential equations do these functions 
satisfy? Deduce that dy/dx = x. 
(c) Ifa particle starts at the origin in the velocity field given 


16.2 


©—_@ 0 _¢_# 0 #06 ee ee @ 


b 


FIGURE 1 


, 
ty; 


by F, find an equation of the path it follows. 


Line Integrals 


In this section we define an integral that is similar to a single integral except that instead 
of integrating over an interval [a, b], we integrate over a curve C. Such integrals are 
called line integrals, although “curve integrals” would be better terminology. They were 
invented in the early 19th century to solve problems involving fluid flow, forces, electric- 
ity, and magnetism. 


@ Line Integrals in the Plane 


We start with a plane curve C given by the parametric equations 


[1] t=) y= HY @2=tsb 


or, equivalently, by the vector equation r(t) = x(t) i + y(t) j, and we assume that C is a 
smooth curve. [This means that r’ is continuous and r‘(t) ¥ 0. See Section 13.3.] If we 
divide the parameter interval [a, b] into n subintervals [¢,-1, t;] of equal width and we let 
x; = x(t;) and y; = y(t;), then the corresponding points P;(x;, y;) divide C into n subarcs 
with lengths As), Asz,..., As,. (See Figure 1.) We choose any point P;*(x;*, y;*) in the ith 
subarc. (This corresponds to a point ¢# in [t;-1, t].) Now if f is any function of two 
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The arc length function s is discussed 
in Section 13.3. 


variables whose domain includes the curve C, we evaluate f at the point (x;*, y*), multi- 
ply by the length As; of the subarc, and form the sum 


= iar yi‘) As; 
i=l 


which is similar to a Riemann sum. Then we take the limit of these sums and make the 
following definition by analogy with a single integral. 


[2] Definition If f is defined on a smooth curve C given by Equations 1, then the 
line integral of f along C is 


ice y) ds = lim > f (x3, y*) As; 
n> j=] 


if this limit exists. 


In Section 10.2 we found that the length of C is 


PMG) (GY « 


A similar type of argument can be used to show that if f is a continuous function, then 
the limit in Definition 2 always exists and the following formula can be used to evaluate 
the line integral: 


The value of the line integral does not depend on the parametrization of the curve, pro- 
vided that the curve is traversed exactly once as ¢ increases from a to b. 
If s(t) is the length of C between r(a) and r(t), then 


(See Equation 13.3.7.) So the way to remember Formula 3 is to express everything in 
terms of the parameter f: use the parametric equations to express x and y in terms of ft and 
write ds as 


NOTE In the special case where C is the line segment that joins (a, 0) to (b, 0), using 
x as the parameter, we can write the parametric equations of C as follows: x = x, y = 0, 
a = x S b. Formula 3 then becomes 


[fG.3) ds = |" F(x, 0) dx 


and so the line integral reduces to an ordinary single integral in this case. 
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FIGURE 2 
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FIGURE 4 


A piecewise-smooth curve 


(0, 0) 


FIGURE 5 
Cc — C, | C2 


RY 
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SECTION 16.2 Line Integrals 1133 


Just as for an ordinary single integral, we can interpret the line integral of a positive 


function as an area. In fact, if f(x, y) = 0, |- f(x, y) ds represents the area of one side of 
the “fence” or “curtain” in Figure 2, whose base is C and whose height above the point 


(x, y) is f(x, y). 


EXAMPLE 1 Evaluate |,.(2 + x?y) ds, where C is the upper half of the unit circle 
x? + y? = 1. 


SOLUTION In order to use Formula 3, we first need parametric equations to repre- 
sent C. Recall that the unit circle can be parametrized by means of the equations 


x = cost y = sint 


and the upper half of the circle is described by the parameter interval 0 S ft S 7. 
(See Figure 3.) Therefore Formula 3 gives 


7 ax \* dy \? 
2 = 2 i —— 
[.@ + 2°y) as { a+ cosrsinns|(#) +(3) dt 


= { (2 + cos?¢ sin t)./sin?t + cost dt 
0 


¥ 3 |" 
= { (2 + cos’f sin t) dt = E —— | 
0 


3 


2 
=27 +5 


Suppose now that C is a piecewise-smooth curve; that is, C is a union of a finite 
number of smooth curves C;, Co,..., C,, where, as illustrated in Figure 4, the initial 
point of Cj; is the terminal point of C;. Then we define the integral of f along C as the 


sum of the integrals of f along each of the smooth pieces of C: 


[G9 ds = [FG yds +f fly) ds +--+ |) FG y) as 


EXAMPLE 2 Evaluate |. 2x ds, where C consists of the arc C, of the parabola y = x? 


from (0, 0) to (1, 1) followed by the vertical line segment C2 from (1, 1) to (1, 2). 


SOLUTION The curve C is shown in Figure 5. C, is the graph of a function of x, so we 


can choose x as the parameter and the equations for C; become 


; 
x=X y= x Osx<l 


2 2 
{ 2ear= [!2ef(“) + (2) dx 
6 0 dx dx 


= {, Qx/1 + 4x2 dx 


Therefore 


4]! 
= 1.20 + 4x29] 


oe = 
6 
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On C; we choose y as the parameter, so the equations of C2 are 


x=1 y=y 1lsysx2 


2 dx \? dy \? 2 
and (. 2x ds = { 2(1) (4) + (2) dy = \ 2dy=2 


5V5—1 | 
6 


Thus {. 2x ds = I. 2x ds + [. 2x ds = 2 = 


Any physical interpretation of a line integral ie f(x, y) ds depends on the physical 
interpretation of the function f. Suppose that p(x, y) represents the linear density at a 
point (x, y) of a thin wire shaped like a curve C (see Example 3.7.2). Then the mass of 
the part of the wire from P;-; to P; in Figure | is approximately p(x‘, yi*) As; and so 
the total mass of the wire is approximately > p(x%*, y;*) As;. By taking more and more 
points on the curve, we obtain the mass m of the wire as the limiting value of these 
approximations: 

m= lim > p(x*, y*) As; = {. p(x, y) ds 


co 
n> i=l 


[For example, if f(x, y) = 2 + x’y represents the density of a semicircular wire, then 
the integral in Example | would represent the mass of the wire.] The center of mass of 
the wire with density function p is located at the point (x, y), where 


aut ~_! 
[4] x= — | x(x») ds y= — |_yelx y) ds 


Other physical interpretations of line integrals will be discussed later in this chapter. 


EXAMPLE 3 A wire takes the shape of the semicircle x7 + y? = 1, y = 0, and is 
thicker near its base than near the top. Find the center of mass of the wire if the linear 
density at any point is proportional to its distance from the line y = 1. 


SOLUTION As in Example | we use the parametrization x = cos ¢, y = sin t, 
0 <t Sz, and find that ds = dt. The linear density is 


p(x, y) = k(1 — y) 


where k is a constant, and so the mass of the wire is 


ns i k(1 — y)ds = i k(1 — sin #) dt = k[t + cost)’ = k(ar — 2) 


From Equations 4 we have 


“<I 
I 


1 1 
— |_yp(y) ds = wen — y)ds 


1 7 di 7 
= el (sin t — sin7?) dt = —| cos t — 5t 4 1 sin ae]. 
_ 4-0 

2(a — 2) 
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SECTION 16.2 Line Integrals 


By symmetry we see that x = 0, so the center of mass is 


0 iene ee (0, 0.38) 
* (a — 2) ~ 
See Figure 6. 


B® Line Integrals with Respect to x or y 


1135 


Two other types of line integrals are obtained by replacing As; by either Ax; = x; — x;-1 
or Ay; = y; — y;-1 in Definition 2. They are called the line integrals of f along C with 


respect to x and y: 


[5] {. f(x, y) dx 


I 


lim > f(x*, y*) Ax; 
NO ja] 


Il 


[6] [_.fesy) dy = lim & ft, y#) Ay, 


When we want to distinguish the original line integral |, f(x, y) ds from those in Equa- 


tions 5 and 6, we call it the line integral with respect to arc length. 


The following formulas say that line integrals with respect to x and y can also be 
evaluated by expressing everything in terms of t: x = x(t), y = y(d), dx = x'(t) dt, 


dy = y(t) dt. 


[fC 9) dx = |" AO, 9) "0 at 
b 
[.£.») dy = O, vO) yO at 


We will see throughout this chapter that line integrals with respect to x and y fre- 
quently occur together (see, for instance, Equation 14). When this happens, it’s custom- 


ary to abbreviate by writing 


[.Plsy) dx + [OC 9) dy = | Ply) dx + OC, y) dy 


When we are setting up a line integral, sometimes the most difficult thing is to think 
of a parametric representation for a curve whose geometric description is given. In par- 
ticular, we often need to parametrize a line segment, so it’s useful to remember that a 


vector representation of the line segment that starts at ro and ends at r, is given by 


r(t) = (1 — dro t+ tr; 0O<t<l1 | 


(See Equation 12.5.4.) 


EXAMPLE 4 Evaluate |. y?dx + x dy for two different paths C. 


(a) C = C is the line segment from (—5, —3) to (0, 2). 
(b) C = Cris the arc of the parabola x = 4 — y* from (—5, —3) to (0, 2). 
(See Figure 7.) 


SOLUTION 
(a) A parametric representation for the line segment is 


x=5t-5 y=5t-3 O<?t<1 
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1136 CHAPTER 16 Vector Calculus 


(Use Equation 8 with rp = (—5, —3) and r, = (0, 2).) Then dx = 5 dt, dy = 5 dt, and 
Formulas 7 give 


i. y?dx+xdy= i (5¢ — 3)°(5 dt) + (5t — 5)(5 df) 


=5 { (2512 — 251 + 4) dt 


250 258? 5 
= | + a| ==] 


3 2 


(b) Since the parabola is given as a function of y, let’s take y as the parameter and 
write C2 as 
x=4-y? y=y -3<y<x2 


Then dx = —2y dy and by Formulas 7 we have 


2 
[y?dx + xdy = | y%(—2y) dy + (4 — y*)ay 


= [7 (-2y° —y? + 4) dy 
4 3 2 
y y 5 
=|-1-++4y| =402 = 
2 3 6 


Notice that we got different answers in parts (a) and (b) of Example 4 even though the 
two curves had the same endpoints. Thus, in general, the value of a line integral depends 
not just on the endpoints of the curve but also on the path. (But see Section 16.3 for con- 
ditions under which the integral is independent of the path.) 

Notice also that the answers in Example 4 depend on the direction, or orientation, of 
the curve. If —C, denotes the line segment from (0, 2) to (—5, —3), you can verify, using 
the parametrization 

x= =5t yS2-— 5t 0<rs<l 


that [_. det xdy=§ 


& 


In general, a given parametrization x = x(4), y = y(t), a= t <b, determines an 
orientation of a curve C, with the positive direction corresponding to increasing values 
of the parameter f. (See Figure 8, where the initial point A corresponds to the parameter 
value a and the terminal point B corresponds to t = b.) 

If —C denotes the curve consisting of the same points as C but with the opposite ori- 
entation (from initial point B to terminal point A in Figure 8), then we have 


: ; 4 
, [_flesyde=-| flenydx | flny)dy=—| flay) dy 
But if we integrate with respect to arc length, the value of the line integral does not 
a =C change when we reverse the orientation of the curve: 
FIGURE 8 [fess ds = |, fle ») ds 


This is because As; is always positive, whereas Ax; and Ay; change sign when we reverse 
the orientation of C. 
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H Line Integrals in Space 


We now suppose that C is a smooth space curve given by the parametric equations 
x = x(t) y = y(t) z= z(t) axt=xb 


or by a vector equation r(t) = x(t) i + y(t) j + z() k. If f is a function of three variables 
that is continuous on some region containing C, then we define the line integral of f 
along C (with respect to arc length) in a manner similar to that for plane curves: 


Life y, z) ds = lim } f(x?, y?, z*) As; 
ne Gy 


We evaluate it using a formula similar to Formula 3: 


Bl [senaae=feininny ($5) + ($2) + ($) 


Observe that the integrals in both Formulas 3 and 9 can be written in the more compact 
vector notation 


b 
[’0°@) |r" [at 
For the special case f(x, y, z) = 1, we get 
b , -_ 
[as = [ |r'(t)|dt = L 


where L is the length of the curve C (see Formula 13.3.3). 
Line integrals along C with respect to x, y, and z can also be defined. For example, 


Il 


{. f(x, y, z) dz = lim > f(x¥, y*, z*) Az; 
ne j=] 


Il 


['F@0, yO, 20) 20 at 

Therefore, as with line integrals in the plane, we evaluate integrals of the form 
{. P(x, y, z) dx + Q(x, y, z) dy + R(x, y, z) dz 

by expressing everything (x, y, z, dx, dy, dz) in terms of the parameter t. 


EXAMPLE 5 Evaluate |. y sin z ds, where C is the circular helix given by the equa- 
tions x = cost, y = sint,z = t,0 S t S 27. (See Figure 9.) 


SOLUTION Formula 9 gives 


| er . isi | dx \? ‘ dy \? ‘ dz \? 2 
sin = sin ft) sin —_ — — 
a dt dt dt 


= lhe sin*t,/sin2t + cos?t + 1 dt = /2 { "11 — cos 20) dt 


2: 
0 


FIGURE 9 a) 
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1138 CHAPTER 16 Vector Calculus 


EXAMPLE 6 Evaluate |. y dx + z dy + x dz, where C consists of the line segment C, 
from (2, 0, 0) to (3, 4, 5), followed by the vertical line segment C, from (3, 4, 5) to 
(3, 4, 0). 


SOLUTION The curve C is shown in Figure 10. Using Equation 8, we write C; as 
r(t) = (1 — £)(2,0,0) + 1(3,4,5) = (2 + #, 4t, 51) 
or, in parametric form, as 


x=2+¢t y=4t z=5t Ox<rtsl 


Thus 
{. ydx+zdy+xdz= { (41) dt + (504 dt + (2 + 15 dt 
1 tr? ; 
FIGURE 10 = { (10 + 294) dt = 107 + 29 | = 24.5 
0 


Likewise, Cy can be written in the form 
r(t) = (1 — 24) (3, 4,5) + t(3, 4,0) = (3, 4,5 — 5f) 
or x=3 y=4 F=3 = dt Oxsrs<l 


Then dx = 0 = dy, so 
| ydx+zdy+xdz= { 3(—5) dt = -15 
CG 0 
Adding the values of these integrals, we obtain 


[vax + zdy +. xdz = 245 — 15=95 = 


@ Line Integrals of Vector Fields; Work 

Recall from Section 6.4 that the work done by a variable force f(x) in moving a particle 
from a to b along the x-axis is W = (° f(x) dx. Then in Section 12.3 we found that the 
work done by a constant force F in moving an object from a point P to another point Q 
in space is W = F - D, where D = PQ is the displacement vector. 

Now suppose that F = Pi + Qj + Rkisacontinuous force field on R*, such as the 
gravitational field of Example 16.1.4 or the electric force field of Example 16.1.5. (A 
force field on R? could be regarded as a special case where R = 0 and P and Q depend 
only on x and y.) We wish to compute the work done by this force in moving a particle 
along a smooth curve C. See Figure 11. 


van pay 
halt 
A, 


FIGURE 11 FIGURE 12 


Aan 
ars 5 
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SECTION 16.2 Line Integrals 1139 


To find the work done by F in moving a particle along C, we divide C into subarcs 
P;-,:P; with lengths As; by dividing the parameter interval [a,b] into subintervals of 
equal width. (See Figure 1 for the two-dimensional case or Figure 12 for the three- 
dimensional case.) Choose a point P;*(x#, yi, zi*) on the ith subarc corresponding to 
the parameter value f;*. If As; is small, then as the particle moves from P;-; to P; along 
the curve, it proceeds approximately in the direction of T(t), the unit tangent vector 
at P;*. Thus the work done by the force F in moving the particle from P;-; to P; is 
approximately 


FG;*, yi*, 2*) + (As; T@*)] = [F@*, yi", 2*) + T(a*)] As; 


and the total work done in moving the particle along C is approximately 


[11] > [F(x*, v*, 2*) + T(x#, yi, z*)] As; 
i=1 


where T(x, y, z) is the unit tangent vector at the point (x, y, z) on C. Intuitively, we see 
that these approximations ought to become better as n becomes larger. Therefore we 
define the work W done by the force field F as the limit of the Riemann sums in (11), 
namely, 


[12] w= | FG,y2)-Ta,y,2)ds=[ F-Tds 


Equation 12 says that work is the line integral with respect to arc length of the tangential 
component of the force. 

If the curve C is given by the vector equation r(t) = x(t)i + y(t) j + z(¢)k, then 
T(d) = r'(d/|r'(d |, so using Equation 9 we can rewrite Equation 12 in the form 


b ‘ b 
W= | [rey = | |r| dt =f? FOr) - r'@ at 


This integral is often abbreviated as |..F - dr and occurs in other areas of physics as 
well. Therefore we make the following definition for the line integral of any continuous 
vector field. 


[13] Definition Let F be a continuous vector field defined on a smooth curve C 
given by a vector function r(f), a < t < b. Then the line integral of F along C is 


(F dr = [ Feo) - x(t) dt = (F -Tds 


When using Definition 13, bear in mind that F(r(t)) is just an abbreviation for the 
vector field F(x(t), y(t), z(t)), so we evaluate F(r(t)) simply by putting x = x(t), 
y = y(t), and z = z(t) in the expression for F(x, y, z). Notice also that we can formally 
write dr = r'(t) dt. 
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Figure 13 shows the force field and 
the curve in Example 7. The work 
done is negative because the field 
impedes movement along the curve. 


YS 


- 
i 


FIGURE 13 


Figure 14 shows the twisted cubic C in 
Example 8 and some typical vectors 
acting at three points on C. 


ow 


FIGURE 14 


EXAMPLE 7 Find the work done by the force field F(x, y) = x? i — xy j in moving a 
particle along the quarter-circle r(t) = cos ti + sintj,0 <t< 7/2. 


SOLUTION Since x = cos ¢ and y = sin f, we have 
F(r(t)) = cos*ti — cost sintj 
and r(t) = —sinti+t cos tj 


Therefore the work done is 
{.F -dr= _ F(r(t)) - r'(t) dt = { ° (—cos?t sin t — cos’t sin t) dt 


0 
dose 2 
= | 
a 1 3 


= " (—2 cos’t sin t) dt = 2 


NOTE Even though tg F-dr= te F - T ds and integrals with respect to arc length are 
unchanged when orientation is reversed, it is still true that 


[_Frar=-[F-ar 

-C c 

because the unit tangent vector T is replaced by its negative when C is replaced by —C. 
EXAMPLE 8 Evaluate |. F + dr, where F(x, y, z) = xyi + yzj + zxk and C is the 


twisted cubic given by 


SOLUTION We have 
rf) =ti¢+ ?j+ek 
r(f) =i+ 2tj + 3°k 


F(r()) = fi+ Pj +k 


Thus (.F -dr = { F(r(1)) « r'() dt 


- |) 27 
=|) (8 + 50) ar= 42 | = pa] 


Finally, we note the connection between line integrals of vector fields and line integrals 
of scalar fields. Suppose the vector field F on R? is given in component form by the equa- 
tion F = Pi+ Qj + Rk. We use Definition 13 to compute its line integral along C: 


{. F-dr= fc F(r()) + v(t) dt 


=|" (Pit OF + RK) (OIF YOI+ 20k) at 


= |" [PO 0, 20) x1 + OCx(0, vO, 29) ¥'O + ROO, vO, 209) 20] at 
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But this last integral is precisely the line integral in (10). Therefore we have 


[.Fedr=| Pdx+ Qdy+Raz where F = Pi+ Qj+Rk 


For example, the integral ie y dx + zdy + x dz in Example 6 could be expressed as 
|. F + dr, where 


F(x, y,z) =yitzjt+xk 


A similar result holds for vector fields F on R’: 


[.Fear=| Pax + Ody 


where F = Pi+ Qj. 


16.2 | Exercises 


1-8 Evaluate the line integral, where C is the given plane curve. 9-18 Evaluate the line integral, where C is the given space curve. 
1 foyds, Cx=P?,y=24,0<1t<3 9. |.x’y ds, 
2. (one Geode 9=7 12722 C:x=cost, y=sint, z=1t,0<t< 7/2 
3. |. xy‘ds, Cis the right half of the circle x? + y? = 16 10. {.y*z ds, 
4. fe xe’ ds, Cis the line segment from (2, 0) to (5, 4) Cis the line segment from (3, 1, 2) to (1, 2, 5) 
5. |o(x°y + sin x) dy, 11. [ xe” ds, 
C is the arc of the parabola y = x? from (0, 0) to (a, 7”) Cis the line segment from (0, 0, 0) to (1, 2, 3) 
6. |. e* dx, ; 
C is the arc of the curve x = y? from (—1, —1) to (J, 1) 12. | e(x? + y? + 2°) ds, 


: ; C:x=t, y=cos2t, z=sin2t, OS t=27 
7. | (x + 2y) dx + x? dy 


ya 13. [oxye* dy, Cix=ty=P,z=f,0<1t<1 


14. |. ye? dz + xInxdy — ydx, 


é C:x=e', y=2t,z=Int, 1<t<2 
LE ns 15. |ozdx + xy dy + y* dz, 
x 


0 C:x =sint, y=cost, z=tant, -7/4<t<7/4 
8. [ox dx + y’ dy 16. |. ydx + zdy + xdz, 
C:x=Vt,y=t,72=0,1<1t<4 
YA 
(0, 2) . 
C ve+y?=4 17. |.2? dx + x? dy + y? dz, 
C is the line segment from (1, 0, 0) to (4, 1, 2) 
(=1,1) : 
18. |.(y + z) dx + (x + z)dy + (x + y)dz, 
0 = C consists of line segments from (0, 0, 0) to (1, 0, 1) and from 
e.0) (1, 0, 1) to (0, 1, 2) 
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19. Let F be the vector field shown in the figure. 26. 
(a) If C, is the vertical line segment from (—3, —3) to 
(—3, 3), determine whether te F - dr is positive, 9 


negative, or zero. 

(b) If Cy is the counterclockwise-oriented circle with 
radius 3 and center the origin, determine whether 
in F - dr is positive, negative, or zero. 


28. 


{~F+dr, where F(x, y, z) = yze*i + zxe’ j + xye*k and 
r(f) = sinti + costj + tantk, O<St< 7/4 
Ve xy arctan z ds, where C has parametric equations 


x=Xy=Uz2= Vt, 1<1<2 


{-zin(x + y) ds, where C has parametric equations 
3,y=24+r,z=f, -l<r<l 


x=14 


a ee 
ie ee eae 
| ae ed ee oe 
| ae ee ae ee” 29. 
(Sto a 
Ay Lat 4 8]+ tad a 
NS, Bebe a 
a ee ae an; 
My a la a 
ROKK RS He ee 


FS 29-30 Use a graph of the vector field F and the curve C to 
guess whether the line integral of F over C is positive, negative, 
or zero. Then evaluate the line integral. 


F(x, y) = (x — y)i + xyj, 
C is the arc of the circle x? + y* = 4 traversed counter- 
clockwise from (2, 0) to (0, —2) 


x . ) 2 
gS ae re =i4 J 
x2 + y? 


C is the parabola y = 1 + x? from (—1, 2) to (1, 2) 


20. The figure shows a vector field F and two curves C, and C). 
Are the line integrals of F over C; and C; positive, negative, 
or zero? Explain. 


4 


21-24 Evaluate the line integral le F - dr, where C is given by 
the vector function r(t). 


21. F(x, y) =xy*i- x*j, 


rj=fiterj, O<r<l 


22. F(x, y,z) =(x + y)itaxzj+ot+zk, 
rf) =Pitej-—2tk, O<t<2 
35. 
23. F(x, y, z) = sinxi + cos yj + xzk, 
rj =fri-’jytrtk, O<r<l 
24. F(x, y,z) =xzi+ z7jt+ yk, 36 
ri) =eite”"jte‘k, 1<t<l 


25-28 Use a calculator or computer to evaluate the line integral 
correct to four decimal places. 
25. |. F + dr, where F(x, y) = Jx + y it (y/x)j and 

r(f) = sin’ri + sintcostj, 7/6 <t< 7/3 


31. 


32. 


34. 


37. 


(a) Evaluate the line integral fo F - dr, where 

F(x, y) = e* 'i + xyj and C is given by 
rj=Pit Py 0O<t<1. 

Illustrate part (a) by graphing C and the vectors from 
the vector field corresponding to t = 0, 1/./2, and 1 
(as in Figure 14). 


(b) 


(a) Evaluate the line integral fo F - dr, where 

F(x, y, z) = xi — zj + yk and Cis given by 

r(f) = 2ti+ 3rj —?k, -l<rS<1. 

Illustrate part (a) by graphing C and the vectors from 
the vector field corresponding to t = +1 and +5 (as in 


Figure 14). 


(b) 


. Use a computer algebra system to find the exact value of 


fo x*y?zds, where C is the curve with parametric equations 
x=e'cos4t,y=e'sin4t,z=e', 0O<t 27. 


(a) Find the work done by the force field 
F(x, y) = x?i + xyj ona particle that moves once 
around the circle x? + y* = 4 oriented in the counter- 
clockwise direction. 

(b) Graph the force field and circle on the same screen. Use 
the graph to explain your answer to part (a). 


A thin wire is bent into the shape of a semicircle 
x? + y? = 4, x = 0. If the linear density is a constant k, 
find the mass and center of mass of the wire. 


A thin wire has the shape of the first-quadrant portion of the 
circle with center the origin and radius a. If the density 
function is p(x, y) = kxy, find the mass and center of mass 
of the wire. 


(a) Write the formulas similar to Equations 4 for the center 
of mass (x, y, Z) of a thin wire in the shape of a space 
curve C if the wire has density function p(x, y, z). 
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38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


(b) Find the center of mass of a wire in the shape of the 
helix x = 2 sint, y = 2 cost, z = 3t,0 S t S 27, if the 
density is a constant k. 


Find the mass and center of mass of a wire in the shape of the 
helix x = t, y= cost,z = sint, 0 S t S 27, if the density at 
any point is equal to the square of the distance from the origin. 


If a wire with linear density p(x, y) lies along a plane curve C, 
its moments of inertia about the x- and y-axes are defined as 


— 2 — \ 2 
- {» p(x,y)ds I, 4 p(x, y) ds 


Find the moments of inertia for the wire in Example 3. 


If a wire with linear density p(x, y, z) lies along a space curve 
C, its moments of inertia about the x-, y-, and z-axes are 
defined as 


I= |G? + A )p(u y. 2) ds 


1, = | (x? + 2) (ay, 2) ds 


L= i (x? + y*)p(x, y, 2) ds 


Find the moments of inertia for the wire in Exercise 37(b). 
Find the work done by the force field 
F(x, y) =xit (y+ 2)j 
in moving an object along an arch of the cycloid 
r(t) = (¢ 


Find the work done by the force field F(x, y) = x7i + ye*j 
on a particle that moves along the parabola x = y? + 1 from 
(1, 0) to (2, 1). 


Find the work done by the force field 


sin t)i + (1 — cost)j O0<tS<27 


F(x, y, 2) = (x — y*,y — 27,2 — x?) 


on a particle that moves along the line segment from (0, 0, 1) 
to (2, 1, 0). 


The force exerted by an electric charge at the origin on a 
charged particle at a point (x, y, z) with position vector 

r = (x,y,z) is F(r) = Kr/|r|* where K is a constant. (See 
Example 16.1.5.) Find the work done as the particle moves 
along a straight line from (2, 0, 0) to (2, 1, 5). 


The position of an object with mass m at time t is 

r(t) = at’ i+ bej,O<r<1. 

(a) What is the force acting on the object at time rt? 

(b) What is the work done by the force during the time 
intervalO0 = t < 1? 


An object with mass m moves with position function 
r(t) = asinti + bcostj + ctk,0 <t < 7/2. Find the 
work done on the object during this time period. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


SECTION 16.2 Line Integrals 1143 


A 160-Ib man carries a 25-Ib can of paint up a helical stair- 
case that encircles a silo with a radius of 20 ft. If the silo is 
90 ft high and the man makes exactly three complete revolu- 
tions climbing to the top, how much work is done by the man 
against gravity? 


Suppose there is a hole in the can of paint in Exercise 47 and 
9 Ib of paint leaks steadily out of the can during the man’s 
ascent. How much work is done? 


(a) Show that a constant force field does zero work on a 
particle that moves once uniformly around the circle 
Pty =, 

(b) Is this also true for a force field F(x) = kx, where k is a 
constant and x = (x, y)? 


The base of a circular fence with radius 10 m is given by 

x = 10 cos ¢, y = 10 sin t. The height of the fence at position 
(x, y) is given by the function h(x, y) = 4 + 0.01(x* — y’), 
so the height varies from 3 m to 5 m. Suppose that 1 L of 
paint covers 100 m*. Sketch the fence and determine how 
much paint you will need if you paint both sides of the fence. 


If C is a smooth curve given by a vector function r(t), 
a <t <b, and vis a constant vector, show that 


[.y - dr =v- [r(b) — r(a)] 


If C is a smooth curve given by a vector function r(t), 
a <t <b, show that 


[oe de= [x00 ~ [x00] 


An object moves along the curve C shown in the figure from 
(1, 2) to (9, 8). The lengths of the vectors in the force field F 
are measured in newtons by the scales on the axes. Estimate 
the work done by F on the object. 


yA (meters) 


> 
xX (meters) 


Experiments show that a steady current / in a long wire pro- 
duces a magnetic field B that is tangent to any circle that lies 
in the plane perpendicular to the wire and whose center is the 
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1144 CHAPTER 16 Vector Calculus 


axis of the wire (as in the figure). Ampére’s Law relates the t I 
electric current to its magnetic effects and states that 


\ 


[ Be dr = pol 


where / is the net current that passes through any surface 
bounded by a closed curve C, and jo is a constant called the 
permeability of free space. By taking C to be a circle with 


radius r, show that the magnitude B = | B| of the magnetic B 
field at a distance r from the center of the wire is S| 
— Bol 
Qar 


16.3 | The Fundamental Theorem for Line Integrals 


Recall from Section 5.3 that Part 2 of the Fundamental Theorem of Calculus can be writ- 
ten as 


7] [' F'@ ax = FO) — Fa) 
where F’ is continuous on [a, b]. Equation | says that to evaluate the definite integral of 
F' on[a, b], we need only know the values of F at a and b, the endpoints of the interval. 
In this section we formulate a similar result for line integrals. 


@ The Fundamental Theorem for Line Integrals 


If we think of the gradient vector Vf of a function f of two or three variables as a sort of 
derivative of f, then the following theorem can be regarded as a version of the Funda- 
mental Theorem for line integrals. 


YA 
[2] Theorem Let C be a smooth curve given by the vector function r(?), 

A(X, 4) B(X2, Ya) a= t<b.Let f bea differentiable function of two or three variables whose gra- 
dient vector Vf is continuous on C. Then 


RY 


[.¥F- ar = f0r®)) — fr@) 


(a) NOTE 1 Theorem 2 says that we can evaluate the line integral of a conservative vector 
field (the gradient vector field of the potential function f) simply by knowing the value of 
f at the endpoints of C. In fact, Theorem 2 says that the line integral of Vf is the net 
change in f. If f is a function of two variables and C is a plane curve with initial point 
A(x, yi) and terminal point B(x2, y2), as in Figure 1(a), then Theorem 2 becomes 


B(X, Yo, 22) 


{. Vf + dr = f(x2, y2) — f(x,y) 


If f is a function of three variables and C is a space curve joining the point A(x, y1, 21) 
to the point B(x2, y2, z2), as in Figure 1(b), then we have 


(b) 


FIGURE 1 [. Vf + dr = f(X2, Yo, 22) — fl, Yr 21) 
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NOTE 2 Under the hypotheses of Theorem 2, if C; and C; are smooth curves with the 
same initial points and the same terminal points, then we can conclude that 


I. Vf- dr = I. Vf + dr 
We prove Theorem 2 for the case where f is a function of three variables. 
PROOF OF THEOREM 2 Using Definition 16.2.13, we have 


{. Vf-dr= [ Ve (r(t) « r'(t) dt 


b 
=( af dx , af dy , af dz\ 
a\ 0x dt dy dt 0z dt 


b d 
= | ms f(r(t) dt (by the Chain Rule) 


= f(r(b)) — f(r(a)) 


The last step follows from the Fundamental Theorem of Calculus (Equation 1). Oo 


NOTE 3 Although we have proved Theorem 2 for smooth curves, it is also true for 
piecewise-smooth curves. This can be seen by subdividing C into a finite number of 
smooth curves and adding the resulting integrals. 


EXAMPLE 1 Find the work done by the gravitational field 


mMG 


Ix[> * 


F(x) = — 
in moving a particle with mass m from the point (3, 4, 12) to the point (2, 2, 0) along a 
piecewise-smooth curve C. (See Example 16.1.4.) 


SOLUTION From Section 16.1 we know that F is a conservative vector field and, in 
fact, F = Vf, where 
mMG 


fx, y; z) _ 
Therefore, by Theorem 2, the work done is 
W= \.F dr = [vr dr 


= f(2, 2,0) — f(3, 4, 12) 


__mMG mMG - ( 1 1 
V2? 2? «4/82 a 122 


BH Independence of Path 


Suppose C; and C; are two piecewise-smooth curves (which are called paths) that have 
the same initial point A and terminal point B. We know from Example 16.2.4 that, in 
general, |, F : dr # |. F + dr. But in Note 2 we observed that 


i Vf-dr =|. Vf-dr 
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1146 CHAPTER 16 Vector Calculus 


YA whenever Vf is continuous (see Figure 2). In other words, the line integral of a conserva- 
C, tive vector field depends only on the initial point and terminal point of a curve. 

In general, if F is a continuous vector field with domain D, we say that the line inte- 

gral |. F - dr is independent of path if |. F » dr = |. F + dr for any two paths C; and 

4 C, in D that have the same initial points and the same terminal points. With this terminol- 

C, ogy we can say that line integrals of conservative vector fields are independent of path. 

A curve is called closed if its terminal point coincides with its initial point, that is, 

r(b) = r(a). (See Figure 3.) If ie F - dr is independent of path in D and C is any closed 

FIGURE 2 path in D, we can choose any two points A and B on C and regard C as being composed 
{. Vf-dr= i Vf: dr of the path C; from A to B followed by the path C, from B to A. (See Figure 4.) Then 


[Frara[ Fear+ | Fedr={ Far — | 


F-dr=0 
QC 


since C; and —C, have the same initial and terminal points. 
Conversely, if it is true that (ie F - dr = 0 whenever C is a closed path in D, then we 
C demonstrate independence of path as follows. Take any two paths C; and C, from A to B 


in D and define C to be the curve consisting of C; followed by —C;. Then 
FIGURE 3 


A closed curve O=|.F-ar=( F-dr xn [Fears [Fear = [Fear 


C2 and so Ta F-dr= es F - dr. Thus we have proved the following theorem. 


A [3] Theorem |..F - dr is independent of path in D if and only if |. F + dr = 0 
Cc, for every closed path C in D. 


FIGURE 4 


Since we know that the line integral of any conservative vector field F is independent 
of path, it follows that iP F - dr = 0 for any closed path. The physical interpretation is 
that the work done by a conservative force field (such as the gravitational or electric field 
in Section 16.1) as it moves an object around a closed path is 0. 

The following theorem says that the only vector fields that are independent of path are 
conservative. It is stated and proved for plane curves, but there is a similar version for 
space curves. We assume that D is open, which means that for every point P in D there is 
a disk with center P that lies entirely in D. (So D doesn’t contain any of its boundary 
points.) In addition, we assume that D is connected: this means that any two points in D 
can be joined by a path that lies in D. 


[4] Theorem Suppose F is a vector field that is continuous on an open connected 


region D. If le F - dr is independent of path in D, then F is a conservative vector 
field on D; that is, there exists a function f such that Vf = F. 


PROOF Let A(a, b) be a fixed point in D. We construct the desired potential function f 
by defining 


(x, y) 
flay) = ( F + dr 


for any point (x, y) in D. Since |. F + dr is independent of path, it does not matter 
which path C from (a, b) to (x, y) is used to evaluate f(x, y). Since D is open, there 
exists a disk contained in D with center (x, y). Choose any point (x), y) in the disk with 
x; <x and let C consist of any path C, from (a, b) to (x1, y) followed by the horizontal 
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yA line segment C; from (x1, y) to (x, y). (See Figure 5.) Then 


(x,y, 


f(x,y) =| Fedr+ [Fede =| Bedr+ | Fede 


a, b) 


Notice that the first of these integrals does not depend on x, so 


a 
ee) ie eee [Fear 


BY 


If we write F = Pi + Qj, then 
FIGURE 5 r r 
[¥ ‘dr = {Pax + Ody 


On C2, y is constant, so dy = 0. Using ¢f as the parameter, where x, S t S x, we have 


a a a pe 
py Le) = ale Pe + Oay= ral P(t, y) dt = P(x, y) 


by Part 1 of the Fundamental Theorem of Calculus (see Section 5.3). A similar argu- 
ment, using a vertical line segment (see Figure 6), shows that 


0 0 0 ty 
gy f= FI Part Ody =F |) Ole 9 a= Ola») 


RY 


0 C) 
Thus F=pitoj- Zi Magy 
Ox oy 


FIGURE 6 which says that F is conservative. a 


H Conservative Vector Fields and Potential Functions 


The question remains: how can we determine whether or not a vector field F is con- 
servative? And if we know that a field F is conservative, how can we find a potential 
function f? 

Suppose it is known that F = Pi + Qj is conservative, where P and Q have contin- 
uous first-order partial derivatives. Then there is a function f such that F = Vf, that is, 


0 0 
pe and ga) 
Ox oy 


Therefore, by Clairaut’s Theorem, 


a Oof =f 8 
oy Oy 0x Ox dy Ox 


simple, not simple, [5] Theorem If F(x, y) = P(x, y)i + Q(x, y) jis a conservative vector field, 
not closed not closed where P and Q have continuous first-order partial derivatives on a domain D, then 
throughout D we have 
dP 00 
oy Ox 
simple, not simple, : : F . : 
dlosed elosed The converse of Theorem 5 is true only for a special type of region. To explain this, 
we first need the concept of a simple curve, which is a curve that doesn’t intersect itself 
FIGURE 7 anywhere between its endpoints. [See Figure 7; r(a) = r(b) for a simple closed curve, 
Types of curves but r(t;) 4 r(h) whena <t} <b <b] 
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FIGURE 9 


Figures 9 and 10 show the vector 
fields in Examples 2(a) and 2(b), 
respectively. The vectors in Figure 9 
that start on the closed curve C all 
appear to point in roughly the same 
direction as C. So it looks as if 

|. F + dr > Oand therefore F is 

not conservative. The calculation 

in Example 2(a) confirms this 
impression. Some of the vectors near 
the curves C, and C; in Figure 10 
point in approximately the same 
direction as the curves, whereas 
others point in the opposite direc- 
tion. So it appears plausible that line 
integrals around all closed paths 

are 0. Example 2(b) shows that F 

is indeed conservative. 


FIGURE 10 


CHAPTER 16 Vector Calculus 


In Theorem 4 we needed an open connected region. For the next theorem we need a 
stronger condition. A simply-connected region in the plane is a connected region D 
such that every simple closed curve in D encloses only points that are in D. Notice from 
Figure 8 that, intuitively speaking, a simply-connected region contains no hole and can’t 
consist of two separate pieces. 


@ Os 


simply-connected region regions that are not simply-connected 


FIGURE 8 


In terms of simply-connected regions, we can now state a partial converse to Theo- 
rem 5 that gives a convenient method for verifying that a vector field on R? is conserva- 
tive. The proof will be sketched in Section 16.4 as a consequence of Green’s Theorem. 


[6] Theorem Let F = Pi + Qj bea vector field on an open simply-connected 
region D. Suppose that P and Q have continuous first-order partial derivatives and 


Lees 


throughout D 
oy Ox 


Then F is conservative. 


EXAMPLE 2 Determine whether or not the given vector field is conservative. 
(a) Fay) =(@— y)it &— 2)j 
(b) F(x, y) = (3 + 2xy)i + @? — 3y’)j 


SOLUTION 
(a) Let P(x, y) = x — y and Q(x, y) = x — 2. Then 


ee We 
oy Ox 


1 


Since 0P/dy ¥ 0Q/0x, F is not conservative by Theorem 5. 

(b) Let P(x, y) = 3 + 2xy and Q(x, y) = x* — 3y’. Then 
oP 0 
a en 

oy Ox 


Also, the domain of F is the entire plane (D = R’), which is open and simply- 
connected. Therefore we can apply Theorem 6 and conclude that F is conservative. 


In Example 2(b), Theorem 6 told us that F is conservative, but it did not tell us how to 
find the (potential) function f such that F = Vf. The proof of Theorem 4 gives us a clue 
as to how to find f. We use “partial integration” as in the following example. 
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EXAMPLE 3 If F(x, y) = (3 + 2xy)i+ (x? — 3y’)j, find a function f such that 
F=Vf. 


SOLUTION From Example 2(b) we know that F is conservative and so there exists a 
function f with Vf = F, that is, 


fila, y) = 3 + 2xy 

Hula, y) = x? — By? 
Integrating (7) with respect to x, we obtain 

[9] f(x, y) = 3x + x’y + g(y) 


Notice that the constant of integration is a constant with respect to x, that is, a function 
of y, which we have called g(y). Next we differentiate both sides of (9) with respect 
to y: 


fla, y) = x? + gy) 
Comparing (8) and (10), we see that 
go) = sy 
Integrating with respect to y, we have 
g(y) =—-y + K 
where K is a constant. Putting this in (9), we have 
f(y y) =3x+x2y-y+K 


as the desired potential function. Oo 


EXAMPLE 4 Evaluate the line integral |. F - dr, where 
F(x, y) = (3 + 2xy)i + (x? — 3y’)j 
and C is the curve given by 
r(t) = e'sinti+ e'costj 0<t<7 


SOLUTION 1 From Example 2(b) we know that F is conservative, so we can 
use Theorem 2. In Example 3 we found that a potential function for F is 

f(x, y) = 3x + x’y — y? (choosing K = 0). According to Theorem 2, we need 
to know only the initial and terminal points of C, namely, r(0) = (0, 1) and 
r(az) = (0, —e”). Then 


[.Fear=| Vf- ar =f, -e") — 0,1) =e" —(-1I) =e" +1 


This method is much shorter than the straightforward method for evaluating line 
integrals that we learned in Section 16.2. 


SOLUTION 2 Because F is conservative, we know that fie F - dr is independent of path. 
Let's replace the curve C with another (simpler) curve C, that has the same initial point 
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—10 


—20 
(0, -e”) 


FIGURE 11 


BY 


and the same terminal point as C. Let C; be the straight line segment from (0, 1) to 
(0, —e”) as shown in Figure 11. Then C; is represented by 


r(t) = —-tj -l<t<e" 
and 


em 


(F dr = i. F-dr= {" F(r(s)) + r'(0) dt 
=| Gia 8) iat 
= {" sr a= ie =e"+1] E 
A criterion for determining whether or not a vector field F on R? is conservative is 
given in Section 16.5. Meanwhile, the next example shows that the technique for finding 


the potential function is much the same as for vector fields on R?. 


EXAMPLE 5 If F(x, y, z) = y?i + (2xy + e*)j + 3ye*'k, find a function f such 
that Vf = F. 


SOLUTION If there is such a function f, then 
[11] lx, y, 2) = y? 


[12] i, y, z) = 2xy + e* 

[13] JAa, 9,2) = Bye” 
Integrating (11) with respect to x, we get 

F(x, y, 2) = xy” + gly, z) 


where g(y, z) is a constant with respect to x. Then differentiating (14) with respect to y, 
we have 


Sy, y, z) = xy + gy(y, Z) 
and comparison with (12) gives 
gy(y, 2) = e* 
Thus g(y, z) = ye** + h(z) and we rewrite (14) as 
f(x,y, z) = xy? + ye* + h(z) 


Finally, differentiating with respect to z and comparing with (13), we obtain h'(z) = 0 
and therefore f(z) = K, a constant. The desired function is 


f(xy, 2) = xy? + ye¥ + K 
It is easily verified that Vf = F. a 


@ Conservation of Energy 


Let’s apply the ideas of this chapter to a continuous force field F that moves an object 
along a path C given by r(t), a < t < b, where r(a) = A is the initial point and r(b) = B 
is the terminal point of C. According to Newton’s Second Law of Motion (see Sec- 
tion 13.4), the force F(r(#)) at a point on C is related to the acceleration a(t) = r’(t) by 
the equation 

F(r(t) = mr"(t) 
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So the work done by the force on the object is 


W= [Pedr =[' FOO) 1 de = |’ me" vO dt 
Cc a a 
” [’ [r'(t) - x(t] dt (Th 13.2.3, F la 4) 
— ara * eorem 2.9, Formula 
2 Ja dt 
d 
= 7 [’ Fr |r’(4) |? dt = = | r'(t) ‘al (Fundamental Theorem of Calculus) 


= F(r@P - Ir@P) 


Therefore 
[15] W = 3xm| v(b) |? — 3m| va)? 


where v = r’ is the velocity. 
The quantity im | v(z) |’, that is, half the mass times the square of the speed, is called 
the kinetic energy of the object. Therefore we can rewrite Equation 15 as 


W = K(B) — K(A) 
which says that the work done by the force field along C is equal to the change in kinetic 
energy at the endpoints of C. 

Now let’s further assume that F is a conservative force field; that is, we can write 
F = Vf. In physics, the potential energy of an object at the point (x, y, z) is defined as 
P(x, y, z) = —f(x, y, z), 80 we have F = —VP. Then by Theorem 2 we have 


w= \.F -dr=- [. VP - dr = —[P(r(b)) — P(r(a))] = P(A) — P(B) 


Comparing this equation with Equation 16, we see that 
P(A) + K(A) = P(B) + K(B) 


which says that if an object moves from one point A to another point B under the influ- 
ence of a conservative force field, then the sum of its potential energy and its kinetic 
energy remains constant. This is called the Law of Conservation of Energy and it is the 
reason the vector field is called conservative. 


16.3 | Exercises 


1. The figure shows a curve C and a contour map of a function f 2. A table of values of a function f with continuous gradient is 
whose gradient is continuous. Find fo Vf- dr. given. Find (a Vf + dr, where C has parametric equations 
A 
“ x=Pt+) y=rtr Os<rsl 
ie ie 
60 
50. 


C 40 
ee, 
20 o |} 1 | 6 | 4 
1 
0 1 | 3 | 5 | 7 
> 
x 
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3-10 Determine whether or not F is a conservative vector field. 13. Let F(x, y) = (3x + y?)i + 2xy j and let C be the curve 
If it is, find a function f such that F = Vf. shown. 
3. F(x, y) = Gy + y’)i + (x? + 2xy)j YA 
4. F(x, y) = (y* — 2x)i + 2xyj (-2, 0) (2, 0) 
> 
0 x 


5. F(x, y) = ye it (1+ xye’j 


6. F(x, y) = ye*i + (e* + e’)j 


7. F(x, y) = (ye* + sin y)i + (e* + xcos y) j 


8. F(x, y) = Qxy t+ y?)it (x? — 2xy%)j, y>O 


(a) Evaluate |. F + dr directly. 

(b) Show that F is conservative and find a function f such 
that F = Vf. 

10. F(x, y) = (Iny + y/x)i + (nx + x/y)j (c) Evaluate [.F - dr using Theorem 2. 

(d) Evaluate fo F - dr by first replacing C by a simpler curve 
that has the same initial and terminal points. 


9. F(x, y) = (y* cos x + cos y)i + (2y sinx — x sin y) j 


11. The figure shows the vector field F(x, y) = (2.xy, x?) and 
three curves that start at (1, 2) and end at (3, 2). 
(a) Explain why fo F - dr has the same value for all three 
curves. 
(b) What is this common value? 


14-15 A vector field F and a curve C are given. 
(a) Show that F is conservative and find a potential function f. 
(b) Evaluate |. F - dr using Theorem 2. 


(c) Evaluate (3 F - dr by first replacing C with a line segment that 
has the same initial and terminal points. 


14. F(x, y) = (siny + e*,xcos y), 


yA 
: Cx=ty=13-1),05ts3 
“ a a a ee ee Pe ad 
37 x ge 15. F(x, y) = (ye, xe”), 
; il C:x=sin— t, y=e" (1 —cosat), O<t<1 
: o 2 
a+ 
e a 
7 16. Evaluate [. Vf dr, where f(x, y, z) = xy*z + x? and C is 
it , the curvex =f, y=e" "z= +4,-1<1< 1. 
; 17-24 (a) Find a function f such that F = Vf and (b) use 
ie i ge part (a) to evaluate Ve F - dr along the given curve C. 
+ +—+ 
0 i ao a 17. F(x, y) = (2x, 4y), 
C is the arc of the parabola x = y* from (4, —2) to (1, 1) 
12. Evaluate |. F - dr for the vector field 18. F(a, y) = (3 + Qxy*)i + 2x*yj, F 
F(x, y) = 2xyi + (x? + sin y)j and the curve C C is the are of the hyperbola y = 1/x from (1, 1) to (4, $) 
hi ; 
oe 19. F(x, y) =xy2it+ x7y7j, 
(a) (b) C:r(t) = (8 — 27,7421), O<t<1 
yA yA 
(2, 7/2) 20. F(x, y) = (1 + xyje it xe” j, 
C C C:r(t) = costi+2sintj, 0<t<7/2 
21. F(x, y,z) = 2xyit (x? + 2yz)j + y’k, 
C is the line segment from (2, —3, 1) to (—5, 1, 2) 
0 3 ie ; ; ; : 
22. F(x, y, z) = (y’z + 2xz?)i + 2xyzj + (xy? + 2x7z)k, 
C:x= Vt, y=tt+lz=", 0<t<1 
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23. F(x, y, z) = yze“i + ej + xye*k, 
Crg= Pir —)jpr er -20k 


O<rx<2 


24. F(x, y, z) = siny i + (xcos y + cos z)j — ysinzk, 
C: r(t)=sintit+tj+2tk, O<t<7/2 


25-26 Show that the line integral is independent of path and 
evaluate the integral. 


25. |.2xe dx + (2y — x*e™) dy, 
C is any path from (1, 0) to (2, 1) 


26. |. sin y dx + (xcos y — sin y) dy, 
C is any path from (2, 0) to (1, 77) 


27. Suppose you’re asked to determine the curve that requires 
the least work for a force field F to move a particle from 
one point to another point. You decide to check first whether 
F is conservative, and indeed it turns out that it is. How 
would you reply to the request? 


28. Suppose an experiment determines that the amount of work 
required for a force field F to move a particle from the point 
(1, 2) to the point (5, —3) along a curve C, is 1.2 J and the 
work done by F in moving the particle along another curve 
C2 between the same two points is 1.4 J. What can you say 
about F? Why? 


29-30 Find the work done by the force field F in moving an 
object from P to Q. 


29. F(x,y) =x?it+ yj; PCI, 0), (2, 2) 
30. F(x, y) = (2x + y)it+ xj; PC, 1), Q(4, 3) 


31-32 Is the vector field shown in the figure conservative? 
Explain. 


31. #4 32. vb 
Ll |e eee ae sly ff ft 
Vp i vje een soe sie tT th 
Yard ee RA “Moe to’ 
A. Sy Se Se Si ROY 
ed ee he. | ey ee 
Mts str th vow new 
oasis t ff ee A 
ere ET L464 


FY 33. If F(x, y) = sinyi+ (1 + xcos y) j, use a plot to guess 
whether F is conservative. Then determine whether your 
guess is correct. 


34. Let F = Vf, where f(x, y) = sin(x — 2y). Find curves C, 
and C; that are not closed and satisfy the equation. 


(a) [.F-ar=0 (b) [| Frar=1 


SECTION 16.3. The Fundamental Theorem for Line Integrals 


35. Show that if the vector field F = Pi + Qj + Rkiscon- 
servative and P, Q, R have continuous first-order partial 
derivatives, then 


oP 0Q oP OR dQ oR 
oy Ox Oz Ox Oz oy 


36. Use Exercise 35 to show that the line integral 
fe y dx + x dy + xyz dz is not independent of path. 


37-40 Determine whether or not the given set is (a) open, 
(b) connected, and (c) simply-connected. 


37. {(x,y) | 0<y < 3} 

38. {(x, y) | 1 <|x| <2} 

39. {(x,y) |1 <x? +y? <4, y = 0} 
( 


40. {(x,y) | (xy) 4 (2, 3)} 


1153 


—yit xj 
x + y? . 

(a) Show that dP/dy = dQ/dx. 

(b) Show that fo F - dr is not independent of path. 
[Hint: Compute |,, F + dr and |. F + dr, where C; 
and C; are the upper and lower halves of the circle 
x + y? = 1 from (1, 0) to (—1, 0).] Does this 
contradict Theorem 6? 


41. Let F(x, y) = 


42. Inverse Square Fields Suppose that F is an inverse square 
force field, that is, 
cr 
F(r) = rp 

for some constant c, where r = xi + yj + zk. 

(a) Find the work done by F in moving an object from a 
point P; along a path to a point P» in terms of the 
distances d, and d> from these points to the origin. 

(b) An example of an inverse square field is the gravi- 
tational field F = —(mMG)r/|r|* discussed in 
Example 16.1.4. Use part (a) to find the work done 
by the gravitational field when the earth moves from 
aphelion (at a maximum distance of 1.52 X 10° km 
from the sun) to perihelion (at a minimum 
distance of 1.47 X 10° km). (Use the values 
m = 5.97 X 10* kg, M = 1.99 X 10° kg, and 
G = 6.67 X 10°"! N-m’/kg”.) 

(c) Another example of an inverse square field is the 
electric force field F = egQr/|r|’ discussed in 
Example 16.1.5. Suppose that an electron with a charge 
of —1.6 X 10°" Cis located at the origin. A positive 
unit charge is positioned a distance 10° '? m from the 
electron and moves to a position half that distance from 
the electron. Use part (a) to find the work done by the 
electric force field. (Use the value ¢ = 8.985 X 10°.) 
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1154 CHAPTER 16 Vector Calculus 


16.4 | Green’s Theorem 


Green’s Theorem gives the relationship between a line integral around a simple closed 
curve and a double integral over the plane region bounded by the curve. 


YA H@ Green’s Theorem 


Let C be a simple closed curve and let D be the region bounded by C, as in Figure 1. (We 
assume that D consists of all points inside C as well as all points on C.) In stating Green’s 
Theorem we use the convention that the positive orientation of a simple closed curve C 
refers to a single counterclockwise traversal of C. Thus if C is given by the vector func- 
tion r(t), a < t < b, then the region D is always on the left as the point r(7) traverses C. 


0 a (See Figure 2.) 
FIGURE 1 * i 
a 
Cc 
> > 
0 x 0 x 
FIGURE 2 (a) Positive orientation (b) Negative orientation 


Green’s Theorem Let C be a positively oriented, piecewise-smooth, simple 
closed curve in the plane and let D be the region bounded by C. If P and Q have 
continuous partial derivatives on an open region that contains D, then 


Recall that the left side of this aQ 
equation is another way of writing i Pdx+Qdy= {| 
{. F + dr, where F = Pi + Qj. a ox 


NOTE The notation 
p Pax + Ody or $.Pdx + Qdy 
is sometimes used to indicate that the line integral is calculated using the positive orien- 


tation of the closed curve C. Another notation for the positively oriented boundary curve 
of D is dD, so the equation in Green’s Theorem can be written as 


7] ides Pua = (Pact oa 


Green’s Theorem should be regarded as the counterpart of the Fundamental Theorem 
of Calculus for double integrals. Compare Equation 1 with the statement of the Funda- 
mental Theorem of Calculus, Part 2, in the following equation: 


[’ F'(x) dx = F(b) — F(a) 


In both cases there is an integral involving derivatives (F', 9Q/dx, and dP/dy) on the left 
side of the equation. And in both cases the right side involves the values of the original 
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George Green 


Green's Theorem is named after the 
self-taught English scientist George 
Green (1793-1841). He worked full- 
time in his father’s bakery from the 
age of nine and taught himself math- 
ematics from library books. In 1828 he 
published privately An Essay on the 
Application of Mathematical Analysis 
to the Theories of Electricity and Mag- 
netism, but only 100 copies were 
printed and most of those went to his 
friends. This pamphlet contained a 
theorem that is equivalent to what we 
know as Green’s Theorem, but it didn’t 
become widely known at that time. 
Finally, at age 40, Green entered 
Cambridge University as an under- 
graduate but died four years after 
graduation. In 1846 William Thomson 
(Lord Kelvin) located a copy of Green's 
essay, realized its significance, and 
had it reprinted. Green was the first 
person to try to formulate a mathe- 
matical theory of electricity and mag- 
netism. His work was the basis for the 
subsequent electromagnetic theories 
of Thomson, Stokes, Rayleigh, and 
Maxwell. 


Yt Y= G2(x) 
‘4 
C3 
C, C 
Fo 
y=qi(x) 
| | > 
0 a b x 
FIGURE 3 
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functions (F, Q, and P) only on the boundary of the domain. (In the one-dimensional 
case, the domain is an interval [a, b] whose boundary consists of just two points, a and b.) 

Green’s Theorem is not easy to prove in general, but we can give a proof for the spe- 
cial case where the region is both type I and type II (see Section 15.2). Let’s call such 
regions simple regions. 


PROOF OF GREEN’S THEOREM FOR THE CASE IN WHICH D IS A SIMPLE REGION 
Notice that Green’s Theorem will be proved if we can show that 


[2] [.Pax=—[| aa 


a] [.oav= [| aa 
D 


We prove Equation 2 by expressing D as a type I region: 
D={(x,y) |a<x<b, glx) <y < gv} 


where g; and g2 are continuous functions. This enables us to compute the double inte- 
gral on the right side of Equation 2 as follows: 


a) (Fan = Fs naran= fre.) Poors 
D : ° 


where the last step follows from the Fundamental Theorem of Calculus. 

Now we compute the left side of Equation 2 by breaking up C as the union of the 
four curves C;, C2, C3, and Cy shown in Figure 3. On C, we take x as the parameter and 
write the parametric equations as x = x, y = gi(x), a < x < b. Thus 


(. P(x, y) dx = [ P(x, gi(x)) dx 


Observe that C3 goes from right to left but —C3 goes from left to right, so we can write 
the parametric equations of —C3 as x = x, y = go(x), a < x < b. Therefore 


{. P(x, y) dx = -|. P(x, y) dx = -|" P(x, go(x)) dx 
On C, or C, (either of which might reduce to just a single point), x is constant, so 


dx = 0 and 
(. P(x, y)dx =0= i. P(x, y) dx 


Hence 


{. P(x, y) dx = (. P(x, y) dx + (. P(x, y) dx + (. P(x, y) dx + (. P(x, y) dx 


= {’ P(x, gil) dx = [Pe g(0) dx 


Comparing this expression with the one in Equation 4, we see that 


[. P(x, y) dx = mall aA 
D 
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Equation 3 can be proved in much the same way by expressing D as a type II region 
(see Exercise 34). Then, by adding Equations 2 and 3, we obtain Green’s Theorem. 


EXAMPLE 1 Evaluate |.x*dx + xy dy, where C is the triangular curve consisting of 
the line segments from (0, 0) to (1, 0), from (1, 0) to (0, 1), and from (0, 1) to (0, 0). 


SOLUTION Although the given line integral could be evaluated as usual by the methods 
of Section 16.2, that would involve setting up three separate integrals along the three 
sides of the triangle, so let’s use Green’s Theorem instead. Notice that the region D 
enclosed by C is simple and C has positive orientation (see Figure 4). If we let 

P(x, y) = x* and Q(x, y) = xy, then we have 


dQ oP 1 pi-x 
4 = _ 
[ dx + xy dy {| ( x aa { i (y — 0) dy dx 
FIGURE 4 : 
— fin y=l—-x 2 if) 
= [dy] dx = al (1 — x)’dx 
1 
La —a)'),=2 7 
EXAMPLE 2 Evaluate >. (3y — e™*) dx + (7x + V/y4 + 1) dy, where C is the circle 
rty=9, 
SOLUTION The region D bounded by C is the disk x* + y* < 9, so let’s change to 
polar coordinates after applying Green’s Theorem: 
Instead of using polar coordinates, we f Gy =e" )dx + (7x + Jy4 + 1) dy 
could simply use the fact that Dis a : 
disk of radius 3 and write = {| Fac 4 Jy" ¥1) _ SG, _ em| dA 
Ox oy 
D 


\[ 4a = 4+ 7(3) = 367 
D 7 7 3 
=|" | -3)rdrdo=4[" a0 | rdr=367 
0 0 0 0 
In Examples | and 2 we found that the double integral was easier to evaluate than the 
line integral. (Try setting up the line integral in Example 2 and you'll soon be con- 
vinced!) But sometimes it’s easier to evaluate the line integral, and Green’s Theorem is 


used in the reverse direction. For instance, if it is known that P(x, y) = Q(x, y) = 0 on 
the curve C, then Green’s Theorem gives 


(2 PY a= ( Pact ody=0 
D 


no matter what values P and Q assume in the region D. 


B® Finding Areas with Green's Theorem 


Another application of the reverse direction of Green’s Theorem is in computing areas. 
Since the area of D is ||,, 1 dA, we wish to choose P and Q so that 


ee 
Ox oy 


=1 
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wheel 


tracer 


FIGURE 5 


A Keuffel and Esser polar planimeter 


C, 
C; 


FIGURE 6 
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There are several possibilities: 
P(x, y) = 0 P(x, y) = —y P(x, y) = —2y 
Axy)=x Q(x, y) = 0 Q(x, y) = 34 


Then Green’s Theorem gives the following formulas for the area of D: 


5] A=qxdy=—hydx=}hxdy — ydx 


2 2 


EXAMPLE 3 Find the area enclosed by the ellipse = + oa = 1, 
. 2 


SOLUTION The ellipse has parametric equations x = acos t and y = b sin t, where 
0 < t S 27. Using the third formula in Equation 5, we have 


A=3| xdy —ydx 


I 


L ie (acos t)(bcos t) dt — (b sin t)(—a sin t) dt 
ab p20 
7 ral dt = tab H 


Formula 5 can be used to explain how planimeters work. A planimeter is an inge- 
nious mechanical instrument invented in the 19th century for measuring the area of a 
region by tracing its boundary curve. For instance, a biologist could use one of these 
devices to measure the surface area of a leaf or bird wing. 

Figure 5 shows the operation of a polar planimeter: the pole is fixed and, as the tracer 
is moved along the boundary curve of the region, the wheel partly slides and partly rolls 
perpendicular to the tracer arm. The planimeter measures the distance that the wheel 
rolls and this is proportional to the area of the enclosed region. The explanation as a 
consequence of Formula 5 can be found in the following articles: 


e R. W. Gatterman, “The planimeter as an example of Green’s Theorem” Amer. Math. 
Monthly, Vol. 88 (1981), pp. 701-4. 

e Tanya Leise, “As the planimeter wheel turns” College Math. Journal, Vol. 38 (2007), 
pp. 24-31. 


®@ Extended Versions of Green’s Theorem 


Although we have proved Green’s Theorem only for the case where D is simple, we can 
now extend it to the case where D is a finite union of simple regions. For example, if D 
is the region shown in Figure 6, then we can write D = D, U Ds, where D, and D> are 
both simple. The boundary of D, is C; U C; and the boundary of D2 is C, U (—C;) so, 
applying Green’s Theorem to D, and D) separately, we get 


fue Pax + ony = [f (22-2) an 


D 


{ Pd + Ody= [| OD a) da 
QU(-G) ig Ox oy 


Dy 
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c If we add these two equations, the line integrals along C3 and —C;3 cancel, so we get 


aQ aP 
[orart owe (f(F oP) aa 


which is Green’s Theorem for D = D, U Dh, since its boundary is C = C; U C. 
I) The same sort of argument allows us to establish Green’s Theorem for any finite union 


of nonoverlapping simple regions (see Figure 7). 


FIGURE 7 
EXAMPLE 4 Evaluate 4. y* dx + 3xy dy, where C is the boundary of the semiannular 
region D in the upper half-plane between the circles x + y? = l and x* + y* = 4. 


yA SOLUTION Notice that although D is not simple, the y-axis divides it into two simple 
vr+y?=4 regions (see Figure 8). In polar coordinates we can write 


D={(r,0)|1<r<2,0<60<7} 


Therefore Green’s Theorem gives 


a OF ay 
(3xy) ay (y | dA 


— 


0 : { y?dx + 3xydy = | 


FIGURE 8 


ydA= {° i (r sin 0) r dr dO 


c= fb 


= ffsnow ['ear= [coll [eka 


Green’s Theorem can be extended to apply to regions with holes, that is, regions that 
are not simply-connected. Observe that the boundary C of the region D in Figure 9 con- 
sists of two simple closed curves C, and C2. We assume that these boundary curves are 
oriented so that the region D is always on the left as the curve C is traversed. Thus the 
positive direction is counterclockwise for the outer curve C; but clockwise for the inner 
curve C>. If we divide D into two regions D’ and D" by means of the lines shown in 
FIGURE 9 Figure 10 and then apply Green’s Theorem to each of D’ and D", we get 


i (2-F)4- (RFS -Aa 


=| Pdx+ Ody + [Pax + Q dy 


Since the line integrals along the common boundary lines are in opposite directions, they 
FIGURE 10 cancel and we get 


e 


{| (22 PY aa=| par Qdy+| Pdx + Qdy=| Pdx + Qdy 
D 


Ox oy 
which is Green’s Theorem for the region D. 
EXAMPLE 5 If F(x, y) = (—yi + xj)/(x? + y’), show that [.F - dr = 27 for every 
positively oriented simple closed path that encloses the origin. 


SOLUTION Since C is an arbitrary closed path that encloses the origin, it’s difficult to 
compute the given integral directly. So let’s consider a counterclockwise-oriented circle C’ 
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YA with center the origin and radius a, where a is chosen to be small enough that C’ lies 
C inside C. (See Figure 11.) Let D be the region bounded by C and C’. Then its positively 
oriented boundary is C U (—C’) and so the general version of Green’s Theorem gives 
5 _ dQ oP 
[ Pax + Ody + [Pax + Ody {| ( reaeerrg 
D 
2 2 2 2 
yo x yo x 
= dA =0 
FIGURE 11 ll (x? + y?)? (x2 + =| 
Therefore [Pax + Qdy= \., Pdx + Qdy 
that is, [Frara [Fear 


We now easily compute this last integral using the parametrization given by 
r(t) = acosti+ asintj,0 < t S 27. Thus 


[F - dr = \.F -dr = i "B(r(1) © r'(t) dt 


2 
0 


2a (—asin t)(—asin t) + (acos f)(acos t Qa 
=| ( Mo ue Maal a= | dt = 27 | 
0 a’ cos*t + a’ sin*t 0 


We end this section by using Green’s Theorem to discuss a result that was stated in the 
preceding section. 


SKETCH OF PROOF OF THEOREM 16.3.6 We’re assuming that F = Pi+ Qjisa 
vector field on an open simply-connected region D, that P and Q have continuous first- 
order partial derivatives, and that 

oP 0Q 


throughout D 
oy Ox 


If C is any simple closed path in D and R is the region that C encloses, then Green’s 
Theorem gives 


f.e-ara f_rac+oa= [f( oP) aA = {fda =o 


A curve that is not simple crosses itself at one or more points and can be broken up 
into a number of simple curves. We have shown that the line integrals of F around these 
simple curves are all 0 and, adding these integrals, we see that | cF - dr = 0 for any 
closed curve C. Therefore | -F ° dr is independent of path in D by Theorem 16.3.3. It 
follows that F is a conservative vector field. i 


16.4 | Exercises 


1-4 Evaluate the line integral by two methods: (a) directly and 2. he. ydx — x dy, 
(b) using Green’s Theorem. C is the circle with center the origin and radius 4 
1. Gy? dx + x’y dy, 3. .xydx + xy? dy, 
C is the rectangle with vertices (0, 0), (5, 0), (5, 4), and (0, 4) C is the triangle with vertices (0, 0), (1, 0), and (1, 2) 
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4. $.x°y? dx + xy dy, C consists of the arc of the parabola 
y = x’ from (0, 0) to (1, 1) and the line segments from (1, 1) 
to (0, 1) and from (0, 1) to (0, 0) 


5-12 Use Green’s Theorem to evaluate the line integral along 
the given positively oriented curve. 


5. |. ye"dx + 2e* dy, 
C is the rectangle with vertices (0, 0), (3, 0), (3, 4), 
and (0, 4) 


6. fe In(xy) dx + (y/x) dy, 
C is the rectangle with vertices (1, 1), (1, 4), (2, 4), 
and (2, 1) 


7. |ox’y* dx + ytan”'y dy, 
C is the triangle with vertices (0, 0), (1, 0), and (1, 3) 


8. [.(x* + y?) dx + (x? — y?) dy, 
C is the triangle with vertices (0, 0), (2, 1), and (0, 1) 


9. |.(y + ev) dx + (2x + cos y*)dy, 
C is the boundary of the region enclosed by the parabolas 
y=x’andx=y 


10. |. y*dx + 2xy*dy, Cis the ellipse x? + 2y? = 2 
11. [oy?dx — x* dy, Cis the circle x? + y? =4 


12. |. (1 — y*) dx + (x? + e”’) dy, Cis the boundary of the 
region between the circles x? + y* = 4andx? + y?=9 


16. F(x,y) =(e* + y*,e"+4+ x’), 
C consists of the arc of the curve y = cos x from (—77/2, 0) 
to (7/2, 0) and the line segment from (7/2, 0) to (—7/2, 0) 


17. F(x, y) = (y — cos y, x sin y), 
C is the circle (x — 3)? + (y + 4) 


4 oriented clockwise 


18. F(x, y) = ( x2 + 1, tan”'x), C is the triangle from (0, 0) 
to (1, 1) to (0, 1) to (0, 0) 


19-20 Verify Green’s Theorem by using a computer algebra 
system to evaluate both the line integral and the double integral. 


19. PG, y) =2"y5, Oey) = 277, 
C consists of the line segment from (— 7/2, 0) to (77/2, 0) 
followed by the arc of the curve y = cos x from (7/2, 0) 
to (—7/2, 0) 


20, P(x, 9) = 2x - x°y°, Oxy) = 2x°y%, 
C is the ellipse 4x* + y? = 4 


13-18 Use Green’s Theorem to evaluate fo F - dr. (Check the 
orientation of the curve before applying the theorem.) 


13. [. (3 + e*”) dx + (tany + 3x7) dy 


15. F(x, y) = (y cos x — xy sin x, xy + x cos x), 
C is the triangle from (0, 0) to (0, 4) to (2, 0) to (0, 0) 


21. Use Green’s Theorem to find the work done by the force 
F(x, y) = x(x + y)i + xy?j in moving a particle from the 
origin along the x-axis to (1, 0), then along the line segment 
to (0, 1), and then back to the origin along the y-axis. 


22. A particle starts at the origin, moves along the x-axis to 
(5, 0), then along the quarter-circle x7 + y? = 25, x = 0, 
y = Oto the point (0, 5), and then down the y-axis 
back to the origin. Use Green’s Theorem to find 
the work done on this particle by the force field 
F(x, y) = (sin x, siny + xy* + 13), 


23. Use one of the formulas in (5) to find the area under one arch 
of the cycloid x = t — sint, y= 1 — cost. 


24. If a circle C with radius | rolls along the outside of the 
circle x? + y* = 16, a fixed point P on C traces out a 
curve called an epicycloid, with parametric equations 
x = 5cost — cos 5t, y = 5 sint — sin St. Graph the epi- 
cycloid and use (5) to find the area it encloses. 


25. (a) If C is the line segment connecting the point (x1, yi) to 
the point (x2, y2), show that 


[say — ydx = x1y2 — X2y1 


(b) If the vertices of a polygon, in counterclockwise order, 
are (x1, yi), (%2, y2),.. +, (Xn, Yn), Show that the area of 
the polygon is 


A = 5[(xiy2 — x21) + (xaya — x3y2) + + 
t (Xn-1n Lia) t (Xny1 X1Yn) | 


(c) Find the area of the pentagon with vertices (0, 0), (2, 1), 
(1, 3), (0, 2), and (—1, 1). 
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26. 


27. 


28. 


29. 


30. 


31. 


Let D be a region bounded by a simple closed path C in the 
xy-plane. Use Green’s Theorem to prove that the coordinates 
of the centroid (x, y) of D are 


_ I of 5 
Pe i 3A fox dy 
where A is the area of D. 


Use Exercise 26 to find the centroid of a quarter-circular 
region of radius a. 


Use Exercise 26 to find the centroid of the triangle with 
vertices (0, 0), (a, 0), and (a, b), where a > 0 and b > 0. 


A plane lamina with constant density p(x, y) = p occupies a 
region in the xy-plane bounded by a simple closed path C. 
Show that its moments of inertia about the axes are 


32. 


33. 


34. 


35. 
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and C is any positively oriented simple closed curve that 
encloses the origin. 


Calculate |. F + dr, where F(x, y) = (x? + y, 3x — y*) and 
C is the positively oriented boundary curve of a region D that 
has area 6. 


If F is the vector field of Example 5, show that |. F - dr = 0 
for every simple closed path that does not pass through or 
enclose the origin. 


Complete the proof of the special case of Green’s Theorem 
by proving Equation 3. 


Use Green’s Theorem to prove the change of variables 
formula for a double integral (Formula 15.9.9) for the case 
where f(x, y) = I: 


. {| ax ay = || uray | ae 
(See Section 15.4.) R Ss : 


Use Exercise 29 to find the moment of inertia of a circular 
disk of radius a with constant density p about a diameter. 
(Compare with Example 15.4.4.) 


Use the method of Example 5 to calculate |. F - dr, where 


Qxyit (vy? -— x*)j 
(+ y? 


F(x, y) 


16.5 


Curl and Divergence 


Here R is the region in the xy-plane that corresponds to the 
region S in the wv-plane under the transformation given by 
x = glu, v), y = Alu, v). 

[Hint: Note that the left side is A(R) and apply the first 
part of Equation 5. Convert the line integral over dR to a 
line integral over 0S and apply Green’s Theorem in the 
uv-plane.] 


In this section we define two operations that can be performed on vector fields and that 
play a basic role in the applications of vector calculus to fluid flow and electricity and 
magnetism. Each operation resembles differentiation, but one produces a vector field 
whereas the other produces a scalar field. 


@ curl 


If F = Pi+ Qj + Rkisa vector field on R? and the partial derivatives of P, QO, and R 
all exist, then the curl of F is the vector field on R?* defined by 


oP OR \, 
a i oak Narre 
Oz Ox 


As an aid to our memory, let’s rewrite Equation | using operator notation. We intro- 
duce the vector differential operator V (‘del’) as 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1162 CHAPTER 16 Vector Calculus 


It has meaning when it operates on a scalar function to produce the gradient of /: 
0 0 0 0 0 
ff, f_ F,,4%,, 4 


of 
+ J 
Ox oy 0z Ox oy Oz 


Vf=i 


If we think of V as a vector with components 0/0x, 0/dy, and d/0z, we can also consider 
the formal cross product of V with the vector field F as follows: 


i j k 
0 0 0 
Vx F= 
ox doy oz 
P Q R 
OR 0 oP OR 0 oP 
— OR _ 9Q i+ |—- — jt 9Q oP k 
oy Oz Oz Ox Ox oy 
= curl F 


So the easiest way to remember Definition | is by means of the symbolic expression 


[2] culF=V xXF 


EXAMPLE 1 If F(x, y,z) = xzi+ xyzj — y’k, find curl F. 
SOLUTION Using Equation 2, we have 


ij 
0 0 
culF=V x F= 
ox Oy Oz 
xz xyz —y° 
Cd) j 0 : () F a) . 
= 7 2 

[T] Most computer algebra systems 2 Cy) Oz | [2 Cy) Oz 0 | 7 


have commands that compute the 
curl and divergence of vector fields. If a a 

you have access to a CAS, use these =e E (xyz) = 02) | k 
commands to check the answers to o ey 

the examples and exercises in this 
section. 


= (—2y — xyi- 0 -— Xj + Oz - Ok 
= —-y(2+x)itxj+yzk a 
Recall that the gradient of a function f of three variables is a vector field on R? and 


so we can compute its curl. The following theorem says that the curl of a gradient vector 
field is 0. 


[3] Theorem If f is a function of three variables that has continuous second- 


order partial derivatives, then 


curl(Vf) = 0 
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PROOF We have 


i j k 
Notice the similarity to what we know <a <a <— 
from Section 12.4:a X a = 0 for curl(Vf) = V X (Vf) =| dx dy az 
every three-dimensional vector a. af of of 
ax dy az 


af af). of ay) arf af 
= Le = ——_ } J + | —— = | 
Oy Oz 0z Oy Oz Ox Ox OZ Ox dy Oy Ox 
=0i+0j+0k=0 


by Clairaut’s Theorem. a 


Since a conservative vector field is one for which F = Vf, Theorem 3 can be rephrased 
as follows: 
Compare this with Exercise 16.3.35. If F is conservative, then curl F = 0. 


This gives us a way of verifying that a vector field is not conservative. 
EXAMPLE 2 Show that the vector field F(x, y, z) = xzi + xyzj — y’kis not 


conservative. 


SOLUTION In Example 1 we showed that 
curl F = —y(2+ x)i+xjt+ yzk 


This shows that curl F # 0 and so, by the remarks preceding this example, F is not 
conservative. a 


The converse of Theorem 3 is not true in general, but the following theorem says the 
converse is true if F is defined everywhere. (More generally it is true if the domain is 
simply-connected, that is, “has no hole.”) Theorem 4 is the three-dimensional version 
of Theorem 16.3.6. Its proof requires Stokes’ Theorem and is sketched at the end of 
Section 16.8. 


[4| Theorem If F is a vector field defined on all of R* whose component func- 


tions have continuous partial derivatives and curl F = 0, then F is a conservative 
vector field. 


EXAMPLE 3 
(a) Show that 


F(x, y, z) = y°z7i + 2xyz7j + 3xy’z’?k 


1s a conservative vector field. 
(b) Find a function f such that F = Vf. 
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SOLUTION 
(a) We compute the curl of F: 
j 
0 ) 0 
culF =V xX F= - 
Ox oy Oz 


yz Qaye? Sxy es 
= (6xyz* — 6xyz’)i — (By2z" — 3y’z*)j + (2yz? — 2yz*)k 
=0 


Since curl F = 0 and the domain of F is R°, F is a conservative vector field by 
Theorem 4. 


(b) The technique for finding f was given in Section 16.3. We have 


[5] fx, y, Z) = y?z" 
[6] f(x, y, Z) = 2xyz? 
FAX, y, z) = 3xy?2? 


Integrating (5) with respect to x, we obtain 


f(x,y, z) = xy°z* + gly, z) 


Differentiating (8) with respect to y, we get f,(x, y, z) = 2xyz* + gy(y, z), So compari- 
son with (6) gives g,(y, z) = 0. Thus g(y, z) = A(z) and 


fh = BR Ae) 
Then (7) gives h'(z) = 0. Therefore 
f(x, y,z) =xy?2ni t+ K a 


The reason for the name cur is that the curl vector is associated with rotations. One 
connection is explained in Exercise 39. Another occurs when F represents the velocity 
-F ~~ curl F(x, y, z) field in fluid flow (see Example 16.1.3). In Section 16.8 we show that particles near 

as (x,y,z) in the fluid tend to rotate about the axis that points in the direction of 
., curl F(x, y, z), following the right-hand rule, and the length of this curl vector is a mea- 
(x, i, sure of how quickly the particles move around the axis (see Figure 1). If curl F = 0 at 


a point P, then the fluid is free from rotations at P and F is called irrotational at P. In 
this case, a tiny paddle wheel moves with the fluid but doesn’t rotate about its axis. If 
FIGURE 1 curl F ¥ 0, the paddle wheel rotates about its axis. 

As an illustration, each vector field F in Figure 2 represents the velocity field of a 
fluid. In Figure 2(a), curl F ¥ 0 at most points, including P; and P2. A tiny paddle wheel 
placed at P; would rotate counterclockwise about its axis (the fluid near P; flows roughly 
in the same direction but with greater velocity on one side of the point than on the other), 
so the curl vector at P; points in the direction of k. Similarly, a paddle wheel at P: would 
rotate clockwise and the curl vector there points in the direction of —k. In Figure 2(b), 
curl F = 0 everywhere. A paddle wheel placed at P moves with the fluid but doesn’t 
rotate about its axis. 
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YA A 
eae ff i ey ou vovtros oof 
ee PP eRe oe OM Pa 
ee ee Oe ee ae ee a a mm Se eh ee 
aN Ne fF SOG 
ye A a ee 
68 NA LP \ i 

In Section 16.8 we give a more sv fx Q\IQVn vr ferret t 

detailed explanation of curl and its ee ee er eg 


interpretation (as a consequence of ea a Ne = Se ON 
Stokes' Theorem). =e ee ee ee Oe aa ee ee ie, ce 
a ee ee ae a 
PO Ne FZ NN OS —— ss 6s NSN Vb oe ee ee 
Ay Net FIZ oO Se ee ee ee 
(a) F(x, y, z) =sinyit+cosxj (b) F(x, y, z) = 2xyit (x? + y)j 
curl F(x, y, z) =—(sin x + cos y) k curl F(x, y, z) =0 


FIGURE 2 Velocity fields in fluid flow. (Only the part of F in the xy-plane is shown; the 
vector field looks the same in all horizontal planes because F is independent of z and the 
z-component is 0.) 


i Divergence 


If F = Pi+ Qj + Rkisa vector field on R? and dP/dx, dQ /dy, and dR/dz exist, then 
the divergence of F is the function of three variables defined by 


. oP 0Q OR 
[9] div F = — + — + — 
Ox oy 0z 


(If F is a vector field on R’, then div F is a function of two variables defined similarly to 
the three-variable case.) Observe that curl F is a vector field but div F is a scalar field. In 
terms of the gradient operator V = (0/dx) i + (0/dy) j + (0/dz) k, the divergence of F 
can be written symbolically as the dot product of V and F: 


divF =V-F 


EXAMPLE 4 If F(x, y, z) = xzi + xyzj — y’k, find div F. 


SOLUTION By the definition of divergence (Equation 9 or 10), we have 


0 0 0 
div F = V- F = — (xz) + — (xyz) + —(-y’?) =z4+ xz | 
Ox oy 0z 


If F is a vector field on R?’, then curl F is also a vector field on R*. As such, we can 
compute its divergence. The next theorem shows that the result is 0. 


[11] Theorem If F = Pi + Qj + Rk isa vector field on R* and P, Q, and R 
have continuous second-order partial derivatives, then 


div curl F = 0 
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Note the analogy with the scalar 
triple product: a + (a X b) = 0. 


The reason for this interpretation of 
div F will be explained at the end of 
Section 16.9 as a consequence of the 
Divergence Theorem. 


FIGURE 3 

Velocity fields in fluid flow. (Only the 
part of F in the xy-plane is shown; 

the vector field looks the same in 

all horizontal planes because F is 
independent of z and the z-component 
is 0.) 


PROOF Using the definitions of divergence and curl, we have 
div curl F = V- (V X F) 
_ 4 (AR 00), a (aP_aR\, a /aQ_ 
ox \ dy Oz dy \ az Ox oz \ Ox oy 
_ &R vO r oP OR re vO xP 
Ox Oy OX OZ Oy OZ Oy Ox Oz 0x 0z Oy 
=0 


because the terms cancel in pairs by Clairaut’s Theorem. a 


EXAMPLE 5 Show that the vector field F(x, y, z) = xzi + xyzj — y*kcan’t be 
written as the curl of another vector field, that is, F ~ curl G for any vector field G. 


SOLUTION In Example 4 we showed that 
div F =z + xz 
and therefore div F # 0. If it were true that F = curl G, then Theorem 11 would give 
div F = div curl G = 0 


which contradicts div F ¥ 0. Therefore F is not the curl of another vector field. ii} 


Again, the reason for the name divergence can be understood in the context of fluid 
flow. If F(x, y, z) is the velocity of a fluid (or gas), then div F(x, y, z) represents the net 
rate of change (with respect to time) of the mass of fluid (or gas) flowing from the point 
(x, y, Z) per unit volume. In other words, div F(x, y, z) measures the tendency of the fluid 
to diverge from the point (x, y, z). If div F = 0, then F is said to be incompressible. 

As an illustration, each vector field F in Figure 3 represents the velocity field of a 
fluid. In Figure 3(a), div F # 0 in general. For instance, at the point P), div F is negative 
(the vectors that start near P, are shorter than those that end near P, so the net flow is 
inward there). At the point P2, div F is positive (the vectors that start near P2 are longer 
than those that end near P2, so the net flow is outward there). In Figure 3(b), div F = 0 
everywhere (the vectors that start and end near any point P are about the same length). 


YA YA 


Coe FS Fax ee 
BE gO OG | FOE ge ee 


Pe Pre 


4 \ Ns 
YN ™ 
So 
a a i 


—b ey A 4*lA A FY t 1 

—— Ppp — = = —-— — > — Pp Pad 7 x nN t+ 
= 

----- ~ — =~ =e ~ ‘ ¥ - 


—~a — S | Ne Se es 


Py 


~ \ 
eg Mg S|. ig hy ya id 
gy ae A | ON \ y 


(a) Fix, y,2) = (1+ x*)it+yj (b) F(x, y, 2) =—xit yj 
div F(x, y, z) =2x+1 div F(x, y, z) =0 


Kx LIV VNN™ 


eek A 
Se, Th ae ge 


— 
| 
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Another differential operator occurs when we compute the divergence of a gradient 
vector field Vf. If f is a function of three variables, we have 


OT gg Od gO 


A a) Rare ae 


and this expression occurs so often that we abbreviate it as V7 f. The operator 
V=V-V 
is called the Laplace operator because of its relation to Laplace’s equation 


wf, Ff, ef _y 


Vir= + 
f ax? ay? oz” 


We can also apply the Laplace operator V’ to a vector field 
F=Pi+Qj+Rk 
in terms of its components: 
VF=V*Pi+ VOj+ V’Rk 


® Vector Forms of Green’s Theorem 


The curl and divergence operators allow us to rewrite Green’s Theorem in versions that 
will be useful in our later work. We suppose that the plane region D, its boundary curve 
C, and the functions P and Q satisfy the hypotheses of Green’s Theorem. Then we con- 
sider the vector field F = Pi + Qj. Its line integral is 


pF -dr=4$ Pax + Q dy 


and, regarding F as a vector field on R? with third component 0, we have 


i j k 
0 0 0 dQ oP 
curl F = = k 
Ox oy Oz Ox oy 


P(x,y) Q(x,y) 0 


Therefore 


2 #)y yp 2 ap 


(curl F) > k = ( : 
Ox oy 


and we can now rewrite the equation in Green’s Theorem in the vector form 


[12] fF -dr=} F-Tds = |{ (curl F) - kA 
D 


Equation 12 expresses the line integral of the tangential component of F along C as 
the double integral of the vertical component of curl F over the region D enclosed by C. 
We now derive a similar formula involving the normal component of F. 
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If C is given by the vector equation 
r(t)=x()it+ y(t j axt<b 
then the unit tangent vector (see Section 13.2) is 


x(t), yo, 
rol iro]? 


yA 


T(t) = 


You can verify that the outward unit normal vector to C is given by 


yO. x@ 


n(t) = 


ra vals 
rl |r| 
FIGURE 4 (See Figure 4.) Then, from Equation 16.2.3, we have 


> F-nds=['(F-n)(Q|r'(0| dt 


— fo] PaO, yO) yO — Qa), yO) xO |, 
\ | r'(0) | | r(t) | | Ir C | e 


= [’ P(x(t), y(0) y(t) dt — O(x(2), y(0) x") dt 


aP  0Q 
=| Pay ow (i(F + 2) aa 


by Green’s Theorem. But the integrand in this double integral is just the divergence 
of F. So we have a second vector form of Green’s Theorem. 


[73] fF mds = |{ div F(x, y) dA 
D 


This version says that the line integral of the normal component of F along C is equal to 
the double integral of the divergence of F over the region D enclosed by C. 


16.5 | Exercises 


1-8 Find (a) the curl and (b) the divergence of the vector field. 9-12 The vector field F is shown in the xy-plane and looks the 

same in all other horizontal planes. (In other words, F is indepen- 

dent of z and its z-component is 0.) 

. F(x, y, z) = x*yz7j t+ y*z7k (a) Is div F positive, negative, or zero at P? Explain. 

(b) Determine whether curl F = 0. If not, in which direction does 
curl F point at P? 


1. F(x, y, z) = xy’z*itx?yz?7j t+ x?y’zk 


2 
3. F(x, y, z) = xye*i + yze*k 
4 


. F(x, y, z) = sinyzit sinzxj + snxyk 


9. yA 10. ya 
5. F(x, y, 2) We gy AY 4g wt ee pees 
1l+z 1+x Teseey 7 
6. F(x, y, z) = In(2y + 3z)i + In(x + 3z) j + In(x + 2y)k ft ff Pe, -. x 
7. F(x, y, z) = (e* sin y, e” sin z, e* sin x) | | | | PO ge 
8. F(x, y, z) = (arctan(xy), arctan(yz), arctan(zx)) 7 - 5 ee - 
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11. 


YA 12. ya 


> er me > fe eS 
Pe oS 
eo se a * iN Ly \ 
<<< < . : é ' ' 
0 x 0 x 


13. 


14. 


(a) Verify Formula 3 for f(x, y, z) = sin xyz. 


(b) Verify Formula 11 for F(x, y, z) = xyz*i + x?yz7j + y?k. 


Let f be a scalar field and F a vector field. State whether 
each expression is meaningful. If not, explain why. If so, 
state whether it is a scalar field or a vector field. 


(a) curl f (b) grad f 

(c) div F (d) curl(grad f) 

(e) grad F (f) grad(div F) 

(g) div(grad f) (h) grad(div f) 

(i) curl(curl F) (j) div(div F) 

(k) (grad f) X (div F) (1) div(curl(grad f )) 


15-20 Determine whether or not the vector field is conservative. 
If it is conservative, find a function f such that F = Vf. 


15. 
16. 
17. 
18. 
19. 
20. 


F(x, y, z) = (2xy2z?, 3x°y*z?, 2x*y*z) 
F(x, y, z) = (yz, xz + y, xy — x) 
F(x, y, z) = (In y, (x/y) + Inz, y/z) 


F(x, y, z) = yz sin xyi + xz sinxyj — cosxyk 
F(x, y, z) 


F(x, y, z) = e*? cosxi + e’coszj + (e* sinx — e’ sinz)k 


yz-e* i+ ze“ j + xyze"k 
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25. div(F + G) = divF + divG 

26. curl(F + G) = curl F + curl G 

27. div( fF) =f divF + F-Vf 

28. curl( fF) =f curl F + (Vf) X F 

29. div(F X G) = G-curlF — F:curlG 
30. div(Vf X Vg) =0 

31. curl(curl F) = grad(div F) — V°F 


32-34 Letr =xit+yj+zkandr=|r|. 
32. Verify each identity. 


(a) V-r=3 
(c) V?r? = 12r 


(b) V: (rr) =4r 


33. Verify each identity. 


(a) Vr=r/r 
i) Vil/r) = =e" 


(b) VXr=0 
(d) Vinr=r/r’ 


34. If F = r/r’, find div F. Is there a value of p for which 


div F = 0? 


21. 


22. 


23. 


24. 


Is there a vector field G on R? such that 
curl G = (x sin y, cos y, z — xy)? Explain. 


Is there a vector field G on R? such that curl G = (x, y, z)? 
Explain. 


Show that any vector field of the form 
F(x, y, 2) = f(x)i + gly) j + A@k 
where f, g, 4 are differentiable functions, is irrotational. 
Show that any vector field of the form 
F(x, y, 2) = f(y, Zi + gx, i+ Ay) k 


is incompressible. 


25-31 Prove the identity, assuming that the appropriate partial 
derivatives exist and are continuous. If f is a scalar field and F, 
G are vector fields, then fF, F - G, and F X G are defined by 


(fF)(x y, z) = f(x y, 2) F(X y, 2) 
(F + G)(x, y, z) = F(x, y, z) + G(x, y, 2) 
(F X G)(x, y, z) = F(x, y, z) X G(x, y, z) 


35. Use Green’s Theorem in the form of Equation 13 to prove 


Green’s first identity: 


\[rv°gaa = } F(Vg) nds — {| Vf-VgdA 
D D 
where D and C satisfy the hypotheses of Green’s Theorem 
and the appropriate partial derivatives of f and g exist and are 
continuous. (The quantity Vg - n = Dyg occurs in the line 
integral; it is the directional derivative in the direction of the 
normal vector n and is called the normal derivative of g.) 


36. Use Green’s first identity (Exercise 35) to prove Green’s 


second identity: 


|] (£¥29 — gV2P) dA = § (79 — GV) + mds 
D 


where D and C satisfy the hypotheses of Green’s Theorem 
and the appropriate partial derivatives of f and g exist and are 
continuous. 


37. Recall from Section 14.3 that a function g is called harmonic 


on D if it satisfies Laplace’s equation, that is, V7 = 0 on D. 
Use Green’s first identity (with the same hypotheses as in 
Exercise 35) to show that if g is harmonic on D, then 

be Dy g ds = 0. Here Dyg is the normal derivative of g 
defined in Exercise 35. 


38. Use Green’s first identity to show that if f is harmonic 


on D, and if f(x, y) = 0 on the boundary curve C, then 
],| Vf |? dA = 0. (Assume the same hypotheses as in 
Exercise 35.) 
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39. This exercise demonstrates a connection between the curl 


vector and rotations. Let B be a rigid body rotating about the 

z-axis. The rotation can be described by the vector w = wk, 

where w is the angular speed of B, that is, the tangential speed 

of any point P in B divided by the distance d from the axis of 

rotation. Let r = (x, y, z) be the position vector of P. 

(a) By considering the angle @ in the figure, show that the 
velocity field of B is given by v = w X r. 

(b) Show that v = —wyi+ wxj. 


40. 


Maxwell’s equations relating the electric field E and magnetic 
field H as they vary with time in a region containing no 
charge and no current can be stated as follows: 


div E = 0 div H = 0 
1 oH 1 0OE 
curl E = —— —— curl H = — — 
c Ot c ot 


where c is the speed of light. Use these equations to prove the 


(c) Show that curl v = 2w. 


16.6 


following: 
1 @E 
(a) VX(V XE)=- > 
c” Ot 
1 eH 
(b) V X (V X H) =-—-—, 
SOF 
5 1 @E . . 
(c) VE=—~ ae [Hint: Use Exercise 31.] 
2 
1 #?H 
d VH=— 
@ cat? 


41. We have seen that all vector fields of the form F = Vg 
satisfy the equation curl F = 0 and that all vector fields of the 
form F = curl G satisfy the equation div F = 0 (assuming 
continuity of the appropriate partial derivatives). This sug- 
gests the question: are there any equations that all functions 
of the form f = div G must satisfy? Show that the answer to 
this question is “no” by proving that every continuous func- 
tion f on R? is the divergence of some vector field. 

[Hint: Let G(x, y, z) = (g(x, y, z), 0, 0), where 

g(x, y, z) = |of(t, y, z) dt.] 


Parametric Surfaces and Their Areas 


So far we have considered special types of surfaces: cylinders, quadric surfaces, graphs 
of functions of two variables, and level surfaces of functions of three variables. Here we 
use vector functions to describe more general surfaces, called parametric surfaces, and 
compute their areas. Then we take the general surface area formula and see how it applies 
to special surfaces. 


®@ Parametric Surfaces 


In much the same way that we describe a space curve by a vector function r(¢) of a single 
parameter t, we can describe a surface by a vector function r(u, v) of two parameters u 
and v. We suppose that 


[1] r(u, v) = x(u, v) i + y(u, v) j + z(u,v) k 


is a vector-valued function defined on a region D in the uv-plane. So x, y, and z, the com- 
ponent functions of r, are functions of the two variables u and v with domain D. The set 
of all points (x, y, z) in R* such that 


[2] x = x(u, v) 


and (u, v) varies throughout D, is called a parametric surface S and Equations 2 are 
called parametric equations of S. Each choice of u and v gives a point on S; by making 


y = y(u, v) z= z(u, v) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


FIGURE 1 


A parametric surface 


— 


(2, 0, 0) 


FIGURE 2 


, (0, 3, 2) 


a 
a 


FIGURE 3 


FIGURE 4 
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all choices, we get all of S. In other words, the surface S' is traced out by the tip of the 
position vector r(u, v) as (u, v) moves throughout the region D. (See Figure 1.) 


DA Zh 


o 
= 


EXAMPLE 1 Identify and sketch the surface with vector equation 
r(u, v) = 2cosui+vj+2sinuk 
SOLUTION The parametric equations for this surface are 


x = 2cosu y=0 z=2sinu 


So for any point (x, y, z) on the surface, we have 
x? + 2° =4cos*u + 4sin*u = 4 


This means that vertical cross-sections parallel to the xz-plane (that is, with y constant) 
are all circles with radius 2. Since y = v and no restriction is placed on v, the surface 
is a circular cylinder with radius 2 whose axis is the y-axis (see Figure 2). | 


In Example | we placed no restrictions on the parameters u and v and so we obtained 
the entire cylinder. If, for instance, we restrict u and v by writing the parameter domain 
as 

0<us77/2 0O<vs3 


then x = 0,z 2 0,0 < y S 3, and we get the quarter-cylinder with length 3 illustrated 
in Figure 3. 

If a parametric surface S is given by a vector function r(u, v), then there are two useful 
families of curves that lie on S, one family with u constant and the other with v constant. 
These families correspond to vertical and horizontal lines in the wv-plane. If we keep u 
constant by putting uw = uo, then r(uo, v) becomes a vector function of the single param- 
eter v and defines a curve C; lying on S. (See Figure 4.) 
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Similarly, if we keep v constant by putting v = vo, we get a curve C) given by r(u, v9) 
that lies on S. We call these curves grid curves. (In Example 1, for instance, the grid 
curves obtained by letting wu be constant are horizontal lines, whereas the grid curves with 
v constant are circles.) In fact, when a computer graphs a parametric surface, it some- 
times depicts the surface by plotting these grid curves, as we will see in the following 
example. 


ZA EXAMPLE 2 Use a computer to graph the surface 
r(u, v) = ((2 + sin v) cos u, (2 + sin v) sin u, u + cos v) 


Which grid curves have u constant? Which have v constant? 


SOLUTION We graph the portion of the surface with parameter domain 0 S u S 47, 
0 < v S 277 in Figure 5. It has the appearance of a spiral tube. To identify the grid 
curves, we write the corresponding parametric equations: 


v constant 


x = (2 + sin v) cos u y = (2 + sin v) sinu z=u+cosv 


If v is constant, then sin v and cos v are constant, so the parametric equations resemble 
those of the helix in Example 13.1.4. Thus the grid curves with v constant are the spiral 
curves in Figure 5. We deduce that the grid curves with u constant must be the curves 
that look like circles in the figure. Further evidence for this assertion is that if u is kept 
constant, u = uo, then the equation z = uo + cos v shows that the z-values vary from 
ug — 1 to uo + 1. & 
FIGURE 5 

In Examples | and 2 we were given a vector equation and asked to graph the corre- 
sponding parametric surface. In the following examples, however, we are given the more 
challenging problem of finding a vector function to represent a given surface. In the rest 
of this chapter we will often need to do exactly that. 


EXAMPLE 3 Find a vector function that represents the plane that passes through the 
point Po with position vector ro and that contains two nonparallel vectors a and b. 


SOLUTION If P is any point in the plane, we can get from Py to P by moving a certain 
distance in the direction of a and another distance in the direction of b. So there are 
scalars u and v such that Pp P = ua + vb. (Figure 6 illustrates how this works, by 
means of the Parallelogram Law, for the case where u and v are positive. See also 
Exercise 12.2.46.) If r is the position vector of P, then 


— — 
r= OP,+ PoP =r. + ua + vb 


FIGURE 6 


So the vector equation of the plane can be written as 
r(u, v) =ro + ua + vb 


where u and v are real numbers. 

If we write r = (x, y, Z), Fo = (Xo, Yo, Zo), A = (a1, do, a3), and b = (by, bo, bs), 
then we can write the parametric equations of the plane through the point (xo, yo, Zo) as 
follows: 


xX = X09 + ua, + vb, y = yo + uar + vby Z= 2) + ua3 + vb; a 
EXAMPLE 4 Find a parametric representation of the sphere 
e+ y? +7 =a? 
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SOLUTION The sphere has a simple representation p = a in spherical coordinates, 
so let’s choose the angles ¢ and 6 in spherical coordinates as the parameters (see 
Section 15.8). Then, putting p = a in the equations for conversion from spherical to 
rectangular coordinates (Equations 15.8.1), we obtain 


x =asind cos 6 y =asing sind z=acosd 
as the parametric equations of the sphere. The corresponding vector equation is 
r(b, 0) = asind cos 0i+ asing sind j + acos¢k 


We have 0 < ¢ S wand 0 <@ S 27, so the parameter domain is the rectangle 
D = [0, 7] X [0, 277]. The grid curves with ¢ constant are the circles of constant 
latitude (including the equator). The grid curves with 6 constant are the meridians 
(semicircles), which connect the north and south poles (see Figure 7). 


FIGURE 7 


NOTE We saw in Example 4 that the grid curves for a sphere are curves of constant 
latitude or constant longitude. For a general parametric surface we are really making a 
map and the grid curves are similar to lines of latitude and longitude. Describing a point 
on a parametric surface (like the one in Figure 5) by giving specific values of u and v is 
like giving the latitude and longitude of a point. 


One of the uses of parametric surfaces is in com- ESSE 

puter graphics. Figure 8 shows the result of trying YM Hi ‘ 

to graph the sphere x? + y? + z? = | bysolving if HRY i my 
the equation for z and graphing the top and bottom foiyini'e 
hemispheres separately. Part of the sphere appears 
to be missing because of the rectangular grid sys- 
tem used by the software. The much better picture 
in Figure 9 was produced by a computer using the 


parametric equations found in Example 4. FIGURES FIGURE9 


EXAMPLE 5 Find a parametric representation for the cylinder 
r+y=4 O<zs<l 


SOLUTION The cylinder has a simple representation r = 2 in cylindrical coordinates, 
so we choose as parameters @ and z in cylindrical coordinates. Then the parametric 
equations of the cylinder are 


x = 2cos 0 y = 2sin 0 ZZ 
where 0 <0 S 27 and 0 Sz S& 1. In vector notation, 
r(0, z) = 2 cos Oi + 2 sin dj + zk 
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FIGURE 10 


and the vector function r maps the parameter domain 
D = {(0,z)|0 <0 <27,0<z< ]} 


to a cylinder, as shown in Figure 10. 


| 

EXAMPLE 6 Find a vector function that represents the elliptic paraboloid 
z=x? + 2y?, 
SOLUTION If we regard x and y as parameters, then the parametric equations are 
simply 

C= y=y z=x* + 2y? 
and the vector equation is 

r(x, y) =xit+ yj t (x? + 2y’)k a 


In general, a surface given as the graph of a function of x and y, that is, with an equa- 
tion of the form z = f(x, y), can always be regarded as a parametric surface by taking x 
and y as parameters and writing the parametric equations as 


a= x yy z= f(y) 


Parametric representations (also called parametrizations) of surfaces are not unique. 
The next example shows two ways to parametrize a cone. 


EXAMPLE 7 Find a parametric representation for the surface z = 2/x? + y?, that is, 
the top half of the cone z? = 4x* + 4y’. 


SOLUTION 1 One possible representation is obtained by choosing x and y as 
parameters: 
x=x y=y z= 2x2 + y? 


So the vector equation is 
r(x,y)=xityjt2/e?+y?k 


SOLUTION 2 Another representation results from choosing as parameters the polar 
coordinates r and 6. A point (x, y, z) on the cone satisfies x = rcos 0, y = rsin@, and 
z = 2,/x? + y? = 2r. Soa vector equation for the cone is 


r(r, 0) = rcoséi+rsinédj + 2rk 


where r = 0 and 0 $0 S 27. a 
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For some purposes the parametric representations in Solutions | and 2 of Example 7 
are equally good, but Solution 2 might be preferable in certain situations. If we are inter- 
ested only in the part of the cone that lies below the plane z = 1, for instance, all we have 
to do in Solution 2 is change the parameter domain to 


D={(r,6)|0<r<},0 <0 <2n} 


Then the vector function r maps the region D to the half-cone shown in Figure 11. 


FIGURE 11 


®@ Surfaces of Revolution 


Z Surfaces of revolution can be represented parametrically. For instance, let’s consider the 
surface S obtained by rotating the curve y = f(x), a < x < b, about the x-axis, where 
f(x) = 0. Let 6 be the angle of rotation as shown in Figure 12. If (x, y, z) is a point on S, 
then 


[3] x=x y = f(x) cos0 z = f(x) sind 


Therefore we take x and 0 as parameters and regard Equations 3 as parametric equations 
of S. The parameter domain is given by a S$ x = b,0 S@ S 27. 


EXAMPLE 8 Find parametric equations for the surface generated by rotating the curve 
y = sin x, 0 < x S 27, about the x-axis. Use these equations to graph the surface of 
revolution. 


FIGURE 12 ; ; ; 
SOLUTION From Equations 3, the parametric equations are 


x=x y = sin x cos0 Zz = sin x sind 


and the parameter domain is 0 S x S 27,0 <0 S 27. Using a computer to plot these 
equations, we obtain the graph in Figure 13. a 


FIGURE 13 We can adapt Equations 3 to represent a surface obtained through revolution about the 
y- or z-axis (see Exercise 30). 


lH Tangent Planes 


We now find the tangent plane to a parametric surface S traced out by a vector function 
r(u, v) = x(u, v)i + y(u, v) j + z(u,v) k 


at a point Pp with position vector r(uo, vo). If we keep u constant by putting u = uo, then 
r(uo, v) becomes a vector function of the single parameter v and defines a grid curve C, 
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lying on S. (See Figure 14.) The tangent vector to C| at Po is obtained by taking the par- 
tial derivative of r with respect to v: 


Ox . 0 ‘ dz 
[4] ry = —— (uo, to) + > (wo, vo) Jj + =~ (uo, v0) k 
Ov ov dv 


FIGURE 14 


Similarly, if we keep v constant by putting v = vo, we get a grid curve C2 given by 
r(u, vo) that lies on S, and its tangent vector at Pp is 
Ox P oy . Oz 
[5] | (uo, vo) i - —— (uo, vo) j - — (uo, vo) k 
ou ou Ou 
If r, X r, is never 0, then the surface S is called smooth (it has no “corners”). For a 
smooth surface, the tangent plane is the plane that contains the tangent vectors r, and r,, 
and the vector r, * r, is anormal vector to the tangent plane. 


Figure 15 shows the self-intersecting EXAMPLE 9 Find the tangent plane to the surface with parametric equations x = uw’, 
surface in Example 9 and its tangent y =v’,z =u + 2vat the point (1, 1, 3). 
plane at (1, 1, 3). 


FIGURE 15 


SOLUTION We first compute the tangent vectors: 


Z 
r= i+ jt k = 2ui+k 
Ou Ou ou 


Ox , Oy , Oz : 
r= —it+ —j+—k=20j+2k 
ov ov ov 


Thus a normal vector to the tangent plane is 


i j k 
rm Xr=|2u 0 1) = —2v0i - 4uj + 4uvk 
O 2 2 


Notice that the point (1, 1, 3) corresponds to the parameter values u = | and v = I, so 
the normal vector there is 
—2i-4j+4k 


Therefore an equation of the tangent plane at (1, 1, 3) is 
—2(x — 1) — 4(y — 1) + 4 — 3) = 0 
or x+2y—-2z+3=0 | 
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@ Surface Area 


Now we define the surface area of a general parametric surface given by Equation 1. For 
simplicity we start by considering a surface S whose parameter domain D is a rectangle, 
and we divide it into subrectangles R;;. Let’s choose (u*, v;*) to be the lower left corner 
of R;;. (See Figure 16.) 


DA ZA 


Rij 


ot 
fg 


i 
u 


FIGURE 16 (i. 2) 
The image of the 0 u 
subrectangle R;; is the patch Sj. 


The part S;; of the surface S that corresponds to R;; is called a patch and has the point 
P;; with position vector r(u*, v7) as one of its corners. Let 


ri = r,(u;*, 07) and ry = r,(u;*, v7) 


be the tangent vectors at P;; as given by Equations 5 and 4. 

Figure 17(a) shows how the two edges of the patch that meet at P;; can be approxi- 
mated by vectors. These vectors, in turn, can be approximated by the vectors Au ri and 
Av r* because partial derivatives can be approximated by difference quotients. So 
we approximate S;; by the parallelogram determined by the vectors Au ri and Av r¥. 


p= This parallelogram is shown in Figure 17(b) and lies in the tangent plane to S at P;;. The 
4 (a) area of this parallelogram is 
| (Au ri) X (Av r#)| = |r# x r#| Au Av 


and so an approximation to the area of S is 


m n 


> > |r X iF] Au Av 


i=1 j=l 


Our intuition tells us that this approximation gets better as we increase the number of 
(b) subrectangles, and we recognize the double sum as a Riemann sum for the double inte- 
gral ||, |r. X r,| du dv. This motivates the following definition. 


FIGURE 17 
Approximating a patch by a 


parallelogram [6] Definition If a smooth parametric surface S is given by the equation 


r(u, v) = x(u, v)i + y(u, v) j + z(u,v) k (u,v) € D 


and S is covered just once as (u, v) ranges throughout the parameter domain D, 
then the surface area of S is 


A(S) = { |r, X r,| dA 
D 
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EXAMPLE 10 Find the surface area of a sphere of radius a. 
SOLUTION In Example 4 we found the parametric representation 
x =asing cos 6 y =asing sind z=acosh 
where the parameter domain is 
D={(¢,0) |0 <6 <7, 0 <6 < 27} 


We first compute the cross product of the tangent vectors: 


i j k 
ox dy az i j k 
Ty X to = ab ab ab =| acos¢dcos@ acosd@ sind —asind 
ox dy az —asing sin@ asind cos @ 0 
00 «000 


=a’sin*d cos i+ a’sin’d sindj + a’sind cosdk 


Thus 


|rs X ro| = Va‘sin’h cos?0 + a‘sin’d sin2@ + a4sin*h cos*h 


= Ja*sinth + atsin’d cos*h = a?,/sin2’h = a*sing 


since sing = 0 for0 < ¢ S a. Therefore, by Definition 6, the area of the sphere is 


A= [| [re to]da = |" [" a?sin & do ad 
D 


= 42 Qa v7 , = 72 _ 2 
a { do { sind db = a*(27)2 = 47a | 


® Surface Area of the Graph of a Function 


For the special case of a surface S with equation z = f(x, y), where (x, y) lies in D and f 
has continuous partial derivatives, we take x and y as parameters. The parametric equa- 
tions are 


s=xn yey 2=f9) 


0 0 
so wait (2) n=it(Z)s 
Ox : oy 


and 

ij k 
of 

LO 0 a 

mn xrny= Ox = ee ine 

af Ox oy 

ol = 
y 


Thus we have 


nxel= (2) (2 re Vi+(%) (2) 
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Notice the similarity between the 
surface area formula in Equation 9 
and the arc length formula 


from Section 8.1. 


FIGURE 18 
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and the surface area formula in Definition 6 becomes 


[9] ats) = {| i+ (2) + (2) dA 


EXAMPLE 11 Find the area of the part of the paraboloid z = x* + y? that lies under 
the plane z = 9. 


SOLUTION The plane intersects the paraboloid in the circle x* + y? = 9,z = 9. 
Therefore the given surface lies above the disk D with center the origin and radius 3. 
(See Figure 18.) Using Formula 9, we have 


eG) Ga) 


= { Vi + (2x)? + (2))? dA = {| V1 + 4(2 + y2) dA 
D D 


Converting to polar coordinates, we obtain 
A= [" | V144r rdrdo =|" a0 | rT + 4 ar 


= 2n(p)(1 + 4r°)°* |, = 2 (3737 — 1) 7 


The question remains whether our definition of surface area (6) is consistent with the 
surface area formula from single-variable calculus (8.2.4). 

We consider the surface S obtained by rotating the curve y = f(x), a < x < b, about 
the x-axis, where f(x) = 0 and f’ is continuous. From Equations 3 we know that para- 
metric equations of S are 


x=x y = f(x) cos 6 z = f(x) sind axx<b 050527 
To compute the surface area of S we need the tangent vectors 
ry, =i + f(x) cos 0j + f(x) sind k 


re = —f(x) sin 6 j + f(x) cos 0k 


Thus 
i j k 
r, Xro=/l1  f'(x)cosé  f'(x) sin é 
0 -—f(x)sin@ f(x) cos é 
= f(x) f(x) i — f(x) cos 0 j — f(x) sin dk 
and so 


tr, X re] = VIF@OPLFOOP + [FQ)F cos’ + [fO)P sin26 
= JIF@PU + [FOP] = f@)v1 + FOP 
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because f(x) = 0. Therefore the area of S is 


{fn x r9|dA 
D 


= |" PravI+TPOVP ax do 


A 


= 20 |" fo) VT + TF OF ax 


This is precisely the formula that was used to define the area of a surface of revolution in 
single-variable calculus (8.2.4). 


16.6 | Exercises 


1-2 Determine whether the points P and Q lie on the given 14, r(u,v) = uv*it wvj t+ (u? — v?)k 
surface. 


15. r(u,v) = (ue —u)itvjtu?k 


1. r(u,v) = (u +0, u — 20,3 + u— v) 
P(4, —5, 1), O(0, 4, 6) 16. x = (1 — uw) + cos v) cos 47ru, 
2. r(u,v) = (1 + u—v,u + v’, u? — v*) y= (1 — WG + cos v) sin aru, 
P(1,2, 1), Q(2, 3, 3) z=3u+(1—u)sinv 


17. x = cos*u cos*v, y= sin*u cos*v, z= sin*v 


3-6 Identify the surface with the given vector equation. 


3. r(u,v) = (ut+ v)it (33 —v)j + + 4u + 5v)k 


18. x=sinu, y=cosusinv, z=sinv 


II Zz 


4. r(u, v) = u?i+ ucosvj + usinvk 
5. r(s, ft) = (s cost, s sint, s) 
6 


. r(s,t) = (3 cost,s,sint) -l<s<1 


fF 7-12 Use a computer to graph the parametric surface. Indicate 
on the graph which grid curves have u constant and which have v 
constant. 


7. r(u,v) = (u’,v?,u + v), 
-IlsuSl1, -IlsSv1 


8. r(u,v) = (u, v7, —v), 
—2Sus2, —-2Sv52 
9. r(u,v) = (u’, usin v, u cos v), 


-l1<u<1,0<v<27 


10. r(u, v) = (u, sin(u + v), sin v), 
-—T Sus, -TSVST 


11. x=sinv, y=cosu sin4v, z= sin 2u sin 40, 
0<uS27, -—7/2 50S 7/2 
12. x= cosu, y=sinusinv, z= cosv, 


x 
0OS<uS27, 0Sv S27 


13-18 Match the equations with the graphs labeled I-VI and 
give reasons for your answers. Determine which families of grid 
curves have u constant and which have v constant. 


13. r(u,v) =ucosvit usinvj + vk 
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19-26 Find a parametric representation for the surface. 


19. The plane through the origin that contains the vectors i — j 
andj —k 

20. The plane that passes through the point (0, —1, 5) and 
contains the vectors (2, 1, 4) and (—3, 2,5) 


21. The part of the hyperboloid 4x? — 4y* — z* = 4 that lies in 
front of the yz-plane 


22. The part of the ellipsoid x? + 2y? + 3z* = 1 that lies to 
the left of the xz-plane 


23. The part of the sphere x? + y* + z* = 4 that lies above 
the cone z = x? + y? 

24. The part of the cylinder x* + z? = 9 that lies above the 
xy-plane and between the planes y = —4 and y = 4 


25. The part of the sphere x? + y* + z? = 36 that lies between 
the planes z = 0 and z = 3/3 


26. The part of the plane z = x + 3 that lies inside the 
cylinder x* + y? = 1 


27-28 Use a computer to produce a graph that looks like the 


given one. 


27. 
3 


F3 29. Find parametric equations for the surface obtained by 


rotating the curve y = 1/(1 + x’), -2 <x < 2, about 
the x-axis and use them to graph the surface. 


F330. Find parametric equations for the surface obtained by 


rotating the curve x = 1/y, y = 1, about the y-axis and 
use them to graph the surface. 


FY 31. (a) What happens to the spiral tube in Example 2 (see Fig- 


ure 5) if we replace cos uw by sin u and sin u by cos u? 
(b) What happens if we replace cos u by cos 2u and sin u 
by sin 2u? 


- 32. The surface with parametric equations 


x = 2cos 6 + rcos(6/2) 
y = 2 sin 6 + rcos(@/2) 
z=rsin(@/2) 


where —} < r <4 and0 <@ < 21, is called a Mébius 
strip. Graph this surface with several viewpoints. What is 
unusual about it? 


SECTION 16.6 Parametric Surfaces and Their Areas 1181 


33-36 Find an equation of the tangent plane to the given 
parametric surface at the specified point. 


33.x=utv, y=3w, z=u-—v; (2,3,0) 


30x=W4+1, y=v4+1, z=utyv; (5,2,3) 
35. r(u,v) =ucosvit+ usinvj +vk; u=1, v= 7/3 


36. r(u, v) = sinui + cosusinvj + sinvk; 
u= 7/6, v= 7/6 


37-38 Find an equation of the tangent plane to the given 
parametric surface at the specified point. Graph the surface and 
the tangent plane. 


37. r(u,v) = wit 2usinvj + ucosvk; u=1,1=0 


38. r(u,v) = (1 — uv’? — o’)i-—vj—uk; (—1,-1,-1) 


39-50 Find the area of the surface. 


39. The part of the plane 3x + 2y + z = 6 that lies in the 
first octant 


40. The part of the plane with vector equation 
r(u, v) = (u + v,2 — 3u, 1 + u — v) that is given by 


0<u<2,-1<v<1 


41. The part of the plane x + 2y + 3z = 1 that lies inside the 
cylinder x* + y* =3 


42. The part of the cone z = ./x? + y? that lies between the 
plane y = x and the cylinder y = x? 


43. The surface z = 3(x*? + y¥”), O<x<1,0<y<1 


44, The part of the surface z = 4 — 2x? + y that lies above the 
triangle with vertices (0, 0), (1, 0), and (1, 1) 


45. The part of the surface z = xy that lies within the 
cylinder x7 + y? = 


46. The part of the surface x = z* + y that lies between the 
planes y = 0, y = 2,z = 0, andz = 2 


47. The part of the paraboloid y = x? + z? that lies within the 
cylinder x* + z* = 16 


48. The helicoid (or spiral ramp) with vector equation 
r(u, v) =ucosvit+usinvj +vk, O<uS1, 


0O<vSsT7 


49. The surface with parametric equations x = u*, y = uv, 
z=4w?,0<u<10<0<2 


50. The part of the sphere x? + y* + z* = Db’ that lies inside the 
cylinder x* + y* = a’, whereO <a<b 


51. If the equation of a surface S is z = f(x, y), where 
x? + y? < R’, and you know that | f,| < 1 and | f,| < 1, 
what can you say about A(S)? 
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52-53 Find the area of the surface correct to four decimal 
places by first simplifying an expression for area to one in terms 
of a single integral and then evaluating the integral numerically. 


52. 


53. 


The part of the surface z = cos(x* + y?) that lies inside the 
cylinder x7 + y?= 1 
The part of the surface z = In(x* + y* + 2) that lies above 
the disk x° + y? <1 


54, 


55. 


59. 


Use a computer algebra system to find, to four 
decimal places, the area of the part of the surface 
z= (1 + x’)/(1 + y’) that lies above the square 
|x| + |y| < 1. Illustrate by graphing this part of 
the surface. 


(a) Use the Midpoint Rule for double integrals (see Sec- 
tion 15.1) with six squares to estimate the area of the 
surface z = 1/1 + x* + y?),0<x<6,0<y<4. 

(b) Use a computer algebra system to approximate the 
surface area in part (a) to four decimal places. Compare 
with the answer to part (a). 


. Use a computer algebra system to find the area of the sur- 


face with vector equation 
r(u, v) = (cos*u cos*v, sin*u cos*v, sin*v) 


0 <u S<7,0 Sv S 27. State your answer correct to four 
decimal places. 


. Use a computer algebra system to find the exact area of the 


surface z = 1 + 2x + 3y+ 4y7,1<x<4,0<y<1. 


. (a) Set up, but do not evaluate, a double integral for 


the area of the surface with parametric equations 
x = aucosv, y = businv,z = u?,0 <u S 2, 
0<vS 27. 

(b) Eliminate the parameters to show that the surface is an 
elliptic paraboloid and set up another double integral 
for the surface area. 

(c) Use the parametric equations in part (a) with a = 2 and 
b = 3 to graph the surface. 

(d) For the case a = 2, b = 3, use a computer algebra 
system to find the surface area correct to four decimal 
places. 


(a) Show that the parametric equations x = a sin u cos 2, 
y=bsinu sinv,z=c cosu,0 Su S77, 
0 Sv S 27, represent an ellipsoid. 

(b) Use the parametric equations in part (a) to graph the 
ellipsoid for the case a = 1,b = 2,c = 3. 

(c) Set up, but do not evaluate, a double integral for the 
surface area of the ellipsoid in part (b). 


16.7 | Surface Integrals 


60. (a) Show that the parametric equations x = a cosh u cos v, 


fH 


y = bcoshu sin v, z = c sinh yu, represent a hyperbo- 
loid of one sheet. 

(b) Use the parametric equations in part (a) to graph the 
hyperboloid for the case a = 1,b = 2,c = 3. 

(c) Set up, but do not evaluate, a double integral for the 
surface area of the part of the hyperboloid in part (b) 
that lies between the planes z = —3 and z = 3. 


61. Find the area of the part of the sphere x? + y? + z* = 4z 


that lies inside the paraboloid z = x* + y?. 


62. The figure shows the surface created when the cylinder 


y* + z* = | intersects the cylinder x* + z* = 1. Find the 
area of this surface. 


_ 
wa 


63. Find the area of the part of the sphere x7 + y? + z* = a? 


that lies inside the cylinder x? + y* = ax. 


64. (a) Find a parametric representation for the torus obtained 


ae] 


by rotating about the z-axis the circle in the xz-plane 
with center (b, 0, 0) and radius a < b. [Hint: Take as 
parameters the angles 6 and a shown in the figure.] 

(b) Use the parametric equations found in part (a) to graph 
the torus for several values of a and b. 

(c) Use the parametric representation from part (a) to find 
the surface area of the torus. 


The relationship between surface integrals and surface area is much the same as the rela- 
tionship between line integrals and arc length. Suppose /f is a function of three variables 
whose domain includes a surface S. We will define the surface integral of f over S in such 
a way that, in the case where f(x, y, z) = 1, the value of the surface integral is equal 
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FIGURE 1 


We assume that the surface is 
covered only once as (u, v) ranges 
throughout D. The value of the sur- 
face integral does not depend on 
the parametrization that is used. 


SECTION 16.7 Surface Integrals 1183 


to the surface area of S. We start with parametric surfaces and then deal with the special 
case where S is the graph of a function of two variables. 


@ Parametric Surfaces 
Suppose that a surface S has a vector equation 
r(u, v) = x(u, v)i + y(u, v) j + z(u,v) k (u,v) € D 


We first assume that the parameter domain D is a rectangle and we divide it into subrect- 
angles Ri; with dimensions Au and Av. Then the surface S is divided into corresponding 
patches Sj; as in Figure 1. 


We evaluate f at a point P* in each patch, multiply by the area AS;; of the patch, and 
form the Riemann sum 


r 


3 


n 


F(PF) AS; 
1 


i=1 j= 


Then we take the limit as the number of patches increases and define the surface inte- 
gral of f over the surface S as 


m n 


iq [[ fy a5= lim > > s) As; 
Ss 


m,n 


i=1 j=l 


Notice the analogy with the definition of a line integral (16.2.2) and also the analogy with 
the definition of a double integral (15.1.5). 

To evaluate the surface integral in Equation | we approximate the patch area AS;; by 
the area of an approximating parallelogram in the tangent plane. In our discussion of 
surface area in Section 16.6 we made the approximation 


AS; = ee x r,| Au Av 


Ox , oy , Oz Ox , oy , Oz 
where r, = —i+—j+—k r, = —it+—j+—k 

ou Ou Ou ov ov ov 
are the tangent vectors at a corner of Sj. If the components are continuous and r, and r, 
are nonzero and nonparallel in the interior of D, it can be shown from Definition 1, even 
when D is not a rectangle, that 


[2] JJ 40s y, z) dS = I f(r(u, v)) |r. X 1, | dA 
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Here we use the identities 
cos’@ = 5 (1 + cos 26) 
sind = 1 — cos’ 


Instead, we could use Formulas 64 
and 67 in the Table of Integrals. 


This should be compared with the formula for a line integral: 


{. f(x, y, 2) ds = in f(a) |r" | dt 


Observe also that 


[[ tas = [f [rx no] dd = ACS) 


S D 


Formula 2 allows us to compute a surface integral by converting it into a double inte- 
gral over the parameter domain D. When using this formula, remember that f(r(u, v)) is 
evaluated by writing x = x(u, v), y = y(u, v),andz = z(u, v) inthe formula for f(x, y, z). 


EXAMPLE 1 Compute the surface integral |/,.x? dS, where S is the unit sphere 
x? + y? +7 =1, 
SOLUTION As in Example 16.6.4, we use the parametric representation 
x=sind cos@ y=sind snd z=cos6 OSdSa7 O0SO60527 
that is, r(d, 0) = sind cos@i+t sind sind j + cosdk 
As in Example 16.6.10, we can compute that 
|ry X re| = sing 


Therefore, by Formula 2, 


{ x°dS = {J (sing cos 6)" |rg X ro |dA 
s D 


_ 2a (a7 , 2 2 . = Qa 2 T . 3 
=| i) sin‘d cos°6 sing dd dé { cos°6 d6 { sin'd db 


= i (1 + cos 20) do i (sind — sind cos*d) db 


=! + 4sin20]"[-cos + 4 cos*o]. = - . 


Surface integrals have applications similar to those for the integrals we have previ- 
ously considered. For example, if a thin sheet (say, of aluminum foil) has the shape of a 
surface S and the density (mass per unit area) at the point (x, y, z) is p(x, y, z), then the 
total mass of the sheet is 


m = | p(x, y, 2) ds 
Ss 
and the center of mass is (x, y, z), where 
- 1 ll _ | 
x= — [{ xp(y,2) dS y=—|{ ye(uy, 2) ds z= — |{ z(x, y2) ds 
Ss Ss Ss 
Moments of inertia can also be defined as before (see Exercise 41). 


B® Graphs of Functions 
Any surface S with equation z = g(x, y) can be regarded as a parametric surface with 
parametric equations 

x=x yy z=glx,y) 
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0 0 
and so we have ry =it (22) k ry=jt (#) k 
Ox oy 
Thus 
0 0 


2 2 
and Jr. X ry| = V(®) + (2 sae 
x y 


Similar formulas apply when it is more convenient to project S onto the yz-plane or 
xz-plane. For instance, if S is a surface with equation y = h(x, z) and D is its projection 
onto the xz-plane, then 


[J re, y, z) dS = |) 70s h(x, z), Z) V(2y+(2y dA 


S 


EXAMPLE 2 Evaluate ||, y dS, where S is the surface z =x + y°,0<x<1, 
0 < y S 2. (See Figure 2.) 

SOLUTION Since 

OZ 


Oz 
—=1 and = 2y 
Ox oy 


a (Joes [fot (2) + (SY a 
= {, [yvi +1 + ay? dy dx 
= ii dx v2 |" yv1 + 2y? dy 
ieee 


3 


Formula 4 gives 


= 2 (HC + 297°] = 


If S is a pilecewise-smooth surface, that is, a finite union of smooth surfaces S), $5, ..., 
S, that intersect only along their boundaries, then the surface integral of f over S is 
defined by 


[| fe. y, z) dS = [| Fe. y,z) dS + +++ + [| Fes y, z) dS 
s Si 


Sn 


EXAMPLE 3 Evaluate ||, z dS, where S is the surface whose sides S, are given by the 


cylinder x” + y* = 1, whose bottom S} is the disk x* + y* < 1 in the plane z = 0, and 
whose top $3 is the part of the plane z = 1 + x that lies above S. 
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ZA SOLUTION The surface S is shown in Figure 3. (We have changed the usual posi- 
tees tion of the axes to get a better look at S.) For S; we use 6 and z as parameters (see 
\ Example 16.6.5) and write its parametric equations as 
y x = cos0 y = sind = 7 
* MS, (x? +y?=1) where 
\ 
— O<@<27 and OSz<1+x=1+ 0080 
a? al — x 
_~ a J Therefore 
~~ aA 
rd i j ok 
Ye X r-=|-—sin@ cos@ O|=cosd#i+ sind j 
FIGURE 3 0 0 1 


and |ro X r.| = /cos’0 + sin’?@ = 1 


Thus the surface integral over S| is 


[[ zs = [[ z]ro x r.|dA 
S D 


{" {eo zdzd0 = (" 5(1 + cos 6)? dé 


I 


= i" [1 + 2cos@ + $(1 + cos 26)| do 


Qa 3 
= ![30 + 2sino + !sin 20]. = a 


Since S> lies in the plane z = 0, we have 


aam|fos=0 


The top surface $3 lies above the unit disk D and is part of the plane z = 1 + x. So, 
taking g(x, y) = 1 + xin Formula 4 and converting to polar coordinates, we have 


ees +a 4 (=) + (=) dA 


= ("| (1 + rcos@)/1 + 1+ 0 rdrdé 


= v2 |" [" (r + r°cos@) dr dé = v2 |" (5 + } COs 0) dé 


J0 


6 sing |” 
- [$+ ~ fon 
0 


3 


Therefore 
[[zas= |{ eas + |[ eas + |{ 24s 
Ss S; Sp S3 


_ 3a 


=Z +0+V2a= (3+ V2)m | 
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FIGURE 4 


A MObius strip 
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\ | Ax 


7—> 
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FIGURE 5 
Constructing a MObius strip 


x 


FIGURE 6 


ey 
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® Oriented Surfaces 


To define surface integrals of vector fields, we need to rule out nonorientable surfaces such 
as the Mébius strip shown in Figure 4. [It is named after the German geometer August 
Mobius (1790-1868).] You can construct one for yourself by taking a long rectangular 
strip of paper, giving it a half-twist, and taping the short edges together as in Figure 5. If 
an ant were to crawl along the Mobius strip starting at a point P, it would end up on the 
“other side” of the strip (that is, with its upper side pointing in the opposite direction). 
Then, if the ant continued to crawl in the same direction, it would end up back at the same 
point P without ever having crossed an edge. (If you have constructed a Mobius strip, try 
drawing a pencil line down the middle.) Therefore a M6bius strip really has only one side. 
You can graph the Mobius strip using the parametric equations in Exercise 16.6.32. 


B c B,D 
A = a 


From now on we consider only orientable (two-sided) surfaces. We start with a sur- 
face S that has a tangent plane at every point (x, y, z) on S (except at any boundary point). 
There are two unit normal vectors n; and n. = —n, at (x, y, z). (See Figure 6.) 

If it is possible to choose a unit normal vector n at every such point (x, y, z) so that n 
varies continuously over S, then S is called an oriented surface and the given choice of 
n provides S$ with an orientation. For any orientable surface, there are two possible ori- 
entations (see Figure 7). 


n 
n 
/ ‘ 
y i? 
—- 
oo 
Ky 
FIGURE 7 ; n 


The two orientations yy aor 
of an orientable surface 


For a surface z = g(x, y) given as the graph of g, we use Equation 3 to associate with 
the surface a natural orientation given by the unit normal vector 


eB) 


Since the k-component is positive, this gives the upward orientation of the surface. 
If S is a smooth orientable surface given in parametric form by a vector function 
r(u, v), then it is automatically supplied with the orientation of the unit normal vector 


[6] 


_ Ty x Yr, 
[re <1, 
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and the opposite orientation is given by —n. For instance, in Example 16.6.4 we found 
the parametric representation 


r(f, 8) = asing cos@i+ asing sind j + acosdk 
for the sphere x* + y” + z? = a’. Then in Example 16.6.10 we found that 


rg X ro = a’sin’h cosOi + a’sin’ sind j + a’sind cosh k 


and |ry X ro| = a? sing 
So the orientation induced by r(¢, 6) is defined by the unit normal vector 


my Xr ae ae ee 1 
=?" = sind cos#i + sind sind j + cosdk = —r(d, 6) 

| Tog xX Yo | a 
Observe that n points in the same direction as the position vector, that is, outward from 
the sphere (see Figure 8). The opposite (inward) orientation would have been obtained 
(see Figure 9) if we had reversed the order of the parameters because rp X ry = —Yg X Yo. 


ty 
NI 


\ ged 


_— 


FIGURE 8 FIGURE 9 


Positive orientation Negative orientation 


For a closed surface, that is, a surface that is the boundary of a solid region E, the 
convention is that the positive orientation is the one for which the normal vectors point 
outward from E, and inward-pointing normals give the negative orientation (see Fig- 
ures 8 and 9). 


B® Surface Integrals of Vector Fields; Flux 


Suppose that S is an oriented surface with unit normal vector n, and imagine a fluid with 
density p(x, y, z) and velocity field v(x, y, z) flowing through S. (Think of S as an imagi- 
nary surface that doesn’t impede the fluid flow, like a fishing net across a stream.) Then 
the rate of flow (mass per unit time) per unit area is given by the vector field pv. (See 
Figure 10.) 


ZA 
F = pv 
n 
ae 
5 
Pa 
a y 
FIGURE 10 FIGURE 11 
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If we divide S into small patches Sj;, as in Figure 11 (compare with Figure 1), then Sj 
is nearly planar and so we can approximate the mass of fluid per unit time crossing Sj; in 
the direction of the normal n by the quantity 


(pv . n)A(S;;) 


where p, v, and n are evaluated at some point on Sj. (Recall that the component of 
the vector pv in the direction of the unit vector n is pv - n.) By summing these quantities 
and taking the limit we get, according to Definition 1, the surface integral of the function 
pv - nover S: 


{ pv: ndS = { p(x, y, z)v(x, y, z) + n(x, y, z) dS 
Ss S 


and this is interpreted physically as the rate of flow through S. 
If we write F = pv, then F is a vector field on R° and the integral given in Equation 7 
becomes 


| F-nds 
S 


A surface integral of this form occurs frequently in physics, even when F is not pv, and 
is called the surface integral (or flux integral) of F over S. 


Definition If F is a continuous vector field defined on an oriented surface S 
with unit normal vector n, then the surface integral of F over S is 


{Baas jp Mens 


s 


This integral is also called the flux of F across S. 


In words, Definition 8 says that the surface integral of a vector field over S is equal to 
the surface integral of its normal component over S (as previously defined). 

If S is given by a vector function r(u, v), then n is given by Equation 6, and from Defi- 
nition 8 and Equation 2 we have 


peed nape rere 


S 
YT, x Yr, 
_ {| Fire v))° exe] | ry, X Ts | dA 
D u v 


where D is the parameter domain. Thus we have 


Compare Equation 9 to the similar 
expression for evaluating line inte- 
grals of vector fields in Definition 


isl F-dS=((F-(r, x1r,)dA 
{F - dr = i F(r(4) + r'(0) dt | {| {I 


Formula 9 assumes the orientation of S induced by r, X r,, as in Equation 6. For the 
opposite orientation, we multiply by —1. 
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EXAMPLE 4 Find the flux of the vector field F(x, y, z) = zi + yj + xk across the 
unit sphere x? + y? + 27 = 1. 


Figure 12 shows the vector field F in SOLUTION As in Example 1, we use the parametric representation 
Example 4 at points on the unit 
sphere. r(¢, 0) = sing cos@i + sing sind j + cosdk 0<¢<7 0<60<27 


Then F(r(¢, 6)) = coshi+t sing sinédj + sing cosék 
and, from Example 16.6.10, 
ry X ro = sin’ cosOi + sin*d sind j + sind cosh k 


(You can check that these vectors correspond to the outward orientation of the sphere.) 
Therefore 


F(r(, 0)) « (te X re) = cos@ sin*d cos@ + sin’d sin’@ + sin*d cos cos 6 


FIGURE 12 and, by Formula 9, the flux is 
[JF as = [fF > (rs x re) aa 
s D 
= i" iM (2 sin’ cos cos6 + sin* sin’@) db dé 


= a) 2a T . 3 ar 2 
ah sin-d cos d dh { cos do + | sin’d dh : sin“6 dé 


I 


0+ iM sin’ db \" sin’@ do (snc i cos 6 d0 = 0) 


4a 


3 


by the same calculation as in Example 1. | 


If, for instance, the vector field in Example 4 is a velocity field describing the flow of a 
fluid with density 1, then the answer, 47/3, represents the rate of flow through the unit 
sphere in units of mass per unit time. 

In the case of a surface S given by a graph z = g(x, y), we can think of x and y as 
parameters and use Equation 3 to write 


0 0 
P(x) = (t+ 0+ Rm) (24- +4) 
: Ox oy 


Thus Formula 9 becomes 


ijr-as- ff pB 9% +n\an 


D 


This formula assumes the upward orientation of S; for a downward orientation we mullti- 
ply by —1. Similar formulas can be worked out if S is given by y = A(x, z) or x = k(y, z). 
(See Exercises 37 and 38.) 
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EXAMPLE 5 Evaluate |/,F - dS, where F(x, y, z) = yi + xj + zkand S is the 
boundary of the solid region E enclosed by the paraboloid z = 1 — x* — y? and 
the plane z = 0. 


SOLUTION S consists of a parabolic top surface S, and a circular bottom surface S). 
(See Figure 13.) Since S is a closed surface, we use the convention of positive (outward) 
orientation. This means that S| is oriented upward and we can use Equation 10 with D 
being the projection of S; onto the xy-plane, namely, the disk x* + y* < 1. Since 


P(x, y, 2) = y Oa, 9,2) = 2% R(x, y,z) =z=1-x*-y? 
y 
0 0 
on S; and J _ 9, “F = ~2y 
Ox oy 
FIGURE 13 we have 
0 0 
ifr-as= {| (--# o% +k) a 
. Ox oy 


D 
={{L V(=24) — a(=—2y) + b= 2? = 3 dA 
D 


{| (1 + 4xy — x? — y?)dA 
D 
Qn fl ; : 
— { { (1 + 4r’cos@ sin@ — r*)rdrdo 
27 fl 
7 \ \ (r — r? + 4r°cos6@ sin @) dr dé 


T 


= {" (¢ + cosé sin 0) dd = (27) +0= 7 


The disk S, is oriented downward, so its unit normal vector is n = —k and we have 
[fF as = [fF -( k) ds = || ( z) dA = || 0dA =0 
So So D D 


since z = 0 on S». Finally, we compute, by definition, i) 5 F + dS as the sum of the 
surface integrals of F over the pieces S, and S$): 


T 


[=| Beas | eas, 0 = = 


I 


Although we motivated the surface integral of a vector field using the example of fluid 
flow, this concept also arises in other physical situations. For instance, if E is an electric 
field (see Example 16.1.5), then the surface integral 


ees 


is called the electric flux of E through the surface S. One of the important laws of electro- 
statics is Gauss’s Law, which says that the net charge enclosed by a closed surface S is 


[1] Q = |{E-ds 
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where &» is a constant (called the permittivity of free space) that depends on the units used. 
(In the SI system, eo ~ 8.8542 X 10°? C’/N-m?.) Therefore, if the vector field F in 
Example 4 represents an electric field, we can conclude that the charge enclosed by S is 


Q= FTE. 

Another application of surface integrals occurs in the study of heat flow. Suppose the 
temperature at a point (x, y, z) in a body is u(x, y, z). Then the heat flow is defined as the 
vector field 

F=-KVu 


where K is an experimentally determined constant called the conductivity of the sub- 
stance. The rate of heat flow across the surface S in the body is then given by the surface 


integral 
|[F- 48 =—K || Yu-as 
S S 


EXAMPLE 6 The temperature u in a metal ball is proportional to the square of the 
distance from the center of the ball. Find the rate of heat flow across a sphere S of 
radius a with center at the center of the ball. 


SOLUTION Taking the center of the ball to be at the origin, we have 
u(x, y, z) = C(x? + y? + 2’) 
where C is the proportionality constant. Then the heat flow is 
F(x, y, z) = —K Vu = —KC(2xi + 2yj + 2zk) 


where K is the conductivity of the metal. Instead of using the usual parametrization of 
the sphere as in Example 4, we observe that the outward unit normal to the sphere 
x? + y? + 2? = a’ at the point (x, y, z) is 


Doak ‘ 
n=—(xi+ yj + zk) 
a 


2KC 
and so F-n=- (x? + y? + z’) 
a 
But on S we have x? + y* + z’ = a’, so F + n = —2aKC. Therefore the rate of heat 


flow across S is 


[J F- as = [[ F- nas = —2aKc [{ as 
S S Ss 
= —2aKCA(S) = —2aKC(41a*) = —8KCrra?* Oo 
16.7 | Exercises 
1. Let S be the surface of the box enclosed by the planes x = +1, 2. A surface S consists of the cylinder x? + y? = 1, 

y = £1,z = +1. Approximate ||, cos(x + 2y + 3z) dS by —1 <z S 1, together with its top and bottom disks. Suppose 
using a Riemann sum as in Definition 1, taking the patches Sj you know that f is a continuous function with 
to be the squares that are the faces of the box S and the points 
P;* to be the centers of the squares. f(+1, 0,0) = 2 f(O, £1, 0) = 3 f(0,0, +1) =4 
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Estimate the value of ||, f(x, y, z) dS by using a Riemann 
sum, taking the patches Sj; to be four quarter-cylinders and 
the top and bottom disks. 


. Let H be the hemisphere x* + y? + z? = 50, z = 0, and 


suppose f is a continuous function with f(3, 4, 5) = 7, 
£3, —4, 5) = 8, f(—3, 4, 5) = 9, and f(—3, —4, 5) = 12. 
By dividing H into four patches, estimate the value of 

ie f(x, y, z) ds. 


. Suppose that f(x, y, z) = g(x? + y? + z2), where g isa 


function of one variable such that g(2) = —5. Evaluate 
{Is Gx y. z) dS, where Sis the sphere x7 + y? + 2? = 


5-20 Evaluate the surface integral. 


5. 


10. 


11. 


12. 


13. 


14. 


ff;(@a + y + 2) dS, 
Sis the parallelogram with parametric equations x = u + »v, 
y=u-v,27=14+2u+7,0Sus2,0S081 


ZA 


RY 


» [fsxyz dS, 


Sis the cone with parametric equations x = u cos v, 
y=usinv,z=u,0SuS1,0S0S 7/2 


. fs ydS, Sis the helicoid with vector equation 


r(u, v) = (ucosv,usinv,v),0O<u<10<v<7 


» [G2 + y?) as, 


Sis the surface with vector equation 
r(u, v) = (2uv, uw — v?,wW + 0°), u? +0? <1 


. |fsx?yz dS, Sis the part of the plane z = 1 + 2x + 3y that 


lies above the rectangle [0, 3] x [0, 2] 


Is xzdS, Sis the part of the plane 2x + 2y + z = 4 that 
lies in the first octant 


Ms x dS, 

S is the triangular region with vertices (1, 0, 0), (0, —2, 0), 
and (0, 0, 4) 

IIs » 4S, 

S is the surface z = $ (x7? + y*”),0<x<1,0<y<1 
Ms z* dS, 

S is the part of the paraboloid x = y* + z? given 
by0<x<1 

IIs 972? aS, 

S is the part of the cone y = \/x? + z? given byO0 <y <5 
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15. [lex d5, 
Sis the surface y= x? + 4z,0<x<1,0<7z<1 


16. {j;, y? dS, 
S is the part of the sphere x* + y? + z? = | that lies above 


the cone z = x? + y? 
17. fs (x°z + y?z)dS, 
Sis the hemisphere x* + y? + 27 = 4,720 
18. |/,(x + y + 2)d5S, 
S is the part of the half-cylinder x* + z* = 1, z = 0, that lies 
between the planes y = 0 and y = 2 


19. {j,xz dS, 
Sis the boundary of the region enclosed by the cylinder 
y? + z° = 9 and the planes x = Oandx + y =5 


x+ty=5 


20. |, (x? + y? + 27) dS, 
S is the part of the cylinder x? + y? = 9 between the planes 
z = Oand z = 2, together with its top and bottom disks 


21-32 Evaluate the surface integral fs F - dS for the given vector 
field F and the oriented surface S. In other words, find the flux of F 
across S. For closed surfaces, use the positive (outward) orientation. 


21. F(x, y, z) = ze’ i — 3ze j + xyk, 
S is the parallelogram of Exercise 5 with upward orientation 


22. F(x, y,z) =zi+yj+xk, 
Sis the helicoid of Exercise 7 with upward orientation 


23. F(x, y,z) =xyi+ yzj + zxk, Sis the part of the 
paraboloid z = 4 — x* — y* that lies above the square 
0 <x <1,0<y <1, and has upward orientation 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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F(x, y,z) = —xi-— yj +z°k, Sis the part of the cone 


z = \/x2 + y? between the planes z = | and z = 3 with 
downward orientation 


F(x, y,z) =xi+yj+2z?k, Sis the sphere with radius | 
and center the origin 


F(x, y,z) =yi-—xj+t2zk, Sis the hemisphere 
x? + y? +z? = 4,2 = 0, oriented downward 


F(x, y,z) =yj — zk, 

S consists of the paraboloid y = x7 + 2,0<y<1, 

and the disk x? + z7<l,y=1 

F(x, y,z) = yzit+ zxj + xyk, Sis the surface 
z=xsiny,0 <x < 2,0 <y S 7, with upward orientation 


F(x, y,z) =xit 2yj + 3zk, 
S is the cube with vertices (+1, +1, +1) 


F(x, y,z) =xi+yj+5k, Sis the boundary of the 
region enclosed by the cylinder x* + z* = 1 and the planes 
y=Oandx+y=2 


F(x, y,z) =x?i+ y?j + 2°k, Sis the boundary of the 
solid half-cylinderO Sz <= /1 —y?,0Sx<2 


F(x, y,z) =yit (z—y)j+-xk, 
Sis the surface of the tetrahedron with vertices (0, 0, 0), 
(1, 0, 0), (0, 1, 0), and (0, 0, 1) 


) 


(4) 


(4) 


33. 


34. 


35. 


Use a computer algebra system to evaluate 
\l, (x? + y? + 2?) dS correct to four decimal places, where 
Sis the surface z = xe’,OSx<1,0SyS<l. 


Use a computer algebra system to find the exact value of 
fl}, xyz dS, where S is the surface z = x*y?,0 <x <1, 
O<y2. 


Use a computer algebra system to find the value of 
{].,x?y?z? dS correct to four decimal places, where S is the 
part of the paraboloid z = 3 — 2x* — y’ that lies above the 
xy-plane. 


. Use a computer algebra system to find the flux of 


F(x, y, z) = sin(xyz)i + x?yj + 2e*?k 


across the part of the cylinder 4y? + z* = 4 that lies above 
the xy-plane and between the planes x = —2 and x = 2 
with upward orientation. Illustrate by graphing the cylinder 
and the vector field on the same screen. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


45. 


46. 


47. 


48. 


49. 


Find a formula for |{, F + dS similar to Formula 10 for the 
case where S is given by y = A(x, z) and n is the unit nor- 
mal that points toward the left (when the axes are drawn in 
the usual way). 


Find a formula for ||, F + dS similar to Formula 10 for the 
case where S is given by x = k(y, z) and n is the unit nor- 
mal that points forward (that is, toward the viewer when the 
axes are drawn in the usual way). 


Find the center of mass of the hemisphere 
x? + y? + 2° =a’,z = 0, if it has constant density. 


Find the mass of a thin funnel in the shape of a cone 
z= J/x?+ y?,1 <z<4, if its density function 
is p(x, y,z) = 10 — z. 


(a) Give an integral expression for the moment of inertia J, 
about the z-axis of a thin sheet in the shape of a surface 
S if the density function is p. 

(b) Find the moment of inertia about the z-axis of the 
funnel in Exercise 40. 


Let S be the part of the sphere x? + y? + z? = 25 that lies 
above the plane z = 4. If S has constant density k, find 

(a) the center of mass and (b) the moment of inertia about 
the z-axis. 


A fluid has density 870 kg/m’ and flows with velocity 
v=zi+ y’j + x’k, where x, y, and z are measured in 
meters and the components of v in meters per second. 
Find the rate of flow outward through the cylinder 
erty=40<z<1. 


. Seawater has density 1025 kg/m/* and flows in a velocity field 


v = yi + xj, where x, y, and z are measured in meters and 
the components of v in meters per second. Find the rate of flow 
outward through the hemisphere x* + y? + 27 = 9,z = 0. 


Use Gauss’s Law to find the charge contained in the solid 


hemisphere x? + y* + z* < a’, z = 0, if the electric field is 


E(x, y,z) =xi+ yj +2zk 


Use Gauss’s Law to find the charge enclosed by the cube 
with vertices (+1, +1, +1) if the electric field is 


E(x, y,z) =xit+yjt+zk 


The temperature at the point (x, y, z) in a substance with 
conductivity K = 6.5 is u(x, y, z) = 2y? + 22’. Find the 
rate of heat flow inward across the cylindrical surface 
yt+27=60<5x<4. 


The temperature at a point in a ball with conductivity K is 
inversely proportional to the distance from the center of the 
ball. Find the rate of heat flow across a sphere S of radius a 
with center at the center of the ball. 


Let F be an inverse square field, that is, F(r) = cr/|r|* for 
some constant c, where r = xi + yj + zk. Show that the 
flux of F across a sphere S with center the origin is indepen- 
dent of the radius of S. 
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FIGURE 1 


George Stokes 


Stokes’ Theorem is named after the 
Irish mathematical physicist Sir 
George Stokes (1819-1903). Stokes 
was a professor at Cambridge Univer- 
sity (in fact he held the same position 
as Newton, Lucasian Professor of 
Mathematics) and was especially 
noted for his studies of fluid flow and 
light. What we call Stokes’ Theorem 
was actually discovered by the Scot- 
tish physicist Sir William Thomson 
(1824-1907, known as Lord Kelvin). 
Stokes learned of this theorem ina 
letter from Thomson in 1850 and 
asked students to prove it on an 
examination at Cambridge University 
in 1854. We don't know if any of those 
students was able to do so. 


16.8 
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Stokes’ Theorem 


Stokes’ Theorem can be regarded as a higher-dimensional version of Green’s Theorem. 
Whereas Green’s Theorem relates a double integral over a plane region D to a line inte- 
gral around its plane boundary curve, Stokes’ Theorem relates a surface integral over a 
surface S to a line integral around the boundary curve of S (which is a space curve). 
Figure 1 shows an oriented surface with unit normal vector n. The orientation of $ 
induces the positive orientation of the boundary curve C shown in the figure. This 
means that if you walk in the positive direction around C with your head pointing in the 
direction of n, then the surface will always be on your left. 


Stokes’ Theorem Let S be an oriented piecewise-smooth surface that is bounded 
by a simple, closed, piecewise-smooth boundary curve C with positive orientation. 
Let F be a vector field whose components have continuous partial derivatives on 


an open region in R? that contains S. Then 


[Far = |{ cul F- ds 
S 


Since 


[.Fear=| F-Tas and [cul F + dS = [{ curl F - nas 
S Ss 


Stokes’ Theorem says that the line integral around the boundary curve of S of the tangen- 
tial component of F is equal to the surface integral over S of the normal component of the 
curl of F. 

The positively oriented boundary curve of the oriented surface S is often written as 
dS, so Stokes’ Theorem can be expressed as 


i] [[ cul F- dS =| Far 
S 


There is an analogy among Stokes’ Theorem, Green’s Theorem, and the Fundamental 
Theorem of Calculus. As before, there is an integral involving derivatives on the left side 
of Equation | (recall that curl F is a sort of derivative of F) and the right side involves the 
values of F only on the boundary of S. 

In fact, in the special case where the surface S is flat and lies in the xy-plane with 
upward orientation, the unit normal is k, the surface integral becomes a double integral, 
and Stokes’ Theorem becomes 


[Fear = |[ cut F- as = [i (curl F) -k dA 
Ss Ss 


This is precisely the vector form of Green’s Theorem given in Equation 16.5.12. Thus we 
see that Green’s Theorem is really a special case of Stokes’ Theorem. 

Although Stokes’ Theorem is too difficult for us to prove in its full generality, we can 
give a proof when S is a graph and F, S, and C are well behaved. 


PROOF OF A SPECIAL CASE OF STOKES’ THEOREM We assume that the equation of 
Sis z = g(x, y), (x, y) € D, where g has continuous second-order partial derivatives and 
D is a simple plane region whose boundary curve C; corresponds to C. If the orientation 
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Zh of S is upward, then the positive orientation of C corresponds to the positive orientation 
of C;. (See Figure 2.) We are also given that F = Pi + Qj + Rk, where the partial 
derivatives of P, Q, and R are continuous. 

Since S$ is a graph of a function, we can apply Formula 16.7.10 with F replaced by 
curl F. The result is 


[2] {{ curl F - dS 


={{| (2 20.) (# a8, (20 PY) aa 
y oy oz } Ox Oz ox } doy Ox oy 


where the partial derivatives of P, Q, and R are evaluated at (x, y, g(x, y)). If 


FIGURE 2 


t=0) yeyQ 25758 
is a parametric representation of C), then a parametric representation of C is 
x=xQ yy) z=gG),yO) asxt<b 
This allows us, with the aid of the Chain Rule, to evaluate the line integral as follows: 


[F a= pogo UR la 
c 2 dt dt dt 


? dx dy dz dx dz dy 
=| |P—+O—+R + dt 
é dt dt ox dt dy dt 


JLile+es) -s(e+ede)] 
= Q+R —|P+R—]|dA 
Ox oy oy Ox 


where we have used Green’s Theorem in the last step. Then, using the Chain Rule again 
and remembering that P, Q, and R are functions of x, y, and z and that z is itself a func- 
tion of x and y, we get 


00 00 dz OR dz ~~ OR Oz Oz oz 
[.Fear= —= + = — + —— + ——— +R 
c Ox oz Ox Ox oy dz Ox dy Ox oy 
D 


dP | AP dz , OR dz | OR Az Az az 
of + “+ +R dA 
oy oz oy Oy Ox 0z Oy Ox Oy Ox 


Four of the terms in this double integral cancel and the remaining six terms can be 
arranged to coincide with the right side of Equation 2. Therefore 


[Far = |{ culF + as a 
5: 
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EXAMPLE 1 Evaluate i F - dr, where F(x, y, z) = —y*i+ xj + zk and C is the 
curve of intersection of the plane y + z = 2 and the cylinder x? + y? = 1. (Orient C to 
be counterclockwise when viewed from above.) 


ZA SOLUTION The curve C (an ellipse) is shown in Figure 3. Although Tg F - dr could be 
evaluated directly, it’s easier to use Stokes’ Theorem. We first compute 


i j k 
0 0 0 
curl F = = (1 + 2y)k 
Ox Oy oz 
~y? x 72 


Stokes’ Theorem allows us to choose any (oriented, piecewise-smooth) surface with 
boundary curve C. Among the many possible such surfaces, the most convenient 
choice is the elliptical region S in the plane y + z = 2 that is bounded by C. If we 
orient S upward, then C has the induced positive orientation. The projection D of S 
onto the xy-plane is the disk x? + y* < 1 and so using Equation 16.7.10 with 

z = g(x, y) =2 — y, we have 


FIGURE 3 


[Far =[{culF- as = {fa + 2y)dA 
Ss D 


= ("| (1 + 2r sin 0) r dr dé 
0 0 


1 


2a}? re. Qn . 
| 2 3 sno | do = | (4 + 2sin 0) do 


0 L2 0 
=;2n)+0=7 oO 


NOTE Stokes’ Theorem allows us to compute a surface integral simply by knowing the 
values of F on the boundary curve C. This means that if we have another oriented surface 
with the same boundary curve C, then we get exactly the same value for the surface 
integral. In general, if S; and S, are oriented surfaces with the same oriented boundary 
curve C and both satisfy the hypotheses of Stokes’ Theorem, then 


[3] [{ cul dS =| F+ar=|{ culF + as 
Si Sp 


This fact is useful when it is difficult to integrate over one surface but easy to integrate 
over the other. 


EXAMPLE 2 Use Stokes’ Theorem to compute the integral {/, curl F - dS, where 
F(x, y, z) = xzi+ yzj + xyk and S is the part of the sphere x? + y? + z’ = 4 that 
lies inside the cylinder x? + y? = 1 and above the xy-plane. (See Figure 4.) 


SOLUTION 1 To find the boundary curve C we solve the equations x* + y? + z7=4 
and x? + y* = 1. Subtracting, we get z? = 3 and so z = V3 (since z > 0). Thus C is 
the circle given by the equations x7 + y* = 1,z = V3. A vector equation of C is 


r(t) =costi+ sintj + /3k 0<t<2n 


FIGURE 4 so r(t) = —sinti + costj 
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Also, we have 


F(r(t)) = V3 cos ti + 
Therefore, by Stokes’ Theorem, 


3 sintj + cost sintk 


i | curl F- dS = [.F -dr = i F(r()) + v(t) dt 
s 
= {°° (-v3 cos t sin t + /3 sint cos t) dt = V3 "0dr =0 


SOLUTION 2 Let S, be the disk in the plane z = /3 inside the cylinder x* + y? = 1, as 
shown in Figure 5. Since $, and S have the same boundary curve C, it follows by 
Stokes’ Theorem that 


i} curl F - dS = i} curl F - dS 
s Si 


Because S; is part of a horizontal plane, its upward normal is k. We calculate that 
curl F = (x — y)i + (x — y)j, so 


FIGURE 5 


[{ curl F - dS = [{ curl F - dS = jj curl - nds 
5S Si Si 
= [{ [@ — i+ @— yj] -kas = [f 0as = 0 a 
Si Si 


We now use Stokes’ Theorem to shed some light on the meaning of the curl vector. 
Suppose that C is an oriented closed curve and v represents the velocity field in fluid 
flow. Consider the line integral 


[.v-ar= |v Tas 


and recall that v - T is the component of v in the direction of the unit tangent vector T. 
This means that the closer the direction of v is to the direction of T, the larger the value 
of v + T. (Recall that if v and T point in generally opposite directions, then v - T is nega- 
tive.) Thus fe v : dr is a measure of the tendency of the fluid to move around C in the 
same direction as the orientation of C, and is called the circulation of v around C. (See 


Figure 6.) 
Thee ge Ny, ee Sea a Pa a 
he ye ey Sea Lr Se. a SE 
VY \ NX x f 7 * 
£ f o£ ~ ON fo 
Pa ae le ass hrs. ea 
a a =o 2 Se a ee ae 
f X~/X «© © £ £ fF «€ 
; FIGURE 6 %Y fl 7A 7 we» YN YO NO 
|. ¥ + dr > 0, positive circulation a Se Aig ce en, ee Oy ee 
[year <0, negative circulation = SN NS NNN 
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Imagine a tiny paddle wheel placed in 


the fluid at a point P, as in Figure 7; 
the paddle wheel rotates fastest when 
its axis is parallel to curl v. 


curl v 


SECTION 16.8 Stokes’ Theorem 1199 


Now let Po(xo, yo, Zo) be a point in the fluid and let S, be a small disk with radius a and 
center Po. Then (curl F)(P) ~ (curl F)(Pp) for all points P on S, because curl F is contin- 
uous. Thus, by Stokes’ Theorem, we get the following approximation to the circulation 
around the boundary circle C,: 


J. = I curl vy - dS = {curl v -nds 
ms 3s: 
~ {| curl v(Po) + n(Po) dS = curl v(Po) + n(Po)7a* 
. 


This approximation becomes better as a — 0 and we have 


1 
[4] curl v(Po) * n(Po) = lim —, i v-dr 
a—0 Tra Ca 


Equation 4 gives the relationship between the curl and the circulation. It shows that 
curl v - n is a measure of the rotating effect of the fluid about the axis n. The curling 
effect is greatest about the axis parallel to curl v. 


Finally, we mention that Stokes’ Theorem can be used to prove Theorem 16.5.4 
(which states that if curl F = 0 on all of R°, then F is conservative). From our previous 
work (Theorems 16.3.3 and 16.3.4), we know that F is conservative if le F - dr = 0 for 
every closed path C. Given C, suppose we can find an orientable surface S$ whose bound- 
ary is C. (This can be done, but the proof requires advanced techniques.) Then Stokes’ 


FIGURE 7 Theorem gives 
[.F-ar=|{ cul -as = {[0-as=0 
S S 
A curve that is not simple can be broken into a number of simple curves, and the integrals 
around these simple curves are all 0. Adding these integrals, we obtain |. F - dr = 0 for 
any closed curve C. 
16.8 | Exercises 
1. A disk D, a hemisphere H, and a portion P of a paraboloid 2-6 Use Stokes’ Theorem to evaluate | if curl F : dS. 


are shown. Suppose F is a vector field on R? whose compo- 


nents have continuous partial derivatives. Explain why this 
statement is true: 


2. F(x, y,z) =x*sinzit+ y?j + xyk, 
S is the part of the paraboloid z = 1 — x? — y? that lies 
above the xy-plane, oriented upward 


{[ curt F -dS = || curl F - ds = |{ curl F -dS 3. F(x, y,z) =ze’it xcosyj + xzsinyk, 
D H ? 


S is the hemisphere x* + y? + z? = 16, y = O, oriented in 
the direction of the positive y-axis 


4. F(x, y, z) = tan '(x? yz?) i + x*yj + x°z*k, 
Sis the cone x = Jy? + z?,0 <x S 2, oriented in the 
direction of the positive x-axis 


5. F(x, y,z) =xyzit xyj t+ x’yzk, 
S consists of the top and the four sides (but not the bottom) 
of the cube with vertices (+1, +1, +1), oriented outward 
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6. F(x, y,z) =e” it e*j + x°zk, 
S is the half of the ellipsoid 4x? + y* + 4z* = 4 that lies 
to the right of the xz-plane, oriented in the direction of the 
positive y-axis 


4x°+y?+47=4 


7-14 Use Stokes’ Theorem to evaluate |, F + dr. In each case C 
is oriented counterclockwise as viewed from above, unless 
otherwise stated. 


7. Fix, y.2 = (xt y)it Gt 2)j+ (t+ x7)k, 
C is the triangle with vertices (1, 0, 0), (0, 1, 0), and 
(0, 0, 1) 


8. F(x, y,z) =it (x + yz)j + (xy — Vz) k, 
C is the boundary of the part of the plane 3x + 2y + z= 1 
in the first octant 


9. F(x, y, z) = xyit yzj + 2xk, 
C is the boundary of the part of the paraboloid 
z=1-—x? — y’ in the first octant 


10. F(x, y, z) 


y)k, 
C is the curve of intersection of the plane z = y + 2 and the 
cylinder x7 + y? = 1 


Qyitxzjt (x4 


11 


F(x, y, z) = (— yx’, xy’, e”), Cis the circle in the xy-plane 
of radius 2 centered at the origin 


12. F(x, y,z) = ze*it (zg —y*)jt+ («— z*)k, 
C is the circle y* + z* = 4, x = 3, oriented clockwise as 
viewed from the origin 


ae] 


ae] 


13. F(x, y,z) =x°yit+ x7j + e* tan 'zk, 
C is the curve with parametric equations x = cos t, y = sin ft, 
z=sint,0O <t<27 


14, F(x, y,z) = (x* — z,xy,y + z’), Cis the curve of intersec- 
tion of the paraboloid z = x? + y? and the plane z = x 


15. (a) Use Stokes’ Theorem to evaluate fo F - dr, where 
F(x, y,z) = x°zit+ xy?j + 2°k 


and C is the curve of intersection of the plane 
x + y + z= land the cylinder x? + y? = 9, oriented 
counterclockwise as viewed from above. 
Graph both the plane and the cylinder with domains 
chosen so that you can see the curve C and the surface 
that you used in part (a). 
(c) Find parametric equations for C and use them to 

graph C. 


16. (a) Use Stokes’ Theorem to evaluate i F - dr, where 

F(x, y, 2) =x? yi + 4x°j + xy k and C is the curve of 

intersection of the hyperbolic paraboloid z = y* — x? and 

the cylinder x? + y* = 1, oriented counterclockwise as 

viewed from above. 

(b) Graph both the hyperbolic paraboloid and the cylinder 
with domains chosen so that you can see the curve C and 
the surface that you used in part (a). 


(c) Find parametric equations for C and use them to graph C. 


17-19 Verify that Stokes’ Theorem is true for the given vector 


field F and surface S. 


17. F(x, y,z) = —yit+ xj — 2k, 
Sis the cone z* = x? + y*,0 <z <4, oriented downward 
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18. F(x, y,z) = —2yzi+ yj + 3xk, 


S is the part of the paraboloid z = 5 — x? — y? that lies 
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under the influence of the force field 


F(x, y, z) = 27 + 2xyj + 4y’k 


above the plane z = 1, oriented upward 


19. F(x, y,z) =yi+zjt+xk, 


S is the hemisphere x* + y* + z* = 1, y = 0, oriented in the 


direction of the positive y-axis 


Find the work done. 
22. Evaluate 


L (y + sin x) dx + (z? + cos y) dy + x? dz 


20. Let C be a simple closed smooth curve that lies in the plane 
x + y + z = 1. Show that the line integral 23 


[24x — 2x dy + 3ydz 


depends only on the area of the region enclosed by C and not 
on the shape of C or its location in the plane. 


21. A particle moves along line segments from the origin to the 
points (1, 0, 0), (1, 2, 1), (0, 2, 1), and back to the origin 


16.9 


The Divergence Theorem is some- 
times called Gauss’s Theorem after 
the great German mathematician 
Karl Friedrich Gauss (1777-1855), who 
discovered this theorem during his 
investigation of electrostatics. In 
Eastern Europe the Divergence Theo- 
rem is known as Ostrogradsky’s 
Theorem after the Russian mathe- 
matician Mikhail Ostrogradsky 
(1801-1862), who published this 
result in 1826. 


where C is the curve r(t) = (sin ¢, cos ¢, sin 2t), 0 < t < 27. 
[Hint: Observe that C lies on the surface z = 2xy.] 


. If Sis a sphere and F satisfies the hypotheses of Stokes’ 
Theorem, show that |/, curl F - dS = 0. 


24. Suppose S and C satisfy the hypotheses of Stokes’ Theorem 
and f, g have continuous second-order partial derivatives. Use 
Exercises 26 and 28 in Section 16.5 to show the following. 
(a) | (f Vg) + dr = JJ, (Vf x Vg) + dS 
(b) |. (f Vf) + dr =0 
() Jc(f Vg + gVf) + dr = 0 


The Divergence Theorem 


In Section 16.5 we rewrote Green’s Theorem in a vector version as 


\F -nds = i} div F(x, y) dA 
D 


where C is the positively oriented boundary curve of the plane region D. If we were seek- 
ing to extend this theorem to vector fields on R*, we might make the guess that 


a || F- nas = {ff div FO y, 2 av 
s E 


where S is the boundary surface of the solid region E. It turns out that Equation | is true, 
under appropriate hypotheses, and is called the Divergence Theorem. Notice its similar- 
ity to Green’s Theorem and Stokes’ Theorem in that it relates the integral of a derivative 
of a function (div F in this case) over a region to the integral of the original function F 
over the boundary of the region. 

At this stage you may wish to review the various types of regions over which we were 
able to evaluate triple integrals in Section 15.6. We state and prove the Divergence Theo- 
rem for regions £ that are simultaneously of types 1, 2, and 3 and we call such regions 
simple solid regions. (For instance, regions bounded by ellipsoids or rectangular boxes 
are simple solid regions.) The boundary of E is a closed surface, and we use the conven- 
tion, introduced in Section 16.7, that the positive orientation is outward; that is, the unit 
normal vector n is directed outward from E. 


The Divergence Theorem Let E be a simple solid region and let S be the bound- 
ary surface of E, given with positive (outward) orientation. Let F be a vector field 
whose component functions have continuous partial derivatives on an open region 


that contains E. Then 


Ios omalh| eit zy 
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FIGURE 1 


Thus the Divergence Theorem states that, under the given conditions, the flux of F 
across the boundary surface of E is equal to the triple integral of the divergence of 
F over E. 


PROOF Let F = Pi+ Qj + Rk. Then 


ne 0 
div F = e+ 
Ox A 


50 jean (( Zar p22 yave (se 


If nis the unit outward normal of S, then the surface integral on the left side of the Diver- 
gence Theorem is 


|[F- as = |[ F-nas= || (Pi+ Qj + RW) -nas 
S AY S 


= |{ Pi-nds + {{ Qj-nds + |[ Rk- nas 
5: S Ss 


Therefore, to prove the Divergence Theorem, it suffices to prove the following three 
equations: 


[2] era Wore 
a (formas [fj a 
[a] yee ndS = Wore 


To prove Equation 4 we use the fact that EF is a type | region: 


={(x,y,2) | 9) € D, u(y) <2 < wale, y)} 
where D is the projection of E onto the xy-plane. By Equation 15.6.6, we have 


Ws w= I) ie By 2) | dA 


and therefore, by the Fundamental Theorem of Calculus, 
5] We: o av = \J [R(x y, ualx, y)) — R(x y, wax, y))] da 


The boundary surface S consists of three pieces: the bottom surface S$}, the top 
surface S», and possibly a vertical surface $3, which lies above the boundary curve of D. 
(See Figure 1. It might happen that S3 doesn’t appear, as in the case of a sphere.) Notice 
that on S3 we have k : n = 0, because k is vertical and n is horizontal, and so 


|| Rk-nas= {/oas=o 
S3 S3 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Notice that the method of proof of 
the Divergence Theorem is very 
similar to that of Green’s Theorem. 


The solution in Example 1 should 
be compared with the solution in 
Example 16.7.4. 


a j2tes 
| " oe 
| 
a 
Lawrie ————— 
Qk 
i “eS 
( 0,0) 60 H \ (0, 2, 0) 
> y 
a el 
z=1-x 
FIGURE 2 
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Thus, regardless of whether there is a vertical surface, we can write 
[6] [[ Rk- nas =|[Rk-nds + || Rk- nas 
S Si So 


The equation of 5; is z = u2(x, y), (x, y) € D, and the outward normal n points 
upward, so from Equation 16.7.10 (with F replaced by R k) we have 


{| Rk-ndS = {| R(x, y, U2(x, y)) dA 
So D 


On S, we have z = u(x, y), but here the outward normal n points downward, so we 
multiply by —1: 


[[ Rk -ndS = | R(x, y, ui(x, y)) dA 
s; D 


Therefore Equation 6 gives 


{f Rk-ndS = {J [R(x y, ur(x, y)) — R(x, y, u(x, | dA 
S D 


Comparison with Equation 5 shows that 
oR 
|[ Rk - nas = [{f av 
Oz 
s E 
Equations 2 and 3 are proved in a similar manner using the expressions for E as a 
type 2 or type 3 region, respectively. Oo 
EXAMPLE 1 Find the flux of the vector field F(x, y, z) = zi + yj + xk over the unit 
sphere x7 + y? + 2° = 1. 
SOLUTION First we compute the divergence of F: 


0 0 0 
div F = “F + =1 
WF= 2 @+ SO + 5 @ 


The unit sphere S is the boundary of the unit ball B given by x? + y? + z* < 1. Thus 
the Divergence Theorem gives the flux as 


[JF as = [[faiveav = {ff tav = via) = 4a == m 
AY B B 


EXAMPLE 2 Evaluate ||, F - dS, where 


F(x, y, z) =xyit (y? + e**)j + sin(xy) k 


and S is the surface of the region E bounded by the parabolic cylinder z = 1 — x* and 
the planes z = 0, y = 0, and y + z = 2. (See Figure 2.) 


SOLUTION It would be extremely difficult to evaluate the given surface integral 
directly. (We would have to evaluate four surface integrals corresponding to the four 
pieces of S.) Furthermore, the divergence of F is much less complicated than F itself: 


fe] 0 0... 
div F = — (xy) + —(y? + e*™”) + —(sin xy) = y + 2y = 3y 
Ox oy Oz 
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Therefore we use the Divergence Theorem to transform the given surface integral into a 
triple integral. The easiest way to evaluate the triple integral is to express E as a type 3 
region: 


E ={(x,y,z) | -1<x<1,0<z<1-x4,0<y<2-z7} 


Then we have 


[pera | on waves | layer 


=3 ie (= {ry dy dz dx = 3 ‘a Pe mee ’ oy dz dx 


x o— el" ft 
=— —_— dx =-35| [(x? + 1° - 8]dx 
2 ={ 3 0 ), 
184 
= —(" (5 + 3x4 + 3x? — dx = oO 
0 35 


Although we have proved the Divergence Theorem only for simple solid regions, it 
can be proved for regions that are finite unions of simple solid regions. (The procedure is 
similar to the one we used in Section 16.4 to extend Green’s Theorem.) 

For example, let’s consider the region E that lies between the closed surfaces S, and 
So, where S, lies inside S;. Let n, and ny be outward normals of S; and S:. Then the 
boundary surface of E is S = S$, U S> and its normal n is given by n = —n, on S, and 
n = n,0n S». (See Figure 3.) Applying the Divergence Theorem to S, we get 


I) eae |) asi [mines 


{J F- (mas + [[ F- mas 
S: 


Sy 2 
—|[F-as + [[F-as 
Si So 


EXAMPLE3 In Example 16.1.5 we considered the electric field 


FIGURE 3 


oe 


TP 


x 


where the electric charge Q is located at the origin and x = (x, y, z) is a position vector. 
Use the Divergence Theorem to show that the electric flux of E through any closed 
surface S that encloses the origin is 


|| E- 8 = 470 
AY 


SOLUTION The difficulty is that we don’t have an explicit equation for S because it is 
any closed surface enclosing the origin. Let S$, be a sphere centered at the origin with 
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FIGURE 4 
The vector field F = x*i + y*j 
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radius a, where a is chosen to be small enough so that S; is contained within S. Let E 
be the region that lies between S; and S. Then Equation 7 gives 


Nseries | Mee 


You can verify that div E = 0. (See Exercise 25.) Therefore from (8) we have 


|[e-as = [[E-as 


S Si 


The point of this calculation is that we can compute the surface integral over S; because 
5S; is a sphere. The normal vector at x is x/|x|. Therefore 


_ €Q ; x _ €Q ee éQ _&«Q 
[xP \ixl] xf * [xP @ 


E-n 


since the equation of S, is |x| = a. Thus we have 


[J B-as = [[E-nas = a {J as = 22 (51) = a 4ara® = Ate 
S Si Si 


This shows that the electric flux of E is 47reQ through any closed surface S that 
contains the origin. [This is a special case of Gauss’s Law (Equation 16.7.11) fora 
single charge. The relationship between « and & is « = 1/(47r&0).] o 


Another application of the Divergence Theorem occurs in fluid flow. Let v(x, y, z) be 
the velocity field of a fluid with constant density p. Then F = pv is the rate of flow per 
unit area. If Po(xo, yo, Zo) iS a point in the fluid and B, is a ball with center Pp and 
very small radius a, then div F(P) ~ div F(Po) for all points P in B, since div F is con- 
tinuous. We approximate the flux over the boundary sphere S, as follows: 


{| F-dS = (\ div F dV ~ fl div F(P)) dV = div F(P))V(By) 
Sa Ba Bu 


This approximation becomes better as a — 0 and suggests that 


; a 1 
[9] div F(Py) = lim. VB) \) F-dS 


Equation 9 says that div F(Po) is the net rate of outward flux per unit volume at Pp. (This 
is the reason for the name divergence.) If div F(P) > 0, the net flow is outward near P 
and P is called a source. If div F(P) < 0, the net flow is inward near P and P is called a 
sink. 

For the vector field in Figure 4, it appears that the vectors that end near P, are shorter 
than the vectors that start near P,. Thus the net flow is outward near P;, so div F(P,;) > 0 
and P; is a source. Near P2, on the other hand, the incoming arrows are longer than the 
outgoing arrows. Here the net flow is inward, so div F(P) < 0 and P2 is a sink. We 
can use the formula for F to confirm this impression. Since F = x*i + y’j, we have 
div F = 2x + 2y, which is positive when y > —x. So the points above the line y = —x 
are sources and those below are sinks. 
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16.9 | Exercises 


1-4 Verify that the Divergence Theorem is true for the vector 13. F(x, y,z) =x°zit+ xz7j + yin + I)k, 
field F on the region E. Sis the surface of the solid bounded by the planes 
x+2z7=4,y=3,x=0,y =0,andz=0 


1. F(x, y, z) = 3xi + xyj + 2xzk, 
E is the cube bounded by the planes x = 0, x = 1, y = 0, 
y=1,z=0,andz=1 


2. F(x, y, z) = y°z° i+ 2yzj + 427k, 


E is the solid enclosed by the paraboloid z = x? + y* and the x+27= | 
plane z = 9 ‘“g y=3 
7 ae 
3. F(x, y, z) = (z, y, x), vA —— 
E is the solid ball x? + y? + z? < 16 be aa 


4. F(x, y, z) = (x’, —y, z), 
E is the solid cylinder y* + z7><9,0<x<2 


14. F(x, y,z) = (xy — 2)it x3 Vzj t+ (xy + 2K 
S is the surface of the solid bounded by the cylinder x = y” 
and the planes x + z = 1 andz = 0 


5-17 Use the Divergence Theorem to calculate the surface 
integral |/, F - dS; that is, calculate the flux of F across S. 


5. F(x, y, z) = xye7i + xy*z*j — ye*k, 
Sis the surface of the box bounded by the coordinate planes 
and the planes x = 3, y = 2, andz = 1 x+z=1 
6. F(x, y,z) = x’yzit+ xy?zj + xyz’k, ss 
Sis the surface of the box enclosed by the planesx =0, ss =a 
x=a,y=0,y = b,z = 0, and z =c, where a, b, and c are = } 
positive numbers Xx 


7. F(x, y,z) = 3xy?it+ xe? j t+ 2°k, 
Sis the surface of the solid bounded by the cylinder 15. F(x, y,z) = zit yj + zxk, 
y* + z? = 1 and the planes x = —1 and x = 2 S is the surface of the tetrahedron enclosed by the coordinate 
planes and the plane 


8. F(x, y2 =G8+ y)it C+ 7)jt+ (24 x4)k, 


: : aay : xy 
Sis the sphere with center the origin and radius 2 —+ > 
a 


9. F(x, y, z) = xe’ i+ (2 — e’)j — xyk, where a, b, and c are positive numbers 
S is the ellipsoid x* + 2y* + 3z7=4 


10. F(x, y, z) = e’ tanzi+ xy j + e*cosyk, 
Sis the surface of the solid that lies above the xy-plane and 
below the surface z = 2 — x — y*,-I1<x<1l, a 
-lsysl ™ 


11. F(x, y,z) = (2x7 + y3)i + (Cy? + 29)j + 3y’zk, aaa 
Sis the surface of the solid bounded by the paraboloid 
z= 1— x? — y’and the xy-plane (a,0, 0) 


12. F(x, y, z) = (xy + 2xz)i + (x? + y*)j + (xy — 27)k, 
S is the surface of the solid bounded by the cylinder 16. F =|r/’r, wherer = xi + yj + zk, 
x? + y? = 4 and the planes z = y — 2andz = 0 S is the sphere with radius R and center the origin 
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17. F =|r|r, wherer = xi+ yj + zk, 


S consists of the hemisphere z = ./1 — x? — y? and the 
disk x? + y* < 1 in the xy-plane 


18. Plot the vector field 


F(x, y, z) = sin x cos*yi + sin*y cos*zj + sin*z cos*x k 


in the cube cut from the first octant by the planes x = 7/2, 
y = 1/2, and z = 7/2. Then use a computer algebra sys- 
tem to compute the flux across the surface of the cube. 


19. Use the Divergence Theorem to evaluate ||, F - dS, where 
F(x, y, 2) = 2xit Gy? + tan'z)j + (x22 + y*)k 


and S is the top half of the sphere x? + y* + z* = 1. 
[Hint: Note that S is not a closed surface. First compute 
integrals over S, and S:, where S, is the disk x? + y* < 1, 
oriented downward, and S; = S$ U S}.] 


20. Let F(x, y, z) = ztan '(y*)i + 23 In(x? + Ij + zk. 
Find the flux of F across the part of the paraboloid 
x? + y? + z = 2 that lies above the plane z = | and is 
oriented upward. 


21. A vector field F is shown. Use the interpretation of diver- 
gence derived in this section to determine whether the 
points P; and P, are sources or sinks. 


22. (a) Are the points P; and P> sources or sinks for the vector 
field F shown in the figure? Give an explanation based 
solely on the picture. 

(b) Given that F(x, y) = (x, y*), use the definition of 
divergence to verify your answer to part (a). 


/4 23-24 Plot the vector field and guess where div F > 0 and 


where div F < 0. Then calculate div F to check your guess. 
23. F(x,y) = (xy,x ty’) 24. FO, y) = (x4, y’) 


SECTION 16.9 The Divergence Theorem 1207 


£Q- 
lx? 


25. Verify that div E = 0 for the electric field E(x) = x. 


26. Use the Divergence Theorem to evaluate 


{| (2x + 2y + 2?) dS 
S 


where S is the sphere x7 + y? + 2? = 1. 


27-32 Prove each identity, assuming that S and E satisfy the 
conditions of the Divergence Theorem and the scalar functions 
and components of the vector fields have continuous second- 
order partial derivatives. 


27. {{ a+ mdS =0, where ais a constant vector 

28. i - i {fF - dS, where F(x, y,z) =xi+yj+zk 

29. irene 30. {[ Doras = | v2¢av 
5 5 i 

31. [J F¥@) “mas = |if (f Vg + Vf- Vg) dv 


32. {[ (¢Vg — gVf) “mds = [lf (£V'9 — gV*f) aV 
Ss E 


33. Suppose S and E satisfy the conditions of the Divergence 
Theorem and f is a scalar function with continuous partial 
derivatives. Prove that 


|] a dS = I) VfdVv 


These surface and triple integrals of vector functions are 
vectors defined by integrating each component function. 
[Hint: Start by applying the Divergence Theorem to F = fe, 
where ¢ is an arbitrary constant vector. ] 


34. A solid occupies a region E with surface S and is immersed 
in a liquid with constant density p. We set up a coordinate 
system so that the xy-plane coincides with the surface of the 
liquid, and positive values of z are measured downward into 
the liquid. Then the pressure at depth z is p = pgz, where g 
is the acceleration due to gravity (see Section 8.3). The total 
buoyant force on the solid due to the pressure distribution is 
given by the surface integral 


F= —|| pnas 
Ss 


where n is the outer unit normal. Use the result of Exer- 
cise 33 to show that F = —Wk, where W is the weight of 
the liquid displaced by the solid. (Note that F is directed 
upward because z is directed downward.) The result is 
Archimedes’ Principle: the buoyant force on an object 
equals the weight of the displaced liquid. 
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1208 CHAPTER 16 Vector Calculus 


16.10 | Summary 


The main results of this chapter are all higher-dimensional versions of the Fundamental 
Theorem of Calculus. To help you remember them, we collect them together here (with- 
out hypotheses) so that you can see more easily their essential similarity. Notice that in 
each case we have an integral of a “derivative” over a region on the left side, and the right 
side involves the values of the original function only on the boundary of the region. 


Curves and their boundaries (endpoints) 


b LS 
Fundamental Theorem of Calculus i F'(x) dx = F(b) — F(a) a b 
r(b) 
Fundamental Theorem for Line Integrals Vf: dr = fir(b)) — far(@) ee eal 
c 
Surfaces and their boundaries 
Cc 
aQ—oaP 
Green’s Theorem {| dA = i Pdx + Qdy 
Ox oy c 
D 


Stokes’ Theorem {J curl F - dS = {. F - adr Ss i 
s Se. 
Cc 


Solids and their boundaries 


Divergence Theorem 


[painave |p 
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ry review 


CONCEPT CHECK 


CHAPTER 16 Review 1209 


Answers to the Concept Check are available at StewartCalculus.com. 


1. What is a vector field? Give three examples that have physical 
meaning. 


2. (a) What is a conservative vector field? 
(b) What is a potential function? 


3. (a) Write the definition of the line integral of a scalar func- 
tion f along a smooth curve C with respect to arc length. 

(b) How do you evaluate such a line integral? 

(c) Write expressions for the mass and center of mass of a 
thin wire shaped like a curve C if the wire has linear 
density function p(x, y). 

(d) Write the definitions of the line integrals along C of a 
scalar function f with respect to x, y, and z. 

(e) How do you evaluate these line integrals? 


4. (a) Define the line integral of a vector field F along a smooth 
curve C given by a vector function r(q). 
(b) If F is a force field, what does this line integral represent? 
(c) If F = (P, Q, R), what is the connection between the line 
integral of F and the line integrals of the component 
functions P, Q, and R? 


5. State the Fundamental Theorem for Line Integrals. 


6. (a) What does it mean to say that (3 F - dr is independent 
of path? 
(b) If you know that fe F - dr is independent of path, what 
can you say about F? 


7. State Green’s Theorem. 


8. Write expressions for the area enclosed by a curve C in terms 
of line integrals around C. 


9. Suppose F is a vector field on R’. 
(a) Define curl F. (b) Define div F. 


TRUE-FALSE QUIZ 


10. 


11. 


12. 


13. 


14 


15 


16. 


(c) If F is a velocity field in fluid flow, what are the physical 
interpretations of curl F and div F? 


If F = Pi + Qj, how do you determine whether F is conser- 
vative? What if F is a vector field on R*? 


(a) What is a parametric surface? What are its grid curves? 
(b) Write an expression for the area of a parametric surface. 
(c) What is the area of a surface given by an equation 


(a) Write the definition of the surface integral of a scalar 
function f over a surface S. 

(b) How do you evaluate such an integral if § is a parametric 
surface given by a vector function r(u, v)? 

(c) What if S is given by an equation z = g(x, y)? 

(d) Ifa thin sheet has the shape of a surface S, and the 
density at (x, y, z) is p(x, y, z), write expressions for the 
mass and center of mass of the sheet. 


(a) What is an oriented surface? Give an example of a non- 
orientable surface. 

(b) Define the surface integral (or flux) of a vector field F 
over an oriented surface § with unit normal vector n. 

(c) How do you evaluate such an integral if S is a parametric 
surface given by a vector function r(u, v)? 

(d) What if S is given by an equation z = g(x, y)? 


State Stokes’ Theorem. 
State the Divergence Theorem. 


In what ways are the Fundamental Theorem for Line Inte- 
grals, Green’s Theorem, Stokes’ Theorem, and the Diver- 
gence Theorem similar? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that dis- 
proves the statement. 


1. If F is a vector field, then div F is a vector field. 
2. If F is a vector field, then curl F is a vector field. 


3. If f has continuous partial derivatives of all orders on R?, 
then div(curl Vf) = 0. 


4. If f has continuous partial derivatives on R? and C is any 
circle, then |. Vf+ dr = 0. 


If F = Pi + Qjand P, = Q, in an open region D, then F is 
conservative. 


lec f(x, y) ds = —Jo f(x, y) ds 
If F and G are vector fields and divF = divG, then F = G. 


The work done by a conservative force field in moving a 
particle around a closed path is zero. 


If F and G are vector fields, then 
curl(F + G) = curl F + curl G 
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10. 


11. 


If F and G are vector fields, then 
curl(F - G) = curl F + curlG 


If S is a sphere and F is a constant vector field, then 
{[,F + dS =0. 


EXERCISES 


12. There is a vector field F such that 
culF=xi+yjt+zk 


13. The area of the region bounded by the positively oriented, 


piecewise smooth, simple closed curve Cis A = . y dx. 


1. 


A vector field F, a curve C, and a point P are shown. 
(a) Is fe F - dr positive, negative, or zero? Explain. 


(b) Is div F(P) positive, negative, or zero? Explain. 


2-9 Evaluate the line integral. 


2. 


. lcoy? dx + x? dy, Cis the arc of the parabola x = 1 — y 


fe x ds, 
C is the arc of the parabola y = x? from (0, 0) to (J, 1) 


- [cyz cos x ds, 


C:x=t, y=3cost, z=3sint,OSt=7 


. \oydx + (x + y?) dy, Cis the ellipse 4x” + 9y* = 36 


with counterclockwise orientation 


2 


from (0, —1) to (0, 1) 


» lovxy dx + e? dy + xz dz, 


Cis givenbyr(t) = fit e?rjyt+teko<r<1 


» [oxy dx + y? dy + yz dz, 


C is the line segment from (1, 0, —1), to (3, 4, 2) 


. {oF + dr, where F(x, y) = xyi + x°j and C is given by 


rif) =sinti+ (1 +0j,0<t<7 


. [oF + dr, where F(x, y, z) = e?i + xzj + (x + y) kand 


Cis given by r(t) = Pit rj-—tkO<tr<1 


10. 


Find the work done by the force field 


F(x, y,z) =zit+xjt+yk 


in moving a particle from the point (3, 0, 0) to the point 
(0, 7/2, 3) along each path. 

(a) A straight line 

(b) The helix x = 3cost, y=t, z= 3sint 


11-12 Show that F is a conservative vector field. Then find a 
function f such that F = Vf. 


11. F(x, y) = (1 + xyeP i+ (e? + xe”) j 


12. F(x, y, z) = sin yi + x cos yj — sinzk 


13-14 Show that F is conservative and use this fact to evaluate 

{.F + dr along the given curve. 

13. F(x, y) = (4x7*y? — 2xy4)i + (Qxty — 3x*y* + 4y3)j, 
C: r(t) = (t + sin wt)i + (2t+ cos71)j, OS t<1 


14. F(x, y,z) = ei + (xe* + e*)j + ye’k, 
C is the line segment from (0, 2, 0) to (4, 0, 3) 


15. Verify that Green’s Theorem is true for the line integral 
{-xy* dx — x*ydy, where C consists of the parabola y = x? 
from (—1, 1) to (1, 1) and the line segment from (1, 1) 
to (—1, 1). 


16. Use Green’s Theorem to evaluate 


{v1 + x3 dx + 2xydy 


where C is the triangle with vertices (0, 0), (1, 0), and (1, 3). 


17. Use Green’s Theorem to evaluate [..x*y dx — xy*dy, 
where C is the circle x* + y* = 4 with counterclockwise 
orientation. 


18. Find curl F and div F if 
F(x, y,z) =e *sinyit+e”sinzj +e ’*sinxk 
19. Show that there is no vector field G such that 
curl G = 2xi + 3yzj — xz’k 


20. If F and G are vector fields whose component functions have 
continuous first partial derivatives, show that 


curl(F X G) = F div G — GdivF + (G-: V)F — (F: V)G 


21. If C is any piecewise-smooth simple closed plane curve 
and f and g are differentiable functions, show that 
Jc f(x) dx + gly) dy = 0. 
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22. 


23. 


24. 


25. 


26. 


27- 
27. 


28. 


29. 


30. 


If f and g are twice differentiable functions, show that 


V*(fg) =fV'9 + gV*f + 2VF > Vg 


If f is a harmonic function, that is, V°f = 0, show that the 
line integral | jf; dx — f. dy is independent of path in any sim- 
ple region D. 


(a) Sketch the curve C with parametric equations 


x = cost y = sint z=sint 0<t<27 


(b) Find [.2xe?dx + (2x°e*” + 2y cot z) dy — y*csc*z dz. 


Find the area of the part of the surface z = x? + 2y that lies 
above the triangle with vertices (0, 0), (1, 0), and (1, 2). 


(a) Find an equation of the tangent plane at the point 
(4, —2, 1) to the parametric surface S given by 
r(u,v) =v i- uj +u’?k 
O<uS3,-3 S03 
(b) Graph the surface S and the tangent plane found in 


part (a). 
(c) Set up, but do not evaluate, an integral for the surface 


area of S. 
(d) If 
2 x? y? 
F i+ j + 
(x, y, Z) i¢x i+y l+7 


use a computer algebra system to find fs F - dS correct 
to four decimal places. 


30 Evaluate the surface integral. 


fz dS, where S is the part of the paraboloid z = x? + y? 
that lies under the plane z = 4 


{[; (e?z + y?z) dS, where S is the part of the plane 
z=4+ x+y that lies inside the cylinder x? + y* = 4 


{[,F > dS, where F(x, y, z) = xzi-— 2yj + 3xk and Sis 
the sphere x* + y* + z* = 4 with outward orientation 


{[,F > dS, where F(x, y, z) = x°i + xyj + zk and Sis the 
part of the paraboloid z = x? + y* below the plane z = 1 
with upward orientation 


31. 


32. 


Verify that Stokes’ Theorem is true for the vector field 

F(x, y, z) = x?i + y?j + z’k, where S is the part of the 
paraboloid z = 1 — x? — y* that lies above the xy-plane and 
S has upward orientation. 


Use Stokes’ Theorem to evaluate [{, curl F - dS, where 
F(x, y, z) = x?yzi+ yz?j + ze*’k, S is the part of the 
sphere x? + y* + z* = 5 that lies above the plane z = 1, 
and S is oriented upward. 


CHAPTER 16 Review 1211 


33. Use Stokes’ Theorem to evaluate fo F - dr, where 
F(x, y, z) = xyi + yzj + zxk and C is the triangle with 
vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1), oriented counter- 
clockwise as viewed from above. 


34. Use the Divergence Theorem to calculate the surface inte- 
gral ||, F - dS, where F(x, y,z) =x*it y?j + 2kandS 
is the surface of the solid bounded by the cylinder 
x? + y? = | and the planes z = 0 and z = 2. 


35. Verify that the Divergence Theorem is true for the vector 
field F(x, y, z) = xi + yj + zk, where £ is the unit ball 
Key? bh 2 ST, 


36. Compute the outward flux of 


xit+yjt+zk 
(x? Ae y? oh 77)? 


F(x, y,z) = 


through the ellipsoid 4x? + 9y* + 6z* = 36. 
37. Let 
F(x, y, z) 3y)i4 


Evaluate |. F + dr, where C is the curve with initial point 
(0, 0, 2) and terminal point (0, 3, 0) shown in the figure. 


(3x? yz (x¢z — 3x)j + (ty + 2z)k 


38. Let 


(2x3 + 2xy? 


2y)it+ (2y* + 2x?y + 2x)j 
ety? 


F(x, y) 


Evaluate be F - dr, where C is shown in the figure. 


BY 
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39. Find |{, F - n dS, where F(x, y, z) = xi + yj +zkand Sis 40. If the components of F have continuous second partial deriva- 
the outwardly oriented surface shown in the figure (the tives and S is the boundary surface of a simple solid region, 
boundary surface of a cube with a unit corner cube removed). show that ||, curl F - dS = 0. 


41. If ais a constant vector, r = xi + yj + zk, and Sis an ori- 
ented, smooth surface with a simple, closed, smooth, posi- 
tively oriented boundary curve C, show that 


[[2a-dS=[ (xx) + ar 


S 
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Problems Plus 


1. 


FIGURE FOR PROBLEM 1 


[vs 
crankshaft 


FIGURE FOR PROBLEM 6 


Let S be a smooth parametric surface and let P be a point such that each line that starts 

at P intersects S at most once. The solid angle (5) subtended by S at P is the set of lines 
starting at P and passing through S. Let S(a) be the intersection of Q(S) with the surface of 
the sphere with center P and radius a. Then the measure of the solid angle (in steradians) is 
defined to be 


area of S(a) 
a 


| Q(S)| = 


Apply the Divergence Theorem to the part of O.(S) between S(a) and S to show that 


|(5)| = ff 


where r is the radius vector from P to any point on S, r = |r 
directed away from P. 

This shows that the definition of the measure of a solid angle is independent of the radius a 
of the sphere. Thus the measure of the solid angle is equal to the area subtended on a unit 
sphere. (Note the analogy with the definition of radian measure.) The total solid angle sub- 
tended by a sphere at its center is thus 477 steradians. 


r 


“n 
= ds 


, and the unit normal vector n is 


Find the positively oriented simple closed curve C for which the value of the line integral 


[0° — y) ax — 288 dy 
is a maximum. 


Let C be a simple closed piecewise-smooth space curve that lies in a plane with unit normal 
vector n = (a, b, c) and has positive orientation with respect to n. Show that the plane area 
enclosed by C is 


an (bz — cy) dx + (cx — az) dy + (ay — bx) dz 


Investigate the shape of the surface with parametric equations x = sin u, y = sin v, 

z = sin(u + v). Start by graphing the surface from several points of view. Explain the 
appearance of the graphs by determining the traces in the horizontal planes z = 0, z = +1, 
andz==+ 5. 


Prove the following identity: 
V(F -G) =(F-V)G + (G- V)F + F X curlG + G X curl F 


The figure depicts the sequence of events in each cylinder of a four-cylinder internal combus- 
tion engine. Each piston moves up and down and is connected by a pivoted arm to a rotating 
crankshaft. Let P(t) and V(t) be the pressure and volume within a cylinder at time 

t, where a S t S b gives the time required for a complete cycle. The graph shows how P and 
V vary through one cycle of a four-stroke engine. 

During the intake stroke (from ® to @) a mixture of air and gasoline at atmospheric pres- 
sure is drawn into a cylinder through the intake valve as the piston moves downward. Then 
the piston rapidly compresses the mix with the valves closed in the compression stroke (from 
® to ®) during which the pressure rises and the volume decreases. At ® the sparkplug ignites 
the fuel, raising the temperature and pressure at almost constant volume to ®. Then, with 
valves closed, the rapid expansion forces the piston downward during the power stroke (from 
® to ®). The exhaust valve opens, temperature and pressure drop, and mechanical energy 
stored in a rotating flywheel pushes the piston upward, forcing the waste products out of the 


1213 
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FIGURE FOR PROBLEM 7 


1214 


exhaust valve in the exhaust stroke. The exhaust valve closes and the intake valve opens. 
We’re now back at @ and the cycle starts again. 
(a) Show that the work done on the piston during one cycle of a four-stroke engine is 

W = |. P dV, where C is the curve in the PV-plane shown in the figure. 

[Hint: Let x(t) be the distance from the piston to the top of the cylinder and note that 
the force on the piston is F = AP(t) i, where A is the area of the top of the piston. Then 
W= i F - dr, where C; is given by r(t) = x(t) i, a S t S b. An alternative approach is 
to work directly with Riemann sums.] 

(b) Use Formula 16.4.5 to show that the work is the difference of the areas enclosed by the 
two loops of C. 


. The set of all points within a perpendicular distance r from a smooth simple curve C in R? 


form a “tube,” which we denote by Tube(C, r); see the figure at the left. (We assume that r is 
small enough that the tube does not intersect itself.) It may seem that the volume of such a 
tube would depend on the twists and turns of C, but in this problem you will find a formula 
for the volume of Tube(C, r) which, perhaps surprisingly, depends only on r and the length of 
C. We assume that C is parameterized with respect to arc length s as r(s), wherea S s <b, 
so the arc length of Cis L = b — a. 

(a) Show that the surface of Tube(C, q) is parameterized by 


X(u, v) = r(u) + gcosvN(u) + qsinv Bu) axuxb,0<v<27 
where N and B are the unit normal and binormal vectors for C. 
(b) Use the Frenet-Serret Formulas (Exercises 13.3.71—72) and the Pythagorean Theorem for 
vectors (Exercise 12.3.66) to show that 
| X,(u, v) X X,(u, v)| = gL — Ku) cos v] 
and so the surface area of Tube(C, qg) is 


S(q) = [' ia | X,(u, v) X X,(u, v) | dv du = 2agqL 


(c) Consider a thin tubular shell of radius g and thickness Ag along C, a cross-section of 
which is shown in the figure. 


Observe that the volume of the shell is approximately Ag S(q) and conclude that the 
volume of Tube(C, r) is 


{ S(q) dq = mr°L 


(d) Find the volume of a tube of radius r = 0.2 around the helix r(t) = (cos ¢, sin ¢, t), 
0O<t S47. 
(e) Find the volume of the torus in Example 8.3.7. 


Source: Adapted from A. Gray, Tubes, 2nd ed. (Basel; Boston: Birkhauser, 2004). 
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A2 APPENDIX A Numbers, Inequalities, and Absolute Values 


A | Numbers, Inequalities, and Absolute Values 


Calculus is based on the real number system. We start with the integers: 


Then we construct the rational numbers, which are ratios of integers. Thus any rational 
number r can be expressed as 
m : 
r=— where m and n are integers andn # 0 


Examples are 


3 46 1 
= 46 =? 0.17 = 300 


NI- 


(Recall that division by 0 is always ruled out, so expressions like ; and 8 are undefined.) 
Some real numbers, such as /2, can’t be expressed as a ratio of integers and are there- 
fore called irrational numbers. It can be shown, with varying degrees of difficulty, that 
the following are also irrational numbers: 


Wil el ao. 7 sin 1° logio 2 


The set of all real numbers is usually denoted by the symbol IR. When we use the word 
number without qualification, we mean “real number.” 

Every number has a decimal representation. If the number is rational, then the corre- 
sponding decimal is repeating. For example, 


1 — 0.5000... = 0.50 2 = 0.66666... = 0.6 


I 


ee = 0.317171717... = 0.317 2 1.285714285714... = 1.285714 


(The bar indicates that the sequence of digits repeats forever.) On the other hand, if the 
number is irrational, the decimal is nonrepeating: 


V2 = 1.414213562373095... a = 3.141592653589793 . .. 


If we stop the decimal expansion of any number at a certain place, we get an approxima- 
tion to the number. For instance, we can write 


am ~ 3.14159265 


where the symbol ~ is read “is approximately equal to.” The more decimal places we 
retain, the better the approximation we get. 

The real numbers can be represented by points on a line as in Figure |. The positive 
direction (to the right) is indicated by an arrow. We choose an arbitrary reference point 
O, called the origin, which corresponds to the real number 0. Given any convenient unit 
of measurement, each positive number x is represented by the point on the line a distance 
of x units to the right of the origin, and each negative number —. is represented by the 
point x units to the left of the origin. Thus every real number is represented by a point on 
the line, and every point P on the line corresponds to exactly one real number. The num- 
ber associated with the point P is called the coordinate of P and the line is then called a 
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FIGURE 1 


$$ —<$§_—(o > 
a b 


FIGURE 2 
Open interval (a, b) 


SES cc 


a b 


FIGURE 3 
Closed interval [a, b] 
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coordinate line, or a real number line, or simply a real line. Often we identify the point 
with its coordinate and think of a number as being a point on the real line. 


3 
—2.63 75 J2 
2 2 * 2 2 2 ‘e- 


=a —2 —l 0 i 


ener 


T 
— — = 
3 


Ne 


The real numbers are ordered. We say a is less than b and write a < b if b — ais 
a positive number. Geometrically this means that a lies to the left of b on the number line. 
(Equivalently, we say b is greater than a and write b > a.) The symbola S b (orb 2 a) 
means that either a < b or a = b and is read “a is less than or equal to b.” For instance, 
the following are true inequalities: 


T<7TA<75 -3>-q7 gf <9 2 2 129 


In what follows we need to use set notation. A set is a collection of objects, and these 
objects are called the elements of the set. If S is a set, the notation a € S means that a 
is an element of S, and a € S means that a is not an element of S. For example, if Z rep- 
resents the set of integers, then —3 € Z but 7 € Z. If S and T are sets, then their union 
S U T is the set consisting of all elements that are in S or T (or in both S and 7). The 
intersection of S and T is the set S 1 T consisting of all elements that are in both S and 
T. In other words, S M T is the common part of S and 7. The empty set, denoted by ©, 
is the set that contains no element. 

Some sets can be described by listing their elements between braces. For instance, the 
set A consisting of all positive integers less than 7 can be written as 


A = {1, 2, 3, 4, 5, 6} 
We could also write A in set-builder notation as 
A = {x | x is an integer and 0 < x < 7} 
which is read “A is the set of x such that x is an integer and 0 < x < 7.” 


B® Intervals 


Certain sets of real numbers, called intervals, occur frequently in calculus and corre- 
spond geometrically to line segments. For example, if a < b, the open interval from a 
to b consists of all numbers between a and b and is denoted by the symbol (a, b). Using 
set-builder notation, we can write 


(a,b) = {x |a<x< Db} 


Notice that the endpoints of the interval—namely, a and b—are excluded. This is indi- 
cated by the round brackets () and by the open dots in Figure 2. The closed interval 
from a to b is the set 


[a,b] = {x |a<x <b} 
Here the endpoints of the interval are included. This is indicated by the square brackets 


[ | and by the solid dots in Figure 3. It is also possible to include only one endpoint in an 
interval, as shown in Table 1. 
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We also need to consider infinite intervals such as 
(a, %) = {x | x > a} 
This does not mean that © (“infinity”) is a number. The notation (a, ©) stands for the 


set of all numbers that are greater than a, so the symbol © simply indicates that the inter- 
val extends indefinitely far in the positive direction. 


[1] Table of Intervals Notation Set description Picture 
(a, b) {x|a<x<b} — 
[a, b] {x|a<x<b} i et an 
b =< < b $$ 
Table 1 lists the nine possible types of [a, b) eles y a b 
intervals. When these intervals are dis- (a, b] {x | a<x <b} ——_ °° &«.-« 
cussed, it is always assumed that a is (a, ©) {x | x >a} ————————————— rs 
less than b. a 
La, %) {x | x = a} ——— 
a 
(—29, b) {x | x < b} ———__— 
(—%, b] {x | x <b} —————————— ee eee 
b 
(—20, 00 IR (set of all real numbers) oe 


Bi Inequalities 


When working with inequalities, note the following rules. 


[2] Rules for Inequalities 
1. Ifa<b,thenat+c<bete. 
2. Ifa<bandc <d,thena+c<b+d. 


3. Ifa < bandc > 0, then ac < be. 
4. Ifa < bandc < 0, then ac > bec. 
5. If0 <a <b, then 1/a > 1/b. 


Rule | says that we can add any number to both sides of an inequality, and Rule 2 says 
that two inequalities can be added. However, we have to be careful with multiplication. 
Rule 3 says that we can multiply both sides of an inequality by a positive number, but 

@ Rule 4 says that if we multiply both sides of an inequality by a negative number, then we 
reverse the direction of the inequality. For example, if we take the inequality 3 < 5 and 
multiply by 2, we get 6 < 10, but if we multiply by —2, we get —6 > —10. Finally, 
Rule 5 says that if we take reciprocals, then we reverse the direction of an inequality 
(provided the numbers are positive). 


EXAMPLE 1 Solve the inequality 1 + x < 7x + 5. 


SOLUTION The given inequality is satisfied by some values of x but not by others. To 
solve an inequality means to determine the set of numbers x for which the inequality is 
true. This is called the solution set. 
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A visual method for solving 

Example 3 is to graph the parabola 

y =x’ — 5x + 6 (as in Figure 4; see 
Appendix C) and observe that the 
curve lies on or below the x-axis when 
25x53. 


FIGURE 4 
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First we subtract | from each side of the inequality (using Rule 1 with c = —1): 
x<7x+4 
Then we subtract 7x from both sides (Rule | with c = —7x): 
-—6x <4 
Now we divide both sides by —6 (Rule 4 with c = —): 
x> -§= 3 


These steps can all be reversed, so the solution set consists of all numbers greater than 
—}, In other words, the solution of the inequality is the interval (-4, 00), |_| 


EXAMPLE 2 Solve the inequalities 4 < 3x — 2 < 13. 


SOLUTION Here the solution set consists of all values of x that satisfy both inequali- 
ties. Using the rules given in (2), we see that the following inequalities are equivalent: 


4<=3x-2< 13 
6<3x< 15 (add 2) 
25x<5 (divide by 3) 


Therefore the solution set is [2, 5). | 
EXAMPLE3 Solve the inequality x? — 5x + 6 <0. 
SOLUTION First we factor the left side: 

(x — 2)(x — 3) <0 


We know that the corresponding equation (x — 2)(x — 3) = 0 has the solutions 2 
and 3. The numbers 2 and 3 divide the real line into three intervals: 


(—2, 2) (2, 3) (3, %) 
On each of these intervals we determine the signs of the factors. For instance, 
x€(-~%2) D> x<2 D> x«-2<0 


Then we record these signs in the following chart: 


Interval =D k= 3 (se = Qe = 3) 


23 - - + 
2<x<3 te - - 
x >3 a +t Sg 


Another method for obtaining the information in the chart is to use test values. For 
instance, if we use the test value x = 1 for the interval (—%, 2), then substitution in 
x’ — 5x + 6 gives 


P-5(1)+6=2 
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FIGURE 5 


FIGURE 6 


Remember that if a is negative, 
then —a is positive. 


The polynomial x* — 5x + 6 doesn’t change sign inside any of the three intervals, so 
we conclude that it is positive on (—%, 2). 

Then we read from the chart that (x — 2)(x — 3) is negative when 2 < x < 3. Thus 
the solution of the inequality (x — 2)(x — 3) < Ois 


{x |2<x<3}=[2, 3] 


Notice that we have included the endpoints 2 and 3 because we are looking for 
values of x such that the product is either negative or zero. The solution is illustrated in 
Figure 5. Oo 


EXAMPLE 4 Solve x? + 3x? > 4x. 


SOLUTION First we take all nonzero terms to one side of the inequality sign and factor 
the resulting expression: 


x3 + 3x? -— 4x >0 or x(x — 1)(x + 4) >0 


As in Example 3 we solve the corresponding equation x(x — 1)(x + 4) = 0 and use the 
solutions x = —4, x = 0, and x = 1 to divide the real line into four intervals (—%, —4), 
(—4, 0), (0, 1), and (1, 2%). On each interval the product keeps a constant sign, which we 
list in the following chart: 


Interval G = Il x+4 sellee = Ike 4b 4) 


x<—4 = = = = 
-4<x<0 = = + + 
0a < 1 + = + = 
1 + + + + 


Then we read from the chart that the solution set is 
{x | —4<x<0Oorx> 1} = (-4,0) U (1, ~) 


The solution is illustrated in Figure 6. a 


®@ Absolute Value 


The absolute value of a number a, denoted by | a}, is the distance from a to 0 on the real 
number line. Distances are always positive or 0, so we have 


|a| =0 for every number a 
For example, 
3}=3  [-3/=3  |oj=0 |yF—1J=VF-1 0 [3-al=0-3 
In general, we have 
|a| =a if a=0 
BI |a| = —a ifa<0O 
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EXAMPLE 5 Express |3x — 2| without using the absolute-value symbol. 
SOLUTION 


3x = 2 if 3x —-220 
|3x — 2| = ; 
—(3x — 2) if 3x-2<0 


eae Pees m 
2-3x if x<4 


Recall that the symbol means “the positive square root of.” Thus Vr = s means 

@ s>=rand s = 0. Therefore the equation Ja? =a is not always true. It is true only 

when a = 0. Ifa < 0, then —a > 0, so we have Jaz = —a. In view of (3), we then have 
the equation 


[4] va? = |a| 


which is true for all values of a. 
Hints for the proofs of the following properties are given in the exercises. 


[5] Properties of Absolute Values Suppose a and b are any real numbers and 
n is an integer. Then 


1. |ab| = |a||0| *, (b # 0) 3. |a"| =|a|" 


ha 
b 


For solving equations or inequalities involving absolute values, it’s often very helpful 
to use the following statements. 


[6] Suppose a > 0. Then 


4. |x| =a ifandonlyif x= +a 


5. |x|<a ifandonlyif -a<x<a 


—— a a, er 6. |x| >a ifandonlyif x >a or x<—a 
ar = 
k—|x|—| For instance, the inequality |x| < a says that the distance from x to the origin is less 
FIGURE 7 than a, and you can see from Figure 7 that this is true if and only if x lies between —a 
and a. 
If a and b are any real numbers, then the distance between a and b is the absolute 
/}—— |a- b| —+ value of the difference, namely, |a — b|, which is also equal to |b — a|. (See Figure 8.) 
b a 
EXAMPLE6 Solve |2x — 5| = 3. 
|-—— |a —- b| —— 
° sia ° > SOLUTION By Property 4 of (6), |2x — 5| = 3 is equivalent to 
a b 
24= 5 = 3 or 24 =) = 33 
FIGURE 8 
Length of a line segment = |a — b| So 2x = 8 or 2x = 2. Thus x = 4o0rx = 1. a 
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EXAMPLE 7 Solve |x — 5| < 2. 
SOLUTION 1 By Property 5 of (6), 


x — 5| < 2 is equivalent to 
=2 <5 x4> 5 <2 


Therefore, adding 5 to each side, we have 


3<x<7 
2 2 
; . : and the solution set is the open interval (3, 7). 
3 
; SOLUTION 2 Geometrically the solution set consists of all numbers x whose distance 
FIGURE 9 from 5 is less than 2. From Figure 9 we see that this is the interval (3, 7). 2] 


EXAMPLE 8 Solve | 3x + 2| > 4. 
SOLUTION By Properties 4 and 6 of (6), 


3x + 2| = 4 is equivalent to 
3x +224 or 3x +2= —-4 


In the first case 3x = 2, which gives x = z. In the second case 3x < —6, which gives 
x < —2. So the solution set is 


{x|x<-2 or x = 2} = (—», —2] U [2, ~) a 


Another important property of absolute value, called the Triangle Inequality, is used 
frequently in calculus and throughout mathematics in general. 


The Triangle Inequality If a and b are any real numbers, then 


Ja + b| <|a| + |d| 


Observe that if the numbers a and Db are both positive or both negative, then the two 
sides in the Triangle Inequality are actually equal. But if a and b have opposite signs, the 
left side involves a subtraction and the right side does not. This makes the Triangle 
Inequality seem reasonable, but we can prove it as follows. 

Notice that 


-|a|<a<|a| 
is always true because a equals either | a| or —|a|. The corresponding statement for b is 
-|b] <6 <|.| 

Adding these inequalities, we get 
—(l|a|+ |b])<a+b<|a|+|d| 


), we 


If we now apply Properties 4 and 5 (with x replaced by a + b anda by |a| + |b 
obtain 


Ja + b| S]a| + |d| 


which is what we wanted to show. 
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EXAMPLE 9 If |x — 4| < 0.1 and|y — 7| < 0.2, use the Triangle Inequality to 


estimate |(x + y) — 11]. 


SOLUTION In order to use the given information, we use the Triangle Inequality with 


a=x-4andb=y-—7: 


Thus 


|(x + y)-— 11] =|@-4)+(y-7)| 


<|x-4| +|y-7| 
<0.1 + 0.2 = 0.3 
(x + y) — 11] < 03 a 


A | Exercises 


1-12 Rewrite the expression without using the absolute-value 


symbol. 

1/5 233) 2, 5) S331 

3. | —7| 4. |r —2| 

5. [5 =5| 6. ||—2| — |-3]| 
7. |x—2| if x<2 8 |x-—2| if x>2 
9. |xt+1| 10. |2x — 1| 

11. |x? + 1| 12. | 1 — 2x*| 


13-38 Solve the inequality in terms of intervals and illustrate the 
solution set on the real number line. 


13. 
15. 
17. 
19. 
21. 
23. 
25. 
27. 
29. 
31. 
33. 
34. 
35. 


37. 


39. 


2x + 7] > 3 14. 3x - 11 <4 
1-x<2 16. 4 —- 3x 26 

2K 1s 3K = 8 18. 1+5x>5 — 3x 
=e 24 = 37 20. 1<3x+4< 16 
O<1-x<l 22.. =5 = 3 — 2x =9 
4x<2x+1<3x4+2 24. 2x -—3<xt+4<3x-2 
(x — 1)(x — 2) >0 26. (2x + 3)\(x — 1) 20 
2x7 +x<1 28. x°<2x+8 
xvr+x+1>0 30. x. +x>1 

3 32. x° =5 

x—-x <0 

(x + 1)(x — 2)(x + 3) = 0 

ee A 36. x° + 3x < 4x? 
re 38, -3<—<1 

x x 


The relationship between the Celsius and Fahrenheit temper- 
ature scales is given by C = 3(F — 32), where C is the 


40. 


41. 


42. 


temperature in degrees Celsius and F is the temperature in 
degrees Fahrenheit. What interval on the Celsius scale corre- 
sponds to the temperature range 50 < F < 95? 


Use the relationship between C and F given in Exercise 39 to 
find the interval on the Fahrenheit scale corresponding to the 
temperature range 20 < C S 30. 


As dry air moves upward, it expands and in so doing cools at a 

rate of about 1°C for each 100-meter rise, up to about 12 km. 

(a) If the ground temperature is 20°C, write a formula for the 
temperature at height h. 

(b) What range of temperature can be expected if a plane 
takes off and reaches a maximum height of 5 km? 


If a ball is thrown upward from the top of a building 128 ft 
high with an initial velocity of 16 ft/s, then the height h 
above the ground ¢ seconds later will be 


h = 128 + 16t — 16? 


During what time interval will the ball be at least 32 ft above 
the ground? 


43-46 Solve the equation for x. 


43. |2x| =3 44. |3x+5|=1 

45. |x +3|=|2x + 1| #6, || Ss 
Ei al 

47-56 Solve the inequality. 

47. |x| <3 48. |x| >3 

49. |x-—4| <1 50. |x — 6| <0.1 

51. |x+5| 22 52. |x + 1| 23 

53. |2x —3| <04 54. [5x —2| <6 

55. 1<|x| <4 56. 0<|x-5| <3 
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57-58 Solve for x, assuming a, b, and c are positive constants. 65. Prove that | ab| = |a||b|. [Hint: Use Equation 4.] 
57. a(bx — c) = be 58. ax<bx+c<2a 
66. Prove that - = al 
59-60 Solve for x, assuming a, b, and c are negative constants. 
ax + b 67. Show that if 0 < a < b, thena’ < b’. 
59. ax+b<c 60. <b 
68. Prove that |x — y| = |x| — |y|. [Hint: Use the Triangle 
Inequality with a = x — yandb = y.] 
61. Suppose that |x — 2| < 0.01 and | y — 3| < 0.04. Use the 
Triangle Inequality to show that | (x+y) —5 | < 0.05. 69. Show that the sum, difference, and product of rational num- 
: : bers are rational numbers. 
62. Show that if |x + 3| <3, then |4x + 13| <3. 
Ax 70. (a) Is the sum of two irrational numbers always an irrational 
63. Show that if a < b, thena < —s— <b. number? 
(b) Is the product of two irrational numbers always an 
64. Use Rule 3 to prove Rule 5 of (2). irrational number? 


Coordinate Geometry and Lines 


Just as the points on a line can be identified with real numbers by assigning them coor- 
dinates, as described in Appendix A, so the points in a plane can be identified with 
ordered pairs of real numbers. We start by drawing two perpendicular coordinate lines 
that intersect at the origin O on each line. Usually one line is horizontal with positive 
direction to the right and is called the x-axis; the other line is vertical with positive direc- 
tion upward and is called the y-axis. 

Any point P in the plane can be located by a unique ordered pair of numbers as fol- 
lows. Draw lines through P perpendicular to the x- and y-axes. These lines intersect the 
axes in points with coordinates a and b as shown in Figure 1. Then the point P is assigned 
the ordered pair (a, b). The first number a is called the x-coordinate of P; the second 
number b is called the y-coordinate of P. We say that P is the point with coordinates 
(a, b), and we denote the point by the symbol P(a, b). Several points are labeled with 
their coordinates in Figure 2. 


yA yA 
4 
34 can 3p th) 
no 4i I . 2 
1 it ea 
+ + + > + + + > 
—3-2-19} 12 3/4 5 % 32-19] 123 45 * 
-| i -| 
=2 e —2 
Ill IV (-3, -2) 
3 ~3 
—4 4 -4t ° (2, -4) 
FIGURE 1 FIGURE 2 


By reversing the preceding process we can start with an ordered pair (a, b) and arrive 
at the corresponding point P. Often we identify the point P with the ordered pair (a, b) 
and refer to “the point (a, b).” [Although the notation used for an open interval (a, b) is 
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the same as the notation used for a point (a, b), you will be able to tell from the context 
which meaning is intended. ] 

This coordinate system is called the rectangular coordinate system or the Cartesian 
coordinate system in honor of the French mathematician René Descartes (1596-1650), 
even though another Frenchman, Pierre Fermat (1601—1665), invented the principles of 
analytic geometry at about the same time as Descartes. The plane supplied with this 
coordinate system is called the coordinate plane or the Cartesian plane and is denoted 
by R®. 

The x- and y-axes are called the coordinate axes and divide the Cartesian plane into 
four quadrants, which are labeled I, II, I, and IV in Figure 1. Notice that the first quad- 
rant consists of those points whose x- and y-coordinates are both positive. 


EXAMPLE 1 Describe and sketch the regions given by the following sets. 
(a) {(x, y) | x = O} (b) {x y) | y = (c) {(z, y) | ly] < B 
SOLUTION 


(a) The points whose x-coordinates are 0 or positive lie on the y-axis or to the right of 
it as indicated by the shaded region in Figure 3(a). 


yA yA yA 
| y=l1 y=l1 
™% SA of x oO] 4 
_ =| ae 
FIGURE 3 (a)x 20 (b) y=1 (c) |y|<1 


(b) The set of all points with y-coordinate | is a horizontal line one unit above the 
x-axis [see Figure 3(b)]. 


(c) Recall from Appendix A that 
ly] <1 if and only if -l<y<1 


The given region consists of those points in the plane whose y-coordinates lie between 
—1 and 1. Thus the region consists of all points that lie between (but not on) the hori- 
zontal lines y = 1 and y = —1. [These lines are shown as dashed lines in Figure 3(c) 
to indicate that the points on these lines don’t lie in the set. ] a 


Recall from Appendix A that the distance between points a and b on a number line is 


on |a — b| = |b — a|. Thus the distance between points P:(x1, y:) and P3(x2, y:) ona hori- 
ral P(X, Yo) zontal line must be |.x2 — x:| and the distance between P2(x2, y2) and P3(x2, yi) on a 
a vertical line must be | y2 — yi |. (See Figure 4.) 

ae ly2— yl To find the distance | P; P| between any two points Pi(x1, yi) and P2(x2, y2), we note 
y+ 1M» Wi) that triangle P;P2P3 in Figure 4 is a right triangle, and so by the Pythagorean Theorem 
kK |x, —x,, {02 %) we have 

| a 3 |PiPa| = VIPPE + [PPE = vie mF #2 =P 

FIGURE 4 = V(x2 — x1)? + G2 — yi)? 
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[1] Distance Formula The distance between the points P;(x,, y,) and 


P2(x2, yo) 1S 


| PiP2| = /G@2 -— x1)? + Or — yi)? 


EXAMPLE 2 The distance between (1, —2) and (5, 3) is 
V6 -1)?+[3 — (-2)P = /42 + 52 = J41 7 


® Lines 


We want to find an equation of a given line L; such an equation is satisfied by the coor- 
dinates of the points on L and by no other point. To find the equation of L we use its 
slope, which is a measure of the steepness of the line. 


[2] Definition The slope of a nonvertical line that passes through the points 
P(x, y1) and P(x, y2) is 


The slope of a vertical line is not defined. 


Thus the slope of a line is the ratio of the change in y, Ay, to the change in x, Ax. (See 


FIGURE 5 Figure 5.) The slope is therefore the rate of change of y with respect to x. The fact that 
the line is straight means that the rate of change is constant. 
YA m=5 Figure 6 shows several lines labeled with their slopes. Notice that lines with positive 
m=2 slope slant upward to the right, whereas lines with negative slope slant downward to the 
mas i right. Notice also that the steepest lines are the ones for which the absolute value of the 
m9 slope is largest, and a horizontal line has slope 0. 
Now let’s find an equation of the line that passes through a given point P\(x, y1) 
m= and has slope m. A point P(x, y) with x x, lies on this line if and only if the slope of 
: the line through P, and P is equal to m; that is, 
m>=— 2 
0 m=-1 x ane =m 
m=—2 XX 
m=—5 
This equation can be rewritten in the form 
FIGURE 6 


y= y= mx — x) 


and we observe that this equation is also satisfied when x = x, and y = y,. Therefore it 
is an equation of the given line. 


[3] Point-Slope Form of the Equation of a Line An equation of the line pass- 
ing through the point P(x), y;) and having slope m is 


y= yi = mx — 54) 
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EXAMPLE 3 Find an equation of the line through (1, —7) with slope —3. 


SOLUTION Using (3) with m = 5, x; = 1, and y; = —7, we obtain an equation of the 
line as 
y+7=—-3(x — 1) 


which we can rewrite as 
2y+ 14=-x+1 or x+2y+ 13=0 a 


EXAMPLE 4 Find an equation of the line through the points (—1, 2) and (3, —4). 
SOLUTION By Definition 2 the slope of the line is 


—-4—-—2 3 
m= _ 
3 — (-1) 2 
Using the point-slope form with x; = —1 and y; = 2, we obtain 


which simplifies to 3x + 2y = 1 g 


Suppose a nonvertical line has slope m and y-intercept b. (See Figure 7.) This means 
it intersects the y-axis at the point (0, b), so the point-slope form of the equation of the 
line, with x; = 0 and y, = b, becomes 


y—b=m(x — 0) 


This simplifies as follows. 


FIGURE 7 
[4] Slope-Intercept Form of the Equation of aLine An equation of the line 
with slope m and y-intercept b is 
y=mx+t+b 
YA In particular, if a line is horizontal, its slope is m = 0, so its equation is y = b, where 


b is the y-intercept (see Figure 8). A vertical line does not have a slope, but we can write 
its equation as x = a, where a is the x-intercept, because the x-coordinate of every point 


on the line is a. 


a Observe that the equation of every line can be written in the form 
> 
0 a x 
[5] Ax + By+C=0 
FIGURE 8 : . . 

because a vertical line has the equation x = aorx —-a=O(A 1B=0,C a) 
and a nonvertical line has the equation y = mx + b or ~mx + y—-—b=0(A=-m, 
B= 1, C = —b). Conversely, if we start with a general first-degree equation, that is, an 


equation of the form (5), where A, B, and C are constants and A and B are not both 0, then 
we can show that it is the equation of a line. If B = 0, the equation becomes Ax + C = 0 
or x = —C/A, which represents a vertical line with x-intercept —C/A. If B # 0, the 
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equation can be rewritten by solving for y: 


and we recognize this as being the slope-intercept form of the equation of a line 
(m = —A/B, b = —C/B). Therefore an equation of the form (5) is called a linear equa- 
tion or the general equation of a line. For brevity, we often refer to “the line 
Ax + By + C = 0” instead of “the line whose equation is Ax + By + C = 0.” 


EXAMPLE 5 Sketch the graph of the equation 3x — Sy = 15. 


SOLUTION Since the equation is linear, its graph is a line. To draw the graph, we can 
simply find two points on the line. It’s easiest to find the intercepts. Substituting y = 0 
(the equation of the x-axis) in the given equation, we get 3x = 15, so x = 5 is the 
x-intercept. Substituting x = 0 in the equation, we see that the y-intercept is —3. This 
FIGURE 9 allows us to sketch the graph as in Figure 9. a 


EXAMPLE 6 Graph the inequality x + 2y > 5. 


SOLUTION We are asked to sketch the graph of the set {(x, y) | x + 2y > 5} and we 
begin by solving the inequality for y: 


yA x+2y>5 
“= 
2.5 PS 2y>-x+5 
s[ : 
— y>—txt$ 
ity 5 
= al Compare this inequality with the equation y = —4x af 3, which represents a line with 
0 5 = slope —5 and y-intercept 3. We see that the given graph consists of points whose 
y-coordinates are /arger than those on the line y = 5x + 3. Thus the graph is the 
FIGURE 10 region that lies above the line, as illustrated in Figure 10. a 


B® Parallel and Perpendicular Lines 


Slopes can be used to show that lines are parallel or perpendicular. The following facts 
are proved, for instance, in Precalculus: Mathematics for Calculus, Seventh Edition, by 
Stewart, Redlin, and Watson (Boston, 2016). 


[6] Parallel and Perpendicular Lines 


1. Two nonvertical lines are parallel if and only if they have the same slope. 


2. Two lines with slopes m; and mz are perpendicular if and only if mum: = —1; 
that is, their slopes are negative reciprocals: 


EXAMPLE7 Find an equation of the line through the point (5, 2) that is parallel to the 
line 4x + 6y + 5 = 0. 


SOLUTION The given line can be written in the form 


me 2 5 
y= 3X —§ 
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which is in slope-intercept form with m = —}, Parallel lines have the same slope, so 


APPENDIX B_ Coordinate Geometry and Lines A15 


the required line has slope 3 and its equation in point-slope form is 


y—2=—3(x — 5) 


We can write this equation as 2x + 3y = 16. 


EXAMPLE 8 Show that the lines 2x + 3y = | and 6x — 4y — 1 = O are perpendicular. 
SOLUTION The equations can be written as 


_3 1 
= -3x+3 and yrzx- | 


from which we see that the slopes are 


m= —} and M2 = 3 
Since mm, = —1, the lines are perpendicular. a 
B | Exercises 
1-6 Find the distance between the points. 19. xy = 0 20. |y|=1 


1. 1,1), (4,5) 2. (1, -3), (5,7) 
3. (6,-—2);. (—1,3) 4. (1,—-6), (—1, -3) 
5. (2,5), (4, -7) 6. (a,b), (b, a) 


7-10 Find the slope of the line through P and Q. 
7. P(1,5), Q(4, 11) 8. P(—1, 6), 
9. P(—3, 3), Q(-1, -6) 10. P(—1, —4), 


Q(4, —3) 
Q(6, 0) 


11. Show that the triangle with vertices A(0, 2), B(—3, —1), and 
C(—4, 3) is isosceles. 


12. (a) Show that the triangle with vertices A(6, —7), B(1, —3), 
and C(2, —2) is a right triangle using the converse of the 
Pythagorean Theorem. 

(b) Use slopes to show that ABC is a right triangle. 
(c) Find the area of the triangle. 


13. Show that the points (—2, 9), (4, 6), (1, 0), and (—5S, 3) are 
the vertices of a square. 


14. (a) Show that the points A(—1, 3), B(3, 11), and C(5, 15) are 
collinear (lie on the same line) by showing that 
|AB| + |BC| = |ACl. 
(b) Use slopes to show that A, B, and C are collinear. 
15. Show that A(1, 1), B(7, 4), C(5, 10), and D(—1, 7) are 
vertices of a parallelogram. 


16. Show that A(1, 1), B(11, 3), C(10, 8), and D(0, 6) are vertices 
of a rectangle. 


17-20 Sketch the graph of the equation. 
17. x=3 18. y= —-2 


21-36 Find an equation of the line that satisfies the given 
conditions. 

21. Through (2, —3), slope 6 
22. Through (—1,4), slope —3 
23. Through (1,7), slope 3 

24. Through (—3, —5), slope —3 
25. Through (2, 1) and (1, 6) 

26. Through (—1, —2) and (4, 3) 
27. Slope 3, y-intercept —2 

28. Slope 2, y-intercept 4 

29. x-intercept 1, y-intercept —3 
30. x-intercept —8, y-intercept 6 
31. Through (4,5), parallel to the x-axis 
32. Through (4, 5), 


33. Through (1, —6), 


parallel to the y-axis 
parallel to the line x + 2y = 6 
34. y-intercept 6, parallel to the line 2x + 3y + 4=0 


35. Through (—1, —2), 
2x + 5y+8=0 


perpendicular to the line 


36. Through (. —3), perpendicular to the line 4x — 8y = 1 


37-42 Find the slope and y-intercept of the line and draw 
its graph. 


37. x + 3y=0 38. 2x — 5y=0 
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39. y= —2 


41 


APPENDIX C_ Graphs of Second-Degree Equations 


40. 2x —-3y +6=0 


- 3x — 4y = 12 42. 4x + Sy = 10 


43-52 Sketch the region in the xy-plane. 


57. 


58. 


Show that the lines 2x — y = 4 and 6x — 2y = 10 are not 
parallel and find their point of intersection. 

Show that the lines 

and 


3x — 5y +19 =0 10x + 6y — 50=0 


43. {(x,y) | x < Of 44. {(x, y) | y > 0} are perpendicular and find their point of intersection. 
45. {(x, y) | xy < O} 46. {(x,y) | x> Landy < 3} 59. Find an equation of the perpendicular bisector of the line seg- 
47. {(x, y) | |x|] < 2} ment joining the points A(1, 4) and B(7, —2). 
48. {(x, y) | |x| <3 and|y| < 2} 60. (a) Find equations for the sides of the triangle with vertices 
P(1, 0), Q(3, 4), and R(—1, 6). 
49. {(x, 0O<y<4andx <2 Reegete aie a wea 
(9) . —— } (b) Find equations for the medians of this triangle. Where do 
50. {(x, y) | y > 2x — I} they intersect? 
51. {(x, y) | lt+x<y <1 — 2x} 61. (a) Show that if the x- and y-intercepts of a line are nonzero 
52. {(x,y) | —x<y <4 (x + 3)} numbers a and b, then the equation of the line can be put 
in the form 
53. Find a point on the y-axis that is equidistant from (5, —5) nue - =1 
a 


54. 


55. 


56. 


and (1, 1). 
Show that the midpoint of the line segment from P;(x;, yi) to 
P2(x2, y2) is 


Xi +xX. yi t+ yo 
2 : 2 


(a) (1,3) and (7,15) (b) (—1, 6) and (8, —12) 


Find the lengths of the medians of the triangle with vertices 
A(I, 0), B(3, 6), and C(8, 2). (A median is a line segment 
from a vertex to the midpoint of the opposite side.) 


Find the midpoint of the line segment joining the given points. 


62. 


This equation is called the two-intercept form of an 
equation of a line. 

(b) Use part (a) to find an equation of the line whose 
x-intercept is 6 and whose y-intercept is —8. 


A car leaves Detroit at 2:00 pM, traveling at a constant speed 
west along I-96. It passes Ann Arbor, 40 mi from Detroit, at 
2:50 PM. 

(a) Express the distance traveled in terms of the time elapsed. 
(b) Draw the graph of the equation in part (a). 

(c) What is the slope of this line? What does it represent? 


C | Graphs of Second-Degree Equations 


In Appendix B we saw that a first-degree, or linear, equation Ax + By + C = 0 repre- 
sents a line. In this section we discuss second-degree equations such as 


y=xr 41 


Ts Py x? 2 
9 4 


which represent a circle, a parabola, an ellipse, and a hyperbola, respectively. 
The graph of such an equation in x and y is the set of all points (x, y) that satisfy the 


equation; it gives a visual representation of the equation. Conversely, given a curve in the 
xy-plane, we may have to find an equation that represents it, that is, an equation satisfied 
by the coordinates of the points on the curve and by no other point. This is the other half 
of the basic principle of analytic geometry as formulated by Descartes and Fermat. The 
idea is that if a geometric curve can be represented by an algebraic equation, then the 
rules of algebra can be used to analyze the geometric problem. 


@ Circles 


As an example of this type of problem, let’s find an equation of the circle with radius r 
and center (h, k). By definition, the circle is the set of all points P(x, y) whose distance 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


APPENDIX C_ Graphs of Second-Degree Equations A17 


YA from the center C(h, k) is r. (See Figure 1.) Thus P is on the circle if and only if | PC | =r, 
From the distance formula, we have 


V@— AP + (y— WP =r 


or equivalently, squaring both sides, we get 


(x -hP + -k’P=r 


0 < This is the desired equation. 


FIGURE 1 
[1] Equation of a Circle An equation of the circle with center (h, k) and 


radius r is 
(x -—hP + (y-kKP Hr’ 
In particular, if the center is the origin (0, 0), the equation is 


2 


e+y=r 


EXAMPLE 1 Find an equation of the circle with radius 3 and center (2, —5). 
SOLUTION From Equation | with r = 3, h = 2, and k = —5, we obtain 


(x — 2)? + (y+ 5) =9 a 


EXAMPLE 2 Sketch the graph of the equation x* + y* + 2x — 6y + 7 = O by first 
showing that it represents a circle and then finding its center and radius. 


SOLUTION We first group the x-terms and y-terms as follows: 
(x? + 2x) + (y? — 6y) = -7 


Then we complete the square within each grouping, adding the appropriate constants 
(the squares of half the coefficients of x and y) to both sides of the equation: 


(x? + 2x + 1) + (py? - 6y +9) =-74+149 
or (x + 1)? + (y - 3)? =3 


Comparing this equation with the standard equation of a circle (1), we see that h = —1, 


k = 3, and r= a ey so the given equation represents a circle with center (—1, 3) and 
radius ./3. It is sketched in Figure 2. 


YA 


FIGURE 2 t , | , | — 
ety? +2x-6by+7=0 : a 
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® Parabolas 


The geometric properties of parabolas are reviewed in Section 10.5. Here we regard a 
parabola as a graph of an equation of the form y = ax* + bx + c. 


EXAMPLE 3 Draw the graph of the parabola y = x’. 


SOLUTION We set up a table of values, plot points, and join them by a smooth curve to 
obtain the graph in Figure 3. 


& 
3 

| 
= 
t 


Holt lt bg 


Bw NM ENF 


FIGURE 3 a 


Figure 4 shows the graphs of several parabolas with equations of the form y = ax for 
various values of the number a. In each case the vertex—the point where the parabola 
changes direction—is the origin. We see that the parabola y = ax” opens upward if 
a > 0 and downward if a < 0 (as in Figure 5). 


YA 
YA 
y=2x? 0 
2 x 
y=x : 
yale 
> 
x 
yaa? 2 
yes? x 
y=-2x? 
(a) y=ax’, a>0 (b) y=ax’, a<0 
FIGURE 4 FIGURE 5 


Notice that if (x, y) satisfies y = ax’, then so does (—x, y). This corresponds to the 
geometric fact that if the right half of the graph is reflected about the y-axis, then the left 
half of the graph is obtained. We say that the graph is symmetric with respect to the 
y-axis. 


The graph of an equation is symmetric with respect to the y-axis if the equation is 


unchanged when x is replaced by —x. 


If we interchange x and y in the equation y = ax’, the result is x = ay’, which also rep- 
resents a parabola. (Interchanging x and y amounts to reflecting about the diagonal line 
y =x.) The parabola x = ay” opens to the right if a > 0 and to the left if a < 0. (See 
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Figure 6.) This time the parabola is symmetric with respect to the x-axis because if (x, y) 
satisfies x = ay’, then so does (x, —y). 


YA YA 


FIGURE 6 (a) x=ay’, a>0 (b) x=ay’, a<0 


The graph of an equation is symmetric with respect to the x-axis if the equation is 


unchanged when y is replaced by —y. 


EXAMPLE 4 Sketch the region bounded by the parabola x = y’ and the line 
y=x-2. 

SOLUTION First we find the points of intersection by solving the two equations simultane- 
ously. Substituting x = y + 2 into the equation x = y*, we get y + 2 = y’, which gives 


0O=y-y-2=(y- Yyt+ 1 


so y = 2 or —1. Thus the points of intersection are (4, 2) and (1, —1), and we draw the 
line y = x — 2 passing through these points. We then sketch the parabola x = y” by 
referring to Figure 6(a) and having the parabola pass through (4, 2) and (1, —1). The 
region bounded by x = y* and y = x — 2 means the finite region whose boundaries are 
FIGURE 7 these curves. It is sketched in Figure 7. B 


B® Ellipses 


The curve with equation 


x? y 
2| + -= 
a: b2 1 


where a and b are positive numbers, is called an ellipse in standard position. (Geometric 

properties of ellipses are discussed in Section 10.5.) Observe that Equation 2 is unchanged 

if x is replaced by — x or y is replaced by —y, so the ellipse is symmetric with respect to 
(0, b) both axes. As a further aid to sketching the ellipse, we find its intercepts. 


Cee (a, 0) The x-intercepts of a graph are the x-coordinates of the points where the graph 
intersects the x-axis. They are found by setting y = 0 in the equation of the graph. 


The y-intercepts are the y-coordinates of the points where the graph intersects the 
y-axis. They are found by setting x = 0 in its equation. 


FIGURE 8 If we set y = 0 in Equation 2, we get x* = a’ and so the x-intercepts are +a. Setting 
x = 0, we get y* = b’, so the y-intercepts are +b. Using this information, together with 
a pb symmetry, we sketch the ellipse in Figure 8. If a = b, the ellipse is a circle with radius a. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A20 APPENDIX C_ Graphs of Second-Degree Equations 


EXAMPLE 5 Sketch the graph of 9x? + 16y* = 144. 
SOLUTION We divide both sides of the equation by 144: 


+ 


2 
Pee 
9 


x 
16 
The equation is now in the standard form for an ellipse (2), so we have a’ = 16, 


b* = 9,a = 4, and b = 3. The x-intercepts are +4; the y-intercepts are +3. The graph 
is sketched in Figure 9. 


YA 
(0, 3) 


FIGURE 9 
9x? + l6y? = 144 = 


@ Hyperbolas 


The curve with equation 


2 2, 
[3] ~-4=1 


a b? 


is called a hyperbola in standard position. Again, Equation 3 is unchanged when x is 
replaced by —x or y is replaced by —y, so the hyperbola is symmetric with respect to 
both axes. To find the x-intercepts we set y = 0 and obtain x* = a* and x = +a. How- 
ever, if we put x = 0 in Equation 3, we get y* = —b’, which is impossible, so there is no 
y-intercept. In fact, from Equation 3 we obtain 
FIGURE 10 2 2 

2 2 x y 


2 es ee 
The hyperbola — - | a ae be l 


which shows that x? > a? and so |x| = /x? = a. Therefore we have x > a or x < —a. 
This means that the hyperbola consists of two parts, called its branches. It is sketched in 
Figure 10. 

In drawing a hyperbola it is useful to draw first its asymptotes, which are the lines 
y = (b/a)x and y = —(b/a)x shown in Figure 10. Both branches of the hyperbola 
approach the asymptotes; that is, they come arbitrarily close to the asymptotes. This 
involves the idea of a limit, which is discussed in Chapter 2. (See also Exercise 4.5.77.) 

By interchanging the roles of x and y we get an equation of the form 


y? 2 
a fe 
FIGURE 11 a b 
y? x? 
ee ae bP : which also represents a hyperbola and is sketched in Figure 11. 
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EXAMPLE 6 Sketch the curve 9x? — 4y” = 36. 
SOLUTION Dividing both sides by 36, we obtain 


2 2 
od ag 
4 9 
which is the standard form of the equation of a hyperbola (Equation 3). Since 


a’ = 4, the x-intercepts are +2. Since b* = 9, we have b = 3 and the asymptotes 
are y = +3 x, The hyperbola is sketched in Figure 12. 


FIGURE 12 
The hyperbola 9x” — 4y? = 36 


If b =a, a hyperbola has the equation x* — y? = a” (or y’ — x? =a’) and is 
called an equilateral hyperbola [see Figure 13(a)]. Its asymptotes are y = +x, which are 
perpendicular. If an equilateral hyperbola is rotated by 45°, the asymptotes become the 
x- and y-axes, and it can be shown that the new equation of the hyperbola is xy = k, 
where k is a constant [see Figure 13(b)]. 


FIGURE 13 
Equilateral hyperbolas (aj? -y=a? (b) xy=k (k>0) 


B® Shifted Conics 
2 


Recall that an equation of the circle with center the origin and radius r is x* + y* =r’, 
but if the center is the point (h, k), then the equation of the circle becomes 


(xh + (y — P=? 


Similarly, if we take the ellipse with equation 


x? y? 
[4] aot gee 
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and translate it (shift it) so that its center is the point (A, k), then its equation becomes 


5] GAH, O=0 _, 


a’ b? 


(See Figure 14.) 


YA sel 4 (yk? 4 


(x—h, y—k) 


FIGURE 14 


Notice that in shifting the ellipse, we replaced x by x — h and y by y — k in Equa- 
tion 4 to obtain Equation 5. We use the same procedure to shift the parabola y = ax? so 
that its vertex (the origin) becomes the point (h, k) as in Figure 15. Replacing x by x — h 
and y by y — k, we see that the new equation is 


y—k=a(x— hy or y=ax-—hP +k 


eee y=a(x—h)?+k 


(h, k) 


av 


FIGURE 15 


EXAMPLE 7 Sketch the graph of the equation y = 2x* — 4x + 1. 
SOLUTION First we complete the square: 
y = A(x? — 2x) +1 =2(x- 17-1 
In this form we see that the equation represents the parabola obtained by shifting 


y = 2x’ so that its vertex is at the point (1, —1). The graph is sketched in Figure 16. 


yA 


o 
= 
tN 
w 

BY 


FIGURE 16 
y= 2x? —4x +1 


(1,-I) | 
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EXAMPLE 8 Sketch the curve x = 1 — y’. 


SOLUTION This time we start with the parabola x = —y’ (as in Figure 6 with a = —1) 
and shift one unit to the right to get the graph of x = 1 — y. (See Figure 17.) 


yA YA 
~ 
0 x 0 1 Xx 
FIGURE 17 ay asta y = 
C | Exercises 
1-4 Find an equation of a circle that satisfies the given 15. 16x? — 25y? = 400 16. 25x* + 4y* = 100 
condizions: 17. 4x2 +y?=1 18. y=x2+2 
1. Center (3, —1), radius 5 5 
19x=y?-1 20. 9x? — 25y? = 225 
2. Center (—2, —8), radius 10 ; 
21. 9y? — x? =9 22. 2x* + 5y? = 10 
3. Center at the origin, passes through (4, 7) 
23. xy =4 24. y=x?+ 2x 
4. Center (—1, 5), passes through (—4, —6) 
. 25. 9(x — 1)? + 4(y — 2)? = 36 
2 2 = 
5-9 Show that the equation represents a circle and find the center 26. 16x" + 9y aby = 108 
and radius. 27. y=x° — 6x + 13 28. x°>-— y’- 4x +3=0 
5. x°+y?—4x+ 10y + 13=0 29.x=4-y’ 30. y°— 2x + 6y+5=0 
6.x? + y?+6y+2=0 31. x° + 4y>- 6x +5=0 
x+y?+x=0 32. 4x7 + 9y* — lox + 54y + 61 =0 
8. 16x? + l6y? + 8x + 32y + 1=0 ; 
33-34 Sketch the region bounded by the curves. 
2 2 = 
9. 2x° + 2y?-x+y=1 33. y=3x, y=x? 34. y=4-—x7, x-2y=2 


10. Under what condition on the coefficients a, b, and c does the 
equation x° + y* + ax + by + c = Orepresent a circle? 
When that condition is satisfied, find the center and radius of 


the circle. 


11-32 Identify the type of curve and sketch the graph. Do not 
plot points. Just use the standard graphs given in Figures 5, 6, 8, 
10, and 11 and shift if necessary. 


11. y = —x? 12, y>-x?=1 
13. x? + 4y? = 16 14, x= —2y? 


35. Find an equation of the parabola with vertex (1, —1) that 
passes through the points (—1, 3) and (3, 3). 


36. Find an equation of the ellipse with center at the origin that 
passes through the points (1, —10./2 /3) and (—2, 5/5 /3). 


37-40 Sketch the graph of the set. 
37. {(x,y) | x? +y?> <1} 38. {(x, y) | x° + y? > 4} 
39. {(x,y) | y =x’? — 1} 40. {(x, y) | x7 + 4y? < 4} 
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D | Trigonometry 


@ Angles 


Angles can be measured in degrees or in radians (abbreviated as rad). The angle given by 
a complete revolution contains 360°, which is the same as 277 rad. Therefore 


[1] a rad = 180° 
and 
[2] Prada (2) cae 1° = rad ~ 0.017 rad 
rad = = . = Te0 ra ‘ ra 
EXAMPLE 1 
(a) Find the radian measure of 60°. (b) Express 57/4 rad in degrees. 
SOLUTION 


(a) From Equation | or 2 we see that to convert from degrees to radians we multiply 
by 77/180. Therefore 
sor = z )- 7 rad 
oy 


(b) To convert from radians to degrees we multiply by 180/z. Thus 


5a ache 5a / 180\ _ 75° - 
4 4 7 


In calculus we use radians to measure angles except when otherwise indicated. The 
following table gives the correspondence between degree and radian measures of some 
common angles. 


Degrees 0° 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180° | 270° | 360° 


7 7 7 7 27 37 Sa 37 
Radi 0 — | 2 
ace an ea ee | ee 
oo a Figure 1 shows a sector of a circle with central angle 6 and radius r subtending an arc 
- r with length a. Since the length of the arc is proportional to the size of the angle, and since 
: the entire circle has circumference 27rr and central angle 277, we have 
| | 
3 ; 0 a 
/ —= 
ae ro QT 2ar 
ras U7 
Solving this equation for 6 and for a, we obtain 
FIGURE 1 


Remember that Equations 3 are valid only when 6 is measured in radians. 
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In particular, putting a = rin Equation 3, we see that an angle of | rad is the angle sub- 
tended at the center of a circle by an arc equal in length to the radius of the circle (see 
Figure 2). 


EXAMPLE 2 

(a) If the radius of a circle is 5 cm, what angle is subtended by an arc of 6 cm? 

(b) Ifa circle has radius 3 cm, what is the length of an arc subtended by a central angle 
of 37/8 rad? 


SOLUTION 
(a) Using Equation 3 with a = 6 and r = 5, we see that the angle is 


FIGURE 2 


6 =$=1.2rad 


(b) With r = 3 cm and 6 = 3727/8 rad, the arc length is 


nr ie ead - 
a=roe= 8 =e 


The standard position of an angle occurs when we place its vertex at the origin of 
a coordinate system and its initial side on the positive x-axis as in Figure 3. A positive 
angle is obtained by rotating the initial side counterclockwise until it coincides with the 
terminal side. Likewise, negative angles are obtained by clockwise rotation as in 
Figure 4. 


yA YA 


initial side 


terminal 
side 


g _ initial side terminal side 


ri 


FIGURE3 6>0 FIGURE 4 6<0 


Figure 5 shows several examples of angles in standard position. Notice that different 
angles can have the same terminal side. For instance, the angles 37/4, —5a/4, and 
1177/4 have the same initial and terminal sides because 


11 
307 rr Sa 3%r i ie fe 7 
4 4 4 4 


y. y y y YA 


0 x x 
FIGURE 5 a 
Angles in standard position 2 
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hypotenuse 


opposite 


adjacent 


FIGURE 6 


i The Trigonometric Functions 


For an acute angle 6 the six trigonometric functions are defined as ratios of lengths of 


sides of a right triangle as follows (see Figure 6). 


_ , _ OPP 
sin 9 = —— 
hyp 

di 

cos 8 = a. 
hyp 

Opp 

tan 9 = —— 
an adj 


h 
csc 9 = lis 
opp 
h 
sec 0 = pals 
adj 
di 
cot 0 = fal 
opp 


This definition doesn’t apply to obtuse or negative angles, so for a general angle 0 
in standard position we let P(x, y) be any point on the terminal side of 6 and we let r be 
the distance | OP | as in Figure 7. Then we define 


; y r 
sin 9 = — csc 9 = — 
r y 
x 
FIGURE 7 [5] cos 9 = — sec 9 = — 
r x 
id= cot@ == 
x 


If we put r = 1 in Definition 5 and 
draw a unit circle with center the 
origin and label 6 as in Figure 8, then 
the coordinates of P are (cos 4, sin). 


Since division by 0 is not defined, tan @ and sec 6 are undefined when x = 0 and csc 6 
and cot 6 are undefined when y = 0. Notice that the definitions in (4) and (5) are consis- 
tent when @ is an acute angle. 

If @ is a number, the convention is that sin 6 means the sine of the angle whose radian 
measure is 6. For example, the expression sin 3 implies that we are dealing with an angle 
a) of 3 rad. When finding a calculator approximation to this number, we must remember 


to set our calculator in radian mode, and then we obtain 
P(cos @, sin @) 


sin3 ~ 0.14112 


If we want to know the sine of the angle 3° we would write sin 3° and, with our calculator 
in degree mode, we find that 


sin 3° = 0.05234 


The exact trigonometric ratios for certain angles can be read from the triangles in Fig- 
ure 9. For instance, 


FIGURE 8 


. 1 1 mm Vf 
tS OO sn — = sh > 
4 5) F 3 5 
7 1 7 f3 7 1 
COs SS cos — = cos —- = FS 
4 2 6 2 3 
tan— = 1 i ae t va 
an: —- = an SS an = 
FIGURE 9 4 6 3 
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sin 0>0 Y* all ratios > 0 
S A 

0 x 
T é 

tan 0>0 cos 0>0 


FIGURE 10 


FIGURE 11 


5 4=V/21 


FIGURE 12 


16 


FIGURE 13 
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The signs of the trigonometric functions for angles in each of the four quadrants can 
be remembered by means of the rule “All Students Take Calculus” shown in Figure 10. 


EXAMPLE 3 Find the exact trigonometric ratios for 9 = 27/3. 


SOLUTION From Figure 11 we see that a point on the terminal line for 9 = 27/3 is 
P(- er 2 ), Therefore, taking 


x= =] y= 73 r=2 
in the definitions of the trigonometric ratios, we have 


Wr 3 Qa 1 


oa Sea Tae 
27 2 21 277 1 
csc —— = —= sec —— = —2 cot —- = -—— || 


a 34 3 3 Ne 


The following table gives some values of sin 6 and cos 6 found by the method of 
Example 3. 


7 7 7 7 27 30 Sa 3a 
0 _ 
0 6 4 3 5 3 ri 6 T 5 QT 
1 1 3 1 1 
sin 0 0 a —— v3 1 v3 = = 0 = 0 
2 2 | 2 2 we 2 
3 1 1 1 1 V3 
1 + = =~ 0 | 0 1 
cos 0 7 2 ) 5 p 5 


EXAMPLE 4 If cos 6 = 2 and 0 < 6 < 7/2, find the other five trigonometric 
functions of 0. 


SOLUTION Since cos 6 = 2, we can label the hypotenuse as having length 5 and the 
adjacent side as having length 2 in Figure 12. If the opposite side has length x, then the 
Pythagorean Theorem gives x? + 4 = 25 and so x? = 21, x = \/21. We can now use 
the diagram to write the other five trigonometric functions: 


Pan 


in@ = t 
sin 5 an 5 


csc 9 = —— eepeee cot 9 = —— || 


Vai 2 Vai 


EXAMPLE5 Use acalculator to approximate the value of x in Figure 13. 
SOLUTION From the diagram we see that 


16 
tan 40° = — 
x 
Therefe = = s = 19.07 Oo 
erefore x ender ; 
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4 ( 


a 
FIGURE 14 
b h 
a oe 
FIGURE 15 


If 6 is an acute angle, then the height of the triangle in Figure 14 is h = b sin 6, so the 
area A of the triangle is 


A = 4(base)(height) = }ab sin 0 


If 6 is obtuse, as in Figure 15, then the height is h = b sin(ar — 6) = b sin @ (see Exer- 
cise 44). Thus in either case, the area of a triangle with sides of lengths a and b and with 
included angle 0 is 


[6] 


EXAMPLE 6 Find the area of an equilateral triangle with sides of length a. 


A = jab sin 


SOLUTION Each angle of an equilateral triangle has measure 77/3 and is included by 
sides of lengths a, so the area of the triangle is 


7 /3 , 
a 
4 


1 4. 
a” sin — = 
2 


 Trigonometric Identities 


A trigonometric identity is a relationship among the trigonometric functions. The most 
elementary are the following, which are immediate consequences of the definitions of 
the trigonometric functions. 


1 
= = t@= 
ca sin 0 nee cos 0 ane tan 0 
tan 9 = ane cot 8 = aust 
cos 0 sin 8 


For the next identity we refer back to Figure 7. The distance formula (or, equivalently, 
the Pythagorean Theorem) tells us that x* + y? = r*. Therefore 


2 2 2 2 
: y x AO oe’y r 
sin’?@ + cos*@ = += 7 =5 
r a r r 


2 


=1 


We have therefore proved one of the most useful of all trigonometric identities: 


sin’@ + cos’ = 1 


If we now divide both sides of Equation 8 by cos’@ and use Equations 7, we get 


tan’@ + 1 = sec’0 


Similarly, if we divide both sides of Equation 8 by sin70, we get 


1 + cot?@ = csc’ 


[9] 
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The identities 


Odd functions and even functions are 
discussed in Section 1.1. 
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sin(—@) = —sin 0 


cos(—@) = cos 0 


show that sine is an odd function and cosine is an even function. They are easily proved 
by drawing a diagram showing @ and —@ in standard position (see Exercise 39). 


Since the angles 6 and 9 + 27 have the same terminal side, we have 


[12] 


sin(@ + 27) = sin 0 


cos(@ + 2a) = cos 0 


These identities show that the sine and cosine functions are periodic with period 27. 
The remaining trigonometric identities are all consequences of two basic identities 
called the addition formulas: 


cos(x + y) = cos 


sin(x + y) = sin x cos y + cos x sin y 


x cos y — sin x sin y 


The proofs of these addition formulas are outlined in Exercises 89, 90, and 91. 
By substituting —y for y in Equations 13a and 13b and using Equations | 1a and 1 1b, 
we obtain the following subtraction formulas: 


sin(x — y) = sin x cos y — cos x sin y 


cos(x — y) = cos x cos y + sin x sin y 


Then, by dividing the formulas in Equations 13 or Equations 14, we obtain the cor- 
responding formulas for tan(x + y): 


tan x + tan y 


tan(x + y) = 


1 — tan x tan y 


tan x — tan y 


tan(x — y) = 


1 + tan x tan y 


If we put y = x in the addition formulas (13), we get the double-angle formulas: 


sin 2x = 2 sin x cos x 


2 eee 
cos 2x = cos*x — sin-x 


Then, by using the identity sin’x + cos*x = 1, we obtain the following alternate forms 
of the double-angle formulas for cos 2x: 


17a 
17b 


cos 2x = 


cos 2x = 


2 cos*x — 1 


1 — 2 sin?x 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A30 APPENDIX D_ Trigonometry 


If we now solve these equations for cos*x and sin’x, we get the following half-angle 
formulas, which are useful in integral calculus: 


1+ 2. 
cos*x = so 


1= 2 
i= = 


Finally, we state the product identities, which can be deduced from Equations 13 
and 14: 


sin x cos y = 4[sin(x + y) + sin(x — y)] 


cos x cos y = $[cos(x + y) + cos(x — y)] 


sin x sin y = 5[cos(x — y) — cos(x + y)] 


There are many other trigonometric identities, but those we have stated are the ones 
used most often in calculus. If you forget any of the identities 14-19, remember that they 
can all be deduced from Equations 13a and 13b. 

EXAMPLE7 Find all values of x in the interval [0, 277] such that sin x = sin 2x. 
SOLUTION Using the double-angle formula (16a), we rewrite the given equation as 
sin x = 2 sin x cos x or sin x(1 — 2cos x) = 0 


Therefore there are two possibilities: 


sin x = 0 or 1—2cosx=0 
x = 0, 7, 277 cos x = 4 
7 Si 
x=, — 
3° 3 
The given equation has five solutions: 0, 7/3, 7, 57/3, and 277. a 


H The Law of Sines and the Law of Cosines 


Cc The Law of Sines states that in any triangle the lengths of the sides are proportional to 
the sines of the corresponding opposite angles. We let A, B, C denote the vertices of the 
triangle as well as the angles at these vertices, as appropriate, and we follow the conven- 


b 
7 tion of labeling the lengths of the corresponding opposite sides as a, b, and c, as shown 
in Figure 16. 
A c B 
FIGURE 16 Law of Sines In any triangle ABC 


sinA sin B sin C 


a b é 
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PROOF By Formula 6 the area of the triangle ABC in Figure 16 is Sab sin C. By the 
same formula the area is also Sac sin B and Sbe sin A. So 
Shc sin A = 5ac sin B = sab sinC 
and multiplying by 2/abc gives the Law of Sines. | 


The Law of Cosines expresses the length of a side of a triangle in terms of the other 
two side lengths and the included angle. 


Law of Cosines In any triangle ABC 


b> +c — 2bcecosA 
a’ +c’ — 2accos B 


C =a +b? — 2abcos C 


yA PROOF We prove the first formula; the remaining two are proved similarly. Place the 
C(b cos A, b sin A) triangle in the coordinate plane so that vertex A is at the origin, as shown in Figure 17. 
The coordinates of vertices B and C are (c, 0) and (bcos A, b sin A), respectively. (You 

| should check that the coordinates of these points will be the same if we draw angle A as 
7 an acute angle.) By the distance formula we have 
| 

| 


a> = (bcosA — c)’ + (bsinA — 0)? 


A(0,0) c Bic, 0) x . 
= b*cos’A — 2becosA + c? + b’ sin’A 


FIGURE 17 . ; 
= b*(cos"A + sin*A) — 2becosA + c? 
= bh? + c? — 2bccosA (by Formula 8) | 


The Law of Cosines can be used to prove the following area formula in which we need 
only know the side lengths of a triangle. 


Heron’s Formula The area A of any triangle ABC is given by 


A = /s(s — a\(s — b)(s — c) 


where s = S(a + b + c) is the semiperimeter of the triangle. 


PROOF First, by the Law of Cosines, 


rab Se _ Dab ag be = er 
i b oncsi,42 eee = 


2ab 2ab 
erereae. er broarb=s 
2ab 2ab 
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Similarly, 
+a- -at+b 
1 —cosC = et ees ) 
2ab 
Then, by Formula 6, 
A? = fa7b? sin’@ = 4a7b(1 — cos’6) 
= ja*b*(1 + cos @)(1 — cos 8) 
= i opr (a + b + cia + b ~ oc) (c +a-— b\(c-— at b) 
= 2ab 2ab 
eto re) lar b =o). Cro =—)d) (¢- at BD 
2 2 2 2. 
= s(s — c)(s — b)(s — a) 
Taking the square root of each side gives Heron’s formula. a 


B® Graphs of the Trigonometric Functions 


The graph of the function f(x) = sin x, shown in Figure 18(a), is obtained by plotting 
points for 0 S x S 27 and then using the periodic nature of the function (from Equa- 
tion 12) to complete the graph. Notice that the zeros of the sine function occur at the 
integer multiples of 77, that is, 


sinx =Q whenever x = nz, nan integer 


7 ly 


NIQt 
Sy 
i) 

3 

Ww | 
yY 


7 z 30 
2 = 2 > 2 
FIGURE 18 (b) g(x) =cos x 


Because of the identity 


. 7 
cos x = snl + =) 


(which can be verified using Equation 13a), the graph of cosine is obtained by shifting 
the graph of sine by an amount 77/2 to the left [see Figure 18(b)]. Note that for both the 
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FIGURE 19 


D | Exercises 


1-6 Convert from degrees to radians. 
FB. 210° 2. 300° 
4. —315° 5. 900° 


APPENDIX D__ Trigonometry A33 


sine and cosine functions the domain is (—%, 2%) and the range is the closed interval 
[—1, 1]. Thus, for all values of x, we have 


-lsSsnx<1 —-lScosx<1l 


The graphs of the remaining four trigonometric functions are shown in Figure 19 and 
their domains are indicated there. Notice that tangent and cotangent have range (—~, ©), 
whereas cosecant and secant have range (—°, —1] U [1, 2). All four functions are peri- 
odic: tangent and cotangent have period 77, whereas cosecant and secant have period 27. 


YA 
> > 
aw 30, * 7 _a\ 0 a\ 7 3a\t 
2 2 2 2 
(a) y = tan x (b) y=cotx 
YA YA 
y=sin x y=cos x 
1 
ee ae ay 32 
2 ol 4 \ 2 =i 2 o| 24, 
+ ; - + > 4 > 
; a 7| x y aS TY x 
< +-1 2 >< 1+ 2) >< 


(c) y=csex (d) y=sec x 
ig == ec 12. 5 
3. 9° 3 8 
6. 36° 


13. Find the length of a circular arc subtended by an angle of 


7-12 Convert from radians to degrees. 


1 


7. 4ar 8. 
2 


ar/12 rad if the radius of the circle is 36 cm. 


Sa 14. Ifa circle has radius 10 cm, find the length of the arc sub- 
12 tended by a central angle of 72°. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A34 APPENDIX D_ Trigonometry 


15. A circle has radius 1.5 m. What angle is subtended at the cen- 
ter of the circle by an arc 1 m long? 


16. Find the radius of a circular sector with angle 37/4 and arc 
length 6 cm. 


17-22 Draw, in standard position, the angle whose measure is 
given. 


17. 315° 18. —150° 
30 Tt 

19. ——— rad 20. —— rad 
4 3 

21. 2 rad 22. —3rad 


23-28 Find the exact trigonometric ratios for the angle whose 
radian measure is given. 


3ar 4a 
23..— 24. — 
4 3 
oT 
25. — 26. —57 
2 
Sa lla 
27. — 28. —— 
6 4 


29-34 Find the remaining trigonometric ratios. 


; 3 7 
29. snd=— 0<0<— 
5 2 


7 
30. tana = 2, eS. 


31. secd = —1.5, = d<T7 


2 
1 3a 
32. cosx=- >, T<xX<—_ 
3 2 
33. cotB =3, m<B<27 


$A cede pes 
. CSC 7 9 T 


35-38 Find, correct to five decimal places, the length of the side 
labeled x. 


35. 36. x 
10cm 


25 cm 


37. 


8cm 


39-41 Prove each equation. 


39 
40 


41 


(a) Equation lla (b) Equation 11b 
(a) Equation 15a (b) Equation 15b 


(a) Equation 19a 
(c) Equation 19c 


(b) Equation 19b 


42-58 Prove the identity. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


7 , 
cos| — — x] =sinx 
{7 
so( + x) = cos x 


sin(a — x) = sin x 
sin 8 cot 0 = cos 0 


(sin x + cos x)? = 1 + sin 2x 


sec y — cos y = tany siny 
tan’a — sin’a = tan’a@ sin’a 
cot?@ + sec?@ = tan’@ + csc’0 
2 csc 2t = sect csct 
wap 2 tan @ 
an 26 = ————_ 
1 — tan’6 
1 1 ; 
; t ; 2 sec’0 
1 — sin@ 1+ sin@ 
sin x sin 2x + cos x cos 2x = cos x 
sin’x — sin*y = sin(x + y) sin(x — y) 
sin 
ao csc bh + cotdh 
1—cos¢@ 
sin(x + y) 
tan x + tany 
cos x Cos y 


sin 36 + sin 8 = 2 sin 20 cos 0 


cos 30 = 4cos*@ — 3cos 0 
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59-64 If sin x = } and sec y = 3, where x and y lie between 0 
and 7/2, evaluate the expression. 


59. sin(x + y) 60. cos(x + y) 


61. cos(x — y) 62. sin(x — y) 


63. sin 2y 64. cos 2y 


65-72 Find all values of x in the interval [0, 277] that satisfy the 
equation. 


65. 2cosx —-1=0 66. 3cot’x = 1 


67. 2 sin’x = 1 68. |tanx| = 1 
69. sin 2x = cos x 
70. 2 cos x + sin 2x = 0 


71, sin x = tan x 


72. 2 + cos 2x = 3 cos x 


73-76 Find all values of x in the interval [0, 27] that satisfy the 
inequality. 


73. sinx <5 74, 2cosx+1>0 


75. -—l1<tanx<1 76. sin x > cos x 


77. In triangle ABC, ZA = 50°, 2B = 68°, and c = 230. Use 
the Law of Sines to find the remaining side lengths and 
angles, correct to two decimal places. 


78. In triangle ABC, a = 3.0, b = 4.0, and 2C = 53°. Use the 
Law of Cosines to find c, correct to two decimal places. 


79. In order to find the distance | AB | across a small inlet, a point 
C was located as in the figure and the following measure- 
ments were recorded: 


ZC = 103° = |AC| = 820m _ ~—« | BC| = 910m 


Use the Law of Cosines to find the required distance. 


A 
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80. In triangle ABC, a = 100, c = 200, and 2B = 160°. Find b 
and ZA, correct to two decimal places. 


81. Find the area of triangle ABC, correct to five decimal places, 
if 


|AB| = 10cm |BC| =3cm ZB = 107° 


82. In triangle ABC, a = 4, b = 5, and c = 7. Find the area of 
the triangle. 


83-88 Graph the function by starting with the graphs in Fig- 
ures 18 and 19 and applying the transformations of Section 1.3 
where appropriate. 


83 7 
Fy = Cos! +" 
= 3 


84. y = tan 2x 


1 7 
85. y= an( = =) 


86. y= 1+ secx 


87. y = |sin x| 


. 7 
88. y=2+ sn(x + =) 


89. Use the figure to prove the subtraction formula 
cos(a — B) = cosa cos B + sina sin B 


[Hint: Compute c* in two ways (using the Law of 
Cosines and the distance formula) and compare the two 
expressions. ] 


A(cos a, sin a) 


Bi(cos B, sin B) 


90. Use the formula in Exercise 89 to prove the addition formula 
for cosine (13b). 


91. Use the addition formula for cosine and the identities 


= — 9) =sing in{ ~ — 9} = cos @ 
cos 2 = sin sin 2 = COS 


to prove the subtraction formula (14a) for the sine function. 
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APPENDIX E_ Sigma Notation 


E | 


This tells us to 


end with i=n. 


This tells us 7 
to add. > aj 


i=m 


This tells us to t 


start with i= m. 


Sigma Notation 


A convenient way of writing sums uses the Greek letter © (capital sigma, corresponding 
to our letter S) and is called sigma notation. 


[1] Definition If a, Qn+i,...,@, are real numbers and m and n are integers such 
that m <n, then 


n 


> ai = an =F QAm+1 F QAm+2 HP se Se an-1 -F Qn 


i=m 


With function notation, Definition 1 can be written as 


SH) =A) ef 1) fn So Fe = DS 


i=m 


Thus the symbol >'_,,, indicates a summation in which the letter i (called the index of 
summation) takes on consecutive integer values beginning with m and ending with n, 
that is, m,m + 1,...,n. Other letters can also be used as the index of summation. 


EXAMPLE 1 


4 
(a) DPHV+274+ 37+ 4 = 30 


i=l 


(b) Mi=3+445+4+---4+(n-Dta 


i=3 


5 
(ce) D2) 29 + 2! + 2? + 2? + 2h 2° = 63 


j=0 
n 1 1 
d@) M—=14+2-4+54¢--4+- 
ie k 2, 3 n 
a ed i=-i =) Sed 1 1 1 
= + + =0+—-+—-= 
© Bags P+3. 243. 3243 7° 6 42 
4 
(f) S2=24+24+24+2=8 | 
i=1 


EXAMPLE 2 Write the sum 2* + 3? + --- + nin sigma notation. 


SOLUTION There is no unique way of writing a sum in sigma notation. We could write 


24+334---4+H= D7 


i=2 


or 2433 +---+n°=> (7+ 1) 


or 24+ 334+---+ n= (kK4+ 2) a 


k=0 


The following theorem gives three simple rules for working with sigma notation. 
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[2] Theorem If c is any constant (that is, it does not depend on i), then 


ay Yee 6) SG Hb)e= Nae De, 


i=m i=m i=m i=m i=m 


(c) > (a - b) = Ya - db; 


i=m i=m i=m 


PROOF To see why these rules are true, all we have to do is write both sides in 
expanded form. Rule (a) is just the distributive property of real numbers: 


CAm + CAme, #0 + Cdn = ClQm + Gm41 +++ + ay) 
Rule (b) follows from the associative and commutative properties: 
(Gm + Bn) + (nei + Bini) +++ + (An + by) 
= (0, Pye a) Dy Byes eB) 


Rule (c) is proved similarly. o 


EXAMPLE 3 Find > 1. 


i=l 
SOLUTION Si=ltit¢t-:--+1l=n | 
i= —— ee 
n terms 


EXAMPLE 4 Prove the formula for the sum of the first 7 positive integers: 


A +1 

Sisit2ea¢.- tna Md 

i=1 
Mathematical induction is discussed SOLUTION This formula can be proved by mathematical induction or by the following 
in Principles of Problem Solving method used by the German mathematician Karl Friedrich Gauss (1777-1855) when he 
following Chapter 1. was ten years old. 


Write the sum S twice, once in the usual order and once in reverse order: 
S=1+ 2 + 3 +2::+(n-1) +n 
S=n+(n—-—1)+(n—-2) +--+ 2 +1 

Adding all columns vertically, we get 
W=(n+1+m+1)4+(n4+1)4+---+H4+ 1) + (n4+ 1) 
On the right side there are n terms, each of which isn + 1, so 


+ 1 
2S = n(n + 1) or p= et | 


EXAMPLE 5 Prove the formula for the sum of the squares of the first 1 positive 
integers: 
n(n + 1)(2n + 1) 

6 


DVRHVAV+P + - tW= 
i=1 
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SOLUTION 1 Let S be the desired sum. We start with the telescoping sum (or collapsing 
sum): 


Most terms cancel in pairs. > (i +iP-~P]= em -1)+ Ge —-) + Ca = 3") +--+ [n+ 1 - | 
=(n+ 1 — BP =n? + 3n? + 3n 


On the other hand, using Theorem 2 and Examples 3 and 4, we have 


Ya +i~-K) => B’24+3i+1=3574+3>i1+>D1 
i=1 i=l i=1 i=1 i=1 


(n + 1) 
2 


_ at = 3 8 3 
= 3S + 3 +n=3S + 5n° + 35n 


Thus we have 
n> + 3n? + 3n = 38 + 3n? + 3n 
Solving this equation for S, we obtain 
3S =n? + 3n? + 5n 


_ 2n? + 3n? +n _ nn + 1)(2n + 1) 


or 
6 6 

Principle of Mathematical Induction SOLUTION 2 Let S, be the given formula. 
Let S, be a statement involving the 1) #41) 4 1 Th 
positive integer n. Suppose that 1. S,; is true because 1? = 6 

1. Sy, is true. : : 

2. If Sis true, then Sex is true. 2. Assume that S; is true; that is, 
Then S,, is true for all positive inte- - . ; ; k(k + 1)(2k + 1) 
gers n. V+2° +3? +e:- +k = 6 

Then 


12 2? ab BP eas oe (Re 1 = (0 a OP oP ee ee 


k(k + 1)(2k + 1) 


= + (k + 1)? 
6 ( ) 
k(2k + 1) + 6(k +1 
=(k +1) ( ) ( ) 
6 
2k? + 7k +6 


=(k + 1) 6 


(k + 1)(k + 2)(2k + 3) 


6 
_kP K+ 1) + 26 + 1) + 1] 
6 
So Sx+1 18 true. 
By the Principle of Mathematical Induction, S,, is true for all n. | 
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We list the results of Examples 3, 4, and 5 together with a similar result for cubes (see 
Exercises 37—40) as Theorem 3. These formulas are needed for finding areas and evalu- 
ating integrals in Chapter 5. 


[3] Theorem Let c be a constant and 7 a positive integer. Then 


n(n + 1)(2n + 1) 
6 


EXAMPLE 6 Evaluate >) i(4i? — 3). 


i=l 


SOLUTION Using Theorems 2 and 3, we have 


n 


> (47 -3)= 3 47? - 31) =4>P-3> i 
i=l i=l i=1 


i=1 


I 


| 28 + | = n(n + 1) 
2 2 


_ whe + 1) 2a + 1) = 3] 


2 
_ n(n + 1)(2n? + 2n — 3) . 
2 
~ aa we 3 : 
EXAMPLE7 Find lim % —}{—] +1]. 
no iy nN n 
The type of calculation in Example 7 SOLUTION 
arises in Chapter 5 when we compute n 3 i \? ‘13... 3 
areas. im S—|{(—] +1)=im Ser + — 
no jH-1N n n>o _1| nN n 
3 n 3 n 
= lim E ee | 
noe | nN j=l nN j=1 
: 3 n(n + 1)(2n + 1) 3 
= lim 5 en 
noo] ne 6 n 
. lon nt+1 2n + I 
= lim ns +3 
noel 2 on n n 
: 1 1 1 
=lim|—-1l{1+—](2+—]+3 
n> 2 n nN 
=5°1-1-2+3=4 gE 
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E | Exercises 


1-10 Write the sum in expanded form. 


38. 5 (i? - 1-2) 
i; > 2 Xs 


‘: > ai i. » 3 36. Find the number n such that » i= 78. 


i=4 i=4 
‘oh F 37. Prove formula (b) of Theorem 3. 
5. » m+ 1 6. » x* 38. Prove formula (e) of Theorem 3 using mathematical 
induction. 
n nt3 
7. i 8 > 7? 39. Prove formula (e) of Theorem 3 using a method similar to 
A ce that of Example 5, Solution 1 [start with (1 + i)* — i*]. 
n-1 n 
9. > (-1)/ 10. > f(x;) Ax; 40. Prove formula (e) of Theorem 3 using the following method 
j=0 i=l published by Abu Bekr Mohammed ibn Alhusain Alkarchi in 


about AD 1010. The figure shows a square ABCD in which 
sides AB and AD have been divided into segments of lengths 


11-20 Write the sum in sigma notation. : 
1,2, 3,...,m. Thus the side of the square has length 


W1+24+3+4+---+ 10 n(n + 1)/2 so the area is [n(n + 1)/2]*. But the area is also 
125 Bel PS eG a7 the sum of the areas of the n “gnomons” Gi, Gr, nag Gp 

oe ee ee je shown in the figure. Show that the area of G; is i* and con- 
13.5 +3545 +5 4+ °°° +29 clude that formula (e) is true. 


3 4 5 6 23 


15.2+44+6+8+---+2n : 
16.14+34+54+7+---+(2n-1) 
17,.1+2+44+8+4 16+ 32 


1 1 1 1 1 1 
18. 7, +4459 + 76 + a5 + 36 


5 
WD. xtx> txt +x" r 
20.1 —xt+x*7-—x34+---+(-1)"x" 3 
1 
21-35 Find the value of the sum. A123 4 5 oe n B 
8 6 
21. > (i — 2) 22. > ii + 2) 41. Evaluate each telescoping sum. 
i=4 i=3 
n 100 
a) s Ose G=1)) Gy > 6-3) 
23. > 377! 24. > cos ka =i ra 
j=1 k=0 
* wo © (4 ) @ D( ) 
c eet aj — aj-1 
25. > (=17 26. +4 ai €¥1 = 
n=l i=l 
‘ P 42. Prove the generalized triangle inequality: 
27. > (2' + i”) 28. > 2° i 7 
i=0 i=-2 > a:| < XI ai| 
n n i=l i=1 
aa > = a » ae 43-46 Find the limit. 


2 3 
n n : = 1 1 ‘< a 1 I 
31. > @ +37 +4) 32. » (3+ 2: 43. lim > 1(2) 44, lim » 7 (2) + 1 


33. IC + 1)(i + 2) 34. = i@i + 1)G + 2) 45. lim > = (2) ale s(24) 


i=l n 
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n oS: . n 3 
6, iS (1 *) a(t *)| 48, Evaluate 2 5-7. 
BPO At n n i=1 
47. Prove the formula for the sum of a finite geometric series 49. Evaluate by (Qi 2"). 
with first term a and common ratio r # 1: ~ 
n i “ a(r” as 1) m n : . 
Dar! =atartart+---+ar™! i 50. Evaluate 5)| SG + j) J. 
= r= i=1| j=l 


F | Proofs of Theorems 


In this appendix we present proofs of several theorems that are stated in the main body 
of the text. The sections in which they occur are indicated in the margin. 


Section 2.3 Limit Laws Suppose that c is a constant and the limits 
lim fi) =L and lim g(x) = M 
exist. Then . . 
1. lim [f() + g)]=L+M 2. lim [ f(x) — g(x)] = L —M 


- lim [ef(x)] = cL 4. lim [f(g] = LM 


i 
im2@ —~= uso 
x>a g(x) M 


PROOF OF LAW 4 Let & > 0 be given. We want to find 6 > 0 such that 
if O< |x—al| <6 then | f(x)g(x) -— LM| <e 


, we add and subtract 


In order to get terms that contain | f(x) — L| and | g(x) — M 
Lg(x) as follows: 


| f(x) g(x) — LM| = | f(x) g(x) — Lg(x) + Lg(x) — LM | 
= |LFG) — L]g(x) + L[g(x) — M)]| 
< |[f(x~) — L]g(x)| + |LEg(x) — M]| (Triangle Inequality) 
= | f(x) — L||g)| + |Z] |g) - M| 


We want to make each of these terms less than ¢/2. 
Since lim,—, g(x) = M, there is a number 6, > 0 such that 


ear 


if O<|x-a|l<6, then | g(x) — M| < 


Also, there is a number 62 > 0 such that if 0 < |x — a| < 8, then 
|g(x) — M| <1 
and therefore 


| g(x) | = | g(x) - M+ M| S |g(x) — M| + |M| <1 + |M| 
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APPENDIX F 


Proofs of Theorems 


Since lim,—, f(x) = L, there is a number 63 > 0 such that 


E 


if 0< - <6 then L| < 


Let § = min{5,, 52, 53}. If 0 < |x — a| < 6, then we have 0 < |x — a| <6, 
0 < |x — a| < 8, and 0 < |x — a| < 43, so we can combine the inequalities to 
obtain 


| f(x) g@) — LM| < | f(x) — L||g@)| + [LI |g) — M| 


(i + IMI) + ILI 5p 
21 + [M)) I + [ED 
€ € 
[+t THe 
2 2 
This shows that lim,—.[ f(x) g(x)] = LM. oO 


PROOF OF LAW 3 If we take g(x) = c in Law 4, we get 
lim [ef(«)] = im [g(2),(@)] = im g(x) + lim fx) 


= limc - lim f(x) 


I 


Cc lim f(x) (by Law 8) a 
PROOF OF LAW 2 Using Law | and Law 3 with c = —1, we have 
Jim [f() ~ g(a)] = lim [f() + (—1)g(2)] = tim £2) + lim (— gla) 
= lim f(x) + (1) lim g(a) = lim f(x) — lim g(a) a 
PROOF OF LAW 5 First let us show that 
1 1 


liim—— = 
xoag(x) M 


To do this we must show that, given e > 0, there exists 6 > O such that 


1 il 
if 0< |s=a| <6 then —-—|<e 
gx) M 
1 1) _ |[M—g@)| 


Observe that 


gx) M\ — |Mg(x)| 


We know that we can make the numerator small. But we also need to know that the 
denominator is not small when x is near a. Since lim,—a g(x) = M, there is a number 
5; > 0 such that, whenever 0 < |x — a| < 61, we have 


M 
Jas) - | < HL 
and therefore  |M|=|M — g(x) + g(x)| S|M— g(x)| + |g(x)| 


[M1 


ogy | g(x) | 
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This shows that 


M 
if O<|x-a|<6, _ then jac) | > A 
and so, for these values of x, 
1 _ 1 z 1 2 2 
|Mg(x)|  |M||g)| ~~ |M| |[M| Mw? 


Also, there exists 62 > 0 such that 


M 
if O<|x-—a|<6 then |g) —M|<—e 


Let 5 = min{6,, 52}. Then, for 0 < |x — a| < 5, we have 


ETE 


gx) M | Mg(x) | M? 2 


1 1 M — 2 M 
_ [M=a(2)| _ 
It follows that lim,—.2 1/g(x) = 1/M. Finally, using Law 4, we obtain 


ee a ( fio 
xa g(x) xa 


= 
g(x) 


lim f(x) i 1 L 1 L 
= 11m: im = : 
x—>a me xa g(x) M M 


[2] Theorem If f(x) < g(x) for all x in an open interval that contains a (except 
possibly at a) and 


lim f(x) =L and lim g(x) = M 


then L = M. 


PROOF We use the method of proof by contradiction. Suppose, if possible, that L > M. 
Law 2 of limits says that 


lim [g(a) — f(@)] = M - L 
Therefore, for any « > 0, there exists 5 > O such that 
if C= le~ al = then Lao) — fo] =i = 2) | es 


In particular, taking e = L — M (noting that L — M > 0 by hypothesis), we have a 
number 6 > 0 such that 


if = |z=al <8 then lla =f) = =D | <a 
Since b < | b| for any number b, we have 
if 0 <|4— a) <8 then [g(x) —f()] -(M-L)<L-M 
which simplifies to 
if O<la—al <8 then g(x) < f(x) 


But this contradicts f(x) < g(x). Thus the inequality L > M must be false. There- 
foreL < M. a 
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Section 2.5 


Proofs of Theorems 


[3] The Squeeze Theorem If f(x) < g(x) < h(x) for all x in an open interval 
that contains a (except possibly at a) and 


lim f(x) = lim A(x) = L 


lim g(x) = L 


PROOF Let « > 0 be given. Since lim,—. f(x) = L, there is a number 6; > 0 such that 
if O<|x-al<6 thn (|f(x)—-Lil<e 
that is, 
t OU<|z—e)46, ther L=2e<jf@<Lee 
Since lim,—., h(x) = L, there is a number 6, > 0 such that 
if O<|x-a|<6& then |A(x)-L|<e 
that is, 
if O<|x-al<6 thn L-—e<h(x)<Lte 


Let 5 = min{6,, 52}. If 0 < |x — a| < 6, then 0 < |x — a| < 6, and 
0= |x =—al|< 55,80 


L-—e<f(x) S g(x) Sh(x) <Lt+e 
In particular, L-—e<gx)<Lte 


and so | g(x) — L| < «. Therefore lim,—. g(x) = L. a 


Theorem If f is a one-to-one continuous function defined on an interval (a, b), 


then its inverse function f' is also continuous. 


PROOF First we show that if f is both one-to-one and continuous on (a, b), then it must 
be either increasing or decreasing on (a, b). If it were neither increasing nor decreasing, 
then there would exist numbers x), x2, and x3 in (a, b) with x; < x. < x3 such that f(x2) 
does not lie between f(x,) and f(x3). There are two possibilities: either (1) f(x3) lies 
between f(x) and f(x2) or (2) f(x1) lies between f(x.) and f(x3). (Draw a picture.) In 
case (1) we apply the Intermediate Value Theorem to the continuous function f to get a 
number c between x; and x2 such that f(c) = f(x3). In case (2) the Intermediate Value 
Theorem gives a number c between x2 and x3 such that f(c) = f(x1). In either case we 
have contradicted the fact that f is one-to-one. 

Let us assume, for the sake of definiteness, that f is increasing on (a, b). We take 
any number yo in the domain of f' and we let f-'(yo) = Xo; that is, xo is the number 
in (a, b) such that f(xo) = yo. To show that f' is continuous at yo we take any e« > 0 
such that the interval (xo — &, xo + &) is contained in the interval (a, b). Since f is 
increasing, it maps the numbers in the interval (xo — &, xo + €) onto the numbers in the 
interval (f(xo — e), f(xo + €)) and f | reverses the correspondence. If we let 5 denote 
the smaller of the numbers 6; = yo — f(xo — &) and 62 = f(xo + &) — yo, then the 
interval (yo — 6, yo + 6) is contained in the interval (f(x0 — &), f(x%o + &)) and so is 
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mapped into the interval (xo — e, x» + €) by f |. (See the arrow diagram in Figure 1.) 
We have therefore found a number 6 > 0 such that 


if |y-y|<6 thn ([f"(y)-f'()|<e 


This shows that lim,—,, f-'(y) =f '(yo) and so f ' is continuous at any number yo in 


its domain. 
f(x — €) Yo f(x + €) 
t ° } > 
y 
5, é, 

f fl f 

( ( . } > 
FIGURE 1 a Xy—€ a Ate b * 


Theorem If f is continuous at b and lim, g(x) = b, then 


lim f(g) = f®) 


PROOF Let e > 0 be given. We want to find a number 6 > 0 such that 
if O<|x-al/<6 then = |f(g(x)) -f(b)|<e 
Since f is continuous at b, we have 
lim f(y) = $0) 
and so there exists 6, > 0 such that 
if 0<|y-b| <& then | f(y) — f(b) | <e 
Since lim,—, g(x) = b, there exists 6 > 0 such that 
if O<|x-a|<6 then” |g(x)-b| <6 


Combining these two statements, we see that whenever 0 < |x — a| < 6 we have 
| g(x) — b| < 6, which implies that | f(g(x)) — f(b) | < e. Therefore we have proved 


that lim, 4 f(g(x)) = f(D). = 


in 8 
Section 3.3 The proof of the following result was promised when we proved that lim = 1. 


Theorem If 0 < 6 < 7/2, then @ < tan 0. 


PROOF Figure 2 shows a sector of a circle with center O, central angle 0, and radius 1. 
Then 


|AD| =| OA|tan 6 = tan 6 
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We approximate the arc AB by an inscribed polygonal path consisting of n equal line 

segments and we look at a typical segment PQ. We extend the lines OP and OQ to 

meet AD in the points R and S. Then we draw RT || PQ as in Figure 2. Observe that 
ZRTO = ZPQO < 90° 

and so RTS > 90°. Therefore we have 


|PQ| <|RT| <|RS| 


If we add n such inequalities, we get 


L, < |AD| = tané 


where L,, is the length of the inscribed polygonal path. Thus, by Theorem 2.3.2, we have 


FIGURE 2 


lim L, S tané 


But the arc length is defined in Equation 8.1.1 as the limit of the lengths of inscribed 
polygonal paths, so 


6 = lim L, S tan@ a 


no 


Section 3.6 Theorem If f is a one-to-one differentiable function with inverse function f~' 
and f'(f'(a)) # 0, then the inverse function is differentiable at a and 


Ss 
f'(f"@) 


(f-')'(@) = 


PROOF Write the definition of derivative as in Equation 2.7.5: 


f"@ -f"@ 


X—Aa 


(F-)"(@ = lim 


If f(b) = a, then f~'(a) = b. And if we let y = f'(x), then f(y) = x. Since f is dif- 
ferentiable, it is continuous, so f' is continuous (see Section 2.5). Thus if x — a, then 
f '@) —f'(a), that is, y — b. Therefore 


Hie a Ht SHPO 
Te 8 
_ 1 1 
ee f(y) = fb). fb) ies f(y) = f(b). 

yr b yb yr b 
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Section 4.3 Concavity Test 
(a) If f”’(x) > 0 for on an interval J, then the graph of f is concave upward on J. 


(b) If f"(x) < 0 for on an interval /, then the graph of f is concave downward on /. 


PROOF OF (a) Let a be any number in J. We must show that the curve y = f(x) lies 
above the tangent line at the point (a, f(a)). The equation of this tangent is 


y=fla) + fax — a) 


So we must show that 


fa) > f@ + f(O@ — a) 


whenever x € IJ (x # a). (See Figure 3.) 
First let us take the case where x > a. Applying the Mean Value Theorem to f on 
FIGURE 3 the interval [a, x], we get a number c, with a < c < x, such that 


[1] f(x) — fla) = f(x — a) 


Since f” > 0 on /, we know from the Increasing/Decreasing Test that f’ is increasing 
on J. Thus, since a < c, we have 


f(a) < fo) 

and so, multiplying this inequality by the positive number x — a, we get 

[2] flax — a) < fc) — a) 
Now we add f(a) to both sides of this inequality: 

f(a) + f'@Q — a) < fla) + f(x — a) 

But from Equation | we have f(x) = f(a) + f'(c)(x — a). So this inequality becomes 

[3] f(x) > f(a) + fax — a) 
which is what we wanted to prove. 

For the case where x < a we have f'(c) < f"(a), but multiplication by the negative 


number x — a reverses the inequality, so we get (2) and (3) as before. | 


Section 4.4 In order to give the promised proof of |’ Hospital’s Rule, we first need a generalization of 
the Mean Value Theorem. The following theorem is named after another French mathe- 
matician, Augustin-Louis Cauchy (1789-1857). 


See the biographical sketch of Cauchy [1] Cauchy’s Mean Value Theorem Suppose that the functions f and g are con- 
in Section 2.4. tinuous on [a, b] and differentiable on (a, b), and g'(x) # 0 for all x in (a, b). 
Then there is a number c in (a, b) such that 


fo) _ fb) — fla 
gc) g(b) — ga) 
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Notice that if we take the special case in which g(x) = x, then g'(c) = 1 and Theo- 
rem | is just the ordinary Mean Value Theorem. Furthermore, Theorem | can be proved 
in a similar manner. You can verify that all we have to do is change the function h given 
by Equation 4.2.4 to the function 


f(b) — f@ 
g(b) — gla) 


A(x) = f(x) — fla) [g(x) — g(a)] 


and apply Rolle’s Theorem as before. 


L’Hospital’s Rule Suppose f and g are differentiable and g'(x) ¥ 0 on an open 
interval / that contains a (except possibly at a). Suppose that 


lim f(x) = 0 and lim g(x) = 0 


xa xa 


or that lim f(x) = +020 and lim g(x) = +00 


xa 


(In other words, we have an indeterminate form of type or = Then 


f'Q) 
m 


if the limit on the right side exists (or is © or —%). 


PROOF OF L’'HOSPITAL’S RULE We are assuming that lim,—. f(x) = 0 and 
lim,—a g(x) = 0. Let 


ie dD 
a g'(x) 


We must show that lim,—, f(x)/g(x) = L. Define 


a he if x#a Gi) = i ifx#a 


0 if x=a 0 if x=a 
Then F is continuous on / since f is continuous on {x € J | x 4 a} and 
lim F(x) = lim f(a) = 0 = Fla) 
Likewise, G is continuous on J. Let x € J and x > a. Then F and G are continuous on 
[a, x] and differentiable on (a, x) and G’ ¥ 0 there (since F’ = f' and G’ = g'). There- 


fore, by Cauchy’s Mean Value Theorem, there is a number y such that a < y < x and 


F'(y) _ FQ) — F@) _ Fe) 
Gy) Ga) — Ga) G(x) 
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Here we have used the fact that, by definition, F(a) = 0 and G(a) = 0. Now, if we let 
x — a*, then y > a‘ (since a < y < x), so 


eS te ie te ey 
wut g(a) xe GQ) GQ) ye gy) 


A similar argument shows that the left-hand limit is also L. Therefore 


fig = 
xa g(x) 


L 


This proves |’ Hospital’s Rule for the case where a is finite. 
If ais infinite, we let t = 1/x. Then t > 0° as x — ~, so we have 


em £2) = tm LUD 
megs) 0" g(l/2) 
= sm LUE) 
mtg (W/y(—1/e) 
mf sin £8) 
mag) g(x) 


(by l’Hospital’s Rule for finite a) 


Section 11.1 


Theorem If lim a, = L and the function f is continuous at L, then 
no 


lim fla.) =f) 


PROOF Let « > 0 be given. Since f is continuous at L, we have lim f(x) = f(L). Thus 
there exists 6 > 0 such that ae 


[1] if O0<|x—L) <8 then | f(x) — f(D)| <e 
Now, since lim a, = L and 6 is a positive number, there exists an integer N such that 
[2] if n>wN then late = LS 8 


Combining (1) and (2), we have 
if n>N then | flan) — f(L)| < 
so by Definition 11.1.2, lim f(a,) = f(L). o 


Section 11.8 In order to prove Theorem 11.8.4, we first need the following results. 


Theorem 


1. If a power series 2 c,x”" converges when x = b (where b # 0), then it converges 


whenever |x| < |b]. 


2. If a power series Xc,x" diverges when x = d (where d # 0), then it diverges 
whenever |x| > |d]. 
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PROOF OF 1 Suppose that Xc,b" converges. Then, by Theorem 11.2.6, we have 
lim,» ¢,b" = 0. According to Definition 11.1.2 with e = 1, there is a positive integer 
N such that |c,b"| < 1 whenever n = N. Thus, for n = N, we have 


nyn a 


Cnb"Xx pai x 
joart| = | 27" | — Jeaoel] 2] < |Z 


If |x| < |b|, then |x/b| < 1, so} |x/b|" is a convergent geometric series. Therefore, 
by the Direct Comparison Test, the series 27-1 ligne” | is convergent. Thus the series 
Xc,x" is absolutely convergent and therefore convergent. I) 


? 


PROOF OF 2 Suppose that c,d" diverges. If x is any number such that |x| > |d 
then c,.x" cannot converge because, by part 1, the convergence of &c,x" would 
imply the convergence of {c,d". Therefore = c,x" diverges whenever | x | > | d lb || 


Theorem For a power series 2c," there are only three possibilities: 


(i) The series converges only when x = 0. 
(ii) The series converges for all x. 


(iii) There is a positive number R such that the series converges if |x| < R and 
diverges if |x| > R. 


PROOF Suppose that neither case (i) nor case (ii) is true. Then there are nonzero 
numbers b and d such that Xc,x" converges for x = b and diverges for x = d. There- 
fore the set S = {x | =c,x" converges} is not empty. By the preceding theorem, the 
series diverges if |x| > |d|, so |x| < |d| for all x € S. This says that | d| is an upper 
bound for the set S. Thus, by the Completeness Axiom (see Section 11.1), S has a least 
upper bound R. If |x| > R, then x € S, so X cnx" diverges. If |x| < R, then |x| is not 
an upper bound for S and so there exists b € S such that b > |x|. Since b € S, Yenx" 
converges, so by the preceding theorem &c,x" converges. o 


We are now ready to prove Theorem 11.8.4. 


[4] Theorem For a power series = c,(x — a)" there are only three possibilities: 


(i) The series converges only when x = a. 


(ii) The series converges for all x. 


(iii) There is a positive number R such that the series converges if |x — a|<R 
and diverges if |x — a| > R. 


PROOF If we make the change of variable u = x — a, then the power series becomes 
=c,u" and we can apply the preceding theorem to this series. In case (ili) we have con- 
vergence for |u| < R and divergence for |u| > R. Thus we have convergence for 

|x — a| < Rand divergence for |x — a| > R. a 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


APPENDIX F Proofs of Theorems A51 


Section 14.3 Clairaut’s Theorem Suppose f is defined on a disk D that contains the point 


(a, b). If the functions f,, and f,. are both continuous on D, then f.,(a, b) = fix(a, b). 


PROOF For small values of h, h ~ 0, consider the difference 
Ath) = [f(a + h,b + h) — f(a + h, b)] — [flab + h) — f(a, b)] 
Notice that if we let g(x) = f(x, b + h) — f(x, b), then 
A(h) = gla + h) — g(a) 
By the Mean Value Theorem, there is a number c between a and a + A such that 
gla + h) — gla) = g'(c)h = hl fic, b + h) — falc, b)] 


Applying the Mean Value Theorem again, this time to f,, we get a number d between b 
and b + h such that 


fic, b + h) = file, b) = fale, d)h 
Combining these equations, we obtain 
Ah) = h’f.(c, d) 


If h — 0, then (c, d) — (a, b), so the continuity of f., at (a, b) gives 


lim ole lim fc, d) = fila, b) 


i>0 hh? ~~ (,d) (a) 
Similarly, by writing 
Ath) = [fla + h,b + h) — fla,b + h)] — [fla + h, b) — f(a, d)] 
and using the Mean Value Theorem twice and the continuity of f,, at (a, b), we obtain 


_ Ath) 
lim 
ho hh? 


= fila, b) 


It follows that f.,(a, b) = firla, b). o 


Section 14.4 Theorem If the partial derivatives f, and f, exist near (a, b) and are continu- 


ous at (a, b), then f is differentiable at (a, b). 


PROOF Let 
Az = f(a + Ax, b + Ay) — f(a, b) 


According to Definition 14.4.7, to prove that f is differentiable at (a, b) we have to show 
that we can write Az in the form 


Az = fla, b) Ax + f(a, b) Ay + &, Ax + & Ay 


where e; and e, — 0 as (Ax, Ay) — (0, 0). 
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Referring to Figure 4, we write 


[1] Az =[f(a + Ax, b + Ay) — f(a, b + Ay)] + [ f(a, b + Ay) — f(a, b)] 


YA 
(a+ Ax, b+ Ay) 
(u, b+ Ay) 
(a, b+ Ay) \ 
Y ‘i 


FIGURE 4 


Observe that the function of a single variable 
g(x) = f(x, b + Ay) 


is defined on the interval [a, a + Ax] and g(x) = fi(x, b + Ay). If we apply the Mean 
Value Theorem to g, we get 


gla + Ax) — gla) = g'(u) Ax 
where u is some number between a and a + Ax. In terms of f, this equation becomes 
fla + Ax, b + Ay) — f(a, b + Ay) = fru, b + Ay) Ax 


This gives us an expression for the first part of the right side of Equation |. For the 
second part we let h(y) = f(a, y). Then / is a function of a single variable defined on 


the interval [b, b + Ay] and h'(y) = f,(a, y). A second application of the Mean Value 
Theorem then gives 


h(b + Ay) — h(b) = h'(v) Ay 
where v is some number between b and b + Ay. In terms of f, this becomes 
f(a, b + Ay) — fla, b) = f(a, v) Ay 
We now substitute these expressions into Equation | and obtain 
Az = fu, b + Ay) Ax + fi(a, v) Ay 
= fila, b) Ax + [f(u, b + Ay) — fila, b)] Ax + f(a, b) Ay 
+ [fla, ») — fia, b)] Ay 
= f(a, b) Ax + fi(a, b) Ay + @, Ax + & Ay 
where e1 = fi(u, b + Ay) — fia, b) 
é2 = fila, v) — fila, b) 
Since (u, b + Ay) — (a, b) and (a, v) — (a, b) as (Ax, Ay) — (0, 0) and since f, and f, 


are continuous at (a, b), we see that ¢,; — 0 and e, — 0 as (Ax, Ay) — (0, 0). 
Therefore f is differentiable at (a, b). a 
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G | The Logarithm Defined as an Integral 


Our treatment of exponential and logarithmic functions until now has relied on our intu- 
ition, which is based on numerical and visual evidence. (See Sections 1.4, 1.5, and 3.1.) 
Here we use the Fundamental Theorem of Calculus to give an alternative treatment that 
provides a surer footing for these functions. 

Instead of starting with b* and defining log, x as its inverse, this time we start by 
defining In x as an integral and then define the exponential function as its inverse. You 
should bear in mind that we do not use any of our previous definitions and results con- 
cerning exponential and logarithmic functions. 


@ The Natural Logarithm 


We first define In x as an integral. 


[1] Definition The natural logarithmic function is the function defined by 


efi 
Inx = [—-dt x>0 


YA 
The existence of this function depends on the fact that the integral of a continuous 
function always exists. If x > 1, then In x can be interpreted geometrically as the area 
area = In x under the hyperbola y = 1/t from t = 1 to t = x. (See Figure 1.) For x = 1, we have 
il 
| ior Inl = |'—dr=0 
0 1 x t te 
xl 1 
a For0<x <1, Inx= (*—-dt= —['—-a <0 


and so In x is the negative of the area shown in Figure 2. 


EXAMPLE 1 
(a) By comparing areas, show that 5 <In2< 3 
(b) Use the Midpoint Rule with n = 10 to estimate the value of In 2. 


SOLUTION 

(a) We can interpret In 2 as the area under the curve y = 1/t from 1 to 2. From Fig- 
ure 3 we see that this area is larger than the area of rectangle BCDE and smaller 
than the area of trapezoid ABCD. Thus we have 


t+1<In2<1-3(1 +35) 
+<In2<? 


(b) If we use the Midpoint Rule with f(t) = 1/t,n = 10, and At = 0.1, we get 


n2= [ia ~ (0.1)[,f(1.05) + f(1.15) +--+ + £(1.95)] 


= (0.1) ee ree ee = 0.693 a 
“08 ~ 15 1.95 , 


FIGURE 3 
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Notice that the integral that defines In x is exactly the type of integral discussed in 
Part | of the Fundamental Theorem of Calculus (see Section 5.3). In fact, using that theo- 
rem, we have 


and so 


[2] “(ny == 


We now use this differentiation rule to prove the following properties of the logarithm 
function. 


[3] Laws of Logarithms If x and y are positive numbers and r is a rational num- 
ber, then 


1. In(xy) = Inx + Iny 2. in() =Inx—-Iny 3. In(x’) = rlnx 
y 


PROOF 


1. Let f(x) = In(ax), where a is a positive constant. Then, using Equation 2 and the 


Chain Rule, we have 

1d 1 1 
y= aQ=—-2> 
ax 


dx ax x 


Therefore f(x) and In x have the same derivative and so they must differ by a constant: 
In(ax) = Inx + C 
Putting x = | in this equation, we get Ina = Inl + C=0+ C=C. Thus 
In(ax) = Inx + Ina 
If we now replace the constant a by any number y, we have 
In(xy) = Inx + Iny 


2. Using Law 1 with x = 1/y, we have 


1 1 
In + ny = in -y)=m1=0 
y y 


1 
and so In—= —Iny 


Using Law | again, we have 


The proof of Law 3 is left as an exercise. o 
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In order to graph y = In x, we first determine its limits: 


[4] (a) lim Inx = © (b) lim, Inx = —© 


x0 


PROOF 

(a) Using Law 3 with x = 2 and r = n (where n is any positive integer), we have 
In(2”) = n In 2. Now In 2 > 0, so this shows that In(2”) — % as n — ©. But In x is an 
increasing function since its derivative 1/x > 0. Therefore In x — © as x > %. 

(b) If we let t = I/x, then t > ~ as x — 0°. Thus, using (a), we have 


1 
YA lim In x = lim (2) = lim (-In‘) = —-2% o 
x20t+ to to 
y=Inx 
If y = In x, x > 0, then 
0 1 y 
dy 1 d’y 1 
—=—>0 d =-—~ <0 
dx Bs si dx? x? 


which shows that In x is increasing and concave downward on (0, °%). Putting this infor- 
mation together with (4), we draw the graph of y = In x in Figure 4. 

Since In 1 = 0 and In x is an increasing continuous function that takes on arbitrarily 
large values, the Intermediate Value Theorem shows that there is a number where In x 
takes on the value 1. (See Figure 5.) This important number is denoted by e. 


[5] Definition e is the number such that In e = 1. 


We will show (in Theorem 19) that this definition is consistent with our previous defi- 
FIGURE 5 nition of e. 


FIGURE 4 


B® The Natural Exponential Function 


Since In is an increasing function, it is one-to-one and therefore has an inverse function, 
which we denote by exp. Thus, according to the definition of an inverse function, 


f'W=y => fy) =x [6] exp(x) = y Iny=x 


and the cancellation equations are 


F'FQ) 
SFR) 


x 


exp(In x) = x and In(exp x) = x 


> 
I 


x 


In particular, we have 
exp(0) = 1. since Inl =0 
exp(1) =e since Ine=1 
We obtain the graph of y = exp x by reflecting the graph of y = In x about the line 
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y = x. (See Figure 6.) The domain of exp is the range of In, that is, (—~, ©); the range 
of exp is the domain of In, that is, (0, %). 
If r is any rational number, then the third law of logarithms gives 


In(e’) =rlne=r 


Therefore, by (6), exp(r) = e’ 


Thus exp(x) = e* whenever x is a rational number. This leads us to define e*, even for 
irrational values of x, by the equation 


FIGURE 6 e* = exp(x) 
In other words, for the reasons given, we define e* to be the inverse of the function In x. 
In this notation (6) becomes 
| e=y => Iny=x 
and the cancellation equations (7) become 
[9] | e™ =x x>0 
| In(e*)=x forall x 
The natural exponential function f(x) = e* is one of the most frequently occurring 
va functions in calculus and its applications, so it is important to be familiar with its graph 
(Figure 7) and its properties (which follow from the fact that it is the inverse of the natu- 
— ral logarithmic function). 
Properties of the Exponential Function The exponential function f(x) = e* is 
1 an increasing continuous function with domain R and range (0, ©). Thus e* > 0 
for all x. Also 
oy x lim e* =0 lim e* = % 
FIGURE 7 So the x-axis is a horizontal asymptote of f(x) = e’. 


The natural exponential function 


We now verify that f has the other properties expected of an exponential function. 


[11] Laws of Exponents If x and y are real numbers and r is rational, then 


1. e* = e*e? ed : 3. (e*)’ =e” 
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PROOF OF LAW 1 Using the first law of logarithms and Equation 10, we have 
In(e*e”) = In(e*) + In(e’) = x + y = In(e*”) 
Since In is a one-to-one function, it follows that e*e” = e**”. 
Laws 2 and 3 are proved similarly (see Exercises 6 and 7). As we will soon see, 


Law 3 actually holds when r is any real number. i) 


We now prove the differentiation formula for e*. 


d 


[12 | ae (e*) =e" 


PROOF The function y = e* is differentiable because it is the inverse function of 

y = In x, which we know is differentiable with nonzero derivative. To find its deriva- 
tive, we use the inverse function method. Let y = e*. Then In y = x and, differentiating 
this latter equation implicitly with respect to x, we get 


la_, 
y dx 
dy 
a a SS Be | 
dx ye 


H General Exponential Functions 
If b > 0 and r is any rational number, then by (9) and (11), 


b’ = (em)" = etn 


Therefore, even for irrational numbers x, we define 


[13 | b* = exnb 


Thus, for instance, 


23 = evs m2 a el 0 mx 3.32 


The function f(x) = b’ is called the exponential function with base b. Notice that b* is 
positive for all x because e* is positive for all x. 

Definition 13 allows us to extend one of the laws of logarithms. We already know that 
In(b") = r1n b when r is rational. But if we now let r be any real number we have, from 
Definition 13, 


In b’ = In(e"™’) =rlnb 
Thus 


Inb'=rlnb for any real number r 
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The general laws of exponents follow from Definition 13 together with the laws of 
exponents for e*. 


[15] Laws of Exponents If x and y are real numbers and a, b > 0, then 


1. b= b*b’ 2. b** = b*/b* 3. (b*)? = b” 4. (ab) = a*b* 


PROOF 


1. Using Definition 13 and the laws of exponents for e*, we have 
bitty = eft”) Inb et Inb+ylInb 
= e*Mmboyinb = b*b” 
3. Using Equation 14 we obtain 


(b*)? — ey nb*) — ex inb — erin = bY 


The remaining proofs are left as exercises. a 


The differentiation formula for exponential functions is also a consequence of Defini- 
yA : : 
tion 13: 


d 
Fy (O') = bind 
xX 


1 
PROOF 
0 x d d d 
(b*) = —(e*"?) = et? (x In b) = b*Inb Oo 
lim, b*=0, limb" = 2 a - 
FIGURE8 y=b*, b> 1 If b> 1, then Inb > 0, so (d/dx) b* = b*Inb > 0, which shows that y = b* is 
increasing (see Figure 8). If0 < b < 1, then In b < 0 and so y = b* is decreasing (see 
yA Figure 9). 
@ General Logarithmic Functions 
If b > Oandb ¥ 1, then f(x) = b* is a one-to-one function. Its inverse function is called 
the logarithmic function with base b and is denoted by log,. Thus 
1 
log,x=y <> bW=x 
0 x 
jim b*=, lim b*=0 In particular, we see that 
FIGUREY y=b*,0<b<1 log.x = Inx 
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The laws of logarithms are similar to those for the natural logarithm and can be deduced 
from the laws of exponents (see Exercise 10). 
To differentiate y = log, x, we write the equation as b” = x. From Equation 14 we 
have y In b = In x, so 
Inx 


log, x == ine 


Since In b is a constant, we can differentiate as follows: 


oe 
2 es = jae 
ao diab lab de’ Xa 


d 1 
ee l = 
OP ae 


lM The Number e Expressed as a Limit 


In this appendix we defined e as the number such that In e = |. The next theorem shows 
that this is the same as the number e defined in Section 3.1 (see Equation 3.6.5). 


= 5 af 1/x 
e lim (1 + x) 


PROOF Let f(x) = In x. Then f’(x) = 1/x, so f’(1) = 1. But, by the definition of 


derivative, 
1 +h) — fC iad et 
A-30 h x0 XxX 
In(l + x) -Inl | 
= lim a ee lim —In(1 + x) = lim In(1 + x)'" 
ear x x>0X x20) 


Because f'(1) = 1, we have 


lim Ind +x)!" =1 


Then, by Theorem 2.5.8 and the continuity of the exponential function, we have 


e= e! = elimsoIn(1 +2)" =lim ent)" = lim ( zi x)i/s Fil 
x>0 x>0 
G | Exercises 
1. (a) By comparing areas, show that (b) Use part (a) to show that In 2 > 0.66. 
L <Inl.ib< -, 3. By comparing areas, show that 
(b) Use the Midpoint Rule with n = 10 to estimate In 1.5. 1 | hank J ! 2in<14 ! d Ws esse : 
2 3 n 2 3 ne 

2. Refer to Example 1. 

(a) Find the equation of the tangent line to the curve y = 1/t 4. (a) By comparing areas, show that In 2 < 1 < In3. 

that is parallel to the secant line AD. (b) Deduce that 2 < e < 3. 
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5. 


6. 
7. 
8. 


Prove the third law of logarithms. [Hint: Start by showing 9. Prove the fourth law of exponents [see (15)]. 


that both sid f thi tion h th derivative. 
By RGM eS Gea Onaye Ne cali et vate] 10. Deduce the following laws of logarithms from (15): 


Prove the second law of exponents for e* [see (11)]. (a) log,(xy) = log,x + logsy 


Prove the third law of exponents for e* [see (11)]. (b) logs(x/y) = logyx — logyy 


Prove the second law of exponents [see (15)]. (c) logo(x”) = y log, x 
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H 


Answers to Odd-Numbered Exercises 


APPENDIX H_ Answers to Odd-Numbered Exercises 


A6é1 


CHAPTER 1 
EXERCISES 1.1 = PAGE 17 
1. Yes 
3. (a) 2, —2,1,2.5 (b) —4 (c) [—4, 4] 
(d) [-4, 4], [-2, 3] (e) [0, 2] 
5. [-85, 115] 7. Yes 9. No 11. Yes 13. No 
15. No 17. Yes, [—3, 2],[—3, —2) U[-1.3] 
19. (a) 13.8°C = (b) 1990 _~— (c)_: 1910, 2000 
(d) [13.5, 14.4] 
21. TA 
0 in 
23. (a) 500 MW; 730 MW _ (b) 4 Am; noon; yes 
25. TA 
midnight noon 7 
27. amount a 
0 price 
29. height 4 
of grass 
Wed. Wed. Wed. Wed. Wed! 
31. (a) TACK (b) 74°F 
85+ 
80+ 
75: 
704 
65+ 
0] 3 4 6 8 101214 ? (hours) 
33. 12, 16,3a7 —a+2,3a7 +a+4+2,3a? + 5a+ 4, 
6a? — 2a + 4, 12a? — 2a + 2,3a* — a? + 2, 
9a* — 6a? + 13a? — 4a + 4, 3a? + 6ah + 3h? h+2 
35. -3—-h 37. —1/(ax) 
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wis 


ifO0<x<3 
2x if 3<x<5 


. A(L) = 10L — 2,0<L < 10 
69. S(x) = x? + (8/x),x > 0 


67. A(x) = J3x2/4,x > 0 

71. V(x) = 4x* — 64x? + 240x,0<x <6 
15(40 —x) if O<x< 40 

73. F(x) = 40 if 40 <x <65 
15(x — 65) if x > 65 

F 
600 (100, 525) 
0 40 65 100 x 
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39. (—%, —3) U (—3, 3) U (3, %) 41, (—%, «) 
43. (—~, 0) U (5, ~) 45. [0, 4] 
47. [—2,2],[0,2] 49. 11,0,2 

¥ YA 

2 

2 
—2 0 2% 
0 : 

51. —2,0,4 53. 

r 

1 
55. yA 57. 

\ - i % 


~ fi) =3x-Pi<x<5 61. f(x) =1- V—x 


. f(s) = eae: 


A62 APPENDIX H_ Answers to Odd-Num 


75. (a) R(%)A 


Is+ on 


107 — 


i——_+ + > 
0 10,000 20,000 ~—/ (in dollars) 


(c) T (in dollars)A 


2500 + 


1000 + 


+ + > 
0 10,000 20,000 30,000 / (in dollars) 


77. f is odd, g is even 
79. (a) y (b) 


bered Exercises 


(b) $400, $1900 


0 x 
81. Odd 83. Neither 85. Even 


87. Even; odd; neither (unless f = 0 or g = 0) 


EXERCISES 1.2 ™ PAGE 33 
1. (a) Polynomial, degree 3 
(d) Exponential (e) Algebraic 
Bah (bo) f jg 

5. {x|x # a/2 + 2nr}, nan integer 
7. (a) y=2x+b, 

where b is the y-intercept. 


(b) Trigonometric 
(f) Logarithmic 


yA 


b=3 b=0 
b=-1 


y=2xt+b 


(c) Power 


(b) y= mx + 1 —- 2m, 
where m is the slope. 


(c) y= 24 —3 


RY 


9. Their graphs have slope —1. 


yA 
c=-l 
c=-2 
0 Sc=2 
c=1 
c=0 


11. f(x) = 2x — 12x + 18 
13. f(x) = —3x(x + 1)(x — 2) 


15. (a) 8.34, change in mg for every | year change 
(b) 8.34 mg 


17. (a) FA 


(100, 212) 


= 2C+32 


Pas 


QV 


(-40,—40) 


(b) 2, change in °F for every 1°C change; 32, Fahrenheit 
temperature corresponding to 0°C 
19. (a) C = 13x + 900 
CA 
5000 + 


> 
0 100 200 300 * 


(b) 13; cost (in dollars) of producing each additional chair 
(c) 900; daily fixed costs 
21. (a) P = 0.434d + 15 
23. Four times brighter 


(b) 196 ft 


25. (a) 8 =(b) 4 ~~ (c) 605,000 W; 2,042,000 W; 9,454,000 W 
27. (a) Cosine (b) Linear 
29. (a) 15 A linear model is 
: appropriate. 
os 61,000 
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(b) y = —0.000105x + 14.521 


61,000 


(c) y = —0.00009979x + 13.951 
(d) About 11.5 per 100 population 
(e) About6% (f) No 


31. (a) See the graph in part (b). 
(b) y = 1.88074x + 82.64974 


180 


Height (cm) 


150 
35 55 
Femur length (cm) 


(c) 182.3 cm 


33. (a) A linear model is appropriate. See the graph in part (b). 


(b) y = 1124.86x + 60,119.86 


95,000 


Thousands of barrels 
per day 


55,000 
0 


Years since 1985 


(c) In thousands of barrels per day: 79,242 and 96,115 
35. (a)2 = (b) 334 m” 


EXERCISES 1.3 ™ PAGE 42 


1.@ y=f@)+3 ) y=f@)—-3 © y=f — 3) 


d) y=f(x+3) © y=-f®%) (f) y=f(-x 
(g:) y=3f) =) y=4f%) 

3. (a)3 (b&) 1 (©) 4 « (d)5 2 

5. (a) 


ey | | | 


APPENDIX H_ Answers to Odd-Numbered Exercises 


11. 


13. y 


Oo 
BY 


19. yA 


5 
4 


| y=x?-2x4+5 
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A63 


A64 APPENDIX H_ Answers to Odd-Numbered Exercises 


21. ya 


23. yA 
y=3sin$x+1 


20 
27. L(t 12 + 2si t — 80 
(1) | 365 ( | 


29. D(t) = 5 cos[(m/6)(t — 6.75)] + 7 
31. (a) The portion of the graph of y = f(x) to the right of the 
y-axis is reflected about the y-axis. 


(b) (c) 


33. (a) (f + g(x) = V25 — x? + Vx + 1,[-1,5] 
(b) (f — g)(x) = V25 — x? — Vx + 1,[-1,5] 
(c) (fg)(x) = /—x* — x? + 25x + 25,[-1, 5] 
() (fia\(x) = = cole 

35. (a) (feg)(x) =x + - (—%, 2) 


(b) (ge f)(x) = Vx* + 5, (—2, ») 
(c) (fe f(x) = (xe? + 5)> + 5, (—%, ~) 
(d) (ge g(x) = Yx, (—~, ©) 


37. (@) (fog) =—— 
- (a) (feog(x aT 
(b) (g°f)(x) = x + 1, (0, ) 


(c) (fe f(x) = 4/x, ©, ©) 
(d) (g°g)(x) = x + 2, (—%, %) 


(—1, &) 


39. (a) (feg)(x) = — {x | x ¥ nz}, nan integer 


6 Gano= snl 2) (x |x #0} 


(c) (fof (x) = x, {x | x # O} 

(d) (g °g)(x) = sin(sin x), R 

41. (fogeh)(x) = 3 sin(x’) — 2 

43. (fogeh)(x) = Vx° + 4x° 4+ 1 

45. g(x) = 2x + x7, f(x) =x" 

47. g(x) = wx, f(x) =x/(1 +x) 

49. g(t) = 77, f(t) = sect tant 

51. h(x) = Vx, g(x) =x — 1, f(x) = vx 

53. h(t) = cos t, g(t) = sint, f(t) = 0° 

55. (a)6 (b)5 (c)5~ (dd) 3 

57. (a) 4 (b) 3. (c) O- (dd) Does not exist; f(6) = 6 is 
notin the domainofg. (e) 4 (f) —2 

59. (a) r(t) = 60t (b) (Acr)(t) = 360077”; the area of the 
circle as a function of time 

61. (a) s = fd? +36 (b) d= 308 

(c) (f° g)(t) = 9001? + 36; the distance between the lighthouse 
and the ship as a function of the time elapsed since noon 


63. (a) H (b) Vv 
1 120 
0 t 7 B 


V(t) = 120H(t) 
(c) 


V(t) = 240H(t — 5) 


65. Yes; mm 

67. (a) f(xy) =x? +6 (b+) gx) Hx? tx-1 
69. Yes 

71. (d) f(x) = E(x) + 40(x), where 

E(x) = 2% + 27% 4+ (x — 3)? + (x + 3) and 
O(x) = 2* — 2 + (x —- 3? — (x + 3) 


EXERCISES 1.4 @ King 52 


(a) -1 (3° = ©) MAM xix) @ xX? 
(e) BY/9 — (£) 2x°/(9y) 

3. (a) f(x) =b*,b>0 (6b) R- (Cc) (0,%) 

(d) See Figures 4(c), 4(b), and 4(a), respectively. 


5. 5 y=20* y=5* y=et All approach 0 as x > —, 
_ all pass through (0, 1), 

»=2" and all are increasing. The 
larger the base, the faster the 
rate of increase. 

2 
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The functions with base greater than | are increasing and those 
with base less than | are decreasing. The latter are reflections of 
the former about the y-axis. 


9. y 11. yA 


15. (a) y=e*—-2 (b) y=e™* (cc) y=-e* 
(dd) y=e* () y=-e* 
17. (a) (-~, -1) U(-1,1) U(1,%) = (b) (—%, &) 


19. f(x) =3-2* 25. Atx ~ 35.8 
27. (a) See graph in part (c). 
(b) f(t) = 36.89301 - (1.06614)’ 


(c) 190 About 10.87 h 
zg 
=) 
5 
| 
0 25 


t (hours) 


29. (a) 32,000 
31. 3.5 days 
35. The minimum value is a, and the graph becomes flatter near 
the y-axis as a increases. 


(b) y= 500-2” (c) ~1260 (d) 3.82h 


EXERCISES 1.5 = PAGE 64 


1. (a) See Definition 1. 
(b) It must pass the Horizontal Line Test. 
3. No 5. No 7. Yes 9. Yes 


11. Yes 13. No 


APPENDIXH Answers to Odd-Numbered Exercises A65 


15. No 17. (a) 6 = (b) 3 19. 0 


21. F =3C + 32; the Fahrenheit temperature as a function of 
the Celsius temperature; [—273.15, ~) 


23. f (x) =VJV1l-—<x 25.g (xy) =(-2/P -1xe2 
27,.y=1—-Inx 29 y=(i/x - 2) 


31. f(x) = 7(x? - 3),x20 


35. (a) f (x) = V1 —x?,0<x<1;f ‘and f are the same 
function. (b) Quarter-circle in the first quadrant 

37. (a) It’s defined as the inverse of the exponential function with 
base b, that is, log,x = y <> b’ =x. 

(b) (0,%) (c) R- (d) See Figure 11. 

39. (a) 4. (b) —4_—() 5 

41. (a) 1 (b) -2 (c) -4 

43. (a) 2 logiox + 3 logioy + logioz 

(b) 4Inx — 5In(x + 2) — +In(x — 2) 


3 


ac 
45. (a) logio2 (b) Ino 
47. (a) 1.430677 —_(b) 0.917600 
49, y= logis 


\ y=Inx 

re! y=logyyx 
4 

Ly = logs x 


All graphs approach —° as x —> 0°, all pass through (1, 0), and all 
are increasing. The larger the base, the slower the rate of increase. 
51. About 1,084,588 mi 


53. (a) 


y 


y = logio (x + 5) 


| 
| 
| 
| 
4 
sil 
| 
| 
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A66 APPENDIX H_ Answers to Odd-Numbered Exercises 


55. (a) (0,%);(—%,~%)  (b) e? Exercises 

(c) y 1. (a) 2.7 (b) 2.3,5.6 (c) [-6,6] (d) [-4,4] 

: (e) [—4,4] (£) No; it fails the Horizontal Line Test. 

(g) Odd; its graph is symmetric about the origin. 

3. 2ath—-2 5. (—~,4) U(4, &), (—2, 0) U (0, %) 
7. (—6, ©), (—%, ©) 

9. (a) Shift the graph 5 units upward. 

(b) Shift the graph 5 units to the left. 

(c) Stretch the graph vertically by a factor of 2, then shift 

1 unit upward. 


57. (a) {(e? — 2) ~ 4.521 (b) $(3 + In 12) ~ 2.742 


59. (a) Ly + 5) = 1618  (b) 1 m9 0183 (d) Shift the graph 2 units to the right and 2 units downward. 
2 2In5 (e) Reflect the graph about the x-axis. 
61. (a) O<x<1 = (b) x >1n5 (f) Reflect the graph about the line y = x (assuming f is 
63. (a) (In3,%) (b) f ‘(x) = In(e* + 3);R one-to-one). 
65. The graph passes the Horizontal Line Test. 11. y 13. 
5 
2 
y=x7+2 
2 4 
— 15. “i y=1+ cos 2x 
f'@) = 3/4 (/D — 27x? + 20 — YD + 27x? — 20 + 3/2), 
where D = 3,/3 /27x4 — 40x2 + 16; two of the expressions are 
complex. 
67. (a) f '(n) = (3/In 2) In(n/100); the time elapsed when there 
aren bacteria (b) After about 26.9 h 0 - . 
69. (a) 7 = (b) 7/6 
71. (a) 7/4 = (b) 7/2 
73. (a) 57/6 = (b) 7/3 17. yA 
77. x/J1 + x? 
79. @ yan ty The second graph is ee 
A the reflection of the 


BY 


VL y= sinx first graph about the y=1 
a line y = x. 5 


19. (a) Neither (b) Odd (c) Even’ (d) Neither 
(e) Even (f) Neither 

“ 21. (a) (f° g)(x) = In(x* — 9), (—~, —3) U (3, &) 
(b) (ge f)(x) = (Inx)’ — 9, (0, ») 

(c) (fe f)(x) = In Inx, (1, &) 

(d) Geg)(a) = (x? — 9) — 9, (0, 2) 

23. y = 0.2441x — 413.3960; about 82.1 years 


ja 


81. |-3,0], [—7/2, 7/2] 
83. (a) Shifts downward; g '(x) =f '(x) — c 


(b) h''(x) = (1/c) f(x) 25. 1 
27. (a) Inx + $1n(x + 1) (b) Flogo(x? + 1) — Slogo(x — 1) 
CHAPTER 1 REVIEW @ PAGE 67 29. (a) 25 (b) 3 (c) 4 
True-False Quiz 31. 3 1n3 ~ 0.549 
1. False 3. False 5. True 7. False 9. True 33. In(In 10) ~ 0.834 
11. False 13. False 35. +1//3 = +0.577 
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37. (a) 6.5RNA copies/mL (b) V(t) = 52.0(3)' 

(c) t(V) = —8 log» (V/52.0); the time required for the viral load 
to reach a given number V 

(d) 37.6 days 


PRINCIPLES OF PROBLEM SOLVING # PAGE 75 


1. a = 4,/h? — 16/h, where a is the length of the altitude and 
his the length of the hypotenuse 


24 
3. 393 


9. (a) vs 


f(x) = max{x, 1/x} 


(b) yh 


1 f(x) = max{sin x, cos x} 


(c) yA 


f(x) = max{x?,2+x,2—x} 


13.0 15.x€[-1,1- 3) U(1+ v3.3] 


17. 40mi/h 21. f(x) = x?" 


APPENDIXH Answers to Odd-Numbered Exercises A67 


CHAPTER 2 


EXERCISES 2.1 ™ PAGE 82 


1. (a) —44.4, —38.8, —27.8, —22.2, -16.6 

(b) -33.3 (c) -334 

3. (a) (i) 2 ii) 1.111111 Gii) 1.010101 (iv) 1.001001 

(v) 0.666667 (vi) 0.909091 (vii) 0.990099 

(viii) 0.999001 (b) 1 (©) y=x-3 

5. (a) (i) —129.6 ft/s (ii) —128.8 ft/s (iii) —128.16 ft/s 

(b) —128 ft/s 

7. (a) (i) 29.3 ft/s (ii) 32.7 ft/s (iii) 45.6 ft/s 

(iv) 48.75 ft/s  (b) 29.7 ft/s 

9. (a) 0, 1.7321, —1.0847, —2.7433, 4.3301, —2.8173, 0, 
2.1651, —2.6061, —5, 3.4202;no (c) —31.4 


EXERCISES 2.2 m PAGE 92 


1. Yes 

3. (a) lim,—.-3 f(x) = © means that the values of f(x) can be 
made arbitrarily large (as large as we please) by taking x suffi- 
ciently close to —3 (but not equal to —3). 

(b) lim,—4+ f(x) = —° means that the values of f(x) can be 
made arbitrarily large negative by taking x sufficiently close to 4 
through values larger than 4. 

5. (a) 2 (b) 1 (c)4 = (d) Doesnotexist (e) 3 

7. (a) 4 (b) 5 (©) 2,4 (d) 4 

9. (a) —~© (b) © (ce) (dy) —™ (e) » 

(f) x 7,Xx 3,x=0,x = 6 

11. lim f(x) exists for all a except a = 0. 


xa 


13. (a) -—1 (b) 1 (c) Does not exist 


15. 17. 
x <0 > x 
19. 5 21. 5 23. 0.25 25.1.5 27. 1 
29, «© 31, 2 33. —% 35, —% 37, 0 
39. —x 41.x=-2 43. —©; 00 
45. (a) 2.71828 (b) 6 


“L i 


-2 


47. (a) 0.998000, 0.638259, 0.358484, 0.158680, 0.038851, 
0.008928, 0.001465; 0 

(b) 0.000572, —0.000614, —0.000907, —0.000978, —0.000993, 
—0.001000; —0.001 

49. x ~ +0.90, £2.24; x = +sin7'(77/4), (a — sin“ '(7/4)) 
51. m>~ 
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A68 APPENDIXH_ Answers to Odd-Numbered Exercises 


EXERCISES 2.3 ™ PAGE 102 


1. (a) -6 (b) -8 (c)2 (d) -6 
(e) Does not exist (f) 0 
3.75 5.88 75 %- 11. -13 
13. 6 15. Does not exist 17. 5 19. 3 
21.-6 23.§ 25.-$ 27.1 29. 75 
31. —} 33. 3x? 35. (a), (b) 390 7 4B 
45. —4 47. Does not exist 
49. (b) (i) 1 
(ii) —1 
(iii) Does not exist 
(iv) 1 


51. (a) (i) 5 
(c) 


(ii) —5 


(b) Does not exist 


53. 7 

55. (a) (i) —2 (ii) Does not exist (iii) —3 
(b) G) n-1 Gi) n_ (Cc) ais notan integer. 
61. 8 67. 15; —-1 


EXERCISES 2.4 = PAGE 113 


1. 0.1 (or any smaller positive number) 

3. 1.44 (or any smaller positive number) 

5. 0.4269 (or any smaller positive number) 
7. 0.0219 (or any smaller positive number); 
0.011 (or any smaller positive number) 

9. (a) 0.01 (or any smaller positive number) 
Ee) 
11. (a) 1000/7 cm (b) Within approximately 0.0445 cm 
(c) Radius; area; 1000/7; 1000; 5; ~0.0445 

13. (a) 0.025 = (b) 0.0025 

35. (a) 0.093 (b) d = (B”? — 12)/(6B"”*) — 1, where 
B=216 + 108 + 12/336 + 324e + 8le? 

41. Within 0.1 


EXERCISES 2.5 = PAGE 124 

1. lim,4 f(x) = f(4) 

3. (a) —4, —2, 2, 4; f(—4) is not defined and lim f(x) does not 
exist fora = —2, 2, and 4 ese 

(b) —4, neither; —2, left; 2, right; 4, right 

5. (a) 1 (b) 1,3 (c) 3 


7. 
9. 
+ > 
0 3 x 
11. (a) 7A 
Tat eo eo 
5 #——o e——0o ee 
+—+ +—t+ + > 
0 710 1619 24 ¢ 


19. f(—2) is undefined. 


| 
| 
| 
| 
| 
| 
I 
| 
| 
|x=—2 
| 


21. lim, f(x) does not exist. 


yA 


25. (b) Define f(3) =%. 27. (—%,%) 29. (—%,0) U (0, %) 
33. (—%, —1] U (0, &) 


31. (-1, 1) 
7 : 
39. x= > + 2n7, n any integer 


3 


BY 


23. lim f(x) #0) 


35. 8 
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BY 


37. In2 


43. —1, right 


YA 


(1, 1) 


RY 


47.; 49.4 


51. (a) g(x) =x? tx? txt] 


59. (b) (0.86, 0.87) 


EXERCISES 2.6 = PAGE 137 


61. (b) 70.347 


45. 0, right; 1, left 


y 


(b) g(x) =x? +x 
71. None 


1. (a) As x becomes large, f(x) approaches 5. 
(b) As x becomes large negative, f(x) approaches 3. 


3. (a) -2 (b)2 (c) ~ 


(e) x= 1,x=3,y 2,y 
5. ; 


(d) —% 
2 


7. YIAl 
Sao seat 1 
0 3 a 
14 
9. 
> 


27. —« 29. 0 


17.0 19-3 21-1 
31. 5(a — pb) 


39. 0 41. 2 


APPENDIX H Answers to Odd-Numbered Exercises 


43. (a) (i) 0 
(c) v4, 


(ii) —% (ili) 2 (b) 


— x 
» Thx 


RY 


O0n+t 
\ x=1 


45. (a), (b) —4 


47. y=4,x=—-3 


49. y=2;x=-2,x=1 51. x=5 53. y=3 
55. (a) 0 (b) +” 
2. = % 5 
57. f(x) = = 59. 7 b 
f(x) VG 3) (a) z (b) 5 
61, —%, —% 63. —2%, 
y y 
Oo] yx 
65. (a) 0 (b) An infinite number of times 
=25 25 
—0.5 
67. 5 
69. (a) v* = (b) 12 =0.47s 
0 1 
71. N= 15 73. N= —-9,N =< —19 


75. (a) x > 100 


EXERCISES 2.7 = PAGE 149 
1 @ LOZLO® py tim LO=LO 
x3 x= 3 


x33 


3. (a) 1 (b) y=x-1 (Cc) ( 
4 


A69 
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A70 APPENDIXH_ Answers to Odd-Numbered Exercises 


5. y=7x—-17 7. y= —5x+6 41. 
9. (a) 8a—- 6a (b) y= 2x4 3,y 8x + 19 
(c) 10 


=< y 
3 
11. (a) 25s  (b) 80 ft/s 43. f(x) = Vx,a=9 
13. —2/a’ m/s; —2 m/s; —} m/s; —# m/s 45. f(x) =x°,a=2 
15. (a) Right!O<t<land4<r<6;left:2<t< 3; 
standing still: 1 <t<2and3<1<4 


47. f(x) = tanx,a = 7/4 


(b) vag 49. (a) (i) $20.25/unit (ii) $20.05/unit (b) $20/unit 


-—o 51. (a) The rate at which the cost is changing per ounce of gold 
] produced; dollars per ounce 
1+ o—~ (b) When the 800th ounce of gold is produced, the cost of 
ik no production is $17/oz. 
ll t (seconds) 


(c) Decrease in the short term; increase in the long term 


_ 53. (a) The rate at which the oxygen solubility changes with 
respect to the water temperature; (mg /L)/°C 

; ; ; (b) S’(16) ~ —0.25; as the temperature increases past 16°C, 
17. g'(0), 0, 9'(4), g'(2), g'(—2) the oxygen solubility is decreasing at a rate of 0.25 (mg/L)/°C. 
19.2 21.23 23. 4a—5 7 i” 

. ~ 55. (a) In(g/dL)/h: (i) —0.015 (ii) —0.012 (iii) —0.012 
25. — @+p 27. y= —tx +3 29. y= 3x—-1 (iv) —0.011 (b) —0.012 (g/dL)/h; After 2 hours, the BAC is 
- decreasing at a rate of 0.012 (g/dL)/h. 
IB eee Di ce, 1G: 
Stet) Si) erg MD) : 57. Does not exist 
59. (a) bs Slope appears to be 1. 
-1 6 
=e 27 
-2 

33. f(2) = 3; f'(2) =4 ~- 
35. 32 m/s; 32 m/s 
37. A Temperature Greater (in magnitude) (b) = Yes 

nD (in °F) | 

—0.4 0.4 
A 
0 12. Time 0.25 
(in hours) 
39. (c) 0.005 Yes; 0 
0.008 | 0.008 
0.005 
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EXERCISES 2.8 ™ PAGE 161 15. yA When t © 5.25 
1. (a) 05 (b) 0 (c) -1 (dd) -15 
f) -l (0 (1 di 


17. 


3. I (IV @I dl 


5. y 
f 
0 3 19. (a) 0,1,2,4 (b) -1,-2,-4 (©) f(x) = 2x 
21. f(x) =3,R,R 23. f(t) =5t+ 6,R,R 
25. A'(p) = 12p? + 3,R, R 
7. i = ro) 00 
27. f'(x) = ~~ pe (2) U (2,2) U2, 9), 
(—%, —2) U (—2, 2) U (2, %) 
Pie Po, TN lle Pes WN le 
29. g'(u) = Ga a! ponte ), ( a UG ) 
! oa) 00 
31. i (x) 2(1 + ym | 1, )s ( 1, ) 
33. (a) (b), (d) 


9. 
=) x 
(©) £3) = 1-3, ), (-3,) 
Cc x > > ’ > 
: 2/x +3 
11, ‘| 35. (a) f’(x) =4x° + 2 
0 
2 37-/ + | 14 | 21 | 28 | 35 | 42 | 49 
Me oft ' 3 | 2 9 5 
H(i) | 7 | a | 7 | l | a | 3 
| 
| 
yA 
13. (a) The instantaneous rate of change of percentage of full zi 
capacity with respect to elapsed time in hours 
(b) ya The rate of change of percentage 
40 of full capacity is decreasing and 
approaching 0. if 
ral y=H"t) 


$+ +> 
O 7 14 21 28 35 42 49 ¢t 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A72 APPENDIXH Answers to Odd-Numbered Exercises 


39. (a) The rate at which the percentage of electrical power 65. (a) —1,1 (b) yA 
produced by solar panels is changing, in percentage points per x= 5 
year. (b) On January 1, 2022, the percentage of electrical power y = f(x) 
produced by solar panels was increasing at a rate of 3.5 percentage 
points per year. ——or 4 = 
41. —4 (corner); 0 (discontinuity) 
43. 1 (not defined); 5 (vertical tangent) 
= 2 () 0,5 (d) 0,4,5 
Differentiable at —1; 67. (a) * (b) » y = ds/dt 
not differentiable at 0 = 
~2 | 1 o———o o—o 
=4 0 0 3 $10. 15 19f 
47. f"() 49.a=f,b=f',c=f" CHAPTER 2 REVIEW @ PAGE 167 
51. a = acceleration, b = velocity, c = position True-False Quiz 
53. bet 1. False 3. True 5. True 7. False 9. True 
ne ? 11. False 13. False 15. False 17. True 
19. False 21. True 23. True 25. False 
Exercises 
1. (a) G@) 3) (ii) O (iii) Does not exist (iv) 2 
(v) © (vi) —%© (vii) 4 (viii) —1 
(b) y=4,y=—-1 ()x=0,x=2 (d) —3,0,2,4 
| 31 5.2 7243 90 41.3 13.4 
55. Pia) = 46 — 3x, 15.-0 17.2 19. 07/2 22.x=0,y=0 23.1 
[ f"(x) = 4 — 6x, 29. (a) (i) 3. (ii) O (iii) Does not exist 
=4 fx) = -6, (iv) O (v) 0 (vi) 0 
Wy) — (b) AtOand3 = (c) y 
F(x) =0 : 
0] 3 x 
57. (a) 3a? 
a 30 31.R 35. (a) -8— (b) y= —8x +17 
; -1 ifx<6 y = 37. (a) (i) 3m/s_ (ii) 2.75 m/s_ (iii) 2.625 m/s 
sr Coa ee j ams (iv) 2.525 m/s (b) 2.5 m/s 
39. (a) 10 (b) y= 10x — 16 
; = 6 0 6 = (c) 12 
or x) = —— 
f(a) Ix 6] — | 
-4 4 
61. (b) All x | 
(c) f'() = 2|2| a7 


41. (a) The rate at which the cost changes with respect to the 
interest rate; dollars/(percent per year) 

(b) As the interest rate increases past 10%, the cost is increasing 
at a rate of $1200/(percent per year). 

(c) Always positive 
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43. 


45. f'(x) — —4/x°, (—%, 0) U (0, 0) 
47. (a) f'(x) = 3 — 5x)? (by (—%, 3], (— 2, 2) 
(c) 6 


49. —4 (discontinuity), —1 (corner), 2 (discontinuity), 
5 (vertical tangent) 


51. 


53. The rate at which the number of US $20 bills in circulation is 
changing with respect to time; 0.28 billion bills per year 
55. 0 


PROBLEMS PLUS ® PAGE 171 


1. 5 3. —4 5. (a) Does not exist (b) 1 
7. (a) (—~,0) U[I,~), (0,2) () 1 %3 
11.(b) Yes  (c) Yes; no 
13. (a)0 (b) 1 (©) f(y =x*4+1 
CHAPTER 3 
EXERCISES 3.1 = PAGE 181 
— 1 
1. (a) eis the number such that iim . P = 1 
h—> h 

(b) 0.99, 1.03; 2.7 <e<2.8 
3. g(x) =4 5. f'(x) = 75x" -— 1 
7. f'(t) = —2e' 9. W'(v) = —5.40 4 

1 2 
11. f'(x) = 3x!? -— 3x4 13. s(t) = oe 
15. y’ =2 + 1/(2Vx) 17. g'(x) = —5x3? + 4x4 


19. f'(x) = 4x° + 9x? 
23. f'(x) =3 + 2x 


21. y’ = 3e* — $y 4/3 

25. G(r) = ap? + 3/1? 
2A B 

29. F'(z) = 3 
Zz Zz 


27. j'(x) = 2.4x!4 


APPENDIXH Answers to Odd-Numbered Exercises A73 


ei 
64t* = 4r? 

33. P'(w) = 3./w — 5w? — 2w 3? 

35. dy/dx = 2tx + 0°; dy/dt = x? + 3t°x 
37. y=4x-1 39 y=5x4+2 


41. Tangent: y = 2x + 2; normal: y = 5x ted, 


31. D'(t) = — 


43. y=3x-1 45. f'(x) = 4x7 — 6x? + 2x 
47. (a) 50 
f 
3 5 

=10 

(c) 4x37 — 9x — 12x +7 100 
f' 
3 5 


—40 
49. f'(x) = 0.005x* — 0.06x?, f”(x) = 0.02x* — 0.12x 
51. f(x) =2 — Bx f(x) = x4 
53. (a) o(t) = 3? — 3,a(t) =6t (b) 12 m/s’ 
(c) a(1) = 6 m/s? 
55. 1.718; at 12 years, the length of the fish is increasing at a rate 
of 1.718 in/year 
57. (a) V=5.3/P 
(b) —0.00212; instantaneous rate of change of the volume with 
respect to the pressure at 25°C; m*/kPa 
59. (—3, 37), (1, 5) 63. y = 3x — 3,y = 3x -7 
65. y= —2x +3 67. (+2, 4) 71. P(x) =x? —x4+3 
73. y= fu —fxt3 
75. No y 


(1, 2) 


77. (a) Not differentiable at 3 or —3 


wy (2% if |x|>3 
I=" bg ge |x) 24 


(b) : ‘ : /t 


79. y=2x?-x 
85. m=4,b= —4 


81.a=-3,b=2 83. -} 
87. 1000 89. (0,-;) 91. 3:1 
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A74 APPENDIXH Answers to Odd-Numbered Exercises 


EXERCISES 3.2 ™ PAGE 189 
1. 1 — 2x + 6x? — 8x° 3. y’ = 24x° + 40x + 6 
5. y’ = e%(x? + 3x’) 7. f'(x) = e*(3x? + x — 5) 


sy=2—" HyG=— 3 
= 7 7 (5t + 1) 

—10r° — 5 3 — 2/5 
13. ¢'() = 15. y = 

Fo (*?-+—- 1) " 25°!? 
i -s, 3 
177 
(w) (4 uw 3.) 


3t + 2e' + Ate’ 


21 


19. H'(u) =2u - 1 


23. y’ =e"(1 + 3Vp + p + pyp) 


21. V'(t) = 


25. /'(1) = —2r-—3 27. f(x) = xe*(x? + 2e*) 
“a 307(t — 3)? ee (x? + e*)? 
29. f'() = 31. e'(x? + 22); e'(x? + 4x + 2) 
° i) = >a OR o OMX” XX); Ox” 
; (x? + c) : 
—x*—-1 2x? +6 
3. pete 


(= 1)" G? = 1) 
37. y Ie tésy 3x $ 
39. (a) y= 5x41 


(=1;'0.5) 


=0.5 
Al. (a) e*(x? + 3x7 — x - 1) 
(b) 


43.4 45. (a) -16 (b) -2 (c) 20 47.7 
49. y=-2x+18 51. (a)3 (b) -% 


53. (a) y =xg'(x) +g) (b) y= mee 
Lg(x)] 


 y = =a 


Xx 
55. Two, (—2 + /3,3(1 + /3)) 57. 1 
59. $359.6 million /year 

0.0021 


$1. 015 + [Sp 


the rate of change of the rate of an enzymatic reaction with respect 


to the concentration of a substrate S. 
63. (c) 3e* 


65. f'(x) = (x? + 2x)e*, f"(x) = (x? + 4x + 2e*, 
f(x) = (x? + 6x + 6)e*, FO(x) = (x? + Bx + 12)e?, 
FOC) = (x? + 10x + 20)e*s f(x) = [x? + 2nx + n(n — IJe* 


EXERCISES 3.3 = PAGE 197 

1. f'(x) = 3cosx + 2 sinx 3. y’ = 2x — csc*x 
5. h'(@) = 6(6 cos @ + 2 sin @) 

7. y’ = sec 6 (sec?6 + tan’@) 

9. f'(0) = Ocos 0 — cos’O + sin @ + sin’@ 


11. H'(t) = —2sintcost 130 f) "Fe ane 

15. 5’ 2 — tanx + x sec*x 
: (2 — tan x)? 

17. fw) = 2 sec w tan w 19. y’ (t? + t)cost + sint 
, (1 — sec w)? (1 +t)? 

21. f'(0) =5sin 20 + 0 cos 20 

27. y=x+1 29. y=2x+1 


31. (a) y= 2x (b) 32 


33. (a) secx tanx — 1 
@cos@ — sin@ —Osin@ — 26cos@ + 2sin6 
eo 2 0° 
37. (a) f'(x) = (1 + tanx)/secx (b) f’(x) = cosx + sinx 
39. (2n+ 1l)rt iT, nan integer 
41. (a) v(t) = 8 cost, a(t) = —8 sint 
(b) 4/3, —4, —4,/3; to the left 
43. Sft/rad 4522472300 «49.0 = 5.2 
53. -; 55.4 57,-1 59. -/2 
61. —cosx 63. A=-7,B=—H 


35. 


sin x 


4 1 
65. (a) secx = = (b) sec x tan x = 
cos“x 


2 
cos’x 


cotx — | 
(c) cos x — sinx 67. 1 
csc x 


EXERCISES 3.4 = PAGE 206 


1. dy/dx = —12x7(5 — x“) 
oe 

2Vx 

9. a 11. FC ae 
2/5x +1 (ar + 1) 

13. f'(0) = —26 sin (67) 15. g'(x) =e" “(2x — 1) 


3. dy/dx = —sin x cos(cos x) 


5. dy/dx = 7. f'(x) = 10x(2x? — 5x* + 4)*(x — 5) 
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APPENDIX H_ Answers to Odd-Numbered Exercises A75 


17. y' = xe *(2 — 3x) 19. f(t) = e“(b cos bt + asin br) 89. v(t) = 2e°'(2m cos 2at — 1.5 sin 2711) 
21. F'(x) = 4(4x + 5)°(x? — 2x + 5)3(11x? — 4x + 5) 2 15 
1 
23. y’ = ————_ 25. y’ = (sec’@) e'™® 
Dynes 1" : : : 
48u>(u? — 1)’ In 10)10°v" 
27. g'(u) =“ c 2) 29. r'(t) = cua 0 2 0 . 
(> + 1) Vi f 
2(r? — 1° (r? + 3r + 5) -1 7 
31. H’ 
“) (r+ 18 
33. F'(t) = e'"*"(2t cos 2t + sin 22) 91. (a) 0.00075 (g/dL)/min —(b) 0.00030 (g/dL) /min 
, Cle 93. dv/dt is the rate of change of velocity with respect to time; 
35. G'(x) = —C(In 4) £m) dv/ds is the rate of change of velocity with respect to 
37. f'(x) = 2xsinxsin(1 — x*) + cosxcos(1 — x?) displacement 
39. F'(t) = tsec’y1 + 2? 
a — <a EXERCISES 3.5 = PAGE 214 
41. y’ = 4xsin(x? + 1) cos(x? + 1 10x 10x 
: laa: ele. eS Oy =sae 1s Ga a 
e e 3y 3(5x = 7) 7 
43. g'(x) ate) cos Tae 
e e a " 
3. @) yy =—vy/v¥x (b) y= (1- vey = 1 - ve 
45. f'(t) = —sec*(sec(cos f)) sec(cos t) tan(cos f) sin t a - ( ) . 
47. f'(x) = 4x sin(x?) cos(x7)e™™) 5. y= 2y—x Fhe Bae ty’) 
49. y! = —8x (In 3) sin(x2) Zoos) (3e0s(") = 1) . yes 2x y(2x? =F 3y) 
ea. a! a cos(tan 7x) sec?(ax) sin4/sin(tan 7x) i= x(x + 2y) iiewi< 2 — cosx 
= 24/sin(tan 7x) . 2x"y + Aay? + 2y? + x? : 3 — siny 
53. y’ = —3 cos 36 sin(sin 36); 13. y' cos (x + y) + sinx 15. y' = 2x + ysinx 
y” = —9 cos?(36) cos(sin 30) + 9(sin 36) sin(sin 30) cos (x + y) + siny : cos x — 2y 
; —sinx _, 1 + cos*x Se ae 1 = B2/e 4 
55. y' = aie = 17. y) =-——*"— 49, y’ Les 
2./cos x (cos x) 2xe* + @ 8y3/x +y-1 
57. y= (In2)x + 1 59. y=-xt+7 21. y= y(y — e*””) 23, —16 
61. (a) y=txt+1 () 3 : y? — xe”? e 
, ~axty + x7 — 6xy? 
25. x 5 5 7 27. y=x 
(0,1) 4xy — 3x°y + 2y° 
1 
“| | a ae 31. y=hx-—$ 33. y=x+5 
“ 35. y Bx é B 
2 — 2x? 


Se a noe 37. (a) y=3x—-$ 6) 
65. ((/2) + 2nm, 3), ((377/2) + 2nz, —1), nan integer 
67. 24 69. (a) 30 = (b) 36 
71. (a); (b) -2. (©) -5 73. - 32 
75. (a) F'(x) =e"f(e*)  (b) G(x) = ef f(x) 
77. 120 79. 96 
83. —2°° cos 2x 85. v(t) = 37 cos(107#) cm/s 
dB Oot Qnt cos*y cos x + sin*x sin y 


_ 3 
87. (a) —-=— cos (b) 0.16 39. -1/(4y*) 41. 


5 43. 1/e? 
cos*y 
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A76 APPENDIXH_ Answers to Odd-Numbered Exercises 


45. y' 74 2)/7(x4 +4 
ie me wt+2 x44+4 


oe ate 1 2x" 
2 5 ne xt+1 \2x-2 xt4+1 


49. y' =x*(1 + Inx) 


45. (a) 4 Eight; x ~ 0.42, 1.58 r( 4x 16x3 ) 


. f sinx 
3 51. y = on ( + Inx cos ,) 
x 
1 : aD | _— 1/3, ' 
(b) y x+1jy= 3xt2 (c) 1¥3V3 53. y’ = (cos x)*(—x tan x + Incos x) 
5 5 2 = 
47. (+3/3, 49) 49. (xox/a*) — (yoy/b?) = 1 ws. 2am ine 
53. yh 55. y ar Ye $y? = 2y 
(-1l)"'( — 1)! 5 
59. f(x) = —————_ B83. f(x) = ———— 
> (x — 1) yl = 2a 
x 5.x 1 ey 2 tan 'x 
._y = .y =—— 
2x2 = 1 1+ x? 
; arcsin x Inx ; 2zemesinte! 
69. h (x) ¥ T fl-2 71. f (z) = vies 
59. (a) ai (b) ~—4.04 L/at 73. h'(t)=0 75. y' =sin'x 
. (a =—4, atm . = y= 
PV? — r’aV + 2n'ab 
61. (+/3,0) 63. (—1, -1), (1, 1) 77. y'= -; 4 —— 2 = hie — as. | 
y 1 Vvl-x 
65. y’ ay = sa 
x + 2y 3y° + 1 
: EXERCISES 3.7 = PAGE 235 
67. 2 units 
1. (a) 3t°— 18r+ 24 (b) 9ft/s (c) t=2,4 
EXERCISES 3.6 = PAGE 224 (d)Os1<2,t>4 (©) 4ft 
1. The differentiation formula is simplest. (f) t=4 > rar > 
2x+3 cos(In x) s=16 G = %6 
3. f'(®) =. 5 fy) 
Fe) x? + 3x45 Fe) . > 
7. f'@)=-+ 9 ge) =+-2 =e : 
~f'@) =-- 2g (x) =— 7 = = ; 
x @ x s=0 s=20 
; 2 sint 
11. F'(t) = Int | Intcost + : (g) 6t — 18; —12 ft/s? 
— 2x +3 ee | (h) 40 (i) Speeding up when 
ae (x? + 3x) In 8 =e 2<t<3and1> 4, 
1 —~10x4 slowing down when 
17. T'(z) = (gem) eo : : Os<t<2and3<1t<4 
zin 2% 
21. y= = 23. h'(x) = e* (2x? + 1) -20 
Lt x 
a 
25. y’ =—-—Inb 3. (a) (1/2) cos(at/2) —(b) 0 ft/s 
x ate: 
; 7 (c) t= 2n + 1,na nonnegative integer 
29. y= (2 + in x)/(2Vx); y = ~Inx/(4xVx) () 0<14<1, 3474<5.7<t< 9. mdsomn 6k 
31. y’ = tan y" 7 sec’x s (f) I=6 (g) (—7?/4) sin(71/2); 
s= —— 2 
33. f(x) =— Ee ro 7/4 ft/s 
(— Dll — Ine — 0] er a 
(1,1 +e) U (1 +2,%) ae __ 
Ax -1 ve 
35. f(x) = PAN 0)U(2,%) 37.2 ge 
x(x > 2) 70 id 
39. y= 3x —-9 41. cosx + I/x 43.7 s=0 
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(h) 3 


—3 


(i) Speeding up when 1 <¢< 2,3 <t<4,and5<1t<6; 
slowing down when0 <r<1,2<t<3,and4<1t<5 

5. (a) Speeding up when0 <¢< 1 and2 <t <3; 

slowing down when | < t < 2 

(b) Speeding up when 1 <t<2and3 <t<4; 

slowing down when0 <t< land2<t<3 

7. Traveling forward when 0 < rt < 5; traveling backward when 
7 <t< 8; not moving 

9. (a) 4.9m/s;—-14.7 m/s (b) After 2.55 
(d) ~5.08s (e) ~—25.3m/s 

11. (a) 7.56m/s  (b) ~6.24 m/s; ~—6.24 m/s 

13. (a) 30 mm’/mn;; the rate at which the area is increasing 
with respect to side length as x reaches 15 mm 

(b) AA = 2x Ax 

15. (a) (i) 5a (ii) 4.5m (iii) 4.17 

(b) 4a = (c) AA = 2ar Ar 

17. (a) 8a ft’/ft  (b) 167 ft?/ft  (c) 24a ft?/ft 

The rate increases as the radius increases. 

19. (a) 6kg/m_~ = (b) 12 kg/m (c) 18 kg/m 

At the right end; at the left end 

21. (a) 4.75A (b) 5A;t=$s 

25. (a) dV/dP = —C/P’ _(b) At the beginning 

27. 400(3'); ~ 6850 bacteria/h 

29. (a) 16 million/year; 78.5 million/year 

(b) P(t) = at? + bt? + ct + d, where a ~ —0.0002849, 

b = 0.5224331, c ~ —6.395641, d ~ 1720.586 

(c) P'(t) = 3at? + 2bt +c 

(d) 14.16 million/year (smaller); 71.72 million/year (smaller) 
(ec) f'(t) = (1.43653 x 10°) - (1.01395) In 1.01395 

(f) 26.25 million/year (larger); 60.28 million/year (smaller) 

(g) P’(85) ~ 76.24 million/year, f'(85) = 64.61 million/year 
31. (a) 0.926 cm/s; 0.694 cm/s; 0 

(b) 0; —92.6 (cm/s)/cm; —185.2 (cm/s)/cm 

(c) At the center; at the edge 

33. (a) C(x) = 3 + 0.02x + 0.0006x? 

(b) $11/pair; the rate at which the cost is changing as the 100th 
pair of jeans is being produced; the cost of the 101st pair 

(c) $11.07 

35. (a) [xp'(x) — p(x)]/x?; the average productivity increases as 
new workers are added. 

dt 3V9c? — 8c + 9¢ - 4 

de /9c? — 8c (3c + V9c? — 8c ) 
of duration of dialysis required with respect to the initial urea 
concentration 

39. ~ —0.2436 K/min 


(c) 323m 


37. ; the rate of change 


APPENDIXH_ Answers to Odd-Numbered Exercises A77 


41. (a) OandO (b) C=0 
(c) (0, 0), (500, 50); it is possible for the species to coexist. 


43. (a) ; decreases 


Din2 


(b) — 


1 
; difficulty decreases with increasing width; increases 
WIn2 


EXERCISES 3.8 = PAGE 245 


1. About 8.7 million 

3. (a) 50e'°8* (b) ~19,014 
(d) ~4.30h 

5. (a) 1508 million, 1871 million  (b) 2161 million 

(c) 3972 million; wars in the first half of century, increased life 
expectancy in second half 

7. (a) Ce °° ~~ (b) —2000 In 0.9 ~ 211s 

9. (a) 100X 2°" mg (b) ~9.92mg (c) ~199.3 years 
11. ~2500 years 13. Yes; 12.5 billion years 

15. (a) ~137°F (b) ~=116 min 

17. (a) 133°C (b) ~~67.74 min 

19. (a) ~64.5kPa  (b) ~39.9 kPa 

21. (a) (i) $4362.47 (ii) $4364.11 (iii) $4365.49 

(iv) $4365.70 (v) $4365.76 (vi) $4365.77 

(b) dA/dt = 0.0175A, A(0) = 4000 


(c) ~37,653 cells/h 


EXERCISES 3.9 # PAGE 251 

1. (a) dV/dt = 3x? dx/dt —_(b) 2700 cm?/s 
5. 1287 cm’/min 7. 3/(257r) m/min 

9. (a)-% (b)$ 11. ~—0.764 Ib/s 
13. (a) The plane’s altitude is 1 mi and its speed is 500 mi/h. 
(b) The rate at which the distance from the plane to the station is 
increasing when the plane is 2 mi from the station 

(c) e dy aa 1 


(e) 250/3 ~ 433 mi/h 


3. 48 cm’/s 


15. (a) The height of the pole (15 ft), the height of the man (6 ft), 
and the speed of the man (5 ft/s) 

(b) The rate at which the tip of the man’s shadow is moving when 
he is 40 ft from the pole 


15 x+y 
(c) @F=—= © F fis 
15 
x y 
17. 65 mi/h 19. 837/./8674 ~ 8.99 ft/s 
21. —1.6 cm/min 23. 9.8 m/s 


25. (10,000 + 800,00077/9) ~ 2.89 10° cm?/min 
27. 2cm/min —_29._ 6/(57) ~ 0.38 ft/min 
31. 150,/3 cm’/min 33. ~20.3 m/s 
37. 80cmY/min 39. 4 = 0.132 N/s 

43. J7 7/21 ~ 0.396 m/min 

45. (a) 360 ft/s (b) 0.096 rad/s 


35. —5 rad/s 
41. ~52.9 mi/h 
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A78 APPENDIXH Answers to Odd-Numbered Exercises 


47. 2arkm/min 49. 1650/31 ~ 296 km/h 
51. 5/15 ~ 6.78 m/s 


EXERCISES 3.10 ™ PAGE 258 
1. L(x) = 16x +23 3. LQ) = x45 
5. Jl —x z=lr- 5x; 
V0.9 ~ 0.95, 

0.99 ~ 0.995 


7. —0.731 <x < 0.731 9. —0.368 < x < 0.677 


= 
11. dy = 5e™d 13. dy= 
eet oe, "+ 3up 
3 = 2x 
15. dy = —— 7 ax 17. dy = cot 6 dé 
y (x? — 3x)? oe 


19. (a) dy =jge""dx (b) 0.01 


21. (a) dy == (b) -0.05 


23. Ay = 1.25,dy =1 


25. Ay ~ 0.34,dy =0.4 YA 


27. Ay ~ 0.1655, dy = 0.15; Ay = 0.0306, dy = 0.03; yes 
29. Ay ~ —0.012539, dy = —0.0125; 

Ay ~ —0.002502, dy = —0.0025; yes 

31. 15.968 33. 10.003 35. 1.1 

41. (a) 270cm’,0.01,1% (b) 36cm’, 0.006, 0.6% 
43. (a) 84/m = 27 cm’; a = 0.012 = 1.2% 

(b) 1764/m? ~ 179 cm; x ~ 0.018 = 1.8% 

45. (a) 2arh Ar (b) a(Ar)*h 

51. (a) 4.8,5.2  (b) Too large 


EXERCISES 3.11 ™ PAGE 266 
1.(a2)0 1 3 (@) 2 &) 4Mei+ e°%) ~ 74.20995 
x1 

2x 


= 32g =4 -=3 =4 =5 
25. sech x = §, sinh x = 3, csch x = j, tanh x = 5, cothx = 7 


27. (a) 1 (b) -1 (2 @d)-* ©O0 fl 
(92 (hy -~ (0 G5 

35. f'(x) = 3 sinh 3x 37. h'(x) = 2x cosh(x’) 

2 2 

t a 1 41. f"(x) = sech?y/x 

2t* 2Vx 


43. y’ = sech*x — sech x tanh’x 


t? ; 
45. g'(t) = coth V2? + 1 —- ———= csch*y?r? + 1 


boo 
fas} 


5.(a)1 (b)0 7. Set 


39. G'(t) = 


Pl 
' 72 ' 
47. f'(x) = — 49. y' = sec 
1 + 4x? 


51. G'(u) = — 53. y’ = sinh '(x/3) 
Vl + u? 


59. (a) 0.3572 ~—(b) 70.34° 
61. (a) 1176N;164.50m  (b) 120m; 164.13 m 
63. (b) y = 2 sinh 3x — 4 cosh 3x 


65. (In (1 + 2), /2) 


CHAPTER 3 REVIEW @ PAGE 269 


True-False Quiz 
1. True 3. True 5. False 7. False 9. True 
11. True 13. True 15. True 


ui 


Exercises 5 ‘ , 
1. 4x%(x + 13Gx4+2) 3. Se 


7 2x Vx? 


5. x(ax cos mx + 2 sin 7x) 


8r° 1+ Inx cosa/x — x sin J/x 
i = 3 11. 
(t* + 1) x In x 2Sx 
e/(1 + 2x 2xy — cos 
13. ( : ) 45, ss 
x 1 —xsiny — x" 


1 1-? +( t ) 
17. 19. => SEC” 
2/arctan x(1 + x) (1 + ty 1+? 


21, 3*"*(In 3)(1 + In x) 23. —(x — 1)? 


2x — ycos(xy) 2 
25. ——___—_ 27. ——— 
xcos(xy) + 1 (1 + 2x) In5 
: 4x 7 
29. cot x — sinx cos x 31. ———— + tan '(4x) 
1 + 16x 
33. 5 sec 5x 35. —6x csc?(3x? + 5) 
3x? 
37. cos(tan Jl + x? \(sec2/1 + x3) ———— 
2/1 4+ x3 
=5 
39. ad 41. tan’'x 43. 2 cos @ tan(sin 0) sec?(sin 4) 
x 
2 — x)*(x? — 55x — 52 
45. ( ys ss ) 47. 2x? cosh(x?) + sinh(x7) 


2./x + I(x + 338 
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49. 


cosh x 


/sinh?x — 1 


3 sin(ev™ a) gene sec?(3x) 


3 tanh 3x 51. 


53. 55. —3 
2tan 3x = 
57. —5x*/y"! 61. y = 23x +1 - 73/3 
63. y=2x+1 65. y x+2;y=x4+2 
10 — 3x 
67. (a) ———__ (b) y=fxthy=-x+8 


2V5—-—x 


10 
69. (7/4, /2), (50/4, -V2) 
73. (a)4 (66 (@2 @ 12 
75. x°g'(x) + 2xg(x) 77. 2g(x)g'(x) 79. g'(e*)e* 


fol! 4 


t gO) LF)? 


81. g'(x)/g(x) 83. 


Lf) + go]? 


85. f’(g(sin 4x))g' (sin 4x)(cos 4.x)(4) 

87. (-3,0) 89. y= —3x° + Bx 

91. v(t) = —Ae“[w sin(wt + 5) + ccos(wt + 8)], 

a(t) = Ae~[(c? — w*) cos(wt + 6) + 2cw sin(wt + 5)] 
93. (a) v(t) = 3f? — 12;a(t) = 6t (b) t>2;0S1<2 
(c) 23. (d) 20 


y 


(e) t>2;0<t<2 

95. 4kg/m 

97. (a) 200(3.24)' (b) ~22,040 

(c) 25,910 cells/h (d) (In 50)/(In 3.24) ~ 3.33h 
99. (a) Coe (b) ~100h ~—101. $¢cm’/min 
103. 13 ft/s 105. 400 ft/h 


107. (a) L(x) = 1 + x: 8/1 + 3x ~ 14+ 2: 3/1.03 ~ 1.01 


(b) —0.235 <x <0.401 
1 _ 
109. 12+307~16.7cm? 111. Fea =— 
~ dx x=16 


113. 5 0-115. gx? 


PROBLEMS PLUS ® PAGE 275 


1. (+3/2,4) 5.3/2 ~~ 11.(0,3) 
13. 3 lines; (0, 2), (32, 3) and (3/2, 3), (—3v2, 3) and 


(—3V2, 3) 
(b) 40(cos O+ 78+ cos?0 ) cm 


15. (a) 47/3 /,/11 rad/s 
(c) —480z sin 6 (1 + (cos @)//8 + cos?) cm/s 


APPENDIXH Answers to Odd-Numbered Exercises A79 


19. xr € (3, ©), yr & (2, ©), xw € (0, 3), yw © (—4, 0) 

21. (b) (i) 53° (or 127°) (ii) 63° (or 117°) 

23. R approaches the midpoint of the radius AO. 

27. 2/e 31. (1, —2), (1,0) 
35. 2 + $8 ~ 11.204 cm’/min 


25. —sina 


33. ./29/58 


CHAPTER 4 


EXERCISES 4.1 = PAGE 286 


Abbreviations: abs, absolute; loc, local; max, maximum; 

min, minimum 

1. Abs min: smallest function value on the entire domain of the 
function; loc min at c: smallest function value when x is near c 
3. Abs max at s, abs min at r, loc max at c, loc min at b and r, 
neither a max nor a min at a and d 

5. Abs max f(4) = 5, loc max f(4) = 5 and f(6) = 4, 

loc min f(2) = 2 and f(1) = f(5) = 3 


7. y 9. y 
3 4 
2 3 
1 2 


13. (a) ii (b) yA 


LY 


15. Abs max f(—1) = 5 
19. Abs min f(0) = 0 
21. Abs max f(7/2) = 1; abs min f(—7/2) = —1 


17. Abs max f(1) = 1 
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A80 APPENDIX H_ Answers to Odd-Numbered Exercises 


23. Abs max f(2) = In2 25. Abs max f(0) = 1 

27. Abs min f(1) = —1;locminf(0)=0 29. —% 
31. —4,0,2 33. None 35.0,2 37. —1,2 
39.0,¢ 41.0,5,4 43. 0,3,4 

45. nz (nan integer) 47. 1/Je 49. 10 

51. f(2) = 16, f(5)=7 53. f(-1) =8, f(2) = —-19 
55. f(—2) = 33, f(2)=—-31 57. f(0.2) = 5.2, f(l) =2 
59. (4) =4 — V4, f(v3/9) = -2V3/9 

61. f(7/6) = 33, f(m/2) = 0 

63. f(e!”) = 1/(2e), f(5) = —4 In 2 

65. f(1) = In3, f(—4) = Inf 


67. a a‘b? 
. at+b (a + b)**? 
69. (a) 2.19,181 (b) $V2 + 2,-SV2 +2 


71. (a) 0.32,0.00 (b) 43,0 
73. 0.0177 g/dL; 21.4 min 75. ~3.9665°C 
77. About 4.1 months after Jan. | 


79. (a) r= $m (b) v= Hkr} 
(c) DA 


4Ayp3t 
a7kro 


2. rs 
370 To 


EXERCISES 4.2 = PAGE 295 


1. 1,5 

3. (a) g is continuous on [0, 8] and differentiable on (0, 8). 
(b) 2.2,6.4 (c) 3.7, 5.5 

5. No 7. Yes; ~3.8 


9. 1 11. 7 
13. f is not differentiable on (—1, 1) 15. 1 
17. 3/In4 19. l; yes 3 


0 4 


21. f is not continous at 3 29. 16 31. No 37. No 


EXERCISES 4.3 ™ PAGE 305 


Abbreviations: CD, concave downward; CU, concave upward; 
dec, decreasing; inc, increasing; HA, horizontal asymptote; 
IP, inflection point; VA, vertical asymptote 

1. (a) (1,3), (4,6) (6) (0,1), .4) (© (0,2) 

(d) (2,4), (4,6)  (e) (2, 3) 

3. (a) /D Test (b) Concavity Test 

(c) Find points at which the concavity changes. 


5. (a) Inc on (0,1), (3,5); dec on (1,3), (5,6) 
(b) Loc max at x = 1, x = 5; loc min at x = 3 
7. (a) 3,5 (b)2,4,6 (©) 1,7 
9. Inc on (—~,1), (4, %); dec on (1, 4); loc max f(1) = 6; 
loc min f(4) = —21 
11. Inc on (2, ©); dec on (—%, 2); loc min f(2) = —31 
13. Inc on (—~%, 4), (6, ©); dec on (4, 5), (5, 6); 
loc max f(4) = 8; loc min f(6) = 12 
15. Inc on (0, 77/4), (5277/4, 277); dec on (27/4, 577/4); 
loc max f(7/4) = /2; loc min f(57/4) = —J/2 
17. CU on (1, ©); CD on (—~, 1); IP (1, —7) 
19. CU on (0, 77/4), (3277/4, 7); CD on (27/4, 3277/4); 
IP (77/4, 3), (327/4, 3) 
21. CU on (-/5, af): CD on (00, —/5), (./5, 00); 
IP (+,/5, In 10) 
23. (a) Inc on (—1, 0), (1, %); dec on (—~, —1), (0, 1) 
(b) Loc max f(0) = 3; loc min f(+1) = 2 
(c) CU on (=, — 3/3), (V3/3, »); 
CD on (—V3/3, /3/3); IP (+/3/3, 9) 
25. (a) Incon(1,~); dec on (0,1) (b) Loc min f(1) = 0 
(c) CU on (0, ©); No IP 
27. (a) Inc on (-5, 00); dec on (—o, —3) 

1 


(b) Loc min f(-3) oe 


(c) CU on (—1, %); CD on (—%, psi ( ds *) 


29. Loc max f(1) = 2; loc min f(0) = 1 31. (—3, %) 
33. (a) f has a local maximum at 2. 
(b) f has a horizontal tangent at 6. 
35. (b) yA 
0 x 

37. 39.4 

3 

0) 2 5 8 x 


41. 
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43. (a) Inc on (0, 2), (4, 6), (8, ); 
dec on (2, 4), (6, 8) 

(b) Loc max at x = 2, 6; 

loc min at x = 4,8 

(c) CU on (3, 6), (6, ~); 


CD on (0,3)  (d) 3 
(e) See graph at right. 


45. (a) Inc on (—%, 0), (2, ©); 
dec on (0, 2) 

(b) Loc max f(0) = 4; loc min 
f(2) =0 

(c) CU on (1, %); CD on (—%, 1); 
IP (1, 2) 


(d) See graph at right. 


47. (a) Inc on (—2, 0), (2, ); dec on (—%, —2), (0, 2) 


(b) Loc max f(0) = 3; loc min f(+2) = —5 


2 2 2 
CU 00 Sf So ECD = , 
(c) on ( 2.) (4 ) on ( B 


(-2,-5) | (2, —5) 


49. (a) Inc on (2, ©); dec on (—%, 2) 
(b) Loc min g(2) = —4 

(c) CU on (—«, 0), (3, ~); 

CD on (0, §); IPs (0, 12), (}, 8) 

(d) See graph at right. 


RY 


51. (a) Inc on (—~%, 0), (2, ©); 
dec on (0, 2) 
(b) Loc max f(0) = 0; loc min 


f(2) = =320 
(c) CU on (7%, 20); 
CD on (—c0, */8); 


Ip (/%8, 329 9/782) ~ (1.398, —208.4) 
(d) See graph at right. 


APPENDIXH Answers to Odd-Numbered Exercises A81 


53. (a) Inc on (—%, 4); 
dec on (4, 6) _ 
(b) Loc max F (4) = 4,/2 
(c) CD on (—%™, 6); No IP 
(d) See graph at right. 


55. (a) Inc on (—1, %); 
dec on (—%, —1) 

(b) Loc min C(—1) = —3 
(c) CU on (—%, 0), (2, %); 
CD on (0, 2); 


IPs (0, 0), (2, 6x/2) 
(d) See graph at right. 


57. (a) Inc on (7, 27); 
dec on (0, 7) 

(b) Loc min f(a) = —1 
(c) CU on (7/3, 52/3); 


CD on (0, 7/3), (57/3, 277); 
IPs (77/3, 3), (Sar/3, 3) 
(d) See graph at right. 


59. (a) VAx =0;HAy=1 


(b) Inc on (0, 2); 
dec on (—~, 0), (2, ©) 


(c) Loc max f(2) = : 

(d) CU on (3, ~); 

CD on (—=, 0), (0, 3); IP (3, 2) 
(e) See graph at right. 


61. (a) VAx =0;HAy=1 y 
(b) Inc on (—~%, 0), (0, 2) 
(c) None 


(d) CU on (—%, 0), (0, 1); 
CD on (1, %); 


IP (1, 1/e’) 
(e) See graph at right. 


63. (a) HAy=0 
(b) Inc on (—%, 0); 
dec on (0, 20) 


(c) Loc max f(0) = 1 40 
(d) CU on(—~, -1/,/2 ), 


(1//2, 20): CD on (-1/¥2, 1//2); IPs (+1//2, eo) 


(e) See graph at right. 

65. (a) VAsx = 0,x =e 
(b) Dec on (0, e) 

(c) None 


(d) CU on (0, 1); CD on (1, e); 
IP (1, 0) 
(e) See graph at right. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A8&2 APPENDIXH_ Answers to Odd-Numbered Exercises 


67. f is CU on (—~%, %) for all c > 0. As c increases, the 
minimum point gets farther away from the origin. 

69. (a) Loc and abs max f(1) = ¥2,no min (b) +3 - J17) 
71. (b) CD on (0, 0.85), (1.57, 2.29); CU on (0.85, 1.57), 

(2.29, a); IPs (0.85, 0.74), (1.57, 0), (2.29, —0.74) 

73. CU on (—~, —0.6), (0.0, ©); CD on (—0.6, 0.0) 

75. (a) The rate of increase is initially very small, increases to a 
maximum at t ~ 8 h, then decreases toward 0. 

(b) Whent=8  (c) CUon(0, 8); CD on (8, 18) 

(d) (8, 350) 

77. If D(t) is the size of the deficit as a function of time, then at 
the time of the speech D’(t) > 0, but D’(t) < 0. 

79. K(3) — K(2);CD 


81. 28.57 min, when the 2000 
rate of increase of drug level 
in the bloodstream is greatest; 
85.71 min, when rate of 
decrease is greatest 
0 250 
83. f(x) = 5(2x? + 3x? — 12x + 7) 
EXERCISES 4.4 = PAGE 316 
1. (a) Indeterminate (b) 0 (c) 0 
(d) ©, —c, or does not exist (e) Indeterminate 
3. (a) —% (b) Indeterminate (c) © 
5.5 71 96 #1144 «613. /2/2 15.2 
17.4 190 21,-0 23.-7 25.3 27.2 
29. | 31. 1 33. 1/In3 35. 0 37. 0 
39.a/b 41.45 43.7 45.2 47.0 
49. -2/r 51.3 53.3 55.0 521 5% 07 
61. 1/e 63. | 65. e* 67. e° 69. 0 
Mee 7g OTe I 
79. f has an absolute minimum for c > 0. As c increases, the 


minimum points get farther away from the origin. 

83. (a) M; the population should approach its maximum size as 
time increases (b) Poe“; exponential 

85. 2a 87. 5 
89. (a) One possibility: f(x) = 7/x*, g(x) = 1/x? 
(b) One possibility: f(x) = 7 + (1/x?), g(x) = 1/x? 
91. (a) 


EXERCISES 4.5 = PAGE 327 


Abbreviations: int, intercept; SA, slant asymptote 
1. A.R_ B. y-int 0; x-int —3,0 
C. None  D. None 

E. Inc on (—, —2), (0, ~); 

dec on (—2, 0) 

F. Loc max f(—2) = 4; 

loc min f(0) = 0 

G. CU on (—1, %); CD on (—~, —1); 
IP (—1, 2) 

H. See graph at right. 


A. RB. y-int 0; x-int 0, /4 
. None’ D. None 

. Inc on (1, ©); dec on (—%, 1) 

. Loc min f(1) = —3 

. CU on (—%, &) 

. See graph at right. 


ZaAmMMOOW 


A. RB. y-int 0; x-int 0, 4 
. None’ D. None 

. Inc on (1, ©); dec on (—%, 1) 
. Loc min f(1) = —27 


(I 


+3) 


atmmauw 


. CU on (—~, 2), (4, ); 
CD on (2, 4); 

IPs (2, —16), (4, 0) 

H. See graph at right. 


7. A. RB. y-int 0; x-int 0 
C. About (0,0) D. None 
E. Inc on (—%, ~) 

F. None 


G. CU on (—2, 0), (2, ~); 
CD on (—%, —2), (0, 2); 

IPs (—2, —2), (0, 0), (2, 28) 
H. See graph at right. 


9. A. (—%, —2) U (—2, ©) 
B. y-int 3; x-int —3 

C. None D. VAx= —2, 
HAy=2 

E. Inc on (—%, —2), (—2, %) 
F. None 

G. CU on (—~, —2); 

CD on (—2, ~) 

H. See graph at right. 


11. A. (~~, 1) U (1, 2) U (2, ») 
B. y-int 0; x-intO CC. None 

D. VAx =2;HAy=-1 

E. Inc on (—%, 1), (1, 2), (2, ©) 

F. None 

G. CU on (—~, 1), (1, 2); 

CD on (2, 0) 

H. See graph at right. 


13. A. (—~, —2) U (—2, 2) U (2, %) 
D. VAx = +2;HAy=0 


C. About (0, 0) 
E. Dec on (—%, —2), (—2, 2), (2, %) 
F. No local extrema 

G. CU on (—2, 0), (2, ©); 

CD on (—%, —2), (0, 2); IP (0, 0) 

H. See graph at right. 


f YA 
y=2 
> 
0 Xx 
x=-2 | 
y 
x=2 
(1, 1), 
0 


x=-2 


(0, 0) 


ra 


B. y-int 0; x-int 0 
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15. A. RB. y-int 0; x-int 0 

C. About y-axis D. HAy=1 

E. Inc on (0, ©); dec on (—%, 0) 

F. Loc min f(0) = 0 

G. CU on (—1, 1); 

CD on (—2, —1), (1, ©); IPs (+1, 1) 
H. See graph at right. 


17. A. (—~,0) U(0,%) B. x-int 1 
C. None D. VAx=0;HAy=0 
E. Inc on (0, 2); 

dec on (—~, 0), (2, %) 

F. Loc max f(2) = + 

G. CU on (3, ©); 

CD on (—=, 0), (0, 3); IP (3, 2) 

H. See graph at right. 


19. A. (—~, —1) U (-1, %) 
B. y-int 0; x-int 0 C. None 
D. VAx = —-1;HAy=1 

E. Inc on (—%, —1), (—1, ©); 
F. None 

G. CU on (—%, —1), (0, 5); 
CD on (~1, 0), (x5, ©); 

IPs (0, 0), (x/4, 4) 

H. See graph at right. 

21. A. [0,2%) B. y-int 0; x-int 0, 3 
C. None D. None 

E. Inc on (1, ©); dec on (0, 1) 
F. Loc min f(1) = —2 

G. CU on (0, ~) 

H. See graph at right. 


23. A. (—%, —2] U [1, ~) 

B. x-int—2,1 CC. None 

D. None 

E. Inc on (1, ©); dec on (—™, —2) 
F. None 

G. CD on (—%, —2), (1, %) 

H. See graph at right. 


25. A. RB. y-int 0; x-int 0 
C. About (0, 0) 
D. HAy= +1 


E. Inc on(—%,%) EF. None 
G. CU on (—~, 0); 
CD on (0, ~); IP (0, 0) 


H. See graph at right. 


APPENDIXH Answers to Odd-Numbered Exercises A8&3 


27. A. [-1,0) U(0,1] B. x-int +1 C. About (0, 0) 
D. VAx =0 y 

E. Dec on (—1, 0), (0, 1) 

F. None 


G. CU on(-1, — 2/3), (0, V2/3); =! ; . 
CD on (2/3, 0), (2/3, 1): | 
IPs (+273, +1/y/2) 


H. See graph at right. 


29. A. RB. y-int 0; x-int +3V3,0 C. About (0, 0) 
D. None _ E. Inc on (—%, —1), (1, ©); dec on (—1, 1) 

F. Loc max f(—1) = 2; 
loc min f(1) = —2 

G. CU on (0, %); 

CD on (—~, 0); IP (0, 0) 
H. See graph at right. 


31. A. RB. y-int —1; x-int +1 YA 
C. About the y-axis D. None 

E. Inc on (0, %); dec on (—%, 0) 

F. Loc min f(0) = —-1 

G. CU on (1, 1); 

CD on (—~, —1), (1, ©); IPs (+1, 0) 
H. See graph at right. 


(1, 0) 


33. A. RB. y-int 0; x-int n7 (n an integer) 

C. About (0, 0), period 27 ~=D. None 

E-G answers for0 <x <7: 

E. Inc on (0, 77/2); dec on (77/2, 7) = Loc max f(7/2) = 1 
G. Leta = sin '/2/3; CU on (0, a), (7 — @, 77); 

CD on (a, 7 — a); IPs atx = 0, 7,a,7 — @ 

H. yA 


35. A. (—a/2, 7/2) B. 
D. VAx = +2/2 

E. Inc on (0, 77/2); 

dec on (—77/2, 0) 

F. Loc min f(0) = 0 

G. CU on (~—7/2, 7/2) 

H. See graph at right. 


y-int 0; x-intO.—_C. About y-axis 
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A84 APPENDIX H_ Answers to Odd-Numbered Exercises 


37. A. [—2, 27] 
B. y-int J/3 :x-int —47/3, —7/3, 27/3, 57/3 

C. Period 277 D. None 

E. Inc on (—27, — 1177/6), (—5 7/6, 77/6), (77/6, 277); 
dec on (—117r/6, —57r/6), (77/6, 777/6) 

F. Loc max f(—117/6) = f(7/6) = 2; 

loc min f(—57/6) = f(77/6) = —2 

G. CU on (—477/3, — 77/3), 
(27/3, 52/3); 

CD on (—27, —477/3), 
(—7/3, 27/3), (5277/3, 277); 
IPs (—47r/3, 0), (—77/3, 0), 


(27/3, 0), (57/3, 0) 
H. See graph at right. 


39. A. All reals except (2n + 1)ar (nan integer) 

B. y-int 0; x-int 2n7 ~—-C. About the origin, period 27 

D. VAx = (2n + 1)7__ E. Inc on ((2n — 1)a, (2n + 1)7) 
F None’ G. CUon (2nm, (2n + 1)7); 

CD on ((2n — 1)a, 2n7); IPs (2nz7r, 0) 

H. 


x 37 x 


41. A.R_ B. y-int 7/4 

C. None 

D. HAy=0,y = 7/2 

E. Inc on(—2%,%) EF. None 
G. CU on (—~, 0); 


CD on (0, %); IP (0, 7/4) 
H. See graph at right. 


43. A.R_ B. y-int;  C. None 
D. HAy=0,y=1 

E. InconR FE None 

G. CU on (—~, 0); 

CDon(0,~); IP (0, 4) 

H. See graph at right. 


45. A. (0,~)  B. None 

C. None D. VAx=0 

E. Inc on (1, ©); dec on (0, 1) 
F. Loc min f(1) = 1 3y 
G. CU on (0, 2); CD on (2, ~); at 
IP (2,4 + In 2) 

H. See graph at right. 


47. A. RB. y-int} a 
C. None 
D. HAy=0,y=1 y=) 
E. DeconR FEF. None 
G. CU on (In 4, «); 

a 1), 14 (in 
CD on (—%, In 5); IP (in }. §) 
H. See graph at right. 


“¥ 


49. A. All xin (2n7, (2n + 1)z) (nan integer) 

B. x-int 7/2 + 2nm CC. Period27 =D. VAx =n 

E. Inc on (2n7, 7/2 + 2nz); dec on (7/2 + 2ntr, (2n + 1)m) 
F. Loc max f(a7/2 + 2n7) =0  G. CDon (2n7m, (2n + 1)z) 


51. A. (—, 0) U (0, ) 


B. None’ C. None ° 

D. VA x = 0 

E. Inc on (—%, —1), (0, %); ; > 
dec on (—1, 0) ae : 
F. Loc max f(—1) = —e (-1,~e) 


G. CU on 0, %); CD on (—»,0) 7 "/ 
H. See graph at right. 


53. A. RB. y-int I yA 
C. None D. HA y= e*7” T 
E. InconR EF. None 

G. CU on (—00, 5); CD on (5, 00); 
IP (4, | 

H. See graph at right. 


29 2468 % 


55. (a) (—%, 7]; (—~%, 3) U (3,7) = (b) 3,5 


(c) -—1//3 ~ -0.58 (d) HAy=/2 


57. (a) R; (—%, 3) U (3,7) U(7,%) (b) 3,5,7,9  (c) -2 
(d) HAy=1,y=2 


59. mas 
(0, mo) p=¢ 
0 i 
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61. (a) Whent = (Ina)/k 


(c) ya 

1 

y= Plt) 
12 
0 ve 7 
k 

63. 4, 

0 L2 L = 
65. y=x-1 67. y= 2x -— 3 


69. A. (—%, 1) U (1, ~) 

B. y-int 0; x-int 0 

C. None 

D. VAx=1;SAy=x4+1 


(b) When t¢ = (In a)/k 


E. Inc on (—*, 0), (2, 2); 
dec on (0, 1), (1, 2) 

F. Loc max f(0) = 0; 
loc min f(2) = 4 

G. CU on (1, %); CD on 
(—%, 1) 

H. See graph at right. 
71. A. (—%, 0) U (0, %) 
B. x-int —3/4 C. None 
D. VAx =0;SAy=x 
E. Inc on (—*%, 0), (2, %); 
dec on (0, 2) 

F. Loc min f(2) = 3 

G. CU on (—%, 0), (0, ) 
H. See graph at right. 


73. A.R_ B. y-int2 

C. None 

D. SAy=1 4 5x 

E. Inc on (In 2, ~); 

dec on (—%, In 2) 

F. Loc min f(In 2) =3 + 41n2 


G. CU on (—~%, ~) 
H. See graph at right. 


75. yA F 
Z 
i“ 
7 Z 
7 7 ia 
yH=xta Y 
2y/ 7 
/ 7 
7 > 
7 x 
Z 9 7 
Z Yrs nae 
Z 7, VOR 
y 7 
7 
/ 
7 


APPENDIXH_ Answers to Odd-Numbered Exercises A85 


EXERCISES 4.6 ™ PAGE 334 


1. Inc on (—%, —1.50), (0.04, 2.62), (2.84, %); dec on 


(—1.50, 0.04), (2.62, 2.84); loc max f(—1.5 


0) ~ 36.47, 


f (2.62) ~ 56.83; loc min f(0.04) ~ —0.04, f(2.84) ~ 56.73; 
CU on (—0.89, 1.15), (2.74, %); CD on (—%, —0.89), (1.15, 2.74); 
IPs (—0.89, 20.90), (1.15, 26.57), (2.74, 56.78) 


150 


—100 


3. Inc on (—1.31, —0.84), (1.06, 2.50), (2.7 


5, ©); 


dec on (—%, —1.31), (—0.84, 1.06), (2.50, 2.75); 


loc max f(—0.84) ~ 23.71, f(2.50) ~ —11 


.02; loc min 


f(-1.31) = 20.72, f(1.06) = —33.12, f(2.75) = —11.33; 


CU on (—%, —1.10), (0.08, 1.72), (2.64, %); 
CD on (~1.10, 0.08), (1.72, 2.64); 


IPs (—1.10, 22.09), (0.08, —3.88), (1.72, —22.53), (2.64, —11.18) 


50 


{ 


—40 


5. Inc on (—~, —1.47), (—1.47, 0.66); dec on (0.66, ~); 
loc max f(0.66) ~ 0.38; CU on (—%, —1.47), (—0.49, 0), 


(1.10, 2%); CD on (—1.47, —0.49), (0, 1.10); 
IPs (—0.49, —0.44), (1.10, 0.31), (0, 0) 
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A86 APPENDIX H_ Answers to Odd-Numbered Exercises 


7. Inc on (—1.40, —0.44), (0.44, 1.40); dec on (—7r, — 1.40), 
(—0.44, 0), (0, 0.44), (1.40, 77); loc max f(—0.44) ~ —4.68, 
f(1.40) ~ 6.09; loc min f(—1.40) ~ —6.09, f(0.44) ~ 4.68; 
CU on (—7, —0.77), (0, 0.77); CD on (—0.77, 0), (0.77, 77); 
IPs (—0.77, —5.22), (0.77, 5.22) 


9. Inc on (-8 — /61, -8 + 61): dec on (—, =8.= V6), 
(—8 + /61, 0), (0, %); CU on(—12 — 138, -12 + ./138), 


(0, ©); CD on (—x, —12 — \/138), (—12 + 138, 0) 


1 73 


—0.25 


(b) lim, 9+ f(x) = 0 

(c) Loc min f(1/Ve) = —1/(2e); 

CD on (0, e~*/?); CU on (e7*”, 2) 

13. Loc max f(—5.6) ~ 0.018, f(0.82) ~ —281.5, 
f (5.2) = 0.0145; loc min f(3) = 0 


0.02 
y Sa 
a7 al 
| 
-8 -3.5 
1 
| 
| 
“~*~ i 
| —0.04 
500 0.03 
~ 
-1 2 
2.5 78 
—1500 0 


x(x + 1)°(x3 + 18x? — 44x — 16) 
(x — 2)(x - 4) 
(x + 1)(x° + 36x°+ 6x* — 628x* + 684.x? + 672x + 64) 


15. f(x) 


uu =2 
PG) (x — 2)*(x — 4)° 

CU on (—35.3, —5.0), (—1, —0.5), (0.1, 2), (2, 4), (4, 2); 

CD on (—, —35.3), (—5.0, —1), (—0.5, —0.1); 

IPs (—35.3, —0.015), (—5.0, —0.005), (—1, 0), (—0.5, 0.00001), 
(—0.1, 0.0000066) 


17. Inc on (—9.41, —1.29), (0, 1.05); 

dec on (—%, —9.41), (—1.29, 0), (1.05, ~); 

loc max f(—1.29) = 7.49, f(1.05) = 2.35; 

loc min f(—9.41) ~ —0.056, f(0) = 0.5; 

CU on (— 13.81, — 1.55), (—1.03, 0.60), (1.48, 2); 

CD on (—~, — 13.81), (—1.55, — 1.03), (0.60, 1.48); 

IPs (— 13.81, —0.05), (—1.55, 5.64), (— 1.03, 5.39), (0.60, 1.52), 
(1.48, 1.93) 


30 
4 0.1 


19. Inc on (—4.91, —4.51), (0, 1.77), (4.91, 8.06), (10.79, 14.34), 
(17.08, 20); 

dec on (—4.51, —4.10), (1.77, 4.10), (8.06, 10.79), (14.34, 17.08); 
loc max f(—4.51) ~ 0.62, f(1.77) ~ 2.58, (8.06) ~ 3.60, 

f (14.34) ~ 4.39; 

loc min f(10.79) ~ 2.43, f(17.08) ~ 3.49; 

CU on (9.60, 12.25), (15.81, 18.65); 

CD on (—4.91, —4.10), (0, 4.10), (4.91, 9.60), (12.25, 15.81), 
(18.65, 20); 

IPs (9.60, 2.95), (12.25, 3.27), (15.81, 3.91), (18.65, 4.20) 


= 20 


21. Inc on (—~%, 0), (0, ©); 


CU on (—%, —0.42), (0, 0.42); f 
CD on (—0.42, 0), (0.42, 2); : 
| 


IPs ( £0.42, +0.83) 


| 
pod 
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23. 0.6 0.01 
-2 rant 2 2 3 
0 0 
25. (a) 2 


(b) lim, or x"* = 0, lim,s2x'" = 1 
(c) Loc max f(e)=e'* (d) IPs at x ~ 0.58, 4.37 


27. Max f(0.59) ~ 1, f(0.68) ~ 1, (1.96) = 1; 

min (0.64) ~ 0.99996, f(1.46) ~ 0.49, f(2.73) ~ —0.51; 
IPs (0.61, 0.99998), (0.66, 0.99998), (1.17, 0.72), 

(1.75, 0.77), (2.28, 0.34) 


1.2 
C 
f 
0 T 
-1.2 
1.2 
( 4 
f f 
2a 2a 
0.55 0.73 
0.9997 +12 


29. For c < 0, there is a loc min that moves toward (—3, —9) as 
c increases. For 0 < c < 8, there is a loc min that moves toward 
(—3, —9) and a loc max that moves toward the origin as c 
decreases. For all c > 0, there is a first-quadrant loc min that 
moves toward the origin as c decreases. c = 0 is a transitional 
value that gives the graph of a parabola. For all nonzero c, the 
y-axis is a VA and there is an IP that moves toward the origin 
as|c|—0. 


APPENDIXH_ Answers to Odd-Numbered Exercises A87 


. 
IN 
S 
a 1 
le 


c=-10 
c=—32 c=0 c=-l 
c=—50 | c=-10 
\\ 40 yy c=—32 
c= —50 
ee 
-10 7 4 
(-3,-9) 
—40 


—40 


31. For c < 0, there is no extreme point and one IP, which 
decreases along the x-axis. For c > 0, there is no IP, and one 
minimum point. 


33. For c > 0, the maximum and minimum values are always 
+5, but the extreme points and IPs move closer to the y-axis as c 
increases. c = 0 is a transitional value: when c is replaced by —c, 
the curve is reflected in the x-axis. 
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A8&8& APPENDIX H_ Answers to Odd-Numbered Exercises 


35. For |c| < 1, the graph has loc max and min values; for 

|c| = 1 it does not. The function increases for c = 1 and 
decreases for c = —1. As c changes, the IPs move vertically but 
not horizontally. 


37. 3 


For c > 0, lim,—. f(x) = 0 and lim,.-.. f(x) = —©. 

For c < 0, lim, f(x) = © and lim,.-». f(x) = 0. 

As | c| increases, the max and min points and the IPs get closer 
to the origin. 

39. c= 0:¢=> =1:5 


EXERCISES 4.7 = PAGE 342 


1. (a) 11,12 (b) 115,115 3.1010 5.2 


7. 25mby 25m 9.N=1 
11. (a) 
50 12,500 ft? 
250 
100 12,500 ft? 120 9000 ft 
125 
75 
(b) 
x 


(c) A=xy (d) 5x + 2y= 750 (e) A(x) = 375x — 3x? 
(f) 14,062.5 ft? 

13. 1000 ft by 1500 ft, middle fence parallel to short side 

15. 125 ftby 3° ft 19. 4000cm> =. 21. ~$163.54 

23. 18 in. by 18 in. by 36 in. 

25. (=§, 3) 27. (-+, +$/2) 29. Square, side /2 r 
31. L/2,/3 L/4 33. Base /3,r, height 37/2 

37. 4ar3/(3.V3) 39. mr°(1 + 5) 

41. 24cm by 36cm 

43. (a) Use all of the wire for the square 

(b) 40./3/(9 + 4/3) m for the square 

45. l6in. 47. V=2nR/(9/3) 51. E7/(4r) 

53. (a) 3s7csc @ (csc 0 — V3 cot@) (b) cos”"(1//3) ~ 55° 
(c) 6s|h + s/(2V2)| 

55. Row directly to B 57. ~4.85 km east of the refinery 
59. 109/3/( + 3) ~ 5.91 ft from the stronger source 

61. (a23 + b23)2 63. 2/6 

65. (b) (i) $342,491; $342.49/unit; $389.74/unit 

(ii) 400 (iii) $320/unit 

67. (a) p(x) = 19 — xupx —(b) $9.50 

69. (a) p(x) = 500 — 4x = (b) $250 (c) $310 

75. 9.35 m 79. x = 6in. 81. 7/6 

83. Atadistance5 — 2/5 ~0.53fromA 85. 5(L + W)? 
87. (a) About5.1kmfromB  (b) Cis close to B; C is close 
to D; W/L = 25 + x?/x, where x = | BC| 

(c) ~1.07; no such value (d) ./41/4 = 1.6 


EXERCISES 4.8 = PAGE 354 

1. (a) % = 7.3,2%3 ~ 6.8  (b) Yes 

3.5 S.abc 7 15215 9 —1.25 

11. 2.94283096 13. (b) 2.630020 =: 15. —1.914021 
17. 1.934563 19. —1.257691, 0.653483 

21. —1.428293, 2.027975 

23. —1.69312029, —0.74466668, 1.26587094 

25. 0.76682579 27. —0.87828292, 0.79177077 

29. (b) 31.622777 

35. (a) —1.293227, —0.441731, 0.507854  (b) —2.0212 
37. (1.519855, 2.306964) 39. (0.410245, 0.347810) 
41. 0.76286% 


EXERCISES 4.9 = PAGE 361 

1. (a) Fix) =6x (6) Git) =P? 

3. (a) H(g) =sing (b) F(x) = e* 

5. F(x) =2x2+7xt+C 7. F(x) = 4x4 — 3x3 + 3x? +0 
9. F(x) = 4x3 + 4x°+C 11. G(x) = 12x'3 — 38/3 4C 
13. F(x) = 2x7? — 3x47 +0 

15. F(t) = $29? — 8/1 + 3r + C 


2 
17. F(x) = =In|x| + met C 
5 x 


19. G(t) = 7e'-— e*t+C 
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21. 
23. 
25. 
27. 
29. 
31. 
33. 
35. 
37. 
39. 
41. 
43. 
45. 
47. 
49. 


51. 


53. 
55. 


59. 


61. 


65. 
67. 


69. 


71. 


(c) 


75. 
81. 
85. 


(d) 


F(@) 2cos@ —3sec0+C 
F(r) = 4tan'r — 27/5 +C 
F(x) = 2*/In2 + 4coshx + C 
F(x) = 2e* — 3x? - 1 
f(x) = 4x7 + Cx + D 
F(x) = 4x5 + 4x3 — bx? + Cx 
f(x) = 3x3 + 3e* + Cx + D 
f(t) = 28? + cost + Ct? + Dt 
f(x) = 2x*+Inx -—5 
f(t) = 4 arctan t — 7 
f(x) = 3x9? — 75 
f(t) = tant + sect -2—- /2 
f(x) x? + 2x3 — xt 4+ 12x 
f(0) sin@d — cosé + 56+ 4 
f(x) = 20? + x3 + 2x4 4+ 2x4 
f(x) = e* + 2 sinx = (e7" + 4)x 
f(x) Inx + (In 2)x — In2 
8 57. b 
y 
1 F 
> 
0 1 x 
s(t) = 2sint — 4cost +7 
s(t) = 30° + 30? — 2r +3 
s(t) = —sint + cost ey 1 
7 
(a) s(t) = 450 — 4.912 (b) /450/4.9 ~ 9.58 s 
—9.8./450/4.9 = —93.9m/s_ _(d) About 9.09 s 
225 ft 77. $742.08 79. W~ 118s 
88 ~ 5.87 ft/s? 83. 62,500 km/h? ~ 4.82 m/s? 
(a) 62.75mi  (b) 54.5mi_ = (c) 21 min 50s 
107 mi 


CHAPTER 4 REVIEW ® PAGE 364 


True-False Quiz 
1. False 3. False 5. True 


11. 
19. 


True 13. False 15. True 


True 21. False 


7. False 


APPENDIXH Answers to Odd-Numbered Exercises A89 


Exercises 

1. Abs max f(2) = f(5) = 18, abs min f(0) = —2, 

loc max f(2) = 18, loc min f(4) = 14 

3. Abs max f(2) = 2, abs and loc min f(—1) = —3 

5. Abs and loc max f(7/6) = 7/6 + ‘/3, 

abs min f(—7) = —a — 2, loc min f(57/6) = 57/6 — J3 
71 #94 #-11,0 13.4 


15. 


17. 


19. A. RB. y-int 2 yA 
C. None’ D. None 
E. Dec on (—~,%) EF None 2 
G. CU on (—%, 0); x 
CD on (0, %); IP (0, 2) 
H. See graph at right. 


21. A. RB. y-int2 

C. None’ D. None 

E. Inc on (1, ©); dec on (—%, 1) 
F. Loc min f(1) = 1 

G. CU on (—~, 0), (3, %); 

CD on (0, 3); IPs (0, 2), (3, 34) 
H. See graph at right. 


23. A. (—2, 0) U (0, 3) U (3, %) 


YA 
B. None’ C. None 
D. HAy = 0; VA x = 0, x = 3 
E. Inc on (1, 3); 7 > 


dec on (—%, 0), (0, 1), (3, 2) 
F. Loc min f(1) = $ 

G. CU on (0, 3), (3, ©); 

CD on (—~, 0) 

H. See graph at right. 
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A90 APPENDIXH_ Answers to Odd-Numbered Exercises 


25. A. (~~, 0) U (0, ) 

B. x-intl C. None 

D. VAx =0;SAy=x—- 3 

E. Inc on (—%, —2), (0, ~); 

dec on (—2, 0) 

F. Loc max f(—2) = —7 

G. CU on (1, ©); CD on (—~%, 0), 
(0, 1); IP (1, 0) 

H. See graph at right. 


27. A. [-2, ) 

B. y-int 0; x-int —2, 0 

C. None D. None 

E. Inc on (-4, 00), dec on (-2, =4) 
FE. Loc min f(—$) = -3-/6 

G. CU on (—2, ») 

H. See graph at right. 


29. A. [—a,7]_ B. y-int 0; x-int —7, 0, 7 

C. None D. None 

E. Inc on (—7/4, 3727/4); dec on (— ar, — 77/4), (37/4, 77) 
F. Loc max f (37/4) = 4/2694, 

loc min f(—2/4) = —4/2e-7/* 

G. CU on (—7/2, 77/2); CD on (— 77, — 77/2), (17/2, 77); 
IPs (—7/2, —e~7”), (ar/2, e7/7) 

H. yA 


3m V2 sma 
(Fre) 


31. A. (—~%, —1] U [1, %) é 
B. None’ C. About (0, 0) a 


D. HAy=0 ——— 


E. Dec on (—~, —1), (1, %) ——— 0 a 


F. None 
G. CU on (1, ©); 
CD on (—~, —1) 


H. See graph at right. 


33. A. R YA 
B. y-int —2; x-int 2 


1 (3, e*) 


C. None D. HAy=0 

E. Inc on (—%, 3); dec on (3, 2) 
F. Loc max f(3) =e? 

G. CU on (4, ©); 

CD on (—~, 4); 

IP (4, 2e~*) 

H. See graph at right. 


35. Inc on (-V3, 0), (0, /3)s ue 
dec on (—20, _ 3), J3, 00); 

joc max f(/3)= 33, g 
loc min f(-v3 = 2/3; 
CU on (— 6, 0), (V6, ~): 
CD on (—v, — 6), (0, v6); ~ 

IPs (v6, 35 V6), (— V6, —36 V6) 

37. Inc on (—0.23, 0), (1.62, 2); dec on (—%, —0.23), (0, 1.62); 
loc max f(0) = 2; loc min f(—0.23) = 1.96, f(1.62) ~ —19.2; 


CU on (—%, —0.12), (1.24, 2); 
CD on (—0.12, 1.24); IPs (—0.12, 1.98), (1.24, ~12.1) 
; 2.5 
: f 

= 21 

—20 —0.5 z: od 
sa (+0.82, 0.22); (+,/2/3, e?) 

2 ; 
0 


41. Loc max at x ~ —2.96, —0.18, 3.01; 

loc min at x ~ —1.57, 1.57; IP atx ~ —2.16, —0.75, 0.46, 2.21 
43. Forc > —1, f is periodic with period 277 and has local 
maxima at 2nm + 7/2, nan integer. Forc < —1, f has no graph. 
For —1 <c <1, f has vertical asymptotes. For c > 1, f is 
continuous on RR. As c increases, f moves upward and its 
oscillations become less pronounced. 

49. (a) 0 (b) CUonR = 53. 337? 

55. 4//3cmfromD 57.L=C 59. $11.50 

61. 1.297383 63. 1.16718557 

65. F(x) = 8x9? — 2x3 + 3x +C 

67. F(t) 2cost — 3e'+ C 

69. f(t) =f? + 3cost+2 

71. f(x) = 5x? — x? + 4x4 + 2x41 

73. s(t) =f? — tan 't +1 

75. (b) O.le* — cosx + 0.9 

(c) 5 


a 1" 


77. No 
79. (b) About 8.5 in. by2in. (c) 20/¥3 in. by 20,/2/3 in. 
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2 
85. wn-(-2) + 180° = 147.5° 
7 


87. (a) 20/2 ~ 28 ft 
dl —480k(h — 4) ; 
(b) a im — 4) + 1600)" where k is the constant 


of proportionality 


PROBLEMS PLUS ® PAGE 369 

3. Abs max f(—5) = e*, no abs min 7. 24 

9. (—2,4),(2,-4) 13. (1 + J5)/2 15. (m/2, m?/4) 
7a<ell’ 

21. (a) T, = D/ci, Tr = (2h sec 6)/c; + (D — 2h tan 6)/co, 
T; = V4? + D?/c, 

(c) c, ~ 3.85 km/s, co ~ 7.66 km/s, h ~ 0.42 km 

25. 3/(x/2 — 1) ~ 11h 


CHAPTER 5 


APPENDIXH_ Answers to Odd-Numbered Exercises A91 


3. (a) 0.6345, underestimate (b) 0.7595, overestimate 


1/x 


(b) 5, 5.375 


EXERCISES 5.1 = PAGE 381 
1. (a) Lower ~ 12, upper ~ 22 


y 
T T 

4 y= f(x) 

2 

0 4 8 x 


(b) Lower ~ 14.4, upper ~ 19.4 


WY 


(c) 5.75, 5.9375 


(d) Ms 
7. n = 2: upper = 24, lower = 8 


BY 
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A92 APPENDIXH Answers to Odd-Numbered Exercises 


n = 8: upper = 20.5, lower = 16.5 EXERCISES 5.2 & PAGE 394 


y+ 1. —10 
The Riemann sum represents 
the sum of the areas of the two 
rectangles above the x-axis minus 
the sum of the areas of the three 
rectangles below the x-axis; that is, 
> the net area of the rectangles with 
, respect to the x-axis. 


2 0 


ie) 
* 


9. 34.7 ft, 44.8 ft 11. 63.2 L,70L 13. 155 ft 3. —~ 

The Riemann sum represents the 
sum of the areas of the two 
rectangles above the x-axis minus 
the sum of the areas of the four 
rectangles below the x-axis. 


15. 7840 17. lim > [2 + sin(ri/n)] -— 
nN>% j= n 


n Se 4 
19. lim > (1 + 4i/n)V(. + 4i/nP + 8 + — 
del n 


from 0 to 2 


1 
21. The region under the graph of y = i+ 
x 


5. (a)4 (b)2 (c) 6 


23. The region under the graph of y = tan x from 0 to 77/4 
7. Lower = —64; upper = 16 9. 168 


25. (a) L,<A<R, 11. 10.2857 13. 0.3186 15. 0.3181, 0.3180 
17. 
27. 0.2533, 0.2170, 0.2101, 0.2050; 0.2 i Rn The values of R,, appear to be 
5 1.933766 approaching 2. 
29. (a) Left: 0.8100, 0.7937, 0.7904; 10 1.983524 
right: 0.7600, 0.7770, 0.7804 50 1.999342 
(b) 11 i 100 1.999836 
. =~ x 
SS ee 19 { fH dx 21. (7 (5x? — 4x) dx 
~ ol+x “f 
n 2 
23. —2 25. lim © V4 + (1 + 2i/n) - = 
ne 1 n 
0 1 0 1 27.6 29.4% 31.208 33. -} 
; . 35. (a) 4 (b) 10 (c) -3 (d)0 (e) 6 (f) -4 
— 37. (a) 18 
39. (a) —-48  (b)_—sy” (c) —40 
x 
ON 1 ON 1 
1 1.1 
> la 
41.2% 43. 2 
0 1 0 1 n STi 2 
49. lim ¥ (sin a =_ S10 53.3 
no 5 n 
64 2 2 + 1)2(2n?2 + 2n - 1 
31. (a) im—-di> (b) — rd a oy) 55.¢°—e) 57. | f(x)dx 59. 122 
ne AO j= 
2 61.B<E<A<D<C_ 63.15 
3 
<= aes) < ee <= ee — a 
33. sinb, 1 69. 0<|,x°dx <1 71. ea tan x dx 7) me 
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APPENDIXH Answers to Odd-Numbered Exercises A93 


73. e < |} xe dx < 2/e 77. {7 arctan x dx 49. 41/3 51. 15 53. 0 55. 
83. [ixtdx 85. 3 Z In2 
57.5 59.7% 61.2 
EXERCISES 5.3 ™ PAGE 406 63. The function f(x) = x “is not continuous on the interval 


[—2, 1], so FTC2 cannot be applied. 


1. One process undoes what the other one does. See the : . ; 
65. The function f(@) = sec@ tan is not continuous on the 


Fundamental Theorem of Calculus. 


3. (a) 0,2,5,7,3 (d) nF interval [ 7/3, arr os be 
(b) (0, 3) NG 67. g(x) = —— —— 
(c) x=3 4x° + 1 9x° + 1 


2 


69. F'(x) = 2xe*' — e* 
71. y’ = sinxIn(1 + 2cosx) + cosxIn(1 + 2 sin x) 
+4 73. (-4,0) 75.y=e'x—2e4 77.1 79.29 


ie 4 81. (a) —2/n, /4n — 2, nan integer > 0 
(b) (0, 1), (—/4n — 1, —V4n — 3), and (./4n — 1, V4n + 1), 
(a), (b) x? naninteger >0 (c) 0.74 


83. (a) Loc max at | and 5; 
loc min at 3 and 7 
(b) x =9 


(c) (5, 2), (4, 6), (8, 9) 
(d) See graph at right. 


85.75 93. f(xy) =x*7,a=9 


15. AiG) = xe’ 95. (b) Average expenditure over [0, t]; to minimize average 


2) 


zy 19. y= -\ tan /x_ expenditure 
EXERCISES 5.4 = PAGE 415 
Bex t2xrr?+x+C 7% 5x? +sinx+C 
Ree eee. Aysrtar +a SC 
13. $a? +3w+4ut+C 15. In|x| +2/x +x+C 
17. e+ In|x|+C 19. —cosx + coshx + C 
21. 40+ tan€+C 23. =3.cotr+C 
= 25. sinx + $x? + C 
05) 
23. —2 TS 
YA 
at 
=i) pa 
-6 
x 27. - 29, 505.5 31. -2. 33. 20 + In3 
35.36 «6.37. 8//3 39. Bs 4. 3-22 
43. 2sinh2- 45. 1 + 7/447. 4/3 - 6 
24 49. 7/3 51.7/6 53. -35 55. ~136 57.4 


59. The increase in the child’s weight (in pounds) between the 


26 52 512 
25.% 27.2 29.2 31.52 33. -1 aoesutS and 10 


35. — 5 37. > 39. 8 + In3 41. | 61. Number of gallons of oil leaked in the first 2 hours 
1 63. Increase in revenue when production is increased from 
43.'> 45.In2+7 47. +e-1 
7 . etl“ 1000 to 5000 units 
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A94 APPENDIXH Answers to Odd-Numbered Exercises 


65. Total number of heart beats during the first 30 min of exercise Exercises 

67. Newton-meters (or joules) 69. (a) -3m_ (b) 2m 1. (a) 8 (b) 5.7 
71. (a) o(t) =50?+4¢t+5m/s_ (b) 4163m 
73. 46$kg 75. ~137mi —-77..: $58,000 
79. 39.8 ft/s 81. 5443 bacteria 

83. 332.6 gigawatt-hours 


EXERCISES 5.5 @ PAGE 425 

1. tsin2x+C 3. $(x° + 17 +C 
5.4ln|jxt*—5/+C 7. 2sinyt + C 

9. -3(1-2)?+C 11. -je“4+C 

13. —(3/m)cos(mt/3) + C 15. ¢In| 4x + 7 + C 
17. Injl+sind|+C 19. —j}cost¢9+C 


eae 5.3 7. fisc, f' is b, |} f(t) dt isa. 
21 


9.3.0 11.-2 13.7% 15.-76 17.7 
19. Does not exist 21. sin 1 23. 0 


1 
21.5 + C23. Gy3ax + bx? + C 25.4inG?+1)+C 27. Ve + 4x + 
25. {nx +C 27. dtan'9 +C 29. [1/(2m)]sin’at + C31. 2e + C 


é P 33. —5[In(cosx)? + C 35. In(l + x4) +C 
29. aes + 2\ +C 31. 52 + 3e")? + 37. Injl +secO]+C 39. —2(1 — x9 +311 — 8 +C 
41.% 43.2/1+sinx+C 45.9% 47, 13 


33. Injtand|+C 35. 4(arctan x)? + C 
49. (a)2 (b+)6 51. F(x) =x°/(1 + x’) 


1 
37. Ths cos J#C 39. £ sin(1 St) EC 53. g'(x) = 4x3cos(x°) 55. y= (2e* = e*)/(2x) 
(3 
41, —2(cotx)?+C 43. Lsink’s + C 57.4< [P/x2 + 3dx< 43 63. 0.2810 
e . 65. Number of barrels of oil consumed from Jan. 1, 2015, 
45. —In(1 + cos*x) + C 47. In|sinx| + C through Jan. 1, 2020 
49. In|sin'x|+C 51. tan’'x + 5In(1 +27) +C 67. 72,400 69.3 71.c~ 1.62 
—. 22% ee a> yr 
53..90r + 5) = 20e +5) +c Tas Gay eG Whe") 
U0 ory a 44 __ cos x 
55. g(x — I)" + C 57. eX + € PROBLEMS PLUS = PAGE 433 
7 leooft 22 Bt Me? 9, [-1,3] 
| F | f 11. (a) 5(n —1)n 
~2 4 * a (b) 5.5] (2b — [b] — 1) — 5a] 2a — [a] — 1) 
F 2b , 3b 
| f | 17. y= x? +x 19. 2(./2 - 1) 
a a 
“1 3 
59.2/7 61.3 63.2//3-1 65.e- Ve CHAPTER 6 


67.0 69.3 71.3(2/2-1)a3 73.78 75.2 


77. 1nle+1) 79: 81.V¥3—-1 83. 6m en ee 


85. All three areas are equal. 87. ~4512L 1. (a) {5 (2x —x’)dx  (b) 4 
89: rat Lge) q, 3. (a) [1, (e? —y? + 2)dy (db) e - (I/e) + 9 

Ar 5 5.8 7. f'G*— 2%) dx 9. [) (—x2 +. 3x — 2d 
91. Cyo(1 — e *°/"); the total amount of urea removed from the 53 . , o° r 
blood in the first 30 minutes of dialysis treatment 1. & 13. In2—3 15. 2 17. 3 19. 72 
93.5 99. 72/4 1.2 23.4 229 a7.) 20:6y5 


31.3 33. (4/m) -—3 35. In2 
CHAPTER 5 REVIEW @ PAGE 428 


; 37. (a) 39 (b) 15 39 EIn2~—s 41.3 
True-False Quiz é “ 
1. True 3. True 5. False 7. True 9. False 43. 5/3 — 1 45. 0, 0.896; 0.037 
11. True 13. False 15. True 17. False 47. —1.11, 1.25, 2.86; 8.38 49. 2.80123 51. 0.25142 
19. False 53. 12/6 -9 55. 117; ft 57. 4232 cm” 
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APPENDIXH Answers to Odd-Numbered Exercises A95 


59. (a) Day 12(t ~ 11.26) = (b) Day 18 (t = 17.18) 15. 1627 
(c) 706 (cells/mL) + days 

61. (a) CarA _(b) The distance by which car A is ahead of 

car Bafter1 minute (c) CarA  (d) t= 2.2 min 


63. 2/3 65.477 67.46 69. 3 


EXERCISES 6.2 = PAGE 456 
1. (a) yA 


cf 


(b) [, w(x* + 10x? + 25) dx — (c) 10687/5 


> yA 
17. 87/3 YA 4 y 


BY 


* 


3. (a) a 
19. 577/14 
x 
> 
0 x 
(b) PP r(y — 1? dy (©) 96n/5 
5. |i m(InxY'dx 7. , w(8y — y*) dy 21. 1177/30 yA vA 
[gO + sx S4)ae 
1 
11. 2677/3 7 
0 1 x 


7 Y=3 Un 
(-$,3) (3.3) 
y=1+secx 
y y 
yaVx-1 
x=5 | y= 
oy 4 y=0 5 oe 0 x 7 ~ 
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A96 APPENDIX H_ Answers to Odd-Numbered Exercises 


25. 37/5 EXERCISES 6.3 ™ PAGE 464 


1. Circumference = 27x, height = x(x — 1)*; 7/15 


yt 3. (a) [x7? 2arx cos(x*)dx  (b) 7 5. {7 Qax In x dx 

7. (7? 27(3 —y)sinydy 9 1287/5 11. 67 

13. 3n(27-5/5) 15. 47 7. 192 =~ 19. 1677/3 
~ 21. 3847/5 
a= 23. (a) ye! 


I 


yA x=3 (b) [}2ar(x + 2)(4x — x7)dx = (c) 256n7/3 

25. 2647/5 27. 82/3 =. 29. 1327/3 
a =a) ~ 31. (a) 2m|px°e “dx — (b) 4.06300 

33. (a) 47 eae (7 — x) cos*xdx  (b) 46.50942 


29. 7/3 31. 7/3 33. 7/3 35. (a) [5 20(4 - y)/siny dy (b) 36.57476 37. 3.68 
35. 137/45 37. 7/3 39. 177/45 39. Solid obtained by rotating the region0 < y<x*,0<x <3 


A1. (a) 2a |) e dx ~ 3.75825 about the y-axis 
(b) 2m [} (oe? + 2e**) dx ~ 13.14312 


41. Solid obtained (using shells) by rotating the region 


2 0 <x <1/y’,1 <y <4 about the line y = —2 

43. (a) 27 J, 81 — x7/4 dx ~ 78.95684 43. 0, 2.175; 14.450 45. 477 

(b) 2a |, 8/4 — 4y? dy ~ 78.95684 1 . 

45. —4.091, —1.467, 1.091; 89.023 47. Ea? are) \ 2m; Fx 5) oe Oye 7 
49. Solid obtained by rotating the region 0 S x S 77/2, 49. (a) i awsinxdx (b) 27 


0 < y XS sin x about the x-axis 


p1/2 2 9 
51. Solid obtained by rotating the region0 <x <1,x3'}<y <x? 51. (a) Jy 2a(x + 2)(x° — x*)dx — (b) 597/480 


about the x-axis 53. 87 55. 4/37 57. 41/3 

53. Solid obtained by rotating the region0 <y<4,0SxS Vy 59. 1177/5 61. tar 63. farr7h 

about the y-axis 

55. 1110cm’ —57. (a) 196 (b) 838 EXERCISES 6.4 = PAGE 470 

59. mh = 61. wh'(r — 3h) 63. 37h 1.980 3.4.5 ftlb 5. 180) 7. Sfttb 

65. 10cm? 67.24 69.4 71.4 73. 47/15 9. (a) $~1.04J (b) 108cm 11. WH. =3W, 

75. (a) 8mR | Jr2—y2 dy (b) 2a7r?R 13. (a) 625 ft-lb (b) “2 ft-lb —- 15. 650,000 ft-Ib 
. 17. 62.5 ft-lb 19. ~3857 21. 24 

uae an 16 — y*dy - 81. yar 23. ie x 10°F oe ie x 10° a 


27. ~2.00m 33. ~32.14 m/s 


83. 8 [5 VR? — y?Vr? — y? dy 


1. a 1 1 
87. (a) 93/5 (d) 3/25,000/(9377) ~ 4.41 35. (a) cmm( 2 - | (b) ~8.50 x 10°J 
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EXERCISES 6.5 ™ PAGE 475 


1.7 3.6/7 5. $tan'2 7. 2/(57) 
9. (a); (db) V3 (c) ys 
y= jx? 
1+ 
0 
11. (a) 4/7 (b) © 1.24, 2.81 
(c) 3 


1 Da 
0 Cc C2 


15.2 = 17. (50 + 28/m)°F ~ 59°F 
21. About 4056 million (or 4 billion) people 
23. 5/(47) ~ 0.40L 


19. 6 kg/m 


CHAPTER 6 REVIEW #® PAGE 479 
True-False Quiz 


1. False 3. False 5. True 7. False 9. True 
11. True 

Exercises 

1.2% 3.5 5.44+4/7 7. 640/15 9. 165677/5 
11. $7Qah +H)” 13. isa 2m (a/2 — x)(cos’x — +) dx 
15. 1897/5 17. (a) 27/15 (b) 7/6 (c) 8/15 

19. (a) 0.38 = (b) 0.87 

21. Solid obtained by rotating the region 0 < y S cos x, 

0 <x S w/2 about the y-axis 

23. Solid obtained by rotating the region 0 S y S 2 — sinx, 

0 <x < 7 about the x-axis 

25.36 «27. 42./3 m> 29. 3.2) 

31. (a) 80007/3 ~ 8378 ft-lb (b) ~2.1 ft 

33. 4/7 35. (a) No (b) Yes (c) No (d) Yes 


PROBLEMS PLUS ® PAGE 481 


Lf) =VJV2x/n7 BR y= Bx? 7, 2/5 
9. (a) V= fy aL f(y)P dy 
(c) f(y) = VkA/(aC) y'/*. Advantage: the markings on the 


container are equally spaced. 


11. b=2a 13. B= 16A 


APPENDIX H_ Answers to Odd-Numbered Exercises 


CHAPTER 7 


EXERCISES 7.1 = PAGE 490 


1. 


- ste”! — yer" +C 7. 
. 5w7Inw — tw? +C 

. (x? + 2x) sinx + (2x + 2) cosx — 2sinx + C 
.xcos tx — V1 —x? +C 

. —tcott + In|sint| + C 

. x(Inx)? — 2xInx + 2x+C 


sxe*—4e*%+4+C 3. Zxsindx + Kcos4x + C 


yx cos 10x + iw sin 10x + C 


15. ¢6Int—a0+C 


. pe sinx + Fe*cosx + C 
. 77e4(2 sin 30 — 3 cos 30) + C 


25. ze? — 3z’e* + 6ze* — 6e7 + C 

a7, gee = Gre ee eC 28: = = ce 
31. 2cosh2—sinh2 33.3-—4In5 35. —77/4 
37. 2e!-6e> 39. 4In2—34 

41. (1 + cosh 7) = —}(2 +e"+e7") 

43. 2AVvx —le*+C 45. -+- 2/4 


51. 


53. 
55. 
61. 
63. 
67. 
71. 


73. 
75. 


79. 


© (7 — 1) In 


t 
7 sxe _ te +C 


x) —Gxrt+txrt+i4e 


1x21 + x2)? — 2 + x2)? + C 


| 
~) 
ie) 


-4 


(b) se ceema +x —dsin2x + C 

(b) 3.15 

x[(In x)? — 3(In x)? + 6Inx — 6] +C 
2in2—2 65. —1.75119, 1.17210; 3.99926 
4 — 8/m 69. 277e 


(a) 2a(2 In 2 — 3) 


(b) 27[(In 2)? — 2In2 + 1] 
1 

xS(x) + —cos($7x?) + C 
7 

2-—e'(? + 2t+2)m 77. 2 


Inx 1 
(b) — ei a Os 
x 
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A98 APPENDIX H_ Answers to Odd-Numbered Exercises 


EXERCISES 7.2 ™ PAGE 498 

1. tcos’x — tcosx+C 3. sg 

5. —tcos"(2r) + $cos*(2t) — ¢cos*(2t) + C 

7. 7/4 9. 37/8 11. 7/16 

13. 3 (cos 0)’? — 3(cos 0)? + C 15. fsectx + C 
19. ssinty + C 

23. tamax—x+C 

2 tan’x 4 


17. In|sinx| — ysin’x + C 
21. Fsec’x + C 
25. 5 tan’x }tan’x + C 


27. ;sec*x — secx + C 


29, ftan’x + jtan®x 4 


31. ;sec*x — tan’x + In|secx| + C 33. Ssin2x +C 
35. —+—In(/2/2) 37. V3 — Ga 

39. V2 - 7G 41. Infesex — cotx| + C 

43. & COs 3x 36 cos 13x + C 45. 46 

. —1/(2t) + Fsin(2/) +C = 49. 5/2 

51. 4¢? — 4tsin 2t — §cos 2t+ C 


53. xtanx —In|secx|—3x7+C 55. cscx+ cotx+C 
57. 4x7 — §sin(x?) cos(x?) + C 
T 
F 
TT 7 
f 
“aT 
59. isin 3x — jgsin9x + C 
f 
F 
2 2 


61. (/2-71) 63.0 6547-4 67.0 


69.77/49 71. w(2V2 —3) 73. s = (1 — cos*wt)/(30) 


EXERCISES 7.3 = PAGE 505 

1. (a) x=tanO (b) | tan*6 sec 6 dO 
3. (a) x= J2sec@  (b) [2 sec*9 do 
5. -Jl— x +40 — xP? +C 

7. J4x? — 25 — 5 sec (2x) + C 


SG pay Gx = 324 
Die ar 1 
Si ee Ag 
, J2a2 
17.5 


3 x 
19. ksec'(x/3) — Vx? — 9/(2x7) + C 


11. 


15. 34/3 — 3/2 


jtanty + C 


21. 


igga’ 23. x? —-7 + C 


25. Inf(J1 +22 - /x| + Vl +22+C 27. o97 
29. Injvx? + 2x+5 +x+1/+C 
if *—1)\ 11 3 1 
31. 4sin 7 bae= V3 + 2x = x? 
£(3 2x -x)yr+e 
33. 5(x + 1) yx? + 2x —3Inlx +1 + Vx? + 2x|4+C 
35. gsin (x?) + tx? V1 — xt + 
39. ¢(V48 — sec!7) 43. gar? + Gor 
47. 20°Rr? 49. r/R? — r2 + mr2/2 — R? arcsin(r/R) 
EXERCISES 7.4 = PAGE 515 
1 @ 4+ gy 4 By et 
. a = aes T T 
3 x+5 x-2 (-2/ x7 +2 
A B Cc 
2.) 4 
x=] x= 2 
oe ae eee Dxt+E | Fx+G 
x w-1l (Qx-1?) +3 ° (243) 
5.) 24 Bg HD | Bt 
eg pad atl (x? + 1)? 
(b) 1+ B27 eH = eae 
x2 C43 e N|X Nx + T 
9. 4in|2x+1|+2m|x-1])+C 11. 2In3 
1 1 
13. In|x| +—In|x-a]+C 
a a 
15. gx? +x + In|x—1|/ + 
17. 2in2-—21n3 (or 3 In 8) 
1 1 27 
19. 5 —5In2 + 31n3 (ors + In3) 
1 1 1 
21. In| t+ 1| Injt—- 1| + C 
4 ie a f= 1 
23. In|x — 1| — $In(x? + 9) — F tan '(x/3) + C 
25. } — In2 — In3 (or} — In6) 
27. —2Injx + 1] + In? + 1) + 2tan'x + C 
29. 5 In(x? + 1) + tan”'x — Stan |(x/2) + C 
+1 
31. 5In(x? + 2x + 5) + tan(? 5 ) +E 
1 2x41 
33. $In|x — 1| — £In(x? +x + 1) tan! ——__ + C 
: : 3 3 
35. i In$ 
7 x 
37. 2In|x| + 3In(x? + 1) +} tan” 'x + esp” C 
x= 2 3K = 8 
39. 5/2 tan”! Pe 
sv2 - ( 33) 4(x? — 4x + 6) 


41 


.2tan't/x-14+C 
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APPENDIXH Answers to Odd-Numbered Exercises A99 


2 
43. —2InJvx — —=+2(yx +1) +C 31.8% 933,4-mn4 35.x-Inl t+ey+C 
af: 45 
x 
5d o aS, . FD GOR 37. x In(x + Vx? 1) Vx? 1+ C 
45. ig (x T 1) q(x T 1) C 39 oe 1- x2 +C 
47. 2Vx + 3i/x + 69x + 6In| x —1/+C : a4 4 
_ x x ————————_ 
49. 41n |/x — 2| — 2In| yx - 1] +C 41. 2sin ( 7 ); 7 Jo —Ie =e EC 
x 2 
51. ne 7 +c 43.0 45.4 47. In|sec@ — 1|—In|secO|+C 
e 

53. In| +1) —In| $2) 4 49. Otan@—507—In|secO|+C 51. Ftan (x97) + C 

. In| tant — In| tan ¢ Tr ~ 


53. 3x9? —x + 2Vx—-2n(1 t+ vx) + 


55. x — In(fe*+ 1) +C 4 


a4 55. In|x — 1| — 3(x — 1)! —3(@@—- I)? - Fe -1I)34+C 
57. (e— Binge? — + 2) = 2+ \Tean( Je aye 1-1 
v7 57. | +C 
59, —1In3 ~ —0.55 "| Var +1 
ee x= 2 ep aes 2tan(x/2)-1) | 59. v4xe + 1+ 1 EC 
»~ >in «in T 
2 x : tan(x/2) + 2 2x 
1 2; 2 
67. 4In} +2 69. -1 + +1In2 61. —x* cosh mx — —x sinh mx + —> cosh mx + C 
10,000 P — 9000 ‘ - - 
ed ee aE 63. 2In x — 2In(1 + Vx) + 
— 24,110 1 668 =I 94381 65. 3(x + 6)" — tele to + C 
72) "4879 Sx +2 323 2x+1 80,155 3x—7 x jlieeo) 4 fe 
67. 1 tan™ tC 
; 1 22,098x + 48,935 32 n x+2 16 an 2 
Phx t 
4999 434 20008 ee 69. csc@ — cot@ + C or tan(@/2) + C 
(0) Gayo inl Sx + 2] — 355 In| 2x + 1 71, 2(x — 2x + le“ +C 
3146 11.049 73. —tan'(cos’*x) + C  —-75. $[(x + 12? — x3?] + C 
1 2 24 1 
30,155 19% — 71+ Seo ois Bo + * +5) 77. f2 — 2/J3 + in(2 + V3) — in(1 + V2) 
75,772 (2nd « 79. e* —In(l + e*)+C 
260,015 /19 /1 81. —J/1 — x2 + +(aresin x)? +C 83. In|Inx — 1] +C 
The CAS omits the absolute value signs and the constant of Vlt+e* +1 
integration. 85. 2(x — 2)V/l +e 4 a rag , + C 
jig? 


1 1 1 1 pes a 
77. = . “== ya 7 87. zx sin’x + cos x — 5 cosx + C 
a(x-—a) ax a"'x ax 3 
sees ouece 89. 2/1 +sinx +C 91, 2/2 
7.5 @ 2 
93. (3 — /3)/2orl — V1 — (/3/2) 95. xe” + C 
1. (a) sin +x?) +C (b) tar x + C 
(c) 5In|1 + x| 5In|1 x|+C EXERCISES 7.6 = PAGE 527 
3. (a) $(Inx? +C  (b) xn(QQx) -x +C yy Soe en el ee 
(c) 3x7 Inx — $x? +. C ' 5. fy?2V4 + y* — In(y? 4+y*)+C 
5. (a) s5Injx-—3|—fIn[x-1]+C (b) - +C inx — 3 
(a) : | ae | ©) m= 2, 7. — arctan — Tin(l + ka’) = dn ae) Ae 

(c) tan (x —2)+C 8 4 sinx + 3 
Pee he ee serene 11, 2 ** 5 3 ne + JOA 4) +E 
(c) 1x22 _ 1) 4C ° % T N(SX + x” T 
9. —In(1 — sinx) + C 11. 2 1n2 - 3 13. 57/16 15. 27x arctan /x —In(1 +x) +C 
13. Iny [In(ny)-—1]+C — 15. dtan-'(4x?) + C 17. —In|sinh(1/y)| + C 

fae ee, 1 ea _ 
17. 41n2 a 41n3 (or 4 In 48) 19. 5 sec” !x + oe CG 19 ay ~ | V6 + 4y — 4y? 4 7 inet 2y—1 

2x* “8 ; 8 ft 


21. —icos*x + C 23. xsecx — In|secx + tanx| + C 
25. 47° 27. e° +C 29. (x + 1) arctan /x —/x +C 


5(6 t dy — 4y?)/? + C 
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A100 APPENDIXH Answers to Odd-Numbered Exercises 


21. § sin*x [3 In(sin x) — 1] + C 
23. —In(cos’@ + /cos*@ + 4) + C 
25. 1 2(4x3 6x2 Gx 3) LC 5 | 0.257057 | —0.286599 | —0.014771 | 0.007379 
10 | 0.132218 | —0.139610 | —0.003696 | 0.001848 
20 | 0.067033 | —0.068881 | —0.000924 | 0.000462 


n E, Ep Er Em 


27. jx sin y (3 cos*y + 4 cos’y + 8) + C 


29. tx? cos (x7?) + sV1 — x4 +C 


31. Je — 1 — cose) + C Observations are the same as those following Example 1. 
33. tIn|xo + Vx9—2|+C 35. gar? 27. 

39. + tan x sec?x + $tanx + C is a ae 2 

At. x(x? + 2)Ve? +4 -2in(Ve?+44+x)4+-C 6 | 6.695473 | 6.252572 | 6.403292 

43. | cos’x sinx + 3x + 2sinxcosx + C 12 | 6.474023 | 6.363008 | 6.400206 


45. —In|cosx| — 5tan?x + +tan*y + C 


1+ 1 — x2 n Er Ey Es 
47. (a) In as) 
* 6 |—0.295473| 0.147428 —0.003292 
both have domain (—1, 0) U (0, 1) 12 |—0.074023} 0.036992 —0.000206 
EXERCISES 7.7 = PAGE 539 Observations are the same as those following Example 1. 
1. (a) L. = 6, Ro = 12, Mr ~ 9.6 29. (a) 19 (b) 18.6 (c) 18.6 
(b) L, is an underestimate, R» and M) are overestimates. 31. (a) 14.4 (b) 0.5 


(c) ,=9<I1 (d) L,<T,<1<M, <R, 
3. (a) T, ~ 0.895759 (underestimate) 
(b) My ~ 0.908907 (overestimate); 


33. 70.8°F 35. 37.7 ft/s 37. 10,177 megawatt-hours 
39. (a) 190 = (b) 828 
41. 28 43. 59.4 


Ti <1< My 
5. (a) Me ~ 3.177769 , Ev ~ —0.036176 45. » 
(b) So = 3.142949 , Es ~ —0.001356 1 


7. (a) 1.116993 = (b) 1.108667 = (c) 1.111363 

9. (a) 1.777722 _(b) 0.784958 = (c) 0.780895 

11. (a) 10.185560 (b) 10.208618 (c) 10.201790 5 et 
13. (a) —2.364034 (b) —2.310690 (c) —2.346520 . : ; - 
15. (a) 0.243747 = (b) 0.243748 = (c): 0.243751 

17. (a) 8.814278  (b) 8.799212 = (c) 8.804229 EXERCISES 7.8 » PAGE 549 
19. (a) Ts ~ 0.902333, Ms ~ 0.905620 
(b) | Er| < 0.0078, | Eu| < 0.0039 

(c) n = 71 for T,, n = 50 for M, 

21. (a) Tio ~ 1.983524, Er ~ 0.016476; 
Mo © 2.008248, Ev ~ —0.008248; 

Sio ~ 2.000110, Es = —0.000110 


Abbreviations: C, convergent; D, divergent 

1. (a), (c) Infinite discontinuity —_(b), (d) Infinite interval 
3. 5 — 1/(2t*); 0.495, 0.49995, 0.4999995; 0.5 

5.1 74 9D 11.2 13.-; 215.2 
17.5 190 21.D 23.D ~ 25. In2 


(b) | Er| < 0.025839, | Ew| < 0.012919, | Es| < 0.000170 27. —5 ao ele aaa? 
(c) n = 509 for T,,, n = 360 for M,, n = 22 for S, 35.D 93% 35 ©6039. D 41.3 438. D445. 7 
23. (a) 2.8  (b) 7.954926518 (c) 0.2894 47. —2/e 

(d) 7.954926521  (e) Actual error is much smaller. 49. l/e 51. 5In2 


(f) 10.9 (g) 7.953789422 — (h) 0.0593 
(i) Actual error is smaller. (j) n = 50 
25. 


i) 


y 


n IL n 1k IE M, n 


5 | 0.742943 | 1.286599 | 1.014771 | 0.992621 F 
10 | 0.867782 | 1.139610 | 1.003696 | 0.998152 0 i x 
20 | 0.932967 | 1.068881 | 1.000924 | 0.999538 
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53. Infinite area 


20 


i 


55. (a) 

t i [(sin2x)/x? ] dx 

0.447453 

5 0.577101 

10 0.621306 

100 0.668479 

1,000 0.672957 

10,000 0.673407 


It appears that the integral is convergent. 


—0.1 


57.C 59.D 61.D 63D 65D 627 
69. p<1,1U/(—p) 71. p>-1,-I/(p + IP 


75. 7 77. J2GM/R 


79. (a) » 


> 
0) 700 t (in hours) 


(b) The rate at which the fraction F(t) increases as f increases 
(c) 1; all bulbs burn out eventually 


81. y= 83. 1000 


c 
A(k + A) 
85. (a) F(s) = 1/s,s >O0  (b) F(s) = I/(s — 1), 5 > 1 
(c) F(s) = 1/s*,s >0 

91. C= 1;In2 93. No 


CHAPTER 7 REVIEW @ PAGE 553 


True-False Quiz 

1. True 3. False 5. False 7. False 

9. False 11. True 13. (a) True _(b) False 
15. False 17. False 


APPENDIX H Answers to Odd-Numbered Exercises 


A101 


Exercises 
15¢m2 Be™+C §. ml 2e+1/=mlr+ 1] 4 
a 9. —cos(In ft) + C 
1 2 2 - 1 
11. ¢x?[2dnx)?-—2Inx+1]+C 13. /3 — G7 
15. 3e% (x28 — 2x'78 +2) 4+ 
17. #[2x? tan'x — x? + In(1 +. x2)] +C 
19. —}In|x| +3Injx + 2|+C 
21. x sinh x — coshx + C 
23. Injx —2+ Vx? -—4x|+C 
25. 7g In(9x? + 6x + 5) 4 tan [E(3.x + )| +C 
Jeti-d 
27. /2+1n(/2+1) 29. In | ~———__] + 
x 
31. —cos(/1 + x?) + C 
33. 3In(x? + 1) — 3tan x + ¥2 tan '(x//2)+C 
35.2 37.0 39.6—37 


41. 


43. 
47. 


53. 
61. 


x . x 
sn ) 
V4 — x? 2 


Cc 45. 5 sin 2x — cos4x + C 


4/1 + fx + 


ke -j 49. 


tan'(4/e*— 4) + 


D 55.4In4—8 
(x + 1) In(x? + 2x + 2) + 2 arctan(x + 1) — 2x +C 


4 


57. -$ 59. 7/4 


PROBLEMS PLUS ® PAGE 557 


, 


0 


« (2x — 1)./4x? — 4x — 3 


=2 


1+ V4x? — 4x 


51.4 


1 
6 


In | 2x 


(b) 1.920915 (c) 1.922470 
(b) 0.00674, n = 260 


= 368 


1. About 1.85 inches from the center 3. 0 
9. f(a) = —7/2 
17. 2 — sin"'(2/,/5) 


13. (boat)! 
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15. } 


3| 4 
. + sin xV/4 + sin?x + 2 In(sin x +V/4+ sin2x ) am 
- No 

« (a) 1.925444 
« (a) 0.01348, n 
- 8.6 mi 

. (a) 3.8 (b) 1.786721, 0.000646 
-(a)D (Bb) C 
22 85. xa? 


(c) n= 30 


T 
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i. 
12 


Cc 


A102 APPENDIX H_ Answers to Odd-Numbered Exercises 


CHAPTER 8 


EXERCISES 8.1 = PAGE 565 


w4a/s 3. (2/149 dx 5 (a + (: = ) dx 


7. (7? Jl + cosydy 9.2V3-% 11.3 13.3 
15. 3[In(1./3) — In( V2 - 1)] 17. In( 2 + 1) 

19.2 21nd4+hin2 23. n3 —3 

25. /2 +In(1+/2) 27. 10.0556 29. 3.0609 
31. 1.0054 33. 15.498085; 15.374568 


35. (a), (b) 3 


0 4 
L, = 4, Lo = 6.43, La ~ 7.50 

(c) [V1 + [46 — 9/84 — 0)?4)P dx (d) 7.7988 
37. Ji + e* — nll + V1 + e*) +2 -— V2 + In(1 + V2) 
39.6 41. s(x) = 2[(1 + 9x)? — 10/10] 

43. s(x) =2/2(/1+x-1) 45. 209.1m 


47. 29.36 in. 49. ~24.36 ft above the ground 53. 12.4 


EXERCISES 8.2 = PAGE 573 
1. (a) [PQmfxv1 + fx dx (b) J? 2ary/1 + 9y4 dy 


3. (a) fl a(e* — D1 + Le? dx 


1 4 
+ ———— ee 
(b) {, omy) wr? 
1 . 1 
5. (a) [ anf + “Sax (b) sid 4 ra 


7. (a) as 2mxJ/1 + cos?x dx 


(b) [27 sin pitt dy 
9. 477(145/145 —1) 11. ‘cae — 54/5) 
+ 
13. 7/5 + el ) 15. aor 17. 12 or 
19. ma’ 21. |_, 27e™* CML + Ax? e-2” dx; 11.0753 
23. [) 2a(y + ee + (1 + 3y’)? dy; 13.5134 
25. |) 2ayv1 + [2y + (1/y)P dy; 286.9239 
27. bn[41n(VI7 + 4) — 4in(/2 + 1) — V17 + 4y2 | 


qo 
29. bn[In(/10 + 3) +310] 31. 1,230,507 


35. (a) ga? (b) ar V3.a’ 


2 ena 2 
37. (a) 2a a-bsin (Ja b a 


a> — b? 
) 2ma? 4 2Qmab? ie + Ja? — b? 
Ta” + J@= Bt n b 


39. (a) |? 2ale — f()]V1 + [f' WP dx 
(b) [s 2(4 — Vx) V1 + 1/(4x) dx ~ 80.6095 


41. 477r? 45. Both equal 7 |? (e? +e) dx. 


EXERCISES 8.3 ™ PAGE 584 

1. (a) 187.5 1b/ft? (b) 18751b  (c) 562.5 Ib 

3. 7000Ib «5. ~2.36X 10’N__7..: 470,400 N 
9. ~889lb 11. 35ah”—s: 13. ~9450 N 

15. (a) ~314N _(b) ~353.N 

17. (a) 5625 Ib; 50,625 Ib; 48,750 Ib; 48,750 Ib 

(b) ~303,3561b 19. 4148 1b 21. 330; 22 
23. 23; —20;(-1, 1.15) 25. (3,4) ~—-27. (3,2) 
29. (35,35) 31. (7 — 3-V3,8V3) 33. (5, -3) 


28 10 12 
a (acy. ts] am ( 2 5) 


8 8 
41. (0,5) 45. 40r7h 47. £4) 
T 7 


49. 477°rR 


EXERCISES 8.4 ™ PAGE 590 

1. $21,104 3. $140,000; $60,000 

7. p= 25 — 35x; $1500 9. $6.67 

13. (a) 3800 (b) $324,900 

15. (16/2 — 8) ~ $9.75 million 

(1 — b(b?* — a?) 

(2 —kK(b'* - a’) 
23. ~6.59 L/min 


5. $11,332.78 
11. $55,735 


17. $65,230.48 19. 


21. ~1.19 X 10°*cm*/s 
25. 5.77 L/min 


EXERCISES 8.5 = PAGE 598 


1. (a) The probability that a randomly chosen tire will have a 
lifetime between 30,000 and 40,000 miles 

(b) The probability that a randomly chosen tire will have a 
lifetime of at least 25,000 miles 


3. (a) f(x) = Oforallxand|” f(x)dx=1  (b) gf 
5. (a) 1/a (by 4 ; 

7. (a) f(x) = Oforallxand|” f(x)dx=1  (b) 5 
11. (a) ~0.465 (b) ~0.153 (c) About 4.8 s 
13. (a) 3 (b) 40min—s'15. ~44% 

17. (a) 0.0668 (b) ~5.21% 19. ~0.9545 
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21. (b) 0; ao 
(C) 1x10" 


0 4x107° 


(d) 1 — 41e*® ~ 0.986  (e) dao 


CHAPTER 8 REVIEW ® PAGE 600 


True-False Quiz 
1. True 3. False 5. True 7. True 


Exercises 


1. 4(109/109 -1) 3.3 

5. (a) 3.5121 (b) 22.1391 — (c) 29.8522 

7. 3.8202 9.24 11. ~458Ib 13. (4,4) 
15. (8.1) 17. 277 ~—- 19. $7166.67 

21. (a) f(x) = 0 for all x and lion f(x) dx =1 

(b) ~0.3455  (c) 5; yes : 

23. (a) 1 -— e@*® = 0.313— (b) e 4 = 0.287 

(c) 8In2 ~ 5.55 min 


PROBLEMS PLUS ® PAGE 602 

1. oat -_ 1/3 

3. (a) 2ar(r +d) (b) ~3.36 X 10° mi? 

(d) ~7.84 X 107 mi? 

5. (a) Piz) =Po + g\o p(x) dx 

(b) (Po — poght)(arr?) + pogtfe"™ |", e" - 2/7 — a? de 


7. Height \/2 b, volume (3$./6 — 2)7b? —-9. 0.14 m 
11. 2/m; 1/7 13. (0, -1) 


CHAPTER 9 


EXERCISES 9.1 =» PAGE 610 


1. dr/dt = k/r 3. dv/dt = k(M — v) 

5. dy/dt = k(N — y) 7. Yes 9. No 11. Yes 
15. (a) 5,-1 17. (d) 

19. (a) It must be either 0 or decreasing 

(c) y=0 () y= I/(x + 2) 

21. (a) O< P< 4200 (b) P > 4200 

(c) P= 0, P = 4200 

25. (a) Il (b)I (IV dil 


APPENDIX H_ Answers to Odd-Numbered Exercises 


27. (a) At the beginning; stays positive, but decreases 


(C) P(A 


0) > 
t 


29. It approaches 0 as c approaches c;. 


EXERCISES 9.2 ™ PAGE 619 
1. (a) 


WAAAY 7-7 | \SK SS 


pocorn cs |\~~~ 


EE 
y 


(b) y= 0.5, y = 1.5 
3.0 5.1V 
7. 
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A103 


A104 APPENDIXH_ Answers to Odd-Numbered Exercises 


13. 
\\ \ rrr 
NNN \ rire 
\\ \ \ RE BPA A 
VV A \ PPred 
\\\ \ VALE EY 
Veal STEEP SS LTS 
| a a + + t + + a 
\\ $4 Bf pas a Oa 
VAN LIF A7-~RKNNNANANA 
‘it LE LASS Ne Ay le Ae 
Vi PELSSHANFNANAV GAS 
Yd bb ¢ SW OV bY A 
Veoh Lhd fees VAT Pe 


15. 4 
TT —VVITTYTT1 
I | “~\\VA\N\N 
I | ZN\VAVVVWANA 
I | ZN\V\VAMAVA 
I | ZNN\AVAMANA 
I | J~N\AVAMAVAA 
| | J-\\\A\VAA 
I! LONNANAVAN 
[| JAN\\NAAN 
I | /2N\\\\N\N 
| | /7~N\\\\\N 
II \\NNS 
| | LYNN 
[| : 
| 
|| 
Ty} 

I] 
1/4 


17. =2-s 0 22=2, 0,2 


19. (a) (i) 1.4 (ii) 1.44 (iii) 1.4641 


(b) ya y=e' Underestimates 
1.54 a h=0.1 
—h=0.2 
144 zi 
~A=0.4 
134 
1.24 
14 
1.0 
+ + + + > 
0 01 02 03 04 * 


(c) (i) 0.0918 (i) 0.0518 (iii) 0.0277 
It appears that the error is also halved (approximately). 


21.4, = 1, =3,,-65,.-12.25 23. 1.7616 
25. (a) (i) 3. (ii) 2.3928 (iii) 2.3701 (iv) 2.3681 


(c) (i) —0.6321 (ii) —0.0249 (iii) —0.0022 (iv) —0.0002 
It appears that the error is also divided by 10 (approximately). 


27. (a), (d) (b) 3 
On (c) Yes, O = 3 
6 Bt ae Et 
bow a te ht (e) 2.77C 
Veyoyoyoveyeys 
7 or 


EXERCISES 9.3 = PAGE 626 
ly 1/(x? + C), y =0 
5. y= tx? + 2Infxl + C 
Ze —y=Aa+sinx+C 9 p=Ke/"—1 
11. 6 sin @ + cos 0 se +C 

13. y= —In(1 — 4x7) 15. A = b3esinbr 

17. u= —yt? + tant + 25 

19. ty? + 43 + y?)3? 
21.y=Vx?+4 23. y=Ke*-x-1 

25. (a) sin 'y=x?7+C 

(b) y = sin(x?), —/a/2 <x<VJa/2 — (c) No 


3. y=(jx? + Cy =0 


ilgeer 1.2, 41 
gx IN X= gk PF a5 


—n/2 Va/2 
0 


27. cosy = cosx — | 5 


=255 2:5 


29. (a), (c) 
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35. y=1+e7 
39. O(t) =3 — 3e"33 
4 


(er + 2/,Jay? 


(b) t Z t | , t yo 
=} Can — tan 
kJa— b a—b a—b 


45. (a) C(t) = (Cy — r/k)e™ + r/k ~~ (b) 1k; the concentration 
approaches r/k regardless of the value of Co. 

47. (a) 15e kg = (b) 15e°°? = 12.3 kg 

49. About 4.9% 51. g/k 

53. (a) Li =KLi* (b) B= KV°°™ 

55. (a) dA/dt = k./A (M — A) 


37. y= (3x? + A 
41. P(t) = M — Me™; M 


43. (a) x=a 


Cores). M+./A 

(b) A(t) =M a , where C = VM + VAo and 
CevMe + | JM — 4/Ao 

Ao = A(0) 


57. (b) ve = /2gR 


EXERCISES 9.4 = PAGE 638 
(b) PO = 


(c) v. = 36,581 ft/s = 6.93 mi/s 


1200 
1 + 19¢0™" 


3. (a) 100;0.05  (b) Where P is close to 0 or 100; 
on the line P = 50; 0 < Py < 100; Py > 100 


1. (a) 1200: 0.04 (c) ~87 


APPENDIXH Answers to Odd-Numbered Exercises A105 


Solutions approach 100; some increase and some decrease, some 
have an inflection point but others don’t; solutions with Pp) = 20 
and Py = 40 have inflection points at P = 50. 

(d) P = 0, P = 100; other solutions move away from P = 0 and 
toward P = 100. 

5. (a) ~3.23 X 10’kg 


(b) ~1.55 years 7. 9000 


9. (a) ail : P\l . (b) 6.24 billi 
(a a 305 70 ; illion 
(c) 7.57 billion; 13.87 billion 


Yo 
yo + (1 — yo)e™ 


ay = 
11. (a) = ky1—y) (b) y 
(c) 3:36 PM 


15. (a) 1300 


P 
(thousands) 
0 1 1 50 
900 
t (years since 1970) 
(b) f@ 345.5899 
f 1 + 7.9977 e7 0748! 
345.5899 


P 04 
(€) P(t) = 900 + srr 9977 9 onseH 


1300 
P 
(thousands) 
0 50 
900 


t (years since 1970) 


(d) Population approaches 1.246 million 
m m\ , 
17. (a) P(t) = 7 + @ a ee (b) m < kPo 


(c) m=kPo,m>kPo  (d) Declining 


19. (a) Fish are caught at a rate of 15 per week. 
(b) See part (d). (c) P = 250, P = 750 


0 < Py < 250: P — 0; 
Py) = 250: P — 250; 
Po) > 250: P — 750 
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A106 APPENDIX H_ Answers to Odd-Numbered Exercises 


250 — 750ke/> P1200 
~ 1 — ket’ 


0 120 
t 


0 < Po < 200: P — 0; 
Py) = 200: P — 200; 
Py) > 200: P — 1000; 
P = 200, 

P = 1000 


m(M — Po) + M(Py — me mein 
M- Po + (Po = mye mime 


(c) P(t) 
23. (a) P(t) — Poe */nisiner ob) +sind] 


(b) Does not exist 


EXERCISES 9.5 = PAGE 646 

du e 

1.N 3. Yes; — — —-u = —,/t 

(e) es di WF u Jt 
7oy=x-1+Ce* 9% y=F¥x + C/x 

Wey=xX(nxt+C) 13, y=F030 +27)? 4+ Cr? 


15. y=e™" fxe%* dx + Cem 17, y=x’? + 3/x 


5. y=1+Ce™* 


1 1 3 
19. y Inx po 2Au=-P +H 

x oP 
23. y= —x cosx—x 

x= Nera C=3 c=3 
25. fe es ae mA\ [fee 

i Grn a 
c= 
3 3 


c=-s/] —5 Wee, 
c=-3 =—3 
c=-l 


c=-1 


-1/2 
rm 2 
29. y= +( xt + — 
5x 


31. (a) I(t) =4—4e (b) 4—-—4e 2 = 157A 
33. O(t) = 3(1 — e"), I(t) = 12e 


35. P(t) =M+Ce*™ P(t) 
M 


P(0) 


0) > 
t 


37. y = 2(100 + 22) — 40,000(100 + 21)-*; 0.2275 kg/L 


39. (b) mg/c— (c) (mg/o)[t + (m/c)e!" | — m?g/c? 


M 


YP Mee 


EXERCISES 9.6 = PAGE 653 


1. (a) x = predators, y = prey; growth is restricted only by 

predators, which feed only on prey. 

(b) x = prey, y = predators; growth is restricted by carrying 

capacity and by predators, which feed only on prey. 

3. (a) Competition 

(b) (Gj) x = 0, y = 0: zero populations 

(ii) x = 0, y = 400: In the absence of an x-population, the 

y-population stabilizes at 400. 

(iii) x = 125, y = 0: In the absence of a y-population, the 

x-population stabilizes at 125. 

(iv) x = 50, y = 300: Both populations are stable. 

5. (a) The rabbit population starts at about 300, increases 

to 2400, then decreases back to 300. The fox population starts 

at 100, decreases to about 20, increases to about 315, decreases 

to 100, and the cycle starts again. 

(b) RA AF 
2500 + 
2000+ oR 
1500 + 
1000 + 

500 + 


7 300 


+ 200 


+ 100 


0 Gi t 


7. Species 24 
200 + t=2 


1507 
100 + t=1 


50+ 
t=0,5 


+ + + + + cal 
0 50 100 150 200 250 Species 1 


9. (b) 160 


1 3000 
R 


11. (a) Population stabilizes at 5000. 

(b) (i) W = 0, R = 0: Zero populations 

(ii) W = 0, R = 5000: In the absence of wolves, the rabbit 
population is always 5000. 

(iii) W = 64, R = 1000: Both populations are stable. 

(c) The populations stabilize at 1000 rabbits and 64 wolves. 
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APPENDIXH Answers to Odd-Numbered Exercises A107 


(d) Rh AW (c) The populations stabilize at 25,000 insects and 175 birds. 
80 
1500 7 Ww (d) XA (insects) (birds) A y 
7 60 45,000 
1000 250 
R +40 35,000 birds 200 
om 20 25,000 150 
insects 
= >» 15,000 100 
f 50 
5,000 
> 
0 t 


CHAPTER 9 REVIEW #® PAGE 656 
True-False Quiz 


1. True 3. False 5. True 7. False 9. True PROBLEMS PLUS ™ PAGE 659 

1. f(y) =+10e* 5. y= xl" 7. 20°C 
Exercises P-L Lb x 
1. (a) 9. (b) f(x) a 5 In - (c) No 


11. (a) 9.8h — (b) 31,9007 ft2; 20007 ft?/h  (c) 5.1h 
13. x? + (y — 6)? = 25 15. y = K/x,K #0 


CHAPTER 10 


EXERCISES 10.1 ™ PAGE 668 
1. (2, 4), (0, 1), ©, 3), (2, 9), (6, 27) 


(b) OS c<4;y=0,y=2,y=4 3. 
3. (a) ) y(0.3) ~ 0.8 
po 
ee ae 
(b) 0.75676 
(c) y =xand y = —x; there is a loc max or loc min. 5. 


5. y=(3x7+ Ce 
7. y = tVIn(x? + 2x3/? + C) 
9. r(t) =5e"" 11. y = 4x(In x)? + 2x 
13.x=C-ty 
2000 
15. P(t) = ———;; _ ~560 
@) PO = Tye ~56 
(b) t= —10 ns ~ 33.5 
17. (a) L(t) = L. — [L. — L(0)Je™ 
(b) L(t) = 53 — 43e °°” 7. 
19. 15 days 21. kInh + h =(—-R/V)t+C 
23. (a) Stabilizes at 200,000 
(b) (i) x = 0, y = 0: Zero populations 
(11) x = 200,000, y = 0: In the absence of birds, the insect 
population is always 200,000. 
(iii) x = 25,000, y = 175: Both populations are stable. 
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A108 APPENDIXH Answers to Odd-Numbered Exercises 


9. (a) yA (b) x=y?>—4y + 1, 21. (a) x+y=1,0<x<1 


-ls<y<5 


23. 27 seconds; clockwise 
(b) y= 1—2x2,x20 25. Moves counterclockwise along the circle 
(x — 5)? + (y — 3)? = 4 from (3, 3) to (7, 3) 
27. Moves 3 times clockwise around the ellipse 
(x*/25) + (y?/4) = 1, starting and ending at (0, —2) 
29. It is contained in the rectangle described by 1 = x = 4 
and2<y $3, 
31. 


13. (a) x+y? =9,y2=0 (b) 


35. 7 
} 
15. (a) y= 1/X7,0<x<1 (b) ya 
4 4 
rs 
TT 
1+ 
5 33 37. (b) x 2+54y=7-8,0s5t<1 
1 m 39. One option: x = 5 sin(t/2), y = 5 cos(t/2) where f is time in 
seconds 
17. (a) y= 1/x,x>0 (b) yA 41. (a) x =2cost,y=1-—2sint,0<t<27 
(b) x =2cost,y=1+2sint,0<t<67 
(c) x =2cost,y=1+2sint, 7/2 <t < 3/2 
45. (b) ya (i) yA (ii) 
i+ It 
if 
0) 0 1 7 
0 H : 
19. (a) y= ex 20 (b) yA 
yA (iii) 
i x 
0 i % 
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47. The curve y = x7’? is generated in (a). In (b), only the portion 
with x = 0 is generated, and in (c) we get only the portion with 


xe 0: 


49. YA 


d<r 


i=) 
& 


d>r 


cad 


51. x = acos 0, y = bsin 0; (x?/a*) + (y’/b*) = 1, ellipse 


53. ‘ 
2a 
o| x 
55. (a) No (b) Yes; (6, 11) whent = 1 


57. (a) (0,0);t=1,t=—1 
1+ V5, 1-/5 
ae 2 


59. For c = 0, there is a cusp; for c > 0, there is a loop whose 
size increases as c increases. 


(b) (-1,— 14 


=3) 


61. The curves roughly follow the line y = x and start 
having loops when a is between 1.4 and 1.6 (more precisely, 
when a > /2 ); the loops increase in size as a increases. 
63. As n increases, the number of oscillations increases; 

a and b determine the width and height. 


EXERCISES 10.2 = PAGE 679 


16231, 
, : 6 +3 

1+ cost 1 
3. e(t + 1),1 + cost, 5. In2—q 


13 


29. 5 


31. 
37. 
43. 
45. 


49. 


51 


APPENDIX H Answers to Odd-Numbered Exercises 


: pH sx 3 5 


(0, 3) 


2t 


.e (1 — t),e(2t — 3), t>3 


oe ee eee 
t- 1°? (t- 1)” 


. Horizontal at (0, —3), vertical at (+2, —2) 


- Horizontal at (5, = 1) and (-3, 1), no vertical 


- (0.6, 2); (5 6-95, a) 


Tao) 


| = 
= 


= 


(a) dsin 0/(r — dcos @) 
¢ 39. mab 


[-" V5 — 4 cost dt ~ 26.7298 
pv2 + zin(1 + v2) 
. VJ2 (e* — 1) 


33. (4,0) 
41. 2ar? + md? 
(3, V(r — 372)? + (2t — 2)? dt ~ 15.2092 


24 
35. % 


47. 3(10,/10 — 1) 


25 
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A109 


A110 APPENDIXH Answers to Odd-Numbered Exercises 


53. 16.7102 1.4 (c) 
| i 
2 21 
| | (4,-§) 
- (-V3/2,1/2) 
= =— =/5/0.1/9 
55. 6/2, /2 57. /293 = 17.12 
sere v ae 5. (a) (i) (4V2, 30/4) Gi) (-4 V2, 77/4) 
per otis. Cliaremis Winer a ms (b) @) (67/3) Gi) (6, 47/3) 
63. (a) t & [0, 477] 7. 9. 
0= 
@=- 
(b) 294 
65. ima? 67. |" 2at cost yt? + 1 dt ~ 4.7394 11. 


69. |) 2me'/1 + 2e' + e% + e* dt ~ 10.6705 
71. 74s (247/13 + 64) —-73. Sara? 
75. 42(949,/26 +1) 81. § 


EXERCISES 10.3 = PAGE 692 


1. (a) (b) | 35 
a 13. 2/7 15. x° + y* = 5; circle, center O, radius af 5: 
VaR 17. x? + y* = 5x; circle, center (5/2, 0), radius 5/2 
<i 7 19. x° — y* = 1; hyperbola, center O, foci on x-axis 
2.r=V7 23.0=7/3 25. r=4sine 
(1, 9177/4), (—1, 57/4) (2, 7/2), (2, Ta7/2) me ee Ae 


29. 


(3, 57/3), (—3, 27/3) 


33. 35. 
3. (a) (b) 


(0, —2) (i, 1) (2, 37/2) 
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37. 


(27, 27) 
> 


= 43. 
8 
2, 0) 
45. 47. (3, 77/6) 
(3, 77/4) 
Q > 
49. 51. 
(v2/2.5) 
(2, 0) (6, 0) 


55. (a) Forc < —1, the inner loop begins at 9 = sin '(—1/c) 
and ends at 6 = m@ — sin '(—I/c); for c > 1, it begins at 
6 = 7 + sin '(1/c) and ends at 9 = 27 — sin "'(1/c). 


57. Center (b/2, a/2), radius ja? + b?/2 


APPENDIXH_ Answers to Odd-Numbered Exercises A111 


59. 2.6 61. 3.5 
-3.4 : : 18 
3 3 
—2.6 —2.5 
63. 11 
CH 
“11 


65. By counterclockwise rotation through angle 7/6, 77/3, 

or a about the origin 

67. For c = 0, the curve is a circle. As c increases, the left 
side gets flatter, then has a dimple for 0.5 < c < 1, a cusp for 
c = 1, anda loop force > 1. 


EXERCISES 10.4 ™ PAGE 699 
1.7/8 3.7/2 5.5 7. bor 


9. 47 11. lla 
1+ (1, 77/2) 
(3, 7) (3, 0) 
- 
(4, 0) 
a 
O 
(5, 37/2) 
13. Sar 3 
—4 4 
3 
15. 307 LA 
-2.1 21 
-1.4 


73000 IN Eo Oe or — 333. Far +: 2/3. 
25.4/3 —$0 227 29% 8a -F BL Sor 1 
33. -/3 +2+47 35. Ha +33) 
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A112 APPENDIXH Answers to Odd-Numbered Exercises 


1 Al x2 
37. (5, 7/6), (5, 57/6), and the pole 15. (+5, 1), (+211) 7, iE aay: feet (0, 4/5) 
39. (1,0) where 0 = 7/12, 577/12, 1377/12, 177/12 4 2 
and (—1,0) where 6 = 77/12, 117/12, 197/12, 2327/12 


41. (1, 7/6), (1, 57/6), (1, 77/6), (1, 1177/6) 

43. 2177/2 45. 77/8 

47. Intersection at 0 ~ 0.89, 2.25; area ~ 3.46 

49.27 = 51. 8[(m? +: 1)? - 1] 53. 6/2 + 12 
55. 6 57. [* Vcos?(0/5) + 3s sin? (0/5) dO 

59. 2.4221 61. 8.0091 63. 1/3 

65. —7 67. 1 

69. Horizontal at (0, 0) [the pole], (1, 7/2); 


vertical at (1/./2, 7/4), (1/./2, 37/4) 
71. Horizontal at (es 1/3), (0, 77) [the pole], and (3 51/3); 


vertical at (2, 0), (5, 27/3), (5, 42/3) 


75. (b) 2n(2 — /2) 


EXERCISES 10.5 = PAGE 708 


1. (0, 0), (0, 2), » = —2 3. (0,0), (—3, 0), x =3 21. (+10, 0), (+102, 0), y = +x 
YA 7=z 
r= 10,10) 
(10/2, 0) 
rs ‘ 
y=-xN 


23. (+1, 1), (42, 1), y= 1= 2x 


1 7. (4,-3), (4, -3), x =3 


x 
x2 y _ 
25. — — —=1;(+3,/2,0), y= +x 
9 9 
9. x = —y’, focus (-3, 0), directrix x = } a7. Hypabolend = TsO), (V5, 0) 
11. (0, +5), (0, +3) 13. (+3, 0), (+ V6, 0) 29. Ellipse, (+2, 1), (#1, 1) 
31. Parabola, (1, —2), (1, —) 
YA yA 
5 33. y?=4x 35. y? = —12(x + 1) 
37. (y+ Iv = —5(x — 3) 
2 2 — 4) 
e go oF gy ee Oy 
7 ; 25 (21 12 16 
—4 4 x 2 2 2 2 
+1 —4 
gg, Ee ag, Py 
12 16 9 16 
=. 2 + 2 3 2 2 
= 2 a 
25 39 9 36 
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i 
* 3,763,600 3,753,196 
Sects 121x? 121y? i. goes 
- (a = mi 
1,500,625 3,339,375 
57. (a) Ellipse (b) Hyperbola  (c) Nocurve 
61. 15.9 
b’c 
63. —— + ab n( a ) where c? = a? + b? 
bt+e 
2 2 
x y 
65. (0,4 69. — + ——=1 
ein 16 15 
EXERCISES 10.6 ™ PAGE 717 
2 8 
1. =————_ r=———_ 
1 + cos@ 1 —2siné 
10 
ec ee 
3 — 2cos0 1 + sin@ 
9. VI 11. I 13. IV 
15. (a) $+ (b) Ellipse (c) y= —1 
(d) yA 
(4, 77/2) 
17. (a) 1 (b) Parabola (c) y=} 
(d) 
19. (a) 
(d) 1 


APPENDIXH Answers to Odd-Numbered Exercises A113 


21. (a) 2 


(b) Hyperbola (c) x= —3 


23. (a) 2,y = —3 


1 
1 — 2sin@ — 37/4) 


(b) r 


25. The ellipse is nearly circular when e is close to 0 and 
becomes more elongated as e — 1°. At e = 1, the curve becomes 
a parabola. 


31. pe . pa oa 
1 + 0.093 cos @ 1 + 0.97 cos 6 

35. 7.0 X 10’km 37. 3.6 X 10°km 

CHAPTER 10 REVIEW ® PAGE 719 

True-False Quiz 

1. False 3. False 5. False 7. True 9. True 

11. True 
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A114 APPENDIXH Answers to Odd-Numbered Exercises 


i 2 
Exercises ‘. H= 21. 


lx=y?-8y+12,1<y<6 3. y=e* cos @ + sin @ 


12 
-0.75 
1+sin¢ 1+ cost+ sint 
23. 2 25. —1 27. ; 5 
1+ cost (1 + cos t)° 
5. y=1/x,0<x<1 29. (43) 
vh 31. Vertical tangent at yA 
($a, +53 a), (—3a, 0); ~ 
horizontal tangent at 
1 3 
(1, 1), 0=0 (a, 0), (—3a, +53 a) (—3a, 0) _(a, 0) 
y 
7.x=t,y Vtsx ty=e; 
x =tan’t,y =tant,0<t< 7/2 F 
33. 18 35. (2, 7/3) 37. 3(7 — 1) 
Pe fa): 2a) (—2, 2v3) 39. 2(5,/5 — 1) 
: bia 24/9? #1 — 40? +1 2a + J4n?2 +1 
2a ‘. + In 
ae Om eer aa 
0 
43. (a) /90 ~ 9.49 m/s (b) 4(65,/65 — 1) ~ 21.79 m/s 
45. 471,2957/1024 
47. All curves have the vertical asymptote x = 1. Fore < —1, 
the curve bulges to the right; at c = —1, the curve is the line 
(b) 32, 37/4), (-32, 71/4) x = 1; and for —1 <c < 0, it bulges to the left. At c = 0 there is 
11. 13. a cusp at (0, 0) and for c > 0, there is a loop. 
(2, 7/2) 49. (+1, 0), (+3, 0) 51. (—33, 3), (-1, 3) 
7 
(C47) (1, 0) ~ 
o| t 
x? y? y? x? 
oo 17. (3,22) 53.--+—=1 55,.=—-—-=1 
N 3a) A 25 9 72/5 8/5 
ee ee x (By — 399) 4 
(2, 7) (2, 0) NL] Uc 3 57. 1 59. r = ——— 
> pce aa 25 160,801 3 + cos 0 


= wee — 
ge PROBLEMS PLUS = PAGE 722 


12 +2-2/3 3. [-3V3,3V3] x [-1,2] 
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CHAPTER 11 


EXERCISES 11.1 = PAGE 735 


Abbreviations: C, convergent; D, divergent 

1. (a) A sequence is an ordered list of numbers. It can also be 
defined as a function whose domain is the set of positive integers. 
(b) The terms a, approach 8 as n becomes large. 

(c) The terms a, become large as n becomes large. 

3. 0,7, 26, 63,124 5. 6,11, 20,37, 70 
9. -1,1,-1,1,-1 11. -1,3,-},4,-% 
13. 1,3, 7, 15,31 


15. 2,5,2,3,2 17. a, = 1/(2n) 


1 al 1 1 
7. 1, as 95 ~ 16> 35: 


19. an = = ae 21. an = (-1)""! Ee Pa 


23. 0.4286, 0.4615, 0.4737, 0.4800, 0.4839, 0.4865, 0.4884, 
0.4898, 0.4909, 0.4918; yes; 3 


25. 0.5000, 1.2500, 0.8750, 1.0625, 0.9688, 1.0156, 0.9922, 
1.0039, 0.9980, 1.0010; yes; 1 27. 0 29. 2 

31. D 33. 0 35. 1 37. 2 39. D 

41. 0 43. 0 45. D 47. 0 49. 0 

51. 1 53. e° 55. In2 57. 7/2 59. D 

61. D 63. D 65. 77/4 67. D 69. 0 

71. (a) 1060, 1123.60, 1191.02, 1262.48, 1338.23 (b) D 

73. (b) 5734 75. -l<r<l 

77. Convergent by the Monotonic Sequence Theorem; 5 = L < 8 
79. Decreasing; yes 81. Not monotonic; no 
83. Increasing; yes 

85.2 87. 5(3 + V5) 
91. (a) 0 (b) 9,11 


89. (b) 4(1 + V5) 


EXERCISES 11.2 = PAGE 747 


1. (a) A sequence is an ordered list of numbers whereas a series 
is the swm of a list of numbers. 

(b) A series is convergent if the sequence of partial sums is a 
convergent sequence. A series is divergent if it is not convergent. 
3. 2 

5. 1, 1.125, 1.1620, 1.1777, 1.1857, 1.1903, 1.1932, 1.1952; C 
7. 0.8415, 1.7508, 1.8919, 1.1351, 0.1762, —0.1033, 0.5537, 
1.5431; D 

9. 0.5, 0.55, 0.5611, 0.5648, 0.5663, 0.5671, 0.5675, 0.5677; C 
11. —2, —1.33333, —1.55556, — 1.48148, — 1.50617, — 1.49794, 


—1.50069, —1.49977, —1.50008, — 1.49997; convergent, 
sum = —1.5 


. {ay} ] 
0 te 


Lee fa 
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13. 0.44721, 1.15432, 1.98637, 2.88080, 3.80927, 4.75796, 
5.71948, 6.68962, 7.66581, 8.64639; divergent 


10 


ee 
oN i ; Fj J iI 


15. (a) Yes (b) No 17.-3 19.4 
2.e-1 23.D 25.2 27. 29.5 


31.D 33D 35.$ 37.D 39.9 
sinl00 

Tce. —0.336 45. D 

47. D 49. e/(e — 1) 

51. (b) 1 = (c) 2. (d) All rational numbers with a terminating 

decimal representation, except 0 


53.8 55. 88 57. 45,679/37,000 


41. D 43. 


1 I =5% 
59. S4 = S 
3 5° 1+ Sx 
3 
61. -l<x<5; 
2 oer 6 
x 1 
63. x > 20rx < —2; ——— 65. x < 0; : 
x—- 2 1-e 


67. | 69. a, =0,a, = 
n(n + 1) 


71. (a) 125 mg; 131.25 mg 

(b) Onv1 = 100 + 0.250, (c) 133.3 mg 

73. (a) 157.875 mg; We(1 — 0.05") (b) WW" ~ 157.895 mg 
D(1 — c”) 


forn > 1, sum = | 


75. (a) Ss=———  )5 77. 3(¥3 - 1) 
1 
83. ———— 85. The series is divergent. 
n(n + 1) 
91. {s,} is bounded and increasing. 
93.(@) 0, 5,513) gar ae 


1523 ng, + D!I—1 
95. (a) 9, 6» 24> 120: (n + 1)! 


(c) 1 


EXERCISES 11.3 ™ PAGE 758 
1.6C yA 
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A116 APPENDIXH Answers to Odd-Numbered Exercises 


15. D 17. C 19. C 21. D 23. D 25. C 
27. C 29. f is neither positive nor decreasing. 

31. p>1 33. p< -l 35. (1, ~) 

37. (a) fat) (b) Ho - 7 

39. (a) 1.54977, error < 0.1 = (b)_: 1.64522, error < 0.005 
(c) 1.64522 compared to 1.64493 (d) n > 1000 

41. 0.00145 47. b < l/e 


EXERCISES 11.4 = PAGE 764 


1. (a) Nothing (b) C 5. (c) 7.C 9. D 
11. C 13. D 15. C 17. C 19. D 

21. D 23. C 25. D 27. C 29. D 
31. C 33. C 35. C 37. D 39. C 

41. 0.1993, error < 2.5 X 10> 

43. 0.0739, error < 6.4 X 107° 

53. Yes 55. (a) False (b) False (c) True 


EXERCISES 11.5 = PAGE 772 


Abbreviations: AC, absolutely convergent; 

CC, conditionally convergent 

1. (a) A series whose terms are alternately positive and 
negative (b) 0 < dis; <b, and lim, b, = 0, 

where b, = |an| — (c) | Rn| S Bast 

3. D 5.C 7. D 9. C 11. C 13. D 

15. C 17. C 19. C 

21. (a) The series > a, is absolutely convergent if > |a, | 
converges. (b) The series > a, is conditionally convergent if 
> a, converges but = |a,| diverges. 
23. CC 25. CC 27. AC 29. AC 
33. CC 35. —0.5507 37. 5 39. 5 
41. —0.4597 43. —0.1050 

45. An underestimate 


31. CC 


47. p is not a negative integer. 


aos 


; 
ra ninn j=1 n 


49. {b,} is not decreasing. 


EXERCISES 11.6 = PAGE 778 

1. (a) D) (b) C_ (c) May converge or diverge 

3. AC 5.D 7. AC 9. AC 11. D 

13. AC 15. AC 17. AC 19. D 21. AC 
23. AC 25. D 27. CC 29. AC 31. D 
33. AC 35. D 37. AC 39. (a) and (d) 

43. (a) SS ~ 0.68854, error < 0.00521 

(b) n = 11, 0.693109 


EXERCISES 11.7 = PAGE 781 


(aC (b)C 3 (aC (b)D 
5.(a)D (b)C 7. (a)C (b)D 

9D 11..CC 13.D 15D 17%C 19%.C 
1.C 23.C 25.6 aC 8D 24.0 
33.D 35.C 37.C 39C 41.D 

43.C 45.D 47.C 


(c) It converges absolutely. 


EXERCISES 11.8 # PAGE 786 


1. A series of the form =n=0 c,(x — a)", where x is a variable 
and a and the c,,’s are constants 
3. fi. 5, 15 (1,0) 
6,323.3) Mein) 


15. 4,[-4,4] 17. 4,(-1,] 
21. 1,[1,3] 23. 2,[—4,0) 
27. 1,[-1, 1) 29. b,(a — b,a + b) 
33.4,[3.1] 35. ~, (—~,») 
39. k§ 41.No 45. 2 


7. 5, (—5, 5) 
13, 0, (—20, «) 


19. 2, [—2, 2) 
25. 2, (—%, 0) 
31. 0, {i} 
37. (a) Yes (b) No 


EXERCISES 11.9 = PAGE 793 


1. 10 3. > (-1)"x", (-1, 1) 5. Sx", (-1, 1) 


n=0 n=0 
% 1 % (—1)" x" 
7.2 > ane x", (—3, 3) 9. x a ae (—2, 2) 
1 & (-1)"3x" 
11 »(—2, 2 
7 per > (2,2) 
= 1 
13. > (-1 = een 1) 
n=0 3 
15. (a) & (-1)"(n + Dx", R=1 
n=0 
12 
(b) 5 > (-1)"(n + 2)(n + 1I)x",R=1 
n=0 
12 
(c) = > (-1)"n(n — 1x", R = 1 
2 n=2 
17, S(-)"4"(n + Ix" R= 
n=0 
19. MOnse et kR=1 wes dS aa R= 5 
n=0 n=1 N 


23, 3 (-lpak=1 


n=0 


cs 2nt+1 


2. > 


n=0 2n+1 , 


% 8n+2 


27. C+ ,R=1 
Peary 
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29. t 1)" R=1 
e > ( ) n(n + 3)’ 


31. 0.044522 33. 0.000395 35. 0.19740 
39. (b) 0.920 

41. (a) (—%, %) 

(b), (c) 


Se Sq So 2 


Ss 83 Sy =3 


43. (—1, 1), f(~) = (1 + 2x)/(1 — x’) 
45. [—1, 1],[-1. 1), (-1, ) 47. > n’x",R=1 


n=1 
EXERCISES 11.10 = PAGE 808 


1. bs = f (5)/8! 3. > (n+ 1I)x",R=1 


n=0 


eee 1\3 La 
5. X FX + xX” + EX 


7.2 in (x 8) agg (x 8) + eA Ga 8)° 


sere d)(-4) 2 


ala 
7 


oo xn 


W.S(nt )x.R=1 13. ye 1)? =e 
n=0 n=0 (27 ore 
In 2)" 
15.3-37+2x4R=—0 17,5 Sa RK 
n=0 ny 
oo a 
19. 5 ———__, R= 
>» (2n + 1)! 
21. 50 + 105(x — 2) + 92(x — 2)? + 42(x — 2)? + 10(x 
+(x -—2~p,R= 
= 1 
23. n2+ > (-1)"*!— (x - 2)",R=2 
n=1 n2 
wo 2" 6 
25. 3 (x - 3)", R= 
n=0 n! 
~ (-1)""! 
27. _ atl R= 
= on+ pt”) 
~ gent 
29. 1)" : antl R =65 
2 CY Gp” 
1 = 3+7+-+++(4n — 5) 
35. 1 ,R=1 
4” > 4” =n! . 
i (n + 1)(n + 2), 
37. > ( 1)" a x",R=2 
# 1 
39. 1 n Ant? oR = 1 
> ( ) 2n+ 1 . 
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41. se iy? x R= % 
n=0 on 
43. > ( 1 a Rae 
=p 2°"(2n)! : 
1 = 1°3+5+-+:++(2n-1) 
45. 5x 4 > ( 1)" 5 xe R= 
oo gen! 
47. 1 n+1 on R =o 
2" opr 


51. > ( 1) 


(- 1)"" 1 
53. x",R=@ 
3a (n — 1)! 


55. 
e123 5e ees © (Qn — 1 
57. (a) 1+ > uD) ge 
= 2"n! 
Le 3S *(2n — 1) 
b f 2nt+1 
oy 4 2 ne ia 
~ 1 3n+1 
> Xx 
59. C+ : eS 
= (*) 3n+ 1 
. 1 
61, C 1) R= 
63. 0.0059 65. 0.40102 67.3 6% jy 71. 
73. 1— 3x7 + al 75. 1+ gx? + yx* 


4 


77.x—3xt+Bx® 79, e* 81. tan '(x/2) 
83. 1/e  85.In$ 87. 1/2 89. e* — 1 
203! 


93. —— 
101! 
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EXERCISES 11.11 ™ PAGE 818 9. x — 2x? + 2x? 
1. (a) To(x) = 0, Ti(x) = T(x) = x, T3(x) = T(x) = x — G23, 3 
THs = Ee" Sg 
—l 1.5 


11. Ts(x) = 1 — 2x DN x 
4 4 3 4 


() % Wale | =m | oe 


a/4 | 0.7071 | O | 0.7854 0.7047 | 0.7071 
a/2 | 1 O | 1.5708 0.9248 | 1.0045 
7 0 O | 3.1416 —2.0261 | 0.5240 


(c) Asn increases, T;,(x) is a good approximation to f(x) ona 
larger and larger interval. 


3. e + e(x — 1) + de(x — 17 + fe(x - 1) 


12 


13. (a) L-(x- 1 +(x- 1) (b) 0.112 453 

15. (a) 1 + 3(x — 1) — d(x — 1)? + A(x — 1) 

(b) 0.000 097 

17. (a) 1+ 35x? (b) 0.001 447 

19. (a) 1 +x? (b) 0.000 053 

21. (a) x7 —éx* —(b) 0.041 667 

23. 0.17365 25. Four 27. —1.037 <x < 1.037 


29. —0.86 < x < 0.86 31. 21 m, no 
37. (c) Corrections differ by about 8 X 10° km. 


CHAPTER 11 REVIEW @ PAGE 822 


True-False Quiz 

1. False 3. True 5. False 7. False 9. False 
11. True 13. True 15. False 17. True 

19. True 21. True 


Exercises 


14 3D 50 Ae? 92 #11.C 

13,.C 15.D 17.C 1%C 21.C 23.CC 
25.AC 27.4 29. 7/4 31.e° 35. 0.9721 
37. 0.189 762 24, error < 6.4 X 10°77 

41. 4,[-6,2) 43. 0.5, [2.5, 3.5) 


LS of 4 \" VB on \ 
45. 5 2 ( vf arl: =) ea: = | 


0 n 


a7. S (-1)'%"?,R=1  49.1n4- DS 7_,R=4 


> 
n=0 n=1 11 4" 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


oo xbnt4 
51. 1)" ,R 
> ( ) (2n + 1)! 
1, “ 1°5°9+-+++(4n — 3) , 
53.542 ae x",R = 16 
oo x" 


55.C + In|x| +> 


57. (a) 1+ 3(x - 1) - f(x — 12 + K(x - 1 
(b) (c) 0.000 006 


59. 


PROBLEMS PLUS @ PAGE 825 
1. (b) Oif x = 0, (1/x) — cot x if x ¥ ka, k an integer 


3. (a) Sn = 3 ° 4", l, = 3% Pn = 47/3"! (c) 3V3 


7, 3% 


9. (—1, 1), 


11. Ins 


15. (a) jepm(e "PS — eS) (b) Br 


ne 
35 


2 
19. — (z a nt) , where k is a positive integer 


CHAPTER 12 


EXERCISES 12.1 = PAGE 835 


1. (4, 0, —3) 3. C;A 
5. A line parallel to the y-axis and 4 units to the right of it; 
a vertical plane parallel to the yz-plane and 4 units in front of it. 


yA ZA 


APPENDIXH Answers to Odd-Numbered Exercises A119 


7. A vertical plane that 
intersects the xy-plane in 
the line y = 2 —x,z =0 


11. |PQ| = 6,|OR| = 2,/10, 
13. (a) No (b) Yes 

15. (x + 3)? + (y — 2)? + (¢ — 5)? = 16; 

(y — 2)? + (¢ — 5) =7, x = 0 (acircle) 

17. (x — 3)? + (y — 8)? + (2 — 1)? = 30 

19. (—4,0,1),5 21. (4, -1,0), V3/2 

25. (a) (x + 1)? + (y — 4) + (2 — 5)? = 25 
Oat itty tas Si 

at lp y=4yP 4 =aP = 16 

27. A horizontal plane 2 units below the xy-plane 


RP | = 6; isosceles triangle 


29. A half-space consisting of all points on or to the right of the 
plane y = 1 
31. All points on or between the vertical planes x = —1 and x = 2 


33. All points on a circle with radius 2 and center on the z-axis 
that is contained in the plane z = —1 


35. All points on or inside a circular cylinder of radius 5 with 
axis the x-axis 


37. All points on a sphere with radius 2 and center (0, 0, 0) 

39. All points on or between spheres with radii 1 and 4/ 5 and 
centers (0, 0, 0) 

41. All points on or inside a cube with edges along the coordinate 
axes and opposite vertices at the origin and (3, 3, 3) 
43.0<x<5 45.7 <x? + y? +2? < R? 


47. (a) (2,1,4)  (b) 1; 
(ay 


49. 14x — 6y — 10z = 9; a plane perpendicular to AB 


51. 2/3 — 3 


EXERCISES 12.2 = PAGE 843 
1. (a) Scalar (b) Vector (c) Vector (d) Scalar 
3. AB = DC, DA = CB, DE = EB, EA = CE 
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A120 APPENDIXH Answers to Odd-Numbered Exercises 


5. (a) _ b (b) (©) ¢ 45. (a), (b) | [74 s (d) s=5,1=4 
c bt+e R 
a+b : b : ate 
(d) —e (©) ¢ 
n 47. A sphere with radius 1, centered at (Xo, yo, Zo) 
a-c % 
EXERCISES 12.3 ™» PAGE 852 
1. (b), (c), (d) are meaningful 3. —3.6 5. 19 7. 1 
b 9. 14/3 11. usv=3,u-w=—4 
17 
7.c=s;a+35b,d=5;b-—fa 15. cos(—.) =~ 22° 17. cos”'(—2) ~ 146° 
9. a= (3,1) 11. a=(-1,4) 13/2 
; 


—2 
19. cos( =) = 95° 21. 48°, 75°, 57° 
3,/70 
23. (a) Orthogonal  (b) Neither 


(c) Parallel (d) Orthogonal 
25. Yes 27. i -—j—b)/V3 [or (—i +jt k)//3 | 
29. ~36.9° 31. 0° at (0, 0), ~8.1° at (1, 1) 
33. 4, 5, $; 63.6°, 83.6°, 27.3° 
35. 3//14, 1/14, —2/./14; 36.7°, 105.5°, 122.3° 
37. 1/x/3, 1/V3, 1/3; 54.7°, 54.7°, 54.7° 39, 4, (— 29, $8) 
M1, d (gua a) 43 “7//19,=B1 + Bi= ok 
47. (0, 0,-2 /10) or any vector of the form 

(s, 1,35 _ 2/10), s,t€ R 
17. (3,8, 1) 49. 144] 51. 2400 cos(40°) ~ 1839 ft-lb 
53.2 55. ~54.7° 


EXERCISES 12.4 = PAGE 861 

1. 15i- 10j — 3k 3. 141+ 4j+ 2k 

5. --i+/]j+%k 

2r)i + (t? — 3r*)j + r+ -— P)k 

9. 0 1itjt+k 

13. (a) Scalar (b) Meaningless  (c) Vector 

(d) Meaningless (e) Meaningless (f) Scalar 

15. 6;intothe page 17. (—7, 10, 8), (7, —10, —8) 


3 1 Ss Va gcd 
23. ( —., -—= 25. 5i-gj t+ 5k 27. 60° 1 1 5 1 1 5 
‘Ge co : ? i 19. ( ; : , A ; 
29. (-2,/3,2) 31. ~45.96 ft/s, ~38.57 f Ne NE ET Ne aye 

: pS Ob tS, 28.01 HS 27.20 29. (a) (10, 11,3) — (b) 4230 
33. 100./7 ~ 264.6N, ~139.1° 


31. (a) (12,-1,17) — (b) 3-434 
35. ~—-177.39i + 211.41 j, ~177.39 i + 138.59 j; in 80° ~ : 
aah seca 33.9 35.16 39 10.8sin 80° ~ 10.6N-m 


N 
— 
ies) 
=~ 
bo 


19. (6,3), (6, 14), 5, 13 
21. 6i — 3j — 2k, 20i — 12j, 29,7 


37. ~26.1N 39. ~N48.5° W, ~146.5 mi/h 41. ~417N 43. 60° 
A. +i +4j//17 43. 0 45. (b) /97/3 53. (a) No. _(b) No (c) Yes 
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EXERCISES 12.5 ™ PAGE 872 

1. (a) True (b) False (c) True’ (d) False 

(ec) False (f) True (g) False (h) True’ (i) True 
(j) False (k) True 


3.r=(-i+ 8f+7k) + ¢45i+4j+ 7h) 
x l+34y=8+4472=7+4t 

5. r=(5i+7j +k) +1Gi-2j+ 2h) 
x=54+3,y=7-242=14+20 

7.x =8t,y t,z = 3t; x/8 y = 2/3 
9.x=12- 194, y=9,z 13 + 24; 


(x — 12)/(—19) = (2 + 13)/24,y = 9 

11. x 64+ 2t,y=24+ 34,72=3 +6; 

(x + 6)/2 = (y — 2)/3 =z -— 3 

13. Yes 

15. (a) (x — I/(-1) = (y + 5)/2 = ( — 6)/(—3) 
(by (1-1), (3.0 5), C3, 3) 

17. r(t) = (6i —j + 9k) + ¢(i + 7j — 9kK),0O<t <1 
19. Skew 21. (4, —1, —5) 23. 5x + 4y + 6z = 29 
25. —x + 2y + 3z=3 

27. 4x —y + 5z = —4 

29. 2x — y + 3z = —0.2 or 10x — 5y + 15z = -1 
31.xt+ytz= 33. 5x = 3y = 82 = =9 

35. 8x + y — 2z = 31 37..48> 29 2S —3 

39. 3x — 8y —z = —38 


41. 43. 


45. (—2,6,3) 47. (3,4,0) 49. 1,0,-1 
51 


. 


1 
Perpendicular 53. Neither, cos! Ee =~ 114.1° 
55. Parallel 
57. (a) x=l1l,y=-tz=t (b) cos() =~ 15.8° 


59. x=ly-2=-z 61.x+ 2y+z2=5 
63. (x/a) + (y/b) + (2/c) = 1 

65. x= 3t,y=1-—t2=2 —-2t 

67. P and P; are parallel, P; and P, are identical 
69. /61/14 71. B73. 5/(2/14) 

77. 1/J6 79. 13//69 


81. (a) x = 325 + 440¢, y = 810 — 1351, z = 561 + 381, 
O0<t<1_ (b) No 


APPENDIXH Answers to Odd-Numbered Exercises A121 


EXERCISES 12.6 ™ PAGE 881 


1. (a) Parabola 

(b) Parabolic cylinder with rulings parallel to the z-axis 
(c) Parabolic cylinder with rulings parallel to the x-axis 
5. Parabolic cylinder 


3. Circular cylinder of radius 2 


9. z= cosx 

11. (a) x=k,y? — 2? =1— Fk’, hyperbola (k 4 +1); 

y=k,x?— 2 =1— Kk’, hyperbola (k 4 +1); 
z=kx+y=1+k, circle 

(b) The hyperboloid is rotated so that its axis is the y-axis. 

(c) The hyperboloid is shifted one unit in the negative y-direction. 
13. Elliptic paraboloid with axis the x-axis 
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A122 APPENDIXH Answers to Odd-Numbered Exercises 


17. Hyperboloid of one sheet with axis the x-axis > 
35. JS a — > Zh 


Hyperbolic paraboloid 


37.z=(x- 1% +0 -3/ 


Circular paraboloid with 
vertex (1, 3, 0) and axis the 
vertical line x = 1, y = 3 


K] 
ew 
(3, 0, 0) (0, 5, 0) 


21. Hyperbolic paraboloid 


y 


(x- 2? y | @-1P 
7 5 js 


Hyperboloid of one sheet with 
center (2, 0, 1) and axis the 
horizontal line x = 2,z = 1 


23. VII 25. II 27. VI 29. Vill 


31. Circular paraboloid ZA 


> 
\ 
KS 


Elliptic cone with axis the 
y-axis 


47.x=yt+7 49. —4x = y* + z’, paraboloid 


2 2 2 


y : 1 


(6378.137)° (6378.137)° (6356.523)° 
(b) Circle (c) Ellipse 


51. (a) 
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APPENDIXH Answers to Odd-Numbered Exercises A123 


CHAPTER 13 


EXERCISES 13.1 = PAGE 895 


1. (—1, 3) B.itjt+k 5. (-1, 7/2, 0) 
7. Ay 9. y 
2 
TT > 
CHAPTER 12 REVIEW @ PAGE 884 2 -3 3 x 
| ———_> 
True-False Quiz 1 x = 
1. False 3. False 5. True 7. True 9. True 
11. True 13. True 15. False 17. False 
19. False 21. True 
Exercises 
4 9 4 13. ZA 
1. (a) (x + 1) + (y - 2)? + (2 — 1) = 69 3,0,2) 
(b) (y — 2 + (z — 1° = 68,x =0 ~*~ 
(c) Center (4, —1, —3), radius 5 
3. ue vy = 3,2; |0 x v|= 3/2; out of the page 
5. —2, —4 7. (a)2  (b) -—2 (c) -2 (d) 0 
9. cos (4) ~ 71° 11. (a) (4,-3.4) (b) 41/2 
13. ~166N, ~114N 


15.x=4 


1+ 2t,2=2+ 3t 
2-—t,z=4+5t 


17. x 


19. —4x + 3y +2 
25.xt+y+z=4 
29. Plane 


14-21. (1,4,4) 
27. 22/,/26 


23. Skew 


31. Cone 


37. 4° + y?+27=16 


PROBLEMS PLUS ® PAGE 887 


1. (V3 —3)m ai 1 9 
3. (a) (x + D/(—20) = (y - O(c? - I) = & — ee? + 1) 

(b) x +y="/4+1,2=t (c) 40/3 es 

5. 20 
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A124 APPENDIXH Answers to Odd-Numbered Exercises 


21. (-2 + 7t,14+ t,-3t),0<r<1; 
x 2+ 7t,y=1+4,z 3t,0 <t 
23. (3.5 — 1.7t, -1.4 +4 1.7t,2.1),0<t 
x= 3.5 — 1.7t,y 1.4 + 1.7t,z =2 
25. II 27. V 29. IV 31. y 


. (0, 0, 0), (1, 0, 1) EXERCISES 13.2 = PAGE 902 

1. (a) ova 

1 
z0 

—1 
Ox 

—l 

~ 0 71 


(b), (d) r(4.2) — (4) 


r(4.5) — r(4) 
0.5 


51. r() =ti +5(? —-Djt5’+ Dk 


53. r(t) = costi+t sintj + cos2tk,0<t<27 


55. x = 2cost,y = 2sint,z = 4cos*t,0 <t< 27 (4 +h) — 414) (4) 
(c) r'(4) = lim ; T(4) ; 
ZA ho h r'(4) 


3. (a), (c) (b) r'() = (1, 2¢) 
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5. (a), (c) ? (b) r'(t) = 2e*i t+ e'j 17. 


APPENDIXH Answers to Odd-Numbered Exercises A125 


(3 sin 1, 4, 3 cos 1) 


1 
19. (a) ——(2,sint, cost), (0, cost, —sint)  (b) 1/(5t) 
if 
21. (a) ! (1, 2, 0) : (=941,0) 
« (a) ~— (1, 41, U), ~—— (~ 41, 1, 
0] V1 + 4t? V1 + 4t? 
(b) 2/(1 + 417)? 
7. (a), (C) 
— 1 1 
(2v2, V2) 23. (a) —————~ (1, t, 2r), —————. (5, 1, 2) 
1+5¢° J/5 + 250? 
(b) 5/1 + 5°)? 
V6 
25. 6t7/(9t* + 42°)3? 27, ——__ 
M( ) 2(3r2 + 1)? 
(b) r'() = 4cos ri + 2 sin tj 29. 4/19/14 31. 12x°/(1 + 16x°)*? 
1 9 et x x)273/2 
9. r'() ( 0, +) 33 ae ye + e*)] 
2Wt- 2 e 35. (—}1n 2, 1/2); approaches 37. (a) P_— (b) 1.3,0.7 
11. r’(¢) = 2ti — 2rsin(t*)j + 2sintcostk 
13. r'(¢) = (tcost + sint)i + e(cost — sinn)j 39. a 
+ (cost — sin*t) k yaa? 
15. r() =b+2re 17. (2,3,8) 19. 354+4k y= a(x) 
21. (3/34, 3/34, —4/,/34) 3 
23. (423, 1, 21), (4/,/21, 1/./21, 2/21 ), (1222, 0, 2), 
(2, 1647, — 1227) = 
25.x=24+24y=44+24z=14+1 
27,.x=1-ty=t,z=1-¢t 41. K(t)A 
29. r(t) =(3 — 401 + (44+ 3)j + (2 —- 6)k 
31.x=t,y=1—t,7=2t 5 
33. x Tw-ty=wt+tz Tt z 0 
35. 66° 37. 2i-4j + 32k 7 : 
39. (In2)i+ (7/4)j + 4In2k 03 Soo x 
41, tan tit Sef + 3?kK +C y + = 
43. Pi+ Pj + GP? - Zk 
49, 2tcost + 2sint — 2costsint 51. 35 43. ais y = f(x), bis y = x(x) 
EXERCISES 13.3 = PAGE 913 45. (2) 6y/4 cos*r ~ 12 cos aa i 
1. (a) 2721 3.10/10 S.e-e! 7. (133? - 8) (17 — 12 cos) 
9. 18.6833 11. 10.3311 13. 42 Kt) A 
15. (a) s(t) = V26(t — 1); 
r(t(s)) (4 ul )i t ( aS ‘) t ( ay 3) largest at integer multiples of 277 
26 V26 26 
w (4 4 6 |, 2 -3) 
J26' /26 ~~ 26 0 a oe 
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A126 APPENDIXH Answers to Odd-Numbered Exercises 


47. 6t7/(41? + 914)?” 
a9. 1/(V2e') 51. (3,3,5), (3,3, -3), (3.5.3) 
53. x — 2z 


s5. (s+ 8) tye tat t(D $ 
75: 25 
1 
=5 


57. (-1, -3, 1) 

59. 2x + y+ 42 =7,6x — 8y —2z 3 67. 0 
69. —2/(e" + e+ 4), -} 

75. (b) r.(t) costi— sintj + tk 

(c) v(t) = —40°i + (307+ 5)j or ye =F + 3(x/4)? 
77. 2.07 X 10°A ~ 2m 


EXERCISES 13.4 = PAGE 923 


1. (a) 1.81 — 3.8j — 0.7k, 2.0i — 2.4j — 0.6k, 
2.8i + 1.8j — 0.3k, 2.8i + 0.8j — 0.4k 
(b) 2.4i — 0.8j — 0.5k, 2.58 
3. v(t) = (-14, 1) 

a(t) = (-1,0) 


|v(t)| = Jt? + 1 


5. v(t) = —3 sinti + 2cos tj yh 
a(t) = —3 costi — 2sinrj (0, 2)—3 v(3) @ 3) 
| v(t) | = J/5 sin2r + 4 Bs x 
als 
0 x 


7. v(t) =i + 2tj 
a(t) = 2j 


|v(t)| = J/1 + 42? 


9. (2¢ + 1, 2t — 1, 327), (2,2, 6r), JO + 87 +2 

WwW. V2itej-ectkhejtetke +e" 

13. e'[(cost — sin t)i + (sint + cos #)j + (t + 1)k], 

e'[—2 sinti + 2costj + (¢ + 2)k], eff? + 27 +3 

15. v(t) = (20+ 3)i-jterk, 

r(t) =(0? + 3)i+ (1 —Djt+ (4+ Ik 

17. (a) r(t) = (40° + i+ ( — sine + 1)j + (4 — fc0s 20k 


(b) 


19.t=4 

21. r() =ti- tj +3rk, 
23. (a) ~3535m = (b) ~1531m_ (c) 200m/s 
25. ~30 m/s 27. ~544 ft/s 

29. 13.0° < @ < 36.0°, 55.4° <@ < 85.5° 

31. (250, —50, 0); 10./93 ~ 96.4 ft/s 

33. (a) 16m (b) ~23.6° upstream 


v(t) | = 2522 + 2 


20 12 


| | 
dl i 


—4 —12 


35. The path is contained in a circle that lies in a plane perpen- 
dicular to ¢ with center on a line through the origin in the direction 
of c. 


4 + 187° 6t 
. , 39. 0, 1 
J44+ 97 V4 + 97? 
7 131 
‘i, — | — 
30 30 
43. 4.5 cm/s’, 9.0 cm/s” 45.t=1 


CHAPTER 13 REVIEW ® PAGE 927 


True-False Quiz 
1. True 3. False 
9. True 11. False 


5. False 
13. True 


7. False 
15. True 
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Exercises 
1. (a) 


(b) r'(t) =i — wsin tj + acos atk, 

r"(t) = —7’ cos wtj — 7? sin atk 

3. r(t) =4costi+ 4sinrj + (5 — 4costk,0 <t< 27 
5. 4i-— (2/m?)j + (2/r)k 7. 86.631 —-9.:90° 


1 ; 
11. (a) ——~ (3 sin t, —3 cos f, 2) 


V13 


1 ‘ 
(c) ——(-—2 sin t, 2 cos f, 3) 
3 


JB 


(b) (cos t, sin t, 0) 


3 


(d) = or sec t csc t 
13 sin t cos t 1 
2 
(e) 7 or sec t csc t 
13 sin t cos t 13 


13. 12/177? 15. x — 2y + 27 =0 

17. v(t) =(1+ Indit+j-— ek, 

| v(t)| = /2 + 2Int + (Int)? + e-, a(t) = (1/Di + ek 
19. r(t) =(P + HDi+(*-—Hj+(Br-—C)k 

21, ~37.3°, ~157.4m 

23. (c) —2e'vwwt+e'R 


PROBLEMS PLUS ® PAGE 930 
2 


1. (a) V=@R(-sin@ti+coswtj) (c) a= —or 
3. (a) 90°, v¢/(2g) 

5. (a) ~0.94 ft to the right of the table’s edge, ~15 ft/s 
(b) ~7.6° (c) ~2.13 ft to the right of the table’s edge 
7. 56° 

9. (arb; asbo)(x C1) t (ash, aibs)(y C2) 


+ (aibz — anbi)(z — c3) = 0 


CHAPTER 14 


EXERCISES 14.1 = PAGE 946 


+ hy 2 
1. (a) 4 (b) ; (c) ws re = x 


3. (a) 9In4 = (b) {(x, y)|y > —x} 


(c) R 


APPENDIXH Answers to Odd-Numbered Exercises A127 


5. (a) 1 (b) {(x, y, z)|z < x/2, y < O}, the points on or below 
the plane z = x/2 that are to the right of the xz-plane 


7. {@, y) |x = 2,y = I} yA 


9. {(%y) |x? +4y?<1,x2=0} 


11. {(x, y)|y 4 —x} 


13. {(x, y) | xy = 0,x # —1} 


17. (a) ~20.5; the surface area of a person 70 inches tall who 


weighs 160 pounds is approximately 20.5 square feet. 
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19. (a) —27; a temperature of — 15°C with wind blowing at 

40 km/h feels equivalent to about —27°C without wind. 

(b) When the temperature is —20°C, what wind speed gives a 
wind chill of —30°C? 20 km/h 

(c) With a wind speed of 20 km/h, what temperature gives a wind 
chill of —49°C? =—35°C 

(d) A function of wind speed that gives wind-chill values when 
the temperature is —5°C 

(e) A function of temperature that gives wind-chill values when 
the wind speed is 50 km/h 

21. (a) 25; a 40-knot wind blowing in the open sea for 15 h will 
create waves about 25 ft high. 

(b) (30, 1) is a function of t giving the wave heights produced by 
30-knot winds blowing for ¢ hours. 

(c) f(v, 30) is a function of v giving the wave heights produced by 
winds of speed v blowing for 30 hours. 

23. z = y, plane through the x-axis 


x y 


25. 4x + Sy + z = 10, plane 


31. 2= /4 -— 4x? -y?, 


top half of ellipsoid 


33. ~56, ~35 35. 11°C, 19.5°C 37. Steep; nearly flat 


No 


ar 
to weil 
BRwNe 
FTOMNe 

n 


t t > 


100 120 140 


43. 
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APPENDIXH Answers to Odd-Numbered Exercises A129 


51. x° +y =k (k= 0) 69. k = 0: cone with axis the z-axis; 

k > 0: family of hyperboloids of one sheet with axis the z-axis; 
k < 0: family of hyperboloids of two sheets with axis the z-axis 
71. (a) Shift the graph of f upward 2 units 

(b) Stretch the graph of f vertically by a factor of 2 

(c) Reflect the graph of f about the xy-plane 

(d) Reflect the graph of f about the xy-plane and then shift it 
upward 2 units 


73. 


ALTAR 
fil 


53. x° + O° =k { , 
ch 


YA ZA 
Nay. van 
SZ * \ ey 2=3 f appears to have a maximum value of about 15. There are two 
| ae local maximum points but no local minimum point. 


55. yh 


SS) The function values approach 0 as x, y become large; as (x, y) 


approaches the origin, f approaches =~ or 0, depending on the 
direction of approach. 


77. Ifc = 0, the graph is a cylindrical surface. For c > 0, the 
level curves are ellipses. The graph curves upward as we leave 
the origin, and the steepness increases as c increases. For c < 0, 
the level curves are hyperbolas. The graph curves upward in the 
y-direction and downward, approaching the xy-plane, in the 
x-direction giving a saddle-shaped appearance near (0, 0, 1). 
79. c = —2,0,2 81. (b) y = 0.75x + 0.01 


EXERCISES 14.2 = PAGE 960 

1. Nothing; if f is continuous, then f(3, 1) = 6 3. 
5.56 7.-6 %a/2 WW. -3 ~~) 19. 125 
21. 0 23. Does not exist 25. 2 27. —2 

29. Does not exist 31. 0 33. 0 

35. The graph shows that the function approaches different 
numbers along different lines. 

37. h(x, y) = (2x + 3y — 6)? + V2x + 3y — 6; 

{(x, y) | 2x + 3y = 6} 

39. Along the line y = x 41. R° 

61. (a)C (b) Il 63. (a) F (by I 43. {x,y [arty Al} 45. (x,y) |x? + y? <1,x = 0} 
65. (a) B- (b) VI 67. Family of parallel planes 47. {(x,y,z) |x> + y? +27 <1} 


Nin 
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A130 APPENDIX H_ Answers to Odd-Numbered Exercises 


49. {(x, y) | (xy) 4 (0, 0)} 51. 0 53. —1 31. dp/dt = 2t7/./t* + u?cos v, 
dp/du = ucos v/Vt* + u?cosv, 


55. 
ap/dv = —u’sin v/(2,/t4 + u?cos v ) 
1 33. h, = 2xy cos(z/t), hy = x? cos(z/f), 
- h, = (—x?y/t) sin(z/t), hi = (x? yz/t?) sin(z/t) 
P 35. du/dx; = x;/Jx? + x3 +--+ x2 
am 0 ) 2 
ef raise i 7i 3) a SS a4 
= yo 0, ox 3z dy 3z 
ae = eo a2 
Ox e*— xy oy e°— xy 


45. (a) f'(x),g(y)— (b) f(x + y), f(a + y) 


EXERCISES 14.3 = PAGE 969 AF: 6 1x aay She — ry Seah Ax 


1. fr(92, 60) ~ 2.75°F; for a temperature of 92°F and relative 8y 6y — 4x 
humidity of 60%, the apparent temperature rises by 2.75°F for 49. 21. = Ore ay" Zry = (Qx +3) = Zyxy 
each degree the actual temperature increases. fi;(92, 60) ~ 0.5°F; 
for a temperature of 92°F and relative humidity of 60%, the a rere ee 

mm (2x + 3y)3 


apparent temperature rises by 0.5°F for each percent that the 


* rary ‘i — Di A PO Das 2 g2 
relative humidity increases. 51. v,. = 2 cos(s t*) — 437 sin(s t*), 


Vs = 4st sin(s? — t?) = V,, 

Vn = —2 cos(s? — t?) — 42? sin(s? — t7) 

57. 24xy* — by, 24x?y — 6x 

59. (2x7y2z5 + 6xyz* + Qz)e”* 

61. do(u + v2) 5? 63. 4/(y + 2z)°,0 
65. f(x, y) = y? — 3x’y, fulx, y) = 2xy — x3 
67. 6yz° 69.c=f,b=f,a=f, 


3. (a) The rate of change of temperature as longitude varies, with 
latitude and time fixed; the rate of change as only latitude varies; 
the rate of change as only time varies 

(b) Positive, negative, positive 

5. (a) Negative (b) Negative 

7. f(1, 2) = —8 = slope of C,, f,, 2) = —4 = slope of C; 


9. f(x, y) = 4x? + S5y?, fix, y) = 15xy? 
11. g.(x, y) = 3x’ siny, g(x, y) = x* cos y 

dz 1 Oz 2t 
13, — =, = = — 

Ox Ke ES cot Kt 
15. (x,y) = ye”, 6 9) = e? + aye? 
17. g(x, y) = Sy(1 + 2xy)(x + xy), 
Gy(x, y) = Sx?y(x + x°y)* + (x + x’y)? 

(ad — bc)y (be — ad)x 

19. xX, = > Jy; _ 
FQ y) (cx + dy) HG y) (cx + dy) 
21. g(u, v) = 10uv(u?v — v*)*, 
gu, v) = 5(u? — 3v°)(u2v — v3)4 


2 
23. R,(p, g) = 


2pq 


7 Ra(p, q) = Tio 


1+ p’q 
25. F(x, y) = cos(e*), B(x, y) = —cos(e”) 

27. f. = 3x°yz*, fp = x22? + 22, f. = 2x3yz + 2y 

29. dw/dax = 1/(x + 2y + 3z), dw/dy = 2/(x + 2y + 32), 
dw/dz = 3/(x + 2y + 3z) filx y) = 3x*y? 
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73. 


85. 


87. 


~12.2, ~16.8, ~23.25 83. R°/R? 

dT V-nb dP 2n’a nRT 

oP nR ° aVv ve (V — nb)’ 

(a) ~0.0545; for a person 70 inches tall who weighs 160 Ib, 


an increase in weight causes the surface area to increase at a rate 
of about 0.0545 ft?/Ib. (b) ~0.213; for a person 70 inches tall 


who weighs 160 lb, an increase in height (with no change in 
weight) causes the surface area to increase at a rate of about 
0.213 ft’/in of height. 


89. dP/dv = 3Av? is the rate of change of the 


B(mg/x)* 
v 2 
power needed during flapping mode with respect to the bird’s 
velocity when the mass and fraction of flapping time remain 

2Bm’q? 


constant; aP/dx = ———,—— is the rate at which the power 
x°v 


changes when only the fraction of time spent in flapping mode 


varies; 0P/dm = 


only the mass varies. 
93.x=1+4y=2,z2=2-2t 


101. (a) 


WSK) 
Wy 
Wy 


xty + 4x°y3 -— 


Bmg? . 
>— is the rate of change of the power when 
x°v 


x? — 4x4y? — xy 


a f(x y) 


(b) fc, y) 


(c) 0,0 


(x? + y*)? 


(e) No, because f,, and f,, are not continuous. 


EXERCISES 14.4 = PAGE 981 


1. 2= —4x — 4y + 24 3.z=4x-y-6 
5.z=x-ytl 7..2>>24 =y= 3 
9Rx+y+z=0 


11. 
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APPENDIXH Answers to Odd-Numbered Exercises 
13. 
15. 12x — loy + 32 17. 6x + 4y — 23 
19. 2x +y-1 21. 2x +2y+a—-4 25. 6.3 
27. 3x +5y+$z,6.9914 29. 47 + H — 329; 129°F 
31. dm = 5p*q° dp + 3p°q° dq 
33. dz = —2e * cos 2mtdx — 27e ™ sin 27 dt 
35. dH = 2xy*dx + (4x7y? + 3y’z*) dy + S5y*z*dz 
37. dR = B’ cos yda + 2a8 cos y dB — aB* sin y dy 
39. Az = 0.9225, dz = 0.9 41. 5.4cm? 43. 16cm°* 
45. (a) 66.257re ft? ~— (b) ~0.0048 ft ~ 0.058 inches 
47. ~-—0.0165mg; decrease 49. 75 ~ 0.059 0 
51. (a) 0.8264m — 34.56h + 38.02 (b) 18.801 


EXERCISES 14.5 = PAGE 991 


1. 
5. 


7. 
9. 


361° + 1574 
1 


2J/t 


e’*[2t — (x/z) — (2xy/z*)] 


az/ds = 10s + 14t, az/at = 14s + 208 


3. 2t(y? — 2xy + 3xy? — x’) 


1 
cos x cos y + — sin x sin y 
t 


11. dz/ds = 5(x — y)*(2st — 17), dz/dt = S5(x — y)*(s? — 2st) 


13. 


15. 
17. 


21. 


Ou 


dz _3sint— 2tsins dz _ 3scost + 2coss 
os 3x + 2y ° at 3x + 2y 
Oz tsin 0 2scos@ dz s sin 6 


2t cos 0 
ds P| rr” ot Po r 
42 19. 7,2 
Ou Ou Ox 
or ox or 
ou Ox ou oy 


du oy ou 
dy ar’ ds 


du Ox 
Ox Os 


ou oy 
dy ds? 


Ot 


23. 


oT 


Ox Ot oy ot 
oT oT op oT Oq OT or 
dx dp dx dq dx Or dx’ 


A131 


OT op oT or 


oT 0q 


dy 
oT 


dp dy 
oT op 


oq oy 
OT 0q 


dr dy’ 
oT or 


Oz 


Op oz 


oq Oz 


or Oz 
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A132 APPENDIX H_ Answers to Odd-Numbered Exercises 


25. 1582, 3164, —700 


5 5 5 
29. ig, 36-144 = 31. 


27. 27, —277 
2x + ysinx 


cos x — 2y 
2 


1+ xty? + y? + xty* — Qxy 


33. 
x? — Ixy — 2x°y3 
c 2 Z 
S23 a. SS 
3z3z C= xy e? LY 
39. 2°C/s 41. ~ —0.33 m/s per minute 


43. (a) 6m'*/s_(b) 10m*/s_— (c) Om/s 
45. ~-0.27L/s 47. —1/(12V3) rad/s 
49. (a) d2/dr = (dz/dx) cos 6 + (dz/dy) sin 0, 
02/00 = —(dz/dx) r sin 0 + (dz/dy) rcos @ 


Oz 7 ‘ oz az Oz 
53. 4rs—, + (4r° + 45°) + Ars £2 
Ox Ox dy ry 


EXERCISES 14.6 ™ PAGE 1005 

1. ~-0.08mb/km 3. ~0.778 5. /2/2 
7.52/74 — 9 (a) Vf(x,y) = U/)i - G/y)5 
(b)i-2j (© —-1 

11. (a) (Qxyz — yz, x?z — xz*, x*y — 3xyz’) 

(b) (-3,2,2)  (¢) § 


4 = 3y3 15. 7/(2V5) 17%1 19, 33 


10 

21.-% 23.2 25. —4% = 27. 20/10, (20, —60) 
29. 1,40,1) 31. #4, (1, -2, -2) 

33. (b) (—12, 92), —4,/538 


35. All points on the line y= x + 1 


13. 


37. (a) —40/(3 V3) 


39. (a) 32//3 — (b) (38,6,12) (c) 2/406 

41.32 45. @ 

47. (a)xt+yt+z=11 (b)x-3=y-3=2z-5 
—2 g= 1 


49. (a) x + 2y+6z=12 (b) x-2 


51. (a) xty+z=1 


(b) x=y=z-1 


53. 55. (2, 3),2x + 3y = 12 


y 


> 


2x +3y=12-4~ 


RY 


61. No 65. (—3, —3, 3) 

69. x 1-104, y=1—- 164,2=2 — 12t 

71. (1, 0, 1); ~7.8° 

75. If u = (a, b) and v = (c,d), then af, + bf, and cf, + df, are 
known, so we solve linear equations for f, and f,. 


EXERCISES 14.7 ™ PAGE 1016 


1. (a) f has a local minimum at (1, 1). 

(b) f has a saddle point at (1, 1). 

3. Local minimum at (1, 1), saddle point at (0, 0) 

5. Minimum f(¥ —3) = -! 

7. Minima f(—2, —1) = —3, f(8, 4) = —128, 

saddle point at (0, 0) 

9. Saddle points at (1, 1), (—1, -1) 

11. Maximum f(1, 4) = 14 

13. Maximum f(—1, 0) = 2, minimum f(1, 0) = —2, 

saddle points at (0, +1) 

15. Maximum f(0, —1) = 2, minima f(+1, 1) = —3, 

saddle points at (0, 1), (£1, —1) 

17. Maximum f(t. ) = x, saddle points at (0, 0), (1, 0), (0, 1) 
19. None 

21. Minima f(0, 1) = f(a, -1) = f(2a, 1) = -1, 

saddle points at (7/2, 0), (37/2, 0) 

25. Minima f(1, +1) = f(-1, £1) =3 

27. Maximum f (7/3, 7/3) = 3 V3/2, 

minimum f (57/3, 57/3) = —3 /3/2, saddle point at (zr, 77) 
29. Minima f(0, —0.794) ~ —1.191, 

f (41.592, 1.267) = —1.310, saddle points (+0.720, 0.259), 
lowest points (+1.592, 1.267, —1.310) 

31. Maximum (0.170, —1.215) ~ 3.197, 

minima f(—1.301, 0.549) ~ —3.145, f (1.131, 0.549) ~ —0.701, 
saddle points (— 1.301, —1.215), (0.170, 0.549), (1.131, —1.215), 
no highest or lowest point 

33. Maximum f(0, +2) = 4, minimum f(1, 0) = —1 

35. Maximum f(+1, 1) = 7, minimum f(0, 0) = 4 

37. Maximum f(0, 3) = f(2, 3) = 7, minimum f(1, 1) = —2 
39. Maximum f(1, 0) = 2, minimum f(—1,0) = —2 


41. 


47, 100. 100 100 


43. 2//3 45. (2, 1, V5), (2,1, -V5) oe 
49. 8r°/(3V3) 51. + 53. Cube, edge length c/12 
55. Square base of side 40 cm, height 20 cm 57. L}/(3./3) 
59. (a) H = —p, Inp; — p2Inp2 

— (Ll = pi = pr) In. — pi — pr) 
(b) {(p1, p2) |0 < pi < Lp <1 — pi} 
() In3;p1 =p = ps =3 


EXERCISES 14.8 ™ PAGE 1026 

1. ~59, 30 

3. Maximum f(+1, 0) = 1, minimum f(0, +1) = —1 
5. Maximum f(1, 2) = f(—1, —2) = 2, 

minimum f(1, —2) = f(—1, 2) 2 
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7. Maximum f(1//2, +1//2 ) = f(-1/V2, 1/2) = 


minimum f(+1,0) = 2 


9. Maximum f(2, 2, 1) = 9, minimum f(—2, —2, -1) = —9 


11. Maximum f(1, +/2, 1) = f(-1, +¥2, -1) = 2, 
minimum f(1, +/2, -1) = f(-1, v2, 1) = -2 
13. Maximum /3, minimum | 

15. Maximum f (3, 4 u a)= 2, 

minimum f( S, s, 5 1) 2 

17. 10, 10 

19. 25m by 25m 

21. (—§,5) 

23. Minimum f(1, 1) = f(—1, -1) = 2 

25. Maximum f(2, 2) = e* 

27. Maximum f(3//2, —3//2) =9 + 12,2, 
minimum f(—2, 2) = —8 

29. Maximum f(+1/¥V2, =1/(2V2)) = 

minimum f(+1/V2, +1/(2V2)) =e 

31. Maximum f(0, 1, /2) =1+ v2, 

minimum f(0, 1, —/2) == af 

33. Maximum 3 minimum 4 

41-53. See eres 43-57 in Section 14.7. 

57. Nearest (3, 3 54332 5), farthest (—1, —1, 2) 

59. Maximum ~9.7938, minimum ~—5.3506 
61. Maximum Fieeven 3) = 18, minimum f(0, 0) = 0 
63. (a) c/n (b) When x, = x» = +--+ = x, 


CHAPTER 14 REVIEW @ PAGE 1031 


True-False Quiz 
1. True 3. False 5. False 7. True 9. False 
11. True 


Exercises 
Li@y|yo-e= 


N A 
q ay 
N 
\ 
N 
Ny 
> 
-19 
Ig a4 
N\ 
—1 
q 
N 
N 
\ 
\ 
y=-x-1N 
N 
\ 
yA y 
5 7. >A 


Co 
i) 
& 


APPENDIXH_ Answers to Odd-Numbered Exercises A133 


9. 3 

11. (a) ~3.5°C/m, —3.0°C/m 

(b) ~ 0.35°C/m by Equation 14.6.9 (Definition 14.6.2 gives 
~1.1°C/m.) 


(c) —0.25 
13. f, = 32xy(Sy? + 2x7)’, fr = (16x? + 120y?)(Sy? + 2x?y)? 
203 20° 
15. Fe => + 2a Ina? + B), = ae 
a“ +B + Be 


17. S, = arctan(v,/w ), Sy uv Sis it 
1+ vw 2./w(1 + vw) 
19. fx = 24x, fry 2y = fiw fry 2x 
2s fa = Mk = 1x? 92", f, = bey =f, 
fu = — ae ty 1 = firs fy = _ (L = 6 I- ay 
fu = imx*y!'z l-m-1 = fry, fr = mm — Dxty'z L,m- 
25. (a) z= 8x+4y+1 
(b) x=14+84,y=—-24+442=1-1 
27. (a) 2x — 2y —3z= 
(b) x=2+44,y=-1—-41,2=1- 64 
29. (a) x + 2y + 5z =0 
(b) x=2+4y=-14+2472=5t 
31. (2,5, “D2, —3,1) 
33. 60x + Sy + 22 — 120; 38.656 
35. 2xy*(1 + 6p) + 3x?y*(pe” + e”) + 4z°(p cos p + sin p) 
37. —47, 108 
43. (2xe"*, x72e"*, 2x7 yze”’) 45. —3 
47. 15/2, (4 49. ~ > knots/mi 
51. Minimum f(—4, 1) = —11 
53. Maximum f(1, 1) = 1; saddle points at (0, 0), (0, 3), (3, 0) 
55. Maximum f(1, 2) = 4, minimum f(2, 4) = —64 
57. Maximum f(—1, 0) = 2, minima f(1, +1) = —3, 
saddle points at (—1, +1), (1, 0) 
59. Maximum f(+V2/3, 1//3) = 2/(3V3), 
minimum f(+V/2/3, -1//3) = —2/(3V3) 
61. Maximum 1, minimum — 1 
63. (23-4 37/4 2, agi/4). (3° 3-1/4 2. £31/4) 


65. P(2 — J3), P(3 — V3)/6, P(2Vv3 — 3)/3 


PROBLEMS PLUS @® PAGE 1035 
1. DW’, LW? 3. (a) x = w/3, base = w/3_—(b) Yess 


7. /3/2, 3/V2 


CHAPTER 15 


EXERCISES 15.1 = PAGE 1049 

1. (a) 288 (b) 144 3. (a) 0.990 (b) 1.151 
5.U<V<L_ 7. (a) ~248  (b) -~15.5 
9.24/2 11.3 13. 2+ 8y?,3x + 27x? 
15.222 17.3-e! 19. 18 

21. 2in2+3in4 or 4In2 ~—-23. 6 
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25.3, 27.2 29. 9In2 33.72 035. 37. B39. t 
41. 0,1.213;0.713 43. $ 


10 5/2 


45. —— 


. or 
3/2 3 


3 
31. 4(¥3 -1)-4a 


35. if 


39. (a) |} |;xydxdy (b) 4 
41. (a) [7 [5 (1 + ye”) dxdy (b) e —e 
43.51 45.3% 47.8 49.¢ 


51. 2le — 57 


51. 13,984,735,616/14,549,535 53. 7/2 


fe (f(x. y) dy dx 


53.2 55.0 
57. Fubini’s Theorem does not apply. The integrand has an 
infinite discontinuity at the origin. 


EXERCISES 15.2 ™ PAGE 1059 
1.88 3.ce-1) 5. ysin1 
7. (a) [pf “ 2ydydx (b) & By, 
9. (a) |) [fr?xydxdy  (b) 6 

11. ; In 17 13. 5(1 — e°) 


[3 g” °F Ge y) dx dy 


15. (a) (b) 

ya ya 

59.” Io? Jef, y) dx dy 
In2 

0 x 0 x 
17. Type I: D= {(x, y)|0<x<1,0<y <x}, a 
type I: D = {(x,y) |O<y<1Ly<x<1}} iiaeo 2 ~— 

- a lz =i 63. 5(2,/2 — 1 

19. [0 [Mie ydyde + fT, ydyde = [PPP ydedy =] 7 ie 2 7 1) = = 
21. | ([o'? sin2x dx dy = Ce (°°* sin°x aide =1 Ne 

* Jo Jo ~ Jo Jo a = 3 ar — 
23.4(1—cos1) 25.4 27.0 B.S TS lwi ey aag 
29. (a) |} [} (1 +xy)dxdy (b)3 31.3 71.3 75.97 77. a*b+3ab* ~~ 79. mra*b 
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EXERCISES 15.3 ™ PAGE 1067 
» (e”” |p f(r cosd, r sin@) r dr do 
3. oe f(rcos@, r sin@) r dr dé 

5. [a fa -2 fy) dx dy 


9. — 11. (7/4)(cos 1 — cos 9) 
13. (7/2)(1 —e*) 15. Aa? 
3a 3a 


1 
17. —- 4 19. —> + — 
2 8 4 


23. (a) i {, (r + 7° cos@ sin) dr do 
25. (a) [o”" |; r?sin@drdd —(b) 9 
27. (a) [77 [e"° r? cosd dr dd (b) & 
29. ar = B31. dr S33. Fara? 
35. (7/3)(2 — J2) 37. (877/3)(64 — 24/3) 
39. (7/4)(1—e%) 41 pp 43. 4.5951 
45. 18007 ft? = 47. 2/(a+b) 49. 2 
51. (a) V/4 (bo) Vr/2 


EXERCISES 15.4 = PAGE 1078 
1.285C 3. (3,4) ~—s5. 42%, (2,8) 7. 6, (3, 3) 


ete Ss Beh 
Mg = 36) (S =4 Die = 30) 


21. 7/12 


(b) +2 


9. Xk, (0, 4) 


13. (3,32/16) 15. (0, 45/(1477)) 

17. (2a/5, 2a/5) if vertex is (0, 0) and sides are along positive 
axes 

19. 409.2k, 182k, 591.2k 

21. 7ka°/180, 7ka°/180, 7ka‘/90 if vertex is (0, 0) and sides are 
along positive axes 

23. pbh?/3, pb*h/3; b/V/3, h/V3 

25. pa‘/16, pa*/16; a/2, a/2 


16384,/2 0) 


27. m = 377/64, (x, y) = 


103957 ” 
Sa 4 Sa 4 Sa 
I, sly t +o 
384 105° 384 105 192 
29. (a) 5 (b) 0.375 (c) _ = 0.1042 


31. (b) (i) e°? ~ 0.8187 

(ii) 1 + e 8 — e 88 — @ |! = 0.3481 
33. (a) ~0.500 (b) ~0.632 

35. (a) |{> 1 V(x — x)? + (y yo)? | dA, where D is 
the disk with radius 10 mi centered at the center of the city 

(b) 200ak/3 ~ 209k, 200(7/2 — §)k ~ 136k; on the edge 


(c) 2,5 


APPENDIXH Answers to Odd-Numbered Exercises A135 


EXERCISES 15.5 ™ PAGE 1081 

wBV2 3. 12/355. 3/14 

7. (7/6)(13V13 — 1) 9. (a/6)(17V17 — 54/5) 

11. (277/3)(2/2-1) 13. a(a—2) 15. 3.6258 
17. (a) ~1.83 (b) ~1.8616 


19. 9/14 + 8 nl(11/5 + 3./70)/(3/5 + /70)| 
21. 3.3213. 25. (a/6)(101,/101 — 1) 


EXERCISES 15.6 = PAGE 1092 
7 3. 5.3% 0 7.3In3 +3 


9. (a) [, {0 e *xdydzdx (b) 0 

11. (a) (5 “fs t+ y)dydzdx (ob) § 
13,7 15. 7/8-3 17.9 

19. £ 21. 167/33 23.2% 25.4% 
(b) a7 — 3 


27. (a) {jy [i §Y'” dz dy dx 


29. ~0.985 31. 


x 


33. [0 (0 aro f(y, 2) dz dy dx 
= |b aeg ee a fas s2) de dey 


=(- i. 422 p/4—y—422 
1 


\Yatynae SQ y, 2) dx dy dz 
(hoe —y/2 (“2-= y—4z2 


=(F 


J¥-y/2 J-a-y— 42 qa f (x, y, z) dx dz dy 
rJA—x2, x2— 
= =|, | Was | a 4x “f(x, y, z) dy dz dx 


pl /4—422_ [4-27 -4 
~~ = J—/4-422 JO 


F(x, y, z) dy dx dz 
35. [7, ft io” Fx, y, 2) dz dy dx 

ph »? #(x, y, z) dz dx dy 

=F "Ke f(x, y, 2) dx dy dz 

= fo fo [85 fey, 2) dx dz dy 

=(*, I" (a f(x, y, 2) dy dz dx 

= fo faze [FCs y, 2) dy dx dz 

37. [i Fc\) Pay. 2) dedy de = [bP y. 2) de de dy 
= JoJo * fo F(a y, 2) dx dy dz = fp [yf f(y, 2) dx dz dy 
si; io Wands y, z) dy dz dx =|, a Ve FO, y, z) dy dx dz 
39. [0 |, lof (sy. 2) dz dx dy = {p |p lo f(a, y, 2) dz dy dx 

= iG c (f(x, y, z) dx dy dz = [3 3 ie gee y, z) dx dz dy 

= =(R° ‘f(x, ha dy dz dx = if [ E ‘f(x, y, 2) dy dx dz 
41. 647 = 43. 3.7, (0, 0, 4) 


45. a°, (7a/12, 7a/12, 7a/12) 
47. = 1, =1,=3kL> 49. 4arkha’ 
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A136 APPENDIX H_ Answers to Odd-Numbered Exercises 


51. (a) m= JL, fia fy ? Vx? + y? dz dy dx 
(b) (x, y, Z), where 

¥ = (1/m) fi, fie fy” xvx? + y? dz dy dx, 

y = (1/m) I {a fo yx? + y? dz dy dx, 
and Z = (1/m) [1 fis (y” zx? + y? dz dy dx 
(ibe ie 4" aes 

53. (a) 7 + 4 

fe) ( 28 30m + 128 45m + 208 


On + 44° 45a + 220° 1357 + 660 
(c) x4g(68 + 1577) 


55.(: (a ©sq 57. 1/8 
59. (a) The region bounded by the ellipsoid x7 + 2y? + 3z? = 1 
(b) 4/67/45 


EXERCISES 15.7 = PAGE 1100 


1. (a) (b) z 
P 0 
(2 y 
= é 
tS 
(6,-4.-3) 
(0, 5, 2) (3/2, —3V2, —3) 


3. (a) (4/2, 1/4, -3) — (b) (10, - 27/6, 3) 

5. Circular cylinder with radius 2 and axis the z-axis 
7. Sphere, radius 2, centered at the origin 

9. (a) 27 =1+rcos?—-—r? (b) z=r’cos 20 


11, ZA 


x 


13. Cylindrical coordinates: 6 <r < 7,0 < @ S 27, 
0<=z<20 


15. (a) [7{\[o " redzdrd@ (b) 7/3 
17. 7=9 Sl 


19. 3847 =o 21. Sr + BE 23. 2ar/5 
27. (a) 7 ~~ (b) (0,0, 3) 

29. 7Ka?/8, (0,0, 2a/3) 31. 0 

33. (a) ff fo h(P)g(P) dV, where C is the cone 


(b) ~3.1 X 10" ft-lb 


25. dar(/2 — 1) 


EXERCISES 15.8 = PAGE 1106 
1. (a) 


qos te es 


le 


(—2, V2, 0) 
3. (a) (3/2, 7/4, 77/2) 


5. Bottom half of a cone 
9. (a) p=3 


11. 


(/2, -/6, 2/2) 


(b) (4, —7/3, 77/6) 
7. Horizontal plane 
(b) p*(sin’d cos 20 — cos*d) = 1 


15. 7/4 <6 <7/2,0<p<4cosdh 
(9/4)(2 — V3) 


17. 


y 


19. ia (> io f(r cos 0, r sin 0, z) r dz dr d0 


J0 J 
21. (a) |", (270 |} p sing dp dd db (b) Sa 
23. 312,5007/7 25. 16887/15 27. 7/8 


29. (V3 — 1)aa7/3 
33. (a) (0,0,5) (b) 11K7/960 

35. (a) (0,0,a) (b) 4K7ra*/15 (K is the density) 

37. 37 (2 — v2), (0, 0, 3/[8(2 — 2)]) 

39. (a) 7Ka‘*h/2 (K is the density) (b) mKa*h(3a? + 4h’)/12 
41. 50/6 43. (4/2 —5)/15 45. 40967r/21 


31. (a) 107 = (b) (0, 0, 2.1) 
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APPENDIXH Answers to Odd-Numbered Exercises A137 


47. 49. 1367/99 CHAPTER 16 


EXERCISES 16.1 = PAGE 1129 


1. yA 


aie ail ate 
EXERCISES 15.9 ™ PAGE 1116 pe 


0 i . 


1.(a) VI ()1 @IV @V ®lm Hu eo ee oe 


3. The parallelogram with vertices (0, 0), (6, 3), (12, 1), (6, —2) 
5. The region bounded by the line y = 1, the y-axis, and y = Vx 


7.x i (v u),y 5 (u + 2v) is one possible transformation, 
where S = {(u, v) | -l Su <1,1 <0 <3} 

9. x = ucos v, y = usin v is one possible transformation, 
where S = { (u, v) |} 1<u< 2,0<v< a/2} 

11. —6 13. s 15. 2uvw 

17. —3 19. 677 21. 21n3 

23. (a) $aabe —(b) 1.083 X 10” km? 

(c) <sar(a? + b?)abck 

25.$In8 273sinl 29e-e! 


CHAPTER 15 REVIEW @ PAGE 1118 


True-False Quiz 
1. True 3. True 5. True 7. True 9. False 


Exercises 

1.~64.0 3.4e?-4e+3 5.5sinl 7. 
9. | |) f(r cos 0, r sin 0) r dr dO 

11. (V3, 3, 2), (4, 7/3, 7/3) 

13. (2/2, 2/2, 4/3), (4, 7/4, 4V3) 9. 
15. (a) PP +27=4,p=2 (b) r=2,psind=2 

17. The region inside the loop of the four-leaved rose r = sin 20 

in the first quadrant 

19% ;sinl 21.5e°-3 23.4In2 25. 8 

27. 817/529. 5 =. 7/9633. 

35.176 37.3 39. 2ma*/9 


wi 


41. (a) q (vb) (3,85) 
OQb=i4=1.9-1. 8 2-16 13.1V. 15.1 17.01 19 1V 21. 10 
43. (a) (0,0,4/4)  (b) wa*h/15 23. The line y = 2x 
45. In(/2 + V3) + /2/3 47. 8% ~— ag. 0.0512 te io 
Stak bt WS i . 
53. fy [) Mc flay,2dxdydz 55. -In2—-57. 0 oe am 
ods rad 
PROBLEMS PLUS @ PAGE 1121 ae e ‘ 
1.30 3.5sinl 7. (b) 0.90 a we 
( 8 ) —4,5 

13. abc7| — — —— 

3 9/3 25. Vf(x, y) = y* cos(xy) i + [xy cos(xy) + sin(xy)] j 
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A138 APPENDIX H_ Answers to Odd-Numbered Exercises 


27. Vf(x, y, 2) = ——_—= i 


Vx? + y? + 2? 


y j 4 k 


2 2 a4 
Vx? +yr +z 


V(x, y) = (x — y)i+ (y — x)j yA 


31. (a) ¢— le (b) 21 


29. 


172,704 sins 
33. 533,705 v2 gen) 


35. 2k, (4/7, 0) 
37. (a) x = (1/m) fe xp(x, y, z) ds, 

y = (1/m) |c yp(x y, 2) ds, 

Z = (1/m) |-zp(x, y, z) ds, where m = |. p(x, y, z) ds 
(b) (0, 0, 37) 


31. Il 33. Il 


aS 


35. 


39. I. = (3m — 3), = (gm — 3) 
45. (a) 2mai+ 6mbtj,0<t<1 
47. ~1.67 X 10‘ ft-lb 


41. 27? 43. 5 
(b) 2ma? + 3mb? 
49. (b) Yes 53. ~22J 


VA 


A 


EXERCISES 16.3 = PAGE 1151 


1. 40 3. Not conservative 

5. f(xy) =yeX + K 7. f(x,y) = ye* + xsiny + K 
9. f(x,y) =y’? sinx + xcosy + K 

11. (b) 16 13. (a) 16 (b) f(xy) =x? tay? + K 


37. 


(2.04, 1.03) 


y= C/x 


15. 
17. 
19. 
21. 


(a) f(x,y) = e” 


+ K 


(b) e —1 


(a) f(x,y) =x? + 2y? 
(a) f(x,y) = 5x*y>— (b) 
(a) f(x, y,2z) =xy + y7z 


(b) —21 
-9 
(b) 30 


23. (a) f(x, y,z) = ye (b) 4 25. 4/e 
27. It doesn’t matter which curve is chosen. 
29. 4 31. No 33. Conservative 

37. (a) Yes (b) Yes’ (c) Yes 

39. (a) No (b) Yes (c) Yes 


(b) y= I/x,x > 0 
EXERCISES 16.4 @ PAGE 1159 
EXERCISES 16.2 = PAGE 1141 1.120 32 5. 4(e?-1) 


1. 3110771) 3. 1638.4 5. a +2073 11. -247 «13, 14.5, — 18 
7,578,368 
9. /2/3 11. 14 (e% — 1) 2(e — 1) 19. dart — fia’ 4 = 0.0779 


11257 T 953,125 

a alk 2 

15. 7/2 — 1 17. 35 21. -7 23. 37 25. (c) 5 
(a) Positive 


7-2 9, 
17. 47 


wi 


13. 


27. (4a/32, 4a/37) if the region is the portion of the 


19. disk x? + y* = a? in the first quadrant 


(b) Negative 21. 4 


23. 
29. 


€ — cos 1 — sin 1 


2 
37s 


25. 0.5424 27. 94.8231 


31. 0 


EXERCISES 16.5 ™ PAGE 1168 
1. (a) 0 (b) y2z? + x72? + x*y? 


3. (a) ze*i 


(xye* 


yze") j 


xe’ k 


(b) y(e* + e*) 


: ee ae: 
+o Gey Gd+er @aayr 
1 1 1 


b 
e 2/x(1 +z) 


2wy(ltx)  2vz(1+y) 
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7. (a) (—e’ cos z, —e* cos x, —e* cos y) 

(b) e‘siny + e’sinz + e* sinx 

9. (a) Negative (b) culF=0 

11. (a) Zero _(b) curl F points in the negative z-direction. 
15. f(x,y, z) = x?y2z?7 + K 

17. f(x, y,z) =xIny+ylInz+K 

19. Not conservative 21. No 


EXERCISES 16.6 = PAGE 1180 
1. P: yes; Q: no 


3. Plane through (0, 3, 1) containing vectors (1, 0, 4), (1, —1, 5) 


5. Circular cone with axis the z-axis 


7. 
v constant 
° aw, 
a se SY a 
| PEL 
—2 
(.. me 
u constant y 1 
9. 
1 
fee » 
4 
oH 
LWW dc 
[~~ v constant 
11. = 
TSN hw 
1 AN 
WX 
[NXY 
v constant 
-1 
-1 
u constant 
13. IV 15. I 17. Il 
19. x=uy=v—U,zZ v 
21. y=y,z=2,x L+y? + }2? 
23. x =2sind cos 0, y =2 sing sin 9, 
z= 2cos $,0< $< 7/4,0 <0 < 20 
Orx = X,Y = y,Z 4 = x2= y?, x? ty? <2] 


APPENDIXH Answers to Odd-Numbered Exercises A139 


25. x = 6sin ¢ cos 6, y = 6 sin ¢ sin 0, z = 6 cos &, 
t/6<6<7/2,0S$0527 


1 
eh) z sin 6, 


I Ex 


—25x52,05$0527 


31. (a) Direction reverses (b) Number of coils doubles 

33. 3x-—yt+3z=3 3s, V3, a = 
2 2 3 

37. -—xt+2z2=1 393/14 41. /l4r 

43. 463°? - 277 +1) 45. (2n/3)(2,/2 — 1) 

47 

53. 3.5618 55. (a) ~24.2055 = (b) 24.2476 


57. 5/14 + Sinf(iiy3 + 3/70)/(3y3 + V70)| 


59. (b) 


(c) 0” [o V/36 sin‘u cos’v + 9 sintu sin2v + 4 cos?u sin2u du dv 


61.47 63. 2a%(a — 2) 


EXERCISES 16.7 = PAGE 1192 
1. ~-6.93 3.9007 35.11/14 7. 3(2V2 - 1) 
9.171414 11. 21/3 13. (7 /120)(25./5 + 1) 
15. jV21-HV17 17. 167 —sd19.0——21. 4 
23.3025. $a «= 27.0 3929. 48S 31. 2 + § 
33. 4.5822 35. 3.4895 

37. |/,F + dS = ||, [P(ah/ax) — Q + R(ah/dz)] dA, 
where D = projection of S onto xz-plane 

39. (0, 0, a/2) 7 

A1. (a) I. = [f, (x? + y?)p@y,z) dS (b) 4329./20/5 


43. Okg/s 45. Sara%eq = 47. 124807 
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(7/6657 — 1) 49.4 51. wR? < A(S) < 3 TR? 


A140 APPENDIXH_ Answers to Odd-Numbered Exercises 


EXERCISES 16.8 ™ PAGE 1199 13. (—2, ~) 15. [—1, ©) 
3.167 5.0 7-1 9% -% [SS —_—-——— 


11. 87 13. 7/2 
15. (a) 8177/2 = (b) 


17. (3, %) 19. (2,6) 
5 , 5 jy 
= 3 2 6 
z0 : 
21. (0, 1] 23. [-1,4) 
5 
~2 o— > —— > 
290 0 01 st gl 
F 2 2 x 2 
(c) x = 3cost,y = 3 sint, 1 
z=1-— 3(cos¢ + sinn), 25. (—~, 1) U (2, ) 27. [=1,4] 
Qsts2n > o—$—> > 
1 2 —1 aly 
2 


29. (—o, 00 31. (-3, V3) 


-\3 0 3 
17. —327 19. —7 21. 3 
33. (—~, 1] 35. (—1,0) U (1, %) 
EXERCISES 16.9 = PAGE 1206 
—____———_e——— TO? 020 0 
1.5 3.2567/3 5.3 7. 9n/2 9.0 0 1 1 01 
Wa) 13.1615. syabc(a + 4) 17. 2 
19. 137/20 21. Negative at P1, positive at P, 37. (—~, 0) U (4, «) 
23. div F > 0 in quadrants I, I; div F < 0 in quadrants III, IV 
—_—_—_—_—_—_— 
01 
CHAPTER 16 REVIEW ® PAGE 1209 a 


True-False Quiz 
1. False 3. True 5. False 7. False 


39. 1|O<C < 35 41. (a) T= 20 —- 10h,0 Sh S12 
9. True 11. True 13. False 


3 
(bo) -30°C <T<20°C = 43. +$— 45. 2, -3 
Exercises 47. (—3, 3) 49. (3,5) 51. (—2%, —7] U [-3, ») 
1. (a) Negative (b) Positive 3.6/10 5.45 53. [13,17] 55. [—4, -1] U [1.4] 


Le 84g = 4 11. =e +xe%+K 
3 D /e f(% y) err xe 57. x = (a + b)c/(ab) 59. x >(c — by/a 
13.0 15.0 17. —87 25. ¢(27—5,/5) 


27. era +1) 29. -647/3 31. 0 EXERCISES B = PAGE A15 
33. —5 35. 47 37. —4 39. 21 1.5 3. /74 5. 24/37 7.2 9. -2 


PROBLEMS PLUS ® PAGE 1213 17. y 19. 
4/27? 
7. (a) 2 Ge ane? 
25 
APPENDIXES 


EXERCISES A ™ PAGE AQ 


1.18 3.7 55-J5 7%2-x 21.y=6x-15 23. 2x-3y+19=0 

e+ I for x= -1 25. 5x+y=11 27. y=3x-2 29. y=3x-—3 
9. |x+1])= Wx? +1 

=x4£> 1 forx<-1 31. y=5 33. x + 2y+ 11 =0 35. 5x — 2y+1=0 
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APPENDIX H Answers to Odd-Numbered Exercises 


37. m = -}, 39. m= 0, 41, m = 3, 15. Hyperbola 17. Ellipse 
b= b= -2 b= -3 


bn 
> 
ay 


| A3 
43. vA 45. vf 
| 
| 
_ aaa 
0 x | x 
| 
YA 
yas 23. Hyperbola 25. Ellipse 
yA YA 
x=2 
0 x 0 ‘3 
x 
27. Parabola 29. Parabola 
YA 
53. (0, —4) 55. (a) (4,9) (b) (3.5, —3) 57. (1, —2) (3, 4) 
59. y=x-3 61. (b) 4x — 3y — 24=0 
0 x 


EXERCISES C # PAGE A23 

1. (x — 3h + (y + 12? = 25 3. x7 + y? = 65 
5. (2,-5),4 7. (-3,0),2 9% (3, -4), 10/4 
11. Parabola 13. Ellipse 


YA 


35. y=x> — 2x 
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A141 


A142 APPENDIXH Answers to Odd-Numbered Exercises 


37. 39. 67. 17/4, 37/4, 57/4, 7717/4 69. 77/6, 7/2, 57/6, 3717/2 
71. 0, 7, 277 73. 0 <x S m/6and5z/6 <x S27 
75. 0 <x < w/4, 30/4 <x < 50/4,70/4 <x <27 
77. ZC = 62°, a ~ 199.55, b = 241.52 

79. ~1355m 81. 14.34457 cm? 


83. ‘ 


EXERCISES D ™ PAGE A33 
1.77/6 3. 7/20 5.57 7. 720° 9 75° 
11. —67.5° 13. 37cm ~—-'15. } rad = (120/7)° 

17. YA y 


85. y 


rls 
RY 


21. YA 


2 rad 


23. sin(37/4) = 1//2, cos(37/4) = —1//2, tan(3a/4) = -1, 


esc(37r/4) = /2, sec(37r/4) = —/2, cot(37/4) = -1 1 f1+ 724+ 734+ 744/75 3. 34+ 3°54 3° 
25. sin(97/2) = 1, cos(97/2) = 0, csc(97/2) = 1, 5-1 +542 t3eh 7, 14 204 3% 4... 4 72 

= 10 
cot(97/2) = 0, ae and sec(97r/2) undefined 9.1-14+1—-14-64 (0 WSs 
27. sin(57/6) = 5, cos(57/6) = —/3/2, tan(S7/6) = —1/V3, i=l 

i i= 19 * n > n 

esc(57r/6) = 2, sec(577/6) = —2/./3, cot(57/6) = —/3 13. ¥- : 15. 32: 17. 32! 19. Sx! 
29. cos 0 4, tan 0 3, csc 0 3, sec 0 3, cot 6 ; ei it a i-0 fl 


21.80 23.3276 25.0 27.61 29% n(nt+ 1) 
31. n(n* + 6n + 17)/3 33. n(n*> + 6n + 11)/3 

35. n(n? + 2n* — n — 10)/4 

Al. (an? (b)5™-1 |} A @Ma-a 


31. sind = 5/3, cos b = —3, tang = —/5/2, 
esc & = 3/,/5, cot = —2/\/5 
33. sinB = —1//10, cos B = —3/,/10, tan B =} 


Rep = aw Weeee p= 10/9 43.5 45.14 49. 2" +n? +n-2 
35. 5.73576cm —- 37. 24.62147 cm 

59. 4(4+ 6/2) 61. 4(3 + 8y2) EXERCISES G ™ PAGE A59 

63.3 = 65. 1/3, 51/3 1. (b) 0.405 
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Index 


RP denotes Reference Page numbers at the front and back of the book. 


Abel, Niels, 213 
absolute maximum and minimum, 
280, 284 


absolute maximum and minimum values, 


280, 284, 1008, 1014, 1015 
absolute value, 14, 126, A6 
absolute value function, 14 
absolutely convergent series, 769 


business and economics, 341, 937, 943, 
973, 1027 

economics and biology, 587 

engineering, 576 

exponential functions, 48 

integration, 435, 559 

physics, 256, 815, 576 

Taylor polynomials, 811 


area, 2, 377 
of a circle, 502 
under a curve, 372, 377, 385 
between curves, 435, 436, 438, 439 
of an ellipse, 501 
by exhaustion, 2, 97 
by Green’s Theorem, 1156, 1157 
enclosed by a parametric curve, 675 


acceleration of a particle, 916 
components of, 919 
as a vector, 916 
acceleration as a rate of change, 160, 226 
adaptive numerical integration, 538 
addition formulas for sine and 


approach path of an aircraft, 209 
approximate integration, 529 
approximating cylinder, 449 
approximating functions by 
polynomials, 811 
approximating surface, 568 


of a plane region, 1156 

in polar coordinates, 661, 694, 1065 
of a region, 694 

of a sector of a circle, 694 

surface (see surface area) 

of a surface of a revolution, 567, 575 


cosine, A29 approximation area function, 398 
addition of vectors, 836, 840 by differentials, 254 area problem, 2, 372 
Airy, Sir George, 794 to e, 180, 390 arithmetic-geometric mean, 737 


Airy function, 794 
algebraic function, 29 
algebraic vector, 839 
allometric growth, 628 
alternating harmonic series, 767, 770 
alternating series, 765, 768, 769 
Alternating Series Estimation Theorem, 
768, 769 
Alternating Series Test, 766, 768, 780 
Ampeéere’s Law, 1144 
analytic geometry, All 
angle, A24 
between curves, 277 


linear, 254, 976, 980 

by the Midpoint Rule, 391, 530 

by Newton’s method, 351 

by an nth-degree Taylor 
polynomial, 258 

polynomial, 260 

quadratic, 260 

by Riemann sums, 386 

by Simpson’s Rule, 534, 535 

tangent line, 254 

by Taylor polynomials, 811, 812 

by Taylor’s inequality, 812, 814 

by the Trapezoidal Rule, 531 


arrow diagram, 9 
astroid, 215, 673 
asymptote(s), 321, 322 

in graphing, 321 

horizontal, 127, 128, 321 

of a hyperbola, 706, A20 

slant, 321, 326 

vertical, 89 90, 321 
asymptotic curve, 329 
autonomous differential equation, 616 
average blood alcohol 

concentration (BAC), 208 

average cost function, 346 


of deviation, 289 

negative, A25 

between planes, 869 

positive, A25 

standard position, A25 

between vectors, 848, 849 
angular momentum, 925 
angular speed, 918 
antiderivative, 356, 357 
antiderivatives, graphing, 360 
antidifferentiation formulas, 358 
aphelion, 716 
apolune, 709 
application(s) 

areas between curves, 441 


Archimedes, 97, 418 
Archimedes’ Principle, 481, 1207 
arc length 
of a curve, 560 
of a parametric curve, 676 
of a polar curve, 697 
of a space curve, 904 
arc length contest, 567 
arc length formula, 561 
arc length formula for a space 
curve, 904 
arc length function, 563, 905 
arc length function for a parametric 
curve, 678 
arcsine function, 62 


average productivity, 238 

average rate of change, 146, 225 

average speed of molecules, 551 

average value of a function, 473, 594, 1047 
over a solid region, 1095 

average velocity, 4, 80, 143, 226 

axes, coordinate, 830, All 

axes of an ellipse, A19 

axis of a parabola, 703 


bacterial growth, 631, 636 
Barrow, Isaac, 3, 97, 152, 399, 404, 418 
base of a cylinder, 447 
base of a logarithm, 57, A51 
change of, 60 
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baseball and calculus, 476 
basis vectors, 841 
Bernoulli, James, 621, 646 
Bernoulli, John, 311, 319, 621, 796, 800 
Bernoulli differential equation, 646 
Bessel, Friedrich, 791 
Bessel function, 216, 791 
Bézier, Pierre, 684 
Bézier curves, 666, 684 
binomial coefficients, 803 
binomial series, 803 
discovery by Newton, 811 
binomial theorem, 175, 526, 811, rP1 
binormal vector, 909, 911 
biology, rates of change in, 230 
bird, minimizing energy of, 350 
blackbody radiation, 820 
blood flow, 232, 348, 588 
body mass index (BMI), 949, 965 
Bohr radius, 599 
boundary curve 
in double integrals, 1052 
positively oriented, 1154, 1195 
bounded sequence, 732, 733 
bounded set, 1014 
Boyle’s Law, 236, 253 
brachistochrone problem, 667 
Brahe, Tycho, 921 
branches of a hyperbola, 706, A20 
Buffon’s needle problem, 604 
bullet-nose curve, 206 


C'! transformation, 1109 
cable (hanging), 262 
calculator, graphing with 329, 690 
calculus, 8 
differential, 4 
integral, 3 
invention of, 8 
calculus of rainbows, 289 
cancellation equations 
for inverse functions, 56 
for inverse trigonometric functions, 
58, 62 
for logarithms, 57 
can, minimizing manufacturing cost 
of, 349 
Cantor, Georg, 750 
Cantor set, 750 
capital formation, 591 
cardiac output, 589 
cardioid, 215, 688 


carrying capacity, 238, 301, 318, 607, 633 


Cartesian coordinate system, 684, 
688, All 
relationship to polar coordinates, 686 


Cartesian plane, Al1 
Cassini, Giovanni, 694 
catenary, 262, 566, 846 
Cauchy, Augustin-Louis, 109, 1044, 
1111, A47 
Cauchy principal value of an 
integral, 551 
Cauchy-Schwarz Inequality, 854, 1028 
Cauchy’s Mean Value Theorem, A47 
Cavalieri, 535 
Cavalieri’s principle, 459 
center of curvature, 910 
center of gravity, 578. See also center 
of mass 
center of mass, 558, 578, 1070, 
1071, 1134 
of a lamina, 1071 
of a plate, 581 
of a solid, 1091 
of a surface, 1184 
of a wire, 1134 
centripetal acceleration, 930 
centripetal force, 930 
centroid, 580 
of a curve, 586 
of a plane region, 562 
of a solid, 1091 
Chain Rule, 199, 200, 201, 205 
for several variables, 985, 
987, 988 
change of base, formula for, 60 
change of variable(s) 
in a double integral, 1109, 1112 
in integration, 419 
in a triple integral, 1097, 1098, 1104, 
1114, 1115 
chaotic behavior of a sequence, 738 
charge, electric, 228, 1070, 1091 
charge density, 1070, 1091 
chemical reaction, 229 
circle, Al6 
area of, 502 
equation of, Al17 
osculating, 910 
circle of curvature, 910 
circular cylinder, 447 
circular paraboloid, 880 
circulation of a velocity field, 1198 
cissoid of Diocles, 215, 671, 693 
Clairaut, Alexis, 967 
Clairaut’s Theorem, 967, A2 
Clarke, Author C., 926 
Clarke geosynchronous orbit, 926 
clipping planes, 874 
closed curve, 1146 
closed interval, A3 


Closed Interval Method, 282 
for a function of two variables, 
1014, 1015 
closed set, 1014 
closed surface, 1188 
Cobb, Charles, 936 
Cobb-Douglas production function, 937, 
943, 973, 1027 
graph of, 938 
level curves for, 943 
cochleoid, 720 
coefficient(s) 
binomial, 803 
of friction, 198, 288 
of inequality, 445 
leading, 25 
of a polynomial, 25 
of a power series, 782 
of a series, 782 
of static friction, 887 
coffee cups as surfaces of 
revolution, 587 
collision and intersection 
of particles, 671 
of particles in space, 897 
collision point, 671 
combinations of functions, 40 
comets, orbits of, 718 
common polar curves, 691 
common ratio of a geometric series, 742 
comparison properties of the integral, 393 
comparison test for improper 
integrals, 548 
Comparison Test for series, 760, 779 
Comparison Theorem for 
integrals, 548 
Completeness Axiom, 734 
component of b along a, 851 
component function, 890, 1125 
components of acceleration, 919 
components of a vector, 838, 851, 919 
composition of functions, 41, 200 
continuity of, 121, 958 
derivative of, 201 
compound interest, 241, 317 
compressibility, 230 
concavity, 300 
Concavity Test, 300, A47 
concentration, 229, 289 
conchoid, 668, 693 
conditionally convergent series, 769, 
770, 774 
conductivity (of a substance), 1192 
conductivity, thermal, 629 
cone, 702, 879 
parametrization of, 1174 
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conic section, 702, 711 
directrix, 703, 711 
eccentricity, 711 
focus, 703, 704, 711 
in polar coordinates, 711 
polar equation, 713 
shifted, 707, A21 
unified description, 711 
vertex (vertices), 703 
conics, 702 
connected region, 1113 
conservation of energy, 1150 
conservative vector field, 1129, 1147, 
1148, 1163 
constant force, 852 
constant function, 174 
Constant Multiple Law of limits, 
95, 728 
Constant Multiple Rule, 177 
constant spring, 468 
constraint, 1020, 1025 
consumer surplus, 587 
continued fraction expansion, 738 
continuity 
of a function, 115 
of a function of three variables, 959 
of a function of two variables, 957 
on an interval, 118 
from the left or right, 117 
of a vector function, 891 
continuous function, 98, 115 
integration of, 520 
continuous random variable, 592 
contour curves, 939 
contour map, 939, 940 
convergence 
absolute, 774 
conditional, 774 
of an improper integral, 543, 546 
interval of, 783 
radius of, 783 
of a sequence, 726 
of a series, 740 
convergent improper integral, 
546, 549 
convergent sequence, 726, 740 
convergent series, 740 
properties of, 728, 746 
conversion of coordinates 
cylindrical to rectangular, 1096 
rectangular to cylindrical, 1096 
rectangular to spherical, 1102 
spherical to rectangular, 1102 
cooling tower, hyperbolic, 881 
coordinate axes, 830, All 
coordinate planes, 830 


coordinate system, A2 

Cartesian, All 

cylindrical, 1096 

polar, 684 

rectangular, All 

spherical, 1102 

three-dimensional rectangular, 830, 831 
coplanar vectors, 860 
Coriolis acceleration, 929 
corner reflector, 846 
Cornu’s spiral, 682 
cosine function, A26 

derivative of, 194 

graph of, 30, A33 

power series for, 800, 802 
cost, marginal, 233 
cost function, 233, 341 
Coulomb’s constant, 819 
Coulomb’s Law, 328 
critical number, 282, 284 
critical point(s), 1009, 1019 
cross product, 855 

direction of, 857 

geometric characterization of, 858 

length of, 857 

magnitude of, 858 

properties of, 857, 859 
cross-section, 447 
cross-section of a surface, 875 
cubic function, 26 
curl of a vector field, 1161, 1162 
current, 228 
curvature, 683, 906, 907, 908, 911 
curvature of a plane parametric 

curve, 914 

curve(s), 664 

angle between, 277 

area between, 436 

asymptotic, 328 

Bézier, 666, 684 

boundary (see boundary curve) 

bullet-nose, 206 

cissoid of Diocles, 693 

closed, 1146 

contour, 939 

Cornu’s spiral, 682 

demand, 587 

devil’s, 213 

dog saddle, 949 

Ebbinghaus forgetting curve, 239 

epicycloid, 673 

equipotential, 949 

families of implicit, 217 

grid, 1172 

helix, 892, 900 

learning, 234, 612, 647 


INDEX A145 


length of, 560, 904 
level, 939 
longbow, 670 
monkey saddle, 949 
orientation of, 1136, 1154 
orthogonal, 216 
ovals of Cassini, 694 
parametric, 662 
piecewise-smooth, 1133 
polar, 691 
serpentine, 190 
simple, 1147 
smooth, 560, 906 
space, 891 
strophoid, 700, 721 
swallowtail catastrophe, 672 
toroidal spiral, 893 
trochoid, 670 
twisted cubic, 894 
witch of Maria Agnesi, 671 
curve fitting, 23 
curve-sketching 303, 
procedure for, 320 
cusp, 673 
cycloid, 666 
cylinder, 4, 832, 875 
parabolic, 875 
parametrization of, 1173 
rulings of, 875 
cylinders, intersection of, 1101 
cylindrical coordinate system, 1096 
conversion equations for, 1096 
triple integrals in, 1097 
cylindrical coordinates, 1096 
cylindrical shell, 460, 463 
cylindrical shells, method of, 460 


decay, exponential, 239 
decay, law of natural, 239 
decay, radioactive, 241 
decreasing function, 16, 17 
decreasing sequence, 732 
definite integral, 384 
evaluating, 387 
properties of, 391 
review of, 1038 
Substitution Rule for, 423 
of a vector function, 901 
definite integration 
by parts, 486, 487, 488, 489 
by substitution, 423 
degree of a polynomial, 25 
del (V), 997, 999 
delta (A) notation, 146 
demand curve, 341, 587 
demand function, 341, 587 
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density 
of a lamina, 1069 
linear, 228, 413 
liquid, 576 
mass vs. weight, 576 
of a solid, 1091 
dependent variable, 9, 934, 987 
derivative(s), 140, 144 
of a composite function, 200 
of a constant function, 174 
directional (see directional derivative) 
domain of, 153 
of an even function, 165 
of exponential functions, 174, 204, 
A56 
as a function, 153 
higher, 159 
higher partial, 966 
of hyperbolic functions, 261, 263 
of an increasing or decreasing 
function, 297 
of an integral, 399 
of an inverse function, 217 
of an inverse hyperbolic function, 265 
of inverse trigonometric functions, 
217, 220, 223 
left-hand, 165 
of logarithmic functions, 217, A57 
of natural exponential function, 180 
normal, 1169 
notation, 156, 963 
of an odd function, 165 
partial, 961 
of a polynomial, 174 
of a power function, 174 
of a power series, 789 
of a product, 185, 186 
of a quotient, 187 
as arate of change, 140 
right-hand, 165 
second, 159, 900 
second directional, 1007 
second partial, 967 
and the shape of a graph, 296 
as the slope of a tangent, 140, 147 
third, 160 
of trigonometric functions, 191, 194 
of a vector function, 898, 900 
Descartes, René, Al 1 
descent of aircraft, determining 
start of, 209 
determinant, 855, 856 
deviation, angle of, 289 
devil’s curve, 215 
Difference Law of Limits, 95, 728 
difference quotient, 10 


Difference Rule, 178 
difference of vectors, 838 
differentiable function, 156 
failure to be, 158 
of two variables, 977 
differential, 254, 256, 420, 979, 981 
differential calculus, 4 
differential equation, 183, 239, 359, 605, 
606, 608, 609 
autonomous, 616 
Bernoulli, 646 
family of solutions, 606, 607, 610 
first-order, 608 
general solution of, 610 
linear, 642 
logistic, 633 
modeling population growth with, 606 
order of, 608 
partial, 968 
second-order, 608 
separable, 621 
solution of, 608 
differentiation, 156, 173 
formulas for, 189, RPS 
formulas for vector functions, 900 
implicit, 209, 210, 966, 990 
as an inverse process of integration, 405 
logarithmic, 220 
partial, 961, 962, 963, 966 
of a power series, 788 
term-by-term, 788 
of a vector function, 898, 900 
differentiation operator, 156 
diffusion equation, 972 
Direct Comparison Test, 760 
Direct Substitution Property, 98 
directed line segment, 836, 839 
direction angles, 850 
direction cosines, 850 
direction field, 612, 613 
direction of most rapid decrease, 1006 
direction numbers, 866 
directional derivative, 994, 995, 
996, 999 
maximum value of, 1000 
second, 1007 
of a temperature function, 994, 996 
directrix, 703, 711 
discharge (flux), 589 
discontinuity, 115, 116 
discontinuous function, 115 
discontinuous integrand, 546 
disk method for approximating 
volume, 449 
disks and washers vs. cylindrical shells, 
computing volume by, 463 


dispersion, 289 
displacement, 143, 413 
displacement vector, 836, 837, 852 
distance 
between parallel planes, 871, 874 
between point and line in space, 
854, 863 
between point and plane, 863, 
870, 871 
between points in a plane, All 
between points in space, 833 
between real numbers, A7 
between skew lines, 871 
distance formula, A12 
in three dimensions, 833 
distance problem, 379 
distinct linear factors, 508 
divergence 
of the harmonic series, 750 
of an improper integral, 543, 546 
of an infinite series, 740 
of a sequence, 726 
of a vector field, 1165 
Divergence, Test for, 744, 779 
Divergence Theorem, 1201, 1208 
divergent improper integral, 543, 546 
divergent sequence, 726 
divergent series, 740 
division of power series, 807 
DNA, helical shape of, 892 
dog saddle, 949 
domain, determining in curve sketching, 
320, 322 
domain convention, 13 
domain of a function, 8 
of three variables, 944 
of two variables, 934 
of a vector function, 890 
domain sketching, 934 
doomsday equation, 640 
Doppler effect, 993 
dot product, 847 
in component form, 847 
properties of, 848 
in vector form, 848 
double-angle formulas, A29 
double helix, 892 
double integral(s), 1038, 1040 
applications of, 1069 
change of variables in, 1063, 
1109, 1112 
over general regions, 1051 
Midpoint Rule for, 1042 
in polar coordinates, 1063, 
1064, 1065 
properties of, 1058, 1059 
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over rectangles, 1038 
volumes and, 1038 
double Riemann sum, 1041 
Douglas, Paul, 936 
drug response curve, 308 
dye dilution method, 589 


e (the number), 50, 180, A54 

as a limit, 221 

as a sum of an infinite series, 800 
Ebbinghaus, Hermann, 239 
Ebbinghaus forgetting curve, 239 
eccentricity, 711 
economic applications, rates of 

change in, 233 
Einstein’s theory of special 
relativity, 815 

electric charge, 1070, 1091 
electric circuit, 620, 623, 644 
electric current to a pulse laser, 79 
electric field (force per unit charge), 1128 
electric field E, 895, 1204 
electric flux, 1191, 1204 
electric force, 1128 
element of a set, A3 
elementary function, integrability of, 521 
elimination of a parameter, 663 
ellipse, 215, 704, 711, A19 

area, 501 

directrix, 711 

eccentricity, 711 

foci, 704, 711 

major axis, 705, 716 

minor axis, 676 

polar equation, 713, 716 

reflection property, 705, 710 

rotated, 216 

vertices, 705 
ellipsoid, 877, 879 
elliptic paraboloid, 879 

parametrization of, 1174 
elusive limit, evaluation of, 810 
empirical model, 23 
end behavior of a function, 139 
endpoint extreme values, 281 
energy 

conservation of, 1150 

kinetic, 477, 1151 

potential, 1151 
epicycloid, 672, 673 
epistola posterior, 811 
epistola prior, 811 
epitrochoid, 682, 722 
equation(s) 

cancellation, 56 

of a circle, A17 


of degree n, 213 
diffusion, 972 
of an ellipse, 705, 713, 716, A19 
of a graph, Al6, A17 
heat conduction, 972 
of a hyperbola, 706, 707, 713, A20 
integral, 627 
Laplace’s, 968, 1112 
of a line, A12, A13, Al4, A16 
of a line in space, 865 
of a line through two points, 866 
linear, A14 
linear, of a plane, 868 
logistic difference, 738 
logistic differential, 607 
Lotka-Volterra, 649 
nth-degree, 213 
of a parabola, 703, 713, A18 
parametric, 662, 865, 891 
of a plane, 868 
of a plane through three points, 869 
point-slope, A1l2 
polar, 687, 713 
predator-prey, 649 
second-degree, A16 
of a space curve, 891 
of a sphere, 833 
slope-intercept, A13 
symmetric, 866 
two-intercept form, A16 
van der Waals, 972 
vector, of a line, 865, 867 
wave, 968 
equilateral hyperbola, A21 
equilibrium point, 651 
equilibrium solution, 607, 650 
equipotential curves, 949 
equivalent vectors, 836 
error 
in approximate integration, 532, 533 
percentage, 258 
relative, 258 
in Taylor approximation, 812 
error bounds, 531, 533 
error estimate 
for alternating series, 768 
for the Midpoint Rule, 532, 533 
for Simpson’s Rule, 537 
for the Trapezoidal Rule, 532, 533 
error function, 408 
error tolerance, 106 
escape velocity, 551 


estimate of the sum of a series, 755, 763, 


768, 775 
of an alternating series, 768, 775 
Euclid, 97 
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Eudoxus, 2, 97, 418 
Euler, Leonhard, 52, 279, 618, 752, 
759, 1121 
Euler’s method, 612, 616, 617 
evaluating definite integrals, 387 
even function, 16, 320 
expected values, 1076, 1077 
exponential decay, 239 
exponential function(s), 31, 48, 179, 204, 
AS53, A55, RP4 
with base b, A55 
derivative, of 174, 201, A55 
graphs of, 45 
integration of, 389, 419, 420, 805, 806 
limits of, 127, A54 
power series for, 796 
properties of, A54, A56 
exponential graph, 44 
exponential growth, 239, 636 
exponents, laws of, 47, A54, A56 
extended product rule for three 
functions, 191 
extrapolation, 25 
extreme value, 280 
Extreme Value Theorem, 281, 1014 


family 
of epicycloids and hypocycloids, 
672, 673 
of exponential functions, 45 
of functions, 27, 333, 334 
of implicit curves, 217 
of parametric curves, 667 
of polar curves, 694 
of solutions, 606, 607 
fat circles, 214, 567 
Fermat, Pierre, 3, 152, 282, 418, All 
Fermat’s Principle, 347 
Fermat’s Theorem, 282, 283 
Fibonacci, 725, 737 
Fibonacci sequence, 725, 737 
field 
conservative, 1129, 1147, 1148, 1163 
electric (force per unit charge), 1128 
force, 1124, 1128 
gradient, 1128 
gravitational, 1128, 1145 
incompressible, 1166 
irrotational, 1164 
scalar, 1125 
vector (see vector field) 
velocity, 1124, 1164 
First Derivative Test, 298 
for Absolute Extreme Values, 339 
first-degree Taylor polynomial, 1019 
first octant, 830 
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first-order linear differential equation, 608, 


641, 642 
first-order optics, 817 
fixed point of a function, 172, 296 
floor function, 101 
flow lines, 1131 
fluid flow, 1127, 1164, 1165, 1166, 
1198, 1205 
flux, 589, 1189, 1191 
flux integral, 1189 
FM synthesis, 333 
foci, 704, 706 
focus, 704, 711 
of a conic section, 711 
of an ellipse, 704, 705, 711 
of a hyperbola, 706, 711 
of a parabola, 703, 711 
folium of Descartes, 210, 721 
force, 467 
centripetal, 930 
constant, 852 
exerted by fluid, 577 
resultant, 842 
torque, 861, 925 
force field, 1124, 1128 
Fourier, Joseph, 234 
Fourier series, finite, 500 
four-leaved rose, 689 
fractions (partial), 507, 508 
Frenet-Serret formulas, 915 
Fresnel, Augustin, 402 
Fresnel function, 402 
friction, coefficient of, 198 
frustum, 457, 458 
Fubini, Guido, 1044 
Fubini’s Theorem 
for double integrals, 1044 
for triple integrals, 1083 
function(s), 8 
absolute value, 14 
Airy, 794 
algebraic, 29 
arc length, 560, 905 
arcsine, 62 
area, 398 
arrow diagram of, 9 
average cost, 346 


average value of, 473, 594, 1047, 1095 


Bessel, 216, 791 


Cobb-Douglas production function, 937, 


938, 943, 973, 1027 
combinations of, 40 
component, 890, 1125 
composite, 41, 199, 958 
constant, 174 
continuity of, 115, 891, 957, 959 


continuous, 891, 957, 959 

continuous, integration of, 520 

continuous properties, 117 

cost, 233, 341 

cubic, 26 

decreasing, 16 

demand, 341, 587 

derivative of, 144, 153 

differentiability of, 156, 977 

discontinuous, 115 

domain of, 8, 890, 934, 944 

elementary, 521 

empirical, 23 

end behavior of, 139 

epicycloids, 672 

error, 408 

escape velocity, 629 

even, 16, 165, 320 

exponential, 31, 45, 48, 51, 179, A53, 
A55, RP4 

extreme values of, 280 

family of, 27, 333, 334 

fixed point of, 172, 296 

Fresnel, 402, 408 

Gompertz, 638, 641 

gradient of, 997, 999 

graph of, 9, 937 

greatest integer, 101 

harmonic, 968, 1169 

Heaviside, 45 

homogeneous, 993 

hyperbolic, 263 

implicit, 209 

increasing, 16, 17 

integrable, 1040 

inverse, 54, 55 

inverse cosine, 63 

inverse hyperbolic, 264 

inverse sine, 62 

inverse tangent, 63 

inverse trigonometric, 61, 64, 222, 223 

joint density, 1074, 1091 

limit of, 83, 105, 951, 952, 959 

linear, 22, 937 

logarithmic, 31, 57, A51, A56 

machine diagram of, 11 

marginal cost, 233, 341, 413 

marginal profit, 341 

marginal revenue, 341 

maximum and minimum values of, 
280, 1008 

of n variables, 945 

natural exponential, 51, 180, A53 

natural logarithmic, 59, A51 

nondifferentiable, 158 

normal density, 308 


odd, 16, 165, 320 
one-to-one, 54 
periodic, 321 
piecewise defined, 14 
polynomial, 25 
polynomial, of two variables, 955 
position, 142 
potential, 1129 
power, 27, 174 
power series representation for, 791 
probability density, 592, 1074 
profit, 336 
quadratic, 25 
ramp, 45 
range of, 8 
range, of two variables 934 
rational, 29, 518 
rational, of two variables 955 
reciprocal, 28 
reflected, 37 
representation as a power series, 787 
representation by a Taylor series, 797 
representations of, 8, 10 
revenue, 341 
root, 27 
rules for defining, 13 
of several variables, 934, 944, 
945, 966 
shifted, 37 
signum, 103 
sine integral, 408 
smooth, 560 
step, 16 
stretched, 37 
symmetric, 424 
tabular, 11 
of three variables, 944, 966 
transcendental, 30 
transformation of, 36 
translation of, 37 
trigonometric, 30, A26 
of two variables, 934 
value of, 8, 9 
vector, 890 
function notation, 8 
Fundamental Theorem of Calculus, 
399, 405 
for double integrals, 1154 
for line integrals, 1144 
Part 1, 399, 400 
Part 2, 402, 403 
summary of higher-dimensional 
versions, 1208 
for surface integrals, 1195 
for vector functions, 902 
future value of income, 591 
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G (gravitational constant), 236, 472 
Gabriel’s horn, 551, 574 
Galileo, 667, 676, 703 
Galois, Evariste, 213 
Gause, G. F., 636 
Gauss, Karl Friedrich, 817, 1201, A37 
Gaussian optics, 817 
Gauss’s Law, 1191, 1205 
Gauss’s Theorem, 1201 
general region, integration over, 1052 
geometric series, 742, 779 
geometric vector, 836, 839 
geometry of a tetrahedron, 864 
geosynchronous orbit, 926 
Gibbs, Josiah Willard, 842 
Gini, Corrado, 445 
Gini coefficient, 445 
Gini index, 445 
global maximum and minimum, 280 
Gompertz function, 638, 641 
grad f, 997, 999 
gradient, 997, 999 
gradient, velocity, 732 
gradient vector, 997, 998, 999, 1004 
gradient vector field, 1004, 1128 
graph(s) 
of an equation, Al6, A17 
of equations in three dimensions, 
831, 832 
of exponential functions, 46, 179, RP4 
of a function, 9 
of a function of two variables, 937 
of logarithmic functions, 61, 62 
of a parametric curve, 662 
of a parametric surface, 1184 
polar, 687, 691 
of power functions, 27, RP3 
of a sequence, 730 
of a surface, 1184 
of trigonometric functions, 30, A32, RP2 
gravitation law, 236, 472 
gravitational acceleration, 467 
gravitational field, 1128, 1145 
great circle, 1107 
greatest integer function, 101 
Green, George, 1155 
Green’s identities, 1169 
Green’s Theorem, 1154, 1208 
extended versions, 1157 
for a union of simple regions, 
1157, 1158 
vector forms, 1167 
Gregory, James, 200, 497, 535, 
790, 796 
Gregory’s series, 790 
grid curves, 1172 


ground state, 599 
growth, exponential, 239 
growth, law of natural, 239, 631 
growth, population, 240 
growth rate, 239, 413 
relative, 240, 632 
guidelines for curve sketching, 320 
guidelines for integration, 517 


half-angle formulas, A30 
half-life, 48, 241 
half-space, 944 
Halley, Edmund, 931 
Hamilton, Sir William Rowan, 855 
hare-lynx system, 653 
harmonic function, 968, 1169 
harmonic series, 744, 754 
harmonic series, alternating, 767 
heat conduction equation, 972 
heat conductivity, 1192 
heat equation, 972 
heat flow, 1192 
heat index, 961 
Heaviside, Oliver, 86 
Heaviside function, 45 
helix, 892, 900 
hidden line rendering, 875 
higher derivatives, 159 
higher partial derivatives, 967 
homogeneous function, 993 
Hooke’s Law, 468, 607 
horizontal asymptote, 127, 321 
horizontal line, equation of, A13 
Horizontal Line Test, 54 
horizontal plane, 831 
horizontal shift of a function, 37 
Hubble space telescope, 287 
humidex, 947, 961 
Huygens, Christiaan, 667 
hydrostatic pressure and force, 576 
hydro-turbine optimization, 1030 
hyperbola, 215, 706, 711, A20 
asymptotes, 706, A20 
branches, 706, A20 
directrix, 711 
eccentricity, 711 
equation, 706, 707, 713, A20 
equilateral, A21 
foci, 706 711 
polar equation, 713 
reflection property, 710 
vertices, 706 
hyperbolic cosine, 261 
hyperbolic function(s), 261 
derivatives of, 263 
inverse, 264, 265 
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hyperbolic identities, 262 
hyperbolic paraboloid, 878, 879 
hyperbolic sine, 261 

hyperbolic substitution, 503, 504 
hyperboloid, 878, 879, 880, 881 
hypersphere, volume of, 1095 
hypervolume, 1089 
hypocycloid, 672 


i (standard basis vector), 841 
I/D Test, 297 
ideal gas law, 232, 972 
identities 
hyperbolic, 262 
product, for trigonometric integrals, 498 
trigonometric, 500, A28 
image of a point, 1109 
image of a region, 1109 
implicit differentiation, 209, 210, 966, 990 
implicit function, 209, 210 
Implicit Function Theorem, 990, 991 
improper integral, 543, 546 
comparison test for, 548 
convergence or divergence of, 544, 546 
impulse of a force, 477 
incompressible velocity field, 1166 
Increasing/Decreasing Test, 321 
increasing function, 16 
increasing sequence, 732 
increment, 146, 981 
indefinite integral(s), 409 
Substitution Rule for, 419 
table of, 410 
independence of path, 1145, 1146 
independent random variable, 1076 
independent variable, 9, 934, 987 
indeterminate difference, 314 
indeterminate forms of limits, 309, 
313, 314 
indeterminate powers, 315 
indeterminate product, 313 
index of summation, A36 
inequalities, rules for, A4 
inequality, coefficient of, 445 
inertia, moment of. See moment of inertia 
infinite discontinuity, 116 
infinite interval, 542, 543 
infinite limit, 89, 112, 133 
of a sequence, 728 
infinite sequence. See sequence 
infinite series. See series 
inflection point, 301, 321 
initial condition, 610 
initial point 
of a parametric curve, 663 
of a vector, 836 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A150 INDEX 


initial value of a growth function, 240 
initial-value problem, 610, 632 
inner product, 847 
input of a function machine, 9 
instantaneous rate of change, 80, 
146, 225 
instantaneous rate of growth, 230 
instantaneous rate of reaction, 229 
instantaneous velocity, 81, 143, 226 
integer, A2 
integrable function, 384, 1040 
integral(s) 
approximations to, 390 
change of variables in, 419, 1064, 
1097, 1103 
comparison properties of, 393 
conversion to cylindrical coordinates, 
1097, 1098 
conversion to polar coordinates, 1064 
conversion to spherical 
coordinates, 1103 
definite, 384 
definite, review of, 1038 
derivative of, 400 
double (see double integral(s)) 
equation, 627 
evaluation of, 387 
improper, 542 
indefinite, 409, 486 
iterated, 1043 
line (see line integral) 
patterns in, 528 
properties of, 391 
surface (see surface integral) 
of symmetric functions, 424 
table of, 485, 517, 523, RP6-10 
trigonometric, 493 
triple (see triple integral(s)) 
units for, 415 
integral calculus, 3 
integral equation, 627 
integral sign, 384 
Integral Test, 753, 780 
proof of, 757 
integrand, 384, 493 
discontinuous, 546 
integrating factor, 643 
integration, 384, 405 
approximate, 529 
of exponential functions, 
389, 422 
formulas, 485, 517, RP6—10 
indefinite, 409 
limits of, 384 
numerical, 538 
partial, 1043 


by partial fractions, 507 
by parts, 486, 487, 488, 489, 518 
of a power series, 788 
of powers of secant and tangents, 495 
of powers of sine and cosine, 493 
of rational functions, 507 
by a rationalizing substitution, 514 
with respect to x, 436 
with respect to y, 439 
reversing order of, 1043 
over a solid, 1084 
substitution in, 419 
with tables, 523 
techniques of, 485 
with technology, 523, 525 
term-by-term, 788 
of trigonometric functions, 493 
of a vector function, 901 
intercepts, 320, 322, A19 
interest compounded continuously, 243 
Intermediate Value Theorem, 122 
intermediate variable, 987 
interpolation, 25 
interpretations of a derivative, 234 
intersection 
of objects in space, 897 
of planes, 869 
of polar graphs, area of, 696 
of three cylinders, 1101 
intersection and collision of 
particles, 671 
intersection of sets, A3 
interval, A3 
interval of convergence, 783 
intervals of increase or decrease, 322 
invention of calculus, 8 
Newton and Leibniz, priority dispute 
between, 418 
inverse cosine function, 63 
inverse function(s), 54, 55 
inverse hyperbolic functions, 264 
inverse processes, differentiation and 
integration as, 405 
inverse sine function, 62 
inverse square field, 1153 
inverse square law, 28 
inverse tangent function, 63 
inverse transformation, 1110 
inverse trigonometric functions, 61, 62, 
217, 222, 223 
involute, 684 
irrational number, A2 
irreducible quadratic factor, 511 
repeated, 513 
irrotational vector field, 1164 
isobar, 940 


isothermal, 940 
isothermal compressibility, 230 
iterated integral, 1043 


j (standard basis vector), 841 
Jacobi, Carl Gustav Jacob, 1111 
Jacobian of a transformation, 1111 
jerk, 161 
joint density function 

of three variables, 1091 

of two variables, 1074 
joule, 467 
jump discontinuity, 116 


k (standard basis vector), 841 
kampyle of Eudoxus, 215 
Kepler, Johannes, 715, 921, 925 
Kepler’s Laws, 715, 921, 925 
kinetic energy, 477, 1151 
Kirchhoff’s laws, 614 


Lagrange, Joseph-Louis, 293, 294, 1021 
Lagrange multiplier, 1020 
with one constraint, 1020, 1021 
with two constraints, 1025 
Lagrange’s form of the remainder 
term, 799 
lamina, 580 
lamina (of variable density) 
center of mass of, 1071 
density at a point on, 1069 
moment about an axis, 1070, 1071 
moment of inertia about an axis, 1072 
radius of gyration about an axis, 1074 
laminar flow, law of, 232, 588 
Laplace, Pierre, 968 
Laplace operator, 1167 
Laplace transform, 552 
Laplace’s equation, 968, 1122, 1167 
lattice point, 278 
law, inverse square, 28 
law of conservation of angular 
momentum, 925 
Law of Conservation of Energy, 1151 
law of cooling, 242 
law of cosines, A31 
law of gravitation, 472 
law of laminar flow, 232, 588 
law of natural growth or decay, 239, 631 
Law of Universal Gravitation, 921, 926 
laws of exponents, 47, A53 
laws of logarithms, 58, A51 
leading coefficient, 25 
learning curve, 234, 612, 647 
least squares method, 24, 1018 
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least upper bound, 734 
left endpoint approximation, 530 
left-hand derivative, 165 
left-hand limit, 86, 110 
Leibniz, Gottfried Wilhelm, 3, 156, 399, 
418, 627, 811 
Leibniz formula for 7, 790 
Leibniz notation, 156, 622 
lemniscate, 215 
length 
of a curve, 560 
of a line segment, A7, A12 
of a parametric curve, 676 
of a polar curve, 696 
of a space curve, 904 
of a vector, 839 
level curves, 939 
level surface, 945 
tangent plane to, 1002 
l’ Hospital, Marquis de, 311 
l’Hospital’s Rule, 309, 310, 311, 
319, A48 
origins of, 319 
libration point, 356 
limagon, 690 
Limit Comparison Test, 762 
Limit Laws, 94, 95, 111, A41 
for functions of two variables, 955 
for sequences, 728 
limit(s), 2, 83 
calculating, 94 
e (the number) as, 221 
evaluation of, 97 
of exponential functions, 133, A54 
of a function, 83 
of a function of three variables, 959 
of a function of two variables, 951, 952 
graphical evaluation, 83 
infinite, 89, 112, 132 
at infinity, 127, 128, 130, 132, 134, 137 
of integration, 384 
intuitive definition, 83, 86 
left-hand, 86, 110 
of logarithmic functions, 91, A53 
one-sided, 86, 110 
precise definitions, 105, 106, 110, 113, 
134, 135, 137 
properties of, 94 
properties of, for vector functions, 898 
right-hand, 86, 110 
of a sequence, 5, 374, 726, 727 
involving sine and cosine functions, 
192, 193, 194 
of a trigonometric function, 195 
of a vector function, 890, 898 
limiting value, 81 


line integral 
Fundamental Theorem for, 1144 
of the normal component of F, 1168 
for a plane curve, 1131, 1132 
with respect to arc length, 1132, 
1135, 1137 
with respect to x and y, 1132, 1135 
for a space curve, 1137 
of the tangential component of F, 1167 
of vector fields, 1138, 1140, 1141 
work defined as, 1139 
line(s) in the plane, 78, A1l2 
equations of, A1l2, A13, Al4 
horizontal, A13 
normal, 177 
parallel, A1l4 
perpendicular, A14 
secant, 78, 79 
slope of, A12 
tangent, 78, 79, 141 
line(s) in space, 863, 864 
equation of, through two points, 866 
normal, 1002 
parametric equations of, 865 
skew, 867 
symmetric equations of, 866 
tangent, 898 
vector equation of, 865 
linear approximation, 254, 976, 980 
linear density, 228, 413 
linear differential equation, 642 
linear equation, Al4 
linear equation of a plane, 868 
linear function, 22, 937 
linear model, 22 
linear motion of an object, 360 
linear regression, 24 
linearization, 254, 976 
liquid force, 577 
Lissajous figure, 665, 672 
lithotripsy, 706 
local maximum and minimum, 280, 
321, 322, 1008 
logarithm(s), 31, 57, A56 
laws of, 58, A52 
natural, 59, A51 
notation for, 59 
logarithmic differentiation, 217 
logarithmic function(s), 31, 57, A51 
with base b, 60, A56 
derivatives of, 220, A52, A57 
graphs of, 58, 63 
limits of, 91, A53 
properties of, 58, A52 
logistic difference equation, 738 
logistic differential equation, 607, 633 


INDEX A151 


logistic distribution, 598 
logistic equation, 318 
logistic model, 607, 632 

vs. natural growth model, 636 
logistic sequence, 738 
longbow curve, 670 
LORAN system, 709 
Lorenz curve, 445 
Lotka-Volterra equations, 649 
lower limit of integration, 384 
lower sum, 377 
LZR Racer, 984 


machine diagram of a function, 9 
Maclaurin, Colin, 796 
Maclaurin series, 795, 796, 802 
table of, 804 
magnetic field B, 961 
magnitude of a vector, 839 
major axis of ellipse, 705 
marginal cost function, 146, 233, 
341, 413 
marginal productivity of capital, 973 
marginal productivity of labor, 973 
marginal profit function, 341 
marginal propensity to consume or 
save, 749 
marginal revenue function, 341 
market equilibrium, 591 
mass 
of a lamina, 1069 
of a solid, 1090 
of a surface, 1184 
of a wire, 1134 
mass, center of. See center of mass 
mathematical induction, 71, 72, 734 
principle of, 71, 72, A38 
mathematical model, 11, 21 
maximum and minimum values, 
280, 1008 
mean life of an atom, 551 
mean of a probability density 
function, 595 
Mean Value Theorem, 290, 291, 293 
for double integrals, 1062 
for integrals, 474 
mean waiting time, 595 
median of a probability density 
function, 596 
method of cylindrical shells, 460 
method of exhaustion, 2, 97 
method of Lagrange multipliers 
with one constraint, 1020, 1021 
with two constraints, 1025 
method of least squares, 24, 1018 
method of partial fractions, 507 
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Midpoint Formula, A16 
for points in space, 835 
midpoint rule, 390, 530, 531 
for double integrals, 1042 
error in using, 532 
for triple integrals, 1093 
minor axis of ellipse, 705 
mixing problems, 625 
Mobius, August, 1187 
Mobius strip, 1181, 1187 
modeling 
with differential equations, 606 
motion of a spring, 607 
population growth, 48, 240, 606, 632, 
638, 657 
model(s), mathematical, 11, 21 
comparison of natural growth 
vs. logistic, 636 
of electric current, 614 
empirical, 23 
exponential, 31, 45 
Gompertz function, 638, 641 
linear, 22 
logarithmic, 31 
polynomial, 25 
for population growth, 240, 606, 
631, 638 
power function, 27 
predator-prey, 649 
rational function, 29 
seasonal-growth, 641 
trigonometric, 30, 31 
von Bertalanffy, 657 
moment(s) 
about an axis, 579, 1070 
of a lamina, 580, 1070 
of a mass, 579 
about a plane, 1090 
polar, 1073 
second, 1072 
of a solid, 1090 
of a system of particles, 579 
moment of inertia, 1072, 1091 
about axes, 1143 
about the origin, 1073 
momentum of an object, 477 
monkey saddle, 949 
monotonic sequence, 732 
Monotonic Sequence Theorem, 733, 752 
motion of a projectile, 918 
motion in space, 916 
movie theater seating, 478 
multiple integrals, 1037. See also 
double integral(s); triple 
integral(s) 
multiplication, scalar, 837, 840 


multiplication and division of power 
series, 807 
multiplier (Lagrange), 1020, 1021, 1025 
multiplier effect, 749 
natural exponential function, 51, 
179, A53 
derivative of, 177, A55 
graph of, 181 
power series for, 796 
properties of, A54 
natural growth law, 239, 631 
vs. logistic model, 636 
natural logarithm function, 59, 61, A51 
derivative of, 217, A52 
limits of, A53 
properties of, A52 
n-dimensional vector, 840 
negative angle, A25 
negative of a vector, 838 
net area, 385 
Net Change Theorem, 412 
net investment flow, 591 
newton (unit of force), 477 
Newton, Sir Isaac, 3, 8, 97, 152, 399, 
418, 811, 921, 926 
Newton’s discovery of the binomial 
series, 811 
Newton’s Law of Cooling, 242, 612 
Newton’s Law of Gravitation, 236, 472, 
922, 926, 1127 
Newton’s method, 351 
for functions of two variables, 1035 
Newton’s Second Law of Motion, 467, 
477, 918, 922, 926 
Newton-Raphson method, 351 
Nicomedes, 668 
nondifferentiable function, 158 
nonparallel planes, 870 
normal component 
of acceleration, 919, 920 
of F, line integral of, 1168 
normal derivative, 1169 
normal distribution, 597 
normal line, 177 
normal line to a surface, 1002 
normal plane, 910 
normal vector, 868, 909 
normally distributed random variable, 
probability density function of, 1077 
nth term of a sequence, 724 
nth-degree Taylor polynomial, 798 
n-tuple, 840 
nuclear reactor, cooling towers of, 881 
number 
integer, A2 
irrational, A2 


rational, A2 
real, A2 
numerical integration, 529 


O (origin), 830 
octant, 830 
odd function, 16, 320 
Ohm’s Law, 614 
one-sided limits, 86, 110 
one-to-one function, 54 
one-to-one transformation, 1109 
open connected region, 1146 
open interval, A3 
open interal, differentiability on, 56 
optics 

first-order, 817 

Gaussian, 817 

third-order, 817 
optimization problems, 280, 336 
orbit of a planet, 921 
orbital, 599 
order of a differential equation, 608 
order of integration, reversed, 1045 
ordered pair, A10 
ordered triple, 830 
Oresme, Nicole, 745 
orientation of a curve, 1136, 1154 
orientation of a surface, 1187 
oriented surface, 1187 
origin, 830, A2, A10 
orthogonal curves, 216 
orthogonal projection of a 

vector, 854 

orthogonal surfaces, 1008 
orthogonal trajectory, 216, 624 
orthogonal vectors, 849 
osculating circle, 910 
osculating plane, 910 
Ostrogradsky, Mikhail, 1201 
output of a function rule, 9 
ovals of Cassini, 694 


Pappus, Theorem of, 583 
Pappus of Alexandria, 583 
parabola, 703, 711, A18 
axis, 703 
directrix, 703 
equation, 675, 703 
focus, 703, 711 
polar equation, 713 
reflection property, 274 
vertex, 703 
parabolic cylinder, 875 
paraboloid, 277 
circular, 880 
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elliptic, 877 

hyperbolic, 878 
paradoxes of Zeno, 724 
parallel lines, Al4 
parallel planes, 869 
parallel vectors, 838, 858 
parallelepiped, 447 

volume of, 860 
Parallelogram Identity, 854 
Parallelogram Law, 837 
Paramecium, 636, 637 
parameter, 662, 865, 891 
parametric curve, 662, 664, 667 

arc length of, 662 

area under, 675 

slope of tangent line to, 673 


parametric equations, 662, 865, 891 


of a line in space, 865 

of a space curve, 891, 905 

of a surface, 1170 

of a trajectory, 919 
parametric surface, 1170, 1183 

graph of, 1165, 1172 

smooth, 1176 

surface area of, 1177 

surface integral over, 1183 

tangent plane to, 1175 

given by a vector function, 1171 


parametrization of a space curve, 905 


with respect to arc length, 905 
smooth, 906 
paraxial rays, 256 
Pareto’s law of income, 592 
partial derivative(s), 961 
of a function of more than three 
variables, 966 
of a function of more than two 
variables, 966 


of a function of two variables, 961, 963 


interpretations of, 964 
at maximum and minimum 
values, 1009 

notations for, 963 

as a rate of change, 962 

with respect to x, 962, 963 

with respect to y, 963 

rules for finding, 963 

second, 967 

as slopes of tangent lines, 964 
partial differential equation, 968 


partial differentiation, 961, 962, 963, 966 


partial fractions, 507, 508 
partial integration, 486, 487, 488 

for double integrals, 1043 
partial sum of a series, 740 
particle, motion of, 916 


particular antiderivative, 526 

parts, integration by, 486, 487, 488 
pascal (unit of pressure), 576 

path, 1145 

patterns in integrals, 528 


pendulum, approximating the period 


of, 256, 260 
percentage error, 258 
perihelion, 709 
perilune, 681 
period, 321 
period of a particle, 930 
periodic function, 321 
perpendicular lines, Al4 
perpendicular vectors, 849 
phase plane, 651 
phase portrait, 651 
phase trajectory, 651 
physics applications, 256, 815 
rates of change in, 226 
piecewise defined function, 14 
piecewise-smooth curve, 1133 
planar curve, 915 
Planck’s law, 820 
plane(s), 868 
angle between, 869 
coordinate, 830 
distance between, 874 
distance from point to, 870, 871 
equation of, 868 


equation of, through three points, 869 


horizontal, 831 

line of intersection, 869 

linear equation of, 868 

normal, 910 

osculating, 910 

parallel, 869 

scalar equation of, 868 

tangent to a surface, 974, 1175 

vector equation of, 868 

vertical, 831 
plane, descent of, 209 
plane, minimizing energy of, 350 
plane region of type I or type I, 

1053, 1054 

planetary motion, laws of, 715, 921 
planimeter, 1157 
point of inflection, 301, 321 
point(s) in space 

coordinates of, 830 

distance between, 833 

projection of, 831 
point-slope equation of a line, A12 
Poiseuille, Jean-Louis-Marie, 232 
Poiseuille’s Law(s), 260, 348, 589, 

592, 972 


INDEX 


polar axis, 685 


polar coordinate system, 684, 685, 1062 


arc length in, 697 
area in, 694 

calculus in, 694 
conic sections in, 711 


conversion of double integral to, 1063, 


1064, 1065 


conversion equations for Cartesian 


coordinates, 686 
relationship to Cartesian 
coordinates, 686 
tangents in, 698 
polar curve, 687, 694 
arc length of, 697 
of a conic, 713, 923 
graph of, 687 
graphing with technology, 690 
parametric equations for, 697 
polar equation(s), 686 
symmetry in, 689 
table of, 691 
tangent line to, 698 
polar equation(s), 686 
of a conic, 713, 923 
graph of, 687 
polar graph, 687 
using technology, 690 
polar moment of inertia, 1073 
polar rectangle, 1063 
polar region, area of, 694 
pole, 685 
polynomial, 25 
polynomial approximations, 260 
polynomial function, 25 
of two variables, 955 
population growth, 48, 240, 606 
of bacteria, 631, 636 
of insects, 516 
models, 631 
world, 49 
position function, 142 
position vector, 839 
positive angle, A25 
positive orientation 
of a boundary curve, 1195 
of a closed curve, 1154 
of a surface, 1188 
potential, 555 
potential energy, 1151 
potential function, 1129 
pound (unit of force), 467 
power, 148 
power function(s), 27 
derivative of, 174 
Power Law of Limits, 96, 729 
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Power Rule, 175, 176, 200, 220 
power series, 781, 782, 789 
coefficients of, 782 
for cosine and sine, 801 
differentiation of, 788 
division of, 807 
for exponential function, 800 
integration of, 788 
interval of convergence, 783 
multiplication of, 807 
radius of convergence, 783 
representations of functions as, 787 
predator-prey equation, 649 
predator-prey model, 238 
predator-prey systems, 649 
present value of income, 591 
pressure exerted by a fluid, 576 
prime notation, 144, 178 
principal unit normal vector, 909 
principle of mathematical induction, 
71, 72, 734, A38 
probability, 592, 1074 
probability density function, 592, 
593, 1074 
problem-solving principles, 70, 825 
carrying out a plan, 71 
introducing something extra, 70, 419 
looking back on a solution, 71, 249 
recognizing patterns, 70 
recognizing something familiar, 
70, 825 
taking cases, 70, 73, 291 
thinking of a plan, 70 
understanding the problem, 7 
uses of, 171, 363, 419, 432 
using analogy, 70 
problem-solving strategy, 249 
producer surplus, 591 
product 
cross, 855 (see also cross product) 
dot, 847 (see also dot product) 
scalar, 847 
scalar triple, 860 
triple, 860 
product identities, A29 
product identities for trigonometric 
integrals, 498 
Product Law of Limits, 95, 728 
Product Rule, 185, 186 
extended to three functions, 191 
profit function, 341 
projectile, path of, 672, 918 
projectile motion, 918 
parametric equations for, 919 
projection, 831, 851 
orthogonal, 854 


proof of the Chain Rule, 205 

properties of continuous functions, 117 

properties of convergent series, 746 

properties of a definite integral, 391 

properties of limits, 94 

p-series, 754, 779 

Pyramid, Great, of Khufu, 472 

Pythagorean Theorem, 501 
three-dimensional version of, 864 


quadrant, All 
quadratic approximation, 260, 1019 
quadratic factor, 511 
quadratic function, 25 
quadratic model, 648 
quadric surface(s), 875, 876 
cone, 879 
ellipsoid, 877, 879 
elliptic paraboloid, 877, 879 
hyperbolic paraboloid, 878, 879 
hyperboloid, 878, 879 
paraboloid, 877 
standard form of equation for, 876 
table of graphs, 879 
quaternion, 843 
quotient, symmetric difference, 152 
Quotient Law of Limits, 95, 728 
Quotient Rule, 185, 187, 188 


radian measure, 30, 85, A24 
radiation from stars, 820 
radioactive decay, 241 
radiocarbon dating, 246 
radius of convergence 
of a Maclaurin series, 804 
of a power series, 783 
radius of gyration of a lamina, 1074 
rainbow, formation and location 
of, 289 
rainbow angle, 289 
ramp function, 45 
range of a function, 8 
of two variables, 934 
rate of change 
average, 146, 225 
derivative as, 140 
instantaneous, 81, 146, 225 
interpretations of, 234 
in natural science, 225 
in social sciences, s225 
rate of growth, 230, 413 
rate of reaction, 148, 229, 413 
rates, related, 247 
ratio, common, of a geometric 
series, 742 


Ratio Test, 774, 780 
rational function, 29, 518 
continuity of, 118 
integration of, 507 
of two variables, 955 
rational number, A2 
rationalizing substitution for 
integration, 514 
Rayleigh-Jeans law, 820 
real line, A3 
real number, A2 
rearrangement of a series, 771, 772 
reciprocal function, 28 
Reciprocal Rule, 191 
rectangular coordinate system, Al1 
rectangular coordinate system, 
three-dimensional, 831 
conversion to cylindrical 
coordinates, 1096 
conversion to spherical 
coordinates, 1102 
rectangular parallelepiped, 447 
rectifying plane, 915 
recurrence relation, 734 
red blood cell loss during surgery, 247 
reduction formula, 489, 490, 494 
reflecting a function, 37 
reflection property 
of conics, 710 
of an ellipse, 705 
of a hyperbola, 711 
of a parabola, 274, 275 
region 
connected, 1146 
under a graph, 372, 377 
open, 1146 
plane (of type I or II), 1053, 1054 
simple plane, 1155 
simple solid, 1201 
simply-connected, 1148 
solid (of type 1, 2, or 3), 1084, 1086 
between two graphs, 436 
regression, linear, 24 
related rates, 247 
relationship between polar and Cartesian 
coordinates, 686 
relative error, 258 
relative growth rate, 240, 632 
remainder, 755 
remainder estimates 
for the Alternating Series, 768 
for the Integral Test, 755 
remainder of the Taylor series, 798 
removable discontinuity, 116 
repeated irreducible quadratic factor, 513 
repeated linear factors, 510 
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representation(s) of a function, 10, 11 
using geometric series, 787 
as a power series, 787 
resultant force, 842 
revenue function, 341 
reversing order of integration, 1043 
revolution, solid of, 449 
revolution, surface of, 567 
Riemann, Georg Bernhard, 385 
Riemann sum(s), 385, 530 
double, 1041 
triple, 1083 
right circular cylinder, 446 
right-hand derivative, 165 
right-hand limit, 86, 110 
right-hand rule, 830, 857 
Roberval, Gilles de, 404, 676 
rocket equation, 492 
rocket stages, determining optimal 
masses for, 1028 
Rolle, Michel, 290 
roller coaster, design of, 184 
roller derby, 1108 
Rolle’s Theorem, 290 
root function, 27 
Root Law of Limits, 96 
Root Test, 776, 777, 780 
ruled surface, 882, 883 
ruling of a surface, 876 
rumor, rate of spread, 234 


saddle point, 1010 
sample point, 377, 384, 1039 
satellite dish, parabolic, 881 
scalar, 837 
scalar equation of a plane, 868 
scalar field, 1125 
scalar multiple of a vector, 837, 840 
scalar product, 847 
scalar projection, 851 
scalar triple product, 860 
geometric characterization of, 860 
scatter plot, 11 
sea ice, 629 
seasonal-growth model, 620 
secant function, A33 
derivative of, 194 
graph of, A33 
secant line, 3, 78, 79, 81 
secant vector, 898 
second derivative, 159 
of an implicit function, 213 
of a vector function, 900 


second-degree Taylor polynomial, 1019 


Second Derivative Test, 302 
Second Derivatives Test, 1010, 1015 


second directional derivative, 1007 
second moment of inertia, 1072 
second partial derivative, 967 


second-order differential equation, 608 


Second Theorem of Pappas, 586 
sector of a circle, area of, 694 
sensitivity, 238 
separable differential equation, 621 
sequence, 5, 724 
bounded, 732, 733 
convergent, 726 
decreasing, 732 
divergent, 726 
Fibonacci, 725 
graph of, 730 
increasing, 732 
limit of, 5, 368, 726, 727 
logistic, 738 
monotonic, 732 
of partial sums, 740 
Squeeze Theorem for, 729 
term of, 724 
series, 6, 738 
absolutely convergent, 774 
alternating, 765, 780 
alternating harmonic, 7740, 773 
binomial, 803 
coefficients of, 782 
Comparison Test for, 779 
conditionally convergent, 774 
convergent, 740, 760 
divergent, 740, 760 
geometric, 742, 779 
Gregory’s, 790 
harmonic, 744, 754 
infinite, 739 
Maclaurin, 795, 796, 802 
p-, 754, 779 
partial sum of, 740 
power, 781. 782, 789 
rearrangement of, 771 
strategy for testing, 779 
sum of, 740 
Taylor, 795, 796, 802 
term of, 739 
trigonometric, 782 
serpentine (curve), 190 
set, bounded or closed, 1014 
set notation, A3 
Shannon index, 1018 
shell method for approximating 
volume, 460 
shift of a function, 37 
shifted conic, 709, A21 
shifted logistic model, 640 
Sierpinski carpet, 751 
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sigma notation, 378, A36 
signum function, 103 
simple curve, 1147 
simple harmonic motion, 207 
simple plane region, 1155 
simple solid region, 1201 
simply-connected region, 1148 
Simpson, Thomas, 535, 1035 
Simpson’s Rule, 534, 535, 542 
error bounds for, 537 
sine function, A26 
derivative of, 193, 194 
graph of, 30, A33 
power series for, 801 
sine integral function, 408 
sink, 1205 
sketching curves, guidelines for, 320 
skew lines, 867 
slant asymptote, 316, 326 
slope, A12 
of a curve, 141 
slope field, 613 
slope-intercept equation of a 
line, A13 
smooth curve, 560, 906 
smooth function, 560 
smooth parametrization of a space 
curve, 906 
smooth surface, 1176 
Snell’s law, 347 
snowflake curve, 826 
solid, 466 
solid, volume of, 446, 447, 1040 
solid angle, 1213 
solid region (of type 1, 2, or 3), 1084, 1086 
solid of revolution, 449 
rotated on a slant, 575 
volume of, 454, 461, 575 
solution curve, 613 
solution of a differential equation, 608 
solution of predator-prey 
equations, 649 
source, 1205 
space, three-dimensional, 830 
space curve, 891 
arc length of, 904 
graph of, 893 
parametrization of, 893 
speed of a particle, 147, 678, 916 
Speedo LZR racer, 984 
sphere, 833 
equation of, 834 
flux across, 1190 
graph of, 1173 
parametrization of, 1173 
surface area of, 1178 
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spherical coordinate system, 1102 
conversion equations for, 1102 
triple integrals in, 1103 

spherical wedge, 1103 

spherical zones, 603 

spring constant, 468, 607 

Squeeze Theorem, 101, A44 
for sequences, 729 

standard basis vectors, 841 
properties of, 859 

standard deviation, 579 

standard position of an angle, A25 

stationary points, 1009 

stellar stereography, 551 

step function, 16 

Stiles-Crawford effect, 318 

Stokes, Sir George, 1195 

Stokes’ Theorem, 1195, 1208 

strategy 
for integration, 517, 518 
for optimization problems, 336, 

337, 338 
for problem solving, 70, 249 
for related rates, 247 
for testing series, 779 
for trigonometric integrals, 
495, 496 

streamlines, 1131 

stretching of a function, 37 

strophoid, 700, 721 

Substitution Rule, 419, 420, 423 
for definite integrals, 423 
for indefinite integrals, 420 

substitution, trigonometric, 500 

substitution, Weierstrass, 516 

subtraction formulas for sine and 

cosine, A29 

subtraction of vectors, 838, 840 

sum, 377 
of a geometric series, 742 
of an infinite series, 740 
lower, 377 
of partial fractions, 508 
Riemann, 386 
telescoping, 741 
upper, 377 
of vectors, 836, 837 

Sum Law of limits, 95, 111 
for sequences, 728 

Sum Rule, 178 

summation notation, A36 

supply function, 591 

surface(s), 831 
closed, 1188 
graph of, 1184 
level, 945 


oriented, 1187 
orthogonal, 1008 
parametric (see parametric surface) 
positive orientation of, 1188 
quadric, 876 
smooth, 1176 
traces of, 875 
surface area, 569, 679 
of a function of two variables, 
1079, 1080 
of a graph of a function, 
1178, 1179 
of a parametric surface, 679, 1177 
of a sphere, 1178 
surface integral, 1182 
over a parametric surface, 1183 
of a vector field, 1188, 1189 
surface of revolution, 567 
parametric representation of, 1175 
surface area of, 569 
swallowtail catastrophe curve, 672 
symmetric difference quotient, 152 
symmetric equations of a line, 866 
symmetric functions, integrals 
of, 424 
symmetry, 320, 332, 424 
in polar graphs, 689 
symmetry principle, 580 


T and 7“ transformations, 1109, 1110 
table of antidifferentiation 
formulas, 358 
table of differentiation formulas, 
189, RPS 

table of integrals, 517, 523, RP6—10 

use of, 523 
table of trigonometric substitutions, 500 
tabular function, 11 
tangent function, A26 

derivative of, 193 

graph of, 32, A33 
tangent line(s), 140, 141 

to a curve, 3, 78, 141 

early methods of finding, 152 

to a parametric curve, 673, 674 

to a polar curve, 698 

to a space curve, 898 

vertical, 159 
tangent line approximation, 254 
tangent plane, 974, 975 

to a level surface, 1002 

to a parametric surface, 1175, 1176 

to a surface z = f(x, y), 974, 975 
tangent plane approximation, 976 
tangent problem, 3, 78, 144 
tangent vector, 898, 1176 


tangential component of acceleration, 
919, 920 
tangential component of F, line integral 
of, 1167 
tautochrone problem, 667 
Taylor, Brook, 796 
Taylor polynomial, 261, 798, 812, 1010 
applications of, 811 
Taylor remainder term, 799 
Taylor series, 795, 796, 802 
obtaining a new series, 805 
Taylor’s inequality, 798, 812, 814 
techniques of integration, summary, 518 
technology, graphing with 
function of two variables, 939 
gradient vector field, 1004 
level curves, 944 
parametric curves, 665 
parametric equations, 690 
parametric surface, 1172, 1173, 1176 
polar curve, 690 
space curve, 893, 894 ,895 
vector field, 1126, 1127 
technology, pitfalls of using, 88 
technology, using, 88, 540, 525, 555, 
665, 791 
for integration, 791 
telescoping sum, 741 
temperature-humidity index, 947 
term of a sequence, 724 
term of a series, 739 
term-by-term differentiation and 
integration, 788 
terminal point 
of a parametric curve, 663 
of a vector, 836 
terminal velocity, 628 
Test for Divergence, 744 
tests for convergence and divergence 
of series 
Alternating Series Test, 766 
Direct Comparison Test, 760 
Integral Test, 751 
Limit Comparison Test, 762 
Ratio Test, 774 
Root Test, 776, 777 
summary of tests, 779 
tetrahedron, 864 
thermal conductivity, 629 
third derivative, 160 
third-order optics, 817 
Thomson, William (Lord Kelvin), 
1155, 1195 
three-dimensional coordinate systems, 
830, 831 
three-dimensional vector, 839 
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TNB frame, 909 
toroidal spiral, 893 
torque, 861, 925 
Torricelli, Evangelista, 676 
Torricelli’s Law, 236 
torrid zone, 603 
torsion of a space curve, 911, 912, 913 
torus, 458, 583, 1182 
total differential, 979 
total electric charge, 1070, 1091 
total fertility rate, 170 
total surplus, 591 
trace of a surface, 875 
trajectories, orthogonal, 216 
trajectory, parametric equations for, 919 
transcendental function, 30 
transfer curve, 929 
transform, Laplace, 552 
transformation, 1109 
of a function, 36 
inverse, 1110 
Jacobian of, 1111 
one-to-one, 1109 
of a root function, 38 
translation of a function, 37 
Trapezoidal Rule, 530, 531 
error in, 532 
tree diagram, 987 
trefoil knot, 893, 897 
Triangle Inequality, 111, A8 
for vectors, 854 
Triangle Law, 836 
trigonometric forms of integrals, 524 
trigonometric functions, 30, 518, A26 
derivatives of, 191, 193 
graphs of, 30, 31, A32, A33 
integrals of, 409, 493 
inverse, 61, 222, 223 
limits involving, 195, 196 
trigonometric identities, 500, A28 
trigonometric integrals, 493 
strategy for evaluating, 495, 496 
trigonometric series, 782 
trigonometric substitutions, 500, 
503, 504 
table of, 500 
triple integral(s), 1082, 1083 
applications of, 1089 
change of order of integration 
in, 1088 
change of variables in, 1114, 1115 
in cylindrical coordinates, 1095, 
1097, 1098 
over a general bounded region, 1084 
Midpoint Rule for, 1093 
over a rectangular box, 1082, 1083 


in spherical coordinates, 1102, 1104 
over type I or type II plane region, 
1084, 1085 

type 1, 2, or 3 solid region, 1084, 1086 
volume in, 1089 

triple product, 860 

triple Riemann sum, 1083 

trochoid, 670 

Tschirnhausen cubic, 215, 444 

twisted cubic, 894 

type I or type II plane region, 1053, 1054 

type 1, 2, or 3 solid region, 1084, 1086 


ultraviolet catastrophe, 820 
unified description of conics, 711 
uniform circular motion, 930 
union of sets, A3 

unit normal vector, 909, 911 

unit tangent vector, 899, 911 

unit vector, 842 

upper limit of integration, 384 
upper sum, 377 


value, initial, 240 
value of a function, 8 
van der Waals equation, 216, 972 
variable(s) 
change of, 420 
continuous random, 592 
dependent, 9, 934, 987 
independent, 9, 934, 987 
independent random, 1076 
intermediate, 987 
variables, change of. See change of 
variable(s) 
vascular branching, 348 
vector(s), 836 
acceleration, 916 
addition of, 836, 840 
algebraic, 839 
angle between, 848, 849 
basis, 841 
binormal, 909, 911 
components of, 838 
coplanar, 860 
cross product of, 855 
difference, 838 
displacement, 836, 837, 852 
dot product, 847, 848 
equality of, 836 
geometric representation of, 836, 839 
gradient, 997, 998, 999, 1004 
gravitational force, 1127 
i, j, and k, 841 
length of, 839 
magnitude of, 839 


INDEX A157 


multiplication of, 837, 840 
n-dimensional, 840 
normal, 868, 909 
orthogonal, 849 
orthogonal, projection of, 851 
parallel, 838, 858 
perpendicular, 849 
position, 839 
properties of, 840 
representation of, 839, 840 
scalar multiple of, 837, 840 
secant, 898 
standard basis, 841 
subtraction of, 838, 840 
tangent, 898, 1176 
three-dimensional, 839, 840 
triple product, 860 
two-dimensional, 840 
unit, 842 
unit normal, 909, 911 
unit tangent, 899, 911 
velocity, 916 
zero, 836 
vector equation 
of a line, 867 
of a plane, 868 
vector field, 1124, 1125 
component functions, 1125 
conservative, 1129, 1147, 
1148, 1163 
curl of, 1161, 1162 
divergence of, 1165 
electric flux of, 1191, 1204 
flux of, 1189, 1191 
force, 1124, 1128 
gradient, 997, 998, 999, 1128 
gravitational, 1128 
incompressible, 1166 
irrotational, 1164 
line integral of, 1138, 1139 
potential function, 1129 
surface integral of, 1188, 1189 
velocity, 1124, 1164 
vector function, 890 
component functions of, 890 
continuity of, 891 
differentiation of, 898, 900 
integration of, 901 
limit of, 890, 898 
second derivative, 900 
vector product, 855 
properties of, 857, 859 
vector projection, 851 
vector triple product, 861 
vector-valued function. See vector 
function 
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A158 INDEX 


velocity, 3, 80, 142, 226, 413 
average, 4, 81, 143, 226 
escape, 551, 629 
instantaneous, 81, 143, 226 

velocity field, 1124, 1127 
airflow, 1124 
ocean currents, 1124 
wind patterns, 1124 

velocity gradient, 232 

velocity problem, 80, 143 

velocity vector, 916 

velocity vector field, 1124, 1164 

Verhulst, Pierre-Frangois, 607 

vertex of a parabola, 703 

vertical asymptote, 89, 90, 321 

vertical line, A13 

Vertical Line Test, 13 

vertical plate, 577 

vertical shift of a graph, 37 

vertical tangent line, 159 

vertical translation of a graph, 35 

vertices of an ellipse, 705 

vertices of a hyperbola, 706 

vibration of a drumhead, computer 

model for, 792 


visual representations of a function, 8, 10 
volume, 446 
by cross-sections, 454, 455, 589 
by cylindrical shells, 460 
definition of, 446, 448 
by disks, 449, 453 
by double integrals, 1038 
of a hypersphere, 1095 
of a parallelepiped, 860 
by polar coordinates, 1065 
of a solid, 446, 1040 
of a solid of revolution, 449, 575 
of a solid on a slant, 575 
by triple integrals, 1089 
by washers, 451, 453 
Volterra, Vito, 649 
von Bertalanffy model, 657 


Wallis, John, 3 

Wallis product, 492 

washer method, 451 

wave equation, 968 

wave height as a function of two 
variables, 947 

Weierstrass, Karl, 516 


Weierstrass substitution, 516 

weight (force), 467 

wind patterns in San Francisco Bay 

area, 1124 

wind-chill index, 935, 936 

witch of Maria Agnesi, 190, 671 

work (force), 467, 468, 852 
defined as a line integral, 1139 

Wren, Sir Christopher, 678 


x-axis, 830, A10 
x-coordinate, 830, Al0 
x-intercept, A13, A19 
X-mean, 1077 


y-axis, 830, A10 
y-coordinate, 830, A10 
y-intercept, A13, A19 
Y-mean, 1077 


z-axis, 830 
z-coordinate, 830 
Zeno’s paradoxes, 724 
zero vector, 836 

zone of a sphere, 574 
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REFERENCE page 3 


SPECIAL FUNCTIONS 


¥ 


Power Functions f(x) = x“ 


(i) f(x) =x", n a positive integer 


Cut here and keep for reference 


neven 
nodd 
(ii) f(x) = x!” = 2/x, na positive integer y y 
(1, 1) (1, 1) 
> > 
0 x 0 x 
flxy=vx Fix) = {lx 
(iii) f@) =x! =— ya 
1+ 
0 
Inverse Trigonometric Functions Ya 
2 
: tei : 7 7 
arcsinx = sin x=y <> siny=x and go ay 
iu " lim tan7'xy = —= 
< x 00 2 
arccosx = cos 'x=y <> cosy=x and OSy<qa7 a 
lim tan-'x = — 
_= xe 2 
2, 
Ee 7 7 
arctanx =tanx=y <> tany=x and -—<y<— 4 
2 2 y=tan x= arctan x 
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REFERENCE page 4 


SPECIAL FUNCTIONS 


Exponential and Logarithmic Functions 


log,x=y => bW=x 
Inx = log.x, where Ine=1 


Inx=y & ef =x 


Cancellation Equations Laws of Logarithms 
log,(b*) =x bp’ =x 1. log,(xy) = log,x + logsy 
In(e*) = x em =x 2. ies =) = log, x — logyy lim e*=0 lim e* = 2% 
y x0 x30 
3. logi(x’) = r log, x Jim, Inx = —% Jim Inx = °% 
x oe: YA im x me x 
(4) (4) 10 4 fe 2 YA y=log,x 
1.5 ppies 
1+ y=log,; x 
Y = logy X 
> 
i 0 il x 
> 
0 x 
Exponential functions Logarithmic functions 
Hyperbolic Functions ya 
e =e 1 
inh x = ———— hx= 
sinh x 5 he ie 
ewte* 1 
cosh x = ————— sech x = 
2 cosh x 
sinh x cosh x 
tanh x = oth x = 
a cosh x eee sinh x 


Inverse Hyperbolic Functions 
y=sinh ‘x <> sinhy=x 
y=cosh 'x <> coshy=x and y=0 


y=tanh'x <> tanhy=x 
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Cut here and keep for reference soft 


REFERENCE page 5 


DIFFERENTIATION RULES 


General Formulas 


—= 
N 


.te@=0 - fer] = ef 


bad 
p 


Lela) + =F") + of) LF) = 9 =F") = of) 
x dx 


d d ' —_ i 
5. —[f(x)g(x)] = f(x)g'(x) + g(x) f(x) (Product Rule) 6. EJ g(x) F'@) Fog @) (Quotient Rule) 
dx dx | g(x) Lg(x)] 
d ' ' * d =i 
7. a S(g(x)) = f'(g))g(x) (Chain Rule) 8. on (x") = nx" (Power Rule) 
Exponential and Logarithmic Functions 
d d 
9. me? =e* 10. wn = b*Inb 
d 1 d 1 
11. — 1 =— 12. l = 
eos me ind 
Trigonometric Functions 
d d d 
13. wy sin») = cos x 14, wy (98 x) = —sin x 15. we (ean) = sec*x 
16 ay y= - t 17 aw, y= ti 18 a 3 
"oe csc x csc x cot x ik sec x) = sec x tan x ee cot x ese*x 
Inverse Trigonometric Functions 
ed oe ai 1 d Ses 1 d “pt. 
19. z (sin 'x) Aloe 20. wy (os x)= ae 21. yy (an x= rae 
d square 1 d afte 1 d 4s 1 
22. my es x) = ~ xfet— 1 23. ay (see x) = ea 24. ey ot x) = “7 ra 
Hyperbolic Functions 
25, (sinh x) h 56. oh inh ee h* 
. — (si =c . = sin! — = sec 
em sinh x osh x ak cosh x) = sinh x os x ech“x 
58, teachin) h th 39." eacha) hx tanh 30; (oth) h* 
a x= x . — (sec =— . —(c =- x 
ae csc esch x coth x a ech x sech x x 7 oth x csc 


Inverse Hyperbolic Functions 


d d d 
31. — (sinh 'x) = 32. — (cosh 'x) = 33. — (tanh 'x) = 


1 il 1 
dx V1 + x? dx V¥x2-— 1 dx 1-x 


d 
34. — (csch"'x) = 


1 
dx |x| /x2 + 1 


d d 
35. ae (sech"!x) = — 36. Gy (Coth '2) = 


1- x 


XV1 — x? 
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REFERENCE page 6 


TABLE OF INTEGRALS 


Basic Forms 


1. | ude =w ~ | vdu 11. | ese cot du = —eseu + C 
qr! 
2. [ut du= +C, n#-1 12. | tanu du = In secu| + C 
n+l 
du : 
3. = inlet +e 13. | cotudu = In|sinu| + C 
4. [ev du=e"+C 4, | sec udu = In secu + tanu| + C 
b" 
5. | o'du= rie 15. | ese du = In csc u — cotu| + C 
Inb 
6 [ sin udu = cos u + € 16. | ae sin 14 +0, a>0 
, , aa? = a ; 
. du 1 
7. | cosudu = sinu+C 17. 5 5 tan +C 
a t+u a 
8 | sectu du = tanu + € 18 | ae et ie 
° * y usuz = a2 a a 
d 1 + 
9. | cscudu = ~cotu + C 19. | 5 a 7 i ae 
a —u 2a u-a 
di 1 = 
10. | secu tan udu = secu + C 20. | 5 5 in| —"| +6 
“=a 2a uta 


Forms Involving ja? + u?, a>0 


2 
21. | Ver au = + atu + SIn(u + Ja? +u?)+C 


4 
22. | u? Ja? + u? du = ics + 2u’) Ja? + uw? — yin + Ja+u?)+C 
‘a2 + y2 + Ja? + u2 
23. [a= ere aln 2 ae iC 
u 
a? + u? Ja? + u2 
24. | yp de i + In(u + Ja? + u?)+C 
di 
2s. | a ==Inlu + Ja? + u?) + C 
atu 
2d. 2 
26. | a 4 fet w *in(u + a2? +u2)+C 
a? + u? 2 2 
d 2+ 42 
27. | z i, SS ee 
ufa2 + u2 a u 
2 2 
28. | is ee 
u’ fa? + wv? au 
du u 
29. = Bor G 
Geren a’ Ja? + u2 
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Cut here and keep for reference gt 


REFERENCE page 7 


TABLE OF INTEGRALS 


Forms Involving ja? — u?, a>0 


30. | ve u? du a- wud 3 dnt tac 
a 


4 
31. fe a2 — u2du= ¥ (2u? a’) Pays ae 
8 8 a 
Va? — uw? + Ja2— u2 
32. | du a’ >— aln 2 Pig 
u u 
Jaz — u2 
33. | 5 du : a? —u2—sin'!—+C 
u u 
2 2 
34, | ee 2 = ee sin!’ —+C 
a> — u2 2 
35. | a ip |S NE | Se 
u,/a2 — u2 a u 
d 1 
36. | : —Ve@—wte 
uv a? a u2 au 
3 4 
37. | — wy)? du= == (24? — 5a*) Ja? — u2 + ls ae 
8 8 a 
38 du u +C 
: (a2 — u2)3? aja we 


Forms Involving /u* — a*,a>0 


2 
39. | vie a? du : u2 — a? Sin lu t vir —a?| + ¢ 


4 
*Vu2 a? du = = (Qu a?) fut =a — “Inu + fa? | + € 


40. | u 
/yy2 — 2 
41. ey u2— a? acos Tr +C 
u 
fag: ms 2 ry 2 
42. “ hy “4 In |a + fu? =a? | +C 
u u 


sere 
u> du u a’ 
=—/-—a 4 infu + vu? aac 


44. 


45. 


46. 


| 
| 
| 
43. |S = infu t Y= @ | + 
| 
| 
| 


(continued) 
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REFERENCE page 8 


TABLE OF INTEGRALS 


Forms Involving a + bu 


u du 1 
: = + bu — + 
47 \“e- pe bu — aln|a + bu|) + C 


u> du ‘ : 
+ ~ 
48. | a Bi = [(a bu) — 4a(a + bu) + 2a? In| a bu || C 
1 u 
49. I +C 
ice ula + a7 a . at bu 
50. | 1 : b ial + bu “Ze 
n 
ee + a ae a Uu 
u du a 1 
51. + —Injat+ bul +C 
\ (a+ bu? b(a+bu) b? ne ae 
52. | 1 1 iG (2 + bu “¢ 
_ + 77 aa+bu) a u 
u- du 1 a 
= + bu — - ~ + 
a Neary Be (: len ET Ses mu) e 
54. | uva + budu = (3bu — 2a)(a + bu)” + C 
55 Ss bil (bu — 2a)/a + bu+C 
; Ja + bu ‘ 
u> du 2 7 on 
56. =; Jatba 15b° (8a? + 3b7u? — 4abu) Ja + bu + C 
57. |—* 1! In va + bu = va +C, ifa>0 
re +bu Ja + bu + Ja 


2 at bu 
oF ait a -€, ifa<0 
[~a —a 


at Ja + bu du 
du =2Ja+ bu 4 a| 
uvat bu 


meee vat bu | >| du 
“2 ur/a + bu 


we + bu)? — na u"'Ja+ bu in| 


58. 


59. 


u 


2 
b(2n + 3) 


61. 


u" du u"Ja + bu 2na | u" | du 
Va + bu 


Ja + bu b(2n — 3) | du 
u" a + bu 


Ja + bu on + 1) b(2n + 1) 


62. 


ar 
a 

60. | wa + bu du 
Vere 
Pores 


u'Ja + bu a(n — l)u"™' ~— 2a(n — 1) 
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Cut here and keep for reference salt 


REFERENCE page 9 


TABLE OF INTEGRALS 


Trigonometric Forms 


63. | sin‘ au = fu -—fsin2u+C 


64. | cos’u du = 5u + ¢sin 2u + C 


a 
wu 


tan’u du = tanu —-u+C 


cot*u du = —cotu-—ut+C 


a 
2 


sin?u du 


oO 
= 


—3(2 + sin’u) cosut+ C 


cos*u du = 3(2 + cos’u) sinu + C 


a 
a 


tan’u du = 5 tan?u + In |cosu| + C 


cot*u du 


N 
S 


fon 
i) 
pe Se ee ee ee ee, ee a 


—} cot’u — In|sinu| + C 


71. | sectu du = secu tanu + 4In|secu + tanu| + C 
72. | csc3u du = —} csc u cotu + 5In|escu — cotu| +C 
| ee n—-l 5 
73. | sin"u du = ——sin" ‘u cosu + sin” “u du 
n 
n 1 n-l 5 n—Il n-2. 
74. | cos"u du = — cos" ‘u sinu + cos” “u du 
n 
n 1 n-1 n-2 
75. ) tan"u du = tan" ‘u — | tan" “udu 
ie 


Inverse Trigonometric Forms 


87. [sina du=usin'ut+ J/1-—w2+C 


88. [cos du=ucos'u—- /l1—-u?+C 
89. | ta 'w du = utan'u — 5In(1 + uw?) +C 
2u* - 1 Vl —- wu? 
90. | «sin du . sin ‘yu 4 eee Ae Gc 
4 4 
2 _ /1 = a 
91. | woos" ‘udu Fi cos 'u ~~ #€ 


76. | cot'u du = 4 cot” 'u — | cou du 
77: | sec"u du = tan usec’ u + | sec” *u du 
n=l n— 
n = n-2. ni 2 n—-2. 
78. | csc"u du = cot ucsc” “u + esc” “u du 
n— n—-1 
sin(a — b)u  sin(a + b)u 
79. i in bu d CG 
[ sin au sin bu du a—b a+b) 
sin(a — b)u — sin(a + b)u 
80. bu di C 
[ cos au cos bu du ab) a+b 
. cos(a—b)u cos(a + b)u 
81. bud E 
[ sin au cos bu du a —b) oa +b) 
82. | sim u di sinu — ucosu+C 
83. [ 1008 w du = cos w + usinu+ C 
84. fw sin udu = —u"cosu + n | wu! c0s w du 
85. fu cos udu = u" sin u — n | usin u di 
sin” 'uwcos™*'u = n-1 
86. | sin"u cos”u du + | sin” *u cos”u du 
n+m n+m 
sin"*!u cos” lu = =m—1 | a ue 
sin"u cos” “u du 
n+m n+m 
74] 
92. | tan ve eee : tan”! tC 
as, 1 1 ee DL oe du 
93. fu sin ‘udu = 1. sin u- [S) ae 
1 n+l d 
94. fu cos ‘udu = a4 wr cos +f s| n#-1 
n+l d 
95. fw "tan lu du = u"*! tan lu | . : , n#-l 
n+ 1 lt+u 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


(continued) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


REFERENCE page 10 


TABLE OF INTEGRALS 


Exponential and Logarithmic Forms 


1 
96. | wes 2 (au — le“ +C 100. [in du =ulnu-ut+C 

1 n 4 uw?! 
97. [wre du = —u"e"" — aI u"'e"" du 101. [wr tm a _ sia + I)Inu-1}+C 

a a (n + 1) 

enn 
98. | sin bu du = "> (a sin bu ~ bcos bu) + C 102. | du = In |Inu| + C 
a +b ulnu 


au 


99. fe “ cos bu du = ae re (acos bu + b sin bu) + C 


Hyperbolic Forms 


103. | sint w due = cosh u + iG 108. J sch u du = In tant} u| eG 
104. [ cosh udu = sinhu + C 109. | sech*u du = tanhu + C 

105. [ tant wi = Incoshu + C 110. | cschiu du = —cothu + C 

106. J oth wu = In|sinhu| + C 111. | sech u tanh u du = —sechu + C 
107. | sech w du = tan”'|sinhu| + C 112. [ eseh u coth u du = —cschu + C 


Forms Involving /2au — u?, a> 0 
u-—a a a-u 
113. | 2a u2 du 2au — u? 4 cos( ) BiG 


114. 


2u? — au — 3a? - 
ur/2au — u2 du scat ad Sgn we cos (4 “) tC 


6 2 


2au — V2au =u? 


115. 


jfa-u 
2au — u* + acos {| ———]+C 
u a 


116. 


V2au — u? 2./2au — u? jfar-u 
du * cos +C 


ue 


ead 
] 


118. 


119. 


120. 
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